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Abstract

In quantitative risk management, it is important and challenging to find sharp bounds
for the distribution of the sum of dependent risks with given marginal distributions, but an
unspecified dependence structure. These bounds are directly related to the problem of ob-
taining the worst Value-at-Risk of the total risk. Using the idea of the complete mixability,
we provide a new lower bound for any given marginal distributions and give a necessary
and sufficient condition for the sharpness of this new bound. For the sum of dependent
risks with an identical distribution, which has either a monotone density or a tail-monotone
density, the explicit values of the worst Value-at-Risk and the bounds on the distribution of
the total risk are obtained. Some examples are given to illustrate the new results.
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1 Introduction

Let X = (X1, -+, X,) be a risk vector with known marginal distributions Fy,--- , F,, de-
noted as X; ~ Fij,i=1,--- ,nandlet S = X; +--- + X,, be the total risk. For the purpose of risk
management, it is of importance to find the best-possible bounds for the distribution of the total

risk S when the dependence structure is unspecified, namely

my(s) = inf{P(S <s): X;~F;,i=1,---,n}, (D)

and

M. (s)=sup{P(S <s): Xj~F;,i=1,--- ,n} )

See Embrechts and Puccetti [6] for discussions on such problems in risk management. Since
techniques for handling M, (s) are very similar to those for m.(s), we shall focus on m.(s) in
this paper.

First let us review some known results on m.(s). Riischendorf [11] found m, (s) when all
marginal distributions have the same uniform or binomial distribution; Denuit et al. [1] and
Embrechts et al. [2] used copulas to yield the so-called standard bounds, which are no longer
sharp for n > 3, and discussed some applications; Embrechts and Puccetti [4] provided a better
lower bound when all marginal distributions are the same and continuous, and some results
when partial information on the dependence structure is available; Embrechts and Hoing [3]
provided a geometric interpretation to highlight the shape of the dependence structures with the
worst VaR scenarios; Embrechts and Puccetti [5] extended this problem to multivariate marginal
distributions and provided results similar to the univariate case. In summary, for n > 3, exact
bounds were only found for the homogenous case (F; = --- = F, = F) in Riischendorf [11]
where F is uniform or binomial and in Wang and Wang [14] where F has a monotone density
on its support and satisfies a mean condition. Besides the above results on m..(s), Riischendorf

[11] associated an equivalent dual optimization problem with the bounds for a general function



of Xi,---, X, instead of the total risk S'.

The bounds m.(s) and M,(s) directly lead to the sharp bounds on quantile-based risk
measures of S. A widely used measure is the so-called Value-at-Risk (VaR) at level a, defined
as

VaR,(S) =inf{s e R: P(S < 5) > a}.

The bound on the above VaR is called the worst Value-at-Risk scenario. Deriving sharp bounds
for the worst VaR is of great interest in the recent research of quantitative risk management; see
Embrechts and Puccetti [6] and Kaas et al. [8] for more details.

In this paper, we first provide a new lower bound on m.(s), which is easy to calculate.
Using the idea of the jointly mixable distributions, we give a necessary and sufficient condition
for this bound to be the true value of m, (s). See Section 2 for details. In Section 3 we employ a
special class of copulas to find m, (s) and the worst Value-at-Risk when all the marginal distribu-
tions are identical and have a monotone or tail-monotone density. The methods are illustrated by

some examples. Some conclusions are drawn in Section 4. Some proofs are put in the appendix.

2 Bounds for the sum with general marginal distributions

Throughout, we identify probability measures with the corresponding distribution func-
tions. Let X = (X1,---,X,) and S = X; + --- + X,,. For any distribution F, we use F~1(f) =
inf{s € R : F(s) > t} to denote the (generalized) inverse function and denote by F, the condi-
tional distribution of F on [F~(a), o) for a € [0, 1), i.e., Fo(x) = max {524, 0} for x € R. Itis
straightforward to check that for u € [0,1], F;'(u) = F~'((1 — @)u + a). In addition, we define

F1(x) = lim,_,;_ F,(x). In this paper, no specific probability space is assumed and discussions

are focused on distributions, since m..(s) only depends on s and the distributions Fy,--- , F),.



2.1 General bounds

In this section, we will give a general lower bound on m. (s). Before showing this bound,

we need some definitions and lemmas.

Definition 2.1. The random vector X = (X1, - - - , X;;) with marginal distributions Fy,--- , F, is

called an optimal coupling for m. (s) if
PX;+---+ X, <5) =my(s).

It is known that the optimal coupling for m,(s) always exists (see the introduction in
Riischendorf [12] for instance). The following lemma is Proposition 3(c) of Riischendorf [11],

which will be used later.

Lemma 2.1. Suppose Fi,--- , F, are continuous. Then there exits an optimal coupling X =

X1, ,Xy) for my(s) such that {S > s} ={X; > Fl._l(m+(s))}f0r eachi=1,--- ,n
Next we introduce the concept of completely mixable and jointly mixable distributions.
Definition 2.2. (completely mixable and jointly mixable distributions)

1. A univariate distribution function F is n-completely mixable (n-CM) if there exist n

identically distributed random variables X1, - - - , X;, with the same distribution F such that
PX;+-+X,=C) =1 3)
for some C € R.

2. The univariate distribution functions Fy,--- , F, are jointly mixable (JM) if there exist
n random variables X1, - - - , X;, with distribution functions Fi,--- , F, respectively, such

that (3) holds for some C € R.

The definition of the CM distributions is formally given in Wang and Wang [14] although

the concept has been used in variance reduction problems earlier (see Gaftke and Riischendorf
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[7], Knott and Smith [9], Riischendorf and Uckelmann [13]). Some examples of n-CM distribu-
tions include the distribution of a constant (for n > 1), uniform distributions (for n > 2), Normal
distributions (for n > 2), Cauchy distributions (for n > 2), binomial distributions B(n, p/q) with
p,q € N (for n = g), bounded monotone distributions on [0, 1] with 1/m < E(X) < 1 — 1/m (for
n > m). See Wang and Wang [14] for more details of the CM distributions.

The concept of JM distributions is first introduced in this paper as a generalization of the
CM distributions. Obviously, Fy,:-- , F, are JM distributions when F| = --- = F, = F and
F is n-CM. The following proposition gives a necessary condition for JM distributions and the

condition is sufficient for n normal distributions. The proof is given in the appendix.

Proposition 2.2.
1. Suppose Fy,--- , F, are JM with finite variance 0'%, . ,o-,zl. Then
1 n
< .
glas); o; < 3 ZE . “4)
l:

2. Suppose F;is N(,u,-,O'l.z)fori =1,---,n. Then Fy,--- , F, are JM if and only if (4) holds.

Remark 2.1. Due to the complexity of multivariate distributional problems, it remains unknown

and extremely difficult to find general sufficient conditions for the JM distributions.

Before presenting the main results on the relationship between the bounds on m..(s) and
the jointly mixable distributions, we define the conditional moment function ®(¢) which turns
out to play an important role in the problem of finding m.(s). Suppose X; ~ F; fori=1,--- ,n.
Define

o) = » EXi|X; > F (1)

n
i=1
fort € (0, 1), and

O(1) = lim ®(r), D(0) = lim D(7).
t—1- t—0+
Obviously @(¢) is increasing and continuous when Fj,i = 1,--- ,n are continuous. Define

O '(x) =inf{r € [0,1] : @) > x}



for x < ®(1) and @' (x) = 1 for x > O(1).

Theorem 2.3. Suppose the distributions F,--- , F,, are continuous.
(1) We have

my(s) > dfl(s); (5)
(2) For each fixed s > ®(0), the equality

ma(s) = O () (6)

holds if and only if the conditional distributions Fy,,--- , F,4 are jointly mixable, where

a=o7(s).
Proof.
(1) It is trivial to prove the result when ®(0) = co. So we assume ®(0) < co. Note that from

2

Lemma 2.1 we know that there exists an optimal coupling X = (X1, ..., X},) for m.(s) such

that {S > s} = {X; > Fl.‘l(m+(s))} foreachi=1,---,n. Hence

s <EISIS 2 s]1= ) EIXi|X; 2 F; ' (my(s)] = Dm.(s)),

n
i=1
which implies (5).

Suppose X = (Xi,:--,Xy,) is an optimal coupling for m.(s) such that {§ > s} = {X; >
Fl.‘l(m+(s))} foreachi = 1,---,n. When m,(s) = ®!(s), it follows from the proof of part
(1) that E(S|S > s) = s, which implies that the conditional distributions of Xy, --- , X, on

the set {S > s} are JM, i.e., the conditional distributions Fy 4, - , F,, are JM.

Conversely, assume that £y, -+, F,, are JM. Then there exist Y| ~ Fy 4+, Y, ~ F,,
such that

Let

X; = F\ (U< + Yiliysa), )
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where U ~ UJO0, 1] and is independent of (Y1, ---,Y,). Then it is easy to verify that X; has

the distribution function F; fori =1,--- ,n and
me(s) <PS < s)<a=d"(s).

The other inequality m.(s) > ®~!(s) is shown in part (1).

Remark 2.2.

1. It is seen from the proof that the continuity of F; can be removed. In a recent preprint,
Puccetti and Riischendorff [10] established Theorem 2.3 independently, where the equiv-
alent form sup{P(S > s),X; ~ F,--- , Xy ~ F} < 1- O~ 1(s)is proved without assuming

the continuity of F;.

2. The optimal coupling is given in (7). Although the existence of such Y, - - , Y, is guaran-
teed by the mixable condition, finding Y, - - - , ¥,, remains quite challenging. For example,
when the marginal distributions F; are identical and completely mixable, the dependence
structure of random variables Y1, - - - , ¥,, may not be unique and is hard to be specified in

general as discussed in Wang and Wang [14].

2.2 Bounds for the sum with identical marginal distributions

Here we consider m, (s) in the homogeneous case, i.e. F| = - = F, = F.For X ~ F,
define

w(t) = B(XIX > F~'(1))

forr e (0,1),

w(1) = lim y(@),  w(0) = lim (@),

Y (%) = inf{r € [0,1] : w(t) > x}



for x < (1) and ¥~'(x) = 1 for x > y(1). The following result follows from Theorem 2.3

immediately.
Corollary 2.4. Suppose Fy = --- = F, = F and F is continuous.

(1) We have

m.(s) =y~ (s/n). (8)

(2) For each fixed s > ny(0), the equality

m(s) =y~ (s/n) 9)

holds if and only if the conditional distribution function F, is n-completely mixable, where

a =y (s/n).

Next we compare the bound in (8) with the bound obtained in Embrechts and Puccetti [4],

which is

7V - Fayar
my(s)>1-n inf = for s> 0. (10)
rel0,s/n) s —nr

Proposition 2.5. The bound (10) is greater than or equal to the bound (8). Moreover, both are

equal if and only if F~'(1) < oo and a solution to the infimum

77V = Fayae
inf = (11)
rel0,s/n) s —nr

S s=F~ (D)
lies in [0, ———1.

The proof of the above Proposition is given in the appendix.

Different from the bound in Embrechts and Puccetti [4], Theorem 2.3 deals with a more
general case, where the random variables Xj,--- , X,, do not need to be identically distributed
and positive. Moreover, the bound in Theorem 2.3 is easier to calculate. Obviously, the bounds
in Corollary 2.4 and in Embrechts and Puccetti [4] are the same and both are sharp when the

conditional distribution F, is completely mixable. A comparison of the two bounds is given in



Figure 3.2 in Section 3 when the marginal distributions have infinite support (see also Remark
3.2). Note that infinite support generally implies that the mixable condition in Theorem 2.3 and

Corollary 2.4 does not hold.

3 Bounds for identically distributed risks with monotone densities

In this section, we investigate the homogeneous case when F| = --- = F,, = F and F has
either a monotone density or a tail-monotone density on its support. Since the case of n = 1
is trivial, we assume n > 2. When the distribution F* with support on [0, 1] has a decreasing
density and satisfies the regular condition y(¢) > ¢ + %, Wang and Wang [14] showed that
m.(s) = ! (s/n), which now becomes a corollary of Theorem 2.3.

When the support of the distribution F is unbounded, the mixable condition in Theorem
2.3 and Corollary 2.4 is not satisfied (see Proposition 2.1(7) in Wang and Wang [14]), i.e.,
the bound ¢~!(s/n) is not sharp. In this section, we find a formula for calculating the bound
my(s) for any distribution with a monotone density or a tail-monotone density, and obtain the
corresponding correlation structure. This partially answers the question of optimal coupling for
m.(s), which has remained open for decades. As a direct application, the bounds on VaR,(S)

are obtained as well.

3.1 Preliminaries

To calculate m. (s) for F having a monotone marginal density, we first review the construc-
tion of copula QF (n > 2) in Wang and Wang [14], where F is a distribution function with an
increasing (non-decreasing) density. More specifically, for some O < ¢ < 1/n and random vector

(Uy,- -+, Uy) with uniform marginal distributions on [0,1], we say (Uy,--- ,U,) ~ Qg(c) if
(a) foreachi=1,---,n,given U; € [0,c], wehave U; =1 —-(n—- DU;, ¥Vj #i;

(b) F-Y(U)) + -+ + F~'(U,) is a constant when any one of U]s lies in (¢, 1 — (n — 1)c).



Denote QF = QF(c,) where ¢, is the smallest possible ¢ such that Q%'(c) exists. Note that ¢, = 0

if and only if F is n-CM. Define
HX)=F ') +m-1DF'(1=@n-1)x) forFwitha non-decreasing density. (12)
Then the smallest possible ¢ for F' with an increasing density is
1. 1
¢, = min{c € [0, -] : f H(t)dt < (- — c)H(c)} (13)
n ¢ n
and for any convex function f,

min_ Ef(Xi+-+X,) = Efo(F—l(Ul) +o+ FTUU). (14)

1y Xp~

Note that QF may not be unique. The existence of QF and details of the above results can be
found in Section 3 of Wang and Wang [14].
For F with a decreasing density (n > 2), we define Q,f (c) similarly as follows. For some

0<c<1/n,wesay (Uy,---,U,) ~ Q,f(c)if
(@) foreachi=1,--- ,n,givenU; € [1 —c,1], wehave U; = (n - 1)(1 - U)), Vj # i,
() F~Y(U)) +--- + F7(U,) is a constant when any one of U; lies in ((n — 1)c, 1 — ¢).
Define
H(x)=(n—-1DF ' ((n-1x)+ F'(1-x) for F with a decreasing density. (15)

As for the distribution of Z with a decreasing density, the distribution of —Z has an increasing
density, thus the above properties hold for F with a decreasing density. That is, the smallest

possible ¢ for F' with a decreasing density is
I 1
¢y = min{c € [0, -] : f H()dt > (- — ¢)H(c)}. (16)
n ¢ n

And for a distribution F' with a decreasing density and any convex function f the equation (14)

holds.
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Although
m(s) = X ml)?NF E(1is <s))s
the above results can not be applied directly to solve m..(s) since the indicator function 1(_c 5)(*)

is not a concave function. Here we propose to find m,(s) for F with a monotone marginal

density based on the following properties of QF.
Proposition 3.1. Suppose F admits a monotone density on its support.

1. If(Uy,---,Uy,) ~ QF(c) and F has an increasing density, then Liviee,1-n-1)e) = L, ee,1-(n=1)e)}

as. fori=1,--- ,n
2. If X1, , X, ~ F with copula Qf, then

H(U/n)l{USnc,,} + H(Cn)l{U>nc,,}a cp > 0;
S=X1+---+X, = 17)

nE(Xy), cn=0

for some U ~ U[0, 1].

The proof of Proposition 3.1 is given in the appendix. For more details of the copula QF,
see Wang and Wang [14].
3.2 Monotone marginal densities

Now we are ready to give a computable formula for m.(s). In the following we define a
function ¢(x) which works similarly as ®(x) in the mixable case.
For F with a decreasing density and a € [0, 1], define
Hy(x)=@n-1DF Y a+@n-1x)+F'(1-x) (18)
for x € [0, =4] and

n

s(1-a)
cy(a) = min{c € [0, %(1 —-a)l: f H,(nHdr > (%(1 —a)—c)H,(c)}. (19)

11



Write

H(cp(@) if cy(a) > 0,
#a) = (20)
my(a) if ¢,(a) = 0.

On the other hand, for F with an increasing density and a € [0, 1], define
H,(x)=F ' a+x)+@n—-DF ' -mn-1x), 1)

p(1-a)
cy(a) = min{c € [0, %(1 —-a)l: f H,(t)dt < (%(1 —a)—-c)H,(c)} (22)

and

H,0) ifc,(a) >0,
P(a) = (23)
my(a) if cy(a) = 0.

Some probabilistic interpretation of the functions H,(x) and ¢(a) is given in the following

remark. Technical details are put in Lemma 3.2 later.

Remark 3.1. Suppose Yi,---,Y, ~ F, with copula QnF“. By (17) we have

HU/M L y<nz,y + HE)Vusnz,), & >0,
Yi+---4+Y,=
nE(Y1), & =0
for some U ~ UJ0, 1], where H(x) and &, are H(x) and ¢, defined in (12), (13), (15) and (16)
by replacing F with F,. It is easy to check that H(x) = H,((1 — a)x), &, = ca(@)/(1 — a)
and H(¢,) = Hy(ca(a)). For cy(a) > 0, later we will show that H,(x), x € [0, c,(a)] attains

its minimum value at H,(c,(a)) for F, with a decreasing density and at H,(0) for F, with an

increasing density. Therefore, the minimum possible value of Y| + - -- + Y, is

min  H,(x)1ic,@)>0y + nE(Y1)1c,a)=0) = d(a).
x€[0,cn(a)]

Thus, P(Y;+:--+Y, > ¢(a)) = 1, which leads to P(S < ¢(a)) < a by setting X; = F‘l(V)l{VSa}+
Yilyy>q where V ~ UJO0, 1] is independent of Yy, ---,Y,. This suggests m.(s) < ¢‘1(a), 1.e.,
¢~ !(a) is potentially an optimal bound. In order to prove the optimality of ¢! (a), more details
of the functions H,(x) and ¢(a) are given in the following lemma, whose proof is put in the

appendix.
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Lemma 3.2. Suppose F admits a monotone density.

(i) If F has a decreasing density, then given a € [0, 1), H,(x) is decreasing and differentiable

for x € [0, cy(a)].

(ii) If F has an increasing density, then given a € [0, 1), H,(x) is increasing and differentiable

for x € [0, cy(a)].

(iii) If F has a decreasing density, then ¢(a) = nE[F~'(V,)] where V, ~ Ula + (n — 1)cu(a), 1 —

cn(@)].

(iv) Forany randomvariables Uy, -- ,U, ~ Ula,1]and0 < a < b < 1, we have E(F~1(U))A) <

E[F_I(V;,)]fori =1,---,n, where Vy, is defined in (iii) and A = (_ {U; € [a, 1 — c,(D)]}.
(v) Suppose Yy,--- ,Y, ~ E, with copula Q,f", thenP(Yy +---+ Y, > ¢(a) = 1.
(vi) ¢(a) is continuous and strictly increasing for a € [0, 1).

Since ¢(a) is continuous and strictly increasing, its inverse function ¢~!(a) exists. Put

¢ 1) = 0if t < p(0) and p~1(r) = 1 if 1 > P(1).

Theorem 3.3. Suppose the distribution F(x) has a decreasing density on its support and ¢(a)
is defined in (20), or the distribution F(x) has an increasing density on its support and ¢(a) is

defined in (23). Then we have m,(s) = ¢~ (s).

Proof.

(a) We first prove m.(s) < ¢>‘1(s). Write a = ¢~!(s). Fori = 1,--- ,n, let Yy,---,Y, ~ F,
with copula Qf" and X; = F ‘l(V)l{VSa} + Yily>q where V ~ UJO0, 1] is independent of

Y1,---,Y,. Itis easy to check that X; ~ F and by Lemma 3.2(v),
mi(s) <P <dp@)=1-PES 2¢(a)) <1 -PY1+ -+ Y, > d@)P(V >a) =a.

Thus m(s) < ¢_l(s).

13



(b)

(©)

Next we prove m.(s) > q)‘l(s) when F'(x) has a decreasing density.

Suppose a = m(s) < ¢‘1(s) =band X = (Xy,---, X)) is an optimal coupling for m.(s)
such that {S > s} = {X; > F~'(a)} foreach i = 1,--- ,n. Hence there exist Uast, - Ugn ~
Ula, 1] such that F~' (U, 1)+ -+ F~'(U,,) > s with probability 1. By Lemma 3.2(iii) and
(iv), we have

s <E[) F ' (Uu)IA] < nE(F~' (V) = ¢(b) = s.

n
i=1

This leads to a contradiction. Thus m(s) = (p’l(s).

Finally we prove m.(s) > ¢~'(s) when F(x) has an increasing density. In this case F~1(1) <

00,

Write a = my(s) and let X = (X1, -, X,) be an optimal coupling for m.(s) such that

(S > s} ={X;> F '(a)) foreachi = 1,---,n. Itis clear that

PGS < F @) +n-DF ' (D) +€S > s)

>PX; < F Y (a) + €X; > F ' (a)) > 0
for any € > 0. Note that P(§' < s|S > s) = 0 and thus
s < F Y a)+ (n—1)F~'(1) = Hy(0).

This shows s < H,(0). The inequality s < my(a) is given by Theorem 2.3. Hence s < ¢(a)

and a > ¢~ 1(s). o

The proof of the above theorem suggests constructing the optimal correlation structure

as follows. In both cases, for a = qﬁ‘l(s) let Uy1,-+,Uqsn ~ Ula, 1] with copula Qf" and

U ~UJ[0,1] is independent of (U, 1, - , Ug,). Define

Ui = Ugiliysa) + Uljy<y (24)

fori=1,---,n. Then

P(FY(U) + -+ F N U, < 5) = ¢71(s).

14



Remark 3.2.

1. The copula QF plays an important role in deriving bounds for the convex minimization
problem (14) and the m.(s) problem with monotone marginal densities. Note that Q,’f
may not be unique, hence the structure (24) may not be unique. Also, on the set {S < s},

the dependence structure of X1, - - - , X, can be arbitrary.

2. The value ¢‘1(s) is accurate even when E(max{X;,0}) = co. When the distribution F,, is

n-CM, Theorem 3.3 gives the sharp bound ®~!(s) in Theorem 2.3.

3. When a random variable X has a monotone density, —X has a monotone density too.

Hence the above theorem also solves the similar problem

M. (s) )s(ililz)P(S <s)=1 )}illfPIP’( S<s)=1 )}illfll)P( S <),

where P has a monotone density.

4. Figure 3.1 shows the sketch of an optimal coupling for F' with a decreasing density, some
a > 0and c,(a) > 0. Here Uy, ,U, ~ U[0,1] and P(F~'(U}) + --- + FY(U,) < 5) =
¢~ (s).

(i) When U; € [0,al, Uj is arbitrarily coupled to all other U in Part A.

(i) When U; € [a,a + (n — 1)c,(a)], U; is coupled to other Uj, j # i in Part B and Part

D. For j#i,eitherUi—a=mn-1)1-Uj)orU; =U,.

(iii)) When U; € [a + (n — 1)cy(a), 1 — cp(a)], U, is coupled to all other U, j # i in Part
C,and F-Y(U}) + --- + F7(U,) = ¢(a). It is the completely mixable part.
(iv) When U; € [1 - ¢4(a), 1], U; is coupled to other U;, j # i in Part B. For j # i,

Uj—a:(n—l)(l—Ul-).

5. Figure 3.2 shows the real values of m.(s) in Theorem 3.3 and the lower bound ;b‘l(s/n)

in Theorem 2.3 for the Pareto(2,1) distribution. We also calculate the bound (10) in
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Embrechts and Puccetti [4] (see Section 2.2). It turns out that in this case the real values

are equal to the bound (10), which suggests that the bound (10) in [4] may be sharp for

Pareto distributions.

o) 1 - cala)

in A.

In this part U; € [0,a] and U; is
arbitrarily coupled to all other U;

In this part
Ui € [a+ (n—1)cp(a),1 — cp(a)l,

Ui is coupled to all other Uy,
j#iin C, and
FH U + -+ FH(Uy) = ¢(a).

It is the completely mixable part.

In this part U; € [a,a+ (n — 1)c,(a)],

U; is coupled to other Uy, j # i in B and D.
For j # i, either U; —a = (n—1)(1 = U;) or U; = U; For j #i,Uj —a = (n—1)(1 = U;).

In this part U; € [1 — ¢, (a),1] and
U; is coupled to other Uy, j # i in B/

1

Figure 3.1: Sketch of the optimal coupling

3.3 Tail-monotone marginal densities

For the distribution F with density p(x), we say p(x) is tail-monotone, if for some b € R,

monotone density.

p(x) is decreasing for x > b or p(x) is increasing for x < b. We are particularly interested in
the case when p(x) is tail-decreasing (p(x) is decreasing for x > b) since the risks are usually
positive random variables. For most risk distributions the tail-decreasing property is satisfied.
For example, the Gamma distribution with shape parameter a for @ > 1 and the F-distribution

with d;,d, degrees of freedom with d; > 2 have a tail-decreasing density, but do not have a

In the VaR problems, one is concerned with the tail behavior of the distribution. From the
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proof of Theorem 3.3, information on the left tail of F' does not play any role in the calculation



m4 (s) for Pareto distributions, n =3, a=2,0 =1
0.8 T T T T T T T T T

real value ¢(~1 (s)

““““ lower bound (=Y (s/n)

Figure 3.2: m.(s) and :,l/‘l (s/n) for a Pareto distribution

of m.(s). Based on this observation, we have the following theorem, which solves m..(s) for F

with tail-decreasing density and some large s.

Theorem 3.4. Suppose the density function of F is decreasing on [b, ), and ¢(a) is defined in

(20). Then for s > ¢(F (b)), m.(s) = ¢~ (s).

Proof. Since the density function of F is decreasing on [b, o), the conditional distribution F')
has a decreasing density. Note that H,(x), c¢,(a) and ¢(a) only depend on the conditional distri-
bution F,, hence they are well defined for F(b) <a < 1.

Since s > ¢(F (D)), ¢‘1(s) > F(b) and the conditional distribution F #-1(s) has a decreasing
density. Theorem 3.4 follows from the same arguments as in the proof of Theorem 3.3, where

no condition on the distribution of X; on {X; < F~!(¢~!(s))} is used. ]
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3.4 The worst Value-at-Risk scenarios

The Value-at-Risk (VaR) is an important risk measure in risk management; see Embrechts

and Puccetti [6] and references therein. Recall that VaR is the @-quantile of the distribution, i.e.,
VaR,(S) = Fs_l(a/) =inf{s e R: Fs(s) > a}, (25)

where Fg is the distribution of S. Typical values of the level o are 0.95, 0.99 or even 0.999.
As mentioned in Embrechts and Puccetti [6], banks are concerned with an upper bound on
VaR(Z?:l X;) when the correlation structure between X = (X1, -- - , Xy) is unspecified.

Finding the bounds on the VaR is equivalent to finding the inverse function of m., (s) (note
that m, (s) is non-decreasing). Using Theorem 3.3 and Theorem 3.4, we are able to obtain
the explicit value of the upper bound on the VaR, namely, the worst Value-at-Risk. The proof
follows directly from the fact that supy _r<;<, VaRa(S) = mjrl(a) when m. (s) is continuous

and strictly increasing.

Corollary 3.5. Suppose that the density function of the marginal distribution F is decreasing

on [b, ) and ¢(a) is defined in (20). Then for @ > F(b), the worst VaR of S = X1 + -+ + X, is

sup  VaR,(S) = m;' (@) = ¢(a). (26)
X,-~F,l§i§n

In particular, (26) holds for all « if the marginal distribution F has decreasing density on its

support and an optimal correlation structure is given by (24).

For arbitrary marginal distributions F1,- - - , F;,, Theorem 2.3 gives an upper bound for the

worst-VaR problem as follows.

Corollary 3.6. For arbitrary marginal distributions,

sup  VaR,(S) < m;'(a) < O(a), (27)
Xi~Fpi=1,-n

where ®(a) is defined in Section 2.
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Figure 3.3 shows the explicit worst-VaR in (26) and the upper bound in (27) for the distri-

bution Pareto(4,1) and 0.9 < a < 0.995.

worst-VaR,, (S) for Pareto distribution, n =3, a =4, 0 =1
16 T T T T

15k Real value of worst-VaR i

‘‘‘‘‘‘ Upper Bound on worst-VaR

14

[
w

[N
N

worst-VaR (S)

6 L L L L L L L L L
0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99
(0%

Figure 3.3: Worst-VaR for a Pareto distribution

3.5 Examples

Here we give some examples to show how to compute m..(s).

Example 3.1. Assume that X ~ UJO0, 1], the uniform distribution on [0,1]. Then
p(x)=1, Fx)=x, x€[0,1], F'(r) =1, t € [0, 1].

Further we have c¢,(a) = O for all 0 < a < 1 and ¢(t) = ny(t) = nE(X|X > t) = @ for
t € [0, 1]. Thus

mi(s)=¢ (s)=1A (% - 1) .

+

This result indeed is the same as that in Riischendorf [11]. One optimal correlation structure is

also given in Riischendorf and Uckelmann [13].
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Example 3.2. Assume that X ~ Pareto(a, 0), @ > 1,6 > 0 with density function
p(x) = a®x 7, x> 0.

Then

F(x)=1- (g)_ x>0, FF'o =00 -0, re0,1].

Further we have that ¢, (a) is the smallest ¢ € [0, %(1 — a)] such that

1
le —a=(=10)' 7 =T 2 (- @) = (- DA —a = (1= Doy T,
a —

The numerical values of m..(s) for two Pareto distributions and n = 3 are plotted in Figure 3.4.
A possible correlation structure is given in (24).

m (s) for Pareto distributions, n =3
1 T T T T T T T

Figure 3.4: m,(s) for Pareto distributions

Example 3.3. Assume that X ~ Gamma(a, 1), @ < 1,1 > 0 with density function

A 1 -2
_ a—-1 _—Ax
px) = ) (a)x e .

Then

F(x) = y(a, 4x), x > 0,

20



where y(a, 1) = fot F(l(z) x*~e~%dx is the lower incomplete Gamma function. Further c,(a) is the

smallest ¢ € [0, %(1 — a)] such that
%(y(a + 1,/1F_1(1 -c) —yla+ 1,/1F_1(a +(n-1)))) > (%(1 —a)—-c)H,(c),

which can be calculated numerically. The numerical values of m.(s) for two Gamma distribu-

tions and n = 3 are plotted in Figure 3.5. A possible correlation structure is given in (24).

my (s) for Gamma distributions, n =3
1 T T T T T T T

09 |- a=1, =1 IR

a=1/2,A=1/2

0 1 2 3 4 5 6 7 8 9 10

Figure 3.5: m,(s) for Gamma distributions

4 Conclusions

In this paper, we provide a new lower bound for m.(s) with any given marginal distribu-
tions, and give a necessary and sufficient condition for its sharpness in terms of the joint mix-
ability. When the marginal distributions have a common monotone density, the explicit value
of m,(s) and the worst Value-at-Risk are obtained. We also extend these results to distributions

with a common tail-monotone density.
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Appendix

Proof of Proposition 2.2.

1. The case n = 1 is trivial. For n > 2, by the definition of JM distributions, there exist

Xy ~Fy,---,X, ~ F, such that Var(X; + --- + X,;) = 0. Since

VVar(X; + X5 + - + X,,)

\%

VVar(X)) — y/Var(Xs + - - - + X,,)
n

g1 — Z gi,
i=2

we have 20 — 37, 0 < 0. Similarly, we can show that 20 — 3.7, 0 < 0 for any

\%

k=1,---,n,1e., (4) holds.

2. We only need to prove the “<” part for n > 2. Without loss of generality, we assume
oy >0 >--->0, Let X = (Xj,- -, X,,) be amultivariate Gaussian random vector with
known marginal distributions F1, - - - , F;, and an unspecific correlation matrix I". We want

to show there exists a correlation matrix I" such that Var(X; + --- + X,,) = 0.

Let T be the correlation matrix of (Xp,---,X,)and ¥ = X, + .-+ + X,,. Define f(T) =

VVar(X;) — v/Var(Y). Obviously f(T) is a continuous function of 7" with canonical dis-
tance measure. It is easy to check that f(T') = o — 2} ,0; < 0 when X; = 02Z +
o, , Xy = opZ + puy, for some Z ~ N(0,1). Since oy > 0 > -+ > 0, We also
have f(T) = o — |Z;’:2(—1)i0',~| > 0 when X; = (=1)'0Z + y; fori = 2,--- ,n. Hence
there exists a correlation matrix T such that f(79) = 0. With the correlation matrix
of (Xp,-+,X,) being Ty, we define X; = =Y + E(Y) + y;. Hence X; ~ N(ui,0}) and

Var(X; + -+ + X,;) = 0, which imply that Fy,--- , F,, are JM.
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Proof of Proposition 2.5.

When s > nF~!(1), we have m.(s) = 1 = y~!(s/n). Suppose s < nF=1(1). Obviously

7 - Fayar A= Fayde
> inf ——

1—n inf -n (28)
re[0,s/n) s —nr re[0,s/n) s —nr
For r € [0, ;"), from (W) = 0, we have
g(r) :=—-(1 - F()(s—nr)+ nf (1 - F())dt=0. (29)
r
Suppose r = r* satisfies (29). Then
n ({1 = F(n)dr
1-F(r*) = fr - . (30)
s —nr
Note that r* always exists since g is continuous, g(0) = —s + nu < 0, F(s/n) < 1 and
g(s/n) = nf {1 - F(n}dr> 0.
s/n
Integration by parts leads to
—{1 = F(r"))(s —nr*) + nf {1 -F@®))dt=—-s{l - Fr*)} + nf tdF(r) =0,
r* r*
and hence
s(1 = F(r*)) = nE(X1|X; > r*)(1 = F(r*)),
i.e.,
Fr*) =y~ (s/n). (31)

Therefore, the bound in (10) is greater than or equal to the bound in (8) by (28), (30) and (31).
Note that the bound (10) is strictly greater if F “1(1) = .

For proving the second part of Proposition 2.5, we only need to consider the case of
s <nF~ (1) < oo since m4(s) = 1 = y~'(s/n) when nF~1(1) < s < co.

Consider the problem (11) and

. 1700 = Fayar

rel0,s/n) s —nr

(32)
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From the above proof, we can see that 7* is the unique solution to (32). Therefore, the bounds

(8) and (10) are equal if and only if (11) and (32) are equal. Since

_ -1 —F! -1 - !
g(s F (1)):_(1_F(S F (1)))”F O S+nf (L= Fde > 0,

n—1 n—1 n—1 s=F~1()

n—

-1
we have r* € [0, %1(1)]. Thus

—1 —1

[P - Fayde [P - Fayde
inf = = inf1 !

rel0,s/n) S —nr rel0, s—iilu)] S —nr

77 - Fdr

= inf
re[0. s—F::(l)] S —nr
Therefore, the bounds (8) and (10) are equal if and only if a solution to (11) lies in [0, S_f :11(1)].
O

Proof of Proposition 3.1.
1. By (a) in Section 3.1, forany i # j, U; € [0,c] = U; € [1 — (n - 1)c, 1]. Hence
Ai={U;e[0,c}c{Uje[l-(n—1c, 1]} = B;

and P(A; N Aj) = 0. As a consequence, | J;+;A; € Bj. Note that P(Uj.; A;) = (n — 1)c =

P(Bj). Thus 1\, 4, = 1p; a.s. and

1u;;lA,« = lAjUBj = 1{U_,~e[0,c]u[1—(n—l)c,]]} a.s.
which imply that 1{Uj€(c,l—(n—1)c)} = I(U?:. Ay as. forj=1,---,n.

2. We only prove the case when F has an increasing density. When ¢, = 0, (17) follows from
the definition of Qf. Next we assume ¢, > 0. Write D; = A; U B; and X; = F‘l(Uj),
U; ~U[0,1] for j = 1,---,n. First note that by condition (b) in Section 3.1, for any

j=1,---,n, FY(U)+---+ F~1(U,) is a constant on the set D; This constant equals its
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expectation, which is

E(F'(U) + -+ F L (U)IDY)

= nB(F'(U)IDS)

1-(n—1)c,
- " f Fl (ndux
C

1 —nc,

n

n i n 1-(n-1)c,
= f F _l(x)dx + f F! (x)dx
1 —nc, Je, 1 —nc, 1

1

- _" f Fl (xndx + —- f F Y1 == Dpdn - Dt
1 —nc, J, 1 —nc, J,

n n

1
= " f " Hodx
1 —nc, Je,

= H(cy).

1

The last equality holds because (13) and

1
" 1
f H(x)dx = (= — ¢y)H(c,) for ¢, > 0.
cn n

Therefore, almost surely

S = F'Up+--+F (U
= ZF_I(Ui)lDl +ZF_1(U1')1D‘1'
i=1 i=1
= > F ULy, + He
i=1

= > FTNUNO 4 + Hien)lp
i=1 j=1

n

= YIF WU+ - DF (1 = (= DU 4, + Hlea)lp
=

n
= Z H(U1,, + Hen)lp:.
=1
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Since ¢, < 1/n and the sets Ay, --- , A, and Df are disjoint, we have

P(

H(Uj1a; + H(cp)lp: <1)
=1
= nP(HUN <) < 1)+ P(H(cx)lp: < 1)
= P(H(Ul/n)l{Ulsnc,,} <1+ P(H(Cn)l{U1>nCn| <1

= P(H(Ul/n)llUlgwn} + H(Cn)l{U1>nc,,} <.
Hence there exists a U ~UJ[0,1] such that

n
Z HUp1a; + H(ca)lps = HU/Mwsne,) + H(cn)Lwsne,)-
=1

Proof of Lemma 3.2

(i) Under the assumption of F, F ~1(x) is convex and differentiable. Thus H,(x) is convex and
differentiable. The definition of c¢,(a) shows that the average of H,(x) on [c,(a), %(1 —a)]
is Hy(ca(@)) if 0 < cy(a) < 1=, namely

1 i(-a)
T =@ oy O = Halent

With H,(x) being convex, we have H/(c,(a)) < 0 and so H/(x) < 0 on [0, c,(a)]. Here
H)(x) denotes 0H,(x)/0x. Note that for n > 2, H/(1£4) = (n — 1)* - D(F 1y (%) > 0
implies
Li-a) 1
f Ha(t)dt > (_(1 - a) - C)Ha(c)
c n
for some ¢ < ln;“, thus c¢,(a) < 1%“ always holds. Forn = 2, H;(x) < 0 on [0, ln;“] since

H(’](lz—”) = 0 and H is convex.

(i1) It follows from similar arguments as in (i).
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(iii) Suppose c,(a) > 0. By the continuity of H,(x) w.r.t. x and (19), we know that c,(a)

satisfies

L-a) 1
f( : Ha(@dr = (- (1 = a) = ca(@) Ha(cn(a)).

Note that for any ¢ € [0, %(1 —-a)l,

1(1-a)
f H,(t)dt

11-a) L-a)
f n-DF'"a+n- 1)t)dt+f F'(1 = nds
C C
a+2L(1-a) l-c
f Fl(ndr + f Fl(Hdr
a+(n-1)c 1-11-a)

1-c
f Fl(p)dr.
a+(n—1)c

Thus it follows from the definition of ¢,(a) that H,(c,(a)) = nE[F~(V,)]. For the case

cp(a) = 0, it is obvious that ¥(a) = n¢(a) = nE[F vl

(iv) Note that in a given probability space, for any measurable set B with P(B) > 0 and contin-

uous random variable Z with cdf G, we have

E(Z|B) < E[Z|Z > G~'(1 - P(B))].

To see this, denote the conditional distribution of Z on B by G and the conditional distri-

bution on {Z > G~!(1 — P(B))} by G». Then we have

P(Z < x,G(Z) > 1 -P(B))

Go(x) = FB)
_ max{G(x) - 1 + P(B),0}
- P(B)
P(Z < x, B
< % = Gi(x), x€R, (33)
which implies that for U ~UJ[0,1],
E(Z|B) = EIG;"(U)] < E[G,"(U)] = E[Z|Z > G™'(1 - P(B))]. (34)

Since A = (L {U; € [a,1 = c,(b)]}, we have P(A) > 1 - "T"T(ab) >0and U; <1 —c¢u(b) on
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A. By defining Z = F_I(Ui)l{U,-sl—c,,(b)} + F_l(a)l{U,->1—c,,(h)}a it follows from (34) that

E[F~'(U)IA]

E[Z|A]

E[ZIZ > F'(1 = ¢,(b) - (1 — a)P(A))]

IA

ELF~ (UDIU; € [1 = ca(b) = (1 = @)P(A), 1 = cu(b)]]

IA

E[F (UDIU; € [a+ (n — 1)cp(b), 1 = cu(b)]]

IA

< E[F ' UIU; € [b+ (n— 1)cn(b), 1 — cu(b)]]

= EF'(W)). (35)

(v) It follows from (i), (ii) and the arguments in Remark 3.1.

(vi) We first prove the case when F has a decreasing density. Since H,(x) is convex w.r.t. x
and differentiable w.r.t. a, the definition of c,(a) implies that c,(a) is continuous. Hence
#(a) = nE[F~1(V,)] is continuous.

Suppose Uy, , Uan ~ Ula, 1] with copula QF¢. Then F~1(Ua1), -+ , F-'(Ugn) ~ Fa

and have copula Qf “ too. By (v), we have

F YU ) + -+ F Y (Ugp) 2 ¢(a). (36)
Thus from (35) and (36) we have

n
(@) B F~'(UaplA] < nE(F™'(V})) = ¢(b).
i=1
Next we prove the case when F' has an increasing density. The continuity of c,(a) comes
from the same arguments as above. By definition, H,(0) and y(a) are continuous and
increasing functions of a. So we only need to show that when c,(a) approaches 0, H,(0) —
Y(a) approaches 0 too. Suppose thatasa " ag, c,(a) — 0and c,(a) # 0 forag—e < a < ag

and € > 0. Then

La-a) 1
f Hy(t)dt — ~(1 = ao)Hg, (0),
0 n

28



which implies that

(] n 11-a)
W(a) = f —F a+ndt = — f H(1)dt — H,(0)
« 1—a 1—aJy

as a /" ag. Together with the continuity of H,(0) — ¥(a) we know H,(0) — y(a) — 0 as

a — a. m}
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