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teaching objectives

1 ¥þ�ê¶

2 FÝ!ÑÝÚ^Ý¶

3 ü^½n¶

4 ∇$�úª;

5 ���IX;

6 ¿¥Üþ.



1.¥þ�ê vector algebra

·ÜÈ ~a · (~b × ~c)
¥È~a × (~b × ~c)

~a · (~b × ~c) = ~b · (~c × ~a) = ~c · (~a × ~b) (1)

·ÜÈ�AÛ¿Âµ²18¡N�N
È"5¿~a, ~b, ~cnö7L÷vmÃ'
X§±�yNÈ��.

~c × (~a × ~b) = ~a(~b · ~c)− ~b(~c · ~a) (2)

y²Xe:
- ~d = ~a × ~b, ~f = ~c × ~d ,k~f�x©þ�:



1. Vector algebra

f1 = c2d3 − c3d2

= c2 (a1b2 −a2b1)− c3 (a3b1 −a1b3)
= a1 (c2b2 + c3b3)−b1 (c2a2 + c3a3)
= a1(~c · ~b)−b1(~c · ~a)

Ón,�� f2, f3�(J,�

~c × (~a × ~b) = ~a(~b · ~c)− ~b(~c · ~a)

(~a × ~b)× ~c = ~b(~a · ~c)− ~a(~b · ~c)

�*	o(�eùüª�5Æ .



2.Gradient,Divergence,Rotation

FÝ:÷CzÇ������ê.
ÑÝ:ü NÈ�uÑþ.
^Ý:ü ¡È��þ.

Ú\�ÎÒ ∇, 3���IX¥§

∇= ~ex ∂

∂x + ~ey ∂

∂y + ~ez ∂

∂z (3)

∇ �ÎäkV5,§Q´�©�Î,q
´¥þ.¤±$��Q�é¼ê?1�
©,Ó�q��Ä§�¥þ5.



2.Gradient,Divergence,Rotation

FÝ

d ~̀ = dx ~ex +dy ~ey +dz ~ez
dϕ = ∂ϕ

∂xdx + ∂ϕ

∂ydy + ∂ϕ

∂zdz

=
(
~ex ∂

∂x + ~ey ∂

∂y + ~ez ∂

∂z

)
ϕ ·d ~̀

= ∇ϕ ·d ~̀

dϕ
d`
� ~̀����ê, dϕ

d`
= |∇ϕ|cos θ, w

, ∇ϕ ´CzÇ������ê–FÝ.

∇ϕ = ~ex ∂ϕ∂x + ~ey ∂ϕ∂y + ~ez ∂ϕ∂z



2.Gradient,Divergence,Rotation

ÑÝ

div ~f = lim
∆V→0

∮
S

~f ·d ~S

∆V
(4)

∇ ·
~f = lim

∆V→0

∮
S

~f ·d ~S

∆V∮
S

~f ·d ~S =
∫
V

(∇ · ~f )dV

∇ ·
~f = ∂fx

∂x +
∂fy
∂y + ∂fz

∂z



2.Gradient,Divergence,Rotation

^Ý

(rot ~A)n = lim
∆S→0

∮
L
d~l · ~A

∆S
(5)

(∇× ~A)n = lim
∆S→0

∮
L
d~l · ~A

∆S
(6)∮

L

d~l · ~A =
∫
S

(∇× ~A) ·d ~S =
∫
S

(∇× ~A)ndS

(7)

3���IXe§^Ý�L�ª�µ



2.Gradient,Divergence,Rotation

∇×
~f =

∣∣∣∣∣∣∣
êx êy êz
∂
∂x

∂
∂y

∂
∂z

fx fy fz

∣∣∣∣∣∣∣ (8)

3.ü�½nµ
FÝ�^Ý�u"µ∇×∇ϕ= 0
^Ý�ÑÝ�u"µ∇ · (∇× ~A) = 0



3.Two theorems

y²£½n1¤µ-µ
~f = ∇ϕ

(∇×∇ϕ)x = (∇× ~f )x

= ∂fz
∂y −

∂fy
∂z

= ∂

∂y
(
∂ϕ

∂z
)
− ∂

∂z ( ∂ϕ
∂y )

= 0

Ón��Ù§©þ§�

∇×∇ϕ ≡ 0



3.Two theorems

y²£½n2¤µ

∇ · (∇× ~f ) = ∂

∂x (∂fz
∂y −

∂fy
∂z ) + ∂

∂y (∂fx
∂z −

∂fz
∂x )

+ ∂

∂z (
∂fy
∂x −

∂fx
∂y )

= 0
_½nÓ�¤á§=µ
Ã^|7�L�Iþ|�FÝ.

∇×
~f = 0, ~f = ∇ϕ



4.∇ �Î�$�úª

Ã|7�L�,�¥þ�^Ý.
∇ ·

~f = 0, ~f = ∇×
~A

∇(ϕψ) = ϕ∇ψ + ψ∇ϕ (9)

∇ · (ϕ~f ) = (∇ϕ) · ~f + ϕ∇ ·
~f (10)

∇× (ϕ~f ) = (∇ϕ)× ~f + ϕ∇×
~f (11)

∇ · (~f × ~g) = (∇× ~f ) · ~g − ~f · (∇× ~g)− (12)

∇× (~f × ~g) = ( ~g · ∇)~f + (∇ · ~g)~f

−(~f · ∇) ~g − (∇ · ~f ) ~g (13)



4.∇ �Î�$�úª

∇(~f · ~g) = ~f × (∇× ~g) + (~f · ∇) ~g

+ ~g × (∇× ~f ) + ( ~g · ∇)~f (14)

∇ · ∇ϕ = ∇2ϕ (15)

∇× (∇× ~f ) = ∇(∇ · ~f )−∇2~f (16)



5.����IX

(1)���IXµ

∇ϕ = ~ex ∂ϕ
∂x + ~ey ∂ϕ

∂y + ~ez ∂ϕ
∂z (17)

∇ ·
~A = ∂Ax

∂x +
∂Ay
∂y + ∂Az

∂z (18)

∇×
~A =

∣∣∣∣∣∣∣
~ex ~ey ~ez
∂
∂x

∂
∂y

∂
∂z

Ax Ay Az

∣∣∣∣∣∣∣ (19)

∇2ϕ = ∇ · ∇ϕ = ∂2ϕ

∂x2
+ ∂2ϕ

∂y 2
+ ∂2ϕ

∂z2
(20)



5.����IX

(2)Î�IXµ

∇ϕ = ~er ∂ϕ
∂r + ~eθ

1
r
∂ϕ

∂θ
+ ~ez ∂ϕ

∂z (21)

∇ ·
~A = 1

r
∂

∂r (rAr) + 1
r
∂Aθ
∂θ

+ ∂Az
∂z (22)

∇×
~A = 1

r

∣∣∣∣∣∣
~er ~eθ ~ez
∂
∂r

∂
∂θ

∂
∂z

Ar rAθ Az

∣∣∣∣∣∣ (23)

∇2ϕ = 1
r
∂

∂r
(
r ∂ϕ
∂r
)

+ 1
r 2

∂2ϕ

∂θ2
+ ∂2ϕ

∂z2
(24)



5.����IX

(3)¥�IXµ

∇ϕ = ~er ∂ϕ
∂r + ~eθ

1
r
∂ϕ

∂θ
+ ~eφ

1
r sin θ

∂ϕ

∂φ
(25)

∇ ·
~A = 1

r
∂

∂r (r 2Ar) + 1
r sin θ

∂

∂θ
(sin θAθ)

+ 1
r sin θ

∂Aφ

∂φ
(26)

∇×
~A = 1

r 2 sin θ

∣∣∣∣∣∣
~er r ~eθ r sin θ~eφ
∂
∂r

∂
∂θ

∂
∂φ

Ar rAθ r sin θAφ

∣∣∣∣∣∣ (27)



5.����IX

∇2ϕ = 1
r 2

∂

∂r
(
r ∂ϕ
∂r
)

+ 1
r 2 sin θ

∂

∂θ

(
sin θ

∂ϕ

∂θ

)
+ 1
r 2 sin θ

∂2ϕ

∂φ2
(28)

¿¥�Üþ

¿¥µü�¥þ�3�åÒ´¿¥.X:

~A ~B =
3∑

i ,j=1

AiBj êi êj



6.¿¥�Üþ
~A ~B 6= ~B ~A,Üþ´äkÊ�©þ�Ôn
þ.XÜþT �Ê�©þ©O�:

T11 T12 T13

T21 T22 T23

T31 T32 T33

T =
3∑

i ,j=1

Tij êi êj

ü Üþ:g =
3∑

i=1

êi êi



Üþ�$�

~A ~B · ~C = ~A( ~B · ~C ) = ~A( ~C ·
~B) = ~A ~C ·

~B

= ( ~C ·
~B) ~A= ~C ·

~B ~A

= ( ~B · ~C ) ~A= ~B · ~C ~A

~A ~B × ~C = ~A( ~B × ~C )
~C ×

~A ~B = ( ~C ×
~A) ~B

~A ~B : ~C ~D = ( ~B · ~C )( ~A · ~D)

g · ~A ~B = ~A ~B ·g = ~A ~B



Üþ©Û

∇ · (~f ~g) = (∇ · ~f ) ~g + (~f · ∇) ~g

∇ ·T = ∂

∂x (~e1 ·T) + ∂

∂y (~e2 ·T) + ∂

∂z (~e3 · T )∮
d ~S · T =

∫
dV ∇ ·T∮

d ~S · (~f ~g) =
∫

dV ∇ · (~f ~g)




