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Abstract

In this paper we describe the long time behavior of solutions to quasi-linear
parabolic equations with a small parameter at the second order term and the long
time behavior of the corresponding diffusion processes.
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1 Introduction
Consider a dynamical system
X7 =b(X?), X§=zcR (1)
together with its stochastic perturbations
dX7° = b(X7)dt + eo(XPF)dW,, X3° =z € R (2)

Here ¢ > 0 is a small parameter, W, is a Wiener process in R?, and the coefficients o and b
are assumed to be Lipschitz continuous. The diffusion matrix a(x) = (a;;(z)) = o(z)o*(z)
is assumed to be uniformly positive definite.

Together with (2), we can consider the corresponding Cauchy problem

Ous(t, x) 2 4 °(t x)

= L = o R

ot T Z:: @:1:1895] +b(x) - Voui(t, ), xeRY >0, (3)
w(0,2) = g(z), € R, (4)

where ¢ is a bounded continuous function.
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Suppose for a moment that the vector field b has just one asymptotically stable equi-
librium point O such that all the points get attracted to O and (b(z),z —O) < —c|z — O|
for some positive constant ¢ and all sufficiently large |x|. Then it is easy to check that

lim PXelU)=1

(€,t)—(0,00)
for any neighborhood U of the equilibrium O. Taking into account that the solution u® of
(3)-(4) can be written in the form u°(¢, x) = Eg(X;) and the continuity of g, we conclude
that

. . B

(at)lir{(l]’oo)u (t,x) = g(0).
A similar result holds in the case of a unique compact global attractor if the system (1)
has a unique normalized invariant measure on the attractor. This is the case, for example,
if the system (1) in R? has a unique limit cycle attracting all the trajectories except the
unstable equilibrium inside the cycle.

The situation becomes more complicated if the dynamical system has more than one
asymptotically stable attractor. Assume, for brevity, that all the attractors are equi-
libriums Oq,...,O,. Let D; be the basin of O;, 1 < ¢ < n, and assume that the set
R?\ (D;U...UD,) belongs to a finite union of surfaces of dimension d — 1. The long time
behavior of X;”° and u°(t, x) is now determined by the transitions of X;° between the
attractors Oy, ...,O,. These transitions are described by the large deviation theory for
stochastic perturbations of dynamical systems developed in the late 1960-s (see [9] and
references there). In particular, the weak limit p of the invariant measure p° of the family
of processes (2) was found. In the generic case, the limiting measure y is concentrated on
one of the attractors, which will be denoted by O*. Then

l;{(r)ltlirglou (t,z) = g(O").

However, in the case of many attractors, the limiting behavior of X;* and u®(¢,z) as
e | 0 and t — oo depends on the way in which (e,¢) approaches (0,00). Roughly
speaking, under natural additional assumptions, there exist a finite number of regions
in the neighborhood of (0, 00) such that the limiting distribution of X;”° and the limit
of u®(t, x) exist if (g,t) approaches (0, 00) while staying inside one region. For different
regions, these limits are, in general, different.

The corresponding theory of metastability (of sublimiting distributions) was developed
in [4] (see also [6], [9], [12]). The notion of a hierarchy of cycles, which is discussed

below, was introduced there. Let Syr(p) be the action functional for the family X, in
C([0,T],R?) as e | 0 ([9)):

Sor(p) = %/0 > a7 (@) (@ — b)) (¢l — bi(er))dt, T >0, ¢ € C([0,T],RY)

ij=1



for absolutely continuous ¢, Sy r(p) = 00 for ¢ that are not absolutely continuous. Here
a’ are the elements of the inverse matrix, that is a” = (a™');;. The quasi-potential is

defined as

V(e,y) = int{Sor(e) : ¢ € C(0. TR, 9(0) = 2, o(T) =y}, @,y € R

Note that while the term “quasi-potential” is normally applied to the function V' of the
variable y with x being a fixed equilibrium point, we use the same term for the function
of two variables. The hierarchy of cycles is determined by the numbers

Vi =V(0;,05), 1<i,j<n.

The equilibriums Oy, ..., O,, are the cycles of rank zero. In the generic case, for each O;
there exists a unique “next” equilibrium O; = N(O;) defined by Vi, = ming.; Vig. For
each sufficiently small § > 0, with probability close to one as € | 0, the process X, that
starts in a d-neighborhood of O; will enter a d-neighborhood of N (O;) before visiting the
basins of any of the equilibriums other than O; and N'(O;). The time before the process
enters the neighborhood of O; = NV (O;) is logarithmically equivalent to exp(Vj;/e?). If the
sequence O;, N'(0;), N*(0;) = N(N(0y)), ... N"(0;), ... is periodic, that is N"(O;) =
O; for some n, then a cycle of rank one appears. It contains the cycles of rank zero
Oi, N(O;), ... N""1HO;). It N*(O;) # O; for any n > 1, we say that O; forms a cycle of
rank one. The entire set of equilibriums is decomposed into cycles of rank one, which will
be denoted by Cf, ..., C}nl. Note that some of the cycles of rank one may consist of one
cycle of rank zero.

Next, the transitions between cycles of rank one can be considered. Namely, in the
generic case, for each cycle C} there is a different cycle N'(C}) of rank one determined
by Vij, 1 < 4,5 < n, with the following property: if the process starts at one of the
equilibrium points in C}, then, with probability close to one as e | 0, it will enter a
d-neighborhood of one of the equilibrium points inside the cycle N'(C}) before visiting
basins of any of the equilibriums outside C} and N'(C}). This leads to the decomposition
of the set of cycles or rank one into cycles of rank two.

This procedure can be continued inductively until we arrive at a single cycle of finite
rank R which contains all the equilibrium points. The cycles of rank » < R will be
denoted by CT,...,C7, .

Let T¢°(\) = exp(\/e?). (The results stated in the paper also hold for T¢(\) =<
exp(\/e?), that is if e2InT¢(\) — X as ¢ | 0.) In the generic case, there is a finite
set A C (0, 00) such that for each € Dy U...U D,, and each A € (0,00) \ A, one equilib-
rium Opy(z,) is defined such that the measures p*(I') = P(X75,) € I') converge weakly to
the 0-measure concentrated at Ops(g,\). The state Oy, is called the metastable state
for the initial point x and the time scale T=(\).

In this paper, instead of the linear problem (3)-(4), we will consider the Cauchy



problem for the quasi-linear equation with a small parameter

Ou(t, z) e & Pus(t, x) d

- = ' = LS S T . e\ T\ . € R
pn u = ;::1 ag;(z,u°) D0, +b(x) - Voui(t, ), x€RY >0, (5)
u?(0,7) = g(z), v € R% (6)

Equations with diffusion coefficients depending on particle concentration arise nat-
urally in many applications, in particular in population genetics. The situation when
the drift b depends on both x and u®, with certain additional assumptions, can also be
considered, but we assume here that b depends only on x for the sake of simplicity.

We assume that the coefficients of equation (5) are Lipschitz continuous and bounded;
the matrix (a;;(z, u)) is assumed to be uniformly positive definite. Under these conditions,
problem (5)-(6) has a unique solution for any continuous bounded g(z) (see, for instance,
11)).

A family of processes X;°, x € RY, satisfying equation (2) corresponds to each linear
operator L° defined by (3). In the nonlinear case, a family of processes corresponds to
the initial value problem (5)-(6). Namely, taking into account the representation of the
solution of the (linear) Cauchy problem as the expected value of an appropriate functional
of the process, the family corresponding to the problem (5)-(6) is defined by the following
system (see [5], Ch. 5):

dXP5 = b(XE"9)ds + ea (XD uf(t — 5, XE"))dW,, s <t, X" =u, (7)

us(tv l‘) = Eg(Xf’xﬁ% (8)

where the entries 0;; of the matrix o(z,u) are Lipschitz continuous and oo* = a. The
process X € can be viewed as a nonlinear stochastic perturbation of the dynamical
system (1).

Under the above assumptions on the coefficients and the function g, the solution of the
system (7)-(8) exists and is unique. The first initial-boundary value problem for quasi-
linear parabolic equation with a small diffusion and the exit problem for the corresponding
processes were studied in [7]. The results of the latter paper will be used here.

While the action functional and the quasi-potential were determined by the time-
independent coefficients in the linear case, now we will consider a family of action func-
tionals and corresponding quasi-potentials V;;(c(A)), A > 0. These will be used for times
of order T¢(\) = exp(\/e?). Namely, we will show that the solution u¢ of (5), in the time
scale T¢(\), is very close to a constant ¢(A) inside D;. We can then define the action
functionals and Vj;(c(\)) as in the linear case by substituting the constant c¢(\) for the
second argument in the diffusion coefficient in the equation.

The main difficulty is that now the action functional and quasi-potential evolve in time
due their dependence on the (unknown) solution u®. Consider, however, a time interval
[T5(XA — ), T¢(N)], where § is small. As will be seen, u® typically does not change much
in time on this time interval, and the large deviation theory still applies without drastic
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modifications, which allows us to express the limit of u*(7¢(\),z), as ¢ | 0, in terms of
the limit of u®(7T(\ — ), z) and the functions V;;(c())). This is the main idea which will
allow us to study the evolution in A of the limit of u®(7°(\), z). This, in turn, provides a
description of the behavior of X7 M®¢ as e | 0.

We will show that if \ is sufficiently large, then the distribution of X ((i‘)) "¢ even in
a generic case, converges not necessarily to a d-measure concentrated at an equilibrium
point, but to a distribution on the set of equilibrium points. Under some natural assump-
tions this happens, for example, in the case of two equilibrium points if Vis(c) = Vay(c)
for some value of c¢. Therefore, in the case of nonlinear perturbations, the notion of a
metastable state should be replaced by the notion of a metastable distribution.

Note that metastable distributions (rather than states) arise also in the case of lin-
ear parabolic equations. For example, if the non-perturbed system, say in R?, has two
asymptotically stable limit cycles attracting the entire space, other than the separatrices,
then each of the invariant distributions on those cycles will be the metastable distribution
for the appropriate initial states and time scales. Metastable distributions on an asymp-
totically stable attractor arise in physical models (see various models and references in
[12]). However, in the case considered here, the metastable distributions are supported on
several separated asymptotically stable attractors. Similar metastable distributions arise
also when perturbations of nearly-Hamiltonian systems are considered (see [1], [3]), but
because of different reasons.

Since the quasi-potential changes in time, the relative stability of attractors also
changes in time, possibly leading to changes in the hierarchy of cycles. We will mostly
be concerned with the situation when the hierarchy of cycles does not change. This is
the case, for example, if there are only two equilibrium points or if the matrix a;;(z, u)
is close enough to a diffusion matrix independent of u. An example with a change in the
hierarchy of cycles is considered in Section 6.

If the system has n asymptotically stable equilibrium points (or more general stable
attractors), the number of different (even generic) cases which should be considered grows
very fast with n: one should consider not just different hierarchies of cycles, but also
different relations between the values of the initial function g at the equilibriums and
various behaviors of V;;(c) as ¢ changes. Therefore we consider in more detail the case of
two attractors and describe the result in the case of three attractors. The general result is
not presented, but we believe that the methodology developed in this paper for the case
of small n works in general (generic) case.

In Section 2 we introduce some of the definitions and discuss the notion of the hierarchy
of cycles in more detail. We also state the lemmas that can be used to describe the long-
time behavior of a process whose time-dependent coefficients are close to functions that do
not depend on time. In Sections 3 and 4 we consider a system with two equilibriums and
a system with three equlibriums on the real line in the case when the hierarchy of cycles
is preserved. In Section 5 we formulate a general result for the case when the hierarchy of
cycles is preserved. In Section 6 we study the asymptotics of the solution to the parabolic
equation for a system in which a bifurcation in the hierarchy of cycles occurs.



2 Notations. Diffusion Processes Corresponding to
the Nonlinear Problem

Let a(x) be a symmetric d x d matrix whose elements «;;(x) are Lipschitz continuous
with Lipschitz constant L and satisfy

k|¢)? < Z o (1)6& < K|E]?, = €R?Y, € e RY (9)

2,5=1

Let a” be the elements of the inverse matrix, that is o = (a™');;, and o be a square
matrix such that o = oo*. We choose ¢ in such a way that o0;; are also Lipschitz
continuous.

We assume that all the attractors of the bounded Lipschitz continuous vector field b
are equilibriums Oy, ..., O,,. Assume that their domains of attraction Dy, ..., D,, are such
that the set R4\ (D; U...U D,,) belongs to a finite union of surfaces of dimension d — 1.
We also assume that there are » > 0 and ¢ > 0 such that

(b(x), 2 — 0;) < —clz — O4)? (10)

whenever z is in the r-neighborhood of O;, 1 < i < n.
Let S§ 1 be the normalized action functional for the family of processes X’ “ satisfying

AXPE = b(XPE)dt + eo(XP5)dW,, X =z, (11)

where b is a bounded Lipschitz continuous vector field on R?. Thus

Siate) =3 | S )@~ bl )@ - by

2,7=1

for absolutely continuous ¢ defined on [0,T], py = z, and Sgr(p) = oo if ¢ is not
absolutely continuous or if ¢ # x (see [9]). Let V*(z,y) be the quasi-potential for the
family X, in R, that is

Ve z,y) = nf{Sgr(e) € C([0,T),R?),0(0) = 2,0(T) =y}, =,y eR.  (12)

Let V5 = V*(O;, Oy). For a given function «, we define inductively the following objects
(see [4], [9] for a detailed exposition).

(a) The hierarchy of cycles C7,...,C}, , r < R.

(b) The notion of the “next” equilibrium v(C7) and the “next” cycle N(C7) of the
same rank for a cycle C7 of rank less than R.

(c) The transition rates V&r o, 1 < i <m,, 1 < j <n, O; ¢ C7, from a cycle to
equilibriums outside this cycle.



For r = 0, we define CY = {O;}, V5%, = Vi5. Assume that the cycles of rank r

and the transition rates from those cycles to equilibrium points have been defined. We
define O; to be the next equilibrium after C7 if minj.o,¢cr Vér o, 18 achieved at j.

Assumption A. The minimum min;.o,¢cr Vc;,oj is achieved for a single value of j.

We will write O; = v(CT) to express that O, is the next equilibrium after CI. We say
that the cycle C] of rank r is the next after C] if C] contains v(C}). We will express
this relation by writing C7 = N(C7). Starting from a cycle C! of rank r, we can form
the sequence C7,N(CT),N*(CY),... by using the operation “next”. If this sequence is
periodic, that is C7 = N™(CT) for some n, then the cycles C7, ..., N"71(CF) form a cycle
of rank r + 1. If C7 # N"(CT) for any n > 1, then C7 is sald to form a cycle of rank
r + 1. This way, the collection of all the cycles of rank r is decomposed in a union of
non-intersecting cycles of rank r + 1.

If C7,...,C% form a cycle of rank r + 1, which will be denoted by I', we define Vrcfoj as

Vro, = = max Vér wery + 1f<mf<15(V0r s~ Vi) Oi ¢l (13)
We can continue this procedure until we arrive at a single cycle of highest rank R.

If I is a cycle, we define Dr = U;.0,erD;. As follows from [4], [9], if the process (11)
starts in Dr, where I' is a cycle of rank » < R, then with probability which tends to
one as € | 0 it will leave Dr and enter a small neighborhood of v(I') in time T'(¢) =<
exp(Vie, /%)

Next we discuss the long-time behavior of processes whose diffusion coefficients are
time-dependent, but are close to functions that do not depend on time. For T' > 0 and
p, ¢ € C([0,T],RY), we define pr(,4) = sup;epory [ (t) — ()]

Let a®(t,z) be a uniformly positive definite symmetric d x d matrix whose elements
a;; are continuous in (¢, r) and Lipschitz continuous in x. Let 6° be a square matrix such
that a® = °(c°)*. We choose ¢° in such a way that o;; are also continuous in (¢, z) and

Lipschitz continuous in .
Let X satisfy X“ =1 and

AX7E = b(X)dt + 57 (t, X2F)dW, (14)

where b is the same as above. The law of this process depends on c° only through
a® = 0°(0%)*. We will assume that the diffusion coefficients for the process X; are close
to those of X;*°. Namely, let us assume that

sup ‘&fj(t’ 33') - C“ij(x)‘ < x, (15)
(t,x)€R+ x R4

where s is small. The reason to introduce the process )?f “ is that we would like to study
the behavior of the process X< given by (7)-(8) on a time interval where the variable u®
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found inside the diffusion coefficient of (7) does not change much. Since a-priori we don’t
know much about the behavior of the diffusion coefficients in (7) (other than that they
don’t significantly change in time on a certain time interval), it is convenient to consider
a generic process whose diffusion coefficients are close to functions that don’t depend on
time.

The next two lemmas show that S serves a purpose similar to the action functional for
the process X;°, even though the diffusion coefficients for the process are time-dependent.

Lemma 2.1. Suppose that b is fized, o and o are as above, and positive constants k, K
and L are fived. For any 0, v and C' there exist > 0 and €9 > 0 such that

P(pr(X7,¢) < 6) = exp(—e*[Sgr(p) + 7))
fore <eg and T >0, ¢ € C([0,T],RY) such that ¢(0) = x and T + S§(¢) < C.

Lemma 2.2. Suppose that b is fized, o and a° are as above, and the positive constants
k, K and L are fized. For x € R4, T >0 and s > 0, put

®(s) = {p € C([0,T],R?),(0) = =, 55 p(¢) < s}.

ForanyT > 0,0 >0, v >0 and sg > 0, there exist ¢ > 0 and gy > 0 such that for
r€RY 0<e<eands < sy, we have

P(pr(X{*, ®(s)) > §) < exp(—e*[s —7]).

Note that the choice of s and gy in the above lemmas depends on « and & only
through k, K and L.

Sketch of the proof of Lemmas 2.1 and 2.2. The proof of these lemmas is similar to
the proof of the fact that S§,(p) serves as an action functional for the process X" given
in (11) (see [8], [2]). In order to apply the method based on the Euler approximations
(see Section 1.4 of [2]), we need to show that a process with constant diffusion coefficients

is close to a process with slightly perturbed coefficients in the following sense:
Let ;"% Y;"° satisfy

AY"F = bdt + eodW,, Y& =1, (16)

dY;" = bdt 4 (o + 6, Y,"))dW,, Y& =, (17)

where b is a constant vector, o is a constant matrix, and (¢, z) is a matrix whose entries
are continuous in (¢,z) and Lipschitz continuous in z. Then for each positive h, A and
T, there is a positive dg such that

P(sup Y, = Y;"%| > h) < exp(—A/(£*T)) (18)

t<T



if sup,, [|6(t,2)|| < o and € is sufficiently small. (Here we define ||| = ijzl(éij)Q ).

To prove (18), we note that the i-th component of the difference satisfies
M= (V=T = [ Y05 Tr)aw,

The right hand side is a martingale with quadratic variation satisfying

(M), < *sup ||6(t,2)|]? < 42,
t,x

Therefore A .
sup | M| < sup |[W (%63,
t<T t<T

where W is a standard Brownian motion. Therefore

Plsup [Y7* — V7| > h) < dP(sup [W(153)] > 1)
t<T t<T d
which can clearly be made smaller than the right hand side of (18) by selecting a suffi-
ciently small ;. O
We next state a corollary of the above two lemmas that will be used in the paper.
Given a domain D and § > 0, we define

D° = {z € D :dist(z,0D) > 6, |z| < 1/5}.

Let xy be an asymptotically stable equilibrium of b and D be a domain attracted to z.
Let

v = 1T§£{S&T(w) 1 € C([0,T], D), p(0) =z, p(T) € OD}.

Lemma 2.3. Suppose that b is fixed, o is Lipschitz continuous with Lipschitz constant L,
af is continuous in (t,z) and Lipschitz continuous in z, and

d
k|g)? < Z a;(2)&& < K| for z €D, £eRY

1,j=1

d
KIEP <) ag(ta)&é < KIEP for (tz) eRT x D, £eRY (19)
ij=1
For each § > 0 there are > > 0 and a function p(e) (that depend on o and & through L, k
and K ) such that lim. o p(e) = 0 and

sup P(|X — 2ol <6, X¥* €D for s<t)>1—p(e),
(t,2)€[T=(5),T= (v—5)| x D*

provided that

sup |&fj(t,x) — ()] < 52
(t,z)ERT x D*



This lemma can be easily proved using a modification of Theorems 4.2 and 4.3 from
Chapter 4 of [9] if we substitute our Lemmas 2.1 and 2.2 for the corresponding results
concerning the case of time-independent coefficients.

The next simple lemma does not require the proximity of a® to «, but only the
boundedness of the entries of a®. It can be proved by standard arguments from large
deviation theory (compare with chapter 3 of [9]).

Lemma 2.4. Suppose that b is fized and &° is continuous in (t,x) and Lipschitz continuous
in x and satisfies (19). For any compact M C D, there is vg > 0 which depends on a° only
through K such that for each 6 € (0,vy) there is a function p(e) such that lim. o p(e) =0
and

sup P(IX5 —mo| <6, X** €D for s<t)>1-ple).
(t,2)€[T= (8),T (vo)] x M

Note that the quasi-potential can be defined by (12) even if a has some discontinuities.
We shall be particularly interested in the structure of the hierarchy of cycles and the
exponential transition times for functions o which are of the form o = a(x, f(x)), where
[ is constant on each D;. The reason for that is that the solution of (5)-(6) is nearly
constant inside each of the domains D? = {x € D; : dist(x,0D;) > 6, |z| < 1/5}, § > 0,
1 <4 <mn, for € small enough, as follows from the following lemma.

Lemma 2.5. Let u® be the solution of (5)-(6). For every positive Ny and § there is a

positive g such that
[u(T5(A), #) —u(T°(A), O3)| < 6 (20)

whenever x € Df, e<egpand X > .

For a proof of this lemma we refer the reader to [7], where the same statement was
proved in the case of a single domain.

3 The case of two equilibrium points

In this section we assume that there are two asymptotically stable equilibrium points
01,05, € R% Let D; C R? be the set of points in R? which are attracted to O; and
Dy C R? the set of points attracted to O,. We assume that D; U Dy € R? \ S, where S
is a (d — 1)-dimensional manifold. Note that in the case of two equilibrium points, the
hierarchy of cycles is always the same: O; and Oy are cycles of rank zero, and there is
one cycle of rank one which contains both O; and Os.

Let gmin = Inf,cpa g(x) and gmax = sup,ega (). Define the functions Mys, My :
[gmim gmaX] - R via

Mis(e) = V515, Ma(e) = Vo6

These functions are shown on Figure 1. It is not difficult to check that the constant ¢
in the second argument of a can be replaced by any function equal to ¢ on D; in the
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Figure 1: The case of two equilibrium points

definition of Mis and equal to ¢ on Dy in the definition of My, without affecting the
values of Mis(c) and My (c).

Without loss of generality we may assume that g(O1) < g(Os). Let Ay = M12(g(O1))
and Ay = Ms1(g(O5)). In order to formulate the results on the asymptotics of u®(7T°(\), x),
we need the functions ¢'()\) and ¢?()\), A > 0, defined as follows:

1y ) 9(01), 0< X<\,
(V)= { min{g(Og) min{e: ¢ € [g(On), g(Os)], Mia(c) = A}}, A > Ay, (21)
max{g 1),max{c:c € [g(01),9(0s)], Ma1(c) = A}}, A > Ao

Let A3 = inf{\ : ¢ ( ) > c(\)}. Assume that at least one of the functions ¢! and ¢?
is continuous at A\z. Let ¢* = c'()\3) if ¢! is continuous at A3 and ¢* = ¢*(\3) otherwise.
Let ¢'(A\) = min(c!(\), ¢*) and @(\) = max(c*()\), ¢*). On Figure 2, the graphs of ¢* and
¢? are denoted by the thick and the dotted lines, respectively.

The asymptotics of u®(T¢(\), z) is described by the following theorem. Later, we will
use this result to describe the behavior of the process X5*¢ when € | 0.

Theorem 3.1. Let the above assumptions be satisfied. Suppose that the function ¢'(\) is
continuous at a point X\ € (0,00). Then for every 6 > 0 the following limit

lim u*(T°(X), ) = ' ()

11



is uniform in x € D?. Suppose that the function ¢*(\) is continuous at a point X € (0,00).
Then for every 6 > 0 the following limit

15%1 uf (T5(N), ) = &*(\)

is uniform in x € DJ.
Proof. Let us show that if ¢! is continuous at A, then

limsup sup u®(T(A), z) < c'(N). (23)

el0 QCED‘lS
Similarly, if ¢? is continuous at ), then

liminf inf u®(T°()\),z) > Z(\). (24)

€l0 acEDg
Due to Lemma 2.5, in order to prove (23), it is sufficient to show that

limsup u® (T°(\), O1) < ¢ (). (25)
el0
Note that by Lemma 2.4 and (8) there is a positive vy such that for every 0 < 6 < vy
there is £g > 0 such that
[u(T°(A), ) — g(Oy)| <0 (26)
whenever z € D?, 0<e<egpand o < A\ <.
If (25) fails for a certain value of A, then due to continuity of the functions u® (¢, O;) in

t, it follows from (26) that for an arbitrarily small 6’ > 0 there are sequences ¢, | 0 and
An € [0', A] such that

u (t,01) < N+, T(8) <t <T(\,)
and
u (T (Ay), 01) = ¢'(A) + &

Take 6” € (0,¢") which will be specified later. Due to the continuity of u® (¢, Oy) in t, we
can find a sequence pu,, € [0’, \,) such that

u™ (T (pn), O1) = ¢! (A) + 0"

and
u (t,01) € [c"(N) + 6", cH(\) + 8 for t € [T (uy), T (\y)]. (27)

(An)7017€

We can express v (T (), O1) in terms of the process X and the solution at

the earlier time T°"(u,,) as follows
En (TER o En En Ten (An),01,6n
w (T (\n), 01) = Eu <T (11n)s Xgom ) (W)) . (28)
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Since ¢! is continuous at A, there are arbitrarily small ¢’ > 0 such that Mys(ct(A\) + ') >
Mia(ct (X)) = A. Since A, < A, a process starting at O; and satisfying (11) with

00" (z) = a(z,u™ (T (), 01)) = a(z, c'(A) + )

will be in an arbitrarily small neighborhood of O; at time T°"(\,) — T°"(u,,) with prob-
ability which tends to one when ¢, | 0. By Lemma 2.3, this remains true if the constant
us (T (), Oq) is replaced by a function which is sufficiently close to this constant in
D2, where 4 is sufficiently small. Therefore, due to (27) and Lemma 2.5, we can choose §”
sufficiently close to ¢’ so that Xg:: (()’}:));OTl;i?un) will be in a small neighborhood of O; with
probability which tends to one when ¢, | 0. With ¢ and ¢” thus fixed, we let ¢, | 0 in
(28). The left hand side is equal to ¢'(\)+¢', while the right hand side tends to ¢*(\)+4".
This leads to a contradiction which proves that (25) holds, which in turn implies that (23)
holds. The proof of (24) is completely similar.
Note that the arguments used to prove (25) also lead to the following statement: for
each \g > 0
limsup sup u*(T¢(\N),0;) < lim (), (29)
£l0 Mero,A A LA

now without assuming that ¢! is continuous at A. Similarly, for each Ay > 0

liminf inf w®(T°(N > lim ¢*(\).
iy T, 02) 2 () o

Let us show that if ¢! is continuous at A, then

liminf inf u®(T°()\),z) > min(c'()), lim c*(\)). (31)

el0 geDs N DA
Similarly, if ¢? is continuous at A, then

limsup sup u*(T¢(A\), ) < max(c*(A), lim ' (V). (32)
el0 zeDd ALA

Due to Lemma 2.5, in order to prove (31), it is sufficient to show that

liml(i)nf uf(T¢(\), 0;) > min(c'(N), l\llrlr;\ (). (33)

If (33) fails, then for each Ao > 0 there is ' > 0 and a sequence ¢, | 0 such that

uT (T (N), 01) < c'(\) =& (34)
u(T°(X),01) < inf w™(T*"(XN'),05) — 0" (35)
N€[Xo,N]

These two inequalities can not hold at the same time as follows from Lemma 3.11 of [7],
where an analogue of (34) is ruled out for the case of the initial-boundary value problem
with one equilibrium point inside the domain. Now the boundary condition is replaced
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by the presence of the second equilibrium point, but due to (35) the proof goes through
without major modifications. We have thus justified (31), and (32) is absolutely similar.

Note that (23), (24), (31), and (32) imply the statement of the theorem for 0 < A < A3.
Expressing the solution at time 7¢(\) in terms of the solution at an earlier time 7=(\)
(similarly to (28)), we see that if

liminf inf «*(7T°(\),z) <limsup sup u*(T°(\), z),
el zeD} el0  weD}
then
liminf inf «*(7T°(\),z) <liminf inf «*(T°(\),z) <
el0 zeD? el0  zeDSuUDS

<limsup sup u*(T°(\),z) <limsup sup u*(T°(\),x).
elo zeD{uD] el0 zeDj
As follows from the definition of the functions ¢'(\) and ¢*()), this allows us to extend
the result to A > As. O

Remark. If A > )3, then ¢!(\) = ¢*(\) = ¢*. It is possible to show that the limit
limu®(T*(\), z) = ¢*

el0
is uniform in (z,\) € By/s X [A, 00) for each A\ > A3, where By s is the ball of radius 1/4
centered at the origin. Therefore, for each 6 > 0 and X > A there is ¢ > 0 such that

e (t,2) — '] < &

whenever ¢ € (0,e9), * € Byys and t > T%(\).

Let X2 Woe g ¢ [0,7¢()\)], be the process defined in (7)-(8). As follows from the
large deviation theory (see Chapter 6 of [9]), the distribution of the random variable
X;:((;\\)) ¢ will be concentrated near the points O; and O,. From Theorem 3.1 and the
representation (8) for the solution, we obtain the following theorem.

Theorem 3.2. Suppose that g(O1) < g(Os). If the function ¢ (X\) is continuous at a point

A € (0,00) and x € Dy, then the distribution of the random variable )(T:((j\‘))’x’6 converges

to the measure uy = a100, + axd0,, where the coefficients a1 and ay can be found from the
equations ¢ (\) = a19(01) + a29(03), a1 + az = 1.
If the function @(\) is continuous at a point A € (0,00) and x € Dy, then the distribu-

tion of the random variable XT:((:\\))’I’E converges to the measure ug\ = a100, + a00,, where

the coefficients a; and ay can be found from the equations ¢*(\) = a;9(01) + az9(0,),
ap+ay = 1.

If X € (M\3,00) and x € D, then the distribution of the random variable XT:((;‘))’I’E
converges to the measure p* = ai;0o, + a200,, where the coefficients a; and as can be
found from the equations ¢* = a1g(O1) + a29(03), a1 + as = 1.
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4 Three equilibrium points without changes in the
hierarchy of cycles

In this section we assume that there are three asymptotically stable equilibrium points
01, 04, 03 such that g(O1) < g(Os) < g(O3). For ¢y, ¢2,¢3 € [gmin, Jmax, let

f01702703 (.CE) = C1X Dy (.CE) + C2X D, (33') + C3XDs (33'), T e Rd' (36)

Recall the definition of the hierarchy of cycles from Section 2. We will assume that, for
each choice of constants ¢; € [gmin, max] 10 the function a = a(x, fe, ¢p.e5(x)), Assump-
tion A holds and O; and Oy form a cycle I' of rank one. Consequently O;, Oy and O3
form a cycle of rank two for each choice of the constants. Define

Mis(c) = Voaf',g)ga My (c) = Voag(',gla

Mrs(c) = Vﬁ%?, Mjp(c) = Vgi;f()og)‘

Let Ay = Mi5(g(O1)) and Ay = My (g(05)). Define functions ¢! and ¢ by (21) and (22),
respectively. Let A3 = inf{\ : ¢}(\) > ¢*(\)}. Assume that at least one of the functions
¢! and ¢? is continuous at \3. Let ¢* = c'()\3) if ¢! is continuous at A3 and c¢* = c¢*()\3)
otherwise. Let ¢'(\) = min(c'()\),c*) and ¢%(\) = max(c*(\),c*), A < A3. Let \y =
Mpg(c*) and )\5 = M3F(g(03))

Let us assume that A\ < Ay < A\3 < A\g < A5 (see Figure 2). For A\ < A3, the behavior of
the solution in D; and Dy is still governed by Theorem 3.1. For each A > A3, the value of
uf(T¢(\), z) will be nearly constant on D} U D3, and we can treat the cycle I' = {O1, 05}

in the same way a single equilibrium was treated in Section 3. Namely, let

F(/\)_ C*a )\3§)\<)\4,
W min{g(0s), min{c : ¢ € [¢*, g(03)], Mrs(c) =AY}, A > Ay,

03()\): g(Og), O<)\<)\5,
max{c*, max{c: c € [¢*,9(O03)], Msr(c) = A}}, A > As,

Define A\¢ = inf{\ > A3 : ¢'(\) > ¢3(\)}. Assume that A5 < A\¢ and that at least
one of the functions ¢ and ¢? is continuous at \g. Let ¢** = cf'(X\g) if ¢! is continuous
at ¢ and ¢** = ¢*()\g) otherwise. Define ¢*(\) = ¢2(\) = min(ct'(\), ™), X > A3, and
&(\) = max(c3(\), ™), A > 0.

Having thus defined the functions ¢ ()\), ¢ = 1,2,3, for all A > 0, we can now state
that for each A > 0 such that ¢ is continuous at A and every § > 0, the limit

lifgl u (TE(N),z) =2 (\)
is uniform in z € D?.

On Figure 2, the limits lim. o u®(T¢()\), ), as functions of A, for x € D?, D and D}

are depicted by thick, dotted and dashed lines, respectively.
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9(0,) ¢ ™ g(0,) g(03)

Figure 2: A case of three equilibrium points without changes in the hierarchy of cycles

5 A general result for the case when the hierarchy of
cycles does not change

In this section we will suppose that, in addition to Assumption A, the hierarchy of cycles
and the equilibrium points v(T") for each cycle T' of rank less than R do not depend on
the choice of constants ¢; € [gmin, gmax| 1 the function o = a(z, > ;. ¢;ixp,(x)).

We will say that a cycle I' is active for a given value of A > 0 if Vﬁy(r) < A. We
will say that it is engaged if Vi = A and passive if Vi > A. We will say that a
cycle T’y is connected to a cycle I' by a chain if there is a sequence of cycles I'y, ..., 'y
and equilibriums O; € I'y,...,0r € I'y, Ogyq € I such that I'; are engaged or active and
Oi11 = v(I;) for 0 < i < k. The collection of all the cycles that do not belong to I' and
are connected to I' by a chain will be called the cluster connected to I'. For each cycle I
of less than maximal rank and ¢ € [gmin, Gmax), We define

Mr(c) = V)

and, for A > 0 and ¢3 > ¢, define C(cy, 2, A\, ') = min(ey, inf(c > ¢ : Mp(c) > N)).
Similarly, if ¢o < ¢;, define C'(cy, ¢, A, I') = max(cq, sup(c < ¢; : Mr(c) > A)).

In Figure 3 we have an example of a hierarchy of cycles with the thick arrows between
the actively connected cycles and the corresponding equilibrium points. The dashed
arrows are used for the engaged cycles and the dotted arrows for the passively connected
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cycles.

C 1
,"‘f—x‘\
r‘,//’ﬁ -\\\
/ . ¥ z O 5\ T e, C12

Figure 3: The hierarchy of cycles

In order to describe the asymptotics of u*(7%(\), z), we will define a finite number of
“special” points 0 = \g < A} < ... < A, = co. We claim that there are functions ¢ (\),
1 <4 < n, which are continuous on each of the intervals (Ax, \g11), 0 < k < m — 1, have
one-sided limits as A approaches the end points of the intervals, and are such that the
limits

lsifgl u (T5(N),z) =2 (\)
are uniform in z € D? for each § > 0, A € RT \ A with A = {\g, A1, ...., \,n}. Moreover,
neither of the cycles changes its type (between passive, engaged and active) for A €
(A Ak1) and a(x) = lim.jpa(x,u®(T°(N),z)). We will use induction on k in order to
define the functions ¢ ()\) and describe for each cycle whether it is passive, engaged or
active for A € (A, \gr1) with a(z) = lim.ga(z, u®(T(N),x)). In the process, we will
make several assumptions about the functions Mr.

Assuming that we have defined ¢()), let

Ar = inf{\ > 0:(X\) does not depend on i for ' > X and O; € T'}.

From the inductive construction of the functions ¢ ()) it will follow that A\r < co. Let
ar = limy}y. ¢(A\), O; € T, and Ar = Mr(ar). We assume that all Ap are distinct and
define

A" = {Ar, rank(T') < R}.
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We assume that Mr has a finite number of critical points on [gmin, gmax| for each T'
with rank(I") < R. Let cf, ..., ¢ be all the local maxima of M. We assume that Mp(c; )
are distinct for all I' with rank(I') < R and ¢. Define

A* = {Mp(c)), rank(l) < R, 1 <i <kp}.

Let I' be a cycle of rank r < R, T the cycle of rank r+1 that contains I', and T a cycle
that is contained in I'\I". Let Iry = {c: Mp(c) = M~y (c)}. We assume that the sets Ity
are finite and Ir, v, N Ir, vy, = 0 unless (I'1, T;) = (', To) or (I';, T1) = (T2, T'3). Define

A?* = {Mr(c), c € Iry, tank(l') < R,T CT\ T}

We assume that the numbers Mr(ay) are distinct for all choices of cycles I" and T such
that rank(I") < R, rank(Y) < rank(I') and v(I') € Y. Define

A* = {Mr(ay), rank(T) < R, rank(Y) < rank(T), (') € T}.
Finally, we assume that the sets A', A2, A3 and A* do not intersect and define
A=1{o, M,y A} = {0JUA UAZU AP U AT U {00},

where we arrange )\ in the increasing order.

Below we will define ¢(\) on the successive intervals (A, Ax11) using induction on
k while assuming that \; are known. The above definition of A' and A?* in terms of
¢(A\) does not constitute a circular argument, since we could instead define the pairs
(Mkx1,€(A) for X € (Ag, Ag+1)) inductively. Such an approach would lead to more compli-
cated notations, though, so we avoid it.

Let us proceed with the inductive definition of ¢(\). For A € (Ag, A1) all cycles are
passive and ¢ ()\) = g(O;) for all i. Assuming that the types of the cycles and the limits
q(O;) = limyyy, ¢ (A) are known for A € (Ax_1, \) with some 0 < k < m, we will describe
the types of the cycles for A € (A, A1) and specify the limits s(0;) = limyy, ¢ ().
Then, assuming that the types of the cycles are specified for A € (A, Apy1) and the values
of s(0;) are known, we will define the functions ¢(\) for A € (Mg, Apy1). We distinguish
a number of cases depending on whether )\, belongs to A, A%, A% or A*.

First, however, we describe the procedure for determining the values of s(O;) for O;
which belong to a cluster.

Determining the values of s(O;) and the types of cycles within a cluster.
Suppose that we have defined s(0;) = lim,y, ¢ ()\) for all O; that belong to a cycle T.
Consider the cluster of cycles that are connected to I' for A € (A\;_1, Ax). For each cycle
[ in the cluster, we will define the values of s(O) for O € I" and specify its type for
NS ()\k, /\k?-f—l)‘

First assume that v(I") = O; € T for A € (Ag—1, A\g). It will follow from the inductive
construction that ¢(O") = ¢(O") if O, 0" € I"". Let ¢(I") = q(O’). For O € I, we define
s(0) = C(q(I"),s(0;), Mg, I).
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For any cycle I such that v(I"") € I, we can similarly determine the values of s(O)
for O € T". Continuing this procedure inductively, we define the values of s(O) when
O belongs to either of the cycles from the cluster. A cycle IV from the cluster will be
engaged for A € (\g, \g11) if Ay = M/ (s(O)) for O € T” and active if A\ > M/ (s(O)) for
Oel.

Case 1. Assume that A\, € A;. Let I' be such that A\, = Ar. For O; € T, we
define s(0;) = C(q(0;),q(v(I')), A\g, I'). The cycle will be engaged for A € (Ag, Agy1) if
A = Mr(s(0)) for O € I and active if A, > Mr(s(O)) for O € T".

The types of cycles that belong the the cluster connected to I' for A € (Ax_1, Ax), and
the values of s(O;) for the equilibrium points in those cycles are determined according
to the procedure described above. For the remaining equilibrium points O, we define
s(0) = q(O). The remaining cycles don’t change type.

Case 2. Assume that A\p € As. Let ¢ be the local maximum of a cycle I' such that
Mr(c) = \g. If ' was not engaged for A € (Ay_1, Ax) or if ¢(O) # ¢ for some O € I, then
we define s(O) = ¢(O) for all the equilibrium points, and all the cycles have the same
type on (A, Akt1) as on (Ag_1, Ag)-

If I' was engaged and ¢(O) = ¢ for O € T, then for O, € I', we define s(O;) =
C(q(0;),q(v(T)), A, T'). The cycle will be engaged for A € (Mg, Apy1) if Ap = Mr(s(0))
for O € I" and active if A, > Mp(s(O)) for O € T

The types of cycles that belong the the cluster connected to I' for A € (Ax_1, Ax), and
the values of s(O;) for the equilibrium points in those cycles are determined according
to the procedure described above. For the remaining equilibrium points O, we define
s(0) = q(O). The remaining cycles don’t change type.

Case 3. Assume that A\, € As. Let I' be a cycle of rank r < R, T the cycle of rank
7+ 1 that contains I', and T a cycle that is contained in T'\ I'. Suppose that c is such
that Mp(c) = My(c) and Ay = Mr(c).

We define s(O) = ¢(O) for all the equilibrium points. All the cycles, other than
perhaps I and T, have the same type on (Ag, Ay1) as on (Ar_1, Ax). To determine the
type of cycles I' and T on (Ag, Ak1+1), we examine several cases.

(a) If ¢(O) = cforall O e TUTY, I" and T were engaged, T was connected to I' by
a chain that contained only active cycles (other than Y itself) and I was connected to T
by a chain that contained only active cycles (other than T itself), then I' and T becomes
active.

(b) If ¢(O) = c for all O € T UTY, I" was connected to T by a chain that contained
only active cycles (other than I' itself), but T was not connected to I' by a chain that
contained only active cycles (other than T itself), and T was not passive, then I' becomes
active on (A, Ary1) if it was engaged on (A,_1, A\x) and becomes engaged if it was active.
The type of T stays the same.

(c) the same as (b) with T and T interchanged.

(d) If none of the cases (a)-(c) applies, then I" and T have the same types on (Ag, Agi1)
as on (Ag_1, \g)-

Case 4. Assume that A\, € Ay. Let Ay = Mr(ay), where cycles I' and T are such
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that rank(I') < R, rank(Y) < rank(I") and v(I') € T. We define s(O) = ¢(O) for all the
equilibrium points. All the cycles, other than perhaps I', have the same type on (A, A\g11)
as on (Ag_1, \g)-

The cycle I' becomes active if it was engaged on (A\x_1, \r), ¢(O) = ay for all O € T
and Mr(ay) < Ay. Otherwise, I" has the same type on (Ag, \g11) as on (Ag_1, Ag).

Now let us define the functions ¢ (\) on (Ag, Agt1) assuming that the values of s(O;)
and the cycle types are known. For an equilibrium point O;, we identify the cycle I with
the smallest possible rank 7 such that O; € I' and the values of s(O;), O; € I, are not all
the same. If no such cycle exists, that is if s(O;), 1 < j <n, does not depend on j, then
we define ¢(\) = s(O;) for A > \j.

Assuming that such a cycle I' exists, let I'y,...,I'; be the cycles of rank » — 1 which
comprise I', and let O € T';. Here we number the cycles in such a way that N (T'y) =
Iy, .N(I'}) = T'y. Take the least j such that I'; is either passive or engaged (it can
not happen that all the cycles I'y,...,I'; are active, since then all the values of s(O),
O € I', would be the same, as follows from the inductive construction above). If I'; is
passive, we define ¢(\) = s(0;) for A € (A, \rs1). If T is engaged, we define ¢'()\) =
C(r(0s),¢, A\ Iy) for A € (Mg, Akt1), where ¢ = 400 if Mp, is locally increasing at r(0;)
and ¢ = —oo if Mr, is locally decreasing at r(0;).

We can now summarize the above discussion.

Theorem 5.1. Suppose that Assumption A holds and the hierarchy of cycles and the
equilibrium points v(I') for each cycle T of rank less than R do not depend on the choice
of the constants ¢; € [gmin, Gmax] 0 the function o = a(zx,> | ¢;xp,(x)). Also suppose
that the above assumptions on the sets A*, A2, A% and A* hold.
Then the limaits
lsifg u (T5(N), ) =2 (\)

are uniform in x € D! for each § >0, A\ € RT\ A, where the functions ¢ (\) were defined
via the inductive procedure above.

6 Example of a change in the hierarchy of cycles

As in Section 4, we assume that there are three equilibrium points O, O, Os. For each
C1,C2,C3 € [gmin, Gmax], the function f., o, ., is defined by (36). We will assume that
the hierarchy of cycles for a = a(x, fe, s (v)) depends only on co. This is the case, for
example, if d = 1 and O; < Oy < O3. More precisely, suppose that there is ¢ € (gmin, Gmax)
such that Assumption A holds for each choice of the constants ¢; € [gmin, Jmax] Such that
¢y # €. We assume that O; and O, form a cycle IV = {Oy, Oy} of rank one when ¢, < ¢,
while Oy and O3 form a cycle I = {O4, O3} of rank one when ¢, > ©.

As before, we will identify a number of “special” points Ay and describe the asymptotic
behavior of uf(T¢(\), z) for A € (A, Aet1) and x € D?, i = 1,2, 3. In the process, we will
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make various assumptions about the quasi-potential that will be specific to the example
at hand.
In our example we assume that g(O;) < g(Oz) < ¢ < g(Oj3). Define

Mis(c) = VELE, Ma(e) = VLS, Mrs(e) = Vily), ¢ € [gmin, ©);

M () = V55, Mas(c) = VSLe), Mpm(e) = VES), Mirn(c) = Vslio, ¢ € (B gmad

Let A\ = Mi5(g(Oy)) and Ay = Mo;(g(Os)). Define functions ¢! and ¢* by (21) and
(22), respectively. Let A3 = inf{\ : ¢'(\) > ¢*(\)}. Assume that at least one of the

functions ¢! and ¢? is continuous at 3. Let ¢* = c¢'()3) if ¢! is continuous at A3 and

c* = ?(\3) otherwise. Let ¢'(A\) = min(c!'(N), ¢*) and *(\) = max(c*(\), c*), A < A3. Let
A1 = Mri3(c*), As = sup,¢|

)Mp/g(C) and /\6 = M32(g(03))

. =
c*c

1=

9(0,) ¢ 9(Cs)

Figure 4: A case of three equilibrium when the hierarchy of cycles changes

Let us assume that A} < Ay < A3 < Ay < A5 < Ag (see Figure 4). Define

c* A3 <A\ < A,

Y

51()\) = 52(/\) = CF/()\) = { min{c: ¢ € [¢*, ), Mps(c) = A}, A <A< As,

In order to formulate the results on the asymptotics of u®(7%(\), x) for A > A5, we need
the functions d*(\) and ¢*(\) defined as follows:

d*(\) = min{g(O3), min{c : ¢ € [¢,g(03)], Maz(c) = A}}, A > As,
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CS()\): { 9(03)7 O<)‘<)‘67
max{¢, max{c: c € [¢,9(03)], M3z(c) = A\}}, A > X
Let A7 = inf{\ : d*(\) > ¢*(\)}. Assume that \¢ < A7 and at least one of the functions
d* and ¢? is continuous at \;. Let ¢ = d?()\;) if d? is continuous at A; and ¢ = ¢*(\;)
otherwise. Let A\g = Mpr(c**) and assume that A\; < Ag. Define ¢?(\) = min(d?(\), ¢**),
As <X < Ag, and @(\) = max(c3(A), ), 0 < X < As.
Let
d'(A) = min{c™ min{c: c € [¢,c™], Mirn(c) = A}}, A > )5,

& (\) = max{e, max{c: ¢ € [¢,¢"*], Mpni(c) = A\}}, A > As.

Let \g = inf{\ : d'(\) > """ ()\)}. Assume that \g < \g and at least one of the functions d"
and ¢! is continuous at Ag. Let ¢ = d'()\g) if d" is continuous at \g and c¢** = I (\g)
otherwise. Define ' (A\) = min(d"(\), ¢***), A5 < A and @%(\) = & (\) = max(c" ()), ¢),
Ag <A

Having thus defined the functions ¢'()\), ¢ = 1,2,3, for all A\ > 0, we can now state
that for each A > 0 such that ¢ is continuous at A and every § > 0, the limit

lim u®(1°(A), 2) = ()

is uniform in z € D?.
On Figure 4, the limits lim. o u®(T¢()\), ), as functions of A, for x € D2, D§ and D}
are depicted by thick, dotted and dashed lines, respectively.
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