ON DIFFERENTIABILITY OF SRB STATES FOR
PARTIALLY HYPERBOLIC SYSTEMS.

DMITRY DOLGOPYAT

ABSTRACT. Consider a one parameter family of diffeomorphisms
fe such that fy is an Anosov element in a standard abelian Anosov
action having sufficiently strong mixing properties. Let v. be any
u-Gibbs state for f.. We prove (Theorem 1) that if A is a C™
function then the map A — v.(A) is differentiable at ¢ = 0. This
implies (Corollary 1) that the difference of Birkhoff averages of the
perturbed and unperturbed systems is proportional to €. We apply
this result (Corollary 3) to show that if fy is a time one map of
geodesic flow on a unit tangent bundle over a surface of negative
curvature then a generic perturbation has a unique SRB measure
with good statistical properties.

1. INTRODUCTION

This paper deals with the question of stability of stochastic behavior.
Let us make few definitions. Let f be a smooth diffeomorphism of a
smooth compact manifold M and let p be an f-invariant measure.
Define its basin as

B(u) ={z:YAe C(M lim —ZA flz) = u(A)}.

n—4oo N

Call p an SRB measure if the Lebesgue measure of its basin is positive.
The question of the existence of SRB measures and their dependence
on parameters is one of the central questions in smooth ergodic theory.
So far the only situation where this question is well understood is uni-
formly hyperbolic systems. Namely if the system satisfies a no-cycle
condition (which prevents the phase portrait of the system from explo-
sion) then it has a finite number of SRB states [55, 9] which depend
continuously and even smoothly on f [3, 18, 31, 32, 48|.

In the recent decades a lot of research was devoted to extension of
this result beyond uniform hyperbolicity. Here the main directions of
research are non-uniform hyperbolicity [41, 42, 60] and partial hyper-
bolicity [14, 28, 15, 57].
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In [30] Jakobson proved the first result about the stability of SRB
measures for non-uniformly hyperbolic systems. Namely, he proved
that in the quadratic family f,(z) = 1 —ax? there is a positive measure
set of parameters near a = 2 such that f, has an SRB measure which is
absolutely continuous with respect to the Lebesgue measure. By now
this result was generalized to a large class of non-uniformly hyperbolic
systems (see reviews [25, 37, 57, 61]). In particular, it is known that one
can choose a large set of parameters A such that the map a — psgrp(fa)
is continuous on A, however it is essential to discard some parameters to
get continuity (see [56]). Similar results are expected to hold in higher
dimensional situations. In particular, one should expect discontinuous
behavior of SRB measures in the Newhouse domain (see [39, 40, 57]
for more discussion of this subject).

Another important development was [26] where the stable ergodicity
of the time one map of the geodesic flow on a surface of constant
negative curvature was proved (in other words, [26] shows that for
small volume preserving perturbations of the time one map the volume
is the only SRB measure). Currently this result is extended for a
large class of partially hyperbolic systems (see [15] for a survey).This
result demonstrated that for partially hyperbolic systems much better
continuity properties can be expected. In fact, in [58, 1, 5, 21] several
open sets of partially hyperbolic systems were constructed such that
each diffeomorphism has a unique SRB measure and the dependence
of this measure on parameters is continuous.

This paper is devoted to differentiability of SRB measures for par-
tially hyperbolic systems. The question of differentiability plays impor-
tant role in averaging, rigidity theory and statistical physics ([35, 31,
8, 50]) but not much is known beyond the uniformly hyperbolic case
(in [17, 6] very interesting results about the differentiability of SRB
measures for uniformly hyperbolic systems with singularities were ob-
tained). In [48, 51] some explicit formulas for derivatives of SRB mea-
sures were proposed which should hold for a large class of dynamical
systems, however the question of their applicability remains open.

Here we present a new method to prove differentiability. We illus-
trate this method on the example of abelian Anosov actions. Recall
that an Anosov action is a partially hyperbolic system whose central di-
rections is spanned by a symmetry group of the system. For an abelian
action the symmetry group is abelian. (See Section 2 for more precise
definitions and some examples.) We note, however, that nothing in our
approach depends on a particular structure of abelian Anosov actions
so it seems possible to extend our results to a more general setting.
We restrict our attention to abelian Anosov actions because abelian
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Anosov actions is one of the best studied classes of higher dimensional
dynamical systems (because harmonic analysis provides us with effec-
tive tools to investigate their properties). For this reason we quite
often can verify the conditions of our theorem for abelian Anosov ac-
tions. For other classes of systems, much less is known concerning the
estimates needed for our approach to work, even though it is believed
that they could be satisfied quite often.

It turns out more convenient to study differentiability properties of
u-Gibbs states rather than SRB measures. To define those recall that
a quite natural approach to constructing SRB measures is to study the
iterations of the Lebesgue measure. For partially hyperbolic systems
the image of any domain becomes elongated in the unstable directions.
This implies ([43]) that the limiting measure should be absolutely con-
tinuous with respect to the unstable foliation (that is any set inter-
secting any unstable leaf by a set of zero Lebesgue leaf measure itself
has measure zero) but it can be singular in the transverse direction.
Invariant measures which are absolutely continuous with respect to
the unstable foliation are called u-Gibbs states. U-Gibbs states always
exist (in fact any limit point of Birkhoff averages of the Lebesgue mea-
sure is u-Gibbs), see [43]. Also, if y; are u-Gibbs for f; and f; — f in
C*-topology and p; — p weakly then u is u-Gibbs for f. Since these
existence and continuity results fail for SRB measures the question of
dependence on parameters might be easier for u-Gibbs states than for
SRBs. The relation between u-Gibbs states and SRB measures is the
following. If there is unique u-Gibbs state then it is also SRB measure.
However if there are several u-Gibbs states then SRB measure need not
exist and even if it does exist there might be extra u-Gibbs states which
are not SRB. Therefore, in general, there are more u-Gibbs states than
SRB measures. For this reason it is usually very difficult to prove the
uniqueness of the u-Gibbs state. To get around this problem we do
the following. Consider an one parameter family f. of diffeomorphisms
such that fjy is an Anosov element in an abelian Anosov action and let
V. be any u-Gibbs state for f.. We then ask if the map ¢ — v.(A) is
differentiable at € = 0 for sufficiently smooth functions A. Now follow-
ing [48, 51| we can write down a formal expression for the derivative
in terms of an infinite series of correlation functions. Our main result
(Theorem 1) states that under the conditions needed to ensure the con-
vergence of this formal series the sum indeed is the actual value of the
derivative. This implies via results of [22] some non-trivial bounds for
Birkhoff averages of the perturbed system for Lebesgue almost every
point. See Section 2 for the proof of the main theorem.
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The main difference between our approach and the previous work on
differentiability (3, 4, 17, 18, 31, 32, 48, 6] is that we do not make any
assumptions on the dynamics of the perturbed system. This extends
greatly the range of applicability of our method. Also it allows proving
Jakobson type results for partially hyperbolic systems. We illustrate
this last point in Section 3 which deals with the question of existence
of SRB measures for perturbed dynamics. Our setting is the following.
Recently [54] considered the simplest example of an Anosov action of
Z x T a skew T'-extension of an Anosov diffeomorphisms of T? and
showed that small perturbations of these examples could lead to an
open set of Bernoulli diffeomorphisms with non-zero Lyapunov expo-
nents. This bifurcation is quite interesting since, among other things,
it leads to explicit constructions of diffeomorphisms with many remark-
able properties such as non-absolutely continuous central foliation or
hyperbolic diffeomorphisms with countably many ergodic components
etc. Here we consider the same bifurcation for the time one map of the
geodesic flow on the unit circle bundle over a negatively curved sur-
face. We show that our result implies that the diffeomorphisms with the
properties described above appear in a generic one-parameter family of
volume preserving diffeomorphisms passing through f. Also, using the
results of [21] we show that generic perturbations lead to exponentially
mixing diffeomorphisms satisfying the Central Limit Theorem. If the
perturbations are not required to preserve the volume we show that
generically there is only one SRB state after the perturbation and its
basin covers all M up to a set of measure 0. An important ingredient of
our approach is a second order expansion of the central Lyapunov expo-
nent. Recently I received a preprint of David Ruelle ([52]) who obtains
a similar expansion for the perturbation of the original Shub-Wilkinson
example but he does not consider dissipative perturbations.

Let us finish with a note concerning the notation. In the proofs
below K, C, 4, Cy ete. stand for positive constants and a;, v, A, 6 stand
for constants between 0 and 1. The precise value of constants without
subscripts may change from entry to entry. Also, if @« > 0 and c are
constants, we write LHS ~ ce® to mean LHS — ce® = o(e?).

2. DIFFERENTIATION OF U-(GIBBS STATES.

2.1. Preliminaries. Here we recall some facts about partially hyper-
bolic systems.

Let M be a C*° compact Riemannian manifold and f: M — M be
a C'* partially hyperbolic diffeomorphism. This means that there are
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constants C' > 0 and A\, Ay < 1 and a df-invariant splitting

TM =FE,® E.® L

such that

(1) Vo e E, Vn>0 |[[df"(v)|] < CAY|[v]];

(2) Yoe E, VYn>0 |ldf "(v)|| <CA|v|| and
||df"| E|(x)

3 YV < CONy;

®) @B =
df"|E||(z n

" o arEI@

[|(df"[Ew) =t~ ()

By [28], Theorem 4.1 there exists a continuous foliation with smooth
leaves W called the unstable foliation which is tangent to E, (the same
is true for Fy but we will not use this in this section).

Let d, = dim(E,), d = dim(FE.). Denote E.,;, = E.® E, FEo, =
E.® E,. We assume that FE, is tangent to the orbits of a C'™ action
of R¢, g, : M — M such that fg, = g,f. We call g, an abelian Anosov
action and f an Anosov element of this action. We refer to [33, 34] for
general discussion of abelian Anosov actions. Let {¢;}¢_; be a standard
frame in R?. Denote

e(z) = ({%(m)} |t:0) e

Note that the definition of partial hyperbolicity is independent of the
choice of Riemannian metric and we can choose a metric such that {e;}
is orthonormal. Then (df|E.) is an isometry. Also, if v € E then the
equality

(df")(dgrv) = (dge)(df"v)

shows that dg,v € F,. Thus g; preserves F,. Likewise it preserves F,,.
Hence all the distributions F,, E. and F, are smooth along the orbits
of g. However the transverse regularity of F, and E is only Holder,
that is, the functions * — E(z) and * — E,(x) are only Holder
continuous. (See [44] for the discussion of the optimal regularity of
these distributions.)

Requiring that {e;} is orthonormal does not specify the metric com-
pletely. In fact, one can further modify the metric to make it adapted,
that is, arrange that (1)—(4) hold with C' = 1, possibly at the expense
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of replacing Ay and Ay by slightly larger numbers. (One way to do this
is to consider

N-1
|[0]lnew = Z ||df7v]]
=0

for sufficiently large N.) We shall assume that the metric is adapted
since it simplifies the proofs below.

We assume that f has a unique SRB measure v whose basin has
total Lebesgue measure. Since € B(v) implies that g,z € B(g;v) and
g; preserves Lebesgue measure class it follows that v is g; invariant.

Moreover, we assume that f is rapidly mizing. This means the fol-
lowing. Let a be a positive constant. Let Cy(M) be the space of func-
tions A such that for all z € M, the function t — A(g;z) € C*(R?)
and [0} (A(gx))]|i=0 € C*(M) for 0 < |j| < k. Here j is a multiindex
(J1,J2---Ja) and 0] = 0)¢ ... 0, |j] = Zzzljk. Denote

[ Allop (M) = max | [3H(A(@)] ol

Fix positive constants r,Cy, . Call a set S C W" (r,C,a1)—
regular if diam(S) < r and mes(0.5) < Cie* where 0.5 = {y € S :
dist(y, 05) < e}. Let p be a probability density on S. Let {g, denote
the probability measure defined for A € C'(M) by

£y ) = [ pla) Al

Call f rapidly mixing if Voo > 0 Vr, C, aq, ap Vm there exist constants k
and C' = C(m,r,Cy, a, oy, ag) such that for any (r, Cq, oy )-regular set
S, for any probability density p € C*?(.S), for any function A € C (M),
the following inequality holds

(5)  |lsp(Ao fY) = v(A)] < Cm)l|Allcganllplloa s N

The condition that p is a density is needed only to ensure that (g,
is a probability measure. If p is any non-negative Holder continuous
function on S which is not identically zero, denote p = p/ls ,(1). Then
(s ; is a probability measure and ||p||cez(sy = ||p||cez(s)/ls,p1)- Hence
one obtains from (5)

Cop(Ao fN) =L, (1)lss(Ao fN) =

(6) v(A)ls,(1) + O ([[Allcaanllpllcos sy N7™) .

Now any real valued Holder function can be represented as a difference
of two non-negative Holder functions (e.g. p = max(p,0)—max(—p,0)).
Thus (6) holds for an arbitrary Holder function.
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Let f. : [—€0,€0) X M — M be a C*° one-parameter family of diffeo-
morphisms such that f = fy is an Anosov element in an abelian Anosov
action (note that we do not require f. to be Anosov elements of any
action for € # 0). Then by [28], Theorem 2.15, for small ¢ the diffeo-
morphism f. is partially hyperbolic and its unstable foliation W*"(f.)
is close to W*(f). (We note that Theorems 7.1 and 7.2 of [28] imply
that for small € the distribution E.(f.) is uniquely integrable so there is
a foliation W€(f.) with smooth leaves tangent to E.(f.). However the
transverse smoothness of W,(f.) can be quite bad. In particular, [54]
gives an example of a perturbation where W.(f.) is absolutely singular
for small € # 0, that is, there exists a set 2. of total Lebesgue measure
intersecting each leaf of W¢(f.) by a set of zero leaf measure (see [53]
for more discussion of this phenomenon). For this reason we will not
use the unique integrability of E.(f.) in our analysis.)

We want to study the u-Gibbs measures for f.. Recall that if g : M —
M is a partially hyperbolic diffeomorphism than u-Gibbs measures are
defined as follows. Call (S,p) (r,C1, Cs, ay, ay) regular pair if S is a
(r,Cy, aq) regular set, p is a probability density on S and ||p||cez(s) <
Cy. Let E(r,Cy, Cs, a1, ) denote the set of measures {{g,} where
(S,p) are (r,Cy,Cy, ay,ay) regular pairs. Let E(r,Cy, Cy, a1, ay) de-
note the closure of the convex hull of E(r, C}, Cs, a1, ). Denote by
Eino(r, C1, Ca, a1, ay) the set of g invariant elements of E(r, C1, Cy, ay, o).
A g-invariant measure p is called u-Gibbs state if there are constants
r, Cl, Cg, a1, Qo such that

H S Einv(r> Cl, 027 Qq, Oég).

Some technical properties of u-Gibbs measures are collected in Appen-
dix A. We note that the a priori estimates on the regularity of u-Gibbs
states given in Proposition 8 are crucial for our method.

Our interest in u-Gibbs states comes from the following.

If @, () is a family of measurable functions let esslimsup,,_, . ®,(x)
denote the infimum of all ¢ such that the set lim sup,,_,. ®,(z) > ¢ has
zero Lebesgue measure. Define essliminf similarly.

Proposition 1. ([22]|, Proposition 11) Let g : M — M be a partially
hyperbolic diffeomorphism.
(a) For all A € C(M)

N N
| n . 1 n :
[ess lim inf I nE:1 A(g"x), esslim sup I 321 A(g"z)] C [inf pu(A), sup p(A)]

where inf and sup are taken over a set of all u-Gibbs measures.
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(b) In particular, if g has a unique u-Gibbs state y then u is an SRB
state and B(u) has total Lebesgue measure in M.

2.2. Statement of the results. Let f be an Anosov element in an
abelian Anosov action. Let VCp (M) denote the set of the vector fields
on M which are C* along the orbits of g, and the derivatives are a-
Holder. Define || - ||vcear similarly to || - |[co(as). Let C7 (M) be the
space of functions such that for any VC}'~ vectorfield v the function

9,A € C2(M). Let
[Alleg, = sup  [[0uAl|cg + sup [A(z)].
xeM

ollyeq <1
Our main result is the following.

Theorem 1. Let f. be a C* one parameter family of diffeomorphisms
such that f = fy is a rapidly mizing Anosov element in an abelian
Anosov action. Let v be its u-Gibbs state (observe that by (5) the SRB
measure is the only u-Gibbs state of f). Fiz a > 0. Then there exist kg
and a linear functional w : C7y (M) — R such that if v. is any u-Gibbs
state for f. and A € C?y (M) then

™) v.(4) = v(4) = sw(4) + o (e Alleg, o) ) -

Applying the results of [22] we obtain the following consequence.

Corollary 1. Under the condition of Theorem 1 the following state-
ments hold for all functions A € C

| LYo A(fE) = v(A) - ew(A)|
(@) lim

e—0 e

= 0.

(b) Let n. — oo so that n.e*> — ¢ where ¢ > 0 is a constant. Let x be

chosen uniformly with respect to the Lebesgue measure on M. Then for
all functions A € Cf;, (M) such that v(A) =0

S A fix)
\/775

converges weakly to a Gaussian random variable with mean cw(A) and

variance
o0

D(A)= ) v((Ao f)A).

j=—00

In the next subsection we give some examples of systems satisfying
the assumptions of Theorem 1. Subsection 2.4 describes the plan of the
proof. The proof itself is carried out in subsections 2.5-2.8. Subsection
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2.9 contains the proof of Corollary 1. Subsection 2.10 discusses the
formula for the derivative in the case when the invariant foliations
are smooth. An application of Theorem 1 to estimation of Lyapunov
exponents is given in Section 3.

2.3. Examples. Here we give some examples where our theorem ap-
plies. We refer to [33, 34] for a general discussion of Anosov actions.

(A) f is an Anosov diffeomorphism (E. = 0 so that Cf (M) =
C**(M)). In this case Theorem 1 is known, see [31, 32].

(B) f is a T? extension of an Anosov diffeomorphism. In this case
M = N x T% and f(z,y) = (h(z),y + 7(z)), where h : N — N is
an Anosov diffeomorphism and 7 € C°°(N,T?). In this case g;(z,y) =
(x,y+t). By [20] a generic extension is rapidly mixing. (Corollary 6.5 of
[20] gives (5) for S coming from Markov partition and [22], Proposition
4 extends it to arbitrary regular S. See also Appendix A of the present
paper.)

This class can be used to explain why the assumptions of Theorem
1 could not be simplified. Consider M = T* = T? x T x T and let

(8) f(@,y1,92) = (W(x), 11 + an7 (), Y2 + a7 (T))

where h is an Anosov diffeomorphism. Suppose that 7(z) is not coho-
mologous to constant. Recall the criterion for rapid mixing for skew
extensions. Let W = (x¢, 21, ...2,_1,%, = To) be a closed chain such
that x;,1 € W¥(z;,h) JW?*(z;,h). Then for any y € T? there ex-
ists unique chain ((xg,yo), (z1,y1) - . (s, yn)) such that yo = y and
(j41,Yjs1) € W*((x),y;), f) if xj41 € W*(z;, h). However this chain is
not closed, namely there is a vector g(W) such that y, = yo+g(W). Let
I'y(11,13) denote the set {g(W)} for all chains W such that the number
of legs n(W) < Iy and for all j dy«(zj41,2;) < ly. Then ([20], Section
4) f is rapidly mixing if and only if I';(I1,[3) is Diophantine for large
(I1,15), that is there are constants D, o such that for each k € Z¢ — 0
there exists g € I';(ly, l2) such that

D
Ikl

lexp (27i(k, g)) — 1] >

Let us apply this to our example (8). By the results of ([16], Sections 9
and 12) the fact that 7(z) is not cohomologous to constant implies that
Li(l1,12) is a set {s(o, @2) }jsj<a( o) (nOte that T'y(ly,1ly) is symmetric
about the origin since g((x,, n_1,...x1,20)) = —9((T0, T1, ... Tn_1,Tn)))-
Thus T'4(I1, 1) is Diophantine if for each non-zero pair (ky, ko) € Z?

dist({ (k1o + k20e2)s}s|<a(in i), Z) = DI|k|]77.



10 DMITRY DOLGOPYAT

But this holds if and only if

D
k k >
Thus f is rapidly mixing if and only if Z—; is Diophantine.
Consider the following one parameter family

9) fe(zyy1,y2) = (9(x), y1 + (a1 + €)7(x), Yo + aa7(x)).

The following results are established in [13]. If “*= = " € Q then
the ergodic u-Gibbs states are Lebesgue measures on T?x (a leaf of
{y1 + m1s,ys + mas}). Since each of those has zero measure basin of
attraction, it follows that f. has no SRB states. On the other hand if
a;—;re ¢ Q then the Lebesgue measure is the only u-Gibbs state which is
therefore SRB. If f. satisfied the conclusion of Theorem 1, then since
Lebesgue measure is a common u-Gibbs state for all f., we would have
w = 0. Now let *LT= = 7L,

A(x,y) = a(z) exp[2mi(k1yr + kaoyo)].

Let p. be an ergodic u-Gibbs state. Then

otherwise.

' / Az, y)dpe

- {U a(x)dz| i kymy + kymy = 0,
o

Decomposing arbitrary function on T* as

Al,y) =Y ar, o (x) exp2mi(krys + kayn)]

k1,k2

one easily checks the following facts for the family (9)
(1) If 2L is Diophantine then for each k € N, for A € Ck(T?)

0 (4) ~ [ Adady = 0|l e

where N, — 0o as k — 00.
(2) Given k € N there are Diophantine (aq, a2) and sequences {¢;}

m

such that O”a—taﬂ = €5 = 0, and A;(z,y) = exp[2mi(my ;51—

ma jy2)] such that
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(3) If & is not Diophantine than there exist sequences {¢;} such

that ala—tej = Z;j, e; — 0, and Aj(z,y) = exp[2mi(ma vy —

my ;y2)] such that

This example shows that

(1) U-Gibbs states for the perturbed system need not be unique
under the conditions of Theorem 1.

Remark. The recent work of Pugh, Shub and others (see e.g
[15]) shows that the accessibility condition often implies good
stochastic behavior for volume preserving systems. The example
considered above does not have the accessibility property. It is
an open question if accessibility implies the uniqueness of u-
Gibbs state in the volume preserving context. The answer is
probably negative but I do not know any counterexamples.

(2) There is no uniform bound on kg in Theorem 1. In particular,
(7) need not hold for A € C'*9.

Remark. It follows from the proof of Theorem 1 that (7) does
hold for A € C'0 if f is exponentially mizing that is if the
convergence in (5) is exponential for A € C*(M).

(3) Some mixing condition is necessary in Theorem 1.

(C) f is a time one map of an Anosov flow ¢,. In this case g = ¢;.
In this example also f is generically rapidly mixing [19, 10] (again the
definition of rapid mixing in [19] is slightly different from the one given
here but it is not difficult to check that the results of [19] imply the
rapid mixing in the sense of the present article). If we perturb f among
time one maps then rapid mixing is not needed (see [31, 32, 18]). For
general perturbations our result is new.

(D) Let M = G/I" where G is connected semisimple Lie group with-
out compact factors and I' is an irreducible lattice in G. Suppose that
G has a factor not locally isomorphic to SO(n, 1), SU(n,1). Let X be
the element of Lie algebra of G such that Sp(ad(X))[)iR = {0} and
the zero eigenspace consists of centralizers of X. Let f(x) = exp(X)z.
In this case {g;} is an identity component of the centralizer of exp(X).
By ([36], Section A.7) f is rapidly mixing.

2.4. Idea of the proof. Here we begin with the proof of Theorem 1.
Before giving the precise argument let us provide an informal descrip-
tion first.



12 DMITRY DOLGOPYAT

In order to prove Theorem 1 we need to control integrals of the form

[ Atzaptais

where S is f.-regular and n is large. Let xk be a small constant. (The
precise conditions on  are given at the end of Subsection 2.6.) Let
N. = ¢ %. The proof consists of the following steps.

e Show that a good control of [, A(fNx)p(x)dx allows to get
estimates on v,.

e Compare [ A(fNex)p(x)dx with [ A(fNz)p(x)dx.

o Show that [ A(fNx)p(x)dz — v(A) is small.

The most difficult part is the second one. In fact, because of the ex-
ponential instability, fNex and fNex are far apart. However given x
we can find another point y € W"(f.,z) such that f/z and fiy are
close for 0 < j < N.. (Since we require the shadowing of finite orbits
the choice of y is not unique so we impose additional constrains to
guarantee uniqueness.) Here the choice of the dependence of N, on &
plays a critical role. On one hand we want to make N, large so that
ls (Ao fV) and £g (Ao fN) are close to their corresponding u-Gibbs
states. On the other hand if N, is large then we have to shadow long
pieces of orbits which becomes difficult. The choice of N, = 7" is
a good compromise. In fact, the fastest divergence between NS and
VS takes place along the E,direction. For the unperturbed system
(df|E.) is an isometry. So, the distance between f7S and f7S grows
at most linearly for 7 < N, so at the moment N, they are not too far
apart. On the other hand, rapid mixing ensures that (g ,(A o fV¢) is
quite close to v(A).

Let us now make few technical remarks. First notice that if z € §
then the domain of y shadowing z is some set S* different from S.
However since we need to control the integral not for one set S but for
all regular sets this will cause little difficulty.

Another remark is that since W"(f.) is different from W*(f) f.-
regular sets are not f-regular. However since E,(f:) is close to E,(f)
fe-regular sets are uniformly transversal to E.s(f) and we shall show
below that the estimate (6) holds also for those more general sets.

Finally we note that the difference between (g ,(Ao f2¥¢) and £g- ,(Ao
fNe) comes from two sources.

(1) fNz is different from fVy.

(2) The distortion of f. along the orbit of = is different from the
distortion of f along the orbit of y.
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We shall see that this will give rise to two parts of the derivative
w, the first part involving the derivatives of A and the second part
involving A itself.

2.5. Key estimates. Here we present three main estimates (Proposi-
tions 2-4) used in the proof of Theorem 1. In the next subsection we
derive Theorem 1 from these estimates.

First of all we address the issue that (f.)-regular sets are not f-
regular. By the definition of partial hyperbolicity (1)-(4) for small § a
family of cones

(10)  Ku(z) = {vu + Vs : 0y € By, Ves € B, ||vesl| < vl |}
is df invariant, that is df (IC,(z)) C Ku(fz). By continuity for small ¢

(11) df-(Ku(z)) C Ku(fe(z))

We call aset S (r, Cq, Cs, ap )—admissible if there is an immersion ¢ from
the standard unit d,,~dimensional disc D to M such that ||¢||c2(p) < Cs
and if V. = ¢(D) then TV € K, and S C V and in the induced
Riemannian structure on V' mes(S) > r and mes(0.5) < Cye*. Then
by continuous dependence of the unstable foliation on parameters ([28],
Corollary 2.12) there exist C3, &g such that for € < gy any (r, Cy, aq)-
regular set for f. is (r, C1, C3, ay)-admissible for f. We need to extend
the estimate (6) to admissible sets.

Proposition 2. Let f be as in Theorem 1.

(a) Estimate (6) holds if S is (r,Cy, Cs, ay)-admissible.

(b) For all r,Cy,Cs, aq, e, p there exist k = k(p) and mg such that
for all (r,Cy, Cs, a)-admissible S for all natural numbers N, m such
that m > mg, N > 2m for all densities p € C*2(S) for all functions a :
fN=mS — R such that a € C*2(fN=™5) for all functions A € C2(M)
such that v(A) = 0 the following estimate holds

/S p()al( ") A y)dy| <

1 Alleg o llallcoapv-ms)lpllces sym ™.

(c) For allr,Cy, Cs, ay, ag, € there exist k, Ny such that for all natural
numbers N, N1 such that
N

N > Ny, N0§N1§5
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forall (r,Cy, Cs3, aq)-admissible S for all probability densities p € C*2(S)
for all functions A,a € CF(M) such that v(A) = 0 the following esti-
mate holds

Z ) ORGSR e SRRV R

ellal|ceanllAllcsanllpllcos)

The proof of this proposition is given in Appendix A.

Remark. The restrictions N > 2m, N > 2Ny in parts (b) and (c) are
not optimal. However they suffice for the proof of Theorem 1.

We now formulate the shadowing result needed in the proof of The-
orem 1. As it was mentioned in subsection 2.1 E, need not be smooth.
Let E,s be a smooth distribution which is C°-close to E,. More pre-
cisely, we want E,s to be transversal to E., and satisfy (12) below.
Denote E,. = E.® E,,. Let m,, 7. and 7, be projections to F,, F. and
Es respectively along the sum of the complementary subspaces. Let
Iy = mdf, x € {u,c,as} and

Ply) = (/) Tu(fy)Tu(y).

Now, if F,, is sufficently close to E, then since FE; is df—invariant and
satisfies ||df | Es|| < A1 we have

(12) ||Fa8|| S 5\1 <1

for some 5\1 < 1 close to A;. Let

dfe
(13) x=(For) o
Denote X* = 7w, X,

Zr 2) X (f )

and let q;(x) be the functions such that X¢+T'.V =" a;(x)e
More generally if S is a submanifold in M, dim(S) = d,, T'S C K,
we can define 7,4(y, S) to be projection to E,s along T'S(y) @ E.. Let

Las(y, S) = mas(fy, £5)df,

[hs(2,8) = Las(f 71y, F7718) . Tas(fy, FS)Tas(y, S).
If S also satisfies
(14) T(f*S)cKk, fork=1,2...5
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then we can define for n < j
Vn(llf, S) = Z Flgs(f_kx> f_kS)']Tas(f_kl” f_kS)X
k=0

Thus V(z) = lim, o Vi (z, W").

Some useful properties of V' are collected in Appendix B.

Since Theorem 1 is trivial for e = 0 we can assume that € # 0. To
fix our notaion we suppose that € > 0. Denote

(15) N, =¢""

where « is a small constant to be chosen later (see 31). Let
- 2N,

(16) N.=".

Fix a small constant 0. Let S be a (r, C1, ap)-regular set for f.. Let
S denote the 6 neighborhood of S in W*(f., S) and let S denote the 26
neighborhood of S. In subsection 2.7 we prove the following statement.

F1GURE 1. The sets qﬁjﬂg etc. can be quite wiggly. How-
ever Proposition 3 gives sufficient control on the bound-
ary of QSJ-_IS. Namely, ¢j_lS is regular.
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Proposition 3. Suppose that k in (15) is less than 1/3. Then, for
small €, the following holds. There exist a sequence of C* diffeomor-
phisms ¢; : S — S and a sequence of C™ wvectorfields Z; defined on
1718 with values in E,., 0 < j < N, such that

(CL) ¢0 = ld, Z(] =0.

(b) For all k < N. the range of ¢y contains S. Moreover there are
constants Cs, ag, ay such that for all 0 < j <k

deos(pis(f 0 orf ™, 1d) < Coe.
In particular
dees(s(dr,1d) < Cse™.
(¢) Let ; = ¢;11¢;. Then
(17) dCZ(ij)(fjwjf_j, ld) < CGE.

(d) flp5y = expps, (Z;(fy)).
(e) Let Z; = Z5 + Z$° where Z; € E,. Then

[ Z5]|corigy < Crej  and || Z5%]|co(sisy < Cse.

(f) The first derwatives of Z; : f1S — Eq. are bounded by Coe, the
second derivatives of Z; : IS — E,. are bounded by Coe.

(9) For all N. < j < N. the following holds.
(18) HZJGS(Z) _E‘/j(za fjg)Hcl(ij) S CllNe252~
In particular

(19) HZXZSE(Z) - 5V(Z)Hco < Oy N2

Ne Ne B
(h) || Z5. (fNy) — e Y X(fy) —e Y dfNTTV (fiy) — 2§ () <
—~ -

J Jj=N¢ CO(g)

012N€362.

Let us make several remarks.

(i) (d) is the key part of Proposition 3 since it essentially says that
not too long orbits of f. can be shadowed by orbits of f. Other parts
give various technical estimates on ¢s and Zs.

(ii)Note that we do not claim that each ¢, is uniquely defined because
for large j, f7.S can be very dense in M and there can be several ways to
shadow the same point. However the sequence {¢;} is uniquely defined
if we ask that f7¢;y is close to f7¢;_1y (condition (c)). See section 2.7
for the proof of this fact.
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(iii) Proposition 3 gives two estimates for Z{*. For large j we have
a stronger bound (18) whereas for small j we have weaker estimates
(e) and (f). This weaker bound suffices since the influence of past
perturbations decays quickly by rapid mixing. On the other hand (18)
can not hold for small j because S is a part of an unstable leaf of f. and
we need to wait several iterations before its image under f? becomes
sufficiently close to unstable leaves of f to justify (18).

The next statement deals with jacobians of ¢;s. Recall the definition
of the canonical density on W*". (The canonical density is the condi-
tional density of any u-Gibbs measure. It can be obtained by taking
an arbitrary density, iterating it from —oo to 0, and normalizing. See
[43].) We now give a more explicit definition.

Let S be any subset of W*. Consider the density pg defined by the
conditions

ps(yr) _ 1y det(df ME)(fy1)
ps(y2) o det(df = Ew)(fy2)

(I1) J. s ps(y)dy = 1.
Consider the volume form dQg(y) = ps(y)dy. Clearly for two dif-

([) vylvy2 ES

ferent sets S’,S” in the same W"-leaf we have Qg = Const{lgr. In
particular, if Y is a vectorfield tangent to W* the divergence
d canY — LYQS
u QS )

where L denotes the Lie derivative, is independent of S. In local coor-

dinates one has
Yj leﬁs
canY _Jary )
(e

In subsection 2.8 we prove the following statement.

Proposition 4. (a) Vj Va [det(d(¢;))(x) — 1] < Cize.
(b) Vi || det(d(f7; ) = U[cais) < Crae.
(c) There exists v1 > 0 such that for all j > N,
|det(d(y;))(2) — 1+ edivy™ [X" + T, V] (f/z)] < Crse'™.

2.6. Proof of Theorem 1. Here we deduce Theorem 1 from Proposi-
tions 2—4. Without loss of generality we can assume that « is so small

that for all k
(20) VeVoy(M)
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(see Lemma 7 (a)). We need the following consequence of Propositions
2-4.

Proposition 5. If k in (15) is small enough and k is large enough, the
following holds. Let r,Cy,Cy be the constants from Proposition 8(b).
Let S be a (v,Cq,1) reqular set for f. and let p be a probability density
on S such that ||p||Lipisy < Co. Then for all A € CF (M) such that
v(A) =0

/SA(fENE:c)p(x)dx = cw(A) + o (ellAllcen)

where
w(A) =v(0vA) —i—ZZV (agof™ 86114 ZV (([dive™™(X™ + T, V)]of ) A).
I j=0 7=0

Proof of Theorem 1. By Proposition 8(b) there exist constants
r, (1, Cy such that, for small ¢, all u-Gibbs states for f. belong to
E(I‘, Cl> 02, ]_, 1)

Let v, be u-Gibbs for f., A € Cf(M). Without loss of generality
we may assume that v(A) = 0.

There exist measures (, on the set of (r,C},Cs,1,1)-regular pairs
such that

= lim Kgmpadgn(oz).

n—oo
Since v, are f. invariant, we have

ve(A) = lim [ fg, 5. (Ao YA ().

n—oo

Applying Proposition 5 to each (S, po) we obtain the statement Theo-

rem 1 for functions of zero mean. To obtain the result for an arbitrary

A€ O (M) consider A — v(A)1L. O
Proof of Proposition 5. Consider the f.-unstable manifold containing

S. Let A be a Cf)(M)-function such that v(A) = 0. Let ¢; be the

sequence constructed in Proposition 3. Make the change of variables

y = ¢]_Vi£E (for x € S, y is well defined by Proposition 3 (b)). Let
= QS]_Vi S. Then

A @de = [ Alesppe, 2ol Gy
Now

A(exp vy, Zn.(y) = A(fNy) + [Alexpyn., Zn.(y)) — A(f y)] -
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Since C{'. (M) C C**(M), there exists a constant K such that for all
x € M and for all sufficiently small v

| A(exp, v) — A(z) — 0, A < K[| Allcp, [[v]]"
Thus by Proposition 3 (e)
[Alexpyney, Zn.(y) — AU Y)] = (Ozy, A(F ) +0 ([|Allegan (eN2)' 7).
Let Z§ _ () = X2, ai-(z)ei(2). Then by Proposition 3(g) and (h)
[A(exp;.,, ZN( ) = A(fYy)] =

(v A)(fNy) Z a(fNy) (0, A) () +

l 7=0

Zala NT1) (00, A) (YY) + Ol Al epane?)
where
(21) v2 = min(a — (1 + a)k, 1 — 3k).
Now
y=y ooyt oy (z)
SO

0 [Jdert ) =
Ii@+kmuwmwf@—qy

‘]:
By Proposition 4(a)

dx Re!
a0 1 2. [det(d(v;))(¢;'x) — 1] + O(*N,)
Hence
(22) [ At e -
/ A(fNey) + A(fNey) {Z (det(d 1x)1)}+
S* -N
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Ne—1

eZZaz (SN ) (0, 4) (FNy) +Zalast-1 )0, A)(f¥y) | p(n.y)dy

+O(51”||A||cg<M)) = LA T AM A1V AVA+VIA0 (7| Allceoan) 5

where 4 = min(vy, 72).

By Proposition 3(b) there exist constants 01,02,03,r a1, iy such
that S* is (¥, C1, C3, &) admissible and ||p]|cas(s+) < Co, where p de-
notes p o ¢y.. Recall also that by (20) for all k, V € VC#(M), and for
all k,1, a; € C#(M). These observations allow us to use Proposition 2
to estimate correlation functions containing p, V' and q;.

We now proceed to estimate (I.) — (VI.). Take k so large that if
A € C¢(M) then Proposition 5(a) allows us to use (6) with m = 2/k
and in Proposition 5(b) we can take p = 2/k.

By Proposition 2(a)

(23) L. = v(A) + O(e*[|Allcpan) = O || Allcp an)-
Also Proposition 4(c) implies that

N.—1

I. =~ )  A(fYy)ldivi™(CV+X")] (05! j2)aly)dy+O( " | Al g

J=0

Observe that Proposition 3(b) implies in particular that

(24) d(fYoN_x, fNy) < Coe™

(since NN o = fNTIoR on fTNETI(fNTy)). Hence
Ne—1

I.=—e >  A(fMy)ldive™ (T, VX (Y y)ply)dy+O0 (|| Allco (ar))-
j=0

where 73 = max(ay,y1 — k). So if

(25) k<m
then by Proposition 2(c)
(26) ~ —¢ Z v ([dive™(T,V + X)) (f7y)Ay))

Also, (24), Proposmons 2(b) and Proposition 4(b) give
(27) 1. = O(|| Al oz an)

Again by Proposition 2(a)

(28) IV, ~ cu(By A)

M))-
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To estimate V. note that for all [ v(9,,A) = 0 since g; preserves v (see
subsection 2.1). Thus Proposition 2(c) gives

(29) Vome) Z v(a(f7y)(0e,A) (1))

It remains to estimate VI.. By Proposition 3 (parts (e) and (f)) the

Lipschitz norm of Zy_ on =S is bounded by CoN.e. Hence by Propo-
sition 2(b)

(30) VI. = O(*||Alleg an))

Combining the estimates (23)—(30) we obtain the proposition. O
Now we can describe the choice of k. It is governed by inequalities
(21) and (25). Namely we need that

1«
31 <min| -, ——
g o <min (%)

where 7, is the constant from Proposition 4(c).

2.7. Shadowing. Here we prove Proposition 3. The proof proceeds by
induction. Namely we assume that (e) and (f) hold up to time j and
deduce that (e) and (f) are satisfied for j + 1 provided that constants
C7,Cs,Cy and Cg satisfy certain inequlities. We then show that (e)
and (f) imply the rest of Proposition 3.

To begin the proof we note that (a), (c¢) and (d) describe ¢4
uniquely provided that the estimates of part (e) hold up to time j.
In fact take some small constant 6. Let D; be the ball of radius
around f7'y in f7T15 and let D) be the ball of radius §/2 around
fiT ¢y in f7T1S. Since both tangent spaces to f/*1S and f/*1S be-
long to K, (recall (11)), both D; and Dj are uniformly transverse to
E,.. Hence every point ¢ in a small neighborhood of f/*!y has unique
decomposition ¢ = exp, Y where z € D;,Y € E,., ||Y|| < J and the
map U, : ¢ — (z,Y) satisfies the following. There is a constant Cig
such that for all j

(32) [[W5]]c2 < Che.

Now, since by the inductive hypothesis (e) and (f) hold up to time
7, we get
(33) fg+1¢jy = fe(eXPij Zj(ij)) = CXP pit1y Zju
where

(34)

) Z; — (df(Z;) + 5X(fj+1y))‘ < Ko(Cr, Gy, Cy, Cro) (e(j+1))%.

C2(fI+18)
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fg+1¢j+1y

F1GURE 2. The proof of Proposition 3.

(Ko depends also on other constants such as C1—Cy, Cig etc. but we
suppress this dependence here since those constants has been defined
already whereas the existance of C7;—C' satisfying the conclusions of
Proposition 3 is not yet established, so here we must treat C;—Cq as
parameters.)

Hence f7*'S is within distance Ko(C7, Cs, Co, Cio)(e(j + 1))* from
f-S s0 ¢, is uniquely defined.
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We need some notation. Let y; = f/*'4;,,y. That is, y; was shad-
owing at time j a point which is shadowed by f/*!y at the moment
Jj+1

Define R; by

Yj = OxXD(piny .
where exp is computed using the induced Riemannian structure on S.
Let 7, ; denote the projection to T'(f7*1S) along E,. and

Lemma 1. (a) (17) holds.
(b) There exists a constant Ko(Cy . ..Co) such that

(35) 1Zjs1 = Tael Zj, F7718) |2 < Ko(Cr ... Cro)(e(j + 1)),
and if Q is a volume form on fI+1S
(36)

[detq (d(f* 1y f~0) =1 = diva(=m; 2)) | € Kol ... Cuo) (£(i4+1)% 19 2]

We shall also use (36) heavily in the next subsection. Now we shall
work with (35). Using the fact that 'y, Z$ = 0 we get

(37) 11285, — TasZ8* — eX®||c2(pi1g) < Ko(Cr...Cio)(e(j + 1)),

(38) ||Z541 — Z8 =T Z5* — eX||cogpinig) < Ko(Cr ... Cro)(e(j + 1))
(12) implies that Z;+1 satisfies (e) provided that Z; satisfies (e) and

(39) Cs > MCs + || X% + Ko(Cr ... Cro)e(j + 1)%,

(40) Cr > ||ITe||Cs + || Xlo + Ko(Cr . .. Cro)e(j + 1)*.

The fact that Z; 4 also satisfies (f) is proven in Appendix C. Denote
Ujpr = 2731 — Tas 2" — e X,
so that
(41) Z30 = Tas 2] —eX® + Ujy,
[terating (41) we get

J
(42)  Z°(2) = eV(z, [18) + Y (Th(fF2 fIES) U ) (f72).

k=0
Observe that ma(-, fIT19)U; 4 = Uj-y, since Uj_y € Egs. Therefore
the second term in (42) equals Vj(z, f7S) where Vj is the vectorfield
defined in Lemma 7(c) with X = U,;_x. Now (18) follows by Lemma
7(c).
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Note that, since 'S C K,, condition (3) implies that T(f7S) is
exponentially close to E,. Hence, if j > N., then by Lemma 7(d) we
make exponentially small error replacing V;(z, f/S) by V;(z, W"(z)).
In other words,

1Z5(2) = eVi(2)llco(sig) < Const(Nee)™.
Now by Lemma 7(b)
(43) 125°(2) — eV (2)||co(pig) < Const(N.€)?.
Now (19) follows from Lemma 7 (b). Substituting (43) into (38) we get
||Z;+1 - Z; —elV(z) - 5XC||CO(fJ‘+1§) < KO(C7 ..Cro)(e(g + 1))2-

Summation over j gives (h). Part (b) is proven in Appendix D. Since

(b) also implies that ¢,(S) C S this completes the proof of Proposition
3. U

Remark. Let us now comment on the restrictions on C7-Cho. First we
take a small 9 and choose C, Cg so that

Xas )
ngu [lo +
11—\
Cr > [|T||Cs + || X |o + 6.

Then we take Co, Cho satisfying (104), (106) of Appendiz C and then
request that € should be so small that (103), (105) are satisfied and

)

)
81—2/{ <

~ Ko(Cr...Ch)

2.8. Distortion. Here we prove Proposition 4. Our starting point is
(36).

(b) follows from Proposition 3(c). Let us prove (a). Let y be the
variable in S, z = f/y. Then we need to compute the jacobian of
f91; f~7 with respect to the volume form dy = det(df ~|T(f75))(z)dz.

Take some point Z in the 6-—neighborhood of z in f7S. Since the jacobian
does not change if we multiply the volume form by a constant it suffices

to compute the jacobian of f71; =7 with respect to
B det(df 7 |T75)(2)
~ det(dfI|T f15)(2)

Q;(2)

More generally define
det(df—"|T fjg z
Qj,n(z) ( | )( )

- det(df [T f15)(2)

dz
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so that
Qj — Qj,j-
Repeating the argument of Lemma 7 we obtain the following estimates
(44) Vn <j |[Qnllezps) < Cir,
(45) Vm,n <j ||Qjn— Qj,ch%ij) < Clsemm(m’n)

for some 0 < 1. B
Recall the definition of Z; ((33)). The fact that 7, ;(Z5) = 0 and
(34) imply

(46) Wu,j(Zj> = Ty, [df(Zjas) + €X}
and so Proposition 3 (e) and (f) give
(47) “(Wu,j)zj/€))02 < Chy.

By Lemma 1(b)

det(dipj1(y)) = 1 = |diva, (mu; Z3)] (F'y) + O((e(i +1))?).

(44) and (47) prove part (a) of Proposition 4.
Let us prove (c¢). By Proposition 3(g), (36) and (46)

det(di;(y)) — 1| = —e [dive, (7us (Vi 9) + X)) (Fy)+O((=(+1))?).

By Lemma 7 (b), (d) and (45)

(48) [det(de;(y)) — 1] = —diva, , (7 (V k- X))+ O((e(G+1)°+6).

But V,, is a smooth vectorfield, namely, there is a constant K such that
[[Va 4+ X||c2(ar) < Const K™,

Now let Sj be the f—unstable manifold of Z. Then since T'S € K,

(49) Z(T(f8), E*) < Const)

Let pgs; denote the map f/S — Sj such that exp; ! (pas;(2)) € Fae.
Then (49) implies

ds (Pas,j, inclusion) < Const\).
Hence
dpas,j(Vat X)—Tu(Vat X))oz, < Const)\%||Vn+X||Cz(M) < ConstX,K™.
Now on Sj we can consider volume forms

_ det(df E") () Ty det(df T B (f7F2)
" det(df r[EY)(2) L4 det(df1[E)(fF2)

dz,
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5 det(df B (f+2)

= et (72)

dz.

Then
HQ(n) - Qooch(gj) < ConstAY.

In particular for any vectorfield Y on S’j
(50) %thow(yv-—(thmxxfﬂ < ConstAT|[ Y] ).

Note that €., coincides with the canonical form on Sj up to a constant
factor and so

(51) dive, = dive™™.
Also since d(f"pasz, f"2) < Const K™ X} we get
HQ(H) - dpas,ijvnHCQ(gj) < Const K™\
Thus
(52) %M%JM%+M}AMMWAW+XM§KQQ
Choose n so that
max(K, K, K)™" = max(A1, Ao, Ao)?/2.
Then (90), (48), (50), (51) and (52) imply part (c) of Proposition 4. [
2.9. Proof of Corollary 1.

Proof. (a) Follows from Theorem 1 and Proposition 1.
To prove (b) we use the following statement.

Proposition 6. ([22], Proposition 18) Let f. be a family of partially
hyperbolic systems such that there exist numbers r,Cy, aq, a function
space B, a sequence {a(n)} such that

Za(n) < 0

n=1
and a linear functional w : B — R such that for any S which is
(r,Cy, ay)-regular for f. and for all probability densities p € Lip(5)
the following estimate holds
(53)

/GA(fﬁx)p(f)df —v(A) - EW(A)‘ < [[A[lsllpllLips) (a(n) + o(¢)).
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Let n. be a sequence such that n. — oo, n.e? — ¢ where ¢ > 0 then if
x 18 chosen according to Lebesque measure then

[A(f2z) —v(A)]
converges weakly to a Gaussian random variable with mean cw(A) and
variance D(A).

We want to verify (53) with B = Cf, (M) and a(n) = Const/n”.
There are two cases.

(I) n > N.. The the result follows by Proposition 5 applied to A —
v(A).

(II) n < N.. We claim that in this case

n 1
A(fr2)p(e)dz — v(A)] = O (EHAH%M)Hm|Lip<5)) |
Indeed consider the decomposition (22) with N, replaced by n and N,

replaced by n/2. Then all terms except the first one are of order ¢ < #
(recall (31)). However the first term is

1
v(4)+0 ( ZllAllg, s
by Proposition 2(a). O
2.10. Case of C'™* foliations. If the invariant foliations are C'% we

can simplify the expression for w obtained in Proposition 5. In fact, in
this case we can take E% = E. Then (I'ydf)|(E**) = (df|E*). Hence

(54) Vi(x) = Z df (X*(f(x)))

and I',V = 0. Thus we obtain the following expression for w(A).

Corollary 2. If W* are C'*® foliations we have the following formula
for w

o(A) = vy A3 S vllarof )0, (A) =D v(([divi™ (X)los ) A)

where V (x) is given by (54) and A= A — v(A)1.

In case E, = 0 this coincides with the expression obtained in [48].
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Remark. In case W* & C' the comparison between the formula of
Proposition 5 and that of [48] is more difficult. The problem is that
since div' X" of [48] is only a distribution (note that unless W* are
smooth X" have different meanings here and in [48]!) the convergence
of the expression for w given in [48] is not obvious. In fact this conver-
gence is established in [49] by considering a suitable sequence of smooth
approzimations of W* (and using absolute continuity of W*). Thus the
expression given in [48] corresponds to the limiting case of our formula
when E* — E° in C°-topology along a suitable sequence of approxi-
mations.

3. LYAPUNOV EXPONENTS.

X Y1

T2 Yo

FiGURE 3. Two key properties of the geodesic flow used
in the proof of Theorem 2:

(a) E, ® E is smooth (horocycles are perpendicular to
geodesics);

(b) it has the three leg accessibility property (given two
horocycles there exists a horocycle tangent to them).

3.1. Statement of results. Now we discuss an application of Theo-
rem 1 to a problem of non-local bifurcation theory. Let g; be a geodesic
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flow on M-a unit circle bundle of a compact negatively curved surface
Q. We will denote the points of M by (¢,v) where ¢ is a point in @
and v is a unit tangent vector at ¢. Then ¢;(q,v) = (¢, v;) where ¢, is
a point on the geodesic defined by (gq,v) such that d(q,q) = t and v,
is a tangent vector at ¢; to this geodesic.

Let f = g; and consider a C* one-parameter family f. with f; =
f. It is known ([11]) that the Lebesgue measure which we denote by
v is the unique u-Gibbs state for f and that g ,(A o fN) — v(A)
exponentially fast ([19]). We also make use of the following properties
of f and its perturbations (see figure 3).

e The distribution E, ® E, is C*. In fact, E, ® E, is the kernel
of the Poincare—Cartan form

(55) O(q,v)(0q, ov) =< v,dq >

where < -, - > is the scalar product on T'Q).
e There exists a constant R such that for small € for all x1, x5 € M
there exist points y1,y2 € M such that

(56> Y1 € Wu(x17f€>v Y2 € Ws(ylafs)a Ty € Wu(y27f€)

and d(z;,y;) < R, d(y1,y2) < R where the distance is taken in
the intristic metric of the corresponding leaves. (The proof of
Lemma 2.1 in [59] gives (56) with W* and W* interchanged. To
get the present statement note that f and f~! are conjugated
by the involution i(q,v) = (¢, —v).)

e ([27]) E,(x) and E (z) are C'. (In fact, Theorem 3.1 (2) of [29]
gives that E,(x) and E,(z) are C*7° for any § > 0 but we shall
not use this.)

In case all f. preserve v, the quantitative behavior of f. is given by
the following result.

Proposition 7. (See [59, 15].) If all f. preserve v then for small €
(fe,v) is a K-system.

It is not known if (f.,v) is a Bernoulli shift. However [54] allows to
construct some one parameter families f. for which (f.,m) is stably
Bernoulli (that is for any ¢ sufficiently close to f., (g, m) is Bernoulli)
for non-zero £. We want to know how common is this phenomenon. To
investigate this we, following [54], study how the Lyapunov exponents
in the central direction change with parameter. Let

Ae(ve) = /ln(df€|Ec)dV€.

Our first result is the following. Recall the definition of X (see (13)).
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Theorem 2. Let f. be any C™ one parameter family through f (volume
preserving or not).
(a) There is a quadratic form c¢(X) such that if v, is any u-Gibbs
state for f. then
- Ae(ve)
lim

e—0 52 - C(X)

(b) c(X) is not identically zero even on the space of divergence free

fields.

Since ¢(X) is a quadratic form not identically equal to zero, the set
of X such that ¢(X) = 0 is a codimension one submanifold in the space
of vectorfields. We say that {f.} is generic if ¢(X) # 0.

The proof of Theorem 2 is given in Section 3.3. In Appendix E we
exhibit a vector field X on M with ¢(X) # 0.

The proof of Theorem 2 relies on the following fact.

Theorem 3. Let f be a partially hyperbolic diffeomorphism whose cen-
tral direction is Ct. Let f. be a C°° one-parameter family such that
fo=f. Let E.(x,¢€) be its central direction. Then the map ¢ — E.(x,¢)
1s differentiable at 0. More precisely let E be any smooth distribu-
tion transverse to E.. Then for small € E.(x,€) is the graph of a map
us(z) : E(x) — E(z), the map ¢ — u.(x) is differentiable at 0, and
the derivative depends continuously on x.

Remark. It was already observed in [2|that if the map x — E.(x) is not
differentiable then in the family f. = p.o fop-! the map ¢ — E.(x,¢)
1s not differentiable at 0.

This theorem is proven in Section 3.2.
To apply Theorem 2 to the study of stochastic properties of f. we
need the following auxiliary statement.

Lemma 2. Under the conditions of Theorem 2 W*(f.) is topologically
transitive for small .

Proof. Tterating (56) backwards we see that given e there is a chain
(56) with dist(x;,y;) < e (of course then dist(y;,ys) is large). In other
words any two balls could be joined by a leaf of W%, O

Let g be a partially hyperbolic diffeomorphism on a three dimen-
sional manifold M. Call g mostly contracting (respectively, mostly ex-
panding) if there exists a constant & > 0 such that any u-Gibbs state v
of g satisfies A\.(v) < —a (respectively A.(v) > a.) Mostly contracting
and mostly expanding systems were studied in [1, 5, 21]. Using the
results of these papers we derive the following consequence of Theorem
2.
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Corollary 3. Under the conditions of Theorem 2 for generic families,
fe has a unique SRB measure for small €, and the basin of this measure
has total Lebesgue measure in M.

Proof. Consider two cases.

(a) ¢(X) < 0 (mostly contracting case). The statement follows from
[21]. ([21] considers mostly contracting systems which are dynamically
coherent and u-convergent. In our case the dynamical coherence follows
from the fact that E.(f) is C' ([28], Theorem 7.1 and 7.2) and u-
convergence follows from (56) by [21], subsection 11(a)).

(b) ¢(X) > 0 (mostly expanding case.) By [1] there are at most
finitely many SRB states whose basins cover all of M. Now let 1/
and 2 be two SRB measures for f.. By [1], page 376, there exist 2-
dimensional discs D; transversal to F, such that mes(D; —B(v?)) = 0.
Write D; = D;(\B(v/). By Lemma 2 there exist points z; € D; such
that o € W#(x1). Let ps : D; — D be the stable holonomy. Then
since p, is absolutely continuous, pS(Dl) ﬂf)g has positive measure.

But
ps(D1) () D2 C B(}) [\ B(2).
Hence B(v}) NB(r2) # 0 and so v! = v2. In other words, f. has a

£

unique SRB measure v.. But then by [1] mes(M — B(v.)) = 0. O
For volume preserving families we have a stronger result.

Corollary 4. For a generic family of volume preserving diffeomor-
phisms passing through f, either f. or fZ' is mostly contracting for
small €.

Proof. If ¢(X) < 0 then f. is mostly contracting. If ¢(X) > 0, let 7.
be any u-Gibbs measure for f=!. Then since m is also u-Gibbs for f=*
Theorem 2 gives

Aclle, f1) = Aol f1) +0() = =Ac(v, fo) +0() = —c(X)e® + o(e?)

and so f! is mostly contracting. U
Combining this with the properties of mostly contracting diffeomor-
phisms obtained in [21] we obtain

Corollary 5. For a generic family of volume preserving diffeomor-
phisms passing through f, for small e, (f-,v) is Bernoulli, enjoys expo-
nential mizing and satisfies the CLT. The same holds for g sufficiently
close to f-..

Remark. [t seems that results similar to [21] are also valid for mostly
expanding systems, but I have not seen a proof of this fact. If it is so,
the condition that f. preserve volume in Corollary 5 is redundant.
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3.2. Variation of central direction. Here we prove Theorem 3.

Proof. Let E be some distribution close to E;® FE, (later on we assume
that F is smooth but it is not necessary for the most of this subsection).
By continuous dependence of the central distribution on parameters
([28], Corollary 2.12) E,(f.) is the graph of a map u = u. : E,(f) — E.
Suppose that df. has the following block form corresponding to the
splitting TM = E® E, :

df. = ( U (7,8)  pe(z, ) )

Aen(T,€)  aee(,€)

Then df.(e +u(e)) = ace(€) + anc(uw) + aen(€) + ann(u). Let Lo(x)(e) be

the map F.(r) — E.(f-(x)) given by
Le(e) = |ace + ancu] (¢),
so that
df-(e + u(e)) = L.(e) + u(L.(e)).
Then
L' = [1+4a apeu] - al =al —a tascuall + O(||ul?).
Thus

u(fex) = [aen + apnu(z)] L;l = amac_cl—l—amuac_cl—acna(jclancu(:c)ac_c1+0(\|u\|2) =
(57) o + (Q-u)(foz) + O(||u]]?)
where 0. = a.,az! and

(Q:(u)] (z) = [amuac_cl — acnac_clancuac_cl] o (f;lx).

We now consider (). as an operator on the space L(E,, E ) of continuous
sections of the bundle over M whose fibers are linear maps E. — F.

Lemma 3. ]fE 15 sufficiently close to F, & Eg then Q. is hyperbolic
for small . More precisely, there exists a Q). invariant splitting

(58) L(E,, E) = L(E,, E,) ® L(E,, E,)
such that

(59) Vu € L(E,, ;) [|Qeul] < Ao ull,
(60) Vu € L(E., By)  [|Q7 " ul] < dolfu|

where 5\2 18 a constant close to .
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Proof. Let
~1
R = apy — aena,, Qne.

We claim that if £ is close to E,®FE, ’Ehen B is hyperbolic in the sense
that there is an R-invariant splitting £ = F,, & FE, such that

(61) IR|ES|] < M,

(62) IR E < M

where )\, is a constant close to \;. Let K, be the cone defined by (10)
and IC, = E(\K,. Then if ¢ is small and E is close to E, & Es then

K, contains a d,-dimensional hyperplane and is mapped by R inside
itself. Let E, = =N~ o R*KC(f=™). Then E, is R-invariant. Also B, is

close to E,. Hence every vector in E, is expanded by at least >\1 . This
implies (62). E, is constructed similarly by considering R~! instead of
R. The fact that the splitting (58) satisfies (59) and (60) follow from
the fact that E, are close to E, and (3), (4). O

By Lemma 3 the operator 1 — (). is invertible so we obtain from (57)

w=[1-Q] " o+ O([ul’).

Now choose E to be smooth. Then since E. is C' the map ¢ — 0. is C!
and since o9 = 0 it follows that o.(x) ~ eb(x) 4 o(¢) for a continuous
map b(z). Hence

(63) u=¢e(1 —Qe)_lb—FO(é‘) +O(||u||2)
Therefore
||ul| < Const(e + [|u|[?).

The equation s = Const(e + s?) has two roots, one of order & and
another of order 1. By continuity of the central direction ||u.|| — 0 as
e — 0. This implies that ||u.|| less than the first root so that ||u.|| =
O(e). This gives

ue ~ (1 — Q)™
Let now b = by + b,, where b, € L(E,, E*) Then

(64> [1 - Qe]_l bs = i ngsu
=0

(65) [1-Q]" Z Q-'b,
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and both series converge uniformly. Now for each j the maps (z,¢) —
(Q7b,](x) are continuous. Combining this observation with (64)-(65)
we obtain

(66) T
This completes the proof of Theorem 3. U

Remark. In the first version of this paper I required that E, € C'*0
for some positive d. I am grateful to the referee for pointing out that my
proof works for C' case as well. Recently, results similar to Theorem
3 were established in [52] (in a slightly less general case) and [45] (in a
more general case). The reader is espesially refered to [45] for a very
detailed discussion of the partial differentiability of invariant splittings.
I decided to keep my original proof to demonstrate the usefulness of
approximating F, by smooth distributions—the idea which also plays an
important role in Section 2.

3.3. Proof of Theorem 2. Choose vectors e, € E, such that z —
e.(z) are C, O(e.) = 1, and
(67) dO(es,e,) =1
where © is the Poincare-Cartan form defined by (55). Define A(x) by
df (ey(z)) = Mx)eu(fz). Then by (67) df (es(x)) = X" (x)es(fx). Then
Let

fo=h.of, dh.=14+¢eB +e’B,....

Bkﬁ’l = Z bl(fn)ﬁ’m

Write

By Theorem 3 we have
(68) e.(r,e) = e.(r) + calx)e,(r) + efB(x)es(x) + w.
where w, € E, ® Es, w. = o(¢).

Lemma 4. The following asymptotic expansion holds
eldfe(ec(,€))] =
B(z)

(140l (f2)+<2 [0 (fl’)+04(x)k(x)b5}c)(fx)+mb§? (fo)lec( fex)+o(e?)

where 7. denotes the projection to E. along E, & Es.
Proof.

dfec(z,e) = e.(fx) + eX(x)a(x)e,(x) + S%ES(ZL’) + df (w.).
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Now since e, and E, & E, are C* we have
dho(e.) =1+ bl + 2@ + w! + o(e?),
where w! € E, & F,. Also since e, and e, are C*
dh.(e,) = ebNe, + w! + o(e)
and
dhe(es) = ebMe, +w"” + o(e)

where w! € F,® FE,. Combining the last three estimates we obtain
the statement of the lemma. O

Comparing Lemma 4 and (68) and using the df. invariance of E,.(z, ¢)
we get

///

df-(e.(z,e)) =
(1 L bO(fa) + 2B (fa) + a(@ @D (fe) + @foﬂ) (o €) o)

>\(x> ScC
Therefore
() = / In df. (eu(, £))dv(z) =
T )2
0 (f)) e, <b£?(fw) FaleN el fo) + bl o) - 5 >+o<az>.

Let Lx denote the Lie derivative with respect to X. Then
b = O(Le.X) = 0..(6(X))
where the last equality holds since © is e, invariant. By Theorem 1
v-(0 (fx)) = v(0) (f2)) + ew(b5) (f2)).

and v(b% (fz)) = v (x)) = v(0.,(O(X))) = 0 since e, preserves v.
A similar computation shows that V(bg)( fz)) = 0.
Therefore \.(v.) ~ ¢(X)e? where

A(z) 2

(Note in particular that for volume preserving families the last term
vanishes since w = 0.)

To complete the proof of Theorem 2 it remains to exhibit a volume
preserving vectorfield X such that ¢(X) # 0. This is done in Appendix
E. O

(1)y\2
(69) c(X) = v (aw(x)bg?(fx) 8@y gy &) (b)),
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APPENDIX A. APPROXIMATION OF U-(GIBBS STATES BY MEASURES
ON UNSTABLE LEAVES.

A.1. Regularity of densities. Recall that a measure p is called ab-
solutely continuous with respect to a foliation F with smooth leaves if
any set € such that for each x F(x) () has leafwise measure zero has
1(Q2) = 0. An equivalent way to say this is the following. Let U be a
flowbox for F and V' C U be a transversal to F. Let F(z,U) denote
the connected component of F(x) [ U. Then p is absolutely continuous
if for each U the restriction of p on U can be written as

py = / dm(z) / p(y, z)dy.
1% Fla,U)

Let g : M — M be a partially hyperbolic diffeomorphism. Let W* be

the unstable foliation of ¢g. observe that elements of E(r, C1, Oy, aq, ()

are absolutely continuous with respect to W*. Indeed let U be a flow-

box for W* and V' C U be a transversal. Given (S,p) such that

S is (r,C},q) regular and p is a probability density on S satisfy-

ing [|p||cez(sy < Cy let €~57p = Colwugu), if S intersects some leave
W(x,U) and !757,) = 0 otherwise. Consider a measure u € E(r, C1, Cy, oy, az).
Then p = lim,, o i, where

un:/oéﬁga,padk(a).
Let
fin = / U8, padN ().
Then fi,, is a measure on U ’
(1) < Cymaxmes(W*(z, U))

and i, — (un)y is a measure. By passing to a subsequance we can
assume that fi, — fi. Now each ji,, can be written as

i — / dCa() / dy.
1% Wu(z,U)

It follows that (, converge to some measure ¢ and

i= [ dc) [ o

Thus [ is absolutely continuous with respect to W*. Since both p are
it — p are measures, they are absolutely continuous as claimed.
The main result of this section is the following.
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Proposition 8. Let g : M — M be a partially hyperbolic diffeomor-
phism.

(a) There ezist constants r, Cy, Cy such that for any bounded set S C
W such that mes(9S) = 0 and Yp € L'(S) Ve > 0 Ing such that
Vn > Mo E'Cj,n, Sjm, Pjin such that

ecj,>0

o S;, are (r,Cy, 1)-regular

® pjn s a probability density on S, and ||pjal|Lipes;,) < Co
e for allk >0, for any A € C°(M)

(710)  |lsy(Aog™) - Zc]n s (A0 gD < ellAllcoan,

Moreover the constants r,Cy, Cy can be chosen uniformly for all g in
a small C? neighborhood ofg Also, for all t,Cy,Cs, 0n, as there exists
Cy such that (70) holds with ng = C’4| In e for all g C*-near g and for
all pairs (S, p) such that S is (¥, Cy, ) -regular and ||p||csz(s) < Co
(b) There exist constants r,Cy, Cy such that any absolutely continu-
ous g invariant measure belongs to iy (r, C1, Cy, 1,1). These constants
can be chosen uniformly for all g in a small C? neighborhood of g.

Remark. The definition of u-Gibbs mesures given in our paper appears
to be sligtly different from the one given in [43] (g-invariant absolutely
continuous measures whose conditional densities are canoniacal ones,
defined in Section 2.5), however they are equivalent Indeed since any
g inwvariant measure (i satisfies p(A) = Zn 0 "1(A o g"), elements
of Einy(r, C1, Ca, 1, 2) can be apprommated by convexr combinations
of measures of the form = ~ Zn 0 ESP(A o g"). Therefore elements of
Einy(r,C1, Co, a1, ) are u-Gibbs in the sense of [43], by Theorem /
of [43]. Conversely any u-Gibbs measure in the sense of [43] is also
u-Gibbs according to our definition by Proposition 8(b).

The proof of this proposition is similar to the arguments of [38, 43,
46, 47]). However, we give the proof below since the part (b) playing
a crucial role in our analysis is not stated explicitely in the above
mentioned papers.

Proof of Proposition 8. We follow [23]. Let r > 0 be fixed. Let W
be a leaf of W*(g) and S be a maximal r-separated set in W. Given
p € S define its Dirichlet cell D(p) by

D(p) = Ds(p) ={zx € W :d(p,r) = min d(q,v)}.
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Then B(p,r/2) C D(p) C B(p,r) and 0D(p) is contained in a union of
finitely many sets

L(p,q;) ={x € W :d(p,x) = d(z,q;)}

where ¢; € S are centers of the cells adjacent to D(p). Now if D(p)
and D(p) are adjecent, that is, if there is a point x € D(p) () D(¢;)
then d(p, ¢;) < d(z,p) + d(z,q;) < 2r so the number of cells adjacent
to D(p) is bounded by the maximal cardinality of an r/2-separated set
in an unstable ball of radius 2r. Fix some coordinate system z = (z')
near p. Then if r is sufficiently small the part of L(p, g;) inside B(zx,r)
is close to a piece of hyperplane

S @ =p) =) (' - g)>

These facts imply that there exist constants r,C; such that for any
W, S, p, Ds(p) is (r,Cy, 1)-regular. Now let S be any subset of W. Let

[(S)={peS()S:dp0s)=r}, S= |J D).
pEl(S)
Then
{reS:dxz,05)>2r}cScS
We use these approximations to prove Proposition 8. Let (S, p) be as
in that Proposition. Since Lipschitz functions are dense in L(S) we

can assume that p € Lip(S).
Consider the decomposition

g5 = J D).

peInO
where I, = I(g™5). Let
€
71 Il = :VyeD TMy) > ———
T n={rwed) oz =t
I =1, —1,.

Let ¢(p) = p(g~"°p)mes(g~"°D(p)). Observe that by (71), c¢(p) is posi-
tive for p € I}, . The change of variables y = g"°x gives

[ Atgrrp(ois -

—ng

o) [ AT

7 D(p) Cip)10‘4(gqy>(k*(dg_”mlﬂh)(y)dy4—

70
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Setw) || P Al deds™ B )

0

2. / . )ﬂ@)A(g”O*"x)d:c + / p(x)A(g" M z)de =

I’:L/O S_gfno gno S

—ng

plg~"p) o L
,ZC(W (D(P)awdet(dg IEu)) (Ao i)+

no
Remainder; + Remaindery + Remaindery.
We claim that the set of triples

{ (C(p)’ Diy). plg~"°p) det(dg‘”0|E“)(y)> }

c(p)

7LO
satisfies the conditions of Proposition 8. First we check the regularity
of the densities.

Lemma 5. The Lipschitz norm of

p(g~"0p) det(dg"™[E")(y)
c(p)

1s uniformly bounded.
Proof.
‘ln det(dg™™|E")(y1) — In det(dg_"°|E“)(y2)‘ <
no—1
Const Y _ [Indet(dg™"|E") (g 7y1) — Indet(dg™™|E) (g 7ys)| <
5=0

no—1

Const Z Nd(y1,y2) < Constd(y1,ys).
=0
Hence there exists a constant K, independent of p, such that for all
Yo,y € D(p)

1 _ det(dg™™|Eu)(yo)p(g "p)

K = det(dg="[Ew)(y)p(g~p)
Integrating yo over D(p) we get

1 _ plg~"p) det(dg™™|E")(y)

K= c(p)
Combining this with the uniform Lipschitz continuity of In det(dg~"°|E,,)
we obtain the statement of the lemma. U

IA

K.

< K.
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We now estimate remaining terms.
[Remainder | < [[Al|con |lpl|ipisymes(g™" (g™ S — g0 5)).
We have o
g"°S — gmS C 059™S.
So o
g—n() (gnOS _ gTL()S) C 827“)\;7’0 gnOS

(recall that we assume that (1)—(4) hold with C' = 1.) The condition
mes(0S) = 0 implies that
(72) mes(0y,p\m0 g™S) — 0 as ng — oo.
On the other hand

|P(g‘"°y) - p(g_nop)| < ||P||Lip(S)d(g_nOy,g_"op) <
ol Lip(s) AT diam(D(p)) < 2|p||Lipes) AT0T
and so if p € I, then

/ p(g™y) ? PLID) (g det(dg| B0 (y)dy =
D(p) ¢

D)

PG"Y) = P97"P) 4 a0\ det(da-T0 )
/D(p) c(p) Alg"y) det(dg™ [Bu)(y) =0 vd

—ng

IA

Y

4mes " det(dg="™|E,)(y)p(g "p
L e e
p
8 S)||A
Hence

mes (S )IlAllco

|Remainder;| < 8

Dol uips) Ao Y elp

I’rLO

Now if ng is large enough then for all y € D(p), p(p) < 2p(y). Hence
<Z / x<2/p()da::2.
S

Combining the last two estimates we get
mes(S)|[Al[co(ar
€

Ino b (p

(74) |Remainder;| < 16

ol |Lip(s) AT — 0

as ng — 00.
We now again use the fact that if ¢, y” belong to the same D(p) then

1p(g7™y") = p(g7"y")| < 2l plILip(s)r AT
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So if ng is so large that

(75) [|pl[LiprAr®

€
< -
~ 4mes(S)

then Vp € I/ Vo € g7 D(p) we have p(r) < ;- Hence

_ €
2mes(S

: €
|Remaindery| < || Al|coan mes(S) = §||A||00(M).

€
2mes(5)

This completes the proof of (70). Since we have used (72), (74)
and (75) to estimate Remaindery, Remainder; and Remaindery re-
spectively, the uniformities claimed in the part (a) also follow. (In the
proof of (74) we used the fact that p is Lipschitz. If it is only Holder,
we get ||p||caz(syAT°" instead of ||p||Lip(s)AT°.) This completes the proof
of the (a).

To prove (b) let p have conditional densities on unstable leaves. Let
M = J;_, U; be a partition of M into domains with piecewise smooth
boundaries. Let V; be transversals to FE, in U;. Denote Wi (x) =
W*(x,U;). We can write

fio; = / dm;(z) / pi(y, x)dy
V; W (z)

J J

for some measure m; on V;. In other words

n=> /V A (2) by () ;)
j J

Since Lipschitz functions are dense in L', given e there exist Lipshitz
pje such that
1pj = piclldm;ay) < e
Hence for any A € C°(M)
p(A) => /V dmy;(2)lw(a),p, . (2)(A)
i Vi

S 68HA||CO(M)-

Since p is g invariant then also for all n
[1(A) = pin(A)] < esl|Allcogury.

where

ne(4) =Y /V 1 (1) s )y (A 0 7).
j J

Let 1. be a limit point of p, ., n — oo. Note that EW];L(I)ME(I) are not
probabilities, however, they satisfy

Ovp(a11.0(D) < 116l o0,y max mes(W}(z).
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Therefore we can apply part (a) to each EWJ“(:E),pj,E(:E) to conclude that
pe € B(r,Cy,Cy,1,1). Letting e — 0 we get u € E(r,C1,Cs,1,1) as
claimed. 0

A.2. Proof of Proposition 2. Similarly to Proposition 8 we can
prove the following.

Lemma 6. Vr,C;,Cs, o4, s there exist T,C1,Cy,C5 6 < 1,K > 0
such that for any (r,Ch,Cs, aq)—admissible set S for any probability
density p € C*?(S) for all n > 0 there exist ¢;, S}, p; such that
e c; >0
e S; are (v,C), C3, 1)—admissible;
e p; is a probability density on S; and ||pj||Lipcs;) < Co and for
all ¢ >0

lop(Ao frH0) = eils, (Ao f9)| < K6||Allcoqn |lpllcozs).

J

In other words, Lemma 6 says that the estimates of Proposition
8(a) hold for admissible sets as well (¢ = K67 here corresponds to
ng = Cy|Ine| in Proposition 8). We now use this lemma to prove
Proposition 2.

Proof. (a) We assume that p is probability density to simplify the no-
tation. Note that in this case the pair (5, p) satisfies the conditions of
Lemma 6. Let 7(S,0) denote a d-dimensional tube of radius ¢ about

S
t1<s
Denote
(76) (@) = — ) 5-ayio1(Unit ball in RY)~!

mes(7(S,0))
Applying Lemma 6 we get

(T7) Lsp(AofN) =" cils, (Ao FN2)+0(0,"|| Al coqany ol ooz s))-
J

The idea of the proof of (a) is the following. Since each S; C fV/25,
(4) implies that S;s can be well aproximated by the leaves of W*, and so
we can approximate the integrals over S; by the integrals over pieces of
unstable manifolds. To establish these approximations it is convinient
to work with narrow tubes.

Since (f|E,) is an isometry we have

(78) ls,p, (Ao fN?) =
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// A" guy) pi (y)dydt-+O(N~™"|| Allcz ol cea(s)-
T(S;,N~-

Take arbitrary y; € S] and let p, : M — W(y;), pes : M — W"(y;),
denote the stable (respectively, the center-stable) holonomy. By (4)
the angle between the tangent space 1T'S; and E, satisfies

(79) L(TS;, E,) < ConstAY/?.

Since g; preserves the partially hyperbolic splitting, we get from this
that for any 0 > 0

(80) Z(T(7(84,0), Eeu) < Const)\N/2
(79) and (80) imply
VyeS; dy,pes(y)) < Const)\N/z,

(81) Yy e T(S;,N™™) d(y,ps(y)) < ConstA)’*.
The last two line imply in particular
(82) Yy e S d(ps(y).pes(y)) < Constry’?,

Now by [14], Section 3 (Theorem 3.1 and its proof) ps is absolutely
continuous with Holder jacobian. Denoting this jacobian by j and
changing varaibles in (78) (y,t) — (z,7) where z € W*(y;), gy = g2
we get

N/2g ) _
(53) J] o AT B0

/ / AN p e 2)pi(pte-2)i(p; ps tgr2)dzdr.
psT(S;,N-m)

Now p,7 (Sj, N™™) = T (psS;, N~™) since g; commutes with f. Com-
bining this with (82) we obtain

T(pCSSj,N_m—Const)\éV/Z) C psT(Sj, N™™) C T (pesSy, N_m+Const)\éV/2).

Therefore

(84) // A(fN/2p5_1gTZ)pj(ps_lgfz)j(ps_lps_lgfz)dzdf _
ST(S N m)

//T A(FNPp e 2) i (05 82 2)i (05 105 g 2) dzdr+O (N 2| Al coan |l | 0oz ()

where 7; denotes T (pesS;, N~™ — Const)\N/z). By (2)
d(fNp gz, [N Pgr2) < N Pd(py g2, g-2) < ConstAy/”.
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So
(85) / /T A(fNp g 2)pi (0, e 2)i (0 'y tgr2) dedr =

[ AGY 8210302 2030 05 )+ 00 Al e s
J

Denote p;(z,7) = p;(p;'g.2)j(p; 'p;'g,2). Since p, is Holder, there are
constants t, Cy, Cy, &y, s such that Pes(5;) s (T, C’l,dl)—regular and
11(p5) ops_1||ca2(7—j) < C’2||p||ca2(3). Hence (6) implies that if & is suffi-
ciently large then for each 7

/ AU 5z r)dz = OV Allcganlollonaes).
DPesOj

Integrating over 7 we obtain

(80
[ A2,z m)dzdr = 0 O IN T Allcgan lellenss)

Combining (78) with (83)—(86) we get

Us;0; (A0 f2) = O (N~ Allog o llplloez(s) )
Hence by (77)

ls (Ao FN?) =0 (N-’“ch + 91“) | Allceanlpllcozcs))-
J

Applying (77) to A =1 we get
d =1+ OO || Allcon lpllces(s)).

J

The last two formulas prove (a).
(b) By Lemma 6 with n = N —m

lspl(ao f7™) (Ao fY)) =
> cils, (Ao fM)a) + 06 ™| Allcgan llal oz px-—maslplleais) =

J
D cils o, (Ao f™a) + OO | Allegn|lal ooz py-ms)lplleas s))-
j

(the last equality here uses the assumption that N > 2m). On the
other hand by part (a), given p there exists k = k(p) such that for all
A e Cg(M) we have

Us, py (Ao f™)a) = L, ap (Ao f™) = O (m™P*V|| Al |ce (anyl|ap; | oo (p3-ms))
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Therefore

lsp((ao fN7m) (Ao f1)) =

(87) > ;0 (m™ | Al|ce| lap;|lcoz(sv-ms))+
j

O (07"l Allcgan llallos (sy-ms) [l lcoas))
Applying Lemma 6 to A = 1 we get

(88) > e =1+ 007 lpllcw(s)
J
Combining (87) and (88) we get
e (Ao fY)(ao fYm)] <
COIISt(m_(p'H) + 9{”)||A||CS(M)||a||Ca2(fwfm5)||p||ca2(s).
If m is sufficiently large the first factor is less than m™ This proves

(b).
To prove (c) break

Z / ol FY Iy A(fV y)dy

into two parts so that, in the first, summation is over j from 1 to m,
and in the second, summation is from m to N;. By part (b) given p
there exists ky(p) such that for all k& > ki(p) for all A € C(M) we
have

1
> lAlleaanllallcsanlpllces 537 < Const||Allcean|lallca anl|pllessym™® .

On the other hand for fixed j
[ wiatr> Ay -

v((ao f77)A) + O(N|[(ao f)Allesanllplloss) =
v((ao f)A) + O(NTPl|Allcenllallosanllplloez s K7).
for some K > 1. Take m = 1&]}? then for all j < m, K7 < Ny < N and

i Z / ol FYIy) AN y)dy —

S vl(ao f)A) + 0 (|| Alleponllallegnlpllco s N-CD) .
7=1
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By Proposition 8 there exist r/, C{, CY such that v € E;,,(r/, C1,C4, 1, 1).
Therefore by part (b) given p there exists ko(p) such that for all k£ >
ko(p) for all functions a, A € C¢(M) we have

oo

Z v((ao f7)A) < COHSt||A||C;§(M)||a||c,g(M)||p||ca2(s)m‘(i”—1).

j=m+1

Hence
Z I/ a o f
7j=1
> vl(ao £)A) + 0 (|| Alleganllallog anllolloesym=e)
j=1
and so

Z / Ja( Y Iy) A(FVy)dy =

o0

> v((aof ) A)+0 ([ Allcganllallegan pllcwes) (N0 +m=#=D))

J=1

which proves (c) . O

APPENDIX B. PROPERTIES OF V.

The main result of this section is the following.

Lemma 7. (a) There exists o such that for all k, V € VCZ(M). In
particular, for all k,l, a; € C(M).

(b) There exists 0 < 1 such that if S satisfies (14) then for all num-
bers m,n < j

(89) 1Va(S)]|c2(s) < Const,
(90) Vi (S) = Vin ()| c2(s) < Constg™™(™m).

(¢) If S satisfies (14) and if X, are vectorfields on %S, k =0...j
and n < j define

= Z Dh(fFx, fR) mas(f P, f759) X
k=0

Then
[[Va(S)ler sy < Const max [ X[l p-rs)
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(d) There exists & > 0 such that the following holds. If Sy and
Sy are two submanifolds satisfying (14) such that there exists a map
¢ :S1 — Sy such that de2(¢,id) = o then for alln < j

[V (S2) — dCVi(S1)]|c1(s,) < Const [o® + 6"] .

Remark. Estimates similar to (b)—(d) hold also for higher norms C*(S)
but we only formulate the bounds we use.

Proof. (a) V(x) satisfies the equation
(91) [CasV + (X* 0 f)] () = V(f2).

I'ys is a contraction of T'M. So we can apply the Invariant Section
Theorem ([28], Theorem 3.2) which asserts that if £ — X is a fiber
bundle over a manifold X and H : £ — £ is a C" bundle map covering
a C" map h : X — X which contracts the fibers then there exists a
unique H—invariant section and this section is C" provided that

(92) L'A<1

where A is the fiber contraction rate and L is the Lipschitz constant
of h~!. In particular, the invariant section is always Holder continuous
for some exponent o. Now apply the Invariant Section Theorem to M
viewed as the disjoint union of g-orbits. Since f acts isometrically
on each orbit we get L = 1 in (92). Therefore, V is C™ restricted
to any orbit of g. Thus it remains to check that the derivatives of V'
along central directions are Holder continuous. Take [ € {1,2,...d}.
Let U(x) = (L, V)(z) where L denotes the Lie derivative. Since f
commutes with g, U satisfies

LasU 4+ Le, (X* 0 f) 4+ (L, Los) V] () = U(fx).

which is an equation of the same type as (91). Thus U is Holder
continuous with the same Holder exponent as the one guaranteed for
V. Continuing by induction we obtain that all derivatives are Holder.

(b) We prove (89). (90) is similar. Note that since 'S C IC, then
for all y € TS ||Tus(y, S)|| < A\i for some A, < 1 close to A. Hence
IT% (y, )| < AF for all k < j. This implies that ||V,,(S)||co < Const.
Now

n

DV,(S) =D [D (Tas(f*S) 0 f )] [(mas(f #9) X) 0 7] +

k=0

n

(T (£759)) © 7] Di(mas (F75S) X) (df 7).

k=0
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However
(93) D (Cas(f75S) 0 f7) [|co < Constk\!

since the LHS is a sum of k terms and each term is bounded by Const\¥.
On the other hand |(df~%)|| < A¥ since T(f~1S) c K, for all | < j.
Therefore
| DV,.(S)]|co < Const.
The estimate ||D?V,,(S)||co < Const is obtained similarly using the
bound
| D*(Tes(£748) 0 f 7)o < Consth® i

which can be derived similar to (93).

The proof of (c) is similar to (b).

(d) Using the estimate

Dersy(ff o ¢, f7) < ConstKPo

and the bound (90) we see that for each m < n the following inequality
holds.
[Va(S1) = dCVa(S2)]| <

Const | > KPo + [[Vi(S2) = Vin(S2)I| + |[Va(S1) = Vi (S)I|| <
p=1
Const(K™ +6™).
Now if K™o < 6™ then we choose m = n and (d) follows. Otherwise

choose m so that K™o ~ 0™, that is m = IJ(I?(‘;(L). O

APPENDIX C. DERIVATIVES OF Z,.

Here we verify claim (f) of Proposition 3. Along the way we prove
Lemma 1.
Choose coordinate systems (£;,7;) around f7y so that
e f1S is given by n; = 0;
e ) = (w,t) and if z; has coordinates (£, w,0) and 2z, has coordi-
nates (£,0,0) then exp;;(zl) € E,;
e g, is given by gi(&, w,t') = (§,w,t+t).
In this coordinate system f7S is given by n; = H;(;). Let H; =
(HY, Hf). We assume that

|H?| < Lo |H!| < Locy,
where Ly = max(Cy, Cg),

(94)

<

d&;
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d2
d§2

and show that H,., also satisfies (94) and (95) provided that 1 <«
Cy < Chp. Let f. be given by

(95) ‘ 0108

Eiv1 = Fi(&,my6),  njsa = Gi(&5,m5, ).
Then f/*15 is given by
§i = F3(&5, Hi(&5),€),  njm = G(&5, Hi(&5), ).
Thus

dnjy1 [ dH} y
d&je1 L O€ d&;

or dH;
([ggﬁj@»@+5#@,<@>>%J >.

Now if FE,. is sufficiently close to E., then we have

(%)

@wj@%@+%%g (),)

CUNN o BRI - <a<l

Proof of Lemma 1. Denote
(97) F(§) = F(£,0,0).
Introduce p;, ¢; such that
F(pj, H(pj),e) =& F(G) =&

Lemma 8. There exists a constant K(Lg, Cy, C1o) such that the map
¢ — pjis Ke(j+ 1) close to id in C* topology.

Proof. By implicit function estimate it suffices to prove that the map
p; — (jis Ke(j + 1) close to id. We have

oF oF

where F} is quadratic in (H;, ). Therefore

IF(¢) = F(pp)ll < K(Lo)e(j +1)

Since F expands distances

(99) 16 = pill < K(Lo)e(j +1)
Now from the identity

G =F 1 (F(ps, H(p;)€))

——(p;,0,0)H; + — (pJ70 0)e + Fa(ps, Hj, €)
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we get

d¢; or OF dH,
100) G = DF ) e + DF Gy G

dp; 23
The second term is bounded by Const(Lg, Cy, C1p)ej in Ct-norm due

to the factor % On the other hand

oF oF
8—£(p]>H(p]) ) £(<J>0 O) F

where F' denotes the terms which are at least linear in ¢; — p;, H(p;)
or . By (99) all these terms can be bounded by Const(Lg, Cy, Cip)e.
Since %—?(Cj, 0,0) = DF((;) we have

¢

=14 DF (1) F + O(e(j + 1)),
Pj

This gives requred bound in C*-norm. In particular,

p; — ¢;)|| < Conste(j + 1).

I
Togather with (95) this implies
< Conste(j + 1
g7 s cometi
and the lemma follows. O
Since F(p;) = fiTo; 1 f~UHVF((;) (17) follows.
Now Hj11(&4+1) = Gi(pj, H(p)),€). Since G(p;,0,0) = 0 we get

oG oG
%H(ﬂj) T

where G is quadratic in (H(p;),¢). By (94), (95) the first two deriva-
tives of G with respect to p can be estimated by Conste?. So by Lemma

8

(101)
HHjJrl(fjH) - (g—iﬂ(m) + %—§5>

Recall that

Hj1 (&) = £+ Gy

< COl’lSt(Lo, Cg, Clo)(j + 1)282

C2

Hj1(§541) = expe, 1 0) Zivts (G HIG)) = expe, o) Zj-
Comparing (101) with (33) we get (35).
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Now observe that by (97), (98) and Lemma 8

(102)
G = 13 = DFG) | G (G 0,00+ F(6,0.0)] + OG + 112
Combining (100) and Lemma 8 we get
dg;
=
. O*F O*F  OF dH 5 9
DE(€511) [ DFlpy) + + 505 H o+ e + 5 (00.0) 5 ()| +0(G+17%)
By (102)
DF(p;) =
d 8F oF
DF(G)+ | 4 DF(G)] DFQ) |G H(6.0.0) + 570,00 +0((+ 1%
Combining the last two equations we get
d¢; d oF oF 9 o
d—pj_d_S{DF {anH%—a—e}}jLO(( +1)%%).

Now let Q be a volume form on f75, dQ) = \(£)d€. To compute jacobian
of fj_ with respect to  we need to take into account the difference
between A((;) and A(p;). This gives

3(Cipy), ) = 1+divg {DF—1 @IZH + %—fe) }+O (( +1)%¢ [HQHCQ + 1]) :

Now

differs by quadratic terms from

df M (tZ5) + eX)((€41,0))

(this difference is due to the fact that exp,v = v+ qadratic terms).
Since the derivatives of quadratic in H;(;) terms remain quadratic by
(94), (95) we get

3G (py), ) = 1+ divg {df M(mu(tZ)) +eX)} + O((j + 1)°€?).
Hence
G(pi(¢), Q) = 1 = divg {df " (mu;(t2;) +eX) } + O((j + 1)),
Since p; = fI1j11f77¢; we get
G(Fa f7,Q) = 1 — divg {df H(m;(tZ;) + X)) + O((j + 1)%?).



52 DMITRY DOLGOPYAT

By functorality

GO b fOUFY, Q) = 1=div g {df ! (mu (8 25) + e X) }+O((+1)%).

Denoting Q = fQ we obtain (36). O
We now want to estimate %. Note that G(&,7,0) corresponds to f.

Using that f moves f/S to f/*1S and that f commutes with g, we
get G(,0,t,0) = t+G(£,0,0,0) = t. Thus % (¢, 0,t,0) = 0. Therefore
there is a constant K; such that

oG

Combining this with the estimates for other partial derivatives ((96))

we obtain
de+1 < )\[Kl(l + L(]) + 509]8

& || = 1= 0Che/N)
Take some constant A such that A < A < 1. If ¢ is sufficiently small
then

A

1 _C <)
(103) 1—=06Cee/N —
Hence if
(104) o, > Hl+ Lo)
1 -0\
then ;
Hjni
—IT < O,
A& || ’

We now estimate the second derivative. If () is a quadratic form and
R is a linear map let @ * R denote the form (Q * R)(v,v) = Q(Rv, Rv).
Then

CHj _ dG (d*H; [aFj L OF; dHJ} !
d§i.,  dn \ d§f 0§ On; d

[an ande} laFj aFjde}‘l OF; d?Hj*{aFj aFjde]‘l R
og; — Ony d&; | [ 0g;  ony dg; | omy \ dg; [ 0& oy dg ’

where R; denote the sum of terms which do not contain %. Using
J

the first derivative estimates we obtain ||R;|| < Kse, where Ky =
K5(Ly, Cy). Hence

dH;
d&j1

< [K2 4 Cho(6X2 + 509)] e
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If £ is sufficiently small then

(105) o2 > eCy
and so
dHj1 T2
| < | K9+ 200°C )
H d&i1 || [ 2t 0] €
Hence if
K,
106 Cip > —————
(106) R DYV
then H% < CIO-

APPENDIX D. Shape of the image of ¢;.

Here we prove part (b) of Proposition 3. In view of part (c) of that
Proposition we may assume that j < k. We have

P o7 ouf™ = flojpojpmo-- oo f7 =
(Finf ) o (F1bjaf ™) 0o (flabrf™7)

S0 it is enough to estimate the C***-distance between i f~7 and id.
Now Vy € f7S

d(funf Ty, y) < N A(uf (Y, y) < ConstA) e
where the last estimate follows from Proposition 3(c). In particular for

any pair ',y such that d(y’,y") > A7/

A(79uf 7y frnf 77y") < ConstA] ™ 2d (yf ).
On the other hand if d(y/, y") < A7) then
A(fuf 2y Pty < AT Ao ) 7 (Fo =D 7y <
Const A\ 7d(f9y', f79y") < Const K7 d(y/, y")

) < )\&l—j)/(%@

for some K > 0. Since d(y/, y" ) we have the estimate

Kl_jd(y/,y//) _ (Kvl—jdl—ag(y/7 y//>) dag(y/7 y//) < (K)\((l/ag)—l)/2>l—jda3 (y',y”).
Now choose a3 so that

?.
Then dges (f79f77,id) tends to 0 exponentially fast in [ — j which
implies the statement of the lemma. U

(1/az)—1 1
2
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APPENDIX E. NON-VANISHING OF c.

E.1. An explicit formula. Here we prove that ¢ #Z 0. Our computa-
tions are similar to [54, 24]. We begin by simplifying the expression for
the shift of the central fiber (formula (66)) in case f is the time one map
of the geodesic flow. In this case E, and E, are C?~° so we can take
E = E,®FE,. Then L(E., F) = L(E., E,) ®L(E., E,) is the hyperbolic
splitting for Q. Write Q. for the restriction of Qy to L(E., F,). Since
dim E. = 1 we identify L, with E, by identifying [ : E. — FE, with
l(e.). Also in our case

aee(2,0) =1, aen(x,0) =0,  au.(x,0)=0.

Combining these formulas we get

[(1— Q) "v)(z) = Z(dfj|Es)v(f‘jx),
[(1—Qu)"](z) = — Z(df‘j|Eu)v(fjx)-

Finally b = b{e, + b{!e,. Combining this with (64)-(66) we get
ec(x,e) = e. + ev(x, e) where

(107)
v(w,e) ~e | Y (BN (f de IENWD (fx)e,
j=0 j=1

E.2. A perturbation. In order to show that ¢(X) is not identically
0 we exhibit a one-parameter family X5 of vector fields such that

lim sup © §§5 ) < 0. Our vector field will be supported in the union of two

6—0
sets of size 0 : the — ball centered at some non-periodic point xqg € M

and the image f(B(xo,9)). We choose coordinate system (z, 29, 23)
near xo so that

(1) dv = d21d22d2’3

(2) Es(0) = 5, Be(wo) = 55, Eulwo) = 5%
Let Xs on B(z,0) be given by

2425+ 2 2425+ 2

Xi(o) = (g (L) g A2 )

where £ : R — R is a function of compact support. Define X5 on
fB(xo,0) by Xs(fx) = df(Xs) and let X5 = 0 elsewhere. Then



ON DIFFERENTIABILITY OF SRB STATES 55

|| Xs||cr < Const and the contribution to ¢ in (69) comes only from
the points in supp(Xs). Thus

lc(X5)| < Constd®.

Also the contribution of abl) tends to zero since bl — 0 because
near xo, F, is close to a but zz-component of X5 is 0. Using (107)
and the fact that, for any fixed 7 > 0, by (f7x) =0 for x € B(xg,0)
if 0 is small enough we get

Blx) ~ b (@) ~ 0.y (=21€) = —(§ +22€)).
Therefore
B(x)b0) (f) ~ =02, (216)0:y (26) =
— [ +2(2F + £5)€'E + 4214 (€)7] .
Since the contribution of —(bg))2 is non-positive we obtain from (69)

beY (f2)B(x)
lim su C(X‘S) < lim M =
ST = 53

// 5 +2(2 + %)¢E + 4207 (f/)2] dz1dzedzs

where in the last equality we have used that A(z) ~ A(zg) on B(zg,9).
Integrating the second term by parts in the radial direction we get

22 4 22
/// zl + z2 €dzdzadzs = /// 2 —Iiz2 _i 5 dz1dzodzs

and thus
) c(Xs) 22
hmiglg (535 < [21 e 252 +42222(¢") } dzidzydzg < 0. O
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