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In [7] it was shown that if # is the fundamental group of a closed oriented surface S
and G is Lie group satisfying very general conditions, then the space Hom(r, G)/G
of conjugacy classes of representation n— G has a natural symplectic structure.
This symplectic structure generalizes the Weil-Petersson Kaihler form on
Teichmiiller space (taking G=PSL(2,R)), the cup-product linear symplectic
structure on H'(S, R) (when G =R), and the Kihler forms on the Jacobi variety of
a Riemann surface M homeomorphic to S (when G = U(1)) and the Narasimhan-
Seshadri moduli space of semistable vector bundles of rank n and degree 0 on M
(when G=U(n)). The purpose of this paper is to investigate the geometry of this
symplectic structure with the aid of a natural family of functions on Hom(r, G)/G.

The inspiration for this paper is the recent work of Scott Wolpert on the Weil-
Petersson symplectic geometry of Teichmiiller space [18-20]. In particular he
showed that the Fenchel-Nielsen “twist flows” on Teichmiiller space are Hamil-
tonian flows (with respect to the Weil-Petersson Kihler form) whose associated
potential functions are the geodesic length functions. Moreover he found striking
formulas which underscore an intimate relationship between the symplectic
geometry of Teichmiiller space and the hyperbolic geometry (and hence the
topology) of the surface. In particular the symplectic product of two twist vector
fields (the Poisson bracket of two geodesic length functions)is interpreted in terms
of the geometry of the surface.

We will reprove these formulas of Wolpert in our more general context.
Accordingly our proofs are simpler and not restricted to Teichmiiller space: while
Wolpert’s original proofs use much of the machinery of Teichmiiller space theory,
we give topological proofs which involve the multiplicative properties of
homology with local coefficients and elementary properties of invariant functions.

Before stating the main results, it will be necessary to describe the ingredients of
the symplectic geometry. Let G be a Lie group with Lie algebra g. The basic
property we need concerning G is the existence of an orthogonal structure on G: an
orthogonal structure on G is a nondegenerate symmetric bilinear form B : g x g—» R
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which is invariant under Ad G. For example, if G is a reductive group of matrices,
the trace form B(X, Y)=tr(X Y) defines an orthogonal structure. (However, there
are many “exotic” orthogonal structures on nonreductive groups.) Let f: G—IR be
an invariant function (i.e. a function on G invariant under conjugation); its
variation function (relative to B)is defined as the unique map F : G— g such that for
all Xeg, 4€G

B(F(A), X)= % A exprx).

t=

It is easy to prove that F(A) lies in the Lie algebra centralizer 2°(4) of A.

The next ingredients are the spaces Hom(w, G)/G with their symplectic
structure defined by B; for details we refer the reader to Goldman [7]. Recall that
Hom(z, G) denotes the real analytic variety of all homomorphisms #—G and
Hom(n, G)/G is its quotient by the action of G on Hom(n,G) by inner
automorphisms. As shown in [7], the singular subset of Hom(n, G) consists of
representations ¢ € Hom(z, G) such that the centralizer of ¢(r) in Ad G has positive
dimension; moreover G acts locally freely on the set of smooth points Hom(n, G) .
After removing possibly more G-invariant subsets of large codimension, one
obtains a Zariski-open subset Q C Hom(r, G) such that Q/G is a Hausdorff smooth
manifold. (Alternatively one may consider the set of smooth points of the character
variety, discussed in [15] for G=SL(2,C).) In this paper, we shall always pretend
that Hom(z, G)/G is a smooth manifold. That is, we shall only really work on the
smooth part Q/G. All of our results extend to the singular part (suitably modified)
but for simplicity we ignore the singularities of Hom(n, G)/G, and relegate their
discussion to [8].

The tangent space to Hom(rm,G)/G at an equivalence class [¢], where
¢ € Hom(r, G), is the cohomology group H'(1; gaa4) (0r H(S; 8aq,)) Where gaqy
is the m-module (respectively, local coefficient system) with underlying space g and
action given by the composition 72> G-2%> Aut(g). Now B defines a coefficient
pairing gaq4 X 8aq4—IR and cup product defines a pairing of tangent spaces

o(g): H'(x, 9Ad¢) x H'(m; 9Ad¢)"H2(7T§ R)=R.

In [7], §1, it is proved that w is symplectic structure on Hom(z, G)/G.

We shall investigate the symplectic geometry of (Hom(n, G)/G, ) in terms of
certain “coordinate functions” on Hom(r, G)/G. Namely, let x e w and f: G- R be
an invariant function. Then there is a function f,: Hom(n, G)/G—R defined by
[¢]1—-f(4(x). We are interested in the Hamiltonian flows associated to
these functions.

Recall that if (X, w) is a symplectic manifold and p:X—-R is a smooth
function, the Hamiltonian vector field associated to y (or with potential ) is the
vector field Hy on X such that w(Hy, Y) equals the derivative Yy for all vector
fields Y. It is an easy consequence of the closedness of w that the Hamiltonian flow
generated by Hy leaves invariant w as well as y.

To compute the Hamiltonian vector fields Hf, of f,, it is therefore necessary to
differentiate f,. Let a e tand f : G- R be an invariant function. Let F : G—gbe the
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variation of f introduced above. Define a map F,:Hom(n, G)—>g by F (¢)
= F(¢()). All of our general formulas will involve these functions F,.

When « is simple, these flows have a simple description on Hom(z, G). If a is
nonseparating, define a flow {Z,},.r on Hom(zn, G) as follows: if y € mis represented
by a curve disjoint from a, let (£,4)(y) =¢(y) be constant; if f e n intersects a ex-
actly once transversely “in the positive direction”, let (Z,¢) (5) = (exptF (¢)) ¢(p). It
can be shown that these conditions specify a unique flow = on Hom(rn, G). When o
separates S into two components S, US,, define (Z,0) (y) = ¢(y) if y is homotopic to
acurvein S, and (Z,9) (y) =exptF (¢)d(x) exp —tF (¢) if y is homotopic to a carre
in S,. Then we have the following:

Duality Theorem. Let o be a simple loop on S and f,, = be as above. Then the flow &
on Hom(x, G) covers the Hamiltonian flow on Hom(r, G)/G associated to the
function f, on Hom(zn, G)/G.

As a corollary, we obtain Wolpert’s duality theorem [197]: the Fenchel-Nielsen
twist flows on Teichmiiller space are Hamiltonian (with respect to the Weil-Petersson
Kdhler form) with potential the geodesic length function l,.

When « is not simple, the Hamiltonian flow of f, does not seem to admit a
simple description as a “twist flow” as above, but the local flows nonetheless exist.
(In general the local flows Hf, are incomplete.) One can generally understand the
behavior of these functions by forming derivatives (Hf,) f, of f; with respect to the
Hamiltonian vector field Hf, associated to f,. It follows from the definition of Hf,
that (Hf,) f, equals the symplectic product w(Hf,, Hf;) which is by definition the
Poisson bracket { f,, f3} of the two functions f, and f;. The following general result
enables us to compute Poisson brackets:

Product formula. Let o, fen be represented by immersed curves in general
position. Then the Poisson bracket of f, and f; is given by the function on
Hom(r, G)/G defined by

{fo S5} ([8D) = ,,:.2#,; &(p; &, PYB(F,,(¢,), Fy (¢))

where ¢(p; o, f)= + 1 denotes the oriented intersection number of « and g at p,
$,:7,(S; p)—G is a representative of [¢] and a,, B, are the elements of 7,(S; p)
corresponding to a and f.

This formula has the following meaning. The sum is taken over all of the
intersection of « and f, which consists of transverse double points. Although
F, (¢,) depends on the choice of ¢, in an equivalence class [¢] € Hom(rn, G)/G, the
pairing B(F, (4,), F;,(¢,)) is independent of the choice of ¢, in its equivalence
class. Finally we note that the functions f, and f; need not both be constructed
from the same invariant function f.

As a corollary of the product formulas, we obtain the following basic fact due to
Wolpert [18], [20]; (see also Kerckhoff [13]):

Cosine Formula. For any aerlet[,: €;— IR be the geodesic length function of a (i.e.
the function which associates to a point S—M of Teichmiiller space the length of
the geodesic in M representing o). If pe a4 f let 0, denote the counterclockwise
angle at p from the geodesic representing o to the geodesic representing . Then the
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Poisson bracket {l,,1;} is the function on Teichmiiller space defined by

{lps g} = peaz#ﬂ cosf,.
(This formula has been generalized in several other directions; see Kerckhoff [13]
for the case that o and f are measured geodesic laminations.)

In another direction, the product formula may be specialized as follows. Let G
be a classical matrix group and let f be the character, and B the trace form, of the
standard embedding in GL(n,R). For example, GL(n,C) is embedded in
GL(2n, R) as the subgroup centralizing the complex structure on R*"=C", f(A)
=2RetrA, if Ae GL(n,C) and if X, Y e gl(n, C), then B(X, Y)=2RetrXY. Also
let f(4)=21Im tr A. In the following theorem o, f represent immersed closed curves
in general position (i.e. the immersion au § has at worst transverse double points).
If pead f is a double point intersection of a and f, let o, (resp. B,) denote the
unique element of 7,(S; p) corresponding to o (resp. f). We may use the group
structure of 7,(S; p) to form inverses and products such as o,8,, «,f, ' etc. The
following result shows that the rational vector space spanned by the functions f,,
aem, forms a Lie algebra under Poisson bracket:

Theorem. (i) Let G=GL(n, R), GL(n, C) or GL(n,H). Then
folst= 2 ﬂs(p; a, B) faps, -

pea#

- (i) Let G=0(p, q), 0(n, ), Sp(n,H), U(p, ), Sp(n,RR), Sp(p, q) or Sp(n,T).
en

b=t 5 o3 B) o, = oyt
(iii) Let G=SL(n,R). Then
1
{fo fo} = pg#ﬁs(p; «, B) (fa,,ﬂ,,— ;faf;; :
(iv) Let G=SL(n,C) or SL(n, H). Then
1
{(folid= X &p;a.p) (fapﬂp+ %(ﬂfﬂ_ﬂfﬁ));

pea¥p

{f;za f;i} = psz 8(p; o, ﬁ) (i;,,ﬂp— %(fafﬂ“‘ﬁfﬂ))a

a#p

(o Ty == 13}
(v) Let G=SU(p, q) with p+q=n. Then
Uofib=t 5 o0 2.8) opp, fopss — I T;
{f;n ]ﬂ} =% Z#ﬂ E(P; a, ﬂ) (i:zpﬂp—'ia’zpﬁ; ‘);

Dea

JoTy=— 1o fs}-
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(Here H denotes the noncommutative field of quaternions. In the notation of
Helgason [10], GL(n,H), Sp(n,H), SL(n,IH) are the groups U*(2n), 0*(2n),
SU*(2n).)

The preceding theorem suggests that there is a formally defined Lie algebra
structure on certain spaces based on the set # of homotopy classes of closed
oriented curves on S. The simplest of these is defined as follows. Let Z7 be the free
Z-module with basis 7. If o, f are immersed oriented closed curves which intersect
transversely in double points, then define the formal sum

[, 1= X ep; o, )l B le i
pea# f

where &(p; o, B), o, B, are as in the product formula, «,8, denotes the product in

n,(S; p) and |a,B,|e @ denotes the free homotopy class of «,8,€n,(S; p). The

operation [«, f] depends only on the free homotopy classes of « and § and thus

extends by linearity to a bilinear map Z7 x Zi—Z#.

Proposition. (a) Under this operation, Z# is a Lie algebra over Z.

(b) Let G=GL(n,R),GL(n,C) or GL(n,H). Let ¢ : Z7#+— C* (Hom(r, G)/G be
the linear map defined by ¢ : a+— f,. Then @ is a homomorphism of the Lie algebra Z#t
into the Lie algebra of functions on Hom(rn, G)/G under Poisson bracket.

There is a similar construction for a Lie algebra based on unoriented curves.
The map #—7#, a>a~ ! which reverses the orientations of oriented loops extends
to an automorphism of Z7 of order two. Its stationary set is additively a free
module Z7 based on the set T of homotopy classes of unoriented closed curves on
S; as a subalgebra Z7 has bracket relations defined by (ii).

Proposition. Let G=0(p,q), O(n,C), O(n,H), U(p,q), Sp(p,q), Sp(n,R) or
Sp(n, C). Let ¢ : Z7i— C*(Hom(n, G)/G be the linear map defined by a+— f,. Then g is
a homomorphism of the Lie algebra Z7 into the Lie algebra of functions on
Hom(n, G)/G under Poisson bracket.

(The existence of the Lie algebra Z& was hinted by Wolpert [20] who
considered its homomorphic image of vector fields on Teichmiiller space, which he
called the “twist lattice”. That the Lie algebra Z7 could be embedded in a Lie
algebra Z# based on oriented curves was first observed by Dennis Johnson.)

There is a dual formulation of the above propositions, which is very suggestive.
For concreteness let us consider Z#, but everything we say will hold for Z# and
some of the other Lie algebras we consider, with minor modifications. Namely, let
Z7* denote the real vector space dual to Z7. Then Z# acts by derivations on the
Zrn*, which we may say is the “coadjoint module” of Z#. Indeed, Z#* is just the
space of all real-valued class functions on 7. Then to each point [¢] € Hom(x, G)/G
is associated the function y([¢]):ZA—IR defined by x([#]) (2)=0o(¢(x)). The
resulting map y:Hom(rn, G)/G—Z#* is the moment map for the Poisson
action of Z# on Hom(n, G)/G. (See the references [1], [2], and [17] for the
definition of this concept.) In more familiar terms, x(¢) is just the character of the
representation ¢:n—G o, GL(n,R). The image of the moment map is just the
character “variety” which consists of all characters of representations in
Hom(r, G).
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It is a well-known fact that the characters of representations locally separate
points on the highest-dimensional strata of Hom(r, G)/G. Using this fact, it follows
that the Hamiltonian vector fields of trace functions generate a transitive action on
the stratum Hom(n,G)"/G. Since the moment map (or character map)
x : Hom(n, G)/G—Z7#* is equivariant with respect to the action of the Lie algebra
Z7, it follows that the open strata of the character variety are represented as
coadjoint orbits of the Lie algebra Z7. This gives a new perspective on the
symplectic structure of Hom(n, G)/G and suggests that the piecewise-linear
symplectic structure on Thurston’s space of measured geodesic laminations can be
understood as a coadjoint orbit in Z#* also. (Compare Papadopolous [22] and
Fathi [26].)

This paper is organized as follows. Section 1 is a preliminary discussion of
invariant functions on Lie groups. In particular variation maps are computed for
the standard choice of f above as well as the hyperbolic displacement length
function on PSL(2,R). Section 2 reviews homology with local coefficients,
Poincaré duality and intersection theory.

In Sect. 3 the product formula is proved. The cosine formula is deduced as a
corollary. The main step in the proof of the product formula is Proposition 3.7
which gives a geometric cycle representing the Hamiltonian vector field Hf,. The
remainder of §3 computes Poisson brackets on Hom(n, G)/G for all classical
groups G.

In Sect. 4 we assume that a is a simple closed curve. After a brief discussion of
Fenchel-Nielsen twist flows on Teichmiiller space to motivate the definition of
“generalized twist flows”, we prove the duality formula. The proof is by direct
calculation, and uses Proposition 3.7. As a corollary we prove Wolpert’s length-
twist duality.

Section S is devoted to the abstract theory of Lie algebras based on closed
curves. The above two propositions are proved recasting the generalizations of
Kerckhoff’'s and Wolpert’s cosine formula in a more algebraic setting. Several
elementary algebraic properties of these Lie algebras are proved: for example
several constructions of nontrivial ideals and subalgebras are presented. We
describe the modifications needed to construct Lie algebras based on curves which
act on Hom(r, G)/G for the other classical Lie groups G. Finally we interpret (using
the moment-map construction) the character variety of representations of a
surface group into a classical Lie group as a coadjoint orbit in a Lie algebra based
on curves. These facts are used to characterize those closed curves in Z# and Z7
which commute with a fixed simple closed curve « as those which are homotopic to
curves disjoint from a.

§ 1. Invariant functions on Lie groups

1.1. Let G be a real Lie group with finitely many components. A C! function
f:G-R is said to be invariant if it is invariant under inner automorphisms:
f(PAP~Y)=f(A) for all A, PeG. The prototypical example of an invariant
function is the character of a real linear representation g : G—»GL(n,R), i.e. f(A)
=trg(A4) for A€ G. In this section we show how, in many cases, an invariant
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function f gives rise to an equivariant map F : G— g, which we call its variation, and
compute various examples of invariant functions and their variations.

1.2. Let f:G—R be a C! invariant function. Its differential df is a 1-form on G.
We identify the Lie algebra g of G with the space of all left-invariant vector fields on
G; its dual vector space g* is identified with the space of left-invariant 1-forms on
G. For AeG, df(A)e T{G is a covector on G and extends uniquely to a left-
invariant 1-form F(A4) € g*. Invariance of f implies that F : G—g* is G-equivariant:

F(PAP~')=Ad*P(F(A))

whenever P, A € G. Alternatively, F(A) is the linear functional on g defined by

F(A): X - 4 f(AexptX)
dt t=0

for X eg.

1.3. An orthogonal structure on G is a nondegenerate symmetric bilinear form
B : g x g— R which is invariant under the adjoint representation. It is well known
that on a semisimple Lie group, the Killing form defines an orthogonal structure;
more generally the trace form of a reductive matrix group (see below) defines an
orthogonal structure. However, there are non-reductive groups which admit
orthogonal structures and it does not seem to be known how to characterize which
Lie groups possess such structures. See Medina [21] for more information.

Suppose G is a Lie group with an orthogonal structure B. Let f: G—IR be an
invariant function and F:G-g* its associated equivariant map. Since B is
nondegenerate, it defines an isomorphism B:g—g* of G-modules. Define the
variation of f (with respect to B) to be the composition F=8"1-F: G-g*—g.
Then F:G—g is G-equivariant:

F(PAP~'y=Ad P(F(A))
for P, Ae G. Moreover F(A) may be alternatively defined by

B(F(A), X)= 4 f(AexptX)
dt t=0
where X ranges over all of g.

If A € G, let Z(A4) denote the Lie algebra centralizer of A4, i.e. the subalgebra of g
fixed by Ad A. Equivariance implies that F(A) lies in the intersection of all Z'(P)
where PAP~ ' = A. For example, F maps the center of G to the center of g. Taking
P=A, we see that F(A)e Z(A) for all AeG.

1.4. The most common invariant functions and orthogonal structures arise from
linear representations of reductive Lie groups. Namely, if ¢: G->GL(n,R) is a
homomorphism, then its character Artrg(A4) is an invariant function on G and
its trace form B(X, Y)=tro(X)eo(Y) is a symmetric Ad G-invariant bilinear form
g x g—R. (Here we have used ¢ : g—gl(n, R) for the associated representation of
Lie algebras.) If ¢ is a local isomorphism of G onto a reductive subgroup of
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GL(n,R) (i.e. one for which the representation ¢ and all of its tensor powers are
completely reducible), then B is nondegenerate and defines an orthogonal
structure on G.

Proposition. Let ¢ : G—-GL(n, R) be a local isomorphism onto a reductive subgroup
of GL(n,R) and let f and B denote the character and trace form of g respectively.
Then the variation F:G—g of f with respect to B can be expressed as the
composition

G-% GL(n,R)— gl(n,R)-* g
where i : GL(n, R)—gl(n, R) is the natural inclusion of invertible n x n matrices in all

n X nmatrices and pr : gl(n, R)— g is the B-orthogonal projection onto o(g) Cgl(n, R)
followed by the inverse of the isomorphism ¢ : g—0(g).

Proof. Clearly we may assume g is the identity. Then, for AeG, X eg,

d
BF(4), X)= . f(AexptX)

tr(A(I +tX + 0(t?)))

t=0

=trAX =tr pr(i(4))X = B(pr(i(4)), X) .

dt

Since B is nondegenerate, F =proi as claimed. Q.E.D.

1.5. Corollary. Let G=GL(n,R) and let f and B be the character and trace form,
respectively of the identity representation. Then the variation F:G—g is the
inclusion i of invertible n x n matrices in all n x n matrices.

1.6. There are analogous results for the general linear groups over the complex

field € and the field H of quaternions. Let J be the 2n x 2n matrix (IO _OI">

where I, denotes the n x n identity matrix. Then GL(n, €) may be identified with
the subgroup of GL(2n,IR) consisting of matrices A satisfying JA=AJ, ie.
A= —JAJ. Similarly gl(n,C)Cgl(2n,R) is defined by the same equation. The
projection map gl(2n, R)—gl(n, €C) is pr(X)=3(X —JXJ). After a simple appli-
cation of Proposition 1.4, we obtain:

Corollary. Let G=GL(n,C) and let f and B be the character and the trace form of
the representation GL(n, €)C GL(2n,R). Then the variation F:G—g of f with
respect to B is the inclusion of n x n invertible complex matrices in all n x n complex
matrices.

In complex coordinates, f(4)=2Retr4and B(X, Y)=2Re trXY. (We would
obtain the same variation function F if we had used f(4)=2RetrA4 and B(X, Y)
=RetrXY instead.) If ¢: G=>GL(n,C) is a local isomorphism onto a reductive
subgroup of GL(n, C), then the real parts of the character and trace form of ¢
define an invariant function f: G—R and an orthogonal structure B. Then the
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conclusion of Proposition 1.4 will hold with GL(n,IR) and gl(n, R) replaced by
GL(n,C) and gl(n, C).

As an example, let G=GL(n,H) be the subgroup of GL(2n, C) consisting of
matrices A satisfying JA = AJ. (In the notation of Helgason [10], G = U*(2n).) The
Lie algebra g consists of all X e gl(2n, €) satisfying the same equation and thus we
obtain the following analogue of Corollary 1.6:

1.7. Corollary. Let G=GL(n,B) f and B as above. Then the variation F : G—g is
the inclusion of invertible quaternionic matrices in all quaternionic matrices.

As another direct application of 1.4, we obtain:

1.8. Corollar.,y Let G=SL(n,R), SL(n,C), or SL(n,H). If AecG define f(A)
=Retrd: for X,Yegq, let B(X,Y)=RetrXY. Then F:G—g is given by F(A)
=A—(trdA/n)l, for A€G.

Corollary 1.8 has a variant which applies the subgroups UL(n, €), UL(n, H),
of GL(n, C), GL(n, H) defined by |detA|=1. For these groups the Lie algebra is
defined by Retr4=0. If f(4)=RetrA and B(X,Y)=Retr XY then 1.4 implies
that F:G—g is given by F(4)=A—(RetrA)/nl.

When Corollary 1.8 is applied to n=2 one gets an alternative formula for F.
The characteristic equation for 4 € SL(2,R) gives A+ A~ '=(trA)I. Then 1.8
implies

F(A)=A—(tr A/)I =1(A— A1),

We shall presently see that this formula is ubiquitous:

1.9. Corollary. Let G be one of the groups O(p,q), O(n,C), U(p,q), Sp(n,R),
Sp(n, ©), Sp(p, q), Sp(n,H). Let f and B be the real parts of the character and
the trace form respectively of the standard representations (in GL(n,C) for
0(p,q), O(n,C) and U(p,q) (n=p+q), in GL2n,C) for Sp(n,R), Sp(n,T),
Sp(p, q), Qn=p+q) and Sp(n,H)). Then the variation of f with respect to B is
given by F(A)=3(A—A""). (In terminology of [10], Sp(n, H)=0*(2n)
=0(2n,C)nGL(n,H).)

Proof.

I 0
Orthogonal groups O(p,q) and Om,C). Let I P

ra=\g 1) Then

q
AeGe=Al, fA=I,, and Xeg=XI, +1, X=0«X=~1, XI,, Ortho-
gonal projection gl(n)—g is given by X+—3(X—1,,/XI,,). Thus if AeG,
Proposition 1.4 imples that F(4)=3(A—1, JAI, )=%(A—A"").

Unitary groups U(p,q). Ac G=>Al, JA=1, ,; XegeX=—1, ‘XI,,. Ortho-
gonal projection gl(n, C)—g is given by X »3(X -1, /XI, ). Thusif A€G, 1.4
imples F(4)=%(A—1, Al )=%A4—4").

Symplectic groups Sp(n,IR) and Sp(n,C). AcG=AJ'A=J; XegeXI+JX
=0<>X =J'XJ. Orthogonal projection gl(2n)—g is X >3(X +J'XJ). Thus if
AeG, F(A)=L(A+JTAT)=4(A— 4" 1).
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Symplectic groups Sp(p,q). A G=>AJ'A=J, Al, fA=I,,; Xeg=XI+J'X
=XI, ,+1, / X=0=X=J'XJ=-1, 'XI, ,, Orthogonal projection gl(2n,C)
—g is given by X4 (X-J'XJ -1, ‘X1, ,—JI, /XI, J). If A€ G, then F(A)
=LA+ JAT—1, [AL, ,—J1, AL, J)=HA—A"'—A '+ A)=L(A—A"").

Quaternionic symplectic group Sp(n,JH).. AeG<JAJ=—A and A'A=I;
X eg<>X = —JXJ= —"X.Orthogonal projection gl(2n, C)—>gis X —»+(X +JXJ
—tX—JXJ)soif AeG, F(A)=X(A+JAJ—'A—J AN =L(A+A—A"1—4"Y)
=14-4"1). QED.

1.10. Corollary. Let G=SU(p, q) and f, B be the real parts of the character and
trace form of the standard representation in GL(n, C), n=p+q. Then the variation
of f is given by F(A)=4(A—A"")—(i/n)Imtr A.

Proof. AeG<>Al, fA=I,, detA=1; Xeg<XI, ,+1,,'X=0, trA=0. Or-
thogonal projection gl(n,C)—g is given by X+—>3(X -1, ‘XI, )—(i/n)ImtrX.
Thus, if AeG, F(A)=3(A—A"")—(i/n)Ilmtr4. Q.E.D.

1.11. Finally we close this discussion with a trivial observation which will be
useful in § 3.

Lemma. Let G be a complex Lie group with an orthogonal structure B :gx g—»R
which is invariant under the complex structure on g(i.e. B(iX, Y)=B(X, iY) where i
is the complex structure ong). Let f : G—IR be an invariant function which is the real
part of a holomorphic complex invariant function Z : G—C, and let F : G—g be the
variation of f withrespect to B. If f: G—R denotes the invariant function which is
the imaginary part of Z, then its variation is given by F(A)= —iF(A).

Proof. For any X eg, A€ G, we have

B(—iF(A), X)=B(F(A), —iX)=%

f(Aexp(—itX))

t=0

=Re L z(Aexp(—itX))=Re —i 4 z(A exp(tX))
dt}, o dt};— o
= Im% z(Aexp(tX))=B(F(4),X). Q.ED.
t=0

(The hypothesis that B is invariant under the complex structure is equivalent to
the existence of a complex orthogonal structure B, : g x g—C having B as its real
part.)

1.12. Example. The displacement length function for hyperbolic elements of
SL(2,IR). Invariant functions need not be defined on all of G; we may just as well
consider invariant functions defined on invariant open subsets  of G. Then
everything we have said goes through as before, except of course that the functions
F, F are only defined on Q.

A particularly important example occurs for G = SL(2, R), which acts isometri-
cally on the Poincaré upper half-plane H?. For A € G, the displacement length of A
is defined as I(A4)=inf{dist(x, Ax):xe H?}. The subset of G for which I[(4)>0
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equals the subset of hyperbolic elements Hyp={A4 € G:|trace A| >2}. For A Hyp,
the displacement length [ is related to the trace by the formula

[trace A| =2 cosh(l(A)/2). (2.10)
Let L: Hyp—g be the variation function of [ and let B be the trace form for
SL(2,R). It is easy to see that every 4 € Hyp is conjugate to a matrix of the form

A0
( 0 i 1) for A>0. Thus in view of (1.3) it suffices to compute L for diagonal
A0

matrices. Let X € g be the matrix ((Cl _ba> and A= < 0 i 1). Then

B(L(A), X) = % I(exptX)A)

t=0

2 cosh ™ |trace((exptX)A)|
0

. 10 a b\(i 0
5trace<<o A"1>+t<c —a><0 ,1‘1>+0(t2))

_ 2cosh™H((A+ A7 )2+ ta(h— 2 /2)| = 2a. (1.10)

t=

2cosh™!

_d
T dt
_d
~dtl=g
_d
=il

It follows that L(4)= <(1) (1) .

Since I(— A)=1(A), it follows easily that L(— A)= L(A). Thus (replacing A by
— A if necessary) we may assume that 4 has positive eigenvalues. Note also that L
is constant along one-parameter subgroups. As one-parameter subgroups in Hyp
correspond to geodesics in H?, we see that for a hyperbolic element A with positive
eigenvalues, L(A) may be characterized as the unique element of g satisfying:

(1) B(L(A), L(A) =2
(i1) A=exptL(A) forsome t>0.
(In fact (i) and (ii) together imply t=41(A4) is the unique real number satisfy-
ing (ii).)
§2. Homology with local coefficients
In this section we briefly summarize algebraic topological results we need which
concern homology and cohomology in a flat vector bundle (including multiplica-
tive structure), Poincaré duality and intersection theory. For more details, we refer

to Steenrod [16], §31, for basic definitions, Brown [3] for the multiplicative
structure, and Dold [5] for the relationship between Poincaré duality, cup
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products, and the intersection pairing on homology (with ordinary coefficients).
Compare also Johnson-Millson [12].

2.1. Let M" be a closed oriented connected smooth manifold. Let £ be a flat vector
bundle over M ; recall that this means there is a coordinate covering for & such that
the coordinate changes are locally constant maps into the general linear group of
the fibre. Thus if s is a section of ¢ defined over an open subset of M it makes sense
to ask whether in these local charts s is the graph of a constant map into the fibre.
Such a section will be called flat (or “parallel”, “covariant constant”, etc.).

Let €, (M) denote the complex of smooth singular chains on M. A basis of
€, (M) consists of all smooth maps ¢ : 4*— M where 4* is the standard k-simplex.

k
The boundary do of g is the (k— 1)-chain ¥ (—1)'d,0 where 0 is the i-th face of 6.
=

Let €, (M; &) denote the complex of smooth singular chains on M with valuesin ¢:

a basis for €,(M; &) consists of smooth maps ¢ : 4*—M together with a flat section

s of o*¢ over A*. Abusing notation, we denote such a é-valued k-simplex by ¢ ®s.
k

The boundary of such a simplex is the (k—1)-chain d(c®s)= Y (—1)'0,0®s;
i=0

where s; is the restriction of s to the i-th face d;4* of 4*. 1t is easy to show that
€. (M; &) is a chain complex, and its homology is denoted H, (M ; {).

Here is a particularly simple construction of cycles in €,(M; &). Let V* be a
closed oriented k-manifold, f: V*—M a map, and s a flat section of f*& over V.
Then there is a ¢-valued k-cycle on M, denoted f'®s for brevity, which is given by

Z (f 6)®S Where {Gl}l 1

to g;. All of the cycles we use in this paper are of this form.

In a similar way cohomology with coefficients in a flat vector bundle is defined.
If & is a flat vector bundle over M then a &-valued k-cochain on M is a function
which assigns to each singular k-simplex o : 4*— M a flat section of 6*¢ over 4.
The collection of all such cochains forms a complex €*(M; &) from which we
obtain the cohomology of M with coefficients in &, H*(M ; &).

It is well known that every flat vector bundle is associated to a linear
representation of the fundamental group in the following way. Let h:7m (M)
—GL(V) be a representation of 7,(M) on a vector space V and let M— M be a
universal covering space of M. Then 7,(M) acts on M x V diagonally, by deck
transformations of M and linearly by h on V. The quotient of M x V by this action
is the total space of a flat vector bundle £ over M. Furthermore two flat vector
bundles arising from h,, h, € Hom(n,(M), GL(V)) are equivalent if and only if h,
and h, differ by an inner automorphism of G. A representation determining ¢ is
called a holonomy representation for £. It is easy to see that flat sections of  are in
bijective correspondence with vectors in V stationary under h. If M is an
Eilenberg-MacLane space of type K(, 1), then there is a canonical isomorphism
of H(M; ¢) and H*(M; &) with the Eilenberg-MacLane group homology and
cohomology H,(n;V,) and H¥(r; V}) respectively, where V, is the m-module
determined by h: n—GL(V).

2.2. Products and Poincaré duality. Let B : £, x £, ¢, be a bilinear pairing of flat
vector bundles over M. The usual cup- and cap-product operations define pairings

n 18 a triangulation of V and s, is the restriction of s

,,,,,
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of complexes
B (V) CHM; &) x €M &) C* (M ; &)

g*(m);(\:k(M; COXCM; E,)-C (M &y)

which induce homology pairings

B (V) HYM; &) x H(M; &)>H* " {(M; &5)
g*(m)5Hk(M§ COXH(M; &)—H_(M; &)

respectively.

The usual Poincaré duality isomorphism is given by cap product
N[M]: HM)—-H,_,(M) with the fundamental homology class [M]e H,(M).
On the chain level this isomorphism may be described geometrically as follows.
Let A be a smooth (n—k)-cycle in M. Then (n[M]) ™ '[A] is represented by the
k-cocycle which assigns to every k-chain B which intersects A transversely the

intersection number Y &(p; A, B). Here &(p; A, B)= £+ 1 is the oriented inter-
pecA#B

section number at p and the sum is over the set A # B of transverse intersections of
A with B. (Of course these intersections are counted with multiplicity. That is, if

A= Z o;, B= Z B, where o;: 4" "*—M and f;: 4*~M are singular simplices,

then y #B really con51sts of pairs (p, q) € 4* x A"~ * with a;(p) =B j(q) for some i, j.
We will usually avoid this technicality by assuming that the intersections 4 4 B are
transverse double points: then (p,q) is uniquely determined by «(p)=p,(q).)
Moreover, although this formula is only defined on transverse k-chains B,
(n[M7])~'[A] is uniquely determined. Since it is a cocycle, its value on a singular
simplex f: A*— M is the same as on any 8 homotopic to f rel9f, and thus we may
replace each k-simplex by one which is transverse to 4. For further detail, see Dold
[5].

This construction works equally well with coefficients in a flat vector bundle;
for more details consult Cohen [4]. The map n[M]: H¥M; &) H,_(M; £)isan

isomorphism. If A= ¥ 0,®a;is a é-valued (n—k)-cycle, then (W[M]) " '[A]is the
i=1

&-valued k-cocycle which assigns to each k-simplex 7 : A*— M which is transverse
to the g; the flat section of t*& given by

2 2 &p;o, )t
i=1 peo;#t
In a similar vein, cup product has a geometric interpretation in terms of
intersection. If 4 is an k-cycle and B is an (n— k)-cycle transverse to A then the
Poincaré dual of the cup product of the cocycles Poincaré dual to [4] and [B] is
given by the intersection pairing 4- B of 4 and N, i.e.

(A[MD ™' [ATANIM]D) ' [BIN[M]=A-B= ¥ &(p;A,B)eHy(M;Z)=Z

pcA#B
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A similar formula holds for cycles with coefficients in flat vector bundles. Namely,
let fl, &,, &5 be flat vector bundles over M and B: & xE,—E, a pairing. Let

A= Z 0;®a; be a &, -valued k-cycle and B= Z 7;®b; a &,-valued (n—k)-cycle.

ji=
Then the cup-product of the Poincaré duals of [A] and [ B] is Poincaré dual to the
intersection

1 m
A-B=3 ¥ X pios 1)B(ai(p), bj(p)) e Ho(M; &3) .
i=1j=1 pea;#71;
In the cases of interest here, &, is the trivial R-bundle M xR so 4 B lies in
H,(M; R)=1R.

2.3. In this paper we will be exclusively interested in the case when S is a surface
(n=2). Let & be a flat vector bundle over S. Suppose o : S* — S is an oriented closed
smooth curve in S. Generically « is an immersion whose only self-intersections are
transverse double points. For every simple point p of « (i.e. pe «(S*) and o~ !(p) is a
single point) there is an element «,, of the fundamental group 7,(S; p). (We will
often confuse a parametrized curve « with its image «(S') in S, and often write p € a;
the meaning shall be clear from the context.)

Let pea be a simple point and let go:7,(S; p)—>GL(V) be a holonomy
representation (where ¥ denotes the fibre of £ above p). A flat section over o then
corresponds to a vector v e V which is fixed under (). In particular we obtain a
cycle on S with coefficients in &, which we denote by a®v. (Here we have identified
fixed vectors of h(a,) in V' with flat sections of a*¢.)

Now we pair two such cycles. Suppose that £, n are two flat vector bundles over
S and B is a pairing of vector bundles & x n—>R. Let a, f be two oriented smooth
closed curves. We say that « and f intersect transversely in double points if the maps
S!S representing o and 8 are transverse and foreach pe S, a ™ '(p)n B~ '(p) has at
most two elements. In that case each p e a4 f§ is a simple point of « and of § so we
obtain well-defined elements o, B,€n,(S; p). Let {(p) and n(p) denote the fibres
over p of £ and 5 respectively, and choose holonomy representations

he(p): (S5 P)>GL(E(P)),  hy(p):7y(S; p)>GL(n(p))

for £ and n respectively. For any flat section s (resp. s,) of a*& (resp. f*n), let
ve(p) € &(p) (resp. v,(p)en(p)) be the corresponding fixed vectors. Then the
intersection product of the two cycles a®s;, f®s, with respect to the coefficient
pairing B is given by

B, (2®sy)- (li’@s,,))— 2 &(p; o, f)B(ve(p), v,(p)) -

Finally we mention that cycles of the form a®v have a simple description in
group homology. Recall that in group homology the group of 1-chains C,(x; V) of
a group = with values in a 7-module V is Zz (X) V where Zn is the integral group

z
ring of n. The O-chain group Cy(n; V) equals V. The boundary operator
0:C,(n; V)>Cy(m, V) associates to a “V-valued 1-simplex” a®v (where a e,
ve V) the element v—av of V=Cy(rn, V). Clearly a®u is itself a cycle if and only if
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av=0v, and this 1-cycle in Z,(n; V) corresponds to the geometrically defined class
in H'(S; ) where n=n,(S) and ¢ is the flat vector bundle associated to the
n-module V. For a discussion of higher-dimensional cycles of this type, with
applications to deformations of hyperbolic structures, see Johnson-Millson [12].

§3. The product formula

3.1. For the remainder of this paper we fix the following notation. S is a closed
oriented surface of genus g>1 and §—§ is a universal covering space. Let 7
denote the group of deck transformations of S. If a is an oriented closed curve on S
and peS is a simple point of a, let «, denote the unique element of n,(S; p)
determined by a. Let G denote a Lie group with Lie algebra g and we fix a
orthogonal structure B : g x g— . If ¢ € Hom(n, G) we denote its equivalence class
in Hom(x, G)/G by [¢#]. Let gAd¢ denote the n-module g when m-action is given
by the composition %> G-29> Aut(g). We also denote by g,4, the corresponding
flat vector bundle over S. We denote the dual of g,44 by gX44. Note that B
determines an isomorphism B:g,, +—04ap Of m-modules. Finally, if
[¢]e Hom(n, G)/G and pe S, we will systematically abuse notation and write
#:7,(S; p)—G although there will usually be no canonical choice of isomorphism
of n,(S; p) with =.

3.2. A symplectic structure on a manifold is a closed nondegenerate exterior
2-form. In [7] it is shown that an orthogonal structure B on G determines a natural
symplectic structure on Hom(r, G)/G. (Although Hom(n,G)/G rarely is a
manifold, it is real analytically stratified by symplectic manifolds; see [7] and [8]
for further details.)

We briefly recall the construction from [7]. The Zariski tangent space to
Hom(r, G)at ¢ is the space Z'(n; gaq,) Of 1-cocycles of n with values in g4 4. To see
this we consider a real analytic path ¢, in Hom(r, G) starting at ¢,=¢ and write
#,(x) =exp(tu(x) +0(t*))¢(x). The defining equations for Hom(n, G) in the form
d(xy)=d,(x)¢,(y) imply that the “first variation” u: n—g is a 1-cocycle, i.e. u(xy)
=u(x)+ Ad @¢(x)u(y). Moreover the tangent space to the G-orbit of ¢ is the space of
1-coboundaries: let g, = exp(tu, + O(t?)) be a path in G starting at 1; then the first
variation of the path ¢, defined by @,(x)=g,4(x)g, ! equals u(x)=u,—AdP(x)u,
which, as a 1-cochain m—gq is the coboundary of the O-cochain u, € g. Thus
T Hom(n, G)/G=H"(n; g544), Which we identify by a canonical isomorphism,
with H'(S; gaa)-

The cup-product in S and the coefficient pairing B : gAd + X 8aas— R combine
to produce a pairing (@) : H'(S; gaqe) X H'(S; 8aa) > H*(S; R)=R. Explicitly if
a,be H'(S; gaay), then we write wy(a, b) = %*(aub)r\[S] eR. In [7] it is proved
that w(g) is a nondegenerate skew-symmetric bilinear form on H'(7; gaq4)-
Furthermore it is proved there that w defines a closed exterior 2-form, hence a
symplectic structure, on Hom(n, G)/G.

3.3. We briefly review the formalism of Hamiltonian mechanics and symplectic
geometry. For further information, the reader is referred to the books of Abraham-
Marsden [1], Arnold [2], and Weinstein [17].
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Let (X, w) be a symplectic manifold, i.e. X is a smooth manifold and w is a
symplectic structure on X. Let @: TX - T*X be the isomorphism of the tangent
and cotangent bundles determined by w. If p € C*(X) is a smooth function, its
exterior derivative dy is a 1-form and @ ™' - dy is a vector field we denote by Hup.
The vector field Hy is the symplectic analogue of the gradient of y with respect
to a Riemannian metric. We call Hy a Hamiltonian vector field, the flow it
generates a Hamiltonian flow and y the potential.

The following elementary facts are well known:

Proposition. (i) The Lie derivative of w with respect to a Hamiltonian vector field is
zero, i.e. a Hamiltonian flow preserves w.

@) If vy, w, € C*°(X), then the symplectic product w(Hvy,, Hy,) equals either
of the directional derivatives (Hy )y, = — (Hy,)y,. (This function is the Poisson
bracket of v, v, and is denoted {y,,y,}.)

(iii) Under Poisson bracket, the space C*(M) of smooth functions on M
becomes a Lie algebra C*(M ; w). Moreover H is a Lie algebra homomorphism from
C®(M; w) into the Lie algebra of vector fields on M with Lie bracket. Finally, the
adjoint representation ad : C*(M ; w)—Der C*(M), defined by ady: fr—{yp, f}isa
Lie algebra homomorphism from C*(M ; w) to the Lie algebra of derivations of the
commutative ring C*(M) under multiplication, i.e. {y, Y03} ={y, Yo} ws+{y,,
W3}y, for vy, ¥y, Y3 € C°(M; w).

3.4. Weareinterested in a certain family of functions on the symplectic “manifold”
(Hom(n, G)/G, ). Namely let aen and f:G—R an invariant function on G.
Consider the function f,:Hom(n, G)—>R defined by ¢— f(4(x)). Since f is
invariant, f, is G-invariant and defines a function Hom(r, G)/G—1R, also denoted
f.- A further consequence of invariance of f is that f, depends only on the
conjugacy class of a in 7. Thus we may take any oriented closed curve o in S and
define f, since the set 7 of conjugacy classes in 7 equals the set of free homotopy
classes of oriented closed curves in S. Let f': G-I be another invariant function
and let F, F’: G—g be the variation functions constructed in § 1.

3.5 Theorem. Let o, B be two oriented closed curves which are immersions with
transverse double points. Then the Poisson bracket {f,, f,} equals the function
Hom(n, G)/G—-R defined by

(41— peaZ#ﬂ &(p; o, BYB(F((x,)), F'(9(B,)) -

Note that in this expression we have to choose, for each pea#p, a
representative ¢ : n,(S; p)— G for [¢]. However, since F and F’ are Ad-equivariant
and B is Ad-invariant, each summand is independent of these particular choices.

3.6 Corollary. If « and B are disjoint then f, and f; Poisson-commute.

The proof of 3.5 uses an explicit cycle Poincaré dual to the Hamiltonian of f,.
The Hamiltonian vector field Hf, assigns to [¢] an element of the tangent space
TisyHom(n, G)/G=H'(n,8aq4). We denote this element of H'(m; gaqy)
=H'(S; gaaq) by Hf(¢). (We shall often identify H*(1; gaq4) and H*(S; gaay), etc.
without explicit mention of the canonical isomorphisms.) Although it seems
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complicated to express Hf,(¢) by an explicit cocycle in Z'(n; gaq,) it is much
simpler to find a cycle representing the Poincaré dual homology class Hf,(¢)
N[S1€ H (S; 8aa¢)-

3.7 Proposition. Choose representatives ¢ : n,(S; p)—G for [¢] and o, € 7,(S; p) for
a. Then the Poincaré duality isomorphism N\[S]: H'(S; gaas) = H(S; Gaay) carries
Hf(¢)€ H'(S; aay) to the homology class of the cycle a@F(¢(x,)) on S with
coefficient in gq4-

Note that since Ad @(a,)F(¢(2,)) = F(¢(,)), the chain a® F(¢4(a,)) is a cycle as
claimed. We emphasize, however, that in order to write down the cycle, we have
had to choose representatives ¢ and o,

Proof of 3.5 assuming 3.7. By 3.7 Hf (¢)n[S]=[a® F(¢(a,))] and Hf;(#)N[S]
=[BRF(#(f,))] for each pea# . By the duality between cup-product and
intersection pairing, as in 2.2,

e J5} = o(Hf, Hf?) =B (Hf(#) W Hf§(#))N[S]
=B, (Hf(#)N[S]) - (Hfp(#)N[S])
=B ([e®@F(p(o,))]- [FF(9(B,)]) -

By (2.3) this last quantity equals
)3 , &(p; o, BYB(F(P(x,)), F'($(B)))) s

pea#

proving 3.5. Q.E.D.

Proof of 3.7. We first compute the differential of f,: Hom(n, G)/G—R. For
[¢]1eHom(r, G)/G, df(¢) € T Hom(n, G)/G=H"(n; g5q,)*. Thus suppose that
ue Z'(n;8a46) 18 a cocycle representing [u]e H'(m;8444); We compute the
effect of df(¢) on [u]. Now u is tangent to a path ¢, in Hom(r, G) in the sense that
#d(x) =exp(tu(x) + O(t*))$(x). Now

55 S6a)
t=0

=l f((exptu(a,) +0(t2)d(,) = F(d(a,)) (u(x,))

=B(F(¢(xy)), u(ep)) .

Let “B: H!(n; g*)*— H'(n; g)* be the transpose of the isomorphism H(r; g)
—H'(n; g*) effected by the coefficient isomorphism B:g—g*. (We shall hen-
ceforth drop the subscript Ad¢ from g, 4, and g%, 4 as the context will be clear.) Let
n:H,(n;g)>H'(n; g*)* be the map arising from the cap product pairing
H'(n; g*) x H,(n; )= H°(w; R)=R. (On the chain level, this is the canonical
pairing of g-valued chains with g*-valued cochains.) Since df,(4) takes a
cohomology class [u]e H'(n; g*) to B(F(4(x,)), u(,)), we have (B)~Y(df.(¢))
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={1(.ap®F(¢(ap))). Let 0:H'(n;g)—>H'(n;g*)* be the map arising from the
pairing

H'(n; g) x H\(n; ¢*)—> H*(; ]R)bn[i» Hy(n; R)=R
where [n] denotes the fundamental class in H%(n; R).

3.8. Lemma. The diagram
H'(n;9) —"> H(n;g)

(r,l \ l,,

H'(m; 9)* «—5— H'(n; g%)*
is commutative.

Proof. The lower left triangle is commutative by the definition of &. The
commutativity of the upper right triangle arises from the “associative law” relating
cup and cap products. Namely, let XeH!(n;g*), YeH'(n;g). Then
0(Y): X—»(XuY)n[n]and n(Yn[n]): X XN(Y[r]). Since (XU Y)n[n]=X
N(Yn[r]), the diagram commutes. Q.E.D. ’

Now we finish the proof of 3.7. For

a®F(¢(a,)=n"" (B)”(df,(¢))
=(&~ ' (df(#)n[n]=Hf($)n[x].

The proof of 3.7 is now complete.

3.9. The Cosine formula

As our first application of Theorem 3.5 we prove the following basic formula due to
Wolpert [18], [20].

Theorem. Let € denote the Teichmiiller space of S. For each closed curve o in S, let
I,:@s—IR be the function which assigns to m e € the length of the unique geodesic
a(m) homotopic to o on the hyperbolic surface S, corresponding to m. Then, in the
Weil-Petersson symplectic structure,

{llg}= X  cos,
pea(m)# p(m)
where 0, is the counterclockwise angle from a(m) to f(m) at p. (Since a(m) and f(m)

are uniquely determined by o, 8, and m, the right-hand side is a well-defined function
on G.)

Proof. Let G=SL(2,R). Then € may be defined as one of the connected
components of Hom(r, G)/G consisting of [¢] for which ¢(e) is hyperbolic for all
a1 in 7. Then the geodesic length function [, is a smooth function on
{[¢]€ Hom(=n, G)/G : ¢(x) € Hyp} (and hence on €) which is constructed from the
invariant function I: Hyp—RR discussed in 1.13. The Weil-Petersson Kéahler form
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on Eg is the restriction of the symplectic structure on Hom(n, G)/G determined by
(—1/8) times the Killing form on g=gl(2,R), i.e. (—1/2) times the trace form B
of the standard representation on R2. Thus 3.5 applies and we have

{lolg}=—1/2 peg#ﬂ &(p; o, FYB(L(4(,)), LH(B,))) -

Thus it remains to identify —1/2e(p; o, B)B(L(H(x,)), LIS(B,))) as cosb,.

Let A, Be Hyp be hyperbolic elements of G=SL(2,R). Then by 1.13 L(A4) is the
unique element of g such that A=exptL(A4) for t>0 and B(L(A), L(A))=13;
similarly for L(B). Let a (resp. b) be the unique oriented geodesic invariant under 4
(resp. B) so that A4 (resp. B) moves points in the forward direction. Suppose that a
and b intersect at p; let § be the counterclockwise angle from a to b at p. It suffices to
prove:

cosO=—1/2¢(p; a, b)B(L(A), L(B)) . (3.10)

First we note that by changing A to A~ ! the orientation of a changes and both
&(p; a, B) and L(A) are replaced by their negatives; similarly for B. Thus both sides
of (3.10) depend only on the unoriented geodesics a and b. Now L(A) is conjugate

(1 0 -
to the matrix (O B 1> and thus I(A) has determinant —1. Writing [(A4)

= <f Z)’ we note that it acts on the upper half plane as an orientation-reversing

isometry Z—(pZ+ q)/(rz+s). Furthermore since I(A) has trace zero, it acts by
reflection about a. Similarly I(B) acts by reflection in b. Their product
(I(A)) (L(B)) acts by rotation about p through angle 26. Since det(L(A))
(UB))=1, tr(I{A))(I(B))=+2cosf. Hence B(L(A), L(B))=trl(A)L(B)
= +2cosf.

It remains to check the sign. Both sides of (3.10) are continuous functions in the
open subset W of Hyp x Hyp consisting of (4, B) such that their invariant axes
cross. Thus it suffices to check (3.10) for a single example in each component of W.
Now W has two components, detected by &(p; a, b); changing (4, B) to (A~ !, B)
interchanges the two components. Thus it suffices to check the sign in (3.10) for a
single (A,B)e W, this calculation is straightforward, uninspiring and
omitted. Q.E.D.

3.11. Remark. By reversing the proofs of 3.7 and 3.9 one sees that the cosine
formula is actually equivalent to the description (originally due to Shimura) of the
Weil-Petersson Kihler form on Teichmiiller space in terms of the cup-product,
fundamental cycle, and Killing form, as in Goldman [7], §2. Thus the following
circle of ideas is now complete:

symplectic structure}
////7 on Hom(xn, G)/G
% Shimura
//// isomorphism

/1l . -
Wolpert’s cosine} P — Weil-Petersson Kihler form
formula ~ on Teichmiiller space
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3.12. Lie algebras of trace functions

Although the cosine formula 3.9 expresses a beautiful relationship between the
Riemannian geometry of a hyperbolic surface and the symplectic geometry of
Teichmiiller space, its usefulness for the more general space Hom(r, G)/G is limited
since the geodesic length functions, etc. are only defined on Teichmiiller space.
Hence we are led to consider variants of these functions which come from globally
defined invariant functions on G and hence are globally defined on Hom(=, G)/G.

We shall compute Poisson brackets of certain functions f, for some of the most
natural invariant functions f on all of the classical Lie groups. Namely we shall
consider the “standard” representation G—GL(n,R) (i.e. the representation by
which G is defined) and take for f and B the character and the trace form of this
representation. When G is defined as a subgroup of GL(n, C), then we compose the
standard representation of G in GL(n,C) with the standard representation
GL(n, C) CGL(2n, R); alternatively we may work in GL(n, C) and take f (resp. B)
to be twice the real part of the character (resp. the trace form) of the standard
representation GCGL(n, €),i.e. f(4)=2Retr A for 4 € GCGL(n, ), and B(X,Y)
=2Retr XY for X, Y e gCg(n, C). For the standard representations of the classical
groups and their characters and trace forms, we refer to 1.6-1.12.

In what follows o and f are closed curves on S which are in general position, i.e.
o and ff are immersions and which intersect each other in transverse double points
(we do not require that they intersect minimally. Thus each pea# f is a simple
point of « and of B; thus « and B determine well-defined elements «, and f,,
respectively, of n,(S; p).

3.13. Theorem. Let G=GL(n,R), GL(n,C) or GL(n,IH). Let f, B, o,  be as in
3.12. Then the Poisson bracket of f, and fy is given by the formula

{fw fﬂ} = z E(p, &, ﬁ)j‘;‘pﬁp

pea#p
where «,f8, denotes the product in n,(S; p) of the elements o, f,€n,(S; p).

Proof. To avoid repetition we consider all three cases G=GL(n,R), GL(n, C),
GL(n, H) simultaneously. Write k=1 in case G=GL(n, R); otherwise let k=2.
Then in the standard representations by complex matrices (see 1.6-1.7) we have
f(A)=kRetrAand B(X, Y)=kRetr XY. By 1.5-1.7 the variation map F : G—g of
S with respect to B is the natural inclusion of invertible n x n real (resp. complex,
quaternionic) matrices. The product formula 3.5 imples that the Poisson bracket
{f. f3} is the function on Hom(n, G)/G given by

[l— 2 ep; a, B)BF(P(xy)), F(H(B,)))

pea# g

= 2 , &(p; o, Pk Re trg(a,) ()

pea#

2 , &(p; % B) fas,(9)

pea#

Il

as claimed. Q.E.D.
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3.14. Theorem. Let G be one of the groups O(p,q), O(n,C), O(n,H), U(p, q),
Sp(n,R), Sp(p, q) and let f, B, o, f be as in 3.12. Then

fulit=2 % , &P 0 B) (Sapp, = Sapps 1) -

pea#

Remark. This formula is due to Wolpert [20] for the case of Teichmiiller space €
CHom(n, G)/G, G=SL(2,R).

Proof. Write k=1 for G=0(p, q) and Sp(n, R); k=2 for all the other groups. We
claim that if 4€G, then f(A)=f(A~"). If G is an orthogonal or a symplectic
group, this follows from the fact that 4 and 4~ ! have the same eigenvalues. While
this is no longer true for G= U(p, q), the eigenvalues of 4~ ' are the conjugates of
those of A. Since f(A)=2RetrA, the claim follows for G=U(p, q) as well.

By 1.9, the variation map F: G—g is given by F(A)=3(A—A""). If 4, B€G,
then

B(F(A), F(B))=(k/4) Retr(A— A1) (B—B™ )
=(k/4)Retr(AB+A 'B '— A 'B—AB™ 1)
=(f(AB)+f(A"'B"")—f(A" 'B)— f(AB™"))/4
=3(f(AB)—f(AB™")).

Now substitute 4 =¢(x,), B=¢(p,) and apply 3.5. Q.E.D.
3.15. Theorem. Let G=SL(n,R), f, B, «, f as above. Then

o= 5 00, 111

pea#
Proof. By 1.8, the variation map F:G—gis F(4A)=A—(trA)/nl. If A, Be G, then
B(F(A), F(B)) =tr((4—(tr A)/nl) (B—(tr B)/nl))

=tr(AB—(tr A)/nB —(tr B)/nA + (tr A) (tr B)/n*I)

=trAB—(trAtrB)/n= f(AB)— f(A)f(B)/n.
Now substitute 4=¢(«,), B=¢(B,) and apply 3.5. Q.E.D.
Remarks. (1) The same formula holds for

G=UL(n,€C)={4eGL(n,C):|detA|=1}
and
G=UL(,H)=UL(2n,C)nGL(n, H).

The proof is identical.

(2) The formula in 3.15 differs from the formulas in 3.13 and 3.14 in an
important respect. 3.13 and 3.14 express a Poisson bracket of trace functions f, asa
linear combination of trace functions. On the other hand, 3.15 expresses the
Poisson bracket of trace functions as a nonlinear polynomial in trace functions.
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When n=2, trace identities in SL(2,IR) reduce 3.15 to 3.14 (e.g., when
G =Sp(1, R)); for n>2 it seems impossible to write 3.15 as a linear combination of
traces. This complication can be traced to the fact that for n>2, the determinant
map det :GL(n, R)—>IR* has degree > 2. (All of the groups in 3.13 are defined by
linear equations in some GL(m, R) and all of the groups in 3.14 are defined by
quadratic equations.) This leads to mild complications in the abstract Lie algebra
theory developed in §4.

3.16. Now we discuss the groups SL(n, C), SL(n, H) and SU(p, q). Taking f(A)
=2RetrA,B(X, Y)=2Retr XY, as usual, we find, unfortunately, that the Poisson
bracket of trace functions f, cannot be expressed solely in terms of f,’s alone.
Rather we must introduce auxiliary functions f, derived from the invariant
function f: G-R defined by f(A)=2ImtrA.

Theorem. Let G=SL(n,C) or SL(n,H), f, f, B, a, B as above. Then

U= 5, o0 o+ 3 T80

pea#

Uufib= T epio ﬁ)(ﬁ,,,,,,— %l(faﬁﬁﬂfp))

pea#

{];,fp} = X ﬂﬁ(P; o, ﬁ)(‘fa,,ﬂ,,‘*‘ %(Jﬂfp“ﬂfﬂ))

pead

Proof. By 1.11, the variation F of f satisfies F(4)= —iF(A), where F(A)=A
—(trA)/nl by 1.8. If A, Be G, then

B(F(A), F(B))=2Retr(4A—(tr A)/nI) (B—(tr B)/nl)
= f(AB)—2Re(tr AtrB)/n
= f(4B)—(f(4) f(B)— f(A) f(B))/2n.

Similarly

B(F(4), F(B))= f(AB)—(f(A) f(B)+ f(A) f(B))/2n

and

B(F(4), F(B)= — f(AB)+(f(4) f(B)— f(4) f(B))/2n.
Substitute 4=¢(x,) and B—¢(f,) and apply 3.5. Q.E.D.

3.17. Theorem. Let G=SU(p, q) with p+q=n, and let f,f, B, a, B be as in 3.16.
Then

{fofit=2 X 3807; % B) (fups, = Jupss  +(1/20) )

pea#

{fo Fit =% , Y o5 % B) Fapp, = Fupss )

ca¥p

foft=% T Bﬁ(P; % B) (a5t — faps,— (1/20) o).

pea#
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Proof. By 1.10, F(A)=(A— A~ ")/2—((i/n)Im tr A)I. Thus

F(A)F(B)=(A—A~")(B— B~ 1)/4—(i/2n) (Im tr )
-(B=B~Y)+(ImtrB)(A— A~ 1) —(1/n?)
-(Imtr A(Im tr B)I).

Applying the identity —itr(4— A4~ ")=2ImtrA4 we compute

trt F(A)F(B)=tr(A— A~ ')(B— B~ 1)/4+4(2/n) (Im tr A) (Im tr B)
—(1/n)(ImtrA)(ImtrB).

Thus

B(F(A), F(B)=(f(AB)— f(AB™")/2+ f(4) f(B)/2n;
B(F(4), F(B))=(f(AB)~ f(AB™"))/2;
B(F(A4), F(B))= —B(F(A), F(B)).

Now substitute and apply 3.5. Q.E.D.

§ 4. Hamiltonian twist flows

4.1. When «a is a simple closed curve, then the Hamiltonian flows generated by a
function f,: Hom(n, G)/G—RR associated to an invariant function f: G-I has a
very neat explicit description. In particular there is a natural family of vector fields
Hf, on Hom(r, G) covering the Hamiltonian vector field Hf, on Hom(x, G)/G. The
description of these vector fields and the flows they generate generalize the
Fenchel-Nielsen twist flows on Teichmiiller space.

To motivate the definition of these “generalized twist flows” we briefly recall
the Fenchel-Nielsen flows on Teichmiiller space, referring to Wolpert [18] and
Kerckhoff [13] for further details. The Teichmiiller space €4 of S is defined as the
set of equivalence classes of pairs (M, ) where M is a hyperbolic surface and
f:S—M is a homotopy equivalence; (M, f) and (M’, f’) are equivalent if there is
an isometry h: M — M’ such that ho f~ f’. For every nontrivial homotopy class a
of simple closed geodesics on S and for every point m in €, there is a unique simple
closed geodesic a(m) on M, in the homotopy class (f,,),.-

Definition. Let S by a surface and aC S a simple closed curve. S split along « is the
surface-with-boundary S|« for which there exists a quotient map j: S|a— S which
maps int(S|«) homeomorphically onto S —« and identifies the two components o
a_ of d(S|a) to a.

The Fenchel-Nielsen twist flow about « is defined as follows. For any point
m e € we will describe its image m(t) under the time t map of the flow. Let (M, f,,)
represent me €g and let (M|a),, denote the split surface M,,|«(m). There is a
canonical isometry i, : a,(m)—a_(m) between the two components of d(M |a),,.
Since «, (m) and «_(m) are geodesics, there is a whole one-parameter family of
isometries 6F : o0, (m)— a5 (m), te R, i,(0)=id, which is uniquely determined by
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the requirement that each 6 x is a positively oriented unit speed path on o (m).
Let M, denote the hyperbolic surface which is (M | a),, with a_(m) and «_(m)
identified via i,00,". To define the flow line m(t) in €, it suffices to define
homotopy-equivalences S—M,, . This can be accomplished as follows. For each
oriented curve y in M,, which is transverse to a(m), there is a split curve y|o in
(M |a),, which projects to y under the quotient map. y|a is a disjoint union of
oriented intervals whose endpoints lie on «, and o_. We shall modify y|a by
inserting arcs to obtain a union of intervals (y|a), on (M |a),, which projects to a
closed curve on M,,,. For each component of y|a whose terminal endpoint is
x € oy (m), insert the arc s+ 07 ;(x), 0<s< 1. The resulting curve on (M |«),, now
covers a closed curve y, on M,,,,. Moreover the map y+ y,induces an isomorphism
ny(M,)-n,(M,), hence a homotopy-equivalence h,: M, —M,,. Thus we
obtain a well-defined point m(t) in € represented by (M,,, b, f).

There is a canonical map €;—Hom(n, G)/G, G=PSL(2,R), defined as follows.
Suppose me Cg is represented by (M, f), then f, maps n=rm,(S) isomorphically
onto 7,(M) which is a discrete subgroup of G. Changing representatives (M, f)
only changes the inclusion n,(M)CG by an inner automorphism of G. It is known
(seee.g. [7], [15]) that the resulting map €;—Hom(n, G)/G is a homeomorphism of
@ onto a connected component of Hom(n, G)/G.

The deformation m(t) is “concentrated” at o; since (M |a), ~(M|®),,, the
only objects in M which geometrically change in M, are those which intersect
a. Let C be a component of S|a; since « is nontrivial in «, the natural map =,(C)
—mn,(S) is injective. Since the split surfaces (M]a), remain isometric the
restriction to 7,(C) of the corresponding path in Hom(=n, G)/G is constant. This
motivates the following general definition:

4.2. Definition. A generalized twist flow about a is a flow {#,},.g on Hom(z, G) such
that for each ¢ € Hom(n, G), the deformation #,¢ restricts to a trivial deformation
7,(C)— G for each component C of S|a, i.e. there exists a path g,=g,(C) in G such
that n,4(y)=g,4(y)g; ' for yen,(C)Cn. If {n,},cg is @ generalized twist flow on

d .
Hom (r, G), then the tangent vector field i n, will be called a generalized twist
t=0

field (about o) on Hom(x, G). It is easy to see that a vector field £ on Hom(n, G) is a
generalized twist field about « if and only if for each component C of S|, the
restriction of &(¢) € TyHom(n, G)=Z'(7; gaq,) to m,(C) is a coboundary, i.e. for
each C, there exists A¢ € g such that &(¢) (y) = Ac—Ad@(p)A¢ for yen (C).

4.3. Theorem. Let o.C S be a simple loop and f: G- IR an invariant function. There
exists a generalized twist flow {E,},.g about a on Hom(n, G) which covers the
Hamiltonian flow on Hom(n, G)/G associated to f,: Hom(rn, G)/G—IR.

It will be convenient to normalize these flows as follows. If « is nonseparating,
(S]ais connected) then by applying an inner automorphism, we may assume that a
generalized twist flow about « is constant on the subgroup =,(S|a)Cn,(S), i.e.
Ed(y)=¢(y) for all ye n,(S|a). In case « is separating (S|« has two components)
then we normalize Z,¢ by requiring it be constant on the fundamental group of one
component of S|a.
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Theorem 4.3 will be proved constructively: we shall give an explicit twist field
covering Hf,. Thus we shall prove a statement which is stronger than 4.3. Hence we
will split the discussion into two cases, depending on whether o is separating or
not.

4.4. The twist flow associated to a separating loop

Let aCS be a separating simple loop. Then S|« is a disjoint union S;US, where
genus(S, )+ genus(S,) = genus(S). Accordingly the fundamental group = of S is a
free product of its subgroups n,(S;) and 7,(S,) amalgamated over the cyclic
subgroup generated by a.

Suppose that {Z,}, g is any generalized twist flow about « on Hom(z, G),
normalized so that Z,4(y)=¢(y) for yen,(S;). Then since Z,¢ is a trivial
deformation when restricted to 7,(S,), there exists a path {{(¢)},cr in G such that
Ed()=C()(1)i(p)~! for yem(S,). Since aen,S;nm S, ¢(o)=E ()
={(P)P()(p) ! whence {(¢) is a path in the centralizer Z(¢(a)) of ¢(e) in G.
Conversely, given any such path {(¢), the conditions

¢(7) if yemn(S,)
L@ i yen(S,)

uniquely determine a family of homomorphism Z,¢ € Hom(z, G).

(4.4) By {

4.5 Theorem. Let o be a separating simple loop and let S, S, be the components of
S|a. For each ¢ e Hom(z, G), te R, let {(¢)=exptF(¢(a)) where F:G—g is the
variation function discussed in§ 1. Then the flow {Z,},.r defined by (4.4) is a flow on
Hom(r, G) which covers the Hamiltonian flow on Hom(n, G)/G associated to f,.

4.6. The twist flow associated to a nonseparating loop

Let o C S be a nonseparating simple loop. Then there exists another simple loop f
which intersects o one transversely with positive intersection number. Then 7 ,(S)
is generated by the subgroup =,(S|«) and B with the relation o, f 'a_ =1, ie.
n,(S)is an HN N extension of 7,(S|a«) where the elements o, , (o)~ of 7,(S|«) are
made conjugate. We may assume that the image of «, under 7,(S|a)—>n,(S) is a.

Suppose that {Z,},.r is any generalized twist flow on Hom(n, G) about o,

normalized so that Z,4(y) = @(y) for y € n,(S|a). Writing Z,4(B) = #(B){ (), we find
that

Ed(B)p(@) (ESB) ' =Ep(Bafp ) =B 1) =d(B)p()d(B) "
whence ((¢) is a path in Z(¢(a)). Conversely if {(¢) is such a path,

4. =z :w—~>¢(v) if yen,(S|a)
*6) f {ﬂH¢(ﬁ)c,(¢>

defines a family of homomorphisms 7—G.
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4.7. Theorem. Let o be a nonseparating simple loop on S and f as above. For each
¢ € Hom(r, G) let {(¢p) =exptF(¢(a)). Then the flow defined by (4.6) is a generalized
twist flow on Hom(n, G) which covers the Hamiltonian flow on Hom(m, G)/G
associated to f,.

Proof of 4.5. Let F (¢) = F(¢()). Let £ denote the generalized twist field tangent to
{E}er; for ¢ € Hom(m, G), the cocycle & € Z'(n; gagy) is defined by

0 if yemn,(S,)

0= AdsOFD) T emiSy
We shall prove [¢¢] = Hf, by showing they have the some Poincaré dual. Thus by
2.2 and 3.7 it suffices to show that for any cycle ze Z,(S; g%4,), the cap-product
[E4]1n[z] equals the intersection product (x® F(¢)) - z. Since ¢ is a cocycle we
may replace z by a homologous cycle which is better adapted to a. For example we
may assume z is a sum of 1-simplices y®c where each y:[0,1]—S has y(0)=1y(1)
=p, € a and y descends to an immersion 7: S* =[0, 1]/0 ~ 1 —» S which intersects o
transversely in double points. Order the double points as they are encountered
along y:a#y={py,...,pok+1} Where p;=p(0), y ' (p) <y '(Pi+1)> Pax+1=7(1)
=p,, etc. Since y is transverse to a, it is split into segments 7, ..., 7, satisfying 07,
={pi» Pi+1}> T2i+1CSy, 72:iCS,, for example. Furthermore the intersection
numbers ¢;=&(p;; 7, ®) alternate +1, i.e. g;=(—1)"¢,.

Now choose subarcs «; of o which run from p, to p;;fori=1, 2k + 1, let a; be the
constant path p,. Let y; be the loop «; * 7, * «;}"; based at p,. Then

_ - -1 - - -1
P=Prk o kP, o kY Ry T kAU KPR kY Ry

=Y1--Va2k-

Here v,;,.,€m,(S,) and y,;en,(S,). Accordingly we can decompose the flat
section over y which equals ¢ at p,; as (with our customary abuse of notation)

2k
1®c= X %®¢;

withc; =Ad¢((y,...y;) " V)c the parallel transport of ¢ over the arc of y from p, to p;.
Then evaluating the 1-cocycle £¢ on the 1-chain y®c¢ we obtain

OGO = (7. )= (1720
= 3 CAdBG1- D) (= AdBGa DFLHS>
2k
= 3 (1! CAdGOL 7 IF. 0
= T aFc>=6@F$) (). QED,

pica#y
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Proof of 4.7.

The idea of the proof of 4.7 is identical to that of 4.5; therefore we give only the
necessary modifications for that proof. Again we consider a chain y®c where
y:[0,1]—S descends to an immersed closed curve § which intersects o transver-
sely, in double points. Again we order a#y as {pi,...,pr+1} Where p,;
=y(0), ..., px+ 1 =y(1)=p,; similarly we choose arcs «; on o from p, to p;. Again let
&;=28(p;; %)

The split curve y|o on S|a is a disjoint union of intervals 7; whose endpoints lie
on a, or a_. Using the obvious notation, we see that 7; has initial endpoint p{i*
€a,, ., and terminal endpoint p;*{~**'ea Let B be the arc f|a which
runs from p; to p;. Let y; be the loop

TEt. &+ 1t

B(l —E1...£,)/2 * a?...e, % ,}71' % ai—f,l...e,_‘ * (B— l)(l +e1...8+1)/2

in S|« based at p,. In terms of the generating set =, (S|a)U{p} for n, we see that
y=~ By, ... %y, Accordingly we shall decompose the flat section y®c= > y;,®c;.
Observe that for each p; with ¢;= — 1, the loop 7; has travelled an extra f; to get
from p{ to p{ via p;*{~**'. Thus parallel transporting ¢ along y,...y; gives ¢;
=Ad@(By; ... B 1y 1 & 3" ). Now we compute, just as for 4.5:

OGO = (D c) = CEHE™ 130
= 3 sCAdRF B B VDFB). 0

k

= 3 &(F($), AdG((B* ...y B2V "D )

i=1

= 2 §{F(#),c)=(a®F,(#) - (y®c). QE.D.

pey#a

4.11. Wolpert’s duality formula
As an application of 4.3 we prove the following theorem, due to Wolpert [19]:

Theorem. Let €4 be the Teichmiiller space of S with its Weil-Petersson symplectic
structure. Let o be a simple loop and 1,:€3—R the geodesic length function
associated to a. Then the Hamiltonian flow associated to 1, is the Fenchel-Nielsen
twist flow about o.

Proof. Ttis easy to see from the discussion in 4.1 that the Fenchel-Nielsen twist flow
about o is covered by a generalized twist flow {Z,},. g on the subset of Hom(n, G)
above Q. Since the boundary components o, and o _ of M |a are identified by the
isometries i, o 0, : . —»a_ which moves points forward at unit speed along « _, the
corresponding representations ¢ are deformed via a path £(¢) in G which
translates points on the ¢(a)-invariant geodesic with unit speed in the same
direction that ¢(x) moves them. In other words, {Z(¢)},.g 1S the unique one-
parameter subgroup of G which contains ¢(x) with £(¢)=¢(x) for exactly
t=31(9).

Let B, [, and L be as in 1.13. It is proved in 1.13 that £/(¢), as described above,
equals exptL(#(a)). Thus 4.5 and 4.7 imply that the generalized twist flow {Z,}, g
covering the Fenchel-Nielsen flow covers the Hamiltonian flow associated to ,.
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§5. Lie algebras of curves on a surface

5.1. Theproduct formula 3.5 led us to relate Poisson brackets of trace functions f,,
fp to sums of the form ¥ &(p; «, B)u(a,, B,). The purpose of this section is to
#8

define abstract Lie alget;ra structures on spaces based on closed curves. We shall
obtain Lie algebras which map homomorphically into the Lie algebra of regular
functions on Hom(r, G)/G under Poisson bracket, for various G.

Let S be any oriented surface (not necessarily compact) and let t=m,(S). Let 7
denote the set of conjugacy classes in 7, i.e. the set of homotopy classes of oriented
closed curves in S. If o € 7, denote its conjugacy class by |a|. Let Z7 denote the free
abelian group with basis 7; then the map n— 7 given by ar—|«| extends by linearity
toalinear map Zn—Z7 also denoted by | |. If v is a closed curve and p € ais a simple
point (i.e. if in a parametrization f:S'—>S of o, the inverse image f~!(p) is
connected) we denote by «, the loop « based at p, as well as its homotopy class in
n,(S; p).

Suppose that «,  are immersed loops in S which are generic (i.e. the map
auf:S'US!—S is an immersion with at worst transverse double points). Then
their bracket is defined as the following element of Z7:

[, 1= 2 e(p;at, B) oyl -
pea#f
We shall first prove that [«, f] depends only on the homotopy classes of «
and f:

5.2. Theorem. Let o, B be a generic pair of immersed loops and let o, " be another
such pair such that o' is freely homotopic to o and f’ is freely homotopic to . Then

[o, B]1=[o, B7] in Z#.

It follows that the bracket gives a well-defined map # x #—Z#, since every loop
in S is homotopic to an immersion and every pair of loops in S is homotopic to a
generic pair of immersions. We extend the bracket by linearity to a bilinear map
[,1:Z& x Z#>Z+.

5.3 Theorem. Z7 is a Lie algebra under [ ,].

Theorem 3.13 says that on Hom(n, G)/G, where G=GL(n,R), GL(n,C) or
GL(n,H) the trace functions f, satisfy the same commutation relations as do
curves o in Z7. We restate this formally using the following definition: Let (X, w)
be a symplectic manifold and C*(X, w) the Lie algebra of smooth functions on X
under Poisson bracket. By a Poisson action of a Lie algebra g on (X, w) we shall
mean a Lie algebra homomorphism ¢ : g—C*(X, w).

5.4. Theorem. Let G=GL(n,R), GL(n, C), or GL(n,H). Then a+ f, defines a
Poisson action of Z7# on Hom(n, G)/G.

The first part of this section is devoted to the proofs of 5.2 and 5.3. Then we
discuss the most elementary properties of the homomorphism of 5.4. In particular
this homomorphism seems never to be injective: linear relations between traces of
words in G gives rise to elements of the kernel. For G=GL(1,R) or GL(1,C), the
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representation of Z# on Hom(n, G)/G (which is just H'(S:R*) or H'(S:C*)) is
completely analyzed. We show that its image is a Lie algebra ZH which is addi-
tively a free Z-module with basis the integral homology H =H(S;Z). The map
7#—H obtained by taking homology class defines a Lie algebra homomorphism
Z7#—ZH through which the representation of 5.4 factors, when G is abelian.

5.5. Now we turn to the proofs of 5.2 The idea is that the bracket [a, f] is
unchanged as « and ff undergo a generic homotopy of closed curves. Let M denote
a closed 1-manifold and recall that a smooth map f: M—S is generic if it is an
immersion whose only self-intersections are transverse double points. Generic
immersions thus form a dense open subset Imm(M, S), of both the space of all
immersions Imm(M, S) and the space of all smooth maps C*(M, S) (with the
Fréchet topology).

5.6. Lemma. Suppose f, g€ Imm(M, S), are generic immersions which are homo-
topic in C*(M, S) (i.e. are homotopic maps M —S). Then there exists a sequence f,
=1, fas f3s -oos Ju— 1> Ju =9 Of generic immersions such that f; , | isrelated to f; be one
of the following standard moves:

(wl) birth-death of monogons

N S N
/ AN 7 AN
/ \ /

/ \ / \

/ \ / \

1 \ ! \

| — !

\ ! /

\ f“]) ‘\ f“z) !
\ /

\ \
AN i AN S

PRI ) N

f—

| \ / \

\ | . { ]
|

\\ / \ /

i) S AN

N Se———

P

AN
\

/) \

—

1

\f (o) f (I3 ,’
\\ ///

To apply a move (wj) to a generic map f eImm(M,S),, we find j intervals
Iy, ..., I(1£j<3)for which f|; (where [=1I,u...Ul;) is one of the cases pictured
above for (wj), and replace f|; with the other picture, leaving f|,,_, fixed. (We
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emphasize, however, that these pictures are only “immersed over” f(M —1I)
and are not embeddings. That is, we cannot necessarily assume there is an open
disc containing the double points that is unchanged under the move and is
furthermore disjoint from f(M —1I). Questions concerning the existence of
embedded bigons are quite subtle; see Hass-Scott [9] for more information.)

Proof of 5.6. Standard results in transversality (as in Hirsch [11]) imply that the
subset Imm(M, S), consisting of immersions f: M —S with finitely many trans-
verse double points and exactly one of either of the following singularities:

s N
. . / \
(tangential double point) ! >.<)
\
N /

(transverse triple point)

has codimension one in Imm(M, S). Let € be the subset of C*(M, S) consisting of
maps f:M-—S such that there exists a unique xeM such that
flu-geImm(M —{x}, S)o, df(x)=0 but d?*((x)+0. Then CuImm(M,S),
=C*(M, S), has codimension one in C*(M, S).

Since f, ge C*(M, S), are homotopic, by transversality they are homotopic via
a generic path in C*(M, S), i.e. one which completely misses the codimension =2
subset C*(M, S)—(Imm(M, S),uC>?(M, S),) and meets C*(M, S), transversely.
Thus there is a homotopy F,: M-S, F,=f, F, =g, such that F,e Imm(M, S),
UC®(M,S), for all 0=t=<1, and for only finitely many values of t(t=t,,...,t,)
does F,e C*(M, S),. Over each open interval (¢;, t; ;), this homotopy is carried by
an isotopy of S. When F,e C*(M, S),, there are three possibilities:

(i) F,eC.In that case the homotopy in a neighborhood of the singular point
x €M is a homotopy between maps pictured as

—_— —_ - ~
Ve N Vg N V N\

/

\ / N

/ A / \ /
\
|‘ —— [ } —— : ,I
\

\ \ / \ /
\/\/ \A/ N\ /

\\‘__// ~— 7 —_

and passing the critical point corresponds to move (w1).
(i) F,eImm(M, S), and has one tangency. In that case the homotopy in a
neighborhood of the two preimages of the tangential double point looks like

Pt —_———~ —

~——

/ \ // \\
/\/\\ {
1 i | )
\ /\/ \ /
N
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(i) F,eImm(M, S), and has one triple point. In that case the homotopy looks
like

e —— P

~———— S ~

and passing the triple point corresponds to move (w3).

To find the sequence fi, ..., f; take fi=f, fi=g and F;,,=F, ., where 0<¢

< min (t;4,—t;). The proof of 5.8 is now complete. Q.E.D.

i=1,..,k—1
Proof of 5.2. Applying 5.8 to the case M is a disjoint union of two circles and f =«
upelmm(M, S) and g=a'Uf e Imm(M, S), we readily reduce 5.2 to showing
[o, B]1=[o, 7] when auf and a’U f” are related by one of three moves (w1), (w2), or
(w3). Since (w1) does not affect the intersection a # f and a~a’, f= f’, the brackets
[, B] and [, B7] are equal.

Next suppose that auf and o'Uf’ are related by move (w3). We may assume
o4 S+ o 4 f since otherwise the assertion is obvious, as above. Then there exists a
pair {p, q} of double points in a 4= f which are replaced by a pair {p’, ¢’} of double
pointsin o’ 4 f and a4 f— {p,q} =a'# '— {p’, q'}. We may assume there is a disc
DCSsothaton(axup)”(S— D), both aup and a’U B agree. Inside D we find an arc
from p to p’ (resp. q to q") which induce isomorphism 7,(S; p)=n,(S; p) (resp.
n,(S; ) =m,(S; q)) which take o, 8, to a,,, B, (resp. a,, B, to oy, B,/) correspond.
In particular |o,8,| = |0y 85| and |oe B, = |0y By |. Furthermore e(p; o, f) = e(p’; o', )
and &(q; o, f)=e(q’; o', B’) whence [o, f]=[o’, B7]. Two typical cases are illustrated
below: Py

Finally suppose that ouf and o'Uf” are related by (w2). If a#: f =o' 4 f" again
there is nothing to prove. If a3 f+o'4 f’, then we may assume o'# ' =a#f§
u{p, q} where p and g are the vertices of a bigon whose sides are arcs in «” and "

————— ————

/ \\ 1/ N
o /L—*____\ // \
| | | ‘.
\ } —_ P q
\ \
\ ) \ )
\ g 7
— Vi
4 N yd N S

S~ — Se—————



294 W. M. Goldman

Now a8, and o B, are homotopic and &(p; «’, f)= —e(q; o', f'). Thus [, f]
=[o’, f7], and the proof of 5.2 is complete.

Proof of 5.3. We must verify that [,] is alternating and satisfies the Jacobi
identity.

Alternating. If pe o4 B, then o8, and B,x, are conjugate in n,(S; p), ie. |a,f,|
=|B,a,l. Now &(p; o, B) = —&(p; B, ), so

[‘x’ B] = pe?#ﬂG(p; a, ﬂ) 'apﬂplz - peg#ﬂa(p; a, ﬁ) Iﬂpapl = —'[ﬂ’ (X] .

Jacobi identity. By 5.2 we may assume aufuUy is a generic immersicon of a disjoint
union of 3 circles into S. The bracket [[«, f],7] is a sum of terms, one for each
(p, q) € (a# B) X («w B) # 7). The contribution from (p, q) is

&(p; o, Be(q; apBps 1) 1(0pB ) g74l -

There are two cases, depending on whether g e« or g € . Suppose g € «. Then in
[[y,a], B] there is a contribution

&(q; 7, 0)e(p; 740 B) 1790 pBl

coming from (q,p). These two terms cancel: it is easy to see that |(a,f,),7,|
=|(y,%,),B,|; moreover

&p; o, Pe(q; apBy V) =¢(p; a, Ble(q; @, y)
= —&(q; 7, 0)e(p; o, B)= —e(q; 7, )e(p; V0%, B) -

The case g € f is handled similarly as are the other terms in [[£, 7], «]+ [y, «], £]
coming from (B#a)x(ax#y). Thus all the terms in [[a, f1,y]+[[B,7], ]
+ [[y,a], B] cancel. The proof of 5.3 is now complete. Q.E.D.

Algebraic properties of Z#

5.9. Now that we have established that Z# is a Lie algebra, we briefly mention a
few of its algebraic properties. First of all, if N<i « is a normal subgroup, then the
submodule of Z7 generated by the image N of N under || : n—7 is a subalgebra. In
particular, taking N={1} the identity subgroup we find a one-dimensional
subalgebra Z1 CZ#. Since 1 is represented by the trivial loop, the subalgebra Z1 is
central (probably it is the whole center of Z#). It is interesting to note that this
central ideal is a direct summand of Z#.

Proposition. Let #'=7— {1} and let Z#’ be the free submodule of Z7 generated by
7. Then Z#' is an ideal in Z# and there is a direct-sum decomposition Z# =Z1 D L7’

Proof. It suffices to prove that Z#’ is a subalgebra, since Z# =Z1®Z#’ as abelian
groups and Z1 is central. Thus we must show that if «, f € 7', then [a, f]e Z#". If
not, there exists p € o4 § with |a,8,|=1. Thus a is freely homotopic to ' and we
may assume, by 5.2 that f=o"'. It thus suffices to prove [a,a”']=0.
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Represent « by a generic immersion and o~ ! be a generic immersion such that
aua ! cobounds a narrow annulus. Then the double points in a4 o~ occur in
pairs p, p’, one pair for each self-intersection of a:

~~ -

Now oo, | =0, '|and e(p; o, o0~ ') = —e(p’; &, ™ ) as is clear from the picture.
It follows that [e,0"']=0. Q.E.D.

Remark. This proposition has the following consequence for the Poisson actions
of 5.4. If (X, w) is any symplectic manifold then the exact sequence

0-R-C*(X,w)~»Ham(X, w)—0

(where Ham(X, w) is the Lie algebra of Hamiltonian vector fields) is a central
extension of Lie algebras. Hence for any Poisson action ¢:g—C*(X,w) the
preimage ¢~ '(R) of the constants R C C*(X, w) is a central subgroup and there
is an associated central extension 0—¢ ™ }(IR)—g—g/¢~ '(R)—0. For the Poisson
actions of 5.4, Z1 maps into constants and the central extensions is 0-Z1—-Z7
—Z7’'—0. Proposition 5.9 thus shows that this central extension is split, i.e. for
every Poisson action on Hom(n,G)/G generated by trace functions f,, the
constant functions split off as a direct summand.

5.10. Now we discuss the Poisson action of Z# on Hom(rn,G)/G when
G=GL(1,R). In that case Hom(n,G)/G=Hom(rn,G) is the abelian group
H'(S,Z/2)®H'(S; R). The identity component Hom(z, GL . (R)) is the symplec-
tic vector space H'(S; R). In this case we may explicitly describe the Poisson
action in global coordinates.

Let X,,...,X,, Y;,..., Y, be the standard generators for =, ie. n has the
presentation with X, Y, X1 'Y, 1. X Y, X 'Y,"' =1I. (Here g denotes the genus of
S) Let&y,....¢,ny,...,n, be the images of Xl, Xy Yy, Y, in H=H (S; Z).
Let(xy, 4, ..., X,, y,) be coordinates on H'(S; R) dual to &y, 1y, ..., &a, 1,5 then the

symplectic structure on H'(S; R) equals w= i dx; A dy;.
There is an explicit difffomorphism o
R?*=H'(S,R)-»Hom(r, G)/G(G=GL ,(R))
which associates to a point (xy, yy, ..., X, ¥,) the homomorphism which takes X; to

e*iand Y, to &”. If « € # has homology class Z m;¢;+n,¢,, then the trace function
f.:Hom(n, G)/G—-R is given by

So(X15 .05 yg) =€XP <.§g‘.1 (mixi+"iYi)> .
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(Since G is abelian, f, depends only on the homology class [a] € H.) It is easy to
check the Z-linear span of these functions form a Lie algebra of functions on R?¢
which is a homomorphic image of Z#.

This Lie algebra can be described abstractly as follows. Let ZH be the free
Z-module on H=H (S; Z).1fa, f € H, define their bracket by [, 8] =(a - p) [+ ]
where «- f denotes intersection pairing and [« + ] is the element of H (basis
element of ZH) corresponding to the sum of « and fin H,(S; Z). The natural map
[1:Z#—ZH defined by taking homology class, is a Lie algebra homomorphism
through which the Poisson action of Z# on Hom(n, GL , (1, R)) factors. Its kernel is
the ideal of Z# additively generated by 1 and formal sums o + f —y, where [a] + [ 8]

=[]

5.11. Even if G is nonabelian, the representation ¢ : Z7—C*(Hom(rn, G)/G) need
not be faithful (we conjecture that it never is). Consider the case G=GL(2,R) or
GL(2,). Then if « lies in the commutator subgroup of =, then for all
¢ € Hom(n, G), trg(ax) =trgp(a ') although o is never conjugate to «~* (unless
a=1). Thus, for example, the element |a| — |~ !| lies in the kernel of g, if o € [x, ].
However there are much more complicated ways for two elements «, f € 7 to satisfy
trg(a)=trg(f) for all ¢eHom(n,G). The prototypical construction is the
following. Let w(x, y) be a word in x and y. Then w(x,y)and w(x ",y ") ' (i.e.w
“read backwards”) have the same trace, whenever x, y € GL(2,C). Such a pair of
elements need not be conjugate or conjugate to each other’s inverse. For a simple
example, take o =xyx " 'y? and f=x"'yxy?: trg(a) = trp(B) for all ¢ € Hom(r, G),
X, y € m, but a is not conjugate to g or B~ 1. In particular we obtain many elements
|| —|B] which lie in Kerg. For more information, see Magnus [14] and the
references quoted there

Lie algebras based on unoriented curves

5.12. Let 1:7#—7 be the involution which reverses the orientation on an oriented
curve, ie. 1:|o|—|a " !|. Extend 1 linearly to Z-linear involution 1 : Z#—Z#.

Proposition. 1 is a Lie algebra automorphism of Z#.

Proof. Let o, e n. Then
(i), (B)]=[a"", 7 '1= Zpe(p;oc'l,ﬂ")laglﬂ;ll

pea#

= ZBE(p; o, B)(@,B,) " '|=1([o, B1). QE.D.

pea#

The stationary set of 1 is a subalgebra Z7 of Z#. If o € 7, let &= o + 1(ar). Then Z7
is freely generated (additively) by the set 7 of all &, for o € 7. If &, f € # we compute
the bracket of @ and f as follows:

(&, B]=[oc+ 1), B+ 1(B)] = ([, B1+ [1(x), HB)D)
+([1(), B1+ [, 1B)D) =[x, B1+ [, 1(B)]
= 3 &p; o B) (Bl —To,B, D

pea¥p
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This is the same commutation relation (up to a factor of 2) that the trace
functions f, satisfy on Hom(n,G)/G when G is an orthogonal, unitary, or
symplectic group by Theorem 3.14. In other words:

5.13. Theorem. Let ¢:Z7—C*(Hom(xn, G)/G) be the linear map defined by o(&)
=2f, where G, f, etc. are all as in 3.14. Then g is a Poisson action of Zf.

When G is abelian (i.e. 0(2), O(1, 1), or U(1)), then the image of ¢ is a Lie alge-
bra ZH which is a free Z-module on H= H,(S;Z)/{+1}, and may be obtained
from ZH as the stationary set of the canonical involution.

5.14. Furthermore there is a homomorphism Z7—ZH such that the diagram

Z7— ZH

Lo

Zrn—ZH

commutes. This homomorphism is defined analogously to the homomorphism
Zn—ZH of 5.10.

There seems to be one marked difference between the Lie algebras ZH and ZH
(and thus between the algebras Z# and Z7). While ZH admits no homomorphism
to an abelian Lie algebra over IR, its subalgebra ZH admits a nontrivial
homomorphism to an abelian Lie algebra (over R) of dimension 4¢. This
homomorphism is defined as follows. Let H, denote the set H,(S; Z/2) and as
usual ZH, the free abelian group with basis H,, with the trivial Lie algebra
structure. Then the canonical map H— H, given by reduction mod2 evidently
factors through H and extends to a homomorphism ZH —ZH, which factors
through ZH. Indeed, if [«] and [f] are homology classes in H, we have:

([l (A1 =[od- (A1 [+ A)T—[(x—P)D).

Since a+ B and a— f are mod2 homologous, it follows that ZH—ZH, is a Lie
algebra homomorphism.

Spaces of characters, the moment map, and coadjoint orbits in Zn

5.15. Dual to the Lie algebra homomorphism ¢ : Z#— C®(Hom(rn, G)/G, w) is the
so-called moment map which maps the symplectic manifold Hom(z, G)/G into the
real linear dual Z#* of the Lie algebra Z7#. This dualistic approach suggests
another way to think of the spaces Hom(r, G)/G, in terms of coadjoint orbits
associated to the Lie algebras based on curves.

The formal construction is as follows. Consider a Lie algebra ®. The real vector
space ®* =Homg(®,R) dual to ® is known as the coadjoint module. The Lie
algebra ® acts on ®* via the coadjoint action, which is the transpose of the adjoint
action of ® on itself, ad(x) (y) =[x, y]. If G is a Lie group having ® as its Lie
algebra, a coadjoint orbit of G is defined to be an orbit of G on G* under the



298 W. M. Goldman

coadjoint action. In the absence of a definite Lie group G, we may define a
coadjoint orbit to be an integral submanifold in ®* of the integrable plane field P
on ®* defined by P(x)=ad*(®) (x). It is a well-known fact (due to Kirillov and
Kostant in the 1960’s and apparently also Sophus Lie in the 1880’s (compare
Weinstein [24])) that coadjoint orbits carry invariant symplectic structures.
Indeed, every simply connected symplectic manifold X upon which & acts by
symplectic vector fields covers a coadjoint orbit.

Mapping the symplectic manifold M into the coadjoint module is effected by
the famous “moment-map”. Assuming that the action of ® on M is Hamiltonian
(i.e. the homomorphism & — Vect(M, w) lifts to a Lie algebra homomorphism
0:6-C*(M,w)), the moment map y: M—®* is defined by duality: y(x) is the
linear functional on ® which sends y € ® to the real number ¢(y)(x). Under the
above hypothesis that ¢ is a Lie algebra homomorphism, it follows that y is
equivariant with respect to the given action on M and the coadjoint action on G*.
In particular, if ® acts transitively on M (i.e. at every x € M, the tangent vectors
y(x), y € ®, span T, M) then it follows that the moment map is a covering map of M
onto a coadjoint orbit in G*.

The coadjoint module of Z# is the space of real class functions on =, i.e.
invariant functions n—IR. As the Lie algebra homomorphism ¢:Z7
—C®(Hom(n, G)/G,w) is given by the trace function g(a) ([¢]): ar>tr(d(a)),
the dual moment map is the map y:Hom(rn, G)/G—Z#* associating to each
[¢] € Hom(n, G)/G the character of the representation ¢. The image of the mo-
ment map is the space of all characters of representations 7—G.

5.16. Theorem. Let G=GL(n; R) and let Hom(n, G)~ be the subset of Hom(=, G)
consisting of irreducible representations n—G. Then the character map
¥ : Hom(r, G) " /G—Z#* is a covering map onto its image, and its image, the space
of characters of irreducible representations n—G, is a coadjoint orbit in Zrn*.

Remark. The same techniques show that other moduli spaces (e.g. Teichmiiller
space, Jacobi varieties, H'(S; IR), moduli of stable vector bundles, etc.) can be
similarly represented as coverings of coadjoint orbits in Lie algebras based on
curves. The proofs for the analogous statements for the other classical Lie groups
G are identical, and therefore omitted.

Proof. Since the moment map y:Hom(n, G) ™ /G—Z7#* is Z7-equivariant, all the
assertions of this theorem follow once we know that the action of Z# is locally
transitive. That is, we must show that the Hamiltonian vector fields Ht,, a € 7, span
the tangent space Ty, Hom(n, G)/G at ¢. Since the vector fields Ht, are symplecti-
cally dual to the differentials dt,, it suffices to show that the 1-forms dt,, « € %, span
the cotangent space T;3;Hom(n, G)/G at [4].

To this end we use the theorem of Procesi [23] that the functions ¢t,, a €7,
generate the coordinate ring of the algebro-geometric quotient Hom(w,
GL(n; €))/GL(n; C) when = is a finitely generated free group, and follows from
this result for a surface group as well. In particular, the differentials of the
restrictions of t, to Hom(m,G)/G span the cotangent space at o, as
desired. Q.E.D.
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5.17. Commuting curves in Z# and Z7

Theorem. Let o, €7, where a is represented by a simple closed curve. Then:
(i) [ot, B1=01inZ# if and only if o and B are freely homotopic to disjoint curves.
(i) [& B]1=0inZr if and only if a and B are freely homotopic to disjoint curves.

(I am grateful to S. Wolpert for suggesting the proof of part (ii).)

Proof. The “if” implications follow immediately from 5.2 and the definitions of the
bracket in these Lie algebras. By 5.2, the bracket may be computed using a disjoint
pair of representative curves, in which case the bracket is given by an empty sum.

For the other implications, we use the Poisson actions of Z on Teichmuller
space Jg of S, as well as the Poisson actions of Z7# on Hom(rn, GL(n, R)/GL(n, R),
for n=1, 2. We begin with the proof of (2).

Suppose « is a simple closed curve and f is a closed curve which is not
homotopic to a curve disjoint from « (i.e. the geometric intersection number
i(a, ) > 0). Then the following inequality concerning Poisson brackets of geode-
sic length functions on Teichmuller space is proved in Wolpert [20], Theorem 3.4
(and the first paragraph of p. 224):

(*) {ls U g3} >0

(This is the basic convexity result of geodesic length functions along earthquake
paths, first noticed by Kerckhoff in his solution of the Nielsen realization problem
[13])

To apply inequality (*) to the Lie algebra Z7 we fix a component X of

Hom(rn, SL(2,R))/SL(2, R)
which maps to the Teichmuller space
3sCHom(r, PSL(2,R))/PSL(2,R)
under the map
Hom(n, SL(2,R))/SL(2, R)»Hom(n, PSL(2, R))/PSL(2,R)

induced by the epimorphism SL(2, R)—PSL(2,R). Let ¢ and [ be the invariant
functions introduced in §2. To each a €7, we may write

t,=2¢, cosh(l,/2)

where the sign ¢, of ¢, is a constant function (1 1) on X (which may depend on the
choice of the component X). The Poisson bracket {f, ho g} of a function f with the
composition of another function g with a real function h:R—IR obeys the
following chain rule:

{fihogt=h-g{f g}
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By repeated applications of this chain rule we obtain:

(**) eﬁ{ta’ {ta’ tﬂ}}
=¢p{2¢, cosh(1,/2}, {2e,cosh(/,/2), 2e5 cosh(ls/2)}}
=sinh?(1,/2) (cosh( 15/2) {I, 1g}* +2sinh(1y/2) {I,, {l,.15}}>0

by (*).

Thus {t,, {t,, t5}} is nonzero, so that {t,, ¢z} is also nonzero. Since d—t,is a Lie
algebra homomorphism Zz— C®(X), it follows that [&, ]+ 0. This proves (ii).

Now we prove (i). Suppose for the sake of contradiction that « and fe, o
represented by a simple curve, [«, ] =0 but § is not homotopic to a curve disjoint
from a. First observe that [a, f]=0 implies that the algebraic intersection number
o- f=0: the Lie algebra homomorphism Zr—ZH takes [a, ] to the element
o Bla+p] of ZH (where [a+ 5] is the basis element of H corresponding to
homology class [a]+[#]). Thus o- f=0.

Let G=GL,(2,R) be the subgroup of orientation-preserving linear automor-
phisms of R? and consider the following two invariant functions G—RR.

5(A)=det(4)"/?.
t(A)=tr(A).

Then A (5(A4) ™' 4, 6(A4)) defines an isomorphism G—SL(2,IR) x R ,. We extend
the trace function ¢: SL(2, R)—>R to G by the formula

t(A)=58(A) " 1(A).

It is easy to check that the variation function 4:G—® of 6 is given by 4(A4)
=d(A)I.
The isomorphism G—SL(2,IR) x R, determines a symplectic isomorphism

Hom(, G)/G—Hom(r, SL(2, R))/SL(2, R) x Hom(r, R , ).

Let X’ be the component of Hom(n, G)/G which corresponds to X x Hom(r, IR ;)
(where X is as above). Then a1, defines a Lie algebra homomorphism Z7
- C*(X).

Now

{Ez’ {/’9} = {(Sata’ 6atﬂ} = {ta’ tﬂ} + {5a, tﬂ} + {taa 5/3} + {5(17 5[]}

and we claim that all but the first summand must vanish. By 3.5, {4,, t;} is a sum
over o f§ of expressions of the form

tr(6(4) (B—(1/2) tr(B)I))

which is evidently zero. Slmllarly {4,053 =0. Finally {6,,6,} =(x- f)d,4,=0.

Thus {t,, t,,} {ts» ts} which is nonzero by (x*). This contradiction proves
@i). Q.E.D.
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Remark. It would be interesting to have a purely topological proof of this
topological theorem. The condition that one of the curves be simple, however, is
crucial, as was recently pointed out by Peter Scott. If « is not representable as a
power of a simple loop, then o is not homotopic to a curve disjoint from itself,
even though [o, «] =0 in Z7 (and similarly in Z7). Thus although two curves may
commute in these formal Lie algebras, they need not be representable as geometri-
cally disjoint curves unless one of them is simple.
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