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Abstract

In a high dimensional linear regression model, we propose a new procedure for
testing statistical significance of a subset of regression coefficients. Specifically,
we employ the partial covariances between the response variable and the tested
covariates to obtain a test statistic. The resulting test is applicable even if the
predictor dimension is much larger than the sample size. Under the null hypoth-
esis, together with boundedness and moment conditions on the predictors, we
show that the proposed test statistic is asymptotically standard normal, which is
further supported by Monte Carlo experiments. A similar test can be extended
to generalized linear models. The practical usefulness of the test is illustrated

via an empirical example on paid search advertising.
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1. INTRODUCTION

Linear regression is arguably one of the mostly important and widely used statistical
techniques (Draper and Smith, 1998; Seber and Lee, 2003; Weisberg, 2005). A good
summary of various applications can be found in Yandel (1997), Milliken and Johnson
(2009), and Vittinghoff et al. (2010), among others. One of the major goals of regression
analysis is to model a linear relationship between a response and a set of predictors.
To this end, under the assumption that the predictor’s dimension (p) is smaller than
the sample size (n), we estimate unknown regression coefficients and then test their
significances (Lehmann, 1998; Shao, 2003). In addition, we are able to employ the F-
test to assess the utility of a model, which allows one to determine whether a significant
relationship exists between the dependent variable and the set of all the independent

ones (i.e., the full model).

Although the F-test is useful, it cannot be directly applied to testing a subset of
variables. Hence, when two competing models are nested, one generally employs the
partial F-test (Ravishanker and Dey, 2001; Chatterjee and Hadi, 2006) to check the sig-
nificance of the additional variables present only under the larger model. This test has
been widely used across various fields (e.g., biology, economics, engineering, medicine,
psychology, and sociology), and is straightforward to calculate in many software pack-
ages (e.g., SAS, SPSS, Minitab, and R). In high-dimensional situations (n < p), howev-
er, the partial F-test is not applicable. This is because the usual ordinary least squares
(OLS) estimator no longer exists, and the OLS estimator is needed for the computation
of the classical partial F-test statistics. To solve the problem, Zhong and Chen (2011)
proposed a novel test based on a diverging factor model (Bai and Saranadasa, 1996).
Their method is useful for linear regression models augmented with a factorial design.

Because extending their method to the situation with a general random design matrix
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is not straightforward, this motivates us to develop a new test to fulfill this theoretical
gap.

In this paper, we follow the spirit of the partial F-test (i.e., the partial covariance) to
develop a new test statistic. The resulting test enjoys a simple and elegant asymptotic
null distribution, namely the standard normal distribution. Accordingly, the proposed
test can be easily implemented in practice with a standard normal table. Adopting
similar techniques used for linear regression, we also extend the test to generalized
linear models with canonical link functions. The rest of this article is organized as
follows. Section 2 introduces the model, notation, and technical conditions. Section 3
develops the test statistic and then obtains its asymptotic property. Section 4 presents
Monte Carlo studies and an empirical example. Section 5 concludes the article by
extending the proposed test to generalized linear models. All technical details are left

to the Appendix.

2. MODEL STRUCTURE AND CONDITIONS

2.1. Models and Notations

Let (Y;, X;) be the observation collected from the ith subject, where Y; € R! is the
response variable and X; € RP is the associated predictor for 1 < i < n. We assume

that X; can be decomposed as X; = (X,

ia’ XZ—ZE)T with Xia = (Xila te aXiq)T € R? and
Xip = (Xigge1), - , Xip)" € RP77 where ¢ is smaller than the sample size n, and p is
much larger than n. For the sake of simplicity, we also assume that F(X;) = 0. To

establish the relationship between Y; and X, we consider the following standard linear

regression model,

Y, =X +¢e =X B, + X5+ <, (1)



where 3 = (3),5))" € R, 3, € R, and 3, € RP~7 are unknown regression coefficient
vectors. In addition, we assume that €; in (1) is random noise with E(g;) = 0, var(e;) =

o2, and E(e}) = (3 + A)o* for some finite constant A > —3.

For the sake of convenience, let Y = (Y3, -+ ,Y,)" € R™ be the response vector, and
let Xy = (X1a,+ , Xna) T € R and Xy = (Xpp, -+, X)) | € R"*(P=9) he the matrices
associated with the X;,’s and Xy’s, respectively. Let X = (X,,X}) = (X1, , X,) " €
R™P be the matrix including all predictive variables and €& = (g1,--- ,&,)" € R" be

the noise vector. Then model (1) can be re-expressed as follows.

Y=X5+E&=X,0,+ X5 + €. (2)

In practice, X, often contains a small set of relevant predictors via prior knowledge
or preliminary analysis. In contrast, X, collects a large number of predictors, whose
statistical significance is still not clear and thus needs to be investigated. Accordingly,

we consider the following statistical hypotheses,

Hy:B,=0 vs. Hy: [y #0. (3)

When X, is a null vector, equation (3) is equivalent to test Hy: 8 =0 vs. Hy : 8 # 0.

It is noteworthy that, under Hy, model (2) reduces to

Y = Xaﬁa + 67 (4)

where we slightly abuse notation by using £ to represent the random error vector in
both the full and reduced models. In the rest of this paper, we will use it to stand for

the random error in the reduced model only.



When n > p, one commonly uses the conventional partial F-test given below to test

the null hypothesis in (3).

L YTX(X] X)X Y/ (p— )
YT{I, - X(XTX)"'XT}Y/(n - p)’

F

where I, € R™™ stands for a n x n identity matrix, X, = (I, — H)X,, H, =
X, (XTX,)"'XT. Under n < p, however, neither XX nor X/ X, is invertible and hence
this test is not applicable to high dimensional data. It is noteworthy that, under Hy,
the contribution of X, in explaining the variation of Y should be 0 after controlling for
the effect of X,. As a result, we should have that E{(Y —X,3,) "X} = F{£"X,} = 0.

This motivates the new testing procedure presented in this paper.
2.2. Boundedness and Moment Conditions

Before presenting the detailed procedure, we need to investigate a number of impor-
tant and reasonable technical conditions. To this end, define ¥y, = E{cov(X;s|Xia)} =
(07,5,) € RP-0x(P=a)  Without loss of generality, we also assume that oj; = 1 for any

jeS={q¢+1,---,p}. Then, we introduce the following boundedness condition.

(C1) Boundedness Condition. Assume that there exist two positive constants 7,;, and
Tmax SUCh that Tmin < Amin(Zsja) < Amax(Xpja) < Tmax, where Apin(A) and Apax(A)
represent the smallest and largest eigenvalues of an arbitrary semi-positive defi-

nite matrix A, respectively.

Condition (C1) assures the model identifiability. Specifically, (C1) indicates that, con-
ditional on Xj,, none of the predictors in X;, (or §) can be linearly represented by

other predictors in §. A similar condition has been widely used in the literature; see,



for example, Fan et al. (2008), Zhang and Huang (2008), Wang (2009), and many
others. However, Condition (C1) is typically insufficient for establishing the asymp-
totic normality of test statistics. Hence, we next introduce moment conditions on the

conditional predictor,

X;;) - Xib - BXiau (5)

where X € RP7Y is the residual vector obtained by regressing X; on X;, and B =
cov(Xip, Xia)cov1(X;,) € RP=D*4 By our previous assumptions, we immediately
have that F(X}) = 0 and cov(X};) = Xy,. Define a collective set of X}; as Xj =
(X, -, X)) € R™*(P=9)  We then request the following moment conditions, which

are driven by the diverging number of predictors (i.e., p — 00).

(C2) Moment Conditions. Assume that ¢/p — 0, and, for any 1 <i <n and 1 <i; #

19 < n, the following moment conditions are satisfied.

(C2a) E(p~' 3 ;e Xi7 = 1) =007,

(C2.b) E(p~'30,es X5y X5,) = O(p7?).

By condition (C2.a) and Cauchy’s inequality, we obtain that
var(p ' Y X2 =p? Y {B(X;X) — 1} = O(1/p). (6)
JES J1,J2€8

Furthermore, by condition (C2.b), we have that

—1 § * *
XZl]XZQJ

- _QE{ Z XroNXr X X X g}

11]1 11]2 %133 1174 271 1272 12737 i2]4
J1,J2573:34



-2 * * * * * * * *
=P { Z E(Xiu'lXiljin1j3Xi1j4)E<Xi2j1Xi2j2Xi2j3Xi2j4)}
J1,J2,73:74
o -2 * * * * 2
= p Z {E(Xileingingij4)} = 0(1)~ (7)
J1,J2,J3574

Both (6) and (7) will be used in technical appendices.

If the X};s are mutually independent for a fixed i, then both p~' 37, X;? — 1 and

pt Zj X} X} are of the order O, (p~'/2). Accordingly, the fourth moment condition

1" 2]
(C2) holds. In practice, however, we cannot expect the X};s to be independent of each
other. Hence, two known assumptions, namely a multivariate normal distribution and
a diverging factor model (Bai and Saranadasa, 1996) have often been considered in the
literature. Under the boundedness condition (C1), we are able to demonstrate that

both the multivariate normal distribution and the diverging factor model lead to (C2);

see the following two propositions.

Proposition 1. Assume that X}, follows a multivariate normal distribution with mean
0 and covariance matriz Yy,. In addition, assume that Xy, satisfies condition (C1).

Then, condition (C2) must hold.

The proof is given in Appendix B. We next consider the diverging factor model, which
assumes that X} can be written as X}, = ['Z;, where I' = (v;;,) € RP=9X™ for some
m > p—q, Z; = (Zila SR ,Zz‘m>T S Rm7 E(ZZ) =0, VaI'(ZZ‘j) =1, E(ij) =34+ Az
for some finite constant A., and E(Zisj) < oo. In addition, it is also required that

E(Z.S1 752 ZZ:) = E(Z.S1

ij1 1o i1

)+ E(Z; ) for any integers s, > 0 with >/, s, < 8 and

for different indices j1, j2, -, jr € {1,2,--- ,m}.
Proposition 2. Assume that X}, follows a diverging factor model structure and its

covariance matriz satisfies condition (C1). Then, (C2) holds.

The proof is given in Appendix B. Propositions 1 and 2 indicate that the conditions
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(C2.a) and (C2.b) are rather mild.
3. METHODOLOGY DEVELOPMENT
3.1. An Initial Test Statistic

After introducing the two regularity conditions (C1) and (C2), we propose a test
statistic for testing the hypotheses (3). To this end, we first estimate [, under
H,. Since we assume that the dimension of X;, is low, the unknown regression co-
efficient can be estimated via the OLS approach. The resulting estimator is Ba =
(n'X]X,) ' (n'X]Y). Subsequently, the residual calculated through (4) is € = Y —
Xof,. If the sample size is large, one naturally expects that n 17X, ~ n ' E{£TX,} =

0. This leads to the following test statistic

T=n X € =nTXX) E=n" ) ETXXTE=n"") YIXX]Y,
jes jes
where X; = (X1, Xoj, -, Xn;)T € R", X = (I, — H)X; = (Xuj,--+ , Xnj) | € RY,
and Y = (I, — H,)Y. It is of note that §T§§J§§I§(/n is the partial covariance of Y
and X, for j € S, after controlling for X,. Hence, T} is the sum of partial covariances
across the explanatory variables being tested. In general, one naturally rejects the null

hypothesis when T is sufficiently large.

Theorem 1. Assume the null hypothesis of (3), and conditions (C1) and (C2). If

“Y4 50, and n/p — 0, then we have

min{n, p} — oo, qn

p o 2E(Ty) =, 1 and np 2o tvar,(T1) < 2+ |A| (8)

with probability tending to 1, where E.(-) = E(-|X) and var,(-) = var(-|X).
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The proof is given in Appendix C. By Theorem 1, we have that E*(Tl)/vari/z(Tl) —p
oo. This implies that, under the null hypothesis of (3) and conditional on X, the
normalized test statistic T} /vari/ *(T}) cannot be asymptotically distributed as any
non-degenerate distribution. As a result, we modify 77 by using its conditionally bias-

corrected estimator.
3.2. The Bias-Corrected Test Statistic

Under the null hypothesis in (3) and the fact that (I, — H,)X, = (I, — H,)X},
we know that the conditional bias of T} from (8) is E,(Ty) = o*(n "r{X;X; "} —
n i {X;THX}) = o*nH(p — @)tr(MQ), where M = (p—q)™' Y s XJX]T and
Q = I, — H,. Conditional on X, both quantities M and Q are known. This motivates
us to correct the bias of T} by replacing ¢? in F,(T)) with its unbiased estimator,

6% = (n—q)"'ETE, which yields the following bias-corrected test statistic

T, =T, — 6*n""(p — q)tr(MQ). (9)

It can easily be seen that E,(73) = 0, which immediately implies that E(73) = 0.
To obtain a standardized test statistic, we next compute the variance of T, without

conditioning on X.
Theorem 2. Under the same conditions and assumptions as those in Theorem 1, we

have var(Ty) = 20'tr(Z3,){1 + o(1)}.

The proof is given in Appendix D. By Theorem 2, the asymptotic variance of T; is

given by 20%tr(X3,). Accordingly, we can construct a test statistic,

Z =Ty/{20"tr(S5,)}/2, (10)

9



whose asymptotic null distribution is given below.

Theorem 3. Under the same conditions and assumptions as those in Theorem 1, we

have that Z —4 N(0,1).

The proof is given in Appendix E. This theorem allows us to test a subset of regression
coefficients in high dimensional data. It is noteworthy that the numerator of Z is
a bias-corrected term from 7T, and a larger Z tends to reject the null hypothesis.
Accordingly, Theorem 3 indicates that, for a given significance level «a, we reject the
null hypothesis if Z > z;_,, where z, stands for the ath quantile of a standard normal
distribution. Based on the above theorem, one can calibrate the size of the proposed

test by an usual standard normal distribution table.

Remark 1. To employ the proposed test statistic, we need to estimate the unknown
quantity 20%tr(X3,). It seems natural to use 2&4t7’(flg‘a), where 3y, = n X/ X,
However, as demonstrated by Srivastava (2005), tr(flaa) is not a consistent estimator
of tr(Eg‘a) when ¢ = 0; see their Remark 2.1 on page 253 as well as some relevant
discussions in Chen and Qin (2010) and Chen et al. (2010). To this end, we adopt the

approach of Srivastava (2005) and consider the following bias-corrected estimator

—

tr(y,) =n*(n+1—q)" (n—q) {tr(23,) — tr*(Eya)/(n — @)}

Under the normality assumption with ¢ = 0, Srivastava (2005) show that it is ratio
consistent, i.e., tr(3,)/tr(X3,) —, 1. For the case of non-normal data with ¢ > 0,
our simulation experiences indicate that this estimator also performs fairly well; see

Examples 3.1 and 3.2 in the next section.

Remark 2. For the sake of simplicity, we assumed that E(X,;;) = o; = 0 for every j.

In practice, this assumption may not be valid, i.e., a; # 0 for some j. To resolve this
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problem, we can simply include an intercept term in X;, to redefine Xy, := (1, X;[)T.
Accordingly, (I, — H,)1 =0, where 1 = (1,1,--- ,1)" € R™. This leads to sz = (I, —
H)X,; = (1, — Ha)Xj, where Xj = (X1 —aj,- -, X, — ;)7 € R"is the centralized
predictor. Because our test statistic is based on §§j, it makes no difference to use X;
(non-centralized predictor) or Xj (centralized predictor), as long as the intercept is
included in X;,. Consequently, the asymptotic theory given in Theorem 3 (established
for centralized design matrix) is still applicable, even though E(X;;) = a; # 0. This
conclusion is further confirmed by simulation studies; see Example 3.1 in the next

section.

4. NUMERICAL STUDIES
4.1. Simulation Results

In this subsection, we present two simulation examples that evaluate the finite
sample performance of the proposed test. The first example considers weakly correlated
predictors (Tibshirani, 1996), while the second example studies the case in which a

strong relationship exists between X, and X, (Fan et al., 2008).

Example 3.1. We generate the data from (2), where the regression coefficients
B; for j € {1,2,---,q} are simulated from a standard normal distribution, and then
we set 3; = 0 for 7 > ¢. In addition, the predictor vector is given by X; = N2z
for i = 1.--,n, and each component of Z; is independently generated from a s-
tandard exponential distribution, exp(1l). Moreover, the random error ¢; is inde-
pendently generated from a standard normal distribution or a mixture distribution
0.1N(0,3%) + 0.9N(0,1). We then consider cov(X;) = ¥ = (0j,;,) € RP*? with
0}, = 0.501732 (Tibshirani, 1996; Fan and Li, 2001). Hence, X;;, and X;;, are approx-

imately uncorrelated when the difference |j; — j2| is sufficiently large. It is noteworthy
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that E(X;) # 0, which violates our model assumption of F(X;) = 0. According to
Remark 2, we add an intercept term into X;, to adjust for non-central predictors, and

then redefine X;, := (1, X;[)T.

We consider two different sample sizes (n=100, 200), three dimensions of predictors
in the full model (p=200, 500, 1000), and three dimensions of predictors in the reduced
model (¢=0, 8, and 15). For each fixed parameter setting (i.e., n, p, and ¢), a total of
1,000 realizations are conducted with a nominal level of 5%. Table 1 presents the size
of the bias-corrected test. For the sake of comparison, the test proposed by Zhong and
Chen (2011) is also included, and we name it the ZC-test. A well-behaved test should
have an empirical size around 0.05. Table 1 indicates that both methods perform quite

well.

We next study the power of the bias-corrected test. To this end, we follow the set-
tings of Zhong and Chen (2011) and consider two different types of alternative hypothe-
ses. The first type is a non-sparse alternative, where 8, = k(Bp1, Bp2, " Bb(p_q))T €
RP~4 the (;s are simulated from a standard normal distribution, and « is selected so
that the signal strength 3, Yo Tanges from 0 to 1.5. The second type is a sparse
alternative, where f; (1 < j < 5) are generated from a standard normal distribution
with f3,; being set to be 0 for every j > 5. In addition, the signal strengths are the same
as those of the first type. For the sake of illustration, we consider only the situation
where the random error is normally distributed with ¢ = 0, n = 100, and p = 200.
Figure 1 depicts the empirical powers of the bias-corrected test and ZC-test, which
indicates they steadily increase towards 100% as the signal strength gets larger. In
sum, both tests perform satisfactorily and comparably in both sparse alternative and

non-sparse alternative scenarios.

Example 3.2. We consider a case in which X;, and Xj, are heavily correlated.
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More specifically, we generate the data according to the factor model (5), where the
variables X;; with 1 < j < ¢ and ¢; are randomly generated from the standard normal
distribution. In addition,we have the variables X;, = BX;, + X} for 1 < i < n,
where each element of the factor loading B € R?~9*¢ is simulated from a standard
normal distribution. Moreover, X} € RP™? is generated from a multivariate normal

distribution with mean 0 and covariance matrix ¥y, = (07 ,,) € RE-0x#=9) with

Jijz

*
T 1o

= 0.5111772 The regression coefficients, sample sizes, full model sizes, and reduced
model sizes, as well as the number of realizations, are the same as those in Example
3.1. Tt can be verified that the technical conditions (C1) and (C2) imposed on ¥y,
(instead of X) are satisfied. Hence, the results presented in Table 2 indicate that the
bias-corrected test performs reasonably well and is qualitatively similar to that in the
previous example. Because the condition for the ZC-test is invalid under this simulation
setting, it is not surprising that ZC-test does not perform well. Specifically, one can
show that ¢tr(X*) = tr(BB")*{1+0(1)} = tr(B' B)*{140(1)} = p*tr(1,){1+0,(1)} =
qp*{1+0(1)} and tr(X?) = gp*{1+o0(1)}. As aresult, tr(X*)/tr?(X?) — ¢ #0if ¢ is
fixed; this violates condition (2.8) in Zhong and Chen (2011). Finally, Figure 2 depicts
the empirical power of the bias-corrected test. It is not surprising that the non-sparse

alternative performs better than the sparse alternative, and their overall performances

are qualitatively similar to those of Figure 1.

4.2. Real Data Analysis

To further demonstrate the practical usefulness of our proposed method, we consider
an empirical example using data from an online mobile phone retailer. The data set
can be obtained from the authors upon request, and will be made available for research
purposes only. The data set contains a total of n = 98 daily records. The response

is the revenue from the retailer’s online sales, and the explanatory variables are the
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advertising spending on each of p = 1,048 different keywords that were bid for on
Baidu (www.baidu.com), the leading domestic search engine in China. In practice,
allocating the advertising spending on profitable keywords is critical for online sales.
We therefore start by ranking 1,048 keywords according to their relative importance
measured by the coefficient of variation (CV) for each keyword. This is because a
keyword with a weaker CV is typically associated with larger spending but smaller
variability; empirical experience suggests that those keywords are more likely to be
associated with online sales. As a result, a keyword with a weak CV is more important

than one with a strong CV.

We next denote the sorted predictors as V{y), Vi), -+, V{,). Since sales vary with
the day of the week, we introduce the 6-dimensional indicator variables W € R to
represent Sunday to Friday. For a fixed k, we define X, = (W, V(y),--- , V{1)), and then
test whether the advertising spending on the rest of keywords, X, = (Vi;) : j > k),
could provide a significant contribution to online sales by controlling for the effect
of X,. To this end, the bias-corrected test procedure is applied sequentially with
k=1,2,---, until the resulting p-value is larger than the 5% level of significance. The
testing procedure stops with k = 8; this suggests that, after controlling for advertising
spending on the first eight keywords, the others are not statistically significant to the

response.

After carefully examining those eight keywords, we find that they can be classified
into three different categories. The first category contains a single keyword, the brand
name of this particular online retailer. People generally would not search for such a
keyword if they were not already familiar with this retailer. Hence, identifying this
keyword is a highly desirable result. The second category contains a keyword that is

the name of a Chinese version of iPad (“one-person-one-book” directly translated from
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Chinese). Since it is considered to be the most important competitor for iPad in the
domestic Chinese market, targeting this keyword is also an expected result. The last
category consists of six keywords that are related to mobile phones designed specifically
for “senior people” (directly translated from Chinese). Since the percentage of seniors
in China has increased steadily in the past few years as a result of the one child policy,

it is not surprising that they play an important role in the mobile phone market.

Based on the experience of a field practitioner, the eight keywords identified by
our bias-corrected test are highly interpretable and useful. In addition, offline data
confirms that the product categories represented by those eight search keywords are
economically important; they account for more than 65% of the entire online sales. It is
worth noting that the simulation studies in Section 3.1 indicate that the bias-corrected
test performs well when n = 100, p = 1,000, and ¢ = 8; our empirical example is
similar to this case. In sum, our test is able to identify 8 critical keywords from the
1,048 keywords and 98 observations; this method efficiently utilizes the high volume of

data available to online retailers.
5. CONCLUDING REMARKS

To broaden the usefulness of our proposed test, we conclude this article by extending

the test statistic to generalized linear models (McCullagh and Nelder, 1989). Consider

E(Yi|X;) = 971X, B) = g7 (X;oBu + X By),

where ¢(+) is the canonical link function. The resulting log-likelihood function, after
omitting the irrelevant constants, is given by > {(Y; - X, 8) — nb(X,"8)} for some
smooth function b(-). By maximizing the log-likelihood function under the null hy-

pothesis of (3), we obtain the maximum likelihood estimator (MLE) of /,, which is
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denoted Ba. Then, with slight abuse of the notation for random errors and their cor-
responding residuals used in the linear model, we denote &; = Y; — g~ %(X,! 8,) and
& =Y, — g Y (X, B,). As a result, the estimator of 02 is 62 = £TE/(n — ¢), where

E= (61, ,é)".

Under the null hypothesis of (3), we have E(al)?lj) = 0 for any j > ¢, where )Z'ij
is the i-th element of Xj defined in Section 3. Similarly, an initial test statistic can

be constructed as TY =n~1t 3" (ETFN{j)Q = nilgTFNngN&bTé. Under the null hypothesis,

J>q
we have E,(ETX,X[ &) = E(ETX, X[ €) = Y7 | 02w;, where 02 = E(e2) and w; is the
1th diagonal element of §§b§§; € R™"™. Accordingly, we can estimate E*(STEEZXJE)
by ETOE, where Q = diag{wi, -+ ,w,}. This leads us to propose the following bias-
corrected test statistic Ty = n_lc‘fT(ib}EJ — Q)é . Then, employing similar techniques
as in the linear model, we are able to show that var(75) = 254257"(25‘&){1 +o0(1)}, where
o2 =n"'> " 07 Accordingly, we obtain a test statistic, Z, = TQg/{Q&‘lt@)}lﬂ,
for testing the null hypothesis of (3) in generalized linear models. Our unreported

numerical results suggest that the test statistic Z, works fairly well in terms of both

size and power.

To conclude the article, we discuss two interesting topics for future research. The
first is to obtain a test statistic for testing the null hypothesis Hy : S, = 0. This is
a challenging task since the total number of unknown parameters in [, remains large
even under Hy. The second is to employ the Pearson residual or deviance residual,
as proposed by an anonymous referee, to derive a test statistic for generalized linear
models. We believe these efforts would strengthen the use of hypothesis testing for

making inferences in high dimensional data analysis.
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APPENDIX

Appendix A. Technical Lemmas

Before proving four theorems, we present the following three lemmas. Lemma 1
can be found in Bendat and Piersol (1966) and Lemma 2 can be derived directly from

Bao and Ullah (2010). Accordingly, we only provide the details for Lemma 3.

Lemma 1. Let (U, Uy, Us, Uy)" € R* be a 4-dimensional normal random vector with
EU;) =0 and var(U;) = 1 for 1 < j < 4. We then have E(U;UsUsUy) = 612634 +

013024 + 014023, where ;; = E(Uin)-

Lemma 2. Let V = (V,---,V,,)T € R™ be a random vector with E(V) = 0 and
coo(V) = I,. We further assume that E(V'V5--- V') = E(VZ)---E(V?) for
indices 1,12, i, € {1,2,---,m} and for any integers g, > 0 with >, _, g, < 8.
Then, for any symmetric m X m matriz Ay and any m X m positive definite matrix
Ay, we have that (i.) E(VTAV)? = tr?2(A)) + 2tr(A?) + Atr(AT?), where A} =

(aj1j2>7 A(lgz = (a‘?ljz

), and A = E(V) — 3; (ii.) there is a finite constant C such that

E{VT AV — tr(A)M < Ctr?(A2).

Lemma 3. Assume that W; = TZ; € R, where T = (3;) € R>*™, Z; € R™,

E(Z) =0, cou(Z;) = I, and E(ij) < oo forj=1,---,m. In addition, assume that

E(Z3 22 -+ Z0 ) = E(Z)

ij1 7 ij2 ij1

) T E(Zzl;r) fOT indices j17j27 U JjT‘ € {1727 e 7m} and
for any integers 1, > 0 with Y. _, 1, < 8. We then have that E(W;;, Wi;, W;;,W;;,) =
6j1j2&j3j4 + &j1j36j2j4 + 6j1j46j2j3 + Azznzl :yjlk;?ijﬁ/jgkﬂ?jzlk; where COU(Wi) = (&jle) €

R and A = E(Zf‘]) — 3.

Proof. From W; = fz, we have W;; = Z’,j:lﬁjkz-k for 1 < j <[. As a result, we
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obtain that

EWiu Wi, Wi Wis) = D Aaka Yok Visks Visks B (Zits Zik Ziks Zik,)

k17k2,k3,k4

= zk 2’73116’7]2167]57?/7]416 + Z 7;1k1'7]2k1’7]3k27j4k2
k1#ka

+ > FikaVioka Tisk Visks T Fivka Vinks Visho Viska
k1#£ko ki1#k2

= {E<Z 3} Z 7j1k7]2k7]3k7]4k + Z 7]1’617]2]617]3/@7]4162
k1,k2

+ E Yi1k1 Vioke Visks Viaks + E Yirk1 Vioks Visks Viak
k1,k2 k1,k2

—  GoG3y + O13004 + T1uba3 + A Z Virk Viak Visk Viak- (11)
k=1
The last equality is due to the fact that 7,,;, = >, ¥j,kVjk for any 1 < jy, jo < 1. This

completes the proof. O]
Appendiz B. Proof of Proposition 1-2

The normal distribution assumed in Proposition 1 implies the diverging factor model
in Proposition 2. Hence, we only present proofs for Proposition 2, where (C2.a) and

(C2.b) are satisfied.

Proof of (C2.a). The moment condition (C2.a) can be obtained directly from Lem-

ma 2(ii); we thus omitted it.

Proof of (C2.b). Using Lemma 3, we have that E{X}, X’ X} X' } =0 . 0% . +

J1T TY)2T T)3T T4 J1327 j3ja

* *
Jj1j3 Uj2j4 +U]1]4 J2J3

ALY Yk ViakViskViek- This, together with Cauchy’s inequality,
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condition (C1), and Xy, = ['T'", implies that

p? Y {BX XXX

2
1< e g3 zj4)}

J1,J2,J3:94
_ —2 * * * * * * ) ) ) ) 2
=P Z <Uj1j20j3j4 + 051539 jaja + 051549 j2jia + AZ E :’leklyjzk%gkr)ﬁzxk)
J1,J2,93:94 k
-2 * * * * * * 2
< 2 Z (gj1j20j3j4 + 91437 joja + Oj1j4gj2j3)
J1,J2,33,74

+2p_2Az Z (27j1k7j2k7j3k7j4k)2

J1,j2.J3:.94 k

= 2p 2 {3tr°(5,) + 6tr(Sh)} + 20 °A2 Y O ik ViakVisk Visk)’

J1,J2,J3:.J4 k

= O +2p°A2 > 1D (Viska Yok Visks Visks) (Viska Vioka Visks Viaks)

J1,92,J3,J4 k1,k2

= O<1)+2p_2A§Z{ Z (7j1k’1,7j1k2)(’yj2/€17j2k2)(7]31617]'3/62)(7]’4]617]'4/@)}

ki,k2 J1,92,73,J4

= O<1) + QP_QAz Z (Z P)/jk1r)/jk2)4 S O<1> + 2p_2Ag{Z (Z ijlp}/jk’z)Q}z
kika kika J
< O(1) +2p2A%r2(TTT)? = O(1) + 2p 2 A%r*(ITT)?

= O(1) +2p2A%tr*(33,) = O(1).
From (7), we complete the proof. O

Appendixz C. Proof of Theorem 1

To prove the theorem, we consider two steps; Step (1) shows the first part in (8)

and Step (2) demonstrates the second part.

STEP (1). Under the null hypothesis of (3), we have that £ = (I, — H,)& and

p o lE(TY) = nlp 'tr{(I, — H)X,X, (I, — H,)}
= n Y Mr{(I, — H)X;X; (1, — H,)}

= n_lp_ltr(XZX;‘T) — n_lp_ltr(XZTHaXZ). (12)
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Define 7 = n~'p~ " tr(XGX;T) = n7' 30, (07" X0 ,c5 X77)- Tt is obvious that E(T) =

1+ o(1). Applying (6) and condition (C2.a), we further show that

var(T) = n 'var(p~ ZX*Q) = o(1).

jES

Accordingly, the first term of (12) is n 1p~Hr{X;X;"} = 1 + 0,(1). We next demon-

strate that the order of the second term in (A.2) is 0,(1). Using tr(H,) = ¢, then
n T (X0 THLX Y < 0 i (Ho) Ao (5K ) = {07 0 Amax (0 IXGXG ). (13)

Define H = X;X:" — (p — @)1, = (hiyi,) € R™". By Chebyshev’s inequality, for any

arbitrarily large constant ¢, we obtain that

P(Auax(H) > 0¥1p!%t) <0 p 2t B (H)} < n7Pp 2 B{r /). (14)

It is noteworthy that tr(H*) = Zil’i”g’u R inPigis Pigis Nigi, - Hence,

E{t?“(';':[4)} = B Z h21%2 igia Nigia 1411}

11,12,13,%4

= E{Z Bilw h2213 hl324 h14’t1} + E{Z ]_11112 h1213 hZ3Z4 hl411 }’ (15)
A Ae

where A = {(i1,19,13,14),11 # 12 # i3 # is4}. After algebraic simplification with
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condition (C1), the first term of (15) becomes

E{Z Bmz hms hmu hum }
A

_ *
- E{ Z ZXim whz i2j2 mzz i3]3 14]32 174 Z4J4

il#iQ#i;g?ﬁ’M J1ES J2ES j3E€S J4ES

_ * * * * * *
- 2 : § : E{ 1171 11]4X12J1Xlz]zXZ3JQX13J3XZ4J3X14J4}

_ * * * *
o Z Z 931349 51529 5253 O s ja

= n(n—1)(n 2)( = 3)tr(Sy,) = O(n'p). (16)

Using the fact that |A°| < n® and Cauchy’s inequality, the second term of (15) satisfies

E{Z Bi112h1213h1314h1411} < 4 lnd{E( 1112) + E(h’?zlg) _'_ E(h;{;’m) + E<hl44’bl>} (17)
To further simplify (17), we consider two cases, i1 # i and i; = iy. When i1 # iy,
we employ condition (C2.b) and equation (7), and then obtain that

E(hi,)= >  EBE{X Xro X XS XEXE XE )

i12 Z131 2132 113 i1Ja M iog1 M ioja M o3 Mg
J1,52,93,J4€S

= Z {E< 7,1]1 ’Llj2 legXZ*1J4>} O(p2>

J1,32,J3,J4€S

For the case with i; = iy, the same conclusion can be established via condition (C2.a).
The above results, together with (16) and (17), imply that E{tr(H*)} = O(np) +
O(n®p?). Hence, as long as n/p tends to 0 and ¢ is sufficiently large, we have that

n~3p~2t~*E{trH*} — 0. This result and (14) lead to

Amax(H) = Op(p1/2n3/4). (18)
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Using (13), (18), and the assumption of gn='/* — 0, we thus obtain that, with prob-
ability tending to 1, the second term of (12) is n~'p~"r{X; T H,X;} < {n~'¢}{1 +
O, (n%*p=Y2)} = 0,(1). Consequently, p~to=2E,(T}) = 1+ 0,(1), which completes the

proof of the first part in (8).

STEP (2). We next consider the conditional variance var,(7}). After algebraic

simplification and employing Lemma 2(i), we have that

np 2var,(Ty) = n 'p 2 [EAE" (I, — H)X;X; (I, — H,)EY?
_{E*{gTUn - Ha)XZXZT(In - Ha)g}}Q]
= o Y 2ot {(I, — H)X;X: (I, — H)X;X: (1, — H,)}

+An Y 20t (1, — H)X;X; T (1, — H,)}*?

IN

on"tp2ottr{(I, — H)X;X: " (I, — H)X:X: " (1, — H,)}
+ Al p 20t tr{(I, — H)X;X; (I, — H,)}?,

= 24+ A)nYp2ettr{(L, — H)X:X: (I, — H)X'X: (1, — H,
b“>b b“>b

IN

2+ |ANn Y 2ettr {XIXE (1, — H XX T
b b

IN

2+ A p 2o tr {(XGXG 1) = (2 + [ADn o tr {pT (5K )%

Using similar techniques to those used above, we can verify that n = p=2tr{(X;X; ")2} —,
1. As a result, np~20 *var,(T1) < 2(1 + A) in probability. This completes the entire

proof of Theorem 1. n
Appendiz D. Proof of Theorem 2

To prove this theorem, we introduce the statistic, 7o = n~ 1T} — (p—qnLETE,
where T} = STXZXZTE . We then consider two steps, namely computing the variance

of Ty and showing that the difference between Ty and T is negligible.

22



STEP (1). By condition (C1), we have var(X}) = o7; = 1. Under the null hypothe-
sis of (3), one can easily verify that E(T3) = 0. With algebraic simplification, we obtain
that n2var(Ty) = E(T?) + (p — q)*E{ETEY? — 2(p — Q) E{T,ETE}. We next evaluate

the three terms on the right-hand side of this equation. Since F(¢}) = (3 + A)o*

E(T}) = EE'XXE)’ =Eg) O Xje)g) =EQ > X!, X\cien)

JjES 0 JES 11,12

_ * * *
- § : 2 : E{811€Z2613624 1131X12]1X13J2X2412}

71,J2€S8 11,12,i3,%4

= > ZE{e“XJZ?XZiH SN E{ea X2 X2

j1,52€S i=1 J1,j2€S i17i2

+2 Z ZE{gll Z2 Z1]1 11]2X1*211X1*2]2}

J1,J2E€S t17i2

= (B3+A)'n Y B{X;7X[

917 71)2
J1,J2€S8

+o'*n(n —1)(p — q)* + 20*n(n — Dtr(33,). (19)

By the definition of A, one can demonstrate that o™ E(ETE)? = n(n + 2) + An, and

then show that

c*E{TETEY = oE{ETXXTEETEY = o7 (p — ) E{ETEV?

= (p—q){n(n+2)+nA}.
The above results, together with condition (C2.a) and equation (6), imply that

n’o var(Ty) = n(3+A) Y {BX;2X;2) =1} + 2n(n — Dtr(33,)

2717 712
J1,J2€S

= O(np) +2n(n — 1)757“(22\@) = 2n2tr(Z§|a)(1 +0(1)), (20)

which completes the proof of Step (1).
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STEP (2). After simple calculation, we have that var(13) > 20*(p—q)72,,{1+0(1)},
which is of order O(p) by condition (C1) and the assumption of ¢/p — 0. As a result,

it suffices to show that p~/2(T, — Tg) = 0,(1) to complete the proof. Note that

p_1/2(T2 — T2) = p_l/Q{Tl —n ' +n" p— )€ H.E}

—p " (p — )tr(MQ) —nH(p — @)€ T QEY, (21)

where M = (p — ¢)7'X;X; T € R™". We next demonstrate that the two terms on the

right-hand side of the above equation are of order 0,(1). By € = (I,, — H,)&, we have

n{T, —n T +n " (p—q)E"H,E}
= ET(I, - H)X;X: (I, — H)E — XX TE+ (p— )T HLE

= E&'HHHE — 28" HHE. (22)

The first term in (22) satisfies ETH,HH,E < Apax(H)ETH,E. In addition, (18) in-
dicates that Apax(H) = O,(p'/*n%*). By tr(H®?) < tr(H?) = ¢, we have that
o var{n V1ETH,E} = nY?{2q + Atr(H®?)} < n~Y2¢{2 + A} = o(1). This, in
conjunction with the fact that o 2E{n~YV4ETH,E} = n~Y4q = o(1), yields ETH,E =
0,(n'/*). Hence, ETH,HH,E = 0,(np'/?). Analogously, we can demonstrate that the
second term in (22), £TH,HE, is also of order o,(np'/?). Accordingly, the first term
on the right-hand side of (21) is of order o,(1). Finally, applying similar techniques

as those used in the above proofs, we are able to show that the second term on the

right-hand side of (21) is also of order o,(1), which completes the entire proof. ]
Appendiz E. Proof of Theorem 3

According to the proof of Theorem 2, we only need to demonstrate that 15 /var'/2(Ty) —4
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N(0,1). To this end, denote

Ty=n" Y Y e, XX +n DY Y (X7 1) =10 + 1.

1<i1#ia<n jES i=1 j€S

Then, it suffices to show that
Iy /var'/?(Ty) = 0,(1) and II, /var'/*(Ty) —4 N(0, 1), (23)

and the detailed proofs are given in the following two steps, respectively.

STEP (1). After algebraic simplification with condition (C2.a), we obtain

n?o~*var(Ily)

= o > N B (X2, - D2, - 1)}

1<idy,19<n j1,j2€S

= > D B{X, - DXE, - DY+ 3+ 4) Z N B{(X? - 1)(X2 - 1))

11712 J1 3263 1=1 j1,j2€S

= (3+4) Z Y {BX;X) -1}

i=1 j1,j2€S

= (B3+Am Y {BEXX;2) -1} = O(np),

171 1J2
J1,J2€S8

where the last equality is due to (6). Therefore, var(Ily) = o(p). Recalling that
E(Il3) = 0 and var(T3) = 204 tr(35,){1 + o(1)} > o'pr;,, this completes the proof of

the first term of (23).

STEP (2). Applying similar techniques used in the proof of Theorem 2, we have
that var(Il;) = 20%r(33,){1 + o(1)}. Then, var(IT;)~'var(7%) tends to 1 as n goes to

infinity. Hence, we only need to show that

IT, /var'/2(I1,) —4 N(0,1). (24)
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To this end, define F, = o{e;,, X7, 1 < j < p,1 < iy,ip < 1,0y # iz}, the o-field

7,2]7

generated by {e;,, X}, where 1 < j <p,1 <iy,ip <rforr=1,2,--- nandi # i

In addition, define

_ 1 * *
M= Y e X X,

1<iy #ia<r jES

Obviously, T,,, € F,. Then, set A, , = T,, — T, ,-1 with Ay = 0. One can easily

verify that E(A, ,|F,) =0 and E(T,|F,) = T, for any ¢ < r. This implies that, for an

arbitrary fixed n, {A,,,,0 <r <n} is a martingale difference sequence with respect to

{F.,0 <r <n} with 7o = () . Accordingly, by the Martingale Central Limit Theorem
(Hall and Heyde, 1980), for the proof of (24), it suffices to show that

22:1 U;,,Qr Z::l E(Aim)

—. 1 and

var(Il;) 7 var?(IT,) —» 0 (25)

where 072, = E(A2 | F_1).

We begin by showing the first term of (25). After algebraic simplification, we have

that A, =2n"13",_, Zjes X3 X eie, and

n
*2 _ -2 * * 2

E :Un,r - E :471 E E E § Z1j1 zg]nglerjggllgizer|‘FT’—1)

r=1

11<r i2<r j1,j2€S

_ 2 2} :2 :} : } :
= 4dn""o E21&2 1131 1212 3112

r=1 i1 <r i2<r j1,j2 €S

= 4n~%¢? §: E: 2: €i1€in X, 1131 z2j2 J1]2

r=1 i1#i2<r j1,j2€S

+ZZ D X X005

r=1 i<r ji,j2€S
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Using tr{Z +} = O(p), we then obtain

n
* *
Var(z Z Z €i1Ci 11J1X12J2 J1J2)

r=1 i1#£i2<r j1,j2€S

o 4E(Z Z Z Z 6“5125135’4XZ1J1X12J2XZ3J3X14J4 31]2033]4)

71,72 11<t2<r1 13<14<72 {j1,j2,J3,J4 } €S

_ 4 * * * *
=4ty ) D TnTnn T

1,72 i1 <ig<min(r1,72) {j1,j2,73,j4 }ES

= 40*) > tr(Sh,) = O(n'p) = o(np?). (26)

71,72 i1 <i2<min(ry,r2)

Furthermore, by condition (C2.b) and Cauchy’s inequality, we have

‘4E{ZZ N Xy X000

r=1 i<r ji1,j2€S

_ —4 * * * * * *
I E(Z Z Z Z 11 Z2)(1111)(11]2XP@2J?»‘XZ2J4 JIJ2UJ3J4>

r1,r2 11<r1 12<r2 {j1,52,J3,j4€S}

_ *2 *2
=2 X D T

1,72 11 <r1,i2 <r2,i17i2 {j1,52,j3,74€S}

+(3 + A) Z Z Z E{X;lX* X* XU4 }UJ1]20;3]4

71,72 i<min(r1,r2) {Jj1,j2,J3,J4 €S}

> D> )

r1,72 11 <T1,i2<7T2,i17£72

276N Y, D {BXGXRXEX)Y

r1,72 i<min(ry,r2) Jj1,52,53,J4€S

f(3+4) Z Z Z U;szaffn

r1,r2 i<min(ry,r2) ji1,52,J3,J4€S

= ) D> (S +0m),

71,72 11<71,12<T2

IN

where the last equality is due to the fact that

YooY B XXX = 0n?) (27)

71,72 i<min(ri,r2) j1,J2,53,J4€S
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obtained via condition (C2.b) and
Yo D aham=d > ) =00, ()
r1,72 i<min(r1,r2) J1,52,J3,J4€S 71,72 i<min(r1,r2)

This further implies that

2 vk *
()3 3 X X0

r=1 i<r ji,j2€S

= E{ZZ Y EX Xt — {E( ZZ > exy X0

r=1 i<r ji1,j2€S r=1 i<r j1,j2€S
S AY Y w0 Y Y )
1,72 11<11,12<T2 71,72 11<1r1,12<T2
= O(n’p?) = o(n*p?). (29)

Moreover, it can easily be shown that E(}."  0+2) = var(Il;). This, together with
the fact that var(Il;) = 2(1 — n=")o'tr(Z3,){1 + o(1)} > o'pry;,, as well as (26) and
(29), yields var(}_"_, 0,%) = o{var*(Il;)}. This completes the proof of the first part

of (25).

We next consider the second term of (25). Since A,,, =2n~"' 37, 3. ¢ X5 X eie,,

we have the following

2t 3 B (A
r=1

n
- * * * * * * *
- EQ{Z Z Z X11J1X1232X23]3X24J4Xm1erzXrngrg4€r5115128135z49}

r=1 11,i2,i3,i4<T j1,J2,J3,J4€S

- EQ{Z Z Z Xl*Jl X:JQX;;:SXZzLX:]lX:]2X:]3X:]4€T ) g}

r=1 i<r j1,j2,j3,ja€S

+ 6E9{Z Z Z XZ*IJIX11J2X:2]5X:2]4X:]1X:]QX:]JX:]4€T 118129} (30)

r=1 41#i2<r j1,j2,j3,J4€S
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It is noteworthy that E(e}) = (3 + A)o?. Then, by condition (C2.b), the first term on

the right-hand side of (30) is smaller than the following quantity:

(B+AYY > Y {B(X X5, X X)) = 0(np?). (31)

r=1 i<r ji,j2,j3,j4ES

By Cauchy’s inequality, we know that 2c2 2 < e} + &} : this enables us to show that

11712 — T 127

the second term on the right-hand side of (30) is less than the quantity given below.

6{3 + A}208 Z Z Z 0-;11'2U;3j4E{Xi§1X;j2X:j3X;j4} - O(n3p2), <32)

r=1 41 #i2<r j1,j2,J3,J4€ES

where the last equality above is due to (27) and (28). Equations (30), (31), and (32)
lead to Y E(A, ) = O(n~'p?). This, in conjunction with the fact that var(Il;) >
4,2

0 " PT,

min»

shows the second part of (25); the entire proof is complete. ]
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Table 1: Size of the bias-corrected test and the ZC-test for Example 3.1.

Normal Mixture
q q
n P 0 8 15 0 8 15

Bias-Corrected Test

100 200 | 0.066 0.041 0.045 | 0.062 0.059 0.057
500 | 0.059 0.041 0.036 | 0.067 0.052 0.039
1000 | 0.065 0.047 0.041 | 0.064 0.056 0.044

200 200 | 0.061 0.050 0.048 | 0.062 0.062 0.059
500 | 0.057 0.050 0.042 | 0.068 0.062 0.060
1000 | 0.053 0.052 0.055 | 0.065 0.056 0.051
7.C-Test
100 200 | 0.045 0.035 0.024 | 0.052 0.049 0.034
500 | 0.072 0.046 0.035 | 0.048 0.031 0.027
1000 | 0.060 0.046 0.031 | 0.051 0.030 0.022

200 200 | 0.049 0.049 0.049 | 0.049 0.042 0.038
500 | 0.060 0.054 0.044 | 0.046 0.046 0.040
1000 | 0.060 0.060 0.057 | 0.064 0.059 0.043

Table 2: Size of the bias-corrected test and the ZC-test for Example 3.2.

Normal Mixture
q q
n P 0 8 15 0 8 15

Bias-Corrected Test

100 200 | 0.062 0.054 0.038 | 0.071 0.050 0.039
500 | 0.070 0.045 0.035 | 0.072 0.047 0.042
1000 | 0.062 0.040 0.035 | 0.057 0.056 0.035

200 200 | 0.070 0.055 0.057 | 0.066 0.053 0.051
500 | 0.057 0.056 0.046 | 0.0564 0.061 0.035
1000 | 0.052 0.062 0.044 | 0.062 0.049 0.046
7.C-Test
100 200 | 0.053 0.144 0.216 | 0.072 0.146 0.217
500 | 0.059 0.203 0.458 | 0.062 0.228 0.484
1000 | 0.063 0.356 0.762 | 0.041 0.321 0.743

200 200 | 0.070 0.096 0.134 | 0.063 0.084 0.149
500 | 0.056 0.116 0.208 | 0.048 0.129 0.199
1000 | 0.047 0.163 0.295 | 0.049 0.166 0.303
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Figure 1: Power of the bias-corrected test (BC-test) and the ZC-test for Example 3.1
under the normal setting with n = 100, p = 200 and ¢ = 0.
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Figure 2: Power of the bias-corrected test (BC-test) for Example 3.2 under the normal
setting for both sparse alternative (S) and non-sparse alternative (N) with n = 100,
p =200 and ¢ = 0.
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