AN INTEGRABLE DEFORMATION OF AN ELLIPSE OF SMALL
ECCENTRICITY IS AN ELLIPSE

ARTUR AVILA, JACOPO DE SIMOI, AND VADIM KALOSHIN

ABSTRACT. The classical Birkhoff conjecture says that the only integrable convex
domains are circles and ellipses. In the paper we show that a version of this
conjecture is true for small perturbations of ellipses of small eccentricity.

1. INTRODUCTION

Let 0 C R? be a strictly convex domain. We say that Q is C” if its boundary
is a C"-smooth curve. Consider the billiard problem in 2: a massless billiard ball
moves with unit speed and without friction following a rectilinear path inside the
domain 2. When the ball hits the boundary it is reflected elastically according to
the standard reflection law, i.e. the angle of reflection equals the angle of incidence:
such trajectories are sometimes called broken geodesics.

We call a (possibly not connected) curve I C Q a caustic if any billiard orbit

having one segment tangent to T is so that all its segments are tangent to T. We
call a billiard Q locally integrable if the union of all caustics has nonempty interior;
likewise, a billiard €2 is said to be integrable if the union of all smooth convex caustics
has nonempty interior. It follows by rather elementary geometry considerations,
(but see e.g. [16, Theorem 4.4] for a detailed proof) that a billiard in an ellipse is
integrable: its caustics are indeed cofocal ellipses and hyperbolas.

Birkhoff Conjecture (see Birkhoff [3], Poritsky [13]). If the billiard in § is inte-
grable, then OS2 is an ellipse.

The most notable result related to the Birkhoff Conjecture is due to Bialy [2] (see
also Wojtkowski [19]) who proved that, if convex caustics foliate the whole domain
2, then € has to be a disk. On the other hand, it is simple to construct smooth (but
not analytic) locally integrable billiards different from ellipses. In fact, it suffices
to arbitrarily perturb an ellipse away from a neighborhood of the two endpoints
of the minor axis. More interestingly, Treschev [18] gives indication that there are
analytic locally integrable billiards such that the dynamics around one elliptic point
is conjugate to a rigid rotation.

There is a quite remarkable relation between properties of billiards and the spec-

trum of the Laplace operator in €2. Given a domain 2, the length spectrum of € is
1
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defined as the collection of perimeters of its periodic orbits, counted with multiplic-
ity:

L := N{lengths of closed geodesics in Q} U N((9),
where £(0€2) denotes the length of the boundary.

Denote with Spec A the spectrum of the Laplace operator in €2 with (e.g) Dirichlet
boundary condition, i.e. the set of A so that

Au = Au, u = 0 on 0f).

From the physical point of view, Dirichlet eigenvalues A are the eigenfrequencies of
the membrane €2 with fixed boundary.

Andersson—-Melrose (see [1, Theorem (0.5)]) proved that, for strictly convex C*
domains, the length spectrum Lg contains the singular support of the wave trace
t = D25, espeea EXP(iy/—Ajt).

This is, of course, related to inverse spectral theory and to the famous question
by M. Kac [10]: “Can one hear the shape of a drum?”. More formally: does the
Laplace spectrum determine a domain? There is a number of counterexamples to
this question (see e.g. [7]), but the domains considered in such examples are neither

smooth nor convex. In [15], P. Sarnak conjectures that the set of isospectral planar
domains is finite.
In the affirmative direction Hezari-Zelditch proved in [9] that given an ellipse

&, any one-parameter C'°°-deformation (2. which preserves the Laplace spectrum
(with respect to either Dirichlet or Neumann boundary conditions) and the Zy X Zy
symmetry group of the ellipse has to be flat (i.e., all derivatives have to vanish for
e = 0). Further historical remarks on the inverse spectral problem can also be found
in [9].

2. OUR MAIN RESULT

Given a strictly convex domain €2, we define the associated billiard map fq as
follows. Let us fix a point Py € 0f) and denote with s the arc-length parametrization
of 0N) starting at P, in the counter-clockwise direction; let P, denote the point on
0f) parametrized by s; by scaling €2 we can always assume that its perimeter is 1.
We define the billiard map

(1) fa:Tx[0,7] = T x [0,7],
(s,0) = (5, &),

where T = R/Z, Py is the reflection point of a ray leaving Ps; with angle ¢ with
respect to the counter-clockwise tangent ray to the boundary 02 and ¢’ is the angle
of incidence of the ray at Py with the clockwise tangent. If there is no confusion we
will drop the subscript €2 and simply refer to the billiard map as f.
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In the sequel, we agree that all caustics that we will consider will be smooth and
convex; we will refer to such curves simply as caustics.

Let I' be a caustic for €2; for any s € T there exist two rays leaving P which are
tangent to I', one aligned with the counter-clockwise tangent of I' and the other one
with the clockwise tangent; let us denote with gplf(s) their corresponding angles of
reflection. Observe that, by reversibility of the dynamics, the trajectory associated
with ¢~ is the time-reversal of the trajectory associated with p*, i.e. o= =7 —pt.
We can thus restrict our analysis to (e.g.) ¢™; in doing so we will drop, for simplicity,
the superscript + from our notations.

The graph I' = {(s, ps(s))}ser is, by definition of a caustic, a (non-contractible)
f-invariant curve'. Therefore, the restriction f|r is a homeomorphism of the circle,
and, as such, it admits a rotation number, which we denote with w. In fact (since
we have chosen ¢ over ¢~ ), we always have 0 < w < 1/2.

Definition. We say T is an integrable rational caustic if the corresponding (non-
contractible) invariant curve I' consists of periodic points; in particular the corre-
sponding rotation number is rational. If Q0 admits integrable rational caustics of
rotation number 1/q for all ¢ > 2, we say that € is rationally integrable.

Remark. A more standard definition of integrability is existence of a “nice” first
integral. Fxistence of a “nice” first integral for a billiard does not imply that any
caustic of rational rotation number is integrable. For instance, the invariant curve
corresponding to points belonging to the conciding separatriz arcs of a hyperbolic
periodic orbit of f is not integrable. On the other hand, if a caustic with rational
rotation number belongs to the interior of a foliation by caustics, then it is, indeed,
an integrable rational caustic (see e.g. [16, Corollary 4.5] for the general statement
and [3, Proposition 2.8] for the special case of an ellipse).

Let us denote with & C R? an ellipse of eccentricity e and perimeter 1.

Main Theorem. There exists eg > 0 such that for any 0 < e < eq and K > 0,
there exists € > 0 so that any rationally integrable C3°-smooth domain Q so that 05
is C%-K-close and Ct-e-close to &, is an ellipse.

Remark. Our requirements for smoothness are probably not optimal and follow
from the approach used in our proof (see the proof of Lemma 25 and in particular
footnote 7). One could possibly improve them using [5].

ACKNOWLEDGMENTS: We thank L. Bunimovich, D. Jakobson, I. Polterovich, A.
Sorrentino, D. Treschev, J. Xia, S. Zelditch and the anonymous referee for their
most useful comments which allowed to vastly improve the exposition of our result.

I Indeed, by Birkhoff’s Theorem, any f-invariant non-contractible curve has to be a Lipshitz
graph.
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3. OUR STRATEGY AND THE OUTLINE OF THE PAPER

Let us start by exploring the simplified setting of integrable deformations of a
disk; we then use this insight to explain the main strategy of our proof in the
general case. Let €y be the unit disk and let us denote polar coordinates with (7, ¢).
Let Q. be a one-parameter family of deformations given in polar coordinates by
0. = {(r,¢) = (1 + en(¢) + O(?), ¢)}. Consider the Fourier expansion

n(¢) = ng + Z ny, sin(ke) + nj, cos(ke).

k>0

Theorem (Ramirez-Ros [11]). If Q. has an integrable rational caustic I'yq of ro-
tation number 1/q for all sufficiently small €, then n), = n}, = 0 if k is divisible by

q.

Let us now assume that the domains €2, are rationally integrable for all sufficiently
small : then the above theorem implies that

n(p) = ng + nj cos ¢ + ny sin ¢ + ny cos 2¢ + nj sin 2¢
= ng + njcos(¢ — ¢1) + njcos2(p — ¢9)
for some ¢, and ¢,. Notice that

e 1, corresponds to an homothety.

e 1 corresponds to a translation in the direction of angle ¢, with the z-axis.

e n} corresponds to a deformation into an ellipse of small eccentricity with the
major axis having angle ¢, with the z-axis.

This implies that, infinitesimally, rationally integrable deformations of a circle are
tangent to the 5-parameter family of ellipses. However, there is no uniformity in g
and, as ¢ increases, the size of perturbation € such that the above observation holds
will decrease.

We now proceed to introduce the main concepts in our proof. Let {2 be a strictly
convex domain and consider a tubular neighborhood Ug of 92 so that there are
well-defined tubular coordinates (s,n), where s is the s-coordinate of the orthogonal
projection of the point onto the boundary 02 and n is the oriented distance along
the orthogonal direction to 92 with n > 0 being outside of €2 and n < 0 being
inside.

Given a domain Q' with 0Q) C Ug, one can thus identify it with the graph of a
function n(s) in tubular coordinates. To do that one can project points from 02’ to
00 and lift points from 02 to €Y. In the sequel we will only consider perturbations
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2 which can be described by a function n(s) of this form and we introduce the
following (slightly abusing, but suggestive) notation

0 = 90 + n(s).

We then need to define a convenient coordinate system, which was first introduced
by Lazutkin [I1]. Let £ be a strictly convex domain; recall that s denotes the arc-
length parametrization of 0Q2 and denote with p(s) its radius of curvature at s.
Observe that if Q is O7, then p is C"~2. Define the Lazutkin parametrization of the
boundary:

s —1

(2) z(s) = Cq / plo)~3 do, where Cq = [/ p(o)_Q/gda} :
0 00

We call Lazutkin map the following change of variables map:

(3) Wy, (5,0) > (@ = 2(s), y(s,9) = 4Ca pls) " sin(ip/2)).
Also introduce the Lazutkin density
1

(4) p(z) = W,

where we denote by p(x) = p(s(z)) the radius of curvature in the Lazutkin parametri-
zation, where s(x) can be obtained by inverting (3). Observe that u(z) = 7 for a
circle and varies analytically with the eccentricity for an ellipse.

By replacing the arc-length parametrization s with the Lazutkin parametrization
x in the definition of the tubular coordinates, we obtain the definition of the Lazutkin
tubular coordinates. We denote the corresponding perturbation function with n(z).
Observe that if 02 = £ is an ellipse, p is analytic and thus the Lazutkin parametriza-
tion is itself an analytic parametrization of £.

Let n(z) be a C" deformation of Q and consider, for € € (0,1), the 1-parameter
family of domains

08, == 00 + en(x).

The first step of our proof is to obtain a perturbative version of Ramirez-Ros” The-
orem for elliptical domains. In order to do so we first derive a necessary condition
for preservation of an integrable rational caustic (in Section 4). We will then define
(see Section 5) functions {c¢,(z), s,(z)}4>2 so that if Q. has an integrable rational

caustic fi /0 of rotation number 1/q for some ¢ > 2 and all small ¢, then

(5) [ n@ @) eyo)dr = [ n(o) pta)syfo) de =

In fact, in Lemma 9 we derive an perturbative version of the above conditions: more
precisely, if a perturbation 92’ = 0Q + en(s) has an integrable rational caustic I'y /,
for some small ¢ > 0, then we can replace (5) with an inequality of the absolute
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value of the integrals being O(¢®¢?)-small: observe that, as we hinted above, our
estimate is necessarily non-uniform in q.

If 0€2 is a circle, then {c,, s,} are given by Fourier Modes (as in Ramirez-Ros’ The-
orem above); if, on the other hand, 02 is an ellipse, the functions {c¢,(z), s,(x),q >
2} can be explicitly defined using elliptic integrals via action-angle coordinates
(see (19)). We then (see Section 6 for definitions) complement these functions with
5 functions

{Co(x)> Cq(l’), Sq(.’L’), q = 172}
having the same meaning as the ones described above: four define homothety, trans-
lations and rotations, while the fifth one defines hyperbolic rotations. We then show

(see Section 7) that for sufficiently small eccentricity, the functions {c,, s,} also form
a basis of L?.

Remark. We emphasize that our condition on eccentricity is not an abstract small-
ness assumption. In fact, we give concrete conditions on the eccentricity for our
result to hold. More specifically: one has to check that for some N > 1 a given
(2N + 1) x (2N + 1) correlation matriz My (defined in (21)) is invertible (see Re-
mark 19) and that some explicit condition (given in (25), where C*(e) is defined in
Lemma 17) holds true.

We then conclude the proof (in Section 8) using the following approximation
result (Lemma 23): if € is rationally integrable and OS2 is an O(e)-perturbation of
an ellipse 0y = &. of small eccentricity e, then there exists an ellipse £ such that
09, is an O(e?)-perturbation of £ for some 3 > 1.

4. A SUFFICIENT CONDITION FOR RATIONAL INTEGRABILITY, THE
DEFORMATION FUNCTION7 AND ACTION-ANGLE VARIABLES

Let £ C R? be an ellipse of perimeter 1; conventionally we let Py be one of
the end-points of the major axis. Let T, be the caustic of rotation number w with
0 <w < 1/2. Let f = fe be the associated billiard map and T, be the corresponding
invariant curve of f of rotation number w. Then there exists a parametrization
S(+;w) of the boundary £ in arc-length coordinate s so that f acts as a rigid rotation,
ie. forany 6 € T

(6) f(S(8;w), 2(0;w)) = (S0 + w;w), (0 + w;w))

where we introduced the shorthand notation ®(6;w) = g _(S(¢;w)). The functions
S and @ describe action-angle coordinates. In other words, (S, ®) is the change of
variables from action-angle coordinates to arc-length and reflection angle. Geomet-
rically, given S(6;w), consider the ray leaving Pg,.) with angle ®(0;w); this ray
will be the tangent to T, and land at the point parametrized by S(6 + w;w) with
angle ®(0 + w;w) with respect to the tangent at S(6 + w;w).
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We can normalize S so that S(0;w) = 0 is fixed for all w € (0,1/2). Following
Tabanov (see [17]) we can take S and ® to be analytic in both 6 and w. In partic-
ular, for each w € (0,1/2) the map ®(-;w) is an (analytic) circle diffeomorphism.
Observe additionally that both functions depend analytically on the parameter e
and, moreover, for e = 0 we have S(6;w) = 6 and ®(0;w) = Tw.

Let now Q be a deformation of £ identified by a C3° function n. Given p/q €
(0,1/2) N Q with p and ¢ relatively prime, let us define the Deformation Function
as follows:

(7) D (n,S,@,g) 0) = zkin (s (0+k§;§>) sin @ (0+k§;§> .

In Theorem 1 below we show that the Deformation Function is the leading term
of the change of perimeter of the star-shaped polygon inscribed in £ corresponding
to an orbit of rotation number p/q starting at Pgp). In order to turn the above
consideration into a precise statement, we need to introduce some further notation.

First, since in the present article we are interested only in caustics of rotation
number 1/q, we restrict the analysis to this case. Let us thus introduce the con-
venient shorthand notations S, = S(-,1/q) and &, = ®(-,1/q). Recall that for
any ellipse &, every caustic fl /q of rational rotation number 1/q with ¢ > 2 is an
integrable rational caustic. Recall also that, for any 0 < s < 1, we denote by P
a point whose arc-length to P, in the counter-clockwise direction is s. For ease of
notation, for any k =0,--- ,¢—1, let P?(0) = Ps,(0+k/q), so that have that for each

0 € T the g-periodic orbit corresponding to # tangent to the caustic fl /q 1s given by
the points Py (6),--- , P, ,(f). By the variational characterization of periodic orbits
(see e.g. [3]), the above points are the vertices of the inscribed g-gon of maximal
perimeter with a vertex at Pg, (g). Let L)(#) be the perimeter of this ¢-gon, i.e.

—_

Ly(®) = > 1P1(0) = PO,

[}

T

where ||-|| is the Euclidean distance. T'; /q being an integrable rational caustic implies
that Lg(@) is constant in 6. This follows from the fact that every periodic orbit is a
critical point for the perimeter: hence, a smooth one parameter family of periodic
orbits has a constant perimeter.

Let us denote with Pj(#) the lift of PY(#) to 9Q. Since Q is strictly convex, for
each 6 € T, there is a convex g-gon starting at P;(#) of maximal perimeter. Denote
its vertices by P,(0), k=0,---,q — 1 and its perimeter by

—_

Ly(0) = > 1Py () — P(O)]]-

B
I



8 ARTUR AVILA, JACOPO DE SIMOI, AND VADIM KALOSHIN

Observe that if 2 admits an integrable rational caustic of rotation number 1/q,
then the points Fy(f),--- , P;_,(0) are the reflection points of the g-periodic orbit of
rotation number 1/q starting at Fy(6). Moreover, L (f) is also constant.

Theorem 1. Let &, be an ellipse of eccentricity 0 < e < 1 and perimeter 1, and
let (S, ®) be the corresponding action-angle coordinates. Then there is ¢ = c(e) > 0
such that for any integer q, ¢ > 2 and a C' deformation 0Q := € +n so that Q has
an integrable rational caustic of rotation number 1/q and ¢®|nl|cr < c:

max | Ly(0) — Lg(0) — D(n, S, ®;1/q)(0)| < C ¢*nZ,

where C = C(e,||n||cs) depends on the eccentricity e and monotonically on the
C%-norm of n, but is independent of q.

Remark. Notice that in [12, Proposition 11] a different (weaker, but cleaner) version
of this statement is given, where it suffices to know only S(6,w). We also point out
that c(e) — 0 as e — 1.

Proof of Theorem 1. Let ax(#) be the angle between P/ (0) — PP(6) and the positive
tangent to £ at PP(0) (see Figure 1). We assume «ay(f) to be positive towards
the exterior of &, i.e. if P/(0) is outside of &, then a(#) € (0,7). Introduce the
displacements

ve(®) = [ PL(0) — P (O]

and let ¢i(0) = ®,(0 + k/q). By definition of action-angle coordinates, the edge
P (0) — PY(0) has reflection angle ¢4(6) at PY(0) and ¢ry1(0) at PP, (0) re-
spectively. Finally, let us introduce the notation I(0) = ||P2,,(0) — P(0)| and
1.(0) = || Piy1(0) — Pi(0)]]. Observe that by Corollary 6, for each k = 0,---,¢— 1
we have

1 =
(8) — < 1,(0) < = for some = =2Z(e,|n|cs) > 1,
=q q
and = depends monotonically on |[n||cs. For k =0,---,¢— 1, project P/(#) onto &£

by the orthogonal projection and denote the projected point by P/ (6). Observe that,
by construction, Fj(0) = P{(#). Denote, moreover, with @, (resp. ¢; ) the angle

between PIQH(Q)_— PL(0) (vesp. PL(9) — P,_,(0)) and the positive (resp. negative)
tangent to £ at P/(0) (see Figure 2).

Lemma 2. Let = be the constant appearing in (8); for any k=0,--- ,q— 1:

|2 — @n] <52 q|n|c.
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Proof. Since |P], — P.|| < |n|co for any k = 0,--- ,q — 1, the angle between the
k-th perturbed edge and the k-th projected edge satisfies
5 5 2||n|co
<{P(0)— P, ,(0),P0)— P ,(0)} <

{ k( ) k+1( ) k( ) k+1( >} l;(&) _QHHHCO

where in the last inequality we have used (8): in fact, we know [} (f) > Z/q and by
our assumptions on n we have ||n||co < ||n||cr < ¢/¢®, thus, if ¢ < 1/Z, since ¢ > 2:

< 4=q||n||co

1,(6) = 2|nf|co > [,(0)/2 > 1/(2Zq).

FIGURE 1. Two orbits: unperturbed (in black) and perturbed (in blue)

Since () has an integrable rational caustic of rotation number 1/g¢, the collection
P[(#), k=0,---,g—1 corresponds to a ¢g-periodic orbit, thus, the angle of incidence
at Py (0) of P(0) — P[,,(0) equals the angle of reflection of P_,(6) — P/(6). See
Figure 2: the angle between the tangent to 092 at P/(f) and the tangent to & at
the projected point P}(6) is bounded above by n'(S,(0 + k/q)), hence by |n|c:.
Therefore, adding the two deviations coming from discrepancy of the tangents to
O (resp. &) and discrepancy of end points P/(6) (resp. P!(6)) with i = k4 1,k we
get that

2x = &l < 4Zq(nllco + 2|nfen,
from which we conclude our proof. U

Lemma 3. For each k =0,--- ,q—1 let 0, be so that P}() = Ps,,)- Then there
exists C = C(e, ||nl|cs) so that, in the above notations, for any k=10,--- ,q— 1:

(9) 0k — Okl < Cq*[Inllcs () < Cg*lnlle:.

Proof. The basic idea of the proof is to consider the worst case scenario of deviation
of reflection angles @ (6) from ¢, (6). Since, unless & is a circle, the reflection angles
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FIGURE 2. Reflection angles: in blue (above) the trajectory of the
periodic orbit given by Fy,-- -, P;_;; in black (below) the pseudo-orbit
given by P}, - - ,]54_1.

¢ vary depending on the reflection point?, it is more convenient to keep track of
a first integral, which is constant along any orbit in the ellipse £. Therefore, it
cannot change too rapidly for the perturbed domain 2. Here is quantification of
this phenomenon. Recall that for the ellipse one can explicitly define a conserved
quantity (a first integral), as follows. For simplicity, assume & is centered at the
origin and that the major axis is horizontal; let

E={2?/a® +y*/b* =1}, 0 < b* < a’.

where a and b are chosen so that the ellipse has perimeter 1. Let us introduce
so-called elliptical coordinates (p1,) on R? as follows:

x = h-coshp-cos, y =h-sinh p - siny

where h? = a?—1?, 0 < < 00, 0 < 1) < 2m. The family of cofocal ellipses j =const
and hyperbolas 1) =const form an orthogonal net of curves®. The ellipse £ has the
equation g = j19, where cosh? yig = a?/h? > 1. Thus, the length parametrization s
of the ellipse can be given as a function of 1, (see e.g. [17] for an explicit formula):
Then, the billiard map has a first integral given by
2
I(1), ) = cos® ¢ + —COSQw sin® ¢;

cosh” pg
observe that I(¢, p) = I(¢, 7 —¢). Recall that S,(-) denotes the angle parametriza-
tion of £ with rotation number 1/q. Since the elliptic angle ¢ is an analytic func-
tion of the arc-length parametrization s and S, in turn, is an analytic function of

2 je. reflection angles are smaller close to the basis of the minor axis and larger close to the

basis of the major axis
3 Observe that as a — b, we have h — 0 and p — oo so that hcosh u — a and hsinh yu — a.
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0, we can define the first integral (6, ) in the (0, ) coordinates. Notice that
cosh? jy > 1 > cos? 1; hence

OpI(Y, ) = <M - 1) sin 2¢;

cosh?

observe that for any 1, the function I(¢, -) is strictly decreasing on (0, 7/2); moreover
|0,1] < 1 and

(10) 10,1| € [1 — cosh™ g, 2] ¢ for € [0,7/6].

Moreover, this holds in both (¢, ¢) and (0, ¢) coordinates.

Then we claim that there exists k, so that @, < ®,(0.) < @;.. Observe that by
definition

F(Sq(Or), o) = (Sq(Or+1), @3, );

by well-known properties of monotone twist maps, no orbit can cross the invariant
curve Iy, thus we obtain that if g < ®,(0;) (resp. @} > ®4(6y)), then ;. <
®y(Os1) (vesp. @iy > Py(bri1)). We conclude that if our claim does not hold,
necessarily, either @ < ®,(0;,) or @ > ®,(0;) for all k =0,--- , g — 1. In the first
case, the twist condition implies that 0,1 — 6, < 1/¢; but this is a contradiction,
since 0_q = o+ 1 (passing to the covering space R). Similar arguments in the second
case also lead to a contradiction; this in turn implies our claim. Moreover, Lemma 2
implies that

@i — D4(0r,) <5Z¢q|nflcr < 5g "

Define now the instant first integral I,- = (0, §); then I," = I, and since

ILE =1 < :

P _
/ 0, 1(r, 0)d
@k

and ®,(0,) < C(e)/q (applying Lemma 5 to £), by Lemma 2 and (10) we thus
conclude (choosing a larger C)

(11) I~ L] < C |l

where I, = I1(0,¢0(0)) and C = C(e, ||nl|¢s); inducing at most ¢ times and applying
+ . .
repeatedly the same argument we conclude |5 — I.| < Cq||nl|c1, that implies

25 () — ¢o(6)] < C¢’[In e
and inducing on k and using again Lemma 2 we conclude (choosing a larger C')
|§k - 0k| < C'q3||n||cl.

The second bound of (9) follows immediately by applying the triangle inequality. [
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Lemma 4. In the notations introduced above we have
(12)  |106) — 1206) — vx(8) cos (9(6) + ax(6))
vr(0)? + v (0)?
106)
Proof. Let pp(0) = ||P;(0) — P2,,(0)]]; applying the Cosine Theorem to the triangle
PJ(O)PY,(0)P(0) we have
(O = vk(6)” + (O — 204(8)1(6) cos(pu(6) + ax(0))
Likewise, applying it to the triangle Py, ()P}, (0)P}(0) we have
[(0)* = ves1(0)” + pr(0)” + 2011 (0)p(0) co8 (041 (6) — Ay1(6) — k41 (6)),
where 0x41(0) is the oriented angle <((Pg(0)P?,,(0)P/(0)). Combining the above
expressions we get
(13)  G(0)* = L(0)* = vi(0)” + v (0)7 — 204 (0) 1 (0) cos(pr(6) + e (0))
+ 20k41(0)pr(0) cos(prr1(0) — i1 () — dpr1(0)).
Observe that by the triangle inequality:
[(0) = vk(0) — ves1(0) < U(0), pi(0) < [5(0) + vi(0) + viesa (0).

l
Moreover, elementary geometry implies |sindgy1(60)] < vg(0)/12(0). Now (12) im-
mediately follows dividing both sides of (13) by l%(@) + 19(#) and using the above
estimates.

+ Vi 41(0) cos (pr41(0) — ary1(0)) | < 10

We can now conclude the proof of Theorem 1; observe that by definition L)(#) =
175 10(0) and likewise L/ (6) = >¢_; 11 (9). By Lemma 4 we thus gather:

L,(6) — L3(6) — 3 va(6) cos (9u(8) + ax(6))
k=0
q—1 q—1 v (9)2
32 ke (9605 (912 (6) = s (9) < 20% OB
Observe that
3 [ — 0(8)(cos i (8) cos ax(6) — sin u(8) sin ax(6))
k=0

+ Vg11(0) (€08 pr41(0) cos ag41(0) + sin pgi1(0) sin ag41(0))

-1
Z ) sin ¢ (0) sin oy ().
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Notice that, by (9), we have vy(0) sin a(0) = n(S,(0 + k/q)) + O(¢°||n||Z.). There-
fore,

—_

1L(6) = LO8) — " 1(S,(8 + k/q)) sin &y (8 + k/0)] < CaP 2.

=0

X

This completes the proof of Theorem 1. O

5. LAZUTKIN PARAMETRIZATION AND DEFORMED FOURIER MODES

It turns out that for nearly glancing orbits, i.e. orbits having small reflection
angle, it is more convenient to study the billiard map f, defined in (1), in Lazutkin
coordinates. Recall that Uy, denotes the Lazutkin change of coordinates defined in
(3) and consider the billiard map in Lazutkin coordinates fi, = ¥y, o f o W;'; then
/1 has the following form (see e.g. [1 1, (1.4)]):

(14) foi(zy) = (x+y+y°9(x,y),y+ y'h(z,y)),

where g and h can be expressed analytically in terms of derivatives/\of the curvature
radius p up to order 3: hence if Q is C", g, h are C"~°. Recall that I'y/q C €2 denotes
a caustic of rotation number 1/q, while I'; /; denotes the associated non-contractible
invariant curve for the billiard map f. We denote by I'y,;/, the corresponding in-
variant curve for the billiard map fi, in Lazutkin coordinates, i.e. I'y, 1/, = W, I'y 4.
Moreover, let us introduce action-angle coordinates in the Lazutkin parametrization,
ie (X(0,w),Y(0,w)) = UL(S(0,w), P(8,w)); as before, we define X,(0) = X(0,1/q)
and Y, =Y (6,1/q).

Lemma 5. Let Q be a C° strictly convex domain and let I'11/4 be the invariant
curve corresponding to an integrable rational caustic of rotation number 1/q with
q > 2, given by

Urajg = {(2,yg(x)) -z €T}

Then there exists C' depending on ||p||cs, such that
1| C
(15) Yg(x) — —‘ < = for any xz €T,

q] ¢

For k € Z let (wg, yq(zi)) = fr(z,yq(z)) be an orbit on the invariant curve L'y /q,
and let Ty be a lift of x) to R; then

k C

ii’k—ii'o——’<—2,
q

Moreover, if Q@ = &, an ellipse of eccentricity e and perimeter 1. the constant C
depends on e only and it is such that C(e) — 0 as e — 0.

(16) for 0 <k<q.
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Corollary 6. Let Q be a C° strictly convexr domain and q > 2. Let (s, ¢r), k =
0,---,q—1 be a g-periodic orbit of rotation number 1/q and P, k=0,--- ,q—1 be
the corresponding collision points on 0S). Then there is = = =(Q) > 1, depending
on ||pllcs such that the Euclidean length of each edge ||Pyy1 — Pyl satisfies

— < |Pw-Rl <

=q q
Moreover, if Q is a perturbation n of an ellipse &, (i.e. 0Q) = E.+n), then = depends
continuously on the eccentricity e and ||n||cs.

Proof. Recall that by definition y(s,¢) = 4Cq p'/3(s)sin(¢/2). By Lemma 5 we
have y € [1/q — C/¢3,1/q + C/q?] for some C depending on p only. Therefore,
sin(p/2) € [1/Cq — 1/¢*,C/q + C*/¢%). Since the angle of reflection is ~ 1/q
and curvature is uniformly bounded, we get the required bound on the distance
[Pt — Pill- O

Proof of Lemma 5. Choose ¢ (sufficiently large depending on ||p[|¢:) to be specified
in due course and assume g > qo. First of all, we claim that we have the preliminary

bound
Ch
yq(xk)ﬁz, forany k =0,--- ,q—1,

where (] is a large constant depending on the maximal and minimal value of the
curvature p. In fact, recall \Ifglf‘m/q = I'1)q can be parametrized as the graph

{(s,04(5)) }ser- Let (sg, 0q(sk)) = Wi (2k, Yg(x1)), so that
(8k+1, Pq(s641)) = f(58, Pg(51))

and s, be a lift to R. Since 5, = 5y + 1, there exists 0 < k, < ¢ so that 0 <
Skot1 — Sk, < 1/q. For fixed si, we can find a function ¢(sg1) so that the ray
leaving s with angle ¢(sy41) will collide with 0Q at sx.1; if qo is sufficiently large,
we can use expansion of the billiard map for small ¢ in terms of curvature (see e.g.
[11, (1.1)]) and conclude that ¢4(sk,) < C/q, where C' = C(||p||c1) and thus, by
definition of the Lazutkin coordinate map (3) we conclude that

1
y mk* S _7
o(Th) < =
where C1 = Cy(||pl|c1). By iterating (14), starting from k., we conclude by (finite)
induction that for any 0 < k < ¢:

Co
|yq(xj+1) - yq(mj)| < ?v yq(xj) < —,

where Cy = max{||g||, ||2||}C} and we have possibly chosen a larger C;. Observe
that since ||g|| and ||h|| depend ||p||cs, so does Cy. Moreover, by iterating the first
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inequality ¢ times we also have
C
(17) |Yq (o) — yq(an)| < q—S for any k=0,---,q— 1.

We now claim that |y,(z) — 1/¢| < 4Cy/¢*. In fact assume by contradiction that
y,(x) —1/q > 4Cy/q?; then by (17) we gather that y,(xx) — 1/q > 3Cy/¢* for any
0 < k < q. Hence, by (14) and the above estimates, for any 0 < k < ¢ we have

- N 1 Cy
T — T 2 — + —;
qa g
iterating ¢ times we conclude that
Co

Fq—F0 > 1+ —,
q q2

which is a contradiction, since £, = T + 1. A similar argument implies that

also leads to a contradiction. This implies our claim, which in turn implies (15)
and (16). Notice that in order to have Cy/q® to be small compared to 1/q we need
¢o (and thus ¢q) to be sufficiently large (with respect to ||p||cs)-

Observe now that if €2 is an ellipse of eccentricity e, 't 1 /4 = {(X¢(0), Y4(0)) }ocr-
Since both X, and Y, vary analytically with e and if 0 is a circle, Y,(#) is the
constant function equal to 1/q. We conclude that we can choose C(e) so that
lim,._,o C(e) = 0. This concludes the proof. O

Lemma 7. Let £ be an ellipse of eccentricity e and perimeter 1; then there exists
C(e) with C(e) — 0 as e — 0 so that

Cle)

@

1 Xq = Idfjer <

Proof. In the proof of this statement, to simplify the notation, C'(e) denotes a generic
constant which depends on e only; its actual value might change from an instance
to the next. Recall that X (0,w) parametrizes a fixed point Py for all w € [0,1/3],
(i.e. one of end points of the major axis). Now consider the g-periodic orbit leaving
the point Fpy: in angle coordinates the orbit is given by {0, = k/q¢ mod 1}. Then
by (14) and Lemma 5 we conclude that

Xq(9k+1) — Xq(ek) o
Or41 — O q?

by the Mean Value Theorem we conclude that there exists some O € (Ok,0rs1)
so that |X/(0x) — 1| < C(e)/q*. Likewise, we can find 6, € (04,041) so that
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|X”( )| < C(e)/q. Hence, for each 0 € [0, 0)11] we can write

X!(0) = X1(0) + /9

o
X/ (0r) + /9 X;”(e")de"] de'.
k

Now recall that X,(6) = S(6,1/q), where S is analytic in both arguments; in par-
ticular all derivatives of X, are bounded uniformly in g. Moreover || X/"|| < C(e)
such that C'(e) — 0 as e — 0, since, as noted before, X, depends analytically on e
and for e = 0 the function X, is the identity.

We conclude that | X](0) — X/(0)| < C(e)/q* for any 0 € [0k, 0)+1], which implies
that || X, — 1flco < C(e)/q*. Our estimate then holds integrating in 6. O

Let s(x) be the length parametrization as a function of the Lazutkin parametriza-
tion, which can by obtained by inverting (2). Since y = 4 Cq p(s)'/3sin(p/2), for
any (s,¢) € I'1/q, (15) implies that:

w |20
2Cqqp(x)3 ) = ¢

where w, = g¢sin(n/q)/m € [1/2,1]. Notice that Lemma 5 implies that in the
above expression C = C(e) — 0 as e — 0. To simplify notations let n,(z) =
sin ®, (X, '(x)). Notice, moreover, that gny(z) has a well defined limit as ¢ — oo.
Recall that in (4) we defined the Lazutkin Density pu(z) := 1/(2Cqp(x)*/3). Recall
that the density function u(z) given above, depends only on the domain (i.e. on the
eccentricity e if 02 = £); in particular, it does not depend on ¢. Using the previous
bound we have

sin @, (X, '(z)) —

Wept() q
for some C' depending on Cq, and p. For any ¢ > 2 define’
qnq(x) 1 : -
(19a) cq(z) = ,Z(?C) XX () sin 2mq X, (),
1
(19b) sq(x) = qn() CoS 27quq_1(l‘)-

wep(r) Xo(X ()

Observe that by Lemma 7, the above functions approximate the corresponding
Fourier Modes as ¢ — oo; we will refer to them as the Deformed Fourier Modes.
The next lemma gives a bound on the speed of this approximation.

4 We will define the first five functions ¢;(x), i = 0,1,2, s;(x), i = 1,2 respectively in the next
section.
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Lemma 8. Let £ be an ellipse of eccentricity e; there exists C*(e) with C*(e) — 0
as e — 0 so that for any q > 2,

C*(e)

@’

C*(e)

q2

lsq = sin(27q )| co < leg = cos(2mq-)[|co <

Proof. By (18) we have that % — 1 has variation at most C'(e)¢g~2. By Lemma 7
we have || X7 — 1| < C(e)g~?. Combining the above two estimates we obtain the

required bounds. U

Lemma 9. In notations of Theorem 1, let & be an ellipse of perimeter 1 and
eccentricity e and 02 be a perturbation of &, identified by a C®-smooth function®
n(x); assume that Q has an integrable rational caustic of rotation number 1/q for

some 2 < q < c(e)||n||;/8. Then there exists C' = Cle, ||nl|cs) so that:

< Cq*|nllE,

[ n@ntaio e

where ag = ¢4 or 5.

Proof. Denote D(#) = [D(n, S, ®;1/q)](#) the Deformation Function given by (7);
then by definition we have

/0 D(6) sin(27g0) d6 — g /0 n (X, (0)) sin ®, (6) sin(2rqf) do

= | n X0 lan (X,(0))] sin(2rat) .

Notice that if €2 has an integrable rational caustic of a rotation number 1/¢q for some
¢ > 2, then, using the notation introduced in Theorem 1, perimeters L) (#) and L/ (6)
of the g-gons inscribed in £ and 052, respectively, are constant. Therefore, Theorem 1
implies that the Deformation Function D(6) is C¢®||n||%, close to a constant. Since,

for any k, fk(f(;rl)/q sin(2mgf) df = 0, we conclude that

1
/ D() sin(2mqh) df| < C¢®||nl|2:
0

5 We abuse notation and denote with n the perturbation as a function of the Lazutkin coor-
dinate x; observe that since the change of variable is analytic, norms in arc-length and Lazutkin
parametrization differ by some constant depending on e.
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On the other hand, let us rewrite x = X (), 6 = X, '(z): we obtain:

| 0@ lan )] sin2ma; @) ax; @)

= wq/o n(z) p(z) iZZ((Z)) X(’I(Xi_l(x)) SiIl(Qﬂ'QXq_l(ZL‘))d:E

=, [ () @)

which gives the required inequality for s,. Repeating the argument verbatim, replac-
ing sin(2mq#) with cos(2mqh) gives the corresponding inequality for ¢,; this concludes
the proof. O

Lemma 10. Let n(z) be a C' function, &, be an ellipse of eccentricity e and perime-
ter 1. Then there is C = C(e) > 0 such that for each q > 2 we have

‘/ )dl)’} < CHnHCl’ ‘/ )dl‘ < OHnHCl'
q q
Remark 11. In the above lemma, C(e) does not tend to 0 together with e.

Proof. Since p(x) is analytic, the function n(x)u(x) is C'-smooth; hence, its ¢-th
Fourier coefficients

/n(:v),u(a:) sin(2mwqx) dx, /n(:z:)u(a:) cos(2mqx) dx

are, in absolute value, bounded above by c||n||c1g™! for some ¢ = c(e). Using
Lemma 8 we have that the maximal difference |c,(x) — cos(2mgz)| and |s,(z) —
sin(2mqz)| is C*(e)g 2. This implies the required estimate. O

6. SELECTION OF TRANSLATIONAL, ROTATIONAL, AND DEFORMATIONAL
FUNCTIONAL DIRECTIONS

In this section we introduce the “missing” 5 Deformed Fourier Modes, denoted
with ¢p, s4,¢4, ¢ = 1,2. These five functions correspond to homothety, a pair of
translation functions, a rotation, and a deformation of an ellipse to another of nearly
identical eccentricity.

In principle, we can define the first four of these functions for an arbitrary smooth
convex domain {2y; we refrain to do so since all remaining Deformed Fourier Modes
have been defined only for ellipses. The reader could easily modify our construction
and apply it to the more general case.

In order to define s,,c;, ¢ =0,1,2 we need to use the geometry of the ellipse €.
To fix ideas, assume that the origin O € R? is in the interior of £. We construct
co to define homotheties, the first pair s1,c¢; to define translations and the second
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pair ss,cs to define rotations of £ around the origin and deformations changing
eccentricity.

Let (7, ¢) denote polar coordinates and let r(¢) be the polar equation for &, i.e.
E ={(r(¢),®)}ser. Let s be length parametrization of £ starting at (0,7(0)) and
s(¢) be the corresponding function, which is invertible and let ¢(s) denote its inverse.
Recall that we can assume without loss of generality that the perimeter of £ is 1. Let
() be angle between the normal to £ at (¢, r(¢)) and the radial direction, measured
in the counterclockwise direction. Naturally, 1(s) := ¥ (¢(s)), r(s) := r(¢(s)) and
all functions on &£ can be given with respect to either the ¢-parametrization or the
s-parametrization and differ via an analytic change of variable.

Consider the ellipse " obtained by replacing the radial component 7(¢) with
(1 + €)r(¢) and denote with n" the corresponding perturbation function so that
EM =& +nh. Let n"(s) = er(s) cosy(s).

Lemma 12. For C depending on the eccentricity e we have
o = e < Clnl2a
Likewise, for any unit vector (ay, by ), consider the ellipse £* obtained by translating

€ by a vector €(aq, by) and denote with n* the corresponding perturbation function.
Choose « € [0,27) and such that tan o = by /a;. Let n(s) = ecos(d(s) —a+1(s)).

Lemma 13. For C depending on the eccentricity e we have:
0’ = nlcso < Cfnl][Eus.
Define
co(s) :=r(@(s)) cosip(s), ci(s) := cos(@(s) +1(s)), si(s) :=sin(¢(s) + ¥(s)).
Then using the last two functions we can realize any translation £(ay,b;) up to &
by choosing n = e(aycy + bys1).

Consider now an ellipse £' obtained by rotating £ by angle ¢ around the origin and
denote with n" the corresponding perturbation function. Let n!(s) = er(s)sin(s).

Lemma 14. For C depending on the eccentricity e we have
In" = nffcs < ClnlfEm.

Now, let £ an ellipse of eccentricity e and semimajor axis 1, i.e.

2
_ ) .2 y
8—{56 —1—1_62—1}.

Denote by 7.(¢) and 1.(¢) parameters associated to this domain. For small € con-
sider an e-deformation of &, into the ellipse

ge:{( @ (+ePy :1}

1+4¢)? 1 —e?
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obtained by hyperbolic rotation
(20) Le: (2,y) = (L + &)z, (1+2)7'y).

The eccentricity of this ellipse is ¢’ = e + ce + O(e?), where ¢ = ¢(e). Let n® be the
corresponding perturbation function. Define the function

ng(s) = er(s) cos(2¢(s) + 1(s)).
Lemma 15. For C' depending on the eccentricity e we have
I = nffless < Cfn 2.

Proofs of Lemmata 12-15. The proofs follow from elementary geometry and are left
to the reader. U

Remark 16. The number 39 in the statements of Lemmata 12-15 could in fact be
replaced with v for any r > 0, since all perturbations involved are analytic functions.

Suppose 0 < ¢y < 1and 0 < e < egy. Notice that ¢ (kw/2) =0, k = 0,1, 2,3, while
re(¢) is analytic and strictly positive. Define maxy |sinte(¢)| = o(e). Naturally,
o(e) €10,1) and ¢.(¢) € (—m/2,7/2) for all ¢. Then there is a function 6.(¢) such
that 0.(km/2) = km, £k =10,1,2,3, and

Sin,(6) = ofe) sin 20,(6).

There is a function 6%(¢) such that such that 6.(kn/2) = kn/2, k=0,1,2,3, and
coS(26 + Pel()) = c03203(9).

Notice that as e — 0 we have that
max{[0:(6) — 6110.(6) — 91} 0.

Finally, we define
c2(8) := cos20%(¢(s)), Sa(s) :=sin26.(¢(s))

We can now extend Lemma &:

Lemma 17. In the notation of Lemma 8 and possibly increasing C*(e), for any
positive integer q we have
C*(e)

@

C*(e)

q2

lco = 1flco < C*(e),  [leq — cos(2mq-)[lco < Isq = sin(2mq-)|[co <

Proof. The case ¢ > 2 is covered by Lemma 8. The case ¢ = 0, 1,2 can be done by
direct inspection of the definition of these functions. O
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7. THE DEFORMED FOURIER BASIS

In the previous section we completed the definition of the Deformed Fourier modes
by introducing the first 5 modes; in this section, for convenience of notation let us
rename the functions ¢; and s; as follows: for j > 0 define e; so that ey; = ¢;
and eg;jy1 = sj41; let us also introduce the corresponding Fourier Modes e? so that
e5; = cos(2mj-) and €5, | = sin(2m(j + 1)-).

Let us define the following operator acting on L?:

L:v(z)— Z@jej(a:)

where 0; is the j-th Fourier coefficient of v, i.e. v = Z;io @je;F.. In the sequel we

will denote by || - ||z2— 2 the usual operator norm in L? given by:
Tl = sup T e
Fillfll2<t

Proposition 18. There exists e, > 0 so that if £ is an ellipse of eccentricity e €
0, e.], the operator L is bounded and invertible as an operator from L* to L*.

Proof. We will proceed in two steps: for some large positive integer N > 2 to be
specified later, we introduce an auxiliary list of vectors

F F
By = (60,617"' 7€2N762N+17€2N+2"")

We prove that By forms a basis of L? provided that the eccentricity e is sufficiently
small. Then, using this fact we will prove that B is indeed a basis of L?. Let My
be the (2N + 1) x (2N + 1) correlation matriz whose (i, j)-entry is given by

1) Ml = [ eflales(oe

Remark 19. Observe that if e = 0 (i.e. if € is a circle) for any N, the matriz
My is a multiple of the identity, because Lemma 17 implies that e, = eg. Since My
depends analytically on e, we conclude that for any N there exists e,(N) so that
My is invertible for every 0 < e < e.(N). Moreover, since if N' > N, the matriz
My contains the matrix My as a minor; we conclude that if e is so that My is
wnvertible, so 1s My.

Lemma 20. Let N > 2 be an integer so that the matriz My, defined by (21), is
invertible. Then By is a basis of L*.

Proof. Observe that By can be obtained by the Fourier Basis (ef),>0 by replacing
the first 2N + 1 basis elements with (e;)o<q<2n. In order to show that By is a
basis it thus suffices to check that every element of (e;)o<g<n can be expressed as a
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linear combination of elements in By. To this end, invertibility of the matrix My
is enough. Ul

The above lemma implies that we can write L? as the direct sum
(22) L*=1%aL%

where L3 is the subspace spanned by (e,)o<q<an and L3 is its complement spanned
by (eg)g>2n. Denote by Iy the (non-orthogonal) projection on L, (see Figure 3).

Ly

HNU v

/

FIGURE 3. Direct sum decomposition of L? and definition of Iy

Lemma 21. Let C*(e) be the constant appearing in the statement of Lemma 17 and
assume e to be so small that C*(e) < 1/2. Then, in the above notations, we have:

HﬁNHL2—>L2 S (1 — 2C*<€))71.
Proof. Observe that by [1, Theorem 2], we have

(23) )| e = |1~ sup

veL, ue L, ||vll p2=llull 2 =1

Moreover, Lemma 17 implies, in particular:

(24) len — enllze < C*(e).
Since v € L%, we can write v(z) = S o, arex(); let
2N
(x) =v(x) — Z apel ().
k=0

By orthogonality of Fourier modes o(z) —v(x) is perpendicular to IN/%V Since u € E%v
and ||ul|zz = 1, application of the Schwartz inequality gives

/ v(x)u(:c)dy‘ _ ’ / o(z)u(z)da

< [Io]l 2
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Joli: = |
and using again the Schwartz inequality and (24), we conclude:
2N
10]17> < [Z ai] C*(e)*.
k=0
On the other hand, ||v||2 = 1 and we can also write:
2N 2N
Sad-i| =[¥u
k=0 12 k=0

Combining the two estimates for ||0]|z2 and using that C*(e) < 1/2 yields:

2N 1/2
Do

k=0

Moreover,

N 2

> arlen(z) — ef(x))

k=0

dx

1/2

9]] 22 = ~1.

which in turn allows to conclude the proof by plugging this estimate in (23). O

By Lemma 20 we know that By is a basis of L2, hence we can write any v € L?

2N 00
_ 2 : F
V= arer + E a€y,
k=0

k=2N+1

as

for some unique sequence (ax)g>o. Define the operator on L? given by:
(e,
Ly v Z rCL.

k=0

Lemma 22. If N > 2, My is invertible, and e so small that

) c(e) <5 |1 15 o)

then ||Ly — 1d||r22 < 3. In particular, Ly is a bounded and invertible as an
operator from L? to L?.

Proposition 18 then immediately follows from the above lemma. O
Proof of Lemma 22. By definition, L3 C ker[Ly — Id], thus, for any v € L%
Ly —Id]v = [Ly —1d] Ty v,
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Hence by Lemma 21:
Ly —1d||z2r2 = sup ||[Lx — Id]v||L2

viflvfl 2 <1
< sup I[Ln — Id]D| 2.
DL ol 2 < (120 (€)1

By definition there exists a sequence (a,),>2n so that

oo
b= agey,
q=2N+1
hence, by the Cauchy Inequality
oo
lEn —1d]o)lz < Y agllleq — egllee
q=2N+1
- 1/2 o 1/2
<| 3 | |2t
q=2N+1 q=2N-+1
oo

Thus, using Parseval identity we conclude ) lag|* = [|0]|7, and, therefore, by

Lemma 8 we gather

g=2N+1

~ 1/2
C*(e) 1
Ly —Id|l;ee < ———F— _
e Jizoe = 1 —207(e) q—§+l q4]
B ORI
— 2(1—2C*(e))N3/2 " 2’
where the last inequality follows from (25). O

8. PROOF OF THE MAIN THEOREM
The proof of our Main Theorem relies on the following crucial

Lemma 23. Let &, be an ellipse of perimeter 1 and eccentricity e € |0, e.] sufficiently
small so that Lemma 22 applies. Let Q) be a rationally integrable C3° deformation
identified by a C* function n(z), i.e. 0Q := & +n. Then there exists an ellipse €
and 1 so that 002 = & +n and
_ 703/702
IBfler < Ce, [nlless) [l ™.
Before giving the proof of Lemma 23, let us use it to give the

Proof of the Main Theorem. Let &£ be an ellipse of perimeter 1 and eccentricity
e € [0, e,), where e, is the constant appearing in the statement of Lemma 23. Let
us fix K > 0 arbitrarily and ¢ sufficiently small to be specified later. Denote with
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E.(€) the set of ellipses whose C%-Hausdorff distance from & is not larger than
2¢, ie. E(E) = {& C R? distu(E,E") < 2e}. We assume ¢ so small that every
E" € E.(€) has perimeter ¢’ € [3/4,5/4] and eccentricity € € [0, e,]. Observe that
any ellipse in R? can be parametrized by 5 real quantities (e.g. the coefficients of
the corresponding quadratic equation): let A.(£) be the set of parameters a € R®
corresponding to ellipses in E.(€); then A.(€) is compact.

Let now n be a C*? perturbation with ||n|/gss < K and ||n||cx < ¢ and consider
the domain €2 given by

0 =&, + n.

For any 5-tuple of parameters a € A we associate the corresponding ellipse &, and
perturbation n, so that 02 = &€, + n,. Observe that the tubular coordinates (s,n)
of €2 change analytically with respect to a, hence n, varies analytically with respect
to a. In particular, we can assume ¢ so small that for any a € A.(£), ||ng||cse < 2K.
Moreover, the function a +— ||n,||c1 is a continuous function and as such it will have
a minimum, which we denote by a, € A.(£). Let & and n, be the corresponding
ellipse and perturbation, respectively; then

0 < [niler < nfler <e.

Modulo a possible linear rescaling (which also rescales linearly n, since the Lazutkin
perimeter is normalized to be 1) we can assume that £ has perimeter 1 and, thus,
apply Lemma 23 to &£, and n, and obtain E. and n,. But if £ is small enough, then
there exists o € (0,1) so that ||n.||c: < g||n.||c1. Hence, by the triangle inequality,

disty (&, &) < distu(E,Q) + distu(Q, &) < (1 + 0)e < 2¢

thus &, € E.(£). Since ||n.||c1 was minimal, we conclude that ||n,||c1 = ||| = 0,
ie. Q =¢&, is an ellipse. O

We conclude this article by giving the

Proof of Lemma 23. Let us once again rename the basis vectors ¢, and sy as follows:
let ej,7 > 0 so that ey; = ¢; and eyj41 = s;41. First, we claim that the vectors
{ej}o<j<a are p-orthogonal to the subspace generated by {e;};~4. Indeed, for any
fixed 0 < j < 4 and € > 0 small, consider the deformation of the ellipse &, into
the ellipse” E(e) = & + ce; + O(e?). Certainly, all caustics T'y/, with ¢ > 2 are

preserved; therefore, by Lemma 9, for 4 < ¢ < e /2 we can conclude:

(26) E/ej(:v) () eg(x) da| < CqBe* < Ce'09.

Since € can be chosen arbitrarily and the functions {e;} do not depend on the
perturbation, but only on &£, we proved p-orthogonality.

6 Indeed e = ¢’ unless j = 4.



26 ARTUR AVILA, JACOPO DE SIMOI, AND VADIM KALOSHIN

Now, let us decompose
(27) n(z) = n®(z) + nt(z)

where n' is p-orthogonal to the subspace spanned by {e;};<4 and n®® is its com-
plement; then n® = Zj:o a;e;.

We claim that |a;| < C||n||c1, where C' = C(e) depends on eccentricity only. By
p-orthogonality we have

||n(5)||%i + ||ni||iz = ||n\|%3 < |In|2,

where || - HLﬁ denotes the L? norm induced by the inner product with the weight
ps e || fllz = [[\/if || z2; clearly this norm is equivalent to the standard L? norm.
In particular , we have |[n®||z2 < C|n||c1. This implies that |a;] < C|nl|cr for a
constant depending on e. Since all e;,0 < j < 4 are analytic, we also have

(28) In®) |0 < C|nl|en.

Now let E(ag, -+ ,a4) be the ellipse obtained by applying to £ the homothety by
(1+ayp), the translation in the direction (ay, a2), the rotation by az around the origin
and the hyperbolic rotation L,,, defined in (20) and let n be the corresponding
perturbation function so that & = £ + . By Lemmata 12-15 we conclude that

(29) I8 = n®|es0 < ClnZa.

Next, we show that the component nt of the decomposition (27) is L?-small and
then deduce that it is indeed C'-small.

Let us define the operator £, from L? — L? given by £, v(z) = u(z)-[Lv](z); then
by Proposition 18 and since both u(x) and u(z)~! are both bounded and analytic,
we conclude that £, : L? — L? is a bounded invertible operator; therefore, so is its
adjoint L. Hence, using Parseval’s Identity:

2

Int )17 = [1(£;) " Lot (|7 < Cl Lt |7, = O /ﬁZ(nL)ef
q=0

e8] 2 00 2 00
= C’Z /nLﬁu(eg) < CZ /nlueq < CZ |7iq]%,
q=0 q=0 q=5

where we used the fact that L,e; = - Leg = 11 - eq and 7 is defined as:

fig == /0 1 n(z)u(z)e,(z)dz.

Notice that these numbers are not the coefficients of the decomposition of n - i in
the basis B, because B is not an orthonormal basis. Fix a < 1/8 to be specified
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later and let gy = [||n[|57], where [z] denotes the integer part of z; by Lemma 9, for
any 4 < q < qp, we have

[72q| < Cq®Inllén < Clmlfg™

where C' depends on e and on ||n||¢s, but is independent of ¢g. Then

q0

> 1l < Cllnllg: ™.

q=>5

We now apply Lemma 10 to 7, for ¢ > go: we obtain

Therefore, for ¢ > qg we have that

oo
> lig* < ClnliEe.
q=qo+1
Combining the two above estimates and optimizing for « (i.e. we choose a = 1/9),
we conclude that ||nt|| 2 < C||n||19/18: in order to upgrade this L? estimate to a C'!
estimate, first, observe that we have:
Intfler < [P0z + |D*0n |y < [[Dn {2 + || D*nc || .

We then use standard Sobolev interpolation inequalities (see e.g. [(]): for any § > 0
and any 1 < 7 < 2 we have,

1D/nt |12 < C [8]nt[|esn + 677/ | 2] .

703/702

Optimizing the above estimate’, we choose § = ||n||/, Observe that ||n*||cse is

uniformly bounded using (28). Thus we conclude that

703/702
ntfler < Cle, [nfleso)ml| 7o ™.

Observe, moreover, that C' above depends monotonically on ||n||gss.
Hence, we have:
Q=E+n+[n® —n+n']
where by the above estimate and (29) we gather

In® — 5+ 0t < Ce, [[nflos) & ™.

nflc

Then © = £+1n, where n is obtained by [n®® —n+4n"] via the analytic transformation
which maps Lazutkin tubular coordinates in a neighborhood of £ to Lazutkin tubular

7 The number 39 has indeed been chosen to be minimal among those for which the above
interpolation inequality provides an useful bound.
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coordinates in a neighborhood of &; since this transformation is O(||n||¢1)-close to
the identity, we conclude our proof. Il
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