Lecture 35 Properties of absolutely and
conditionally convergent series
¥ 1 Two new series
Definition 1.1 For a given senes
2 u
n=1 ?

let

” -I-:lunl }I{“ :{Hﬂl? ﬂ"}ﬂ

0, u <0




Proposition 1.1 Foreach »,

0<u, <(u,|, 0<u,<|u,

n| s

and

—
=u, +uﬂ_

[

U, =u, —u,, U,
Theorem 1.2 (1) E'] U, 1s absolutely convergent if and
only 1f both i}u; and E} u, are convergent;

2) It “Zl u, 1s conditionally convergent, then both ijlu;

and 2:] U, are divergent.
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Proof (1) The proof follows from the Proposition 1.1.

(2) Suppose not. Then at least one of E u, and gl u,

converges. Without loss of generality, we may assure that

HE_I i, isconvergent. Since 2. %, is conditionally

=1

convergent and
we see that

1s also convergent.
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(1) implies that 2_:] u, 1s absolutely convergent. This 1s the

desired contradiction.

% 2 New series obtained by changing the
positions of u_

Definition 2.1 For a given series Zl W,

let
Su

be a series such that for each 7, there is some %% such that
u,=u,
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r

and {u,}= {u, } . Then we say that Z_:] u, isaseries
obtained by changing the positions of #, .
Theorem 2.2 Suppose 2_:1 U, is absolutely convergent. Then

any Serics HZ_:: u, obtained by changing the positions of u,

1s still absolutely convergent and

oy an

ey
u =2 u,
=1 =1
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Proof We divide our discussions into two cases.

Casel 2 u, 1sa series with nonnegative terms.

Let S, bethe Atk partial sum of 2::-] u, . Since

by taking K =max {n,,n,,....n,}, we have that for all
n>kK,
S, =u +---+u,

<u,+---tu,=8§,_.
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This shows that for any k,

ol
S <S=2u,
ofk :

Hence 2 ¥, isconvergentand S <.

By changing the roles of Zun and Z”:, i the
n=1 -1

discussions as above, we know that

§'>S.
which yields S =3§.

Case Il General case.

The hypothesis Hzl #, being absolutely convergent implies

that both seties % u, and il u, converges. We u’ mooc’



W:E_',lu; and V:Z_]lu'n _Then i“n W -V and
£|HH|:W+V_
n=1

Case I shows that
Z|u |FW+V

Hence 2 %, is absolutely convergent.

r=]

o

Let 2 H;r and 2::1 ",,_. be the senes obtained by

1

changing the positions of u, and u, , respectively.
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Then

:;u:,' =§iﬂﬂ' =W and év; :g:] v =V
Hence
2ul, =2 @ -u))
The proof is finished. "

For a conditionally convergent series, the situation 18
quite different as the following result shows.
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Theorem 2.3 (The Riemann’s theorem) Suppose the series

2 U, is conditionally convergent. Then for any given

n=l1
constant § which may be oo, by changing the positions

o
- - r
of u#,,we can obtain a serics Eﬁ u, such that
n

o)
=0

n=1
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8 3 Product of two absolutely convergent series

Theorem 3.1 Suppose both series 2« %, and S V. are

n=1 n=1

[+ 4

absolutely convergent and l:] u.=U. :’-’:rl V.=V _Then

=

5 ]
%_uﬂi V.. 15 absolutely convergent and %;u,,t v, =HUE_

ol
. and ;z_l Vm, are two series obtained by

changing the positions of %, and V, in > u, and

respectively.
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Proof Let W,=u_v_ and consider the series

2w, |
k=1
Let
S 3 W, 1,
Tt
P= m{ﬂls"'sﬂtsmn"':mt},
- P
Uy =% |u, |
and

I
Vip=21|v,]|.
r=1
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Then

This shows that Eél W, is absolutely convergent.

Now we come to prove EEI W, =UV
Let’s consider the series

oy
2a, =uv + @y, +u,v, +u,v,)
n=1

+ (v, +u,v, Yy, v )+
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0y
Then }_:1 a, issull absolutely convergent.

Let
i = iuh V. =2V, and 4, =iﬂ3_
Then
AH = UHVH‘

This implies that
Im A =lmUV =UV

3y A3
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We deduce that

W, =UV .
Example 3.1 For | g|<1, show that gl ng"" = a _lq)l :
Proof Since éﬂ q" 1s absolutely convergent and
. g = : , the proof casily follows from Theorem 3.1.
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4 An added example

Example 4.1 Discuss the convergence of the following series.

(1) E( *>0); (2) ZI ST

o 1+x

1+x)(l+x ] (l+x")

n

X

Solution (1) Let % :(1+x)(l+.x"‘)---(l+x") . Then

-3 . § .(1+x)---(l+x")
nyw gy now (]+.t)--=(]+x")(]+x"+l) x"
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n

=4 5 |
Hence z(l+x)(1+f)---(l+x”) 1s convergent.

(2) Since

x - x¥
SIN X . e
UEI" dxij"smxdrzZsml—
0 14+ x 0 1n
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and

2sin’ 2£
- n
!]?l]—ﬂ jrl ] 3
2n’

2

2 2

that

we know from the convergence of Z

Z —smx
CONVeErges.
» 1+J: &
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