Lecture 33 Series (I)
8 1 Absolutely convergent series

1.1 Definition
> u, is called absolutely convergent if > u,| is

convergent.

If D> u, isconvergentbut ) ju,| is divergent, then we
call > #, conditionally convergent.

o0 " 1
For example, we have known that 2(— 1) - 1S
=1
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convergent, but ), — is divergent. Hence Z(—l) ” 1S

—

conditionally convergent.

1.2 The relation between the convergence and the

absolute convergence of series

Theorem 1.2.1 If > u, is absolutely convergent, then

2. u, itself convergent. The converse does not hold.
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Proof (1) Since ) u, is absolutely convergent, we see
that for any £> 0, there 1s some N >0 such that for all

n>N and p>0,

+---+u

m+l n+p

u L

It follows from

‘u +---tu ‘-c: u

mil ntp

|+

ntp‘

and Cauchy’s convergence principle that ) u, is

convergent.
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) i(—l)ﬂl

=l n

divergent.
Example 1.2.1 Discuss the convergence of Z

H - 1
Solution It follows from D’Alembert’s [ﬁhl that Z;I
n=1

H

is convergent if |X|<1.If |x|>1, then lim (- 1)° ix’ £0,

which implies that i[ 1) :;-I" is divergent. If x =1, then

o

Z )—x CONVETZES;

n=

n

e 1
if x=-1, then Z{—l) nx diverges.
=1




a0 - 1 .
Hence Z (‘— 1) EI is absolutely convergent 1f |l’| =1

conditionally convergent if X =1 and divergent if |x/>1

or x=-].
§ 2 Alternating series

2.1 Definition
2.a, is called alternating if for each n, a, =(-1)"u,, where

u >0

A

2.2 Leibuniz’s test
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Theorem 2.2.1 Suppose Z(—]) u” gatisfies the

following;:
(1) {u,} is decreasing;

2) muz, =0

Fl—0l

Then

nH

(1) 2.(-1) «" converges;
r=1

) Sgn(r,)=Sgn((-1)") or r, =0;
B) | <t
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o a+l
Proof (1)Let S, be the nth partial sum of 21) w
=1

That means

" K+l
5,530 .

Now we consider two subsequences:

{S,..} and {5,...} of {5.}.

For {5,,}, we have that

S, o =(u, —uw,)+(u, —u,)+---+{u u

Zm+l -1m+'z)

= blm + ulmul _ulmuz 2 “Slm =
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This shows that {S,,,} is increasing.
On the other hand,
S

— 2m

= N, _(H:a = H:) ST (u:am—z_uzm-l) —u,, < i, .

It follows that m 5, exists.

— o

Since S, =S, +u,. .., we see that IIL"..:. S, exists and

il

lim S, - lim 5,,,,,. Hence {S

m—Fm [ T

= } CONVErges.

L]

(2) It is obvious that 7,= Y (-1)"u =(-1) ti (1)

k=n+l =n+l
and 0< ), (—1)* ) IHk LB
k=n+l
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which implies when 7, #0,

sgn{r,} =sgn {( 1)’ unﬂ} sgn {(—1)"}
and |r.n| Su,,
These conclude the proof.

Examples 2.2.1 Discuss the convergence of the following
Series.

1) Z(_ (s >0); 2) i(_;} (>0, a>0).

—

3) Zsin(ﬁ«..r'nl +a’ ) (a#0)
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ot _] n+1
Solution (1) Obviously, Z( )

H 1s absolutely

&

convergent when s > 1, conditionally convergent when

D<s<1.

(=)

(2) Let a,="—"—.Then

P ) =

a, (n+1) (-a)'  \n+l
. . 2)
This shows that z BER L absolutely convergent when
n=1
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a<l_If a=1, i(_a)"

n=l1 n

is absolutely convergent when

F ]

s > 1, conditionally convergent when 0<s<1.

If 2>1, we see from

n

hm a: = +o0
n—ao 5
o (-a)” . .
that D 18 divergent.
(3) Since

sin (:.'ﬁ.f'sv:1 +a’ ) = (—])n si'ni(;r.r-\z’i'ar2 +a - mr)
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a‘s

Nn +at +n

=(—])" SIn

and

.
a n

lim =0

we know that for sufficiently large 72,

2
i a’ T
sin >0

Jn'+a’ +n

showing that Zsin (-"’W n +a ) 1s altemating.
=K
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2
a wx

Obviously, sin———— monotonically goes to 0,
n +a +n

- - = |I . -
which tells us that Zsm(ﬂ vn' +a’ ) 1s convergent.
n=1
Obviously, 1t 1s conditionally convergent.

93 Added examples

e |
X yrsin —

Examples 3.1 Suppose f{g[” “'ﬂn] 1 and a4,>0.

Discuss the convergence of the series 243

n=1
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1
Solution Let £#=—_Then there is some N >0 such that

2
forall n> N,
1 znsinl 3
—<n  "-a <—
2 2°
showing that
1 3
—<a < _
2nsin ins=n
n " n "
Since
1
Znﬁnl
lim #——=1,

" 0000




we see that

1
Insinl

” n

]
=1
L= ]

1s convergent. Hence Zﬂa 1s convergent.

A=l
Examples 3.2 Suppose ) u, is a divergent series with

nonnegative terms. Let S =u+u,+-tu

Then i;—" 1s still divergent.

Proof Since
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i p
by

f t’iﬁ > .l'.=i:rl S“"‘f S“ 1 :Hn
l=nrl"51 *Srnp lI311:“1::' .."'P

and ImS, =+ we see that for sufficiently large p,

0< :; < ]E
Hence
> u, 1
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Loy

u,
This implies that ZS_ is divergent.

Homework Page34: 3(1,3);4
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