Some suflicient conditions for infinite collisions

of simple random walks on a wedge comb

Xinxing Chen* and Dayue Chen'

May 20, 2011

Abstract

In this paper, we give some sufficient conditions for the infinite collisions of
independent simple random walks on a wedge comb with profile { f(n),n € Z}.
One interesting result is that two independent simple random walks on the
wedge comb will collide infinitely many times if f(n) has a growth order as
nlogn. On the other hand, if {f(n);n € Z} are given by i.i.d. non-negative
random variables with finite mean, then for almost all wedge combs with such
profile, three independent simple random walks on it will collide infinitely many

times.

MSC 2010 subject classification: 60J10, 60K37.
Key words: wedge comb, simple random walk, infinite collision property, local

time

*Department of Mathematics, Shanghai Jiaotong University, Shanghai 200240, China; Research

partially supported by the NSFC grant No. 11001173. chenxinx@sjtu.edu.cn
fSchool of Mathematical Sciences & Center for Statistical Science, Peking University, Beijing

100871, China; Research partially supported by the NSFC grant No. 10625101 and the 973 grant
No. 2011CB808000. dayue@pku.edu.cn



1 Introduction

In this paper, we study the number of collisions of two independent simple random
walks on an infinite connected graph with finite degrees. Let X = {X,,} and X' =
{X],} be independent simple random walks starting from the same vertex. As usual,
we say that the graph has the infinite collision property if X and X' collide infinitely
often, i.e., [{n: X,, = X, }| = oo, almost surely. Likewise we say that the graph has
the finite collision property if X and X’ collide finitely many times almost surely.
Krishnapur and Peres [5] first finds the example Comb(Z) on which two independent
simple random walks will collide finitely many times. Notice that Z CComb(Z)C Z>
and both Z and Z? have the infinite collision property. This indicates that the
infinite collision property is not simply monotone. So we are interested in probing
the subgraphs of Comb(Z).

Let f be a function mapping Z into R™. It induces a graph called wedge comb,
Comb(Z, f), with the set of vertices

V={(n,z): ne€Z,—f(n) <z < f(n)}

and set of edges E = {[(n, ), (n,y)] : |z —y| = 1} U{[(n,0), (m,0)] : |m —n| = 1}.
Chen, Wei and Zhang [3] shows that Comb(Z, f) has the infinite collision prop-
erty when f(n) < ns. Recently, Barlow, Peres and Sousi [1] gives a sufficient
condition (in terms of Green functions) for the infinite collisions property and shows
that Comb(Z, f) has the infinite collision property when f(n) < n; while it has the
finite collision property when f(n) = n® for each a > 1. Collisions on other graphes,
such as random clusters and random trees are studied in [1] and [2]. We will restrict
our attention to wedge combs, and give a sufficient condition for a wedge comb to

have the infinite collision property.

Theorem 1.1 Let f(n) =1V max_,<i<, f(i). If

=1
> = 00, 1.1
2 f(n) -

n=1

then Comb(Z, f) has the infinite collision property.



We like to point out that it is not required that f(n) is monotone in n for n > 0.
This would enable us to deal with a large class of wedge combs. As an application

of Theorem 1.1, one can improve the results of [3] and [1].

Corollary 1.2 If f(—n)+ f(n) = O(nlogn), then Comb(Z, f) has the infinite col-

lision property.

Corollary 1.2 should be compared with Theorem 1.3. Unfortunately there is a
gap. We still do not know the answer for 1 < g < 2.

Theorem 1.3 Let f(z) = |z|log?(|z| V1) for x € Z. If B > 2, then the total number

of collisions by two independent simple random walks on Comb(Z, f) is a.s. finite.

A natural question to ask is what happens if there are more than two independent
simple random walks. Suppose that X, X’ and X" are independent simple random
walks on a graph. If |[{n : X,, = X], = X/'}| = oo almost surely, then we say that the
three processes collide together infinitely often and that the graph has the infinitely
many triple collisions property. It is shown in [1] that Z has the infinitely many
triple collisions property; while Comb(Z, a) has the finitely many triple collisions
property for any « > 0.

Theorem 1.4 Let {f(n);n € Z} be independent and identically distributed random
variables with law p supported in [0,00). If u has finite mean, then almost surely

Comb(Z, f) has the infinitely many triple collisions property.

Theorem 1.1 will be proved in the next section. Proofs of Theorems 1.3. and
1.4 will be sketched in Section 4 and Section 3 respectively. Throughout this paper
we use following notation. For u,v € V, P" is the probability measure of the simple
random walk X starting from u, and P"™" is the joint probability measure of two
random walks X and X’ starting from u and v, respectively. E* and E“" stand for
the corresponding expectations. For vertex x € V, we write x = (z1,22), 1 is the
first coordinate of x, x is the second coordinate. For a,b € R, a V b = max{a,b}

and a A b = min{a,b}. For set A, |A| stands for the number of elements of A. Z is



the set of integers as well as the one dimensional lattice, and N is the set of positive

integers.

2 Proof of Theorem 1.1

Let X = {X,,,n > 0} be a simple random walk on Comb(Z, f). Write X,, = (U,, V},)
for n > 0. Then {U,} is a random process on Z. Define a sequence of stopping times:
To = 0 and
Tit1 :=1inf{n > T} : U, # Up—_1}.
Almost surely T < oo for each k > 1. By definition, X stays in the line segment
{u} x[—=f(u), f(u)], where v = Ur, , during time [T}, Tj+1 —1]. Let W}, = Ur,. Then
{Wk,k > 0} is a simple random walk on Z (by the strong Markov property).
For n > 1, let
Vn =A{(z1,22) € V: |z1| < n},

and

Op, =inf{m>0:X,, ZV,_1}. (2.1)

Notice that if X € V,,_; then 6, is the hitting time of {(—n,0), (n,0)} by X.
Let X’ be another simple random walk on Comb(Z, f), independent of X, and

U,V W., T}, 0], be the corresponding counterparts. Define another sequence of

n» 'n’

stopping times by setting oy = 0 and
Om1 :=inf{n >op: U, =U), and (U, # Up_1or U, #U,_,) }.
Lemma 2.1 For any € > 0, there exists d € N such that
P“" (on = 04y NOy) <&,
for all N € N and all u,v € Vy with uq + ug + v1 + vo being even.
Proof. For n > 0, define

Zgn = Un - U1/1 and Z2n+1 = Un+1 - U1/1



Define a sequence of stopping times inductively by setting 79 = 0 and
Tm =1nf{n > 71 : Zpn # Zpn-1}.

By the strong Markov property, {Z; ,m > 0} is a simple random walk on Z.
Suppose that u,v € V. Write u = (u1,u2) and v = (v1,v2). Then |ui|, |vi| < N
and

Zyy = u1 —v1 € [=2N,2N]. (2.2)

By definition, if Z;, = 0 then

Ue=U, U, #U,_{, Tm =2k for some k € Z*; or
Ugs1 =U, Uy # Uy, T =2k +1 for some k € zv.

Notice that U, + V,, + U} + V! is always even under the assumption that Uy + Vj +
Ul +V§ = u1 + ug + vy + v2 is even. This fact, together with that Uy = Uj, # Uy,
implies that Uy,1 = Uj_ ;. For each M >0, let

EO0,M):=|{m: 2, =0,0<m< M},
the local time of 0 by {Z, ,m > 0}. As a result of the previous argument,
{€(0,M) > N} C{on <7mm} C{on <Tu ATy} (2.3)
By (9.11) of [7], there exists € N such that, for any N,u € N, |u| < 2N,

PY(£(0,zN?) < N) < =. (2.4)

DN ™

Furthermore, by Theorem 2.13 of [7], we can find d € N such that

g
w > =P > < —.
P (T$N2 = HdN) P (0§?2§N2 |Wk| = dN) =7

Likewise, for any v € N, |[v| < 2N,

P Loy 2 Ogy) = P max  [Wi| > dN) <

PN



Combining (2.3) with (2.4), we arrive at the desired conclusion.

P (on = Oan N Oy)
=P"" (on > ban Ny, 0N > Tunz) + P (on > ban Ay, on < Tunz)
<P"Y(on = Tun2) + P (on = Oan A Oy on < Tonze AT )
<P“(£(0,zN?) < N) +P"Y (Ogn A Oy < Tz AT pe2)
<P“(£(0,zN?) < N) +P"(Oan < Tpnz) + PV (O < Thp2) <€
O
The above lemma shows that, with a small exception, the number of collisions
is bounded by departure times 6 and 6’ of U and U’ linearly. In the following
applications of Lemma 2.1, € = 1/2, we can find d € N, such that for all N € N and

all u,v € Vy with u; + ug 4+ v1 4+ v2 being even,

—_

P (O’N > Ogn N 9:11\7) < 5 (2.5)

Obviously, d > 2. We fix d throughout this section.
Next, we want to estimate the probability that there is at least one collision of
X and X’ once U and U’ collide. To this end, we define a sequence of events. For
m >0, let
Ui = {Xo = X3, Vol + Vil = Vo, + V5,
for some o, < n < inf{h > op, : V3 =0 or V; = 0}}.
Notice that ¥, occurs if X, = X/ . Moreover, suppose that (u,0),(u,v) € V
with v being even, if ¥,, N {X,,, = (u,0), X, = (u,v)} occurs then X enters the
segment {u} x [—f(u), f(u)] and collides with X’ at a vertex with height greater
than or equal to v/2 after time o,, but before X or X' exits the segment. Here, by

height (of a vertex) we mean the distance from the vertex to the z-axis. The next

lemma shows that these events have good bounds.

Lemma 2.2 There exist c1,co > 0, such that for all (u,v) € V with v being even,

< P(u,O),(u,v) (\IJO) <

lv] V1 o] V1’



Proof. We first examine the case that f(u) > 2v > 0 and v is even. For x € Z,
define
T = 1inf{n > 0: X,, = (u,x)},

and 7, similarly. If 79, < 79 and X’ stay in {u} x [v/2,3v/2] before time T9,, then
X and X’ must collide before time 73, < 79 A 7} at a vertex whose height is greater

than or equal to v/2. Therefore
P(u,O),(u,v) (\I]O) Z P(u,O),(u,v) (Xl = (u7 1)7 TQU S ’1}2 /\ ’7'0’ T’l/)/2 \/ Tév/2 2 U2)

=p®0) (X1 = (u, 1))P(“’1) (TQU <02 1y < 7‘0) p(wv) (TU/Q V T30 > vg)

:%P(u’l) (TQU < 1)2,7'27) < 7'0) P(u,v) (Tv/2 V T3v/2 > 1)2) . (2.6)

Obviously, if X starts from vertex (u, 1) then X will stay in ({u} x [1,2v — 1]) N Z?
before time 19 A Toy.

Consider a simple random walk on Z. Let {n;} be i.i.d. random variables with
Pim=1) =Py =-1)=1/2,and S, =1+ Zle n; for k > 0. Define stopping
times

Toy =1inf {k >0:Sp > 20} and 7p=inf{k>0: S, <0}.

Both {7, < v?} and {7, < Ty} are increasing events of {n;,7 > 1}. By the FKG

inequality and Lemma 3.1 of [7],

1
P (7~'2v < '1)2,?21) < ;0) > P(?QU < 'Uz)P(?QU < 770) = P(7~'2U < 1)2)%. (27)

It can be verified that {X,, : 0 < n < 79 A7, } conditioned on { Xy = (u, 1)} has the

same law as {S), : 0 <n < 79, ATp}. So
POY (1, <021, < 79) =P (Fon < 02,720 < T0) - (2.8)
By Theorem 2.13 of [7] again, there exists ¢; > 0 independent of v and v, such that
P(T2 < 1)2) > and P (TU/Q V Ty > 1)2) > cy. (2.9)

Taking (2.6)-(2.9) together, we obtain the first inequality of the lemma.

2

P(u,O),(u,v) (\I/O) >

4
—. 2.10
- 8v ( )



We now turn our attention to the proof of the second inequality. Define

oo
H = Z 1{Xn:X;L, n<ToATH}
n=0

the number of collisions of X and X’ before one of them exits {u} x [1, f(u)]. Then

fw)

E@O 00 () =3 "N POM(X, = X = (u,2), n <19 AT))
n=0 x=1
=3 Y PUO(X, = (u,2), n < )PHI(X, = (u,2), n < 7)
n=0 z=1

oo f(u)
<23 S POUO(X, = (u,2), n < )P (X, = (u,v), n < )

n=0 zx=1

=2 Z p0) (Xon = (u,v), 2n < 19)
n=0
=2E®9 ( number of visits to (u,v) by X before returning to (u,0) ).

In the previous arguments, the inequality follows from the property of reversible
Markov chain and the fact that the reversible measure in this case is just the degree

of the vertex. Therefore

By Theorem 9.7 of [7],
E(uvo)v(uvv)(H) S 2 (211)

The second inequality of the lemma will follow once we show that there exists ca > 0

independent of u,v such that
E@O-@V) (H W) > cyv. (2.12)

When the event ¥ occurs, there is a collision at vertex (u,w) for some w with
w > v/2. Conditioned on this event, the total number of collisions in the set
{u} x [v/3, f(u)] will be greater than the number of collisions that take place before

the first time that one of the random walks exits this interval. A lower bound could



be obtained by considering two independent simple random walks in an interval,
starting at v/2. Before hitting either v/3 or 2v/3, the average number of collisions
is the average number of returning to the starting point before exiting the interval,
which is exactly the Green function of a simple random walk starting at v/2, before
exiting the interval (v/3,2v/3). This is of order v.

By (2.11) and (2.12), we conclude that P(%:0):(4:Y) (W) < 2/(cyv). This completes
the proof of the case that f(u) > 2v > 0 and v is even. The proof can be modified

to treat other cases and is omitted here. O

Now we are ready to state a key lemma. To be concise, we set

f(n)=1v max f(i).

—n<i<n

As a result, f is a strictly positive and increasing function on Z™.

Lemma 2.3 There exists ¢ > 0 such that, for all N € N and for all u,v € Vn with

u1 + ug + vy + ve being even,

N
P“" (X, = X! for some n € [0,0;5 N0’ Zuci.
(Xn = X, [0, 0an A Ogy)) Fan) T v
Proof. Let
N
H = Z (|V0'm’ \ |Vol'm’ \4 ]‘)1‘1’m]‘{0'm<9d]\7/\9:1N}'
m=1

If H > 0 then X and X’ collide before time Ogn A 0/,,,. We shall use the second

moment method to estimate the probability of {H > 0}. Calculate directly as

follows.
N
B (H) = 3 B (Vo |V Vi, |V Dl o, <t ntt ) )
m=1

[
E

Euv [Eu ((!Vam\ VIVE IV DLa, Lo <annty | Xis XL0 < < am)]

3
I

I
M=

E“Y [(|Vo, |V VL VP (B, | X3, X[,0 <0< 0) 50m < Oan A Oy ]

3
I

I
M=

B [ (Vo |V [V, |V DPYom 5o (W0) 50 < Oa A O] (2.13)

3
I



N
> Z E“Y (cl; Om < Oan N GQN) by Lemma 2.2
m=1

C1

> NP (on < Ogn A Oy) > 5]\7 by (2.5).

Here equation (2.13) is by the strong Markov property. Applying Lemma 2.2 and

the strong Markov property again, we have the following estimates.

E“(H?)
N N
g Z (Vo |V |V(;m’ Vv 1)1\I/m1{0'm<9dN/\9:iN} Z(’V0n| V ‘V;n| \ 1)1\Iln1{0'n<9dN/\921N}
m=1 =l
N
e (Z (Vo V V2,01V 1)21wm1{am<edww)
m=1

N N

m=1 n>m

N
<2f(dN)E™" (Z (Vo |V IVy, |V D1, 1{am<edNAo;lN}>

m=1
N N

230 3B (Vo |V VAV Dl Lo <ttt (Vo VIV Y D1, L, cungin)

m=1ln>m
N N

=2f(dN)E“"(H) +2> > E“"(([Vo | V [VZ IV D1, 1o, <0unn010 )

m=1ln>m

X (‘Va'n’ \ ’Vo/’n‘ \ I)PXGT“XUTL (\110)1{0n<9dN/\9/N})

d

N N
<2f(dN)E“"(H) +2c; Y Y E"* ((IVam! VIV, IV 1)1\1/m1{am<edNAe;N})

m=1n>m

<(2f(dN) + 2¢;N)E“"(H).

By the Holder inequality and (2.15),

Ewv(H 2 Ewv(H N
Pu,v(H > 0) > [ ( g] > _ ( ) > _ C1 )
EvC[H? = 2f(dN)+2csN — Af(dN) + 4caN
We have reached the conclusion of the lemma. O

10



Proof of Theorem 1.1. 1t suffices to consider the case that two independent sim-
ple random walks on Comb(Z, f) starting from the same vertex (0,0). Notice that
as X, X' starts from (0, 0), almost surely Og A0 < 02 N0, < gz NG5 < ---. Define
form > 1,

YT ={X, =X, for some n € [Ogm Aym,Ozm+r1 A pii)}.
We write P = P(0:0:000) and ¢ = O m NG/, for short. By the strong Markov property
and Lemma 2.3, there exists ¢ > 0 such that for all m € N,
P(Yp| 1y, 1 <i<m, Xp, X, n<Ogm AOm)

—pXnXi (X, =X, for some n€[0,0gm+1 A6ni1))
S cd™
_f(dm—i—l) + qm+1 ’

We will show below that (1.1) implies that

o0

dm
> Fara - 0. (2.14)

m=1
Consequently, P(Y,, infinitely often)=1 by the second Borel-Cantelli Lemma (ex-
tended version, Page 237 of [4]). Furthermore,
P(X, = X/ infinitely often) > P(Y,, infinitely often) = 1.

We now prove (2.14). If f(d™) < d™ for infinitely many m, then it is trivial and
we have nothing to do. Otherwise, there exists mg such that f(d™) > d™ for all

m > myg. Hence it suffices to prove

i o (2.15)

Set Dy, =d+d?+---+d™. Then d™ < D,, <d™"! and
D

am 1
= > = .
flam) —d, 5=, f()
So
0o oo Dmta
m=1 = 1i=Dpt1 | i=ar1 f
Hence (2.14) holds in either case and the proof of the theorem is completed. O

11



3 Proof of Theorem 1.4

In this section we will show a slightly more general result from which Theorem 1.4

will follow.

Theorem 3.1 If > f(i) = O(n), then Comb(Z, f) has the infinitely many

1=—n

triple collisions property.

To prove the theorem we introduce yet another independent simple random walk
X" on Comb(Z, f). For any u,v,w € V, we write P*“%¥ for the joint probability
measure of the three independent simple random walks X, X’ and X” starting from
u,v and w respectively. Let E“"" be the corresponding expectation. By the as-
sumption of Theorem 3.1, there exists ¢ > 4, such that for all n € Z™,

n
3 ) < (g - 2) n. (3.1)
i=—n

Hence we fix f and ¢ which satisfy (3.1) throughout this section. Since

([=n,n] x {0} NZ* CV, = (U {i} x [—f(i%f(i)]) nz?,
therefore

2n < |V,| < en. (3.2)

Recall that 6, is defined in (2.1).

Lemma 3.2 For any £ > 0, there exists d € N such that P“(04, < n?) < ¢ for all

n € N and for allu € V,,.

Proof. By Theorem 2.13 of [7], there exists d € N which depends only on ¢ and
d > 2, such that for all n € N and for all u € V,,

P“(04, < n?) < P < max_|[Wy| > dn) < p00 < max_|Wg| > (d — 1)n> <e.
0<k<n? 0<k<n?
O

For x € V, let 7, = inf{m > 0: X,, = z} be the hitting time of z by X.

12



Lemma 3.3 For € > 0, there exists ¢y € N such that P¥ (’7’1, > can) < ¢ for all

n € N and for all u,v € V.

Proof. Fix0<e<1,ne€ Nand u €V,. Let h,c; € N such that

8(c+1) 6c2h?

h > and ¢ > - (3.3)

3

Suppose that the random walk X starts from vertex u € V,,. Since Opn = T 0) A

T(~hm,0) for u € Vy,, then

P, > c1n?) < PY(1y > Opn) + PO > c1n?)

< PY(7y > T(hny0)) + P“(To > T(—hn,0)) + P (Onn > an®).  (3.4)

Hence we are going to estimate probabilities of the three events above.

Because Comb(Z, f) is a tree, there exists a unique path from v to (hn,0). If u
is a vertex on the path, then by the gambler’s ruin problem and the fact that X is
a recurrent process,

dist(u,v)
Pu v n = —’
(70> Tm0) = Grsio (i, 0))

where dist(-,-) is the graph distance. By the assumption (3.3),
2n + max_p<p<n f(k) < 24c ¢

hn —n Sho1°3 (3:5)

PY(7y > T(hny)) <

If w is not on the path, then with probability one X will reach the path first at
v, (v1,0) or (u1,0). A slight change in the proof actually shows that (3.5) holds for
these cases. So in all cases, (3.5) gives an upper bound of the probability of the first

event. Similarly, the probability of the second event is also small.

PU(TU > T(fhn,O)) < (36)

W ™

We now study the third event. Let G be the spanning tree of Vy,,, which is a
connected subgraph of Comb(Z, f). The process X before time 6, is also a simple
random walk on G. Regard G as an electric network that each edge is assigned a

unit conductance. Then by Proposition 10.6 of [6],
B (0n) < czR(u & {—hn, hn}),

13



where cz is twice of the total conductance and R(u <> {—hn, hn}) is the effective

resistance between u and {—hn, hn}. Since G is a tree, we can easily get that
cg =2[Vpa| =2  and R(u < {—hn,hn}) < [Vy,].

Consequently, E%(0p,) < 2|Vi,|? < 2¢?h?n?. By the Markov inequality and (3.3),
we get the probability of the third event

PY(Opn > c1n?) < g (3.7)
Combining (3.4)-(3.7) together we complete the proof of the lemma. O
By Lemmas 3.2 and 3.3, we can find ¢; € N and 2 < d € N such that
u 2 1 u 2 1
PY(1, > cin®) < 2 and PY(Og, < cin”) < T (3.8)

for all n € N and for all u,v € V,,. Fix such ¢; and d throughout this section. We

are ready to proceed to a similar key argument as Lemma 2.3.

Lemma 3.4 There exists co > 0 such that for all N € N and all u,v,w € Vy with
(_1)u1+w — (_1)v1+v2 — (_1)w1+w27

c
P (X, = X, = X for some n € [0,0)) > ﬁa

where © = Ogn A 05 A 6y = inf {m >0:{ X, X, X'} L VdN—l}-

Proof. Fix N € N and u,v,w € Vy. Notice that O is the first time that one of
X, X', X" exits Vgn_1. Let

2¢1 N2
H = Z Lix, =X/ =X1eVy, n<O}-
n=0

We will prove that

E“""(H)>¢; and E“"Y(H?) < SE“""(H)log N. (3.9)

14



Then by the Hélder inequality,

[Eu,v,w (H)] 2 - CT

b b —_— / P // b b
P“"(X, = X, = X, for somen <©)>P“""(H >0)> Eu,v,w(H2) Z GlogN'

Now we begin to prove (3.9). For x € Vy, let ¢, (u,z) = P“(X,, = x,04y > n).
Then ¢o,(z, x) is decreasing in n by the spectral theory (or referring to [1]). By the
strong Markov property, for any ¢; N? < n < 2¢;N? with u; + ug + 21 + 22 + n and
k + n being even,

n

Pu(Xn =z, 04N > n) = ZPU(Xn =x,7, =k,n< edN)
k=0

= PUry =k < 0an)P"(Xp, = 2,0 < Ogn |72 = k < Oa)

k=0

:ZPu(T’” =k < 0an)tn—k(z, )
k=0

> ZP”(TJ; =k < 04Nn)Goc, N2 (T, T)
k=0

>qoe, N2(2, 2)PY(1, < aAN? Ogn > 72)
ZQ231N2(377x> (Pu(Tx < ClNQ) + Pu(edN > ClNQ) — 1)

1
> ooy e (2,2) Dy (3.8).

-2
As a result,
2¢1 N2
EY(H) = Y Y P"U(X, =X, =X =1,0>n)
IEEVN n=0
2¢1 N2
= Z Z PY(X,, = z,0qn > n)P"(X,, = 2,04y > n)PY(X,, = 2,04y > n)
zeVy n=0
1 3
Z 3 Z Z (G20, w2 (2, )]
zeVyN c1N2 < n < 2¢; N2
w1 + ug + x1 + x2 + n even
01N2 3
> 16 Z [QchNQ(xax)]
zeV N

15



3 3

61N2
> g | 3 deled)| > gz | 3 taetnn)
zeVn

The second to last inequality is by the Holder inequality. Applying the Holder

inequality and (3.8) again, we have the following estimates.

Z QQ01N2($7$) > Z Z quNQ(x7y)q61N2(y7x)

z€Vy z€VN yEVyn

Zi Z Z [qclN2(‘r7y)]2

zeV N yeVyn
2

Z Z QClNQ(xay)

4\VdN’ e &
2
PH(X Oqn > c1 N?
4‘VdN|zI£%1’I}V Z c1N2 Y,0gn > C1 )

>L min [P*(f4y > 01N2)]

~2cd zeVy = ded’

Combining the two estimates together, we obtain that

3
C1 1 C1
E“"WY(H)> — - — | > —7©F—.
(H) 2 16¢2 <4cd> — 1024c%d3
The first part of (3.9) is proved by choosing ¢} = c1¢°d~3/1024.
We now turn our attention to the second moment, i.e., the second part of (3.9).
Since that Comb(Z, f) is a graph with uniformly bounded degree, by Corollary 14.6
of [8], there exists ¢} > 0 such that P*(X}, = y) < ¢/Vk for all 2,y € V. Hence,

PUt (X = Xj, = X{) = B (X), = X, = X[ =)

yev
ch 2 ck 2
- y%:] [P*(Xy, = y)]3 S(Z)%P‘”(Xk =) = ( ](;) .

By the inequality above and the strong Markov property,

2¢1 N2 2¢1 N2
U,V,W 2\ _ pu,vw
E“" (H?) =B Yo D Wxemxgmxp=sesnr D, D Lpvexi=xp-pesi
n=0 ze€Vy k=0 yeVy
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2c1 N2 2c1 N2
<SEYUU(H) + 2B | 3 Y Lixox—xr—sosn) O Lxe—x/—x7)

n=0 xeVy k>n
2¢1 N2 2¢1 N2
=E"UU(H) +2 > Y > P (X, =X, =X = 2,0 >n,X;, = X} = X}))
n=0 zeVy k>n
:Eu,v,w(H)

2¢1 N2 2¢1 N2
+2 Z Z Z PU (X, = X} = X!l = 2,0 > n) P (X3, = X}_, = X/_,)

n=0 z€Vy k>n

SEu,v,w(H)
2¢1 N2 2¢1 N2
+2 ) > P (X=X, =X =2,0>n) Y P"7 (X, =X} =X])
n=0 zeVy k=1
2¢1 N2
<Eu,v,w H 1 2 P:E,.’E,w X — X/ — X//
<E'UU(H) | 1+ 2 max ; (Xi = X} = X})

2¢1 N2 (C*)2

<E“““(H) | 1+ 2 max 207
eV N el k

< (1+2(ch)? log(2e1) + 4(c§)? log N) E"* (H).

We have thus verified the second part of (3.9) and finished the proof. O

Proof of Theorem 3.1. For each m > 1, denote by T, the event
{X, =X, =X, for some n € [Bgm A0 AOgm,O0gm+r AOpmis AOjmir)}
Then by the strong Markov property and Lemma 3.4 there exists co > 0 such that
P(Tolly,, 1 <i<m, Xn, X, X/, n<O0gm AOpm AO5m)

=PXe XX (X, = X/, = X! for some 1 € [§gm A Oy A Oy Ogmir A Oy AOljin)
c2 c2

> - 9
“logd™ mlogd

where t = 0gm A 0/, A 07,.. By the second Borel-Cantelli Lemma, P(Y,, occurs

infinitely often) = 1. Furthermore,

P(X, = X/ = X! infinitely often) > P(T,, infinitely often) = 1.
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This completes the proof of Theorem 3.1. a

4 A Related Result

The proof of Theorem 1.3 is almost the same as the case f(z) = 2 for 1 < o < 2

in [1]. So we just outline the changes needed to run the proof.

Lemma 4.1 Let f(z) = |z|log’(|z| V1) for x € Z. Lety = (k,h) € V and t =
n3log® n. Then the transition density q of the simple random walk on Comb(Z, f)

satisfies:
w0y < meem ek
Pl & if n<k.
Proof. Following the proof of Lemma 5.1 of [1], we consider the simple random
walk X starting from (0,0). The first coordinate makes roughly k2 steps to go from
k/2 to k. At each step of the horizontal coordinate we perform an independent
experiment. We say the experiment is successful if the simple random walk spends
time greater than k2 logw k in the vertical line segment in this step of the first co-
ordinate. The probability of success is then bounded below by ¢;/(klog? k) and in
the k2 experiments with high probability there will be a success and the expected
number of successes is k(log k)™, thus the total time needed to reach k will be of

order k®log” k. We omit the details of the proof here. O

Assume that h < klogPk. Let Qgp = {(k,w) : 0 < w < h}, and Z;, be the
number of collisions of X and X’ in Q. We also define Z = Zy2n/3 — Zy,n/3 to be
the number of collisions that happen in the set {(k,w) : h/3 < w < 2h/3}.

Lemma 4.2 EZkJL < Ch/(kj logﬁ k‘); E(Zk,h’Zk,h > 0) > ch.

Proof. Let n = g(t) be the inverse function of ¢ = n3log® n. By Lemma 4.1,

EZn=» > a02)’< > MISQQB]{:Jr > ch

416628
n*lo n
t 2€Qp,n t<k3logP k t>k31ogh k &
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ch > 1
< 4 ch/ 5 dt
k‘logﬁ k k3 logB k (g(t))4 IOg Bg(t)

ch o 1
= + ch/ — d(s*log” s
klogﬁk k 84 10g25 s ( g )

:C—i—ch/ 3ds+ch/ p I ds < ¢ .
klog” k o s2log? s o s2log?tls klog” k

The second inequality is proved similarly as Lemma 5.2 of [1]. O

Proof of Theorem 1.3. By Lemma 4.2, P(Zk,h > 0) < 1/(klog’ k). Summing

over all k and over all h ranging over powers of 2 and satisfying h < klog® k, we get

that
log, (k1 Bk
Z Z P(Zkh>0 <ZOg2 (;g )<oo, since 8 > 2.
k h power of 2 klog k
Hence the total number of collisions is finite almost surely. a

Acknowledgments. We are grateful to the anonymous referees for their careful

reading and the suggestion that shortens the proof of Lemma 3.3.
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