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Limit Theorems for Some Critical Superprocesses
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Abstract

In this paper we establish some conditional limit theorems for some critical superprocesses
X = {X;,t > 0}. First we identify the rate of non-extinction. Then we show that, for a large
class of functions f, conditioned on non-extinction at time ¢, the limit, as ¢t — oo, of t~1(f, X;)
exists in distribution and we identify this limit. Finally, we also establish, under some conditions,
a central limit theorem for (f, X;) conditioned on non-extinction at time ¢.
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1 Introduction
1.1 Motivation

In 1966, Kesten, Ney and Spitzer [12] proved that if {Z,,n > 0} is a critical branching process

with finite second moment, then

. 1
nh—%o nP(Z, >0) = = (1.1)
and
im P (120> TalZm)>0) =e*, 230 (1.2)
Jim P —Z(n 5ol Z(n =e 7, x>0, :

where ¢ is the variance of the offspring distribution. The first result says that the non-extinction
rate is of order 1/n as n — oo, and the second result says that, conditioned on non-extinction at time
n, the total population size in generation n grows like n. For probabilistic proofs of these results,
see Lyons, Pemantle and Peres [I7]. For continuous time critical branching processes {Z;,t > 0},
Athreya and Ney [4, Theorem 3 and Lemma 2 on page 113] proved the following limit theorem:

. 1 o? _

lim P <ZZ(t) > 733|Z(7f) > 0) =e * x>0, (1.3)

t—o0

2

where o° is a positive constant determined by the branching rate and the variance of the offspring

distribution.
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For discrete time multi-type critical branching processes {Z(n),n > 0}, Athreya and Ney [4]
gave two limit theorems under the finite second moment condition, see [4 Section V.5]. Let v
be a positive left eigenvector of the mean matrix associated with the eigenvalue 1. The first limit

theorem says that if w-v > 0, then

Z(n) - o
li_>m P (% > z|Z(n) > O> = / fly)dy, x>0, (1.4)
where .
fly)=—e ¥, y>0,
gs!
and 7 is a positive constant. The second limit theorem says that if w - v = 0, then
) Z(n) -w o0
lim P ——— Z 0)= d R 1.5
s P (E s alz) > 0) = [T iy e (15)
where .
— = o lyl/re
= e , e R,
f2(y) s y

and 7y, is a positive constant. The limit result (L4)) is a generalization of (L2)) from the single type
case to the multi-type case, and was first proved by Joffe and Spitzer [11]. The limit result (LX)
was first proved in Ney [19].

For continuous time multi-type critical branching processes, Athreya and Ney [5] proved two
limit theorems, similar to results ([L4]) and (L&) respectively, under the finite second moment
condition, see [5, Theorems 1 and 2].

Asmussen and Hering [3] discussed similar questions for critical branching Markov processes
{Y;,t > 0}. In [3, Proposition 3.3 on page 201], Asmussen and Hering discussed the finite time
extinction property of branching Markov processes. Under some conditions (see [3] for details), [3]

Theorem 3.4 on page 202] provided the rate of non-extinction, more precisely, it was shown that

Jim tP([Yi] # 0) = 1 ()

uniformly in v with v satisfying supp(r) = n for any integer n, where p is a positive constant and
¢o is the first eigenfunction of the mean semigroup of {Y;,t > 0}.

In [3, Theorem 3.8 on page 204|, Asmussen and Hering gave a result similar to (L4]), under
some condition which is satisfied by some critical multi-group branching diffusions. In [3, Theorem
3.3 on page 297|, Asmussen and Hering gave a result similar to (L3 for critical branching Markov
processes under some condition of the mean matrix M at time ¢ = 1 (see [3, (2.1) on page 293)).
We also would like to mention that the conditions for the results of [3] mentioned in this paragraph
are not very easy to check.

The main purpose of this paper is to consider similar types of limit theorems for critical super-
processes, under very general but easy to check conditions.

In our recent papers |20} 22], we established some spatial central limit theorems for supercritical

superprocesses. See also [ I8, 21] for related results. Our original motivation for the present paper



is to establish spatial central limit theorems for critical superprocesses. In contrast with the papers

mentioned above, the spatial process needs not be symmetric in this paper.

1.2 Superprocesses and assumptions

In this subsection, we describe the superprocesses we are going to work with and spell out our
assumptions.

Suppose that E is a locally compact separable metric space and that m is a o-finite Borel
measure on E with full support. Suppose that 0 is a separate point not contained in E. 0 will
be interpreted as the cemetery point. We will use Ey to denote F U {0}. Every function f on
E is automatically extended to Ejy by setting f(0) = 0. We will assume that £ = {&,I1,} is a
Hunt process on E and ¢ := inf{t > 0 : & = 9} is the lifetime of £. We will use {P; : t > 0} to
denote the semigroup of £&. We will use B,(E) (B, (E)) to denote the set of (positive) bounded
Borel measurable functions on F.

The superprocess X = {X; : t > 0} we are going to work with is determined by three parameters:
a spatial motion & = {&,II,} on E which is a Hunt process, a branching rate function f(x) on E
which is a non-negative bounded measurable function and a branching mechanism ¢ of the form

o(x,2) = —a(x)z + b(z)2> —l—/ (e =1+ zy)n(z,dy), xz€E, =z>0, (1.6)
(0,4-00)

where a € By(E), b € B} (E) and n is a kernel from E to (0,00) satisfying

Sup/ y*n(z,dy) < oo. (1.7)
€l J(0,+00)

In our paper, we will not consider the special case that b(-) + n(-, (0,00)) = 0, a.e.-m.

The superprocess X is a Markov process taking values in Mp(FE), the space of finite measures
on E. The existence of such superprocesses is well-known, see, for instance, [6], [§] or [15]. For
any p € Mp(F), we denote the law of X with initial configuration p by P,. As usual, (f,u) :=
[ f(@)pu(dz) and ||p| == (1, p). Then for every f € B (E) and p € Mp(E),

—1og P, (X)) = (u(t,), ), (18)
where uy(t,x) is the unique positive solution to the equation
) + 10 [ W st =5, €0)ds = TLS(6) (19)
where U(z, z) = f(z)p(x, 2), v € E and z > 0, while ¥(9, z) = 0,z > 0. Define
a(z) := B(z)a(z) and A(x) := f(x) <2b(:p) + /000 y%(az,dy)) . (1.10)
Then, by our assumptions, a(z) € By(E) and A(z) € B (E). Thus there exists K > 0 such that

:gg(!a(m)\ + A(z)) < K. (1.11)



For any f € By(E) and (t,z) € (0,00) x E, define
Tif (@) i= 1L, [elo 260 f(gy)]

It is well-known that T} f(z) = Ps, (f, X¢) for every x € E.

(1.12)

Our standing assumption on £ is that there exists a family of continuous strictly positive func-

tions {p(t,z,y) : t > 0} on E x E such that, for any ¢ > 0 and nonnegative function f on E,

Pif(x) Z/Ep(t,w,y)f(y)m(dy)-

Define
ai(x) ::/Ep(t,a:,y)2 m(dy), a(z) == /Ep(t,y,x)zm(dy).

In this paper, we assume that
Assumption 1.1 (i) For anyt >0, [pp(t,z,y)m(dz) < 1.

(ii) For anyt > 0, we have

i= [ a@ymid) = [ awmin) = [ [ oo midy) miao) < o.

Moreover, the functions x — ay(z) and x — ai(x) are continuous on E .

It is easy to see that

Pt +5,2,9) = /E Dt 2, 2)p(s, 2. y) m(dz) < (ar(2)?(as(y)) /2,

which implies

arss(2) < [E ba(y) m(dy)ar(x) and dysa(z) < /E aa(y) m(dy)ie(z).

(1.13)

(1.14)

(1.15)

It is well known and easy to check that, {P; : ¢ > 0} is a strongly continuous semigroup on

L?(E,m). We claim that the function ¢ — [, a;(z) m(dz) is decreasing. In fact, by Fubini’s

theorem and Hélder’s inequality, we get

ars(e) = /E Pt + 5,2,7) /E p(t, z, 2)p(s, 2 ) m(dz) m(dy)
_ / plt, . 2) / plt + 5,2, 4)p(s, ) m(dy) m(dz)
E FE
< at+8(x)1/2/p(t,x,z)as(z)l/zm(dz)
E

which implies

ass(z) < < /E p(t,a:,z)as(z)l/2m(dz)>2§ /E p(t, 7, 2)as(z) m(d2).

(1.16)



Thus, by Fubini’s theorem and Assumption 1.1(i), we get

/EaHs(x)m(dx)§/Eas(z)/Ep(t,a:,z)m(da;)m(dz) S/Eas(z)m(dz). (1.17)

Therefore, the function ¢ — [, a;(x) m(dx) is decreasing.
We claim that (see Lemma 2] below) there exists a function ¢(¢, z,y) on (0,00) x E x E which

is continuous in (x,y) for each ¢ > 0 such that
e Kipt,z,y) < qt,z,y) < eXp(t,z,y), (t,z,y) € (0,00) x Ex E (1.18)
and that for any bounded Borel function f and any (¢,z) € (0,00) x E,
Tif(x) Z/EQ(t,:v’y)f(y)m(dy)-
It follows immediately that {7} : ¢ > 0} is a strongly continuous semigroup on L?(E,m) and
IT:£115 < X113 (1.19)

Let {ﬁ,t > 0} be the adjoint operators on L2(E,m) of {T},t > 0} , that is, for f,g € L*(E,m),

/ F (@) Tigla) m(der) = / 9(@) T f () m(dx)
E E

and

T,f(x) Z[EQ(t,y,m)f(y)m(dy)-

It is well known that {ﬁ :t > 0} is a strongly continuous semigroup on L?(E,m). For all ¢t > 0
and f € L?(E,m), T;f and ﬁf are continuous. In fact, since ¢(t,z,y) is continuous in (z,y), by
(CI4), (CI8) and Assumption 1.1(ii), using the dominated convergence theorem, we get that, for
any f € L?(E,m), T;f and ﬁf are continuous.

Let L and L be the infinitesimal generators of the semigroups {T;} and {T;} in L%*(E,m)
respectively. Define \g := sup R(o(L)) = sup ?R(J(E)) By Jentzsch’s theorem (Theorem V.6.6 on
page 337 of [23]), ¢ is an eigenvalue of multiplicity 1 for both L and L. Assume that ¢o and g
are the eigenfunctions of L and L respectively associated with A\g. ¥y and ¢g can be chosen to be
continuous and strictly positive satisfying ||¢gll2 = 1 and (¢, ¥o)m = 1.

The main interest of this paper is critical superprocesses, so we assume that
Assumption 1.2 )y = 0.
We also assume that
Assumption 1.3 (i) ¢g is bounded.

(ii) The semigroup {Ti,t > 0} is intrinsically ultracontractive, that is, there exists ¢t > 0 such that

Q(t7x7y) < Ct¢0($)w0(y)' (120)



It is easy to get that, for any £ > 0 and =z € F,

ay(x) < em/ q(t,z,y)> m(dy) < C?em/ bo(y)? m(dy)go(x)?. (1.21)
E E
On the other hand, we have
do(x) = Ti(do)(z) < X (er2)?aya (). (1.22)

In [21] and [22], many examples of Markov processes satisfying the above Assumption [Tl were
given. In [16], quite a few examples of Hunt processes satisfying Assumptions [[LT] and [[.3] were
given. If F consists of finitely many points, and £ = {& : t > 0} is a conservative irreducible
Markov process on E, then ¢ satisfies the Assumptions [T and for some finite measure m on
FE with full support. So, as special cases, our results give the analogs of the results of Athreya and
Ney [5] for critical super-Markov chains.

Define () := Ps, (|| X¢]| = 0). Note that, since Ps, || X:|| = T:1(z) > 0, we have Ps_(|| X¢| =

0) < 1. In this paper, we also assume that

Assumption 1.4 There exists tg > 0 such that,
inf g4, () > 0. (1.23)

zel

In Subsection 2.2 we will give sufficient conditions for Assumption [[4 In Lemma B3] we will

show that, under our assumptions, lim;_,~ g;(z) = 1, uniformly in xz € E.

1.3 Main results

In this subsection, we will state our main results. In the following, we use the notation

Peu() =P (- | | Xl #0).

Let (2,G) be the measurable space on which the process X is defined. Assume that Y;,¢ > 0, and

Y are random variables on (€2, G). We write
Yilp, ,—Y in probability,

.H F i — i > €) = .
th t’“(| t | ) 0

Suppose that Z is a random variable on a probability space (ﬁ, G , P), we write
d
}/;thP)t,p. — Z7
if, for all @ € R with P(Z =a) =0,

i < = < a).
tliglopt,u(yt <a)=P(Z <a)

6



Define
(A(¢0)?, o) m- (1.24)

V=

N =

It is easy to see that 0 < v < co. Define

Cp = {f € B(E) : ([fI"¢0)m < o0}

and Cf := C, N BY(E). By Assumption [L2(ii) and the fact that ¢(t,z,y) is continuous, using the

dominated convergence theorem, we get, for f € C1, T;f(x) is continuous.

Theorem 1.5 For any non-zero p € Mp(E),
lim tP, (|| X¢|| # 0) = v~ (o, ). (1.25)
t—o0

Theorem 1.6 If f € Cy then, for any non-zero up € Mp(E), we have

N X e, 2 (fydo)m W, (1.26)

where W is an exponential random variable with parameter 1/v. In particular, we have
_ d
t 1<¢07Xt>|Pt,p, — W. (127)

Remark 1.7 Our assumptions imply that 1 € Co, see Remark below. Thus the limit result
above implies that

_ d

(1, X e, = (1, %0)mW,

which says that, conditioned on no-extinction at time t, the growth rate of the total mass (1, Xy) is

t ast — oo.

Note that, when (f,¢g)m = 0, t~1{f, Xit)|p,, — 0 in probability. Therefore it is natural to
consider central limit type theorems for (f, X;).
Define

o2 = /0 CA(TS £)2, o) ds. (1.28)

Theorem 1.8 Suppose that f € Co and (f,10)m = 0, then we have, O'ch < 0o and for any non-zero
pE Mrp(E),
(£ (00 Xe) 72 £, X0) ) o1, = (WL GUAVIV) (1:29)

where G(f) ~ ./\/'(O,JJ%) is a normal random variable and W is the random variable defined in
Theorem [L.0. Moreover, W and G(f) are independent.

It follows from Theorem [I.6] that, when JJ% > 0, the density of G(f)VW is

1 2|z|

exp{ — ,
A /21/0? \ /21/0’]%

As a consequence of Theorem [[L8 we immediately get the following central limit theorem.

z € R.

d(x) =



Corollary 1.9 Suppose that f € Cy and (f,1g)m = 0, then we have, a]% < oo and for any non-zero
pE Mrp(E),

(t-1<¢o,xt>, %) o, S (W,G()). (1.30)

where G(f) ~ ./\/'(O,JJ%) is a normal random variable and W is the random variable defined in
Theorem [L.0. Moreover, W and G(f) are independent.

2 Preliminaries

2.1 Density of {T;:t >0}

In this subsection, we show that, under Assumption 1.1, the semigroup {7} : t > 0} has a nice

density q(t, z,y).

Lemma 2.1 Suppose that Assumption 1.1 holds. The semigroup {1} : t > 0} has a density q(t, z,y)
such that

e Kipt,z,y) < q(t,z,y) < ef'p(t,z,y), (t,z,y) € (0,00) x E x E. (2.1)
Furthermore, for anyt > 0, q(t,x,y) is a continuous function of (x,y) on E X E.
Proof: For any (t,z,y) € (0,00) X E x E, define
Iy(t,x,y) = p(t,x,y),

I,(t,x,y) := // s,x,2)In_1(t — s, z,y)a(z)m(dz)ds, n> 1.

Using arguments similar to those in Section 1.2 of [21], we easily get that the function
q(t,z,y) ZI t,x,y), (t,z,y) € (0,00) Xx EX E (2.2)

is well defined and ¢(t,z,y) is the transition density function of T} satisfying ([2I). We omit the
details.

We now prove the continuity of ¢(t,z,y) in (z,y) € E x E for each fixed ¢t > 0. As in Section
1.2 of [21], it suffices to show that, for any 0 < e < t/2,

t—e
[ [ pem 2t - s atzmdz)ds
€ E
is continuous on F x E. By ([L14]), we get that

p(S,x, Z)p(t -5, z,y)]a(z)\ < Kae/2(x)1/2ae/2(y)l/zas—e/Q(Z)l/zat—s—e/Q(Z)l/z'

By Hélder’s inequality and (LI7), we get that

t—e
/ /E G a(2) 2o po(2) /2 m(dz) ds



IN

/:_E (/Eas_g/z(z)m(dz)>l/2 (/E at_s_E/Q(z)m(dz)>l/2 ds
/:_E </E Ga=e/2(7) m(d2)> " ( /E TE—e m(d2)> e /E G ja() m(dz).

The second inequality above follows from the fact [ (z) m(dz) = [, a:(z)m(dz) and the last

inequality above is a consequence of the fact that ¢ — [ a;(x)m(dz) is decreasing in ¢. Thus,

IN

by Assumption [LT[(ii) and the dominated convergence theorem, we get that | fe S p(s 2, 2)p(t —

s, z,y)a(z)m(dz)ds is continuous. O

2.2 Extinction and non-extinction of {X;, ¢ > 0}

In this subsection, we will give some sufficient conditions for Assumption [[L4] see Lemma 23] below.
In the case when the function a(z) in (6 is identically zero, this lemma follows from [6l, Lemma
11.5.1]. Here we provide a proof for completeness.

Let U(z,z) be a function on Ey x (0,00) with the form:

U(x,2) = —a(x)z + b(z)2? +/ (e7 =1+ zy)n(z,dy), x€ Ey, z>0, (2.3)
(0,+00)
where @ € By(Ep), b € B;f (Ey) and 71 is a kernel from Ep to (0,00) satisfying

/ y A y*n(x, dy) < oc. (2.4)
(0,400)

The following Lemma is similar to [I5], Corollary 5.18 ]. The proof of [15 Corollary 5.18 ]
was based on the Laplace functional of the weighted occupation time of superprocesses. Below we
give a proof without using the concept of the weighted occupation time.

Recall that, unless explicitly mentioned otherwise, every function f on F is automatically

extended to Ey by setting f(9) = 0. The function g in the lemma below may not satisfy g(9) = 0.

Lemma 2.2 Suppose that ¥(x,z) > \i(x,z) forall x € E and z > 0. If f and g are bounded
nonnegative measurable functions on Ey such that f(0) = 0 and f(x) < g(x) for all x € Ey. If

vg(t, ) is the solution to the equation

t ~
vyt z) = —Hm/ B(€arvg(t — 5,6))ds + ag(&), € Eart >0,
0
then vg(t,z) > us(t,x) for allt >0 and x € E.

Proof: It is well known that u; satisfies uz(t,0) = 0 and

t
up(t,z) = —Hx/o U(&s,up(t —s,8))ds + 1. (&), =€ Es.



Fix T > 0 and, for any r € [0,7T] and € Ey, define G(r,z) = up(T — r,z) and Ga(r,z) =
vg(T —r,z). For any r > 0 and x € E, we will use II,, to denote the law of £ with birth time r

and starting point . Then

T
Gi(rx) =~ / (&, G (5,€))ds + T o f(E7), 7 € B, (2.5)
and -
Go(r,z) = —Il,, / U(&,, Ga(s,&))ds + ug(ér),  a € Ep. (2.6)
Put G(r,z) := Go(r,z) — G1(r,x), r € [0,T], z € Ey. It follows from [I5] Proposition 2.14] that
G1(r,x) and Ga(r,x) are bounded, thus G is also bounded. For s € [0,7] and = € Ejp, define
w(s,z) = V(x,G1(s,z)) — ¥(z,Gi(s,z)) and
U(z,Ga(s,2)—¥(,G1(s,2) - .
p(s,x) = { G(s.2) if G(s,2) # 0;

0, otherwise.

Since G, Gy are bounded, we can easily see that w is also bounded on [0,7] x Ey. Since %

is bounded on E x [0,5] for any S > 0, we know that p is also bounded on [0,T] x Ey. It follows
from (23] and (26]) that

T ~
G(rx) = T, / U(£e, G (5.£)) — W (6w, (s, £))ds + o (g(€r) — f(Er))

T -
o, / (€, G (s, &) — U(Eq G (5, E,))ds

B T i’(fs,GQ(S,fs ) - Ej(gs’Gl(SaéS))
Hr,w/r G(S,gs)

T T
- Hr,x/ w(svgs) ds — Hﬁl‘/ p(s,gs)G(s,fs) ds + HT,I(g(gT) - f(gT))

G(s,&s)ds + 2 (9(Er) — f(&7))

Applying [8, Lemma 1.5 in Appendix to Part I], we get that

Glra) =11, [ " {— | a6 dq} w(s,€) ds+TT,, <exp {— / " p(a.6) dq} (olex) - f<sT>>) .

Since G1(r,0) = 0, w(r,d) = (D, 0) — ¥(d,0) = 0. Then, it follows from our assumptions that, for
r €[0,7]) and z € Ey, w > 0 and g — f > 0, which implies G(r,z) > 0, r € [0, T], x € E. Therefore,
vg(t,x) > us(t,z) forallt >0 and z € E. O

Lemma 2.3 Suppose that \T/(z) = infyep ¥U(x, z) can be written in the form

U(z) = az+bz* + / (e7* — 1+ zy)n(dy)
0

witha € R, b >0 and 7t is a measure on (0,00) satisfying ISy AyH)n(dy) < oo. If b+7(0,00) > 0

and W(z) satisfies
/ ~1 dz < o0, (2.7)
U(z)

then, fort >0, || —log gt||cc < 00.

10



Proof: Let X be a continuous state branching processes with branching mechanism U. Let P
be the law of X with )N(o = 1. Define

ug(t, z) = —log Py, e OIXell vg(t) = — log]?’e‘ef(t

It is easy to see that uy(t,0) =0 and, for x € E and t > 0,

t
gt ) = —nx/o W(E, up(t — 5,6,))ds + OTL,(¢ < O)

and

vp(t) = —/0 B (vp(5))ds + 0.

Applying Lemma 2] with \T/(a;,z) = \T/(z), x € Eg,z > 0 and g(z) = 0, z € Ey. we get that,
forallt > 0,2 € E and 6 > 0, up(t,z) < vp(t). Letting 6 — oo, we get —logPs, (|| X¢| = 0) <
—logP(X; = 0). It is well known that, under the conditions of this lemma, P(X, = 0) > 0. Thus
|~ log illoe = || — log Py (| Xi| = 0)[oc < o0. .

Note that, when ¥ does not depend on the spatial variable = and satisfies the integral condition

of f \I, d)\ < 0o, Assumption 1.4 is a consequence of Assumption 1.2.

2.3 Excursion measures of {X;,t > 0}

We use D to denote the space of Mp(E)-valued cadlag functions on [0,00). We use F to denote
the o-field generated by the sets {w € D : w(B) < ¢}, where B € B(E) and ¢ € R. We assume X
is canonical, that is, X is the coordinate map X;(w) = w; on the measurable space (D, F).

It is known (see [15, Chapter 8]) that one can associate with {Ps, : « € E'} a family of measures
{N; : 2 € E'}, defined on the same measurable space as the probabilities {Ps, : € E}, such that

Ny (1 — e~ XDy = —logPs (e~ X)) f e BF(E), t > 0. (2.8)

For earlier work on excursion measures of superprocesses, see [9 [10] [14].
Given Xy, let N¢(dw,dz) be a Poisson random measure on D) x E with intensity N, (dw)X;(dz),
in a probability space (Q, F, P). Define

- /E /D we N, (dw, da).

Then, given X, the process {A%, s > 0} has the same law as {X;ys,5 > 0}. In fact, by (28] and
the Markov property, we have, for f € B;r (E),

Py [exp{—(f, Xi15) }Xi] = Px, [exp{—(f, X:)}]
= exp ((log Ps. exp{—(f, Xs)}, X4))

_ eXp{ / / ~(faws) _ (dw)Xt(d:n)}

11



- rlenf-f foreimis]

= [exp{ (f, AL }] (2.9)

Now we list some properties of N,. The proofs are similar to those of [9, Corollary 1.2, Propo-

sition 1.1].

Proposition 2.4 If Py |(f, X:)| < 0o, then
NSU(fu Xt> = ]P)(;z <f7 Xt> (210)

If Ps_(f, X;)? < oo, then
No(f, X1)? = Vars, (f, Xy). (2.11)

2.4 Estimates for moments

In the remainder of this paper we will use the following notation: for two positive functions f and
gon E, f(z) < g(x) for x € F means that there exists a constant ¢ > 0 such that f(x) < cg(x) for
all x € E. Throughout this paper, ¢ is a constant whose value may varies from line to line.

In the following we will give an important lemma. The proof can be found in [I3, Thorem 2.7].

Lemma 2.5 There exist constants v > 0 and ¢ > 0 such that, for any (t,x,y) € (1,00) x E x E,

we have
lq(t, 2, y) — go(@)o(y)| < ce™ " do(x)o(y)- (2.12)
It follows that, if f € Cy1, we have, for (t,x) € (1,00) x E,
| Tif (x) = (f, Yo)meo ()| < ce™ (||, 0)mo() (2.13)
and
T2 f (@) < (1 + )| f], Yo)mo(). (2.14)

Hence, for f € C1, T;f is bounded and in C;. It follows from Proposition 2.4] that, for any f € Cq,
/ / (U], ) No (d) X (dz) < 00, P-as.
EJD
Now applying (2.9]), we get that for any f € Cy,
B, [exp {i0(f, Xpss)} |Xi] = exp { / / (c04Fws) _ 1)Nx(dw)Xt(dx)} . (2.15)
EJD
Remark 2.6 By Lemma 2.8, we get that

q(t,z,y) > (1= ce™)do(x)o(y)-

Since q(t,z,-) € LY(E,m), we have g € L*(E,m). Thus By(E) C Cp. Moreover, by Hélder’s
inequality, we get Co C Cq. O
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Recall the second moments of the superprocess {X; : t > 0} (see, for example, [I5, Corollary
2.39]): for f € By(FE), we have for any ¢t > 0,

P X0? = (Bulf X0+ [ / ATy o) (x) dsp(da). (2.16)

Thus,
Var, (f, Xi) = (Vars (£, X, / / A(Ti o) (@) dsp(da), (2.17)

where Var, stands for the variance under P,. For any f € C2 and x € E, applying the Cauchy-
Schwarz inequality, we have (T;_sf)?(z) < eKE=9)T,_ (f?)(x), which implies that

/0 AT f)2)(x) ds < KT (£2) () < oo. (2.18)

Thus, using a routine limit argument, one can easily check that (2I0) and (ZI7) also hold for
feCs.

Lemma 2.7 Assume that f € Co. If (f,0)m = 0, then, for (t,z) € (2,00) x E, we have
|Vars, (f, Xi) — o3o(x)] S e oo(), (2.19)
where 0% is defined in ([LZ8). Therefore, for (t,) € (2,00) x E, we have
Vars, (f, Xt) < do(z). (2.20)
Proof: First, we show that 07 < co. For s <1, |Ti f(2)]* < e"*Ty(f?)(x). Hence, for s <1,
(AT f)?,40) < KM (To(£2),40) = K e (f2,40p). (2.21)
For s > 1, by @I3), |Tsf(z)| < e (| f], %0)m@o(z). Hence, for s > 1,
(A(TSf)? tho) S e, (2.22)

Therefore,

0 1 0
7= [TAT P ds 5 [ st [T e <o
0 0 1
By (2I7), for t > 2, we have

‘Vargz (f, X¢) — afcqﬁo(xﬂ

t—1
g/ T JA(TL )] (@) — (AT )2, do)mdol(a)| ds
0

N / T JA(T, ) () ds + / AT )2 o dsdola)
t—1 t—1

13



First, we consider Vi (¢,z). By 213), for t — s > 1, we have

|Tt—s[A(Tsf)2](x) - <A(Tsf)2v ¢0>m¢0(l‘)| S e_W(t_S) <A(Tsf)2’ ¢0>m¢0(l‘)

Therefore, by (221 and (222]), we have, for (t,z) € (2,00) X E,

t 1
Vi(t,z) < / e Y9) ds o () + / e 79 ds o () < e Mo (). (2.24)
1 0

For Va(t,z), by @I3), for s >t —1> 1, |Tsf(z)] S e P¢o(x). Thus,

t

Va(t, z) S /t_l e T s[g5)(x) ds = e /01 e Ty [5) (x) ds. (2.25)

By Holder’s inequality, we have
#3(x) = (Tigo(x))? < " T1(g5) ().
Thus by [225) and [214), for (¢,2) € (2,00) x E, we have
Valt,a) S e 2" /0 Ty1 (68)(2) ds S o (). (2.26)
For Vs(t,z), by (ZI3), for s >t —1 > 1, |Tsf(x)] < e " po(x). Thus,

Va(t,z) S /001 ™21 ds (g5, Yo)meo(r) S e o (). (2.27)
t—

It follows from (224]), (226]) and 227)) that, for (¢,z) € (2,00) x E,
|Vars, (f, X¢) — oFo(z)| S e o).

Now (2.20) follows immediately. 0

3 Proofs of Main Results

In this section, we will prove our main theorems.

3.1 Proof of Theorem

For x € F and z > 0, define
r(x,z) =V (zr,2) + a(x)z (3.1)

and
r®(z,2) = U(z,2) + a(z)z — %A(:E)z2. (3.2)

14



Lemma 3.1 For any x € E and z > 0,

0 <r(x,z) < Kz%/2 (3.3)
and
|r(2)(x,z)| < e(z,2)2?, (3.4)
where - )
e(z,z) = ﬁ(x)/o > <1 A 6yz> n(x,dy). (3.5)
Proof: It is easy to see that
r(z,z) = B(x z)z? ooe_zy— zy) n(x .
(@29 = 56e) (o) + [T = 1) ntaan)) (36

and -
1a2) = ) [ (e =1y 5072 ) o).

It follows easily from Taylor’s expansion that, for 6 > 0,
1
0<e_0—1+9§§02 (3.7)

and

1 1
0 _ _ 102 < 13 _
140 29 66 (3.8)

By 1), we also have |e_9 —146-— %02‘ < 62. Thus, we have

—9—1+9—%92 §92<1/\%0>. (3.9)

Therefore, by ([B.1) and (39]), we have

/ Y nxdy>z2§Kzz/2
0

N | —

0<r(z,z) <pBx < )+
and -
(2)(x z) < Bz y? (1 A= yz> n(z,dy)z*

0

The proof is now complete. g

Recall that

up(t,z) := —log Ps, e~ X0

Lemma 3.2 If f € Cf, then 0 < uys(t,x) < oo for allt > 0,z € E, and the function Ry defined by

Ri(t,x) = Tif(x)—us(t, ) (3.10)
satisfies t
Rilta) = /0 Ty lr(up(t—s, )] () ds, >0, € E. (3.11)
Moreover,
0 < Ry(t,x) < X'T(f*)(x), t>0,x€E. (3.12)
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Proof: First, we assume that f € B,". Recall that uy(t,z) = —log Ps, e~ /X0) satisfies

up(t,z) + 11, /Ot U(&s,up(t —s,&))ds =11,(f(&)), t>0,z€E. (3.13)

It follows from the proof of [I5, Theorem 2.23] that us(t, ) also satisfies

wp(tya) = —/0 Ty lr(yup(t— s, )] (2) ds + Tof(x), >0, € E. (3.14)

Thus,
Ry(t,x) = /0 Ts[r(up(t—s,-))] (x)ds, t>0,z€E. (3.15)

For general f € C;, we have T;f(x) < co. Let fu(z) = f(z) An € B;’. Since (3.I3]) holds for
fn, applying the monotone convergence theorem, we get that ([BI5]) also holds for f. Therefore,
by B3), R¢(t,x) > 0, which means uys(t,z) < Ty f(z) < oo. Recall that, as a consequence of the
Cauchy-Schwarz inequality, we have (T;—sf)2(y) < eX0=)T;_ (f?)(y). Combining this with (B3),

we get

0< Ry(t.) < 5 [ Tllugt=9)R@)ds < 5 [ DTN < FTA ). (316)

O
Recall that ¢;(x) = Ps, (|| X¢|| = 0).
Lemma 3.3
tliglo || —log ¢t]|cc = 0. (3.17)
Proof: For 6 > 0, let
ug(t, z) := —log Ps, e~ 0X4),
By the Markov property of X,
Girs(z) = lim P, (e—9||xt+s||> = lim Pj, <e—<ue(8)),Xt>) — P;, (e—<— 1ogqs,xt>> _ (3.18)
0— 00 f—o0
Since ¢(x) is increasing in ¢, ¢(x) := limy_,oo q:(z) exists. Put w(z) = —logg(x). Letting s — oo
in BI8), we get q(x) = Py, (e_<“”Xt>) , which implies, for ¢ > 0,
w(z) = uyw(t,z) =€ kE.
By Assumption 1.4, for s > tg,
il < 1= 108 e < 1|~ 01 = ~1og (0 a1 (0) ) < o
which implies w € C;, and —loggs € C;". Thus, by Lemma B2l we have
t
w(z) = Ty(w)(x) —/ Ts(r(-,w(-))(z)ds, =€ E. (3.19)
0
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By (213), we have lim_, T3 (w)(x) = (w, Yo )mdo(x).
If (r(-,w(-)),%0)m > 0, then

tliglo T;‘/(T(vw))($) = <T('7w('))7¢0>m¢0(l‘) >0, foranyuz€FE,

which implies
¢

lim [ T,[r(,w(-))] (x)ds = 0o, forany z € E.

t—00 0

Thus, by (3.19), we get

0 < w(x)

i (7)) - | T (o) (2) is) = —ox.

o t—o0

which is a contradiction. Therefore r(z,w(z)) = 0, a.e.-m. Then, by [B.19), we get, for all z € E,

which implies that w =0 on E or w(xz) > 0 for any x € E. Since r(z,w(x)) = 0, a.e.-m., by (3.6,
we obtain w =0 on E. For s > tg, by ([BI8) and Lemma [B2] we get

—log go4s(v) = u—logqs(27$) < Ty(—loggs)(x) < (1 + c)(—1log s, vo)mllPollco

where in the last inequality we used (2.13]). Since —log gs(x) — 0, by the dominated convergence

theorem, we get
lim <_ log ds, ¢0>m = 0.
5—00
Now (BI7) follows immediately. O

Lemma 3.4 For any f € Cf, there exists a function hy(t,x) such that

up(t, ) = (14 hy(t,2))(ug(t, ), Yo)mo(z). (3.21)
Furthermore,
tliglo |hs ()]l =0 uniformly in f € Cyf. (3.22)

Proof: For any f € C;, we have up(t,z) < Tif(x) < oo and (uy(t,-),v%0)m < (Tif,Yo)m =
(fstho)m < 00. So us(t,x) € Cf. I m(f >0) =0, then T;f(z) = 0 for all t > 0 and = € E, which
implies us(t,x) = 0 and (uy(t,-),%0)m = 0. In this case, we define hy(t,z) = 0. If m(f > 0) > 0,
then T;f(z) > 0 for all t > 0 and = € E, which implies Ps, ((f, X;) =0) < 1. Thus we have
up(t,z) >0 and (uf(t,-),10)m > 0. Define

- Uf(t, Jj) - <Uf(t, '), 7/10>m¢0(x)
hy(t,x) = (up(t,-), Yo)mdo(x) '

We only need to prove that ||kt (t,)|lcc — 0 uniformly in f € C; \ {0} as t — oc. It is easy to see
that

ug(t,z) < —log (Ps, (|| X[ = 0)) = —log gi(=),
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which implies that
gt oo < || —loggellc = 0 as t — oo (3.23)

By the Markov property of X we have
up(t,r) = —log Py, e (ur(t=s).Xs) — Uyy(t-s)(8, %), t25>0,2€F, (3.24)

where in the subscript on the right-hand side, us(t — s) stands for the function x — us(t — s, x).
In the remainder of this proof, we keep this convention. By (B.I0), we have

up(t,2) = Tulug(t = 5,))(@)  Ruyos)(5:). (3.25)
Thus,
<’LLf(t, ')7 ¢0>m = <Uf(t - S, ')7 ¢0>m - <Ruf(t—s) (87 ')7 ¢0>m (326)
Therefore, by ([2ZI3)) and (3I2]), we have, for 1 < s <t and x € E,

s (8,2) = (g (t,), Yo)mo @)
< (g (t = 5, )) (@) = (up(t = 5,), Yohm@o(@)] + | R0 (5,2)| + [ (Ruy-0)(5: ) Yo} mo(@)
S e gt = 5. Yohmdo x>+eKST (g (t = 5,12) (@) + (s (¢ = 5%, Yo} moo ()

), b0)mo(x) + ™ (us(t — 5,-), to)mdo (@)

< (77 4+ ) = log qumslloc] (st = 5,7), ) moo (@),

Yo (
Se T (up(t—s,0), 10 (

where in the last inequality we used ([3.23)).
By Lemma B.2] and (3:23]), we get

Toug(t —5,7))(x) > up(t,w) > Tu(up(t = s,)) (@) — " *T(ug(t - 5,-)*)(2)
> Ty(up(t = s,))(x) — €| —log gr—sllocTu(ug (t — 5,-)) (2). (3.27)

Thus, we have

(up(t = s,),%0)m = (ug(t, ), o)m > (1= €| —log qsloo) (ug (t = 5,-), Y0)m. (3.28)

For any s > 1, (1 — e®?¥|| —log ¢;_s||ss) > 0 when ¢ is large enough. Therefore, as t — oo,

e ® + eKSH - IOg qt—sHoo _

he(t, Yoo < vs 3.29

e e (3.29

Now, letting s — oo, we get ||t (t,-)|lco — 0 uniformly in f € i\ {0} as t — occ. O
Lemma 3.5 For any 6 > 0,

1 1 1
lim — — =v 3.30
i 2 (G~ i) (330

uniformly in f € C; \ {0}. Here v is defined in (L24).
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Proof: We write us(t,z) as u(z), € E. Since f is non-negative and m(f > 0) > 0, we have
ug(t,z) > 0 for all t > 0 and x € E. Consequently, we have (us(t,-),%0)m > 0. It is clear that
ug = f. First note that

i 1 - 1 >
no <un67¢0> <f7 7p0>m

- LZ:;)( k+15,¢0> _(Uk6,1¢0>m>

n—1

- (uks, Yo)m — (U(k+1)8, Y0)m
T ond Z < > '

U(+1)5> Y0)m (Uks; Vo) m

3

Recall the identity ([324]) and the definition of r(?)(z, z) given in [32). Using B28) with t = (k+1)0

and s = 9, we get

(Urs, Y0)m — (Ukt1)5,Y0)m = (Ruys (0,-),%0)m
5
:/0 <7"(',Uf(k‘5—|—8,')),1[)0>md8

s 5
= %/0 <A(uk5+8)271/}0>m d3+/() <T(2)(',uk5+s(-))7q/}0>m ds
=1+ I

By B2I) and [3:28), we have, for s € [0, 0],
‘ut—i-s(x) - <ut7w0>m¢0(1’)‘ S ’ut+s(x) - <ut+87w0>m¢0(1’)‘ + !<Utﬂ/}0>m - <ut+57¢0>m’¢0(1’)

< gt + 8)|oo (tps, Yo)mo () + 5| — log qel|oo (e, Yo )mdo(z)
< (gt =+ 9)llso + €™°) = qe(2)lloc) (ue, o) mo(x)
< Cf(t) <ut7w0>m¢0(‘r)7 (331)

where c;(t) = supgcgcs ([hr(t+ 8)|loc + €5 — q:(2)]|loc) - It is easy to see that cy(t) — 0, as
t — oo, uniformly in f € C;". Thus, by [B2I) we have for s € [0, 4],

|uers(2)* = (g, o) (o ()|
<Ut7¢0>gn

< (24 ¢p (1) ep () (@0 ())* (3.32)
Therefore, we have,

‘fo (ursts)? — (Uurss Y0)m®) » Yo)m ds‘
2(uks, o),
< %<A¢(2),¢0>m5 (24 cp(k6)) cp(kd) — 0, as k — oo,

_h
<uk57 ¢0>2n

— v

uniformly in f € C; \ {0}. By (B:28), we have

0<1~-

(Wika1)8> V0)m
LD PO o KS|| _ Jog gpgloo, (3.33)

(Uks, Yo)m
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which implies that

Sk, Yohm —1, ask— oo, (3.34)
(U(kt1)5,YV0)m
uniformly in f € C"\ {0}. It follows that
L
lim = v 3.35
k=00 (U, P0) m (U(k+1)5: P0)m (3.35)
uniformly in f € C; \ {0}.
For I, by (34) and (331]), we have
<r(2)('7uk6+s('))7¢0>m <e('auk6+s('))u25+w¢0>m
(uks, Po)3, a (uks, o)7,
< (1 cp(R0)* (el ursps ()05 Yo)m
< (1 + Cf(ké))2<6(, H - IOg Qk5|’00)¢37 1/}0>ma
here the last inequality follows from ||ugsiulloo < || — 10g Gksiulloo < || — 10g grslloo and the fact

z — e(x, z) is increasing. It is easy to see that the function e(z,z2) | 0 as z | 0. Thus, as k — oo,

Iy ) ,
Tir gz S 01+ cg(ko e(, || —lo oo ) m—0
f oz = O+ )2 (e, || — log grsllc )92, o)
uniformly in f € Cf_ \ {O} By (BBZD, we have
lim 12 =0

k=00 (Uks, 10)m (U(k+1)5> Y0)m
uniformly in f € C; \ {0}. Using (35) and [B36]), we get,

i (Uks, Vo) m — (Uk+1)s, Vo) m

= 0v
k—o0 <U(k+1)57 ¢O>m <uk57 1/}0>m

uniformly in f € C; \ {0}. Now, B.30) follows immediately.
Proof of Theorem For t > 0, we have

Py (1] # 0) = Jim 1~ exp{—(ug(t), 1)}

By Lemma B3 we have
lim * ( ! — ! > =v
n—oond \ (ug(nd),vo)m  0(1,to)m
uniformly in 8 > 0. For 6 > 1, it holds that
i 1 < i 1
nd 6(1, vho)m ~ nd (1,%0)
uniformly in 6 > 1. It follows from ([B38)) and (3:39) that

— 0, asn— oo,
m

li_)m nd(ug(nd), Yo)m = v+
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uniformly in 6 > 1. By [B2I)) and ([3:22]), we have, as n — o0,

(nd)lug(nd, z) — (us(nd), Yo)meo(x)| < [lhg(nd)lloc (16) (ug(nd), P0)m||dollsc — 0
uniformly in # > 1 and = € E. Thus, for any u € Mp(FE),

lim (n6)(ug(nd), u) = v~ (¢, u) uniformly in § > 1. (3.41)

n—o0

By B23), we have (ug(nd), ) < (—logans, 1) < || —1og gnslleollit]] — 0, as n — oo, uniformly in
0 > 0. Thus,
1 expl—(ug(nd). )}
n—0 (ug(nd), )
uniformly in 6 > 0. Therefore, it follows from (B:41]) that

=1

lim 16 (1 — exp{—(ug(nd), u)}) = v~ Hpo, ) uniformly in § > 1.

n—oo
Hence by [B31T), we have
lim (n8)Py, (| Xus]| # 0) = v~ (g0, 1). (3.42)

Since P, (|| X¢|| # 0) is decreasing in ¢, we have for nd <t < (n + 1)d,
8Py ([IXynysll # 0) < Py ([ Xe]l #0) < (n+1)5 Py (|| Xnsl #0).

Now (23] follows easily. O

Now we are ready to prove Theorem
Proof of Theorem First, we consider the special case when f(x) = ¢g(z). We only need
to show that, for any A > 0,
P, (exp { M~ (g0, X)) | X0l # 0) — % as £ — 00, (3.43)
v+1
Note that

P, (exp {=At"" (g0, Xo)} | || X:]| # 0)
_ Py (exp { Mo, K1) }) — Pu(|| Xel = 0)
P, (| X¢|| # 0)
1Py (exp {=M"(d0, Xi) })
P, (I X¢ | # 0)

By Lemma [[5] to prove ([3.43), it suffices to show that, as t — oo,

=1

t(1—P, (exp {=At o, X¢)})) =t (1 — exp {—(up—14,(t), 1) }) —

S (n. (344

Since t — P, (exp { =Mt~ '(do, X;)}) is a right continuous function, by the Croft-Kingman lemma
(see, for example, [2 Section 6.5]), it suffices to show that, for every ¢ > 0, ([3:44]) holds for every
sequence nd as n — oo. For this, it is enough to prove that for any § > 0, as n — oo,

A
Av+1

10 (U (ns)-16,(N0), ) — (P, 1) (3.45)
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By Lemma B.5] we have

1
100 (16) (U (n6)~1 o (19), Y0)m

= lim L ! — ! +l
= n—oo ’I’L(S <U)\(n6)71¢0(n5),¢0>m <)\(n5)_1¢0,¢0>m )\

which implies that
(H(S) <u)\(n6)*1¢o (Tl(;),l/)0>m - )\T—Fl7 as n — o0. (346)

Using Lemma B.4] and (3.46]), we get that, as n — oo,

16 | (U () =160 (1), 1) = (U(6)=1 6 (1), 1h0)m (0, 11) |
< 0] hams)y 100 (10|00 (Unns) 140 (1), Y0 )m (do, i1) — 0. (3.47)

Now ([B45]) follows easily from (3.40) and (B.47).

For a general f, let
f(a) = f(z) = (f, o)meo(x). (3.48)
Then, (f,10)m = 0. It is clear that

Py <<f= Xt>>2

P ((H4730) 11 #0) = e (3.49

By the branching property and (Z20), we have,

sup Var, (f, X;) = sup(Vars (f, X;), ) < oo.
>2 t>2

It follows from (2.I4)) that

sup | P, (7, X) | = sup (T2, )| < oo.
t>1 t>1

_ 2
Combining the last two displays, we get that sup;~, P, (( f, Xt>) < 00. Thus by (L25]) and ([B:49),
we get that as t — oo,

- 2
P ((47.50) 110 £0) 20, ast o
which implies that, as t — oo,
=], Xt)lp,, — 0, in probability. (3.50)

Thus, by ([3.48]), we have
_ d
X, (s v0)m W
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Corollary 3.6 For any f € Ca, it holds that, as t — oo,

(f, Xt)
(¢0, X¢)

Proof: Recall that f was defined in (348]). Thus

e, — (f,%0)m in probability. (3.51)

(f, X1)
(o, X))

(f, Xt)
(¢o, X¢)

For any € > 0 and § > 0, by (B:50) and (I26]), we have,
1(f, X0)|
P >e| || X 0
“<<¢07Xt> | || t”#

< By (7, X0 > 811Xl # 0) + B (17 (60, X) < 6 | [Xe]| #0)
—0+P(W<d/e), ast— .

tgn;LOIP’t,u <<<Z507Xt> > e) =

Now, ([B5I) follows immediately. O

- <f7¢0>m =

Letting § — 0, we get that

3.2 Proof of Theorem [1.8|

In this subsection, we give the proof of Theorem We prove a simple lemma first.

Lemma 3.7 Suppose that {F; : t > 0} is a family of bounded random variables, that is, there is a
constant M such that |Fy| < M for all t > 0, then any s > 0,

Jim [Py (Fies) = Prpu(Fies )| = 0. (3.52)

Proof: By Lemma [[L5] we have

o Pu(llXell # 0)
lim —#& =1 3.53
AL B (Xl 20) (3:33)
By the definition of PP; ,,, we have
P, (|1 Xl # 0)

]P’t+s,u(Et+s) = ]P’t,u(EtJrs, | Xl 7&0)]}» (| X¢es] #0)
w S

P, (|| X¢]| # 0)
— Py (Fiis, || Xetsll =0
P, ([|[ Xe4s]l # 0) t(Frtss | Xt )

Py (|| X # 0)

= P, (Fiis '
b (Frys) P, (| Xegs]l # 0)

Thus, as t — oo,

P (| Xl # 0)
Py ([ Xer sl # 0)

Py (|| Xl # 0)
Pyu([| Xt # 0)

Prysu(Frys) = Prp(Fis)| < M — 1|+ MPy (|| X5l = 0)
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Py ([ Xe]l # 0)
Ppu([[ Xeqsll # 0)

2M‘ —1‘—)0.

|

We now recall some facts about weak convergence which will be used later. For f : R? — R, let

[ fllz == supy, | f(z) = f(W)|/llz —yll and || fllBL := || flloc + | f||lz. For any distributions v and vy

on R%, define
CIZ %) ::sup{‘/fdul—/fdug A fller < 1}.

Then ( is a metric. It follows from [7, Theorem 11.3.3] that the topology generated by [ is

equivalent to the weak convergence topology. From the definition, we can easily see that, if 11 and

vy are the distributions of two R%valued random variables X and Y respectively, then

Bv, ) < E|X Y| < VE[X V2. (3.54)

The following simple fact will be used several times later in this section:

iw N ()" i (2T 2
e -y | < <( > (3.55)

— n+1)!" n!

Now we are ready to prove Theorem [L.8]

Proof of Theorem [I.8& Define an R2-valued random variable:
Ui(t) i= (170, Xo t72(f, X))
For s,t > 2 we have

Ur(s +6) = (¢4 )7 (00, Xis), (¢ )72, X))

First, we consider another R?—valued random variable Us(s,t) defined by

Us(s.1) = (£ (60, X0t/ (. Xot) = (T, X))

We claim that,
Us(s,)lp,,, % (W \/WGl(s)) . ast— oo, (3.56)

where G1(s) ~ N(0, O']%(S)) with a]%(s) = (Vars (f, Xs), ¥0)m and W is the random variable defined
in Theorem Denote the characteristic function of Uy (s, t) under P, by x1(01,02,s,t):
’{1(017 027 S, t)
= Pyu(exp{ibit™" (g0, Xo) +ib2t™"/% ((f, Xowe) — (Tuf, Xe))}
= P, exp {z@lt Yo, X;)

/ / (et — 1 — it ™2 (f, ) ) Nx(dw)Xt(dx)}>, (3.57)
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where in the last equality we used the Markov property of X, (ZI5]) and (ZI0). Define

(0, 7) = /D (expl(i0F,ws)} — 1 — i0(f,ws)) N (de)
and .
L.(0,2) = /D <exp{<z'9f, W)} = 1= i8{f,005) + 56, ws>2> N, (dw).
Let Vi(z) = Varg, (f, Xs) € CS. Then, by (ZII), we have

1,(0,2) — _%GM(:C)HS(@,:C)

= PV bo)mdnle) — G0Vile) + 1.(6, ),

where V, =V, — (Vs, Yo)modo(x) € Cy. Thus, we have

it (o, Xy) + (Js (71204, -), X)

, 1 - Lo 1,5 —
= <zel—§9§<vs,wo>m>t N0, Xi) — 503t (Va, Xi) + (L(t71/202,), Xa).

By [B350), we know that, as t — oo,
=1 (Vi, X¢)|p,,, — 0  in probability.

By B355), we have

-1/
L 20,0 < 63N, <<f,ws>2 (%M))

h(z,s,t) = N, <<f, ws)? <’5_1/292# N 1)) ‘

We note that h(z,s,t) | 0 as t 1 co. By ([220)), we have
h(z,5,t) < No((f, Xs)?) = Vars, (f, Xs) < éo(2) € Ca.

Thus, by (L25]) and ([ZI3)), we have, for any u < t,

Pﬂ<h(" S, ’LL), Xt>
tP (|| Xell # 0)

as t — oo. Letting u — oo, we get (h(-,s,u),%)m — 0. Thus, by ([B.60), we get that

t_lpt7ﬂ<h('vsyt)7Xt> < t_lpt,u<h('vsyu)vXt> =

lim Py (1 (¢71/62,), X0)| = 0,
which implies that, as t — oo,
(I,(t1/20,, ), X¢)|p,,, — 0  in probability.
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(3.58)

(3.59)

(3.60)

(3.61)



Thus, by (359), B.61) and B58), we get
107 00, X0+ (0200, X0, (101 = J030V ) 7
Since the real part of Js(t_l/ 20,,z) is non-positive, we have
| exp{i0it ™ (g0, X¢) + (Jo(t7/%05,), X))} < 1.

Therefore, by ([B.57) and the dominated convergence theorem, we get

tlim 51(91,92,S,t) =P (exp { <191 — %9%<V8,T/Jo>m> W}) s
—00

which implies our claim (3.56]).
By (356), we have

Us(s, 1) = ((t+5) ™Mo, Xo), (¢ + )72 ((f, Xoa) = (T fo X)) ) o0, > (W VWG(s)) s (362)
as t — oo. It follows from (2.I3]) and (.25 that, as t — oo,

. _ Py ({00, Xevs) — (00, X0))?
(#+ 5 Prys ({60, Xiws) = {60, X0)* = =R mp T

_ Py ({Vars (¢o, Xs), X1))
(t + 5)2Pu([|X¢]| # 0)

— 0.

Hence, as t — oo,

Us(s.t) 1= ((t+5) 0, X, (4 )72 (s Xora) = (Tf, X0) ) o0, 5 (WG (s) )

(3.63)
By [B52), we have
Ua(s, )|y, 4 (VV, \/WGl(s)) , ast— oo. (3.64)
Now, we deal with Ja(¢,s) := gjr]sc ))1(/2 We claim that
lim lim Py, (|2(8 5)]*) = 0. (3.65)

§—00 t—00

By ([213), we have that P, (T, f, X;) = (T14sf, ) — 0 as t — co. Thus, by [352), (L25) and (Z19),

we have

. . . P (Tsf, X¢)?
tll}goPtJrS,&z (I2(t, 5)?) = tlggopt,&z (|2(t, s)?) = lim p{Tstf, Xo) 2

=Vvo . 3.66
AL TT R Gi%l £0) w360

It follows (L28)) that, as s — oo,
gy = [ AT b du 0.
Now (B60) follows immediately.
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By [219), we have lim,_,o Vi(z) = aj%(bl (x), thus lims_ a]%(s) = J]%. Hence,

lim 5(G1(s), G1(f)) = 0. (3.67)

5—00

Let D(s + t) and D(s,t) be the distributions of Uy (s + t) and Uy(s,t) under Py 45, respectively,
and let D(s) and D be the distributions of (W, VWG (s)) and (W, VWG (f)) respectively. Then,

using (B.54]), we have
limsup B(D(s +t),D) < limsup[B(D(s+t),D(s,t)) + B(D(s,t),D(s)) + B(D(s),D)]

t—o00 t—o00

< Jimsup(y/Prasp((t + )T, X0)2) + 0+ B(D(s). D). (3.68)

t—o00

Using this and the definition of lim sup;_,.,, we easily get that

limsup B(D(t), D) = lim sup B(D(s +1), D) < Jim (/Broa(a(s, ) +B(D(s). D).

t—o00 t—o00

Letting s — oo, by ([B.65) and ([B.67]), we get

limsup 5(D(t), D) = 0.

t—00

The proof of Theorem [L.8 is now complete. O
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