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ABSTRACT 2. CANONICAL TIME-FREQUENCY MODEL

A general technique for the generation of canonical channel modelgs egin with the derivation of the canonical model associated with
and demonstrate the application of the technique to time-frequengye standard RAKE receiver. The classic expression of the sampling

and time-scale integral kernel operators is developed. As an exafleorem for a signaX ith support(—W /2. W/2) is
ple, the derivation of Sayeed/Aazhang’s time-frequency canonic;lf'1 ignaX(v) with support(—W/2,W/2) i

channel characterization that forms the basis for the time-frequency o ny sin(aW (t—@))
RAKE receiver is shown. Then, a canonical time-scale channel X(t) = z X(W) oWl D) 5)
model for wideband communication is developed. n==co W (t— @)

1 INTRODUCTION An alternative formulation of the sampling theorem from [2] is

The linear time-varying channel is characterized by the time- Xt-1= x(t n > sin(n:W(r—Vﬂv)). ©)

varying impulse respondgt, t) which denotes the response of the Lo w W (t— )
channel at time to an impulse at timé — t. The channel input-
output relationship is Following [2], substituting (6) into the time-varying impulse re-
sponse channel characterization (1), we obtain
y(t) = / h(t, 7)x(t — 7)d. @
y(t) = / h(t, 7)x(t — 7)de (7)
Taking the Fourier transform ¢i{t, t) with respect to the first argu- w . h
ment, we obtain the spreading functigf, 7) = .# {h(-, )} which -3 x(t _ ﬂ) /h(t 7) sin(aW (t— ) de| (7b)
has channel input-output relationship o w ’ W (t— )
y(t) = / / (6, 7)x(t — 7)el2Otdrde. ) =hn(t)
J. Li=[Tm/W]| n
In [1], Sayeed and Aazhang expanded this channel model to form a ~ Z} X (t - W) hn(t) (7¢)
canonical time-frequency channel model n=
N K where the approximation is made based on the assumption that
y(t) = z x(t _ ﬂ) ejznkt/Té<E ﬂ) ©) the channel is causal and has finit_e multipath spréad,That i_s,
nZOk}K w T'W h(t,7) = 0,V7 < 0,7 > Tmm. Under this assumption, the approxima-

tion (7c) corresponds thy(t) for which the mainlobe of the sinc
whereN, K, W, andT depend on the channel and signal characterfunction overlaps with the support of the time-varying impulse re-
istics. The channel can thus be thought of as combining a discregponse. The tapped-delay line in (7c) forms the basis for the classic
set time delayed and frequency shifted versions on the input sigRAKE receiver, where each of thig(t) are usually assumed to be
nal. This channel characterization is associated with narrowbanihdependent.
signaling environments. Now, we move to the Time-Frequency RAKE which was origi-
Our goal in this paper is to develop a similar decomposition fornally derived in [1]. Alternative, but similar models are explored in
a channel characterization consistent with wideband signaling, [3, 4, 5]. The path we take in this derivation is essentially the same
1 t—b as that in [1]. We look at only thé0, T) portion of the received
y(t) = //ff(a, b)\/ax(a) dadb, (4)  waveform, that isy(t)1, (). Starting from (7b), we insert the
(0,T) portion assumption and obtain
where.#(a,b) is the wideband spreading function.
In Section 2 we review the derivation of the time-frequency  Y(t)151(t) =
canonical channel model. In Section 3 we restate the channel de-
composition in a general setting. In Section 4 we prove the main 3 x<t _ ﬂ) Uh(tqr)l (t)sinc(W (r— ﬂ)) dr} @8)
result which allows us to generate canonical channel models. In <. w/ ) e W
Section 5 we revisit the time-frequency model and use the thereom ) )
to determine the decomposition. Finally, in Section 6 we derive theNow we expand the(t, 7)1, 1 (t) term as a Fourier series,
decomposition for the time-scale canonical channel model.
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which is valid fort € (0, T). for some choice of dilation and translation spacing paramesgrs (

Plugging (9b) into (8) we obtain, andt,), where theem n depend on’, andD is the dilation operator,
=] 00 k n . 1 t
= elz”"‘/Ts( ) 10 Dax(t) = ——x( -, 20
3 3 x(eg) W) 0= G) 0
where, for the wideband channel operator,
§6,7) = W (X} (D) //g ab)—— ‘ ( )dadb (21)
a|
/8(6/,r/)sinc((r—r’)W)sinc((G—9’)T)e*1”(9*9')Td9’dr’
4. GENERALIZATION

11
) For the statement of the general theorem, we require the following
(10) is valid for the(0, T) received portion of bandlimited signals. definition.

Under the path scatterer interpretation we assume that the
channel introduces a maximum delay spreadpfand maximum Befinition 1 (paired-up operators). P and U are paired-up oper-
Doppler spread oBy, that is,S(6,7) has support if{—B,,By) x ~ ators with generator giff,

(0,Tm). In the smoothed version &6, 7) in (11), if we consider 1. P is an orthogonal projection ind(R)
only the terms in (10) where the mainlobe of the smoothing ker-2_y is unitary in [2(R)
nel (which has siz¢—1/T,1/T)-by-(—1/W,1/W)) overlaps with 3 py—_yp
t’\r:e SRB%?:,%E f)_’l‘g’e ne;dw?]rélyeium {OTVST ] \(/)\’/e iﬁys\l\cl)rt])?gien 4. aeo % RanP s.f{UMe, : me Z} is an orthonormal basis for
the canonical representation of the time- frequency channel model, an
Using two different pairs of paired-up operators, the following

W] [TBy] y K n theorem gives a sufficient condition for the channel expansion.
% eJZn t/TS( ) (12) . .
1=0 k=—TT8,] "W Theorem 1. If (P,U) and(Q,V) are both paired-up operators with
generator elementg,@nd t, respectively, H is a bounded operator,
3. RESTATEMENT and3cmp such that

tained by assuming,
e the input signal is bandpass with bandwitlth and
o the output signal is analyzed only foe (0,T). then,

With these assumptions in mind, we define the following two pro- _ n
jection operators, PHQ=P| 5 cmaU™" | Q (23)

The double sum time-frequency channel formulation (10) was ob- Z Cmn <Vn+kf07UI—me0> _ <Hka0,U'e0>7 vk I, (22)
mn

Prx(t)= 1[0.T] (t)x(t) (13) _ ) ) )
Proof. First we expand olRQ using the orthonormal basis and uni-
and, tary properties of the paired-up operators,

Q) =F {1y (@ F XON@)),  (14)

P= Z ,UMey)UMe, (24)
and using the following two operators, translation operator,
. and
TeX(t) =x(t—1), (15) Q=" (V) fy, (25)
. n
and modulation operator, .
we derive,
M, X(t) =x(t)el2™t, (16) PQ my \(jm
X = U U 26a
| ;<Q>@ ep)U"e (26a)
we can rewrite (10) as,
= X, Vn an ,um um 26b
Pra/Qw =) Cm-,nPTM?Tle;QW (7) ; Z< 0 e0> % (200)
e = 3 (V") (Vo UMy UM (260)
where thecmn = S(T, &) and.45 is the narrowband channel op- mn
erator, We use this to determine,
AT / (6, 7)x(t — 7)ei2Otdrdg. (18)
Restating the channel operator in this setting, we can ask what gen- P <z Cm,nUmVn) Qx = 5 cmaUTPQV X (27a)
fn n

eral properties of the operators allow us to express the channel oper-
ator as a double summation of transformed input waveforms. In the
next section, we determine properties of the operators used in the
expansion that are sufficient conditions for the existence of such an

S CmalU™ (g (Vo U¥ey) (VX V' o) Ukeo>(27b)

expansion. Our goal is to develop an analogous time-scale canoni- I K il m ik
cal channel model. That is, in Section 6 we propose projecfions = Z( Cmn <V fo,U e0> <X7V v fo>U U, (27¢)
andQ such that, mnki

P/ Q=Y cmnPDRTQ (19) = ( Cmn (VMU o, US™ eo>) (x,VUfy)US, (27d)
mn s \mn



where the commuting property of paired-up operators was used where

(27a), (26¢) was used in moving from (27a) to (27b), and the uni-
tary property ofV was used in moving from (27b) to (27c). Now,
looking to the LHS of (23), we use expand using the orthonormal

Z (F(21,2))

basis and obtain,

PHQx = Z<HQ>gUseo>Useo (28a)
= Z< ( CAYA POV ) U eo>U €y (28b)
= g (% VY1) (HV'fy,U%,)U%e, (28c)

S,u
= hys(x,VYfy) U, (28d)
iz
GivenH, we then compute,
hus= (HVYf,,U%,) (29)
which we use to solve,
z Cmn (VU E,US ey =hys, VU, (30)
i
for cmn. Thesecmn satisfy (23). O

4.1 Solving the coefficient equation
We now discuss the form of the solution to (22). We define

8 = (Vfo.U'ey) (31)
and define '
6m7n:Cn’7m (32)
which allows us to express (22) as,
hus = nme.n <Vn+u fo,UsfmeO> (33a)
= Z <Vu—n f07US_meo>én,m (33b)
mn
= (ax C)UYS (33c)
where
(ax @), (34)

;au ks— ICkI_gakI u—k,s—I

Expressind, a, andc’in the Z-transform domain,
=328, = gzlizlz <ka0aU|eo> (35)
Haz) =Saddhy =3 45 (HVhU's) ()

Az,

Clz.z) = 2k Zliz‘zém (37)
we can write (33c) as, .
H=AC (38)
and solve foC Hiz2)
= _ 1,5
In terms ofcmn, this is,
_,1(H(Z,2)
cmn =27 (5 ) . “o

1 1 ) ) } ’
/ d@l/ d92e7]2n:91me712n:92n|: (61271:9176]277:92) (41)
J0O J0

We can express (40) as a convolution of coefficients by defining

1

Al@i2m0; Qi27m6,y i i
A(e ,© ) A(el 27(917 612”92)

(42)
and
-1 1 . . /o .
émni/ del/ d62e7127r91me7127r62nA<6127r617ej27t92>, (43)
' 0 0

and we can obtain thgnn using

cmn=C_nm=(@xh) _m. (44)

We will use (44) to determine the coefficients in practice.

4.2 Coefficient calculation

Thus, to calculate the coefficientgp,

calculateth via (29), '

calculateamn via (31),

useamn to obtainA(el2": el27%) via (35),

useA(el27% ei27%) o obtainain vua (42) and (43), and
usehk~| andédmp, to obtaincm via (44).

o 0bdPR

5. REVISITING TIME-FREQUENCY

The example we have seen so far of the application of this theorem
had,

o (PU.&) = (PrM,, E 10 (1)
e (QV, fy) = (QW,T% ,VWsingWwi))

for the operatoH = .4 of the form,

t) = //S(G,r)ejz”etx(t

Modulation and translation operators were a natural fit with our
channel descriptiony/g, which describes the channel as a (continu-

ous) summation of time and frequency shifts of the input signal. We
highlight only the results of the calculations listed in Section 4.2.

For more detailed steps, consult [6].

W f |
127“(9 T> i —k—
hk,l = \/7././/d9dfdt1[0’.r] (t)e smo(Wt k W’L‘)S(Q,T)

—1)dédr. (45)

(46)
amn = \/g/oT e 1277 singWt — m)ct (47)
For6,,6, € [0,1],
_ . j2TW T6, 0 1
A(el27: el2nty) { W@V%T(erl;é gi E 22,721;
(48)
dmn = / do,e~127%NsingqW T8, +m) = vvlTa—m“ (49)

Cmn = / / S(6,7)e™TO+Msing T + m)singn+ Wr)dedr (50)

which are precisely the coefficients in (12).



6. TIME-SCALE CANONICAL MODEL
We now develop the time-scale canonical characterization.

. . - . |
For a, / —smc —— m) smc(w - n) dt (61)
other possible extensions to time-scale, see the approach in [7], [8] t0|n 3y Jo Ina,

and [9] using wavelet packet modulation.

6.1 The scale projection
We use the following projection operator in scale space,

P=R (1 ,®0|R (51)
[0
where,
R =(Z®Z)R (52)
where,
._R X FoZ [ X
Rl.xH< x;) 794 (X;) (53)
for, . .
x (1) = e2x(€')  x,(t) = ezx(—€) (54)
and,
_ X Flagzt [ X R?
Rl:(l) &4 (1)—>x 55
9 X, %o (55)

= (N gy +%(N(-0)L_q))  (56)

where X, Xy, Xy, X, X, € L2(R).

6.2 The scale generator
Using the characteristic function in scale spd€g,Q,), Q; =
[_?'%o’ ﬁ] ,Q, = 0, leads to the generator,

(){

It can be shown thatP U,e,) = (R* (1[0 . ]@0) R;.Day. &)

are paired-up.

Injt| .
\/ﬁ \[smc<mao) D t>0 (57)
D t<0

6.3 Time-scale paired-up operators

For the time-scale model, we use the following paired-up operatorﬁgl

e (PU.g) = (R;? (1[0‘%] eao) Ry, Day, &(t) from (57))
L4 (Q7V7 f()) = (Q%>T107 %Slnc(t%))

For6,,6, €

1 1iiop% oo 1, 0
A(9]_702) _ t2+J 7r|na0/ t 2+1277:|nao el 2704t (62)
tylnay © 0

—izn InaOe JZnGlme j2m6,n

Smn = /N3 / / d6,de, — (63)

et (32 onert g

Cmn = //ldadb.,?(a, b)sinc(n— %) sinc(% — m) (64)

The canonical time-scale model is then,

< Cmn_ (t—nbd"
y(t)_n;]am/zx(am )

for thecmy defined in (64).

[fé, ﬂ, in distributional sense,

(65)

7. SUMMARY

Both time-frequency and time-scale integral kernel operators are of-
ten used to model time-varying communication channels. Sayeed
and Aazhang have developed a canonical time-frequency represen-
tation of the doubly spread channel which has proved useful for the
exploitation of the diversity of such channels. We developed a gen-
eralization of this canonical model and showed their time-frequency
canonical model as an application of this generalization, which was
also applied in a time-scale setting to derive a time-scale canonical
description of the channel. We hope that further study of this time-
scale description will yield similar benefits for wideband signals
that Sayeed and Aazhang demonstrated in the narrowband setting.
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