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Abstract Definitive screening designs are a new class of three-level designs
which are shown superior to the classical central composite designs in response
surface methodology. They can be constructed by inserting conference matri-
ces into their fold-over structures. How to block definitive screening designs
in an optimal way is of practical importance, and lacks systematic theoreti-
cal research up to now. Pairwise blocking schemes are usually adopted which
assign each pair of fold-over runs into the same block. In this paper, the opti-
mality of such pairwise blocking schemes is thoroughly studied in theory. It is
shown that under the linear model consisting of main effects, quadratic effects
and block effects, pairwise blocked definitive screening designs are universally
optimal for the main effects among all balanced blocking schemes. Moreover,
such blocked designs are proved to have the same generalized wordlength pat-
tern, and are also shown optimal under the generalized minimum aberration
criterion.

Keywords Blocking - Definitive screening design - Optimality - Generalized
minimum aberration - Fold-over

1 Introduction

Jones and Nachtsheim (2011) proposed a new class of small three-level de-
signs for definitive screening, called definitive screening designs (DSDs). Such
designs possess many advantages for identifying both the main and quadratic
effects. For example, the estimates of main effects are unbiased with quadratic
effects and two-factor interactions, and all quadratic effects are estimable in
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models consisting of any number of main and quadratic effects terms. Later,
Xiao et al. (2012) used the conference matrices to construct DSDs with orthog-
onal main effects, which was recommended by Jones and Nachtsheim (2013).
Throughout, we focus on the DSDs constructed based on conference matrices.

Blocking, a fundamental technique in design of experiments, can effectively
eliminate the effects of the nuisance variations. How to block DSDs in an op-
timal way is a problem of practical importance. Lin (2014b) considered all
schemes that block a DSD into 29(¢ > 1) blocks of equal size, and selected
the optimal one under the generalized minimum aberration criterion by an
algorithm. From the results of computer search, he observed that the optimal
blocking schemes follow a common rule, but provided no confirmation in the-
ory. In this paper, the common rule is referred to as pairwise blocking. Pairwise
blocking schemes assign each pair of fold-over runs in a DSD into the same
block. A theoretical insight into these blocking schemes shows that pairwise
blocked DSDs are universally optimal for the main effects among all balanced
blocking schemes, under the linear model consisting of main effects, quadratic
effects and block effects. Furthermore, we find that all pairwise blocked DSDs
have the same treatment and block wordlength patterns, and they are op-
timal under the generalized minimum aberration criterion with respect to a
combined generalized wordlength pattern.

The rest of the paper is unfolded as follows. Section 2 gives the definition
of pairwise blocking schemes for DSDs. Section 3 studies the optimality of
pairwise blocked DSDs for estimating the main effects under the linear model
consisting of main effects, quadratic effects and block effects. Section 4 shows
that pairwise blocked DSDs are optimal under the generalized minimum aber-
ration criterion with respect to a combined generalized wordlength pattern.
Section 5 concludes this paper with some remarks.

2 Pairwise blocking schemes for DSDs

We first review the definition of conference matrices [Goethals and Seidel
(1967)]. For a matrix A, let Afi,:], Al:,j] and AJs, j] denote its ith row, jth
column and (i, 7)-th entry, respectively. For an even number m, a conference
matrix of order m, denoted by C,,, is an m x m matrix with diagonal entries
Cnli,i =0,i=1,...,m, and off-diagonal entries C,,[i,j] € {1,—1}, 7 # j,
such that CI C,, = (m — 1)L,,. Here L, is the m-order identity matrix and
CT is the transpose of C,,. Conference matrices can be algebraically con-
structed for m = 0 (mod 4), and have been found by computer program when
m = 2,6,10, 14,18, 26, 30, 38,42, 46, 50, 54 and so on. See Xiao et al. (2012) for
details. Note that CL C,, = (m —1)I,, implies C,,! = (m—1)"1CZL. We have
C,.CI =clcC,, = (m-1I,.
Based on a conference matrix C,,, a DSD for investigating m factors is
constructed as
Cn
D=|-C, |, (1)

Ole
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where 01y, is a 1 x m matrix of zeros [Xiao et al. (2012)]. Each column of D
represents a three-level factor and each row is an experimental run.

Suppose the number of blocks, k, divides m. Let n = m/k. We need to
assign the runs of D into k£ blocks. A blocking scheme is called balanced if all
blocks are of equal size.

For the similar arguments of Lin (2014b), throughout we only consider
balanced blocking schemes in the following fashion. First divide the 2m nonzero
runs of D into k blocks evenly and then add one zero run in each block. The
resulting design, denoted by D?, is called a balanced blocked DSD and can be
written as

Cmilbl

D= -C,.by |, (2)

where the last column (b, bl bl")T represents the block factor. More specif-
ically, (b? bZ)T consists of 2n 1’s, 2n 2’s, ..., 2n k’s, and by = (1,2,..., k)7.
Any balanced blocking scheme for a DSD is uniquely determined by the vector
(bi’,b3).

Since any DSD contains a fold-over structure (CL , —CZL )T a natural way
for blocking is to let each fold-over pair fall into the same block, i.e. by = bs.
Such schemes are called pairwise blocking schemes and the corresponding D%’s
are called pairwise blocked DSDs. From computer search, Lin (2014b) observed
that pairwise blocked DSDs are optimal among all balanced blocking schemes
when k = 29(q > 1) under the generalized minimum aberration criterion. In
the subsequence, the optimality of such blocked designs is thoroughly studied
in theory.

Example 1 Suppose m = 12 and k = 3. The conference matrix Cis can be
found in Appendix of Xiao et al. (2012), given by

1111 1 1 1 1 1 1
-1-1-1-1 1-1 1 1 1 1
o1 1-1 1-1-1 1-1-1
-0 1 1-1-1-1-1 1 1
-1-1 0 1-1 1 1 1-1-1
1-1-1 0 1 1-1-1 1-1
-1 1 1-1 0 1 1-1 1-1
1 1-1-1-1 0 1-1-1 1
1 1-1 1-1-1 0 1 1-1
-1-1 1-1 1 1 1-1 0-1 1
-1 1-1 1-1-1 1-1 1 O 1
-1 1-1 1 1 1-1 1-1-1 O

e e =)
= e e e e e O

Let by = (1,2,3)7,b; = (1,1,1,1,2,1,1,3,3,3,3,2)T and by = (2,3,2,2,1,
2,2,1,3,3,2,3)T. Then the balanced blocked DSD constructed by (2) is not
pairwise blocked. By letting by = by = (1,1,1,1,2,2,2,2,3,3,3,3)T, we get
a pairwise blocked DSD. If we take by = by = (1,2,3,4,2,1,4,3,3,2,1,4)7,
another pairwise blocked DSD is obtained. For ease of later use, the three
blocked DSDs obtained above are denoted by D%, D}, Dg, respectively.
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3 Universal optimality of pairwise blocked DSDs

In this section, we discuss the optimality of the pairwise blocked DSDs for
estimating the main effects. Consider the linear model

m m
Yij = g + Z QqT450 + Z allx?jl + % + € (3)
=1 =1

where x;; is the Ith factor’s value of the jth run in the 7th block and y;; is
the corresponding response, i = 1,...,k, j=1,....2n+1and [ = 1,...,m.
Here «q is the intercept, o is the main effect of the [th factor , ay is the
quadratic effect of the [th factor, 7; is the effect of the ith block with the zero-
sum constraint Zle vi = 0, and €;;’s are the i.i.d. errors with mean zero and
variance o2. The blocked DSD in (2) is saturated for estimating the intercept,
main effects, quadratic effects and block effects in the model.
For the design D in (2), Model (3) can be written in the matrix form

Y = 12m+ka0 + X1a1 + Xgag + I"‘Y + €, (4)
where Y is the vector of 2m + k responses, 1oy, 1k is the vector of 2m + k
ones, a1 = (a1,...,am)T, as = (11, mm)? and v = (y1,..., 7).
Let Q,, = —1I,, +J,, with J,, = 1,,17. Denote B; and B, as the in-

cidence matrices corresponding to by and by in (2), respectively. We have
X; = (CL,—CTL 0,,x1)T, Xo = (QL, QYL 0,,xx)T and T = (BT BI 1,)7.
Finally, € is the vector of errors.

For estimating the parameters in (4), v, = — Zf;ll ~v; is substituted by
the zero-sum constraint. Let 4 = (71,...,7%-1)7, ]~31 =Bi(Tp_1,—1x1)7,
]§2 = BQ(Ik_l, —lk_l)T and f‘ = I‘(Ik_l, —]_k_l)T. Then Model (4) reduces
to an unconstrained model

Y = 12m+ka0 + X1a1 + X2a2 + f"? + €. (5)

It is apparent that D? is pairwise blocked if and only if B; = By, or equiva-
lently B1 = BQ.
The Fisher’s information matrix for a1 in Model (4) is

Ma, (DY) = XTX; - XIX (XL X)X Xe,  (6)
where X(,l) = (12m+ka Xg,r).

The goal is to find the balanced blocked DSDs with maximum informa-
tion matrix. According to Pukelsheim (1993), we shall try to find D®’s which
maximize ¢(Mg, (D?)), where ¢(-) is an optimality function. Typically, an
optimality function ¢(-) satisfies the following four conditions.

(i) Isotonic to the Loewner ordering: if My > My, then ¢(Mj) > ¢(Mos).

(ii) Concavity: ¢((1—A)Mjp+AMz) > (1 —=X)p(M;) 4+ Ap(My) for any scalar
A€ (0,1).

(iii) Positive homogeneity: ¢(6M) = (M) for any scalar 6 > 0.
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(iv) Permutation invariant: ¢(PMP”) = ¢(M) for any permutation matrix
P.

Here a symmetric matrix M > 0 means M is positive definite and M > 0
means M is nonnegative definite. For two symmetric matrices M; and Mo,
M; > Mj means M; — My > 0. The commonly used optimality functions
include A, D, E and T-optimality functions. A design D’ is said to be ¢-
optimal if it achieves the maximum of ¢(M4, (D)) among all possible D®’s.
It is universally optimal if it achieves the maximum of ¢(M, (D?)) for any ¢.
In the following we will show the optimality of pairwise blocked DSDs for
estimating the main effects a1 in Model (4). We first give a simple but very
useful lemma, whose proof is omitted.
Lemma 1 Ifb# —2, we have (al,, +bJ,,)" ! = élm =

m’

b
a(a+mb) Jm-

For estimating o, the theorem below shows that pairwise blocked DSDs
are universally optimal among all balanced blocked DSDs and they are the
only universally optimal ones. The proof is given in Appendix.

Theorem 1 Given m and k, the design D is universally optimal among all
balanced blocked DSDs for estimating a1 under Model (4) if and only if it is
a pairwise blocked DSD.

From the definition of C,,, it is easy to see that the main effects are or-
thogonal to each other and all quadratic effects for any DSD in (1). It would
be nice if the block factor won’t affect the estimates of main effects either.
The following result shows that only pairwise blocking schemes satisfy such
requirement. Its proof is postponed in Appendix.

Proposition 1 The main effects are orthogonal to block effects if and only if
DY is a pairwise blocked DSD.

4 Minimum aberration of pairwise blocked DSDs

Besides universal optimality, the popular generalized minimum aberration cri-
terion is considered in this section. The standard framework for finding opti-
mal blocked factorial designs is using generalized minimum aberration crite-
rion with respect to the split generalized wordlength pattern, i.e. treatment
wordlength pattern and block wordlength pattern. Treatment factors are cate-
gorized into qualitative and quantitative factors. If treatment factors are qual-
itative, refer to Chen and Cheng (1999), and Ai and Zhang (2004) for details.
If both qualitative and quantitative factors are involved, Lin (2014a) proposed
a new split generalized wordlength pattern modified from the § wordlength
pattern [Cheng and Ye (2004)] to search for optimal blocked orthogonal ar-
rays. Lin (2014b) used the same method to select optimal balanced blocking
schemes for a DSD with 29(¢ > 1) blocks based on a combined generalized
wordlength pattern. In this section, we will show that pairwise blocked DSDs
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have minimum aberration among all balanced blocked DSDs with respect to
the combined generalized wordlength pattern.

First we briefly review the combined generalized wordlength pattern de-
fined in Lin (2014b). Let Fi,. .., F,, denote the m three-level quantitative fac-
tors in a balanced blocked DSD D? and Fi+1 denote the block factor with k
blocks. Recall that k divides m and n = m/k. For convenience of presentation,
recode the levels of F; as —1 — 0,0 - 1 and 1 — 2, for i = 1,..., m. Recode
the levels of Fp,y; as 1 — 0,2 — 1,...,k — k — 1. Define 7y = {0, 1,2}™,
71 ={0,1,...,k—1},and T =Ty X T5.

For each factor F; with s; levels, let C{(xz),Ci(z),...,C% _(z) be the
orthogonal polynomial contrasts satisfying

> cwcm={luty

s if u=w,
z€{0,1,...,s;—1}

where C’; (z) is a polynomial of degree j for j = 0,1,...,s;—1. In particular, for
the three-level factors F;, 1 < i < m, we have C{(z) = 1, Ci(z) = 1/3/2(z—1)
and C%(x) = 3v/2/2(z — 1)% — /2. For each run x = (1, ..., Zm41) of D and
any t = (t1,...,tmq1) € T, define Cy(x) = 11”7 C} (z;). Then the indicator

function of D? is
Fpo(x) = > beCe(x), (7)
teT
where the coefficient of Cy is uniquely determined by

b= 3 Cul). (8)

k37n
xeDPb

Especially, we have bg = (k3™)~1(2m + k).

If by # 0, then t = (t1,...,tmy1) is called a word. A word t is said to be a
pure-type word if ¢,,11 = 0. Otherwise t is a mixed-type word. Denote by w;
the set of all pure-type words and w; the set of all mixed-type words. Define

[t ==, t;, the sum of the first m elements in t. The treatment wordlength
pattern W; and the block wordlength pattern W, are given as follows.
b
Wi = (810, 820:- - Pam0), Where Bio= Y (b—t)% 9)
0o
tewy,|t]|=1
b
Wy = (Br1, 821, -+ Bom1), where B = > (bi)2 (10)
Do
tewy,||t]||=1

The combined wordlength pattern is defined as
W= (61,07ﬁl,lv52,07ﬂ3,0,52,1vﬁ4,07'")7 (]-1)

where [3; 1 is between f(2;_1,0 and [32;0 for i« < m and 3;; is before 3;41, for
i > m + 1. The order of components in (11) is determined by comparing the
importance of ﬂ¢71, 621'_1,0 and 527;70. Among the three, 521‘—170 is the most
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important because 2;_1,0 # 0 could result in the aliasing between (i — 1)-
order effects and i-order effects. Since the aliasing between treatment effects
(resulting in B9;0 > 0) can be de-aliased through a follow-up design, but the
confounding between treatment effects and block effects (resulting 3,1 > 0)
cannot be de-confounded, f3;; is considered more important than Ba; 0. The
generalized minimum aberration criterion is to find the balanced blocked DSDs
which sequentially minimize the components in the combined wordlength pat-
tern W.

Let Z; be the matrix whose columns are labeled by all nonzero elements
of 77 and the column labeled by ¢,,+1 € 77 is

(Cm YD1, m +1]),...,Cr (D 2m + k,m + 1]))7.

tm41 tm41

For any t € Ty, we also denote [[t|| =Y, ¢;. For j = 1,...,2m, let Z; be the
matrix whose columns are labeled by all elements of the set {t € 7y : ||t|| = j}
and the column labeled by t = (t1,...,t,) is

(I, C; (DP[1,4]), ..., 11, C; (D[2m + k,4])) .

From (8), (9), (10) and the definitions of Z; and Z, the following lemma can
be obtained directly.

Lemma 2 For a balanced blocked DSD D°, we have

B5,0(D°) = (2m + k) *tr(Z] Lom k13, 1 Z;5), (12)
Bj1(D%) = (2m + k)2 tr(Z] ZuZ;, Z;), (13)

where tr(A) is the trace of a matriz A.

From Lemma 2, it is clear that once a DSD D and the number of blocks &
are given, all balanced blocking schemes have the same treatment wordlength
pattern Wy, since Z; depends only on the first m columns of D?. Furthermore,
we find that W, is constant for all possible C,,’s used in D?, when m and &
are fixed. See the following lemma 3, whose proof is given in Appendix.

Lemma 3 Given m and k, the treatment wordlength pattern Wy in (9) is
independent of the choice of C,, used in D®. Especially, we have (3;(D?) =0
for odd i and Bao(D®) = (2m + k)~22m(k — m + 3)2.

Now to find the optimal balanced blocked DSDs under the generalized min-
imum aberration criterion with respect to the combined wordlength pattern
W in (11), we need only to find the balanced blocked DSDs which sequentially
minimize the block wordlength pattern W;,. We shall show that for given m
and k, among all balanced blocked DSDs, the pairwise blocked DSDs are op-
timal. For any two balanced blocked designs D® and D%, D? is said to have
less aberration than D with respect to W, if ﬂr,l(Di) < 5T’1(Db), where 7 is
the smallest integer such that 3, 1(D%) # 3,.1(D?).

We first show that pairwise blocked DSDs are superior than those not
pairwise blocked by comparing their 3; ;’s.
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Theorem 2 3, 1(D%) = 0 if and only if D is a pairwise blocked DSD.

The proof of Theorem 2 is postponed in Appendix. It shows that any
pairwise blocked DSD has less aberration than those not pairwise blocked with
respect to Wp,. Moreover, we find that for any two different pairwise blocked

~b
DSDs D? and D', their block wordlength patterns are the same. A detailed
proof of the following is given in Appendix.

Theorem 3 For given m and k, all pairwise blocked DSDs share the same
block wordlength pattern Wy, in (10). Especially, we have 3;1 = 0 for odd i.

According to Theorem 3, there is no difference between any two pairwise
blocked DSDs in the sense of generalized minimum aberration criterion when
m and k are given. By Lemma 3, Theorem 2 and Theorem 3, we obtain that
pairwise blocked DSDs are the only optimal balanced blocked DSDs under
the generalized minimum aberration with respect to the combined wordlength
pattern W in (11).

Theorem 4 A balanced blocked DSD is optimal under the generalized mini-
mum aberration criterion with respect to the combined wordlength pattern W
in (11) if and only if it is a pairwise blocked DSD.

Ezample 2 (Example 1 continued). Consider the treatment and block word-
length patterns of the three balanced blocked DSDs D4, D4 and D} in Ex-
ample 1. They share the same W; = (0,1.185,0, 196.370, . ..). For D%, we have
B1.1(DY) = 1.358 > 0. Contrarily, the two pairwise blocked DSDs, D} and D},
enjoy the same W}, = (0, 18.370, 0, 325.185, .. .).

5 Concluding remarks

In this paper, we investigate the optimality of a special class of balanced
blocked DSDs, called pairwise blocked DSDs. Different from Lin (2014b), the
number of blocks k here can be any divisor of m. Two optimality criteria are
considered. We show that under Model (5), only pairwise blocked DSDs are
universally optimal for estimating the main effects. Moreover, with respect
to the combined wordlength pattern W, pairwise blocked DSDs are the only
generalized minimum aberration balanced blocked DSDs. Note that our con-
clusion takes not only different balanced blocking schemes, but also different
choices of C,,, into consideration.

For estimating all parameters under Model (4), pairwise blocked DSDs are
not universally optimal and we have tried other optimality criterion. It can be
proved that, given m and k, all balanced blocked DSDs are common in the
sense of D-optimality. For A, E' and T-optimality, some examples show that
pairwise blocked DSDs are not always optimal.

Although pairwise blocked DSDs are proved to be equivalent optimal for
estimating the main effects or under the generalized minimum aberration cri-
terion, they still have many possibilities. It is worth to distinguish the pairwise
blocked DSDs under some criteria stricter and find the optimal ones.
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Since a conference matrix is a special case of a weighing matrix, Georgiou et
al. (2013) replaced the conference matrix in the DSD with a weighing matrix to
construct efficient screening designs. Note that for any design with a fold-over
structure, pairwise blocking schemes can always be defined. So it is possible to
generalize the results of this paper to those weighing matrix-based screening
designs and we leave it for a future work.

Appendix

Proof of Theorem 1
Note that CL C,, = C,,CL = 2(m — DI, QL Q,, = L, + (m — 2)J,,,
. ~ ~T~ ~T ~ ~T ~
JZ@(Bl + BQ) = Omxk» F I‘ = (2n + 1)(1;@,1 + kal), Bl B1 + B2 B2 =
2n(Ix—1 + Jx—1). From (6), we have

Mg, (D%) = XXy — XT Xy (X{ ) X (1) ' Xy Xy
= QCZLCm - (Ole; O xm, ij;l(Bl - BQ))(X?fl)X(flﬂ_l
(Om><17 0m><m7 C?q;(]’gl - ]§2>)T
= 2(m - 1)Im - C%(El - Eg)Ail(El - EQ)TCma (14)

where A~! is the bottom right (k—1) x (k — 1) submatrix of (X?fl)X(,l))_l.
Using Lemma 1, with some algebraic calculations, we have A = (2n+1)(Ix_1+
Jp_1)—2"1(B1+By)T(B1+By) = I;_1+J;_1+2"1(B;—By)7 (B, —By) > 0.
Thus by (14), for a pairwise blocked DSD D and any balanced blocked DSD
D?, we have

Ma, (D)) — Mg, (D") = CJ,(By — Bo)A™' (B, — B2)"C,, 2 0,

which implies D? is universally optimal for estimating c;. Moreover, since
A~! >0 and C,, is nonsingular, C%(]A?;l - ]§2)A*1(]§1 - ]:D;Q)TCm = 0,uxm
if and only if B, = ]§2, which implies that D? is pairwise blocked. That shows
any universally optimal balanced blocked DSD for estimating v is a pairwise
blocked DSD. So the proof of Theorem 1 is complete.

Proof of Proposition 1
From the proof of Theorem 1, we have X{T = CI (B; — B3) = 0, (k—1)
if and only if B; = Bs. The conclusion follows.

Proof of Lemma 3

Write Z; as (Z7,,Z7,,Z],)", where the submatrices Z;1, Z; 2 and Zj
have m, m and k rows, respectively. Note that Z;, and Z;. depend on the
choice of C,,. It is easy to obtain that when j is odd, Z;2 = —Z,; and

Z;o = 0; when j is even, Z; o = Z; 1. According to Lamma 2, when j is odd,
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B;0(D?) = 0 and when j is even,

ﬂj@(Db) = (2m + k)iZtr(Z]’Z?12m+klgﬂm+k)
, VARVARWARVAR Zj,lz;o .
=@2m+k)""tr | | 2,125, Z;1Z;, Zj,lz%o Lotk Lom 4k
20l 202}, Z;0Z;,

Next we are ready to show that ﬁm(Db) is independent of the choice
of C,, for even j. It suffices to show Z;,Z7, and Z;,Z7, do not change
according to different C,,’s. For any C,,, define A; = \/ZWC,” and Ay =
—3v/2/2L,,, +v/2/2J,,. By the definition of Z;, for any t = (t1,...,t,) € {t €
To : ||t|| = j, there are j/2 compoments of t is 2}, the column of Z; o labeled
by t is (—ﬂ)j/zlk, and the column of Z;; labeled by t is the element-wise
product of all the ¢th columns of Ay, where 1 < ¢ < m and ¢; = 2. For any
t = (t1,...,tm) € {t € Ty : ||t|| = J, at least one t; = 1,1 < ¢ < m}, the
column of Z; ¢ labeled by t is Oy x1, and the column of Z; ; labeled by t is the
element-wise product of all the ith columns of As and all the /th columns of
A4, where 1 <i,l <m,t; =2 and t; = 1. Thus ZjJZ}jO = al,,xk, where a is
a constant which is independent of the choice of C,,.

Now let’s focus on zj,lij,l. For 1 < u,v < m and u # v, the u-th diagonal
entry and the (u,v)-th entry of Z;,ZT, are actually

Z (It =1 A [u, (P 1T, =2 Ao [u, ]%)
teTo,|t]|=7

and
Z (Hl:tl:1A1 ['U/, ”Al [’l), ”Hi:t,;ZQAQ[ua ’L]AQ ['U, 7’})7
t€To,|It||=3

respectively. Denote by ® the element-wise product. Using the fact that C,,,CL
= (m — 1)I,,, it can be derived that

(At o aed)

consists of one column as (0,2)7 and m — 1 columns as (3/2,1/2)7, and

(Rpdond)

consists of two columns as (0, —1)7, (m — 2)/2 columns as (3/2,1/2)7 and
(m — 2)/2 columns as (—3/2,1/2)7. Thus it follows that Z7],Z;, = a;L,, +
asJ,,, where a; and as are constants which are independent of the choice of
C,,.. Especially, by straightforward calculations, we have 32 o(D%) = (2m +
k)=22m(k — m + 3)%. The proof of Lemma 3 is complete.

Proof of Theorem 2
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Directly, we have Z; = (1/3/2CIL —/3/2CT oI  )T. Suppose Z, =
(z1,, 21, Z]))", where Zy1, Zps and ZbO are m x (k—1), m x (k—1) and
k x (k — 1) submatrices of Zj, respectively. Then by Lemma 2,

B11(D?) = (2m + k) 2tx(3/2C) (Ze1 — Zv2)(Zir — Zi2)" Crn)
=271 2m + k) "23(m — V)tr((Zp1 — Zo2)(Zin — Zi2)").

So ﬁlyl(Db) = 0 if and only if Z;; = Zp2, which is equivalent to b; = by in
(2), i.e. D? is pairwise blocked.

Proof of Theorem 3

Let . o
Cn b Cni b

D!=|-Cn b | ,D,=(-Cn b

Ok'xm:.bo OkalbO

be two pairwise blocked DSDs. Then there exists an m-order permutation
matrix P such that b = Pb. Let Z; (ZJT17 ZJT27 Z;O)T be the correspond-
ing matrices defined in the proof of Lemma 3, j = 1,...,2m. And let Z; =

~ ~T ~T ~T
(Z1,, 28, Z])" and Zy = (Zy,, Zys, Zyy)" be the corresponding matrices de-
~b

fined in the proof of Theorem 2 for D% and D, respectively. Then we have
ZbO = ZbO and Zbl = PZbl-

From the proof of Lemma 3, when j is odd, Z;2 = —Z; 1, and when j is

~b

even, Zjo = Z;1. Thus, by (13) we have 3;1(D%) = 38;1(D,) = 0, when j is
odd.

Now we will show that (;, 1(~ D,) = $3;1(D%) and 3;1(D?) is independent
of the choice of C,,, when j is even. According to (13),

~b ~T~ ~T~

Bi1(D,) = (2m + k) *tx(Z; ZvZ), Z;)
PZJ 1Z%1PT PZ; 1Z%1PT PZ; 1ZT0

= (2m + k) *tr :r7 PT PZ; T7 PT PZ; 17 ZyZ]
ZJOZ PT Z; Z PT ZJOZ
In the proof of Lemma 3, we have shown that Z; 1Z 0= almxk and Z 121 =
a1L, + asd,,, where a, a; and as are constants 1ndependent of the choice
of C,,. Since P is a permutation matrix and PP” = I,,, we further have
PZ; ZilPT =7\ ZJ-T71 and PZ; ; Zzo =7Zj1 Z;o- The conclusion follows.
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