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Abstract

Let X = (Xy,t > 0;P,) be a supercritical, super-stable process corresponding to

/2y 4 Bu — nu? on R? with constants 8,7 > 0 and « €

the operator — (—A)
(0,2], and let £ be Lebesgue measure on R%. Put Wy (0) = eP—101") X, ("), which
is a complex-valued martingale for each # € R? with limit 1 () say. Our main
result establishes that for any starting measure g, which is a finite measure on R?

such that f]Rd zp(dr) < oo, tdézzxt — coW (0) £ P,-a.s. in a topology, termed the

shallow topology, strictly stronger than the vague topology yet weaker than the weak
topology. This result can be thought of as an extension to a class of superprocesses

of Watanabe’s strong law of large numbers for branching Markov processes.
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1 Introduction

We use Mp(R?) to denote the set of finite measures on RY. We use u(f) to denote [ fdu
for a measure p and integrable function f. It is clear that u(D) = u(Ip), where Ip is the
indicator function of D. Let C.(R?) denote the set of continuous functions on R? with

compact support.

In 1967, Watanabe [23] first discussed the strong law of large numbers for branching Brownian
motion. Let (Xy,t > 0; P,) be a branching Brownian motion on R? (d > 1) starting from a

single point z € R and corresponding to the operator
1
§Au + a(F(u) —u),

where a is a positive constant and F(s) := Y p,s™,s > 0, is the generating function of
n=0

the offspring distribution {p,,n > 0}. By explicitly using the Gaussian density, Watanabe

[23] proved in the supercritical case, i.e. f := a(F’(1) — 1) > 0, that under the condition

> n?p, < oo, it follows that
n=0

Xy

W — (27T)_d/2€ : W, Px — a.s. (].)
(&

as t — oo in the sense of vague convergence, where ¢ is the Lebesgue measure on R% and W

is the limit of the martingale W; := e=?'X,(1). Later, based on the ideas in [23], Biggins [2]
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proved strong law of large numbers for discrete-time branching random walk.

Suppose (X;,t > 0; P,) is a super-Brownian motion on R?, d > 1, corresponding to operator
%Au + Bu — nu?, where 3 > 0 and 1 > 0 are positive constants, and starting from u €
Mp(RY). Tt seems that Englander [10] is the first to discuss the law of large numbers for
the supercritical super-Brownian motion (X, ¢t > 0; P,). It was proved in [10] that for any
f € C(RY),

Xi(f)

Bt—d2 (2m)~24(f) - W, in P,-probability, (2)
€

where W is the limit of the martingale W, := e=#*X,(1). More recently, Wang [22] improved
the convergence in (2) from “in probability” to “P,-a.s.” in the special case that u = d,,
z € R? by combining the Fourier analysis used [23] and the uniform convergence discussion
of martingales used in [2]. Wang’s proof depends on the specific density of Brownian motion
and the compact support property of super-Brownian motion starting from a compactly
supported measure. For more path properties of super-Brownian motion, see Dawson, Iscoe
and Perkins [8], Dawson and Perkins [9] and Perkins [19] [20]. But, a-stable processes (a €
(0,2)) do not have specific density expressions. More critically, for any ¢ > 0, the support
of X, the super-stable process with index a € (0,2), is the whole space R? even when
the starting measure p has compact support (see Dawson and Perkins [9] or Perkins [20]).
Therefore, the methods in Wang [22] do not transfer over to general y € Mg(IR?) nor to

super-stable process with index « € (0,2).

Note that both for branching Brownian motion and super-Brownian motion, the mean of
X is described by the linear operator A + 8 on R The denominator e*¢~%? in (1) and
(2) is exactly the growth rate of eﬁtSt%A, the semigroup corresponding to %A + 8 on RY,
as t — 00. In our more general a-stable case, corresponding to the operator —(—A)% + B,
it will again turn out that the correct scaling, e®'t~%* is dictated by the growth rate of

eBtStAa, the semigroup corresponding to —(—A)% + .



If %A is replaced by a diffusion operator L with spatially dependent coefficients or more
general operator and £ is spatially dependent, the strong (or weak) law of large numbers for
branching diffusion (or more general branching Hunt processes) and superdiffusion have been
investigated recently by many papers. See [1] and [6] for branching diffusion, [11] for branch-
ing Hunt processes, and [5] [10] [13] and [14] and [18] (with general branching mechanism)
for superdiffusions. In all of these papers, the mean of the process grows pure exponentially
as e’! with some positive constant )., usually called the (generalized) principal eigenvalue.
The techniques used in these papers can not be applied to handle the case when the mean of

the process grows in the non-exponential manner f(t)e**, where, for example, f(t) = ¢t~/

as above.

In this paper, we will prove strong law of large numbers for super-stable processes with index

« € (0,2] corresponding to the operator
— (=) u+ Bu — nu?,

where  and n are positive constants. In the special case a = 2, our results extend the main
result Theorem 3.2 in [22]. In particular, we extend the starting measure d,, € R?, in [22]
to any finite x on R? satisfying Jrewdp < oo, and the test function f € C.(R%) in [22] to
more general ones (see Theorem 4 below), and moreover, we improve Wang’s result from one
specific f to shallow convergence (see Theorem 8 below), which implies vague convergence.
Our proof depends mainly on Fourier analysis and stochastic calculations, advancing the
methods introduced in [3] in the discussion of Hélder continuity for general measure-valued
Markov processes including superprocesses. Our proofs are simpler and more extendable than
those in [23], [2] and [22]. Indeed, based upon the fundamental role of the Fourier transform
in pde there is reason to be optimistic that our methods can be extended to more general

operators and branching mechanism.

The spine method recently developed for measure-valued Markov processes is a powerful



probabilistic tool in studying properties of the processes, see [10], [11], [12] [15] and [17] (to
list a few but not all). Englander, Harris and Kyprianou [11] used the martingale change of
measure and spine decomposition to prove the SLLN for branching diffusions. Their proof
depends on how the support of branching diffusion expands (see condition (iii) on page 282
of [11]). But as mentioned above, the support of a super-stable process with index a € (0, 2)
expands to the whole space R? immediately, so we can not expect to extend the method in
[11] to superprocesses with general underlining processes, like a-stable process. The purpose
of this paper is to generalize Watanabe’s results in [22] from discrete particle systems to
superprocess using techniques from Fourier transform theory and stochastic calculations.
We emphasize that we consider all a € (0,2] and do not assume our starting measure has

compact support. Our only assumption on p is that fRd zp(dr) < oo.

2 Notation and Model

Recall that we use pu(f) to denote [ fdu for a measure p and integrable function f. For
simplicity, we let p, = [ |z|" p (dr) and cosy denote the function 2z — cos (6z) below. We also
use the following extended Vinogradov symbol (also used in [16]): Suppose a (n,m), b (n,m)

are expressions depending upon two sets of variables n, m. Then,
a(n,m) < b(n,m) means 3 ¢,, > 0 such that a(n,m) < ¢,,b(n,m) ¥V n,m.
For clarity, ¢, depends only on m.

Throughout this paper, we assume u € Mp (]Rd) such that pg, 1, < 0o. We consider the

measure-valued Markov process X = (X;,¢ > 0; P,) on R* such that

X () = n (D) + [ X0 (= (8174 5) 7 ds + M () (3)



for all f bounded and continuous functions with bounded and continuous partial derivatives

of order k < 2, where M,(f) is a martingale with quadratic variation

IO = [ X (f?) s

and n > 0 and [ > 0 are positive constants. Note that X starts from g, the particles move
independently according to a symmetric a-stable process on R? with generator — (—A)a/ 2
with a € (0,2], and the branching mechanism is given by nz? — Bz. Since § > 0, X is

supercritical.
Substituting f (z) = e~* in (3) and using notation X (t,0) = X;(cosy) — iX;(sing), we get
X (t,0) = X (0,6) +/ — 101 + 8) X (s,0)ds + M (t,6) (4)

for all € R?, where M (t,0) is a complex martingale with quadratic variations and covari-

ations:
{Re M (,9) (t) = /Ot X (ncosg) ds;
{Im M (,6) (t) = /Ot X (nsing) ds;

(NI (-,0), Re AT (-, )] (t) = /Ot X, (1 cosy) ds:

(7 (-,0) , Tm N7 (-,0)] (1) = /Ot X, (nsing) ds.

Using variations of constants, we get

X (t,0) = 51 % (0, 0) +/ (B=101)t=5) 1T (ds, ) . (5)
Define
Wi(0) = W(t,0) = el X (¢,0) = 1" X, (e (6)

Then, W(t, 0) is a complex martingale for any # € R%.



3 Results

Our first result describes the limiting object of our scaled super-stable process in frequency

domain. It will be used in the subsequent results herein.

Theorem 1 Suppose a € (0,2] and k € (O, g) Then, Wt(ﬁ) converges almost surely and in

the mean-square sense to limit W(Q) for each 6 € R®. Moreover, the limit object satisfies

A

W) — W(@)ﬂ L6 — A (7)

Pl
for all |\|*,10|*lpha < k.

Proof. Let e = 3 — 2x. Note that W, () and W; (§) — W; (\) are complex martingales with

quadratic variations satistying
t o
[Re W / 201 <n cosg) ds;
[Im W (6 / 2101% -5 (77 sm@) ds;
. . t N
{Re (W () —-W ()\))] (t) = / —2Ps X (17( 01%s cosg —elA™ cos,\)z) ds;
0

{Im (W (0) =W ()\))} (t) = /0 e X, (77(6'6”0(S sing —e" sin,\)2) ds.

By the martingale property of W,(0) = e #*X (s,0) = e X (1), we have for 0 < u < t that

A

Py [\Wt (0) =W, (G)H = / LD P X, (1)]ds (8)

t
— (1) / 20105 g

2\2}751—),8 (e(2|9|0‘—6)t _ e(2l9\"—6)u) ,if 210|" # B,
np (1) (= u), if 261" =

Therefore, letting u = 0, we find 0 < sup P, “Wt ‘ } < oo if 20| < B (since P, UX (O,Q)H <

>0
|(sin(0))|* + |u(cos(9))]? < p2 < oo). An application of the martingale convergence theorem



yields
W (6) = lim W,(6)

t—o00

exists almost surely and in mean square sense for each 6 € R

Next, we show the Holder continuity in mean property for w. W, (0) is a non-negative

martingale starting at X (0,0) = g and satisfying

o 3 A
[W (O)L :/ ne P W, (0) ds.
0
Hence, we have by the Burkholder-Davis-Gundy inequality that

A

W, (A) — W (8) — X (0,0) + X (0, e)ﬂ

P, [sup

u>0

A0
Zp, [

o o o o o
/ e 2BsXs (62|)\| s 4 62|6’| s 2e|)\\ s+(60|%s COSQ,)\) ds
0

2,0 o0 a @ « « 1
< e Ps [(e%\\ S 20 NSO P (1,(0))

’ (9)
+ P, ‘e(l’\‘aﬂel(X’B)SXs (1- cose,,\)H ds

MO Bsi IA%s _10]%sy\2
< e (e — el ¥)3ds
0

+ / 67656("9’)‘”5]3“ ‘6(‘9”“&’5)3)(8 (1-— COSQ,A)‘ ds,
0
where in the last inequality we used the facts that e = § — 2k and |\|*, |0]|* < k. However,

p, [’e(|0’A|a’ﬁ)SXS (1-— COSQ,A)H = (1 —cosyg_y), (10)

P (X 0.0 = X 0.0)] € (1= coso-n), 1)

and it follows by Taylor’s theorem that

[1—cos((0 = A)z)| < |0 — Al[z], (12)
and
«@ o S,)\,@ s,)\,e
e\>x| s e\GI s|? < 8262ns (|>\|0¢ . |9|a)2 < 82621{8 |>\ . ‘gla (13)




=3

since if [0] > |Al, then [0]* — [A* < (|6]° — [A]*)* < 2% [0 — A|%.
Substituting bounds (10)-(13) above into (9), we find by the Burkholder-Davis-Gundy in-
equality that
. . 2] A0 N
p, [sup’W(u,)\)—W(u,G)‘ 1 L |0—=AN"+10—)A. (14)

u>0

and, letting u — oo, we get (7). W

Next, we convert our “frequency domain” result to a SLLN for super-stable processes. Since

both the limit and prelimit are measures, we introduce test functions f.

Theorem 2 Suppose k € (0, g} and f satisfies

dé

€l0]*
€
(2m)"

¢ = < 00 (15)

R4

f ()]

for € = B —2k. Then, for any 6 € (0, Br — 2K%) there is a constant ¢ > 0 and a random

variable Cs > 0 such that

Xi(f) : do

P =[O fo)
ebit—a  Jioe<n (6)7(0) (27rt‘i)d

M max

ne<t<(n+1)e

< c\/ﬁef(ﬁ’“%z)" (16)

and

X(f) /9|a<ﬁ e W (0) f (9) (2(:?1)d

)
g < Cse™® P,-a.s., (17)

where W is defined in the previous theorem.
Remark 1 This result directly generalizes Wang [22, Theorem 3.1].

Proof. We first note that

Xi(f) 1 pleges X
= i e WO F 00

By Doob’s L,-inequality

P, [sup

t>u

i Voo np (1) .
W (6) = W (), ] < 4m€<2|0| Bu.



provided 2 |0|* < (. Letting t — oo above, we get

i i 2 np (1 “_gyu
aﬂwwwwmwn} 4_;@6m05>

if 21| < 8 and combining the last two equations, we get

P, [sup

t>u

i i) (1) g
W@ﬁ%JVWngwﬁ_ﬂmw@mﬁ>

provided 2 |0|* < 8. Letting u = ne, we get

[ B
6] <w

§/|9a<,{ P, <sup|Wt( ) — W (6) |2>|f(0) =9 g

sup \Wt 0) — 1117 9) f (6) ’26—2t|9|0‘>d9

t>ne

since € = 8 — 2xk. Moreover, by our above bound and Doob’s L,-inequality

/Iﬂla P, ( sup |I/T/t (0) f (9) |2e—2t|9a>d6

ne<t<(n+1)e

< /|9|°‘ P, ( sup |Wt (0) — W (6) |2> |f (6) |e~1" dg

ne<t<(n+1)e

w [ VBRI )] 00

np (1) o .
< 2/ MEE) (@il -p)m+De — 1| (6) e 1" dg
|9|">F~\J2|9\ _5( IS (0)]

10



Using Taylor’s theorem, we continue the above estimate to get

/ JP( up W (6) 7 0) P )as
62>k ne<t<(n+1)e

B a A «@ A
< 2yl D) - [emdimn [ el fgplape e [ o) ag
_< e )M()E) le 2 plzp A )’ ‘ wlolo<s A )‘
_{_Iuoe—(n—&-l)eﬁé

n

< (y/n)e "

Hence, by the previous equations and Cauchy-Schwarz’ inequality

X fye W0 0) (Qdf>d

P, [ sup

ne<t<(n+1)e

|

.(6) 1 0) - W () 0)] " ) o

<

1
P
(2m)d /|9|°‘§/£ : (f;ﬁ

1
+ / 1y su
(2m)% Jigle>x a (negtg(g—l—l)e

<n< \/567(5572112)71,

A

Wi (0) £ (0)] e—t|9|°‘> 6

using € = 5 — 2k. Then (16) holds. Multiplying both sides by te and fixing § € (0, Br — 2k?),

we get that
- X o i a6
> P, sup t(fz —/ e 1WA (0) f (0) ——g| | < 0.
2 nest<mrne | |efitms Jorss (2t =)

So there is a random Cs > 0 such that

Xi(f) L N do
e I OO 1)

< Cse™® P,-as.

Finally, we can state our first SLLN (not in frequency domain). The following lemma will

be immediately improved by the theorem to follow thereafter.

11



Lemma 3 Suppose f has Fourier tmnsformf that satisfies

/Rd eclo” ‘f(@)) df < oo (18)
for all e < 8. Then,

(1) existence of a kg < g such that sup |f(0)| < oo implies that
101> <ro

Xt(f()l W (0) /eftlalaf (0) le — 0 P,-a.s.
Bt~ (27Tt_5)

(2) continuity at 0 of f implies that

lim tht(f)

t—o0 65

— co W(0)f(0) Py-a.s.,

- —lyl* _dy
where co = [ga € an

Remark 2 1) It is clearly sufficient that

~

slol°
Jur

2) g = (27?)_%

8) The Fourier transform is defined in a different manner for each L,(IR") with p € [1,2].
(Each can be thought of as an extension of the Fourier transform on S(le), the set of
rapidly decreasing functions (see [21] for definition).) If f € Li(IR?), then f is continuous
and f(0) = J e f(z)dx.

1Na

Proof. Welet a; = it=~' and s, = 3 a;. By (7), we have that P, ‘W 0) — W (0)‘ < 6] 72
i=1

for |0]* < kg so

12



—t]0]*
P, max e
Sn<t<sp41 ‘9|O‘Sf{

n,K

: a0 p 17 (8) — 1 do
Llona)® [ e B (0) =W (0)] =
n,Kk d 75 1/\a d@
Llonan)® [ e

27)

s d/a o

<< < n+1> ‘Sn 12/\a
Sn

—~

for all k < kg and n = 1,2, ... Moreover, by (18)

A o do d a
AW max [ e |f<9>|<d<<<sn+l> [ e o)l (20)

sn<t<sp+1 27_”5—&)

n,K d
a

& (Sppq)aentorm,

here € = f — 2k as in Theorem 2, and from (16) of Theorem 2 one finds that

X o s 5 dé
P, | max /) —/ e W (0) f () (21)
sn<t<sni1 | efttTa 0]%<r (27#‘%)

L3n+1/EJ Xt(f) o . R d@
< Y P| max = [ e i) £ 0) !

imlonge] |G lePitTa il <k (27rt—a)
n,K (& _ K ) sn
L (Sps1 — Sn)V/Sne ( a )

Therefore, we have by the previous three equations that

Xi(f)

T 1ol do
ST W) [ 0)

(27Tt_ > ) !

Sn <t<sn+1

] < 00 (22)

for any k < kg < 5 , and so

- de
/ e f o) —— 50 Pras. (23)
R 27rt_’)

13



Next, given v > 0 we have by the continuity of f (6) at 0 that there is a g € (0, g) satisfying

(18) and sup ’f(@) — f(O)‘ < 7, which implies that

10]%<ro

dé

(27Tt*é>d

[ 17 ©) - F ()] (24)

- A W o ) a6

= Joan @ O FO Ik [ ) - FO)
18]o<ro (27rt_3) 0] > ko (27Tt_a)

. - " ) . df

%o o-(thomg e Fey — 2% o e P ————
ot /Hl%ﬁ0 |f( >|(2mg—i)d £(0)] 101 >0 (me—é)d

and the result follows from the fact that
/ ot 40 / P B
101 >r0 (Qﬂt—é)d ly[*>tro (27r)d
ast—o00. N

Starting from Watanabe, everybody considered continuous, compactly supported f. It is

interesting to see how far we can relax the assumptions on f.

Theorem 4 Suppose that [ is such that its Fourier transform f exists, f 1S continuous at

0 and there is an € > 0 such that

/]Rd 9| £(6)|d6 < oc.

Then,
X N .
t(fZ — oW (0) f(0), P,-a.s.
eﬁtt—a

Remark 3 The Fourier transform is only defined as an element of LP (]Rd) for some p €
[1,2] and hence almost everywhere, so continuous at 0 should be interpreted as ‘there is
a version that is continuous at zero’. Compared to the previous theorems, ¢ > 0 can be

arbitrarily small.

14



1, 6] < 5,

Proof. We define gAbﬁ 0) = and f? = fx¢”. Hence, we have ff\B = fgzgﬁ

ePB=1017) 0] > B,

and
L@ < [ (f@)ao+e” [ |f0)la0 < oc.
R l6]«<p |6]>5
Therefore, by Lemma 3, we have that
ta X, (f° S s ooy 2
WD el (0) 77 (0) = e (0) f(0), Byeas.

n
Let a; = % and s, = 3 a; 50 s, /" 00. Then, we also have that

g =1

t8 X, (f—£7)
eft

SCANET

s <t<sp+1

- PM [sn<ig€n+1 tg /|9|a>ﬁ 6_‘6|at(Wt - WO) (0) (f - fﬁ) (6) d@H
h Ln;??m th /|9|a> L e (0) (F-F%) () deH .

For the first term, we find by Doob’s L,-inequality, (8) and Taylor’s theorem (in the second

last inequality) that

P, l sup

sn<t<sn+t1

=8 0) (- ) 00

IN

(Spi1)a /elw o 101%sn pé [ sup \Wt — Wof (9)1 ‘ i fﬁ‘ (6) do

Sn<t<sn41

(l01*=B)sn+1 — 1
e

< 2 /(1) | =1 )0

l6]o>p 2/0]> —

(Here, we used the fact that a, < e for large n in the last bound.) For the second term, we

find

15



P, [sup ta /9|°‘>,8 e~ 1", (0) (f — fﬁ) (9) d@H

t>sn

< sup

sup tae Bt /g|a>5'u (ew-(.)) (f_ fﬂ) 0) d@‘

4 X
< sieom [ (1-4)

for large enough n. Combining the previous three equations, we find

]<oo,

a
which implies that WX;(# — 0 P,-a.s. (since s,, = 00) and therefore

f(0)|do

ta X, (f — f°)
sup A

spn<t<spi1

> by
n=1

“X;ff) eV (0)f(0), Puas.
e

Now that we removed the -dependence on the decay on f , we can easily generalize Wang’s
and Watanabe’s works from a single continuous, compactly supported function to vague
convergence and beyond. We start by considering the case where f € L;. (Until now, we

only assumed existence of the Fourier transform.)
Let
Gg* = {g . g € L*(R?) such that /ef‘f"”g (0) df < oo for some € > O}

For any g € G°, it follows that the Fourier transform g, is continuous by the L;-property.

Corollary 5 Suppose (¢ is Lebesque measure, that f € Ly and, for each € > 0, there exists

f1, f2 € G* such that fi < f < fo and £ (fs — f1) < €. Then,

ta X, (f)

= el (0) [ f@)de Preas.

16



Proof. By Theorem 4, we have that

tf;ff) LW (O)A(f;) Pras.

for i = 1, 2. However, this then implies

te Xi(f) < limsup t= Xl /) < cgW (0) £(f2)

eft t—s00 eft  —

caW (0)0(f1) < lim inf
and the Corollary follows. W
A further useful corollary follows:

Corollary 6 For any f € C, (Rd>, it follows that

tai(;t(f) — ¢, W (0) /Rd f(z)dx P,-a.s.

Proof. Let M = sup|f (z)|, K = sup{|z| : f(x) # 0} and € € (0,1). Then, by uniform

continuity there is a § > 0 (with 0 < K) such that |f () — f (y)| < g for all |z —y| < 6 and

w2
an r € (0,1) such that 2M /3(075)6 b, (y)dy < %, where ¢, (y) = me 207 . Finally, there

1
is an n > 1 such that / Ops (. —y)dy > 3 for all |z| < K. Now, we define
B(0,nK)

fa@) = [ (5T W) b —n)ay

Then, noting

F(@) = Jroo F@)orae — y)dy

= f(@)d,5(x — y)dy + f(@)b,s(x — y)dy,

B(0,nK) B(0,nK)°

17



we have

fa (&)~ £ (@)

s oo =y [ (1) = )l o)y
s B = FaDsua =gy = [ @)l =iy

1= [ MW =S @@=y =221 [ 6= vy

>0.

Similarly we have f; < f. By construction, we have that fi, fo € G% f1 < f < f5 and

¢(fy — f1) < €. Hence, this corollary follows from the previous one. W

We will use the following lemma to go from single f convergence to vague convergence and
beyond by setting M to be a countable subset of C.. (Rd) that generates the Borel topology
on R% In what follows, (E,7T) will denote a topological space, and B(E) and C(E) will
denote the bounded Borel measurable and the bounded continuous IR-valued functions on

E, respectively.

Lemma 7 Suppose that (E,T) is a topological space with a countable base, and {p,} U {u}
are (possibly non-finite) Borel measures; f € B (F) satisfies 0 < p(f) < oo; M C B(FE)

strongly separates points, is countable and is closed under multiplication; and

e (9f) = n(gf)

for all g € M U{1}. Then,
pe(9f) = 1 (9f)

for all g € C(F).
Proof. We define the probability measures by

vi(g) = 5 and v (9) = 5
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for all ¢ € B(F) and find by hypothesis that v, (g) — v (g) for all ¢ € M. Now, it follows

from Blount and Kouritzin [4, Theorem 6] that
vy — v weakly as t — oo
or, equivalently u, (gf) — u(gf) ast — oo, for all g € C(E). m

Definition 1 We call H = {h € C(R?) : 3¢ > 0 so that sup e*F|h(z)| < co} the swiftly
xERd
decreasing functions on R? and say Borel measures {1, } converge shallowly to Borel measure

wif g, (h) = p(h) ast — oo for all h € H.

d

te X,
eft

Theorem 8 — caW (0) ¢, P,-a.s. in the shallow topology, where € is Lebesgue mea-
sure.

2
||

Proof. Let f,(x) = (\/%)de_T 50 fo(0) = e and
da
a X .
P W )UF) Beas

by Theorem 4. Moreover, C (]Rd) is an algebra that strongly separates points. Therefore,
it follows by Blount and Kouritzin [4, Lemma 2] that there is a countable subcollection M
that strongly separates points and is closed under multiplication. From Corollary 6, we have

that

ebt - CO‘W (0) l(gfn) Pu-a.s.

for all ¢ € M. Fix an w such that convergence takes place for all f,, and ¢ € M. Now, it

follows by Lemma 7 that

tht (gfn)

5 — caW (0)1(gf,) forallge C(E)and n=1,2,.., P,-as.
e

The theorem follows. B

An immediate corollary of this Theorem is the following analog of Watanabe’s result:
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Corollary 9

d

t

aﬁt — W (0) £ P,-a.s. in the vague topology, where { is Lebesque measure.
e
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