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Abstract

It is well know that instabilities of nearly integrable Hamiltonian systems
occur around resonances. Dynamics near resonances of these systems is well
approximated by the associated averaged system, called slow system. Each
resonance is defined by a basis (a collection of integer vectors). We introduce a
class of resonances whose basis can be divided into two well separated groups
and call them dominant. We prove that the associated slow system can be well
approximated by a subsystem given by one of the groups, both in the sense of
the vector field and weak KAM theory.

One of crucial ingredients of proving Arnold diffusion is understanding the
structure of invariant (Aubry) sets of nearly integrable systems. As an important
application we construct a diffusion path for a generic nearly integrable system
such that invariant (Aubry) sets along this path have a "simple" structure similar
to the structure of Aubry-Mather sets of twist maps. This is a crucial ingredient
in proving Arnold diffusion for convex Hamiltonians in any number of degrees of

freedom.
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1 Introduction

Consider a nearly integrable system with n% degrees of freedom
H6<97pat) = HO(p) +5H1<97pat)7 06Tn7p6Rn7tET' (11)

We will restrict to the case where the integrable part Hj is strictly convex, more precisely,
we assume that there is D > 1 such that

D™'1d < 02,Ho(p) < DId

as quadratic forms, where Id denotes the identity matrix.

The main motivation behind this work is the question of Arnold diffusion, that
is, topological instability for the system H.. Arnold provided the first example in
[Arn64b|, and asks ([Arn63; |Arn64a; Arn94|]) whether topological instability is “typical”
in nearly integrable systems with n > 2 (the system is stable when n = 1, due to low
dimensionality).

It is well known that the instabilities of nearly integrable systems occurs along
resonances. Given an integer vector k = (k,k°) € Z" x Z with k # 0, we define the
resonant submanifold to be I'y = {p e R" : k- (w(p),1) = 0}, where w(p) = J,Ho(p).
More generally, we consider a subgroup A of Z"*! which does not contain vectors of
the type (0,---,0,k%), called a resonance lattice. The rank of A is the dimension of the
real subspace containing it. Then for a rank d resonance lattice A, we define

d
FA = ﬂ{l“k . k’EA} = ﬂrkm
i=1

where {ki, -+, kq} is any linear independent set in A. We call such T'y a d—resonance
submanifold (d—resonance for short), which is a co-dimension d submanifold of R", and
in particular, an n—resonant submanifold is a single point. We say that A is irreducible if
it is not contained in any lattices of the same rank, or equivalently, spang A N Z"1 = A.

We now focus on the diffusion that occurs along a connected net of (n—1)—resonances,
with each (n — 1)—resonance being a curve in R™. Let us first consider diffusion along
a single (n — 1)—resonance I'. Tt is shown in [BKZ11] that generically, diffusion indeed
occur along I, except for a finite subset of n—resonances (called the strong resonances)
which divides I' into disconnected components. A strong resonance can be viewed as
the intersection of I' with a transveral 1—resonance manifold I'ys (see Figure [1).

The main obstacle to proving diffusion along I' reduces to whether the diffusion
can “cross” the strong resonances. In a more general diffusion path that contains two
intersecting (n — 1)—resonances I'; and I'y, the intersection is an n—resonance which
by definition is strong. The question is then whether one can travel along I'; and then
“switch” to I'y at the intersection. Solution to either problem requires an understanding
of the system near an n—resonance.

For an n—resonance {py} = I'x, we assume that A is irreducible, and B = [ky, - - - , ky]
is an ordered basis over Z. The study of diffusion near p, reduces to the study
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Figure 1: Diffusion path and essential resonances in n = 3. The hollow dots requires
crossing, while the grey dots requires switching

of a particular slow system defined on T" x R", denoted H, 5. More precisely, in
an O(4/e)—neighborhood of pg, the system H. admits the normal form (see [KZ13|,
Appendix B)

H: (o, 1)+ VeP(p,1,7), @eT" IeT" re e,

where B B

Therefore H. is conjugate to a fast periodic perturbation to H . While it is possible
to give a basis free definition of the slow system, we opt to choose a particular basis
B, and rendering our setup basis dependent. Such averaged systems were studied in
[Mat08].

When n = 2, the slow system is a 2 degrees of freedom mechanical system, the
structure of its (minimal) orbits is well understood. This fact underlies the results on
Arnold diffusion in two and half degrees of freedom (see [Mat03], [Mat08], [Mat11],
[Chel3], [KZ13],|GK14b], [KMVO04], [Marl2a], [Mar12b]). This is no longer the case
when n > 2, which is a serious obstacle to proving Arnold diffusion in higher degrees of
freedom. In |[KZ14] it is proposed that we can sidestep this difficulty by using dimension
reduction: using existence of normally hyperbolic invariant cylinders (NHICs) to restrict
the system to a lower dimensional manifold. This approach only works when the slow
system has a particular dominant structure, which is the topic of this paper.

In order to make this idea specific it is convenient to define the slow system for any
po and any d—resonance d < n. For pg € R”, an irreducible rank d resonance lattice A,

and its basis B = [kq,- - , kq], the slow system is
H;O,B(va [) = Kpoﬁ(]) - UPO,B(SO)a P e Td? IeT" (1'2)

Suppose the fourier expansion of Hy is Y., yn1 by (p)e?™* @D then

1 _ _ _ _
KpO,B<I) = §8§pH0(p0)(Ilk1 S R Idl{?d) . (Ilkl + -+ Idkd), (13)
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Upo,8(01,7 "+ a) Z Riyky 4oy ()€ 101 T HPa), (1.4)

lezd
The system H, g is only dynamically meaningful when py € I'y. However, the more
general set up allows us to embed the meaningful slow systems into a nice space.
We say that the resonance lattice A admits a dominant structure if it contains an
irreducible lattice A of rank m < d, such that

M(A|A*) := min |k| » max |k], (1.5)
keA\Ast keBst
where |k| = sup, |k;| is the sup-norm. Given the relation A* < A, one can choose

an adapted basis B = [k, - , kq] of A, meaning that B%* = [k, -, k] is a properly
ordered basis of A*. In this case we have two slow systems H> 5. and H; 5. The
variables (¢;, I;), 1 < i < m are called the strong variables, while (¢;, I;), m +1 < d
are called the weak variables.

Notice that the strong Hamiltonian system Hj 5. has d degrees of freedom, while
the slow one — Hj 5 has m degrees of freedom with m > d. It turns out that under

the condition ({1.5)) ,

the slow system inherits considerable amount of information
from the strong system.

For example, if the strong system H s« has a normally hyperbolic invariant cylinder
(NHIC), then so is the slow system Hy 5. Now we formalise this claim.

Recall that, using the Legendre transform, to each convex Hamiltonian H one can
associate a Lagrangian L = L(H) and to the Hamiltonian flow of H — the Euler-
Lagrangian flow of L. We call the vector field associated to the Euler-Lagrange flow, the
Lagrangian vector field. It turns out that it is meaningful to compare the Lagrangian
vector fields, interpreted as a vector field in the variables (¢;, v;) with ¢; = v;. Denote
by thag and X7, the Lagrangian vector fields associated to the Hamiltonians H .
and Hp 5.

We show that a limit theorem can only make sense after choosing a proper adapted
basis, and a suitable rescaling transformation in the weak variables. In a separate
direction, we also obtain a limit theorem on the weak KAM solutions by variational
arguments. We now formulate our main results in loose language, leaving the precise
version for the next section.

Main Result. Assume that r > n + 4(d — m) + 4. Given a fized lattice A* of rank
m with a fized basis B, for each rank d, m < d < n irreducible lattice A > A%, there
exists an adapted basis B such that:

1. (Geometrical) As M(A|A*") — oo, the projection of X3,, to the strong variables
(pi,v5), 1 < i < m converges to XLag uniformly. Moreover, by introducing a
coordinate change and rescaling affecting only the weak variables (¢;,v;), m + 1 <

< d, the transformed vector field of Xj,, converges to a trivial lift of the vector
ﬁeld of X4y As a corollary, we obtain that if X3, admits a NHIC, then so does
for sufficiently large M(A|A®).

Lag



2. (Variational) As M(A|A*) — o, the weak KAM solution of H} s (of properly
chosen cohomology classes) converges uniformly to a trivial lift of a weak KAM
solution of H, g, considered as functions on R%. We also obtain corollaries
concerning the limits of Mane, Aubry sets, rotation number of minimal measure,
and Peierl’s barrier function. The precise definitions of these objects will be given
later.

The combination of the persistence of NHIC, and limits of the weak KAM solutions
allows us to localize and restrict Aubry sets. As a demonstration of our theory, in
Appendix [A| we show that one can construct a connected net of (n — 1)—resonances,
such that all strong resonances have the dominant structure. We then show that most[l]
Aubry sets with a chosen rational homology class are contained in three dimensional
NHICs, and the topology of such Aubry sets resembles the Aubry-Mather sets for
twist maps. This is closely related to the AM property we introduce in Appendix [A]
The relation between the property of the Aubry sets and diffusion mechanism is given
in Appendix (Bl In [KZ13| and [KZ14] using these structures we prove existence of
Arnold diffusion. This net of diffusion paths also can be chosen to be y—dense for any
pre-determined v > 0. We show that for a “typical” H. (for any n > 2), such a net
exists and expect to prove Arnold diffusion along this net in a future publication.

The statement that HJ s« approximates H, s is related to the classic result of
partial averaging (see for example [AKNO06]). The statement mingep ase |k » maxgepst |k
says that the resonances in A®* is much stronger than the rest of the resonances in A.
Partial averaging says that the weaker resonances contributes to smaller terms in a
normal form.

However, our treatment of the partial averaging theory is quite different from the
classical theory. By looking at the rescaling limit, we study the property of the averaging
independent of the small parameter . Many subtleties arise, including the sensitive
dependence of the slow system on the basis, and special meaning on the type of limit
taken.

In [Mat08], John Mather developed a theory of (partial) averaging for a nearly
integrable Lagrangian system

L.(0,v,t) = Lo(v) +eLq1(0,v,t), where (0,v,t) € T" x R" x T.

In particular, it is shown that the slow system relative to a resonant lattice can be
defined on the tangent bundle of a sub-torus T¢ x R¢. Quantitative estimates on the
action of minimizing orbits of the original system versus the slow system are obtained.
Our variational result is related to [Mat08], but different in many ways. We work with
the scaling limit system, and the small parameter ¢ does not show up in our analysis.
We also avoid quantitative estimates (in the statement of the theorem) and obtain
a limit theorem in weak KAM solutions. This allows us to take consecutive limits,
which is very useful for our construction of diffusion path in higher dimensions (see

Appendix .
'See definition of the AM property in Appendix
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The formulation of the limit theorem in weak KAM solution requires special care. A
natural candidate is Tonelli convergence (convergence of Lagrangian within the Tonelli
family, see [Ber10]). In our setup, H; s« and H, 5 are defined on different spaces, we
need to consider the trivial lift of HS s to a higher dimensional space. The lifted
Lagrangian is then degenerate and obviously not Tonelli. We nevertheless obtain the
convergence of weak KAM solutions.

While this paper is mainly motivated by Arnold diffusion, we hope our treatment of
partial averaging is of independent interest.

The plan of the paper is as follows. The rigorous formulation of the results will be
presented in section [2 The choice of the basis is handled in section [3] and the estimates
of the vector fields, including the geometrical result is in section [} The variational
aspect is more involved, and occupies sections [ and [6], with some technical estimates
deferred to section [7} devoted to application of dominant systems to Arnold diffusion.

2 Formulation of results

2.1 The slow system and the choice of basis
Recall that a slow system is
H;o,[j’(907 ]) = KPO,B(I) - UP(LB(SD)? ¥ € Tda I € Rda

defined for a rank-d irreducible lattice A with ordered basis B = [ky, -, kq], and a
point pg € R™. Let Qo(p) = 05,Ho(p) € Sym(n), where Sym(n) denote the space of
n X n symmetric matrices. Define

Qp) = [QOO@) 8] e Sym(n + 1), 21)

then (1.3) becomes
1
Kpo,B(Ila e g) = 5@(?0)(117431 + o+ Laka) - (It + - - + Laka).
Let us also denote

ZB(SOh e 7S0d7p) = 2 hllk1+-~-ldkd(p)€2Wi(l1@1+"'+ld¢d)7 (22)
lezd

where Hy(0,p,t) = >, sae1 hi(p)e?™ @D then (T.4)) becomes

Upo.8() = —Z8(, Do)

We now fix a rank-m irreducible resonant lattice A%, called the strong lattice, and
study all irreducible lattices A © A™ of rank d. Fix a basis B* = [kq, - , k] of the



strong lattice A, we extend it to an adapted basis B = [ki, - , kq] of A. The extended
basis is of course non-unique, and our first theorem concerns the choice of a “nice”
basis. When B is an adapted basis, the corresponding slow system is H, ; is denoted

H;’O’ Bt ks where

BSt = [kl?H' 7]{:7"] = [kita 7k77s72:|7
BY = ks, ka] = [K7, - k5E,]-

Denote

= (01, Pm)s @ = (Pt Pa),s

I = ([1; T 7[m)7 I = (Ierla T 7Id)7

we write

;076((’0’ [) = HSQ,B“,BW]‘ (@St7 @Wka ISta IWk)
= Ky o (I 1) = Uy (0) = Ui on (0, ),

where

Upo ot (¢™) = = Zpst (¢, 00), Upiigee i (0™, 0™) = —(Zs — Zig) (0™, 0™, o).
Note that the slow system to A is

H;O,Bst<90St7 ISt) = ](10073St (ISt) - UPO,BS‘(QOSt)
= Kp07BSt7BWk(ISt’ 0) — UpO’Bst<(pSt).

In other words, Hy g (™, I**) can be obtained from HY g gu by setting I' = 0 and
U wk o st e = 0.

We will show that by choosing a good basis, the term U o st pw Call be made
arbitrarily small. Moreover, we can further decompose U st B to obtain precise

estlmates on its dependence on each of the weak angles ngk To do this we define, for
each 1 <i<d, B; = [k:l, -+, k;] an ordered basis and A the corresponding rank 4
lattice. Then B, =B'<...c B;=B. For m <i<d, we write

UZ;T)ITBi—laBi = _(ZBz' - ZBifl)((IO17 T ,%,po)
= _(ZBi - ZBi—J(SDStv QD‘INk7 T 790z‘£(m7p0)'

Then the slow system takes the form

s _ wk
HPO,B“,BW]‘ - KPOvB o UPO’BSt - Up07Bm7Bm+l - UBd 1,Ba” (2‘3)

Theorem 2.1. Let AS* < A be irreducible resonance lattices of rank m and d resp.,
where m < d. Fiz an ordered basis B = [k, - k3] of A**. Suppose Hy is C" with
r > n+2(d—m)+4, and HHl”CT = 1. Then there exists a constant k = k(Ho, B*,n) > 1,
integer vectors BY® = [kY%, .-+ kYK | with [B, BYX] forming an adapted basis, such
that the following hold.



1. Forany1<i<j<d—m, |k <r(1+ |k;;Vk|)
2. For1<j<d—m, we have

U5, s 85 l02 < 12850 = Zy i

< K’k;vk|—r+n+2(d—m)+4.
Remark. Item 2 implies that as M(A|A®) — oo, for the specifically chosen basis, we
have HU;:)I’(BS,;’BWI(H02 — 0.

Item 1 says that vectors in BYX are approzimately in an increasing order. This,
when combined with item 2, implies that the norm of the weak potentials Uy,
are approximately in an decreasing order.

Bj+m7178j+m

This theorem is proven in section [3]
We will call any Hamiltonian that satisfy the conclusions of Theorem [2.1ja dominant
Hamiltonian. In the next section, we define an abstract space of dominant Hamiltonians.

2.2 Abstract space of dominant Hamiltonians

We start with the following data:

1. A C? function @ : R® — Sym(n), where Sym(n) denote the space of n x n

Qoop) 0}, and assume D7'Id <

symmetric matrices. Define as before Q(p) = [ 0

Qo < DId.

2. An irreducible resonance lattice AS* < Z"*! of rank 1 < m < n, and a basis
Bt = [k5, - - kS

3. Constants k > 1 and ¢ > 1.

We continue to use the notation (ki,--- ,ky) = (K-, k) and (kpq1, - ka) =
(kyk ... k¥k ) and apply the same convention to the variables ¢ and I. Define

Qm,d = (Zn-i-l)d < R™ x CQ(Tm) % CQ(Tm+1> N 02(Td), HE - Qm,d N 02<Td % Rd),
with
(BSt = [kitv T 7k1s’:b]7 BY = [k)?k7 T 7k2’2’i‘m]’p07 UStvuVVk = {U{Nk7 T ’nykm ) =

d—m
HE (B, B, o, U U) = Koy e on (1) =U™ (91, )= ) U1, 01m)
j=1

where

1
Koy et (1) = iQ(pO)(klll + - kqly) - (kD + - 4 kala).



We equip Q™¢ with the product topology, with discrete topology on k:;Vk and the
standard norms on other components. H?® is smooth in py, U, UYE .- U¥E . Let
Q™4(B%) be the subset of Q™4 with fixed B.

We define Q%4(B%) < Q™9(B*) to be the tuple (B™*, po, U™, U™ ) satisfying the
following conditions:

1. Forany 1<i<j<d-—m, |k <r (1+ |]<;;’Vk|)
2. Foreach 1 <j<d—m, HUJWkHC2 < ,f|]{;;&k|fq'

Each element in #°(Q+%) is called an (m, d)—dominant Hamiltonian with constants
(K, q). Define
p(B) = min [k,

1<j<d—m
then in Q4(B*), we have |Uy*| < su(B"*)79, ie. the weak potential U™ :=

d—m 171w W
S Uk — 0 as p(BY) — oo
We now restate Theorem using the formal definition.

Theorem (Theorem restated). Under the assumptions of T heorem there exists
a constant k = k(Hy, B*,n) > 1, integer vectors B = [ky%, - kY% | with B>, BY.
forming an adapted basis, such that

(BWkapa Upo,BSt7 (Upo,Bm,Bm+1a T Upo,Bd_th)) € QZT;»d—n—Q(d—m)—zL(BSt)‘
The strong Hamiltonian is defined by the mapping
HR™ x C*(T™) — C*(T™ x R™),  H*(po, U™) = K, ot g (I7,0) = U (™).
We extend the definition to Q™? by writing H(Bt, BYX, po, US, UYY) = H(po, USY).

We will prove all our limit theorems in the space Q74 (B*).

2.3 The rescaling limit
We fix B, k > 1 and (B, p, U™, U™ ) € Q74(B*). Denote
H® = H*(B™, B, p, U™, U™),  H* = H"(p,U™).
Then
H*(p, 1) = K(I) = U (™) = U™ (™, ™), HM@™, ") = K(I*,0) = U™ (¢™),

where Uk = Z;l:ln U As p(B"*) — o, we have |U"*|c2 — 0. However, K (I, I'¥)
is not a small perturbation of K(I*%,0), in fact, K (I, I"¥) becomes unbounded as

u(B*) — .
We write
2 A B 2 2 2
aIIK = BT C 5 A = aIstIstK,B = aIStIWkK,C = aIWkIWkK’ (2.4)

10



then
(A)iy = (KYTQES,  (B)iy = (NTQE™,  (C)y = (k™) QE}™. (2.5)

Note in particular that A = 0%, H*. The Hamiltonian equation for H*® reads

P = AI* + BIYK, I% = 0, U,
gk = BT + CI", 1Y = 0,uU,

where U = Us* + U"%. Then the Lagrangian vector field is

ngt _ ’USt, oSt = AawstU + BawwkU, (2 6)
ngk — ka’ i)Wk — BT(}¢stU 4 C(}prk U’7 ’
which will be compared to the Lagrangian vector field of H**
(,bSt _ USt, @St _ Aa‘pstUSt, (27)

denoted X', To show that the projection of converges to , we only need to
show HBUkaUH — 0.

For convergence of weak variables, we will need a rescaling. It turns out that it is
better to rescale the I"* variable. Introduce the coordinate change

(@Sta ’USt, (,DWk, ka) s (SDSta ’USt, (,DWk, ]’Wk). (28)

This is a “half Lagrangian” setting in the sense that (¢, v5') is remain the Lagrangian
setup, while ("%, I"¥) is in the Hamiltonian format. Using

Ust _ A[st +B[Wk, ,ka _ BT[wk + C]’Wk’

we get R

ka _ BTA—I,Ust o ijwk’
where C' = C' — BTA™'B is an invertible symmetric matrix. Then the half-Lagrangian
equation writes
O = v, 0% = AlystU + B0 U, (2.9)
¢k = BTA Wt — OTY, "% = 0,uU. '

We denote by X*(¢™, v, o™, I™*) the vector field of (2.9)), defined on the universal
cover R™ x R™ x R™ x R In this form the strong components decouple from the
weak ones as BOwU — 0.

Consider the trivial lift of the strong Lagrangian vector field X5, defined on the
universal cover

. (2.10)

QbSt — USt, l')St — Aa@st U’7
(’bwk — 0’ IWk — 07

11



whose vector field we denote by X35¢(p, v°¢, "k IVK). We show that X35° is a rescaling
limit of X°.
Given 1 20y = -+ 204 > 0, let ¥ = diag{oy, -+ ,04_m}. We define a rescaling
coordinate change @y, : R? — R% by
(I)E . (gOSt, USt, (PWk, [Wk) N (gOSt, USt ~wk’ iwk) — (QOSt, USt, Zfl(pwk’ E]’Wk). (211>

)

The rescaled vector field for X?® is

Xs i ((I)E)les o (I)£17 XS<QDSt, USt, (PWk, [Wk) _ (cI)E)fl)(s«pst7 USt, Efl(pwk’ EIWk)’
(2.12)

while X3 is unchanged under the rescaling.

Theorem 2.2. Fiz B* and k > 1. Assume that ¢ > 2. Then there exists a constant
M = M(B",Q,k,q,d —m) > 1, such that for (B™,p, U, U") e Q4 (B*) and
H® = H3(B, BY, p, Ut , U™, H* = H(p, UY), such that the following hold.
For the rescaling parameter o; = \k}Vk\_q#, uniformly on R™ x R4™™ x R™ x Ré&—™
we have
[T gt oty (X* = X3 o < Mp(B™)~07,

|DX* ~ DX 0 < Mp(B*)~"5
In particular, Theorem [2.2]implies that as u(B"%) — o0, the vector field X* converges
to X3 in C' over compact sets. Theorem Is proven in section .

2.4 Persistence of normally hyperbolic invariant cylinders

Our main application for Theorem is to prove persistence of normally hyperbolic
invariant cylinders (NHICs).

Let W be a manifold. For R > 0, let BL < R! denote the ball of radius R at the
origin. A 2]/—cylinder A is defined by A = x(T' x BL), where x : T! x B, — W is an
embedding.

Let ¢, be a C? flow on W, and A = W be a cylinder. We say that A is normally
hyperbolic weakly invariant cylinder (NHWIC) if there exists tg > 0 such that the
following hold.

o The vector field of ¢, is tangent to A at every z € A.

o For each z € A,, there exists a splitting
T.M = E°(2) ® E*°(2) ® E*(2), where E°(2) = T, A,
weakly invariant in the sense that

D¢y (2)E°(2) = E°(pry2), if 2z, ¢prpz€ A and o = ¢, s, u.

12



o There exists 0 < a < 8 < 1 and a C' Riemannian metric g called the adapted
metric on a neighborhood of A such that whenever z, ¢,z € A,

|Dée () E°], (Do) E*) ] < e,

[(Doe () E), Dy (2)| £ > B,

where the norms taken is with respect to the metric g.

The cylinder is called normally hyperbolic (fully) invariant if it satisfies the above
conditions, and both A and JA are invariant under ¢;,. A more common definition of
normally hyperbolic (fully) invariant cylinders assumes a spectral radius condition, but
our definition is equivalent, see e.g. [BS02| Prop.5.2.2.

Moreover:

o If the parameters «, 3 satisfies the bunching condition o < /3%, then the bundles
Es, E* are C* smooth.

e When F* E* are smooth, we can always choose the adapted metric g such that
E? E" and E° are orthogonal.

Recall that X7\, , X},, denotes the Lagrangian vector fields. Suppose X3, admits a
normally hyperbolic (fully) invariant cylinder A%, we claim that X7, admits an weakly

Lag
invariant cylinder diffeomorphic to Ast x (T4™ x R4=™).

Corollary 2.3. Consider a strong lattice B*, a strong potential U € C?*(T™), k >
0, a >0, and q > 2.

Assume that the Lagrangian vector field of H* = H (B, po, U**) admits a 21— dimensional
cylinder AS* = *(T' x B}, ,) that is normally hyperbolic (fully) invariant, with the
parameters 0 < a < 3% < 1.

Then there exists an open set V. > Af such that for any § > 0, there exists
M >0, such that for any (B*, BY, po, U™) € Qu%(B*), H* = H*(B*, BY*, po, U*), the
following hold.

There exists a Ct embedding

0" = (™, n™) (T x BY) x (T4 x RT™) — (T™ x B™) x (T x R™™),

such that A* = n*((T! x BY) x (T4™ x RE™)) is a 2(I + d — m)—dimensional NHWIC

under Xj,,. Moreover, we have
st st
[ = xT oo <9,
and any Xj,,—invariant set contained in V x (T4=™ x RI™) is contained in A®.

The assumption o < 32 is not necessary, and is assumed for simplicity of the
proof. Nevertheless, the assumption is satisfied in our intended application and in most
perturbative settings. The proof is presented in Appendix [C]

13



2.5 The variational aspect of dominant Hamiltonians

We will develop a similar perturbation theory for the weak KAM solutions of the
dominant Hamiltonian. The weak KAM solution is closely related to some important
invariant sets of the Hamiltonian system, known as the Mather, Aubry and Mane sets.

e Preliminaries in weak KAM solutions In this section we give only enough
concepts to formulate our theorem. A more detailed exposition will be given in

Section 5.1l Let
H:T'xR!>R

be a C3 Hamiltonian satisfying the condition D~!1d < 0%, H(y,I) < DId. The
associated Lagrangian L : T¢ x R? — R is given by

Lu(p,v) = sup{l -v — H(p, I)}.

Let c € R? ~ HY(T? R), we define Mather’s alpha function to be

an(c) = —inf U(LH . v)dy} |

where the infimum is taken over all Borel probability measures on T¢ x R? that is
invariant under the Euler-Lagrange flow of L.

A continuous function u : T¢ — R is called a (negative) weak KAM solution to
Ly — c-v if for any ¢ > 0, we have

u(@)=  inf (u<y>+f<LH<v<tm<t>>—c-v<t>+aH<c>>dt),

yeTd y(0)=y,y(t)=2 0

where v : [0,¢] — T? is absolutely continuous. Weak KAM solutions exist and
are Lipschitz (see |[Fat08|, [Ber10]).

o The relation between Lagrangians We now turn to the weak KAM solutions
of dominant Hamiltonians. Fix B and consider

(B™,p, U™, U™ ) e Q™(B™)
and write H® = H*(B*, BY, p, U, U™, H* = H(p, B, U*). Note
HA(, 0™ I, %) = K, 1) = U () = U™, ™),
where U™ = Zj;;n Uk, and

HSt<QOSt,ISt) — K(]St,()) o USt(QDSt).
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Denote L® = Lys and L% = Ly, we have
LS(QOSt, (ka,,USt, ,ka) _ LS(’USt,UWk) + USt(QOSt) + UWk((PSt, gOWk),
LSt(QDSt,USt) _ L%t(’USt) + USt(QOSt),

where L, L% are quadratic functions with (02,L°) = (07, K)~! and (0%« L) =
(0%« K) ™! for v = 0/ K and v* = 0 K.

Given ¢ = (¢, c"k) e R™ x R¥™™ = R? we show that the weak KAM solution of
L® — c-v is related to the weak KAM solution of L' — ¢ - v%*, where ¢ is computed
using an explicit formula. More precisely, we define

¢=c"+ A1 B,

where 0% K = l ;T g] as in (2.5). Then (we refer to section |4.2| for details)

LS(QOSt, gOWk,USt, ka) . (CSt, CWk) . (USt,’UWk> _ LSt(gOSt,USt> —c- Ust
1 = = ~

4 5(ka . BTAfl,Ust o chk) . Cfl(vwk . BTA71USt . CCWk>
1 ~

¢ G UK ),

where C' = C'— BT A~!'B. The above computation suggests a connection between
the Lagrangian L° — ¢ - v and L — ¢ - v*. Indeed, in Proposition [5.5| we show

1 ~
OéHs(C> — HUWkHco < OéHst(E) + §CWk . CCWk < OéHs(C) + HUWkHco.

Semi-continuity of weak KAM solutions

We now state our main variational results. We consider a sequence of domi-
nant Hamiltonians with pu(B"*) — o, and cohomology classes ¢; such that the
corresponding ¢; converge. Then the weak KAM solutions has a converging subse-
quence, and the limit point is the weak KAM solution of the strong Hamiltonian.
This is sometimes referred to as upper semi-continuity.

Theorem 2.4. Fiz B* and k > 1. Assume that ¢ > 2(d — m).
For pp e R™, Us* € C*(T™) and ¢ € R™, we consider a sequence
(B, pi, U, U™ ) € QU(BY), ¢ = (&, ¢™) e R™ x R,
and let u; be a weak KAM solution of
Ligs (st ey st ey = Ci - 0.
Denote K; = K, g gwic, and

2 2 2
A’L - alst]stKi, B@ = a]st]kai, C’L == &[wkIWkKi-

Assume:
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st

_M(B;Vk)_)oo7pi_)p07 UzSt_) 0 -
— &+ A7 Bk — G
Then:

1. The sequence {u;} is equi-continuous. In particular, the sequence {u;(-) —
u;(0)} is pre-compact in the C° topology.

2. Let u be any accumulation point of the sequence u;(-) — u;(0). Then there
exists ust : T™ — R such that u(¢™, o"%) = us (™), i.e, u is independent of
QOWk.

3. u* is a weak KAM solution of

= st
LHSt(p(],USt) —C-U .

The proof of Theorem [2.4 occupies sections[dand [5, with some technical statements
deferred to section [7l

Using the point of view in [Ber10], the semi-continuity of the weak KAM solution is
closely related to the semi-continuity of the Aubry and Mafe sets. These properties
have important applications to Arnold diffusion. In section [6] we develop an analog of
these results for the dominant Hamiltonians.

3 The choice of basis and averaging

In this section we prove Theorem 2.1} The proof consists of two parts: the choice of
the basis and estimates on the norms.

3.1 The choice of the basis

Recall that we have a fixed irreducible lattice AS* < Z"*! of rank m < n, and a fixed
basis B** = {ky,- -+ , k,,} for A*. The following proposition describes the choice of the
adapted basis.

Proposition 3.1. Let A < Z"! be an irreducble lattice of rank m < n, and fix
a basis ki, k. Let A > A be an irreducible lattice of rank d, then there exists
Emits -, ka € Z™ Y such that ky,--- , kq form a basis of A, and the following hold.

1. For each m < j < d, B
\kj| < M + (d —m)M,,

where

M = [ki| + -+ |km|, A; =spang{ky, -, k;}, M; = M(Aj|A;-0).
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2. For eachm <1 < j <d,
\ki| < M + (d —m)l|k;].
We now describe the choice of the vectors k41, , k4. We define &k} = k; for

1 <7 < m, and define k] with ¢ > m inductively using the following procedure. Suppose
Ky, --- ki are defined, let

A; = spang{ky, - K} A, My =min{|k| : ke A\A}

We define k], to be a vector reaching the minimum in the definition of M, 4, i.e
|kl 1| = M;+1. We have

K| =M, m<i<d, I[K<I|K,m<j<i<d,

but ki, -, k), may not form a basis. We turn them into a basis using the following
procedure (see [Sie89]).
For each j = 1,--- ,m, define

cj =min{s; : s k] + -+ 55500k + sk e A s;eRY s, e RT U {0} (3.1)
We define ¢; ;1 using a similar minimization given the value ¢;:
Cji—1 = min{sj,j,l . Sj,lk?[ -+ Sj.5— 1k -1 + Cjkl S € RJF U {0}}

We now define ¢;; for 1 < i < j — 2 inductively as follows. Assume that ¢;;, -+ ,¢; ;-1
are all defined, then
Cji-1 = min{sjvi_l .
Sij'i + -+ Sj,iflkgfl + Cj}ikg + -+ Cj,j 1]€/ 1 + Cjk, € A
5j,17 s ,Sjﬂ'_l € R+ U {O}}
Finally,
]{Zj = Cj,lki + -+ Cj’jfll{?, 1 + C]/{Z,
We have the following lemma from the geometry of numbers.

Lemma 3.2 (see [Sie89]). Let A = Z™*! be a lattice of rank d < n and let k},--- , k),
be any linearly independent set in A. Let

k‘j = ijlk‘ll + -+ Cj7j_1k’ 1t C]k’/
be defined using the procedure above. Then

1. For each 1 < j <d, ki,--- ,k; form a basis of spang{ky,--- ,kj} 0 A over Z. In
particular, ki, -+, kq form a basis of A.
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2. Forl<j<dandl<i<j—1, we have

O<Cj,i<1, 0<Cj<1.

3. If for some 1 <m < d, ki,--- , k., already form a basis of spang{k},--- k.. } n A

' m

over Z, then ky = ki, ky = k..

Proof. To prove item 1, we proceed by induction. When ¢ = 1, we have ky = c;k],
where ¢; = min{t > 0,tk} € A}. The choice of k; implies any k € k]R n A is an integer
multiple of k;.

Suppose the statement holds for the index j, we prove it for the index 7 + 1. For
any k € spang{k,--- ,k;,,} 0 A with

/ /
k=a1k1+---+aj+1kj+1, a17"',aj+1€]R,

we claim that a;;; is an integer multiple of ¢;j;;, where c¢;;; reaches the minimum
in (3.1 for the index j + 1. Assume otherwise, there exist an integer s;;; such that
0 < sj41 + a1 < cjyr1. Choose sq,---, 55 € Z, such that s; +a; = 0 for 1 <i < j, we

have
j+1 j+1

k + 2 Szki = Z(SZ + CLZ)]{}; € A,
i=1 i=1
and s; +a; = 0 for 1 <i<j, 0 < sj41 + aj41 < ¢ji1, contradicting the definition of
Cjt1-
Using the claim, there exists [ € Z such that a;;1 = lcj11, so

B Ik & spang Ky, K} A A

By inductive hypothesis, k—Ik}, | € spang{ky,--- , k;}, implying k € spang {ky, - , K }.

For item 2, note that for any k; = c¢; 1k + -+ ¢j ;1K _; + ¢;k; € A, we can always
subtract an integer from any c;; or ¢; and remain in A. If the estimates do not hold,
we can get a contradiction by reducing c;; or c;.

For item 3, if k,--- , k], is a basis (over Z) of spang{k,---,kl,} n A, then all
coefficients of k; = ¢ 1k + -+ ¢j 1k + cjk}; € A for j < m must be integers. Then
the constraints of item 2 implies ¢;; = 0 and ¢; = 1, namely k; = k. O

Proof of Proposition|[3.1. We choose the basis ki, -, kg as described. Lemma [3.2
implies k; = k for 1 < j < m. Using

0< Cj+1 < 17 0< Cit1i < ]-7

we get
kil < [ky| + -+ K] = ko] + -+ || + Moy + -+ + M.

Since M1 < -+ < My, and M = |ky| + -+ + |kp|, we get

kil < M+ (j —m)M; < M + (d — m)M,.
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Moreover, for i < j, we have

kil < M+ (d—m)M; < M + (d —m)M; < M + (d —m)|k;].

O

We note that the basis, as chosen in Proposition 3.1} satisfies item 1 of Theorem
for K = max{M,d —m}.

3.2 Estimating the weak potential

In this section we prove the second item in Theorem and conclude its proof. Assume
that Hy € C"(T" x R* x T) with r > n + 2d — 2m + 4. Let the basis ki,--- , k, be
chosen as in Proposition . We show that there exists k = k(B%,Q,n) > 1 such that
for m < i < d,

1Upois, .oz < 12, = Zi,_, | c2 < il 7572m 5,

For a lattice A let
[ 9 .p, 1 Z hk 27rzk (9t

keA
then we have

(ZBi - ZBi—l)(kl ’ (07t)7 ek (9,t>,p) = ([Hl]Ai - [HI]A¢—1)<97P7 t>,

and the norm of [H;]x, — [Hi]a,_, can be estimated using a standard estimates of the
Fourier series.

Lemma 3.3 (c.f. [BKZ11], Lemma 2.1, item 3). Let Hy(0,p,t) = Y cpnir by (p)e? O
satisfy |Hi|cr = 1, with r = n + 3. There exists a constant C,, depending only on n,
such that for any subset A = Z"' with min,_; |k| = M > 0, we have

H Z hk(p>62m‘k-(9,t)H02 < Canr+n+4'
keA

Since mingep,a,_, |k| = M;, we apply Lemma to Aj\A;_1 to get

I ]a: = [Hilag ez < G2, (3.2)
To estimate Zp, — Zp,_,, we apply a linear coordinate change. Given ky,--- , k;, we
choose kii1, -, kni1 € Z" to be coordinate vectors (unit integer vectors) so that
b= [kl e Ky ffi-i—l ]%n+l]

is invertible. We extend (Z5,—Zg, ,)(p1, - , ;) trivially to a function of (1, -, pni1),
then

75~ 20 (P [3]) = s ~ a6,
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We get
125, = Zp, o= < (L+ [P+ (P DI 8y — [Huda lee.
We apply the following lemma in linear algebra:

Lemma 3.4. Given 1 < s<n+1, let P = [kl k:s] be an integer matriz with
linearly independent columns. Then there exists ¢, > 1 depending only on n such that

min [Pol = min (o P Po)t = |(PTP) |4 2 6 k|

In particular, if s =n+ 1, then |[P7Y| = [(PT)™Y] < calka| - |knsal-

Proof. We only estimate |[(PTP)™|. Let a;; = (PTP);; and b; = (PTP);;', then using
Cramer’s rule and the definition of the cofactor, we have

’7/]‘ det PTP ;gaso’s
where o ranges over all one-to-one mappings from {1,--- ,m}\{i} to {1,--- ,m}\{j}.

Since P is a nonsingular integer matrix, we have det(PTP) > 1. Moreover, a;; =
kI'k; < n|k;||k;|. Therefore

bigl < D] [1Rsllko| < eal] T IR T1RD
o0 s#1 S#1 Ss#]

where ¢, is a constant depending only on n. Using the fact that the norm of a matrix is
bounded by its largest entry, up to a factor depending only on dimension, by changing
to a different ¢,,, we have

[(PTP)Y| < cn Sup’BU’ Cn SuP H |s]) H |ks]) < (H‘ks,)Q
bl s#i S#J s=1
If s = n+1, then [P~ = [(PTP)~!|2 = [(PPT)~"[2 = (PT)7!]. O
Using Lemma [3.4] there exists a constant ¢, > 0 depending only on n such that

|27 = 1B < calkal Rl sl

We have |ki|,---,|km| < M, kiv1] = -+ = |kns1| = 1, and from Lemma
|kl 5 [kil < M 4 (d — m)M;. Hence there exists a constant ¢, ;; > 0 such
that

|P7H = 1P < e M
Combine with (3.2), we get for k = r(n, M),

HZBI . ZBZ X HCZ < K;Mif’r‘+n+4+2(ifm) < HMifr+n+4+2(d7m) < /€|ki|_r+n+2d_2m+4.
This implies item 2 of Theorem [2.1] The proof is complete.
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4 Strong and slow systems of dominant Hamiltoni-
ans

In this section we study the relation between Hamiltonians and the corresponding
Lagrangians for dominant systems. We start by comparing the Hamitonian vector fields
and then compare their Lagrangians.

4.1 Vector fields of dominant Hamiltonians
In this section we expand on section |2.3] and prove Theorem Fix B* k > 1 and let
(BY<, p, U, U™ ) e Q4(B*), we recall the notations
HS = H3(B*, B, p, U, U™ ), H* = H*(p, U™).
Then
H(p.1) = K(I) = U () = U™(g™, ™), (™, 1) = K(I*,0) ~ U™ (™).

A B

Recall from (2.4)) that 0%, K = { c D

} , then

(A)iy = (KYTQES,  (B)y = (K QKY,  (C)y = ()T QkT™.

The vector field X (¢, v, ¥k I"K) defined on the universal cover R™ x R™ x
R4~ x R4~ is obtained from the Lagrangian vector field via the coordinate change
CIv% = BT A=1v® — "k (sce (2.8)). The vector field X3¢(p™F, v5¢, ™%, I'%) is defined as
a trivial extension of the Lagrangian vector field of H®*, also defined on the universal
cover. More explicitly (see (2.9), (2.10]))

st st

v v
s | AU + BOymU s | AlpsU
X® = BT A-1y8t — Cf[wk ) XL - 0 : (41>
awwkU 0
Given 1 > 01 = -+ = 04y > 0, let ¥ = diag{oy, - ,04-m}. The rescaling is

dy : R — R? given by (2.11)). We denote by X*(¢™*, v, "%, I'"*) the rescaled X*.
Using (4.1), we have

0
(A0t U™ + B ™) (0%, 271 3"%)
YBTA WSt — BOT vk
ZflawwkUWk(gpst, Efltﬁwk)

X5 — X5t = (0y) X 0 Bt — XSt = (4.2)
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noting that U** is independent of "%, so 0wl = d,mU" . Furthermore

D(X®* = X§') = (@5) 'DX* o (Ps) ' — X' =

0 0 0 0
2 wk 2 wk 2 wky—1
Aawst(pstU + Ba(pStQOWkU 0 BacpwkwwkU E Q (43)
0 YxBTA! 0 YO%
—172 wk —172 wky—1
2102 il 0 =RuuUET 0

The quantities in (4.2]) and (4.3) are estimated as follows.

Lemma 4.1. Fiz B,k > 1. Assume q > 2. Then there exists a constant M, =
M,(B*,Q, k,q,d —m) such that for the parameters o; = |k‘§Vk|_%, uniformly over
R™ x R™ x RT™ x R4™  the following hold.

1. Foranyl<i<mandl <j<d—m, H@pkaWkHCo, Haigtg;kaWkHCO < My |ky|79;

forany1<i,j<d—m, HaﬁangkaWkHCO < M, sup{ k¥4, |k;vk|—q}_

2. || A0 U™ co < My sup { [k 79}, [A0% o U™ |l co < My sup,{|k[~7}.

3. | BOmU|co < My sup{[k¥|~(=D}, HB@ZstwwkUHco < My sup{[ky[~(@D}
4o | B US| co < Mysup {3 =75 }.

J. HZfl(}iwkwkUZJHCo < M, supj{|kyk|_%},

6. [SBTA Y co < Mysup,{|ky*|~5 ).

2q—4

7. |2C%|¢o < Mysup{[E*|~75 }.

We first prove Theorem [2.2] using our lemma.

Proof of Theorem [2.3. Noting that IT(st ,et)(X®— X3) is the first and third line of ([{.2),
using item 2 and 3 of Lemma [4.1] we get

I ooty (X = XE)| < M*sup{[k}*|707V} = M*p(BY) "0,
J

for any constant M* > 2My, where M} is from Lemma [£.1]
Since D(X*® — X35') is bounded, up to a universal constant, the sum of the norms of
all the non-zero blocks in (4.3)), using Lemma items 4-8, we get

% =2 * wky — =2
|DX® = DXF| < M*sup{|k}*|~5 } = M*u(B*) "5,
J

where M* depends only on M. O
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The rest of the section is dedicated to proving Lemma [4.1]

Proof of Lemma[f.1. Denote M = |k5*| + --- + |k5t|, which depends only on B.
Item 1. We have

Ha¢‘;}1kUWk“CO < Z ”atpz-mUkaHCO < Z Ha‘P?kUka”Co
‘ =1 =] '
<R Y < (4 mps

=]

where the second inequality is due to U% depending only on (V% - - | o), and the
last two inequalities uses the definition of QQ””qd, see section ﬂ By the same reasoning,
we have

|02 i U < D UM e < (d = m)o k5|7,
i

=]

02w U™ < DU er < (d = m)e"t sup B[R
’ 1>sup{i,j}

the second and third estimate follows.

Item 2.We have
(A0 U™);] = IZ k)T QK 0, U™ < mMP Q|02 U |
m(d —m) M| Qw71
where the last line is due to item 1. Similarly,
(A0 U™ )ij] < M2 QN0pst U < (d — m) M@ |5,
Since the vector or matrix norm is bounded by the supremum of all matrix entries, up

to a constant depending only on dimension, item 2 follows. In the sequel, we apply the
same reasoning and only estimate the supremum of matrix/vector entries.

Item 3. Similar to item 2,
|(BOgwU)| = IZ(k?t)TQkfk%kaWkl < (d = m) M| QK™ [0 m U™
< (d = m)M[Q(d — m)s™ k3|71,
while

(B2 g™ )| = (B QRS 02 U] < (d — )t LI QYI 07,
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Item 5.

(B2 US™)35] = |2(kst)Tkaka2wk WkUa*1| MHQHZyk;vkya;wa;yk@ykm

l =3

- gl wk LEL - wh_2a=4
< M|Q[(d — m)* kT2 [KFX( KT TR S = M| Q|(d — m)sT 2|k~ 75,

where the inequality of the second line uses |k}"*| < &[k}™|, item 1 and the choice of 0.

Item 6. Using item 1 and choice of o;, we have
‘(z_laiwklpwkUWkZ_l)Z]| ‘ a wk wkUWk _1‘
< (d— m)ffqﬂffi oy sup{ [k, [k
< (d —m)s" sup{ KT KT ).
Item 7. We have
- - _a=2
(2B7)i5] = os (k)T QK| < M|Q| sup{|k}™*|o;} = M| Q| sup{|k™| 5"}
j j
and uses |[ZBTA™| < |EBT|| A7, noting that ||[A~!| depends only on @ and B**.
Item 8. Recall C'= C' — BT A~'B. We have

(BCD)is| = lou(ki™)" Q) o < (sup oy [K5*)?|QI < Q|
J

Suppose S;, S, are positive definite symmetric matrices with S; > Ss, for any v € R%™,
UTSﬂ) = UT(Sl — Sz + SQ)U = UTSQU,

we obtain ||S;] = |Ss]. Since C — BTA™'B > 0, we have ¥CY — XBTA7!BY > 0.
Apply the observation to the matrices XCY and EBTA IBY we get

IZCY| < |ZCE| + |EBTA'BY| < 2|2CY).

Item 8 follows. O]

4.2 The slow Lagrangian

We derive the special form of the slow Lagrangian described in section We fix
B, k> 1and (B, p, U, U™) e Q4(B*). Denote H* = H*(B*, B, p, U™, U™),
H®" = H(p, U*") and the associated Lagrangian is denoted L*® and L*".

As before we write

H*(p, 1) = K(I) = U™ (™) = U™ (™, ™), HM (™, ") = K(I",0) = U™(¢™),
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and
Ls(<,0,1)> _ LS(U) + USt(gOSt) + UWk(QOSt,QOWk), LSt(QOSt,USt) _ L%t(USt) + USt(QOSt),

where 0% L§ = (03, K) ™", 0% L = (0% K) 7! for v = ;K and v = 0« K. Recall
the notation

A B

BT C:| y A == a%stlstK7 B = a?StIWkK7 C == a%wkIWkK-

%K = [

Lemma 4.2. With the above notations we have

1.
LS<U,Q0) — LSt(QOSt,’USt)-i-
1 wk T p—1, st ~N—1/, wk T p—1, st wk/, st _wk (44)
5(1} — B"ATWY) - CTH (o™ = BV AT W) + UM (9™, ™),
where .
C=C-B"A"'B.
2. Let ¢ = (¢, c"%) e R™ x R¥™™. We denotef]
c=c"+ A'B, wYE =" - BTAT Y, (4.5)
then
LS(U, g0) —c-v = LSt(QOSt,USt) —c. USt
1 ~ ~ ~ 1 - ]
+ §(wwk _ CCWk) . C—l(wwk _ chk) _ §ka . chk + UWk(QOWk, QDbt). (46)

Proof. We have the following identity in block matrix inverse, which can be verified by
a direct computation.

[A B]_1=[A_l O]+[_A_1B] C'[-BTA™' 1d].

BT C 0 0 Id
Then
1 A1 0 Id ~ st
s (st , wk s w — _
Li (v, 0™F) = 5 [(U 9T (v k)T] ([ 0 0] + [—AlB] c1 [Id —BTA 1]) [ka}

1 1 ~

_ §U8t . Afl,Ust + 5(ka . BTAfl,Ust) . Cfl(vwk . BTAfl,Ust)

1 -
_ L?)t<’l}St) + §(ka o BTAflvst) . Cfl(vwk o BTAflvst),

2We stress here that no coordinate change is performed: w% ¥ is simply an abbreviation for

,ka _ BTAflvst'
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and (4.4) follows.

Moreover,
LS - (CSt, ka) . (USt,UWk)

1 ~
_ th(vst) o (Cst + Aleka) _,Ust + 5u)wk . Cflwwk o ka . ka + Aleka . Ust

_ th(vst) — -t + = wk Cy«flwwk o ka . (,ka . BTAflvst>

2
1 . . .

_ th(USt) —c- ,Ust + 5ujwk . Cflwwk o (chk) . Cflwwk
1 ~

~ ~ 1 ~
= L") —c- v + f(ka — C’ch) . C_l(ka — Cch) — §CWk Ok,

We obtain (4.6)). O

The Euler-Lagrange flow of L*® satisfies the following estimates.
Lemma 4.3. Fiz B, k > 1. Assume that ¢ > 1, L* = Lygs (s gk p,ust gy, With
(B, p, U U™) e QU(B*). Let v = (v*,4™) : [0,T] — T satisfy the Euler-
Lagrange equation of L°.

1. There exists a constant My = My (B, Q, k,q) such that
|57 = A0 U™ (™) oo < My (u(B™)) 171

2. There exists a constant My = My(B*, Q, K, q, |U|) such that
15 co < M.

Proof. Observe that the (¢, v™) component of the Euler-Lagrange vector field of L* is
precisely the vector field IT st st X* in Theorem . The Euler-Lagrange equation of
L (which is X in Theorem is ¢* = Ad,«U®". Hence item 1 is a rephrasing of
the first conclusion of in Theorem 2.2

Since || A0 U < |A||U*], and |A| depends only on B* and @, item 2 follows
directly from item 1. O

5 Weak KAM solutions of dominant Hamiltonians

and convergence

In this section, we provide some basic information about the weak KAM solution of the
dominant system.

In section [5.1] we give an overview on the relevant weak KAM theory. Recall that
in section [£.2] we derive the relation between the slow Lagrangian and the strong
Lagrangian. In section we obtain a compactness result for the strong component of
a minimizing curve. In section to 5.5, we prove Theorem with some technical
statements deferred to section

26



5.1 Weak KAM solutions of Tonelli Lagrangian

For an extensive exposition of the topic, we refer to [Fat0§].

Tonelli Lagrangian. The Lagrangian function L = L(p,v) : T¢ x R? — R is called
Tonelli if it satisfies the following conditions.

1. (smoothness) L is C" with r > 2.
2. (fiber convexity) 02 L is strictly positive definite.
3. (superlinearity) lim,|—o |L(z,v)|/|v] = oo.

The Lagrangians considered in this paper are Tonelli.

Minimizers. An absolutely continuous curve v : [a, b] — T? is called minimizing for the
Tonelli Lagrangian L if

b b _
| Leira = min [ 2¢.p

a a

where the minimization is over all absolutely continuous curves ¢ : [a,b] — T? with
b > a, such that £(a) = v(a), £(b) = v(b). The functional

b
A7) = j Ly, 4)dt

a

is called the action functional. The curve + is called an extremal if it is a critical point
of the action functional. A minimizer is extremal, and it satisfies the Euler-Lagrange
equation

SOL0) = 8L, 3).

Tonelli Theorem and a priori compactness. By the Tonelli Theorem (c.f [Fat0§],
Corollary 3.3.1), for any [a,b] = R with b > a, ¢, € T? there always exists a C”
minimizer. Moreover, there exists D > 0 depending only on b — a such that |¥|| < D
(|[Fat08] Corollary 4.3.2). This property is called the a priori compactness.

The alpha function and minimal measures. A measure p on T¢ x R? is called a closed
measure (see [Sor10], Remark 4.40) if for all f € C*(T?),

de(so) ~vdp(p,v) = 0.

This notion is equivalent to the more well known notion of holonomic measure defined
by Mane ([Man97)).
For c e H'(T¢,R) ~ R? the alpha function
asle) = ~inf [ (Llerv) = e o)dv(io,v),
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where the minimization is over all closed Borel probability measures. When L = Ly
we also use the notation ay(c). A measure pu is called a c—minimizing if it reaches
the infimum above. A minimizing measure is invariant under the Euler-Lagrange flow
(c.f [Man97; Ber08]), and therefore this definition is equivalent to the one given in
section 2.0l

Rotation number and the beta function. The rotation number p of a closed measure p is
defined by the relation

J(c ~v)dp(p,v) =c-p, forall ce H(T* R).
For h e H;(T? R) ~ R?, the beta function is

Br(h) = inf JL(@,U)dV(Lp,v).

p(v)=h

When L = Ly we use the notation Sy (h). The alpha function and beta function are
Legendre duals:

Br(h) = sup{c-h —ar(c)}.

ceR4

The Legendre-Fenichel transform. Define the Legendre-Fenichel transform associated to
the beta function

LFs: Hi (T R) —

5.1
the collection of nonempty, compact convex subsets of H 1("I[‘d, R), (5.1)

defined by
LFs(h) = {ee HY(TR) : fo(h) + as(c) = c- h}.

Domination and calibration. For a € R, a function u : T¢ — R is dominated by L + « if
for all [a,b] = R and piecewise C* curves v : [0,T] — T¢, we have

u(1(8)) - ulv(a)) < f L(v,4)dt + a(b—a).

a

A piecewise C'! curve v : I — R defined on an interval I c R is called (u, L, a)-calibrated
if for any [a,b] < I,

ur®) ~ ulr(@) = [ LAt + alb - a).

a

Weak KAM solutions. A function u : T¢ — R is called a weak KAM solution of L if
there exists a € R such that the following hold.
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1. u is dominated by L + a.

2. For all p € TY, there exists a (u, L, a)-calibrated curve v : (—o0,0] — T? with
7(0) = .
This definition of the weak KAM solution is equivalent to the one given in section [2.5]

(see [FatO§], Proposition 4.4.8), and the constant o = «a(0), where «y, is the alpha
function.

Peierls’ barrier. For T > 0, we define the function hf : T¢ x T? — R by

hi (1) = min J (L(v,%) + ar)dt.

¥(O0)=py(T)=y Jg

Peierls’ barrier is hz (¢, ) = limy_o hE(p, ). The limit exists, and the function Ay, is
Lipschitz in both variables. Denote hyr, . = hp_c.,.

Mather, Aubry and Mane sets. These sets are defined by Mather (see [Mat93]). Here
we only introduce the projected version. Define the Aubry and the Mane sets as

Ap(c) ={reT?: hp.(z,z) =0},

z,zeAr(c)

Ni(c) = {y eT?: min  (hpc(x,y) + hro(y, 2) — hpo(z, 2)) = O} )

The Mather set is My (c) = ,.Supp(p) is the closure of the support of all c—minimal
measures. Its projection mTM(c) = M(c) onto T¢ is called the projected Mather set.
Then

M (c) = Ap(c) = Ni(o).

When L = Ly we also use the subscript H to identify these sets.

Static classes. For any ¢, 1 € Ap(c), Mather defined the following equivalence relation:

p~ ¢ if hL7C(§07w) + hL,c(¢a 90) = 0.

The equivalence classes defined by this equivalence condition are called the static classes.
The static classes are linked to the family of weak KAM solutions, in particular, if there
is only one static class, then the weak KAM solution is unique up to a constant.

In this section, we provide a few useful estimates in weak KAM theory, and prove
Theorem In section we prove a projected version of the a priori compactness
property. We then introduce an approximate version of Lipschitz property and use it

to prove Theorem [2.4]
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5.2 Minimizers of strong and slow Lagrangians, their a priori
compactness

We prove a version of the a priori compactness theorem for the strong component.

Proposition 5.1. Fiz B k > 1. For any R > 0, there exists M = M (B*,Q, R, k)
such that the following hold. For any

(BYS, p, U, U™ ) € ngf(zsst) AU 2 < R} and L° = Lyjs (st gk p st o),

let T >3, c= (¢, c¢™) e R x RT™ and v = (v*',7") : [0, T] — T? be a minimizer

of L* —c-v. Then for ¢ = ¢t + A1 Bc™®, we have
i — Ac| < M.

We first state a lemma on the strong component of the action and relate minimizers
of the slow system with those of the strong one.

Lemma 5.2. In the notations of Proposition for T > % and c € R?, let v =
(v, v"%) 1 [0, T] — T¢ be a minimizer for the lagrangian L* — c-v. Then
T T .
| = e oo aar < i [ (2% - e oG Ot + 2710,
0 0

where the minimization is over all absolutely continuous ¢ : [0,T] — T™ with ¢(0) =
7(0), ¢(T) = ().

Proof. Let 4§t : [0,T] — T™ be such that

T

. .
f(L“—cnﬁﬂﬁﬂﬁﬂﬁ:”ﬁnf(L“—cwﬁﬂccwt

0 0
with ((0) = 7*(0), {((T') = v*(T). Define vo = (7, 95™) : [0, T] — T by
W) = 70— A7 B + AT B ().
Note that
1w (0) =7(0), WD) =), W ATBR =" - ATBY. (5.2)
Using and , we have

1 ~
LS—C'U-i- §CWk'C_ICWk _ LSt—E"USt
1 ~ ~ ~
+ §(ka . BTA_IUSt . OWk) . C(UWk . BTA—lvst . OWk) + ka (53)
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Since 7y is a minimizer for L° — ¢ - v,

T

JO (L* = c-v)(v,7)dt <L (L* — ¢ v)(70, 30)dt.

By (5.3), we have

|| @ —eeeta | oG

1 ~ ~ ~
+ 5(,'ywk o BTA_I’a/St o ka) . C«(,ywk o BTA—l;yst . ka)
T T
<f (L — ¢ ™) (75", A8 dt + f U™ (7o(t))dt
0 0
1 LW —1:8 W STON —1_:s W
+ SO = BIATIR = O (" — BTAT - ).

By (5.2), the second and fourth line of the above inequality cancels, therefore

T

T
|z = e e < [ (o053t + 2710 o
0 0

O
Proof of Proposition [5.1. First, observe that any segments of a minimizer is still a
minimizer. By dividing the interval [0,7T] into subintervals, it suffice to prove our

proposition for T € [%, 1).
We first produce an upper bound for

T
mcmf (L —c o™ + ;c' Ac)(¢, Q)dt.

0

By completing the squares as in Lemma [£.2] we have

1
L —¢-v™* + ¢ Ac = 5(vst — Ac) - AT — Ac) + Ust (™). (5.4)

DO | —

We then take

Goft) = 7*(0) + 142+ 7y

where y € [0,1)¢ is such that (o(0) + TA¢ +y = +*(T) mod Z™. We then have
CO - AE = %97 SO

T ~ 1. : 1. B
f (L =& 0™ 4 58 A8) (G, Q) < G| A7 [l + TIU oo < dJ A7 + [U o
0

using T € [0,1) and |y|? < d.
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Using Lemma , and adding %E‘ Ac to the Lagrangian to both sides, we obtain

T
= S 1* = S 2 S W - S
| - S a0t < 22U + d] A7 + U oo
0

< AJAT + JU* o + 20U o

since T' € [3,1).
We now use the above formula get an L? estimate on (4*' — A¢) and use the Poincaré
estimate to conclude. Using the above formula and ({5.4)), we have

T
fCW—&%N%W—MW<ﬂXW+NﬁM+2WWw

0

Using the fact that A~! is strictly positive definite, we get
[9° = Ae] 2 < [A(d|AT] + 2| U o + 2[U™ o) =: M.

Then

1 2 T

T
HT J (3™ — Ac) dt

0

< g | 19— Adftdt < 4M. (5.5)
0

Moreover, from Lemma [4.3]
|5 < Ma(B*, Q, k., q, R).

The Poincaré estimate gives, for some uniform constant D > 0,

< |5 l» < DMs.
L

. N B _
H(fyt—Ac)—TJ (4™ — Ac)dt
0

Combine with (5.5) and we conclude the proof. O

5.3 Approximate Lipschitz property of weak KAM solutions

The weak KAM solutions of the slow Hamiltonian is Lipshitz, however, it is not clear
if the Lipschitz constant is bounded as p(B"¥) — c0. To get uniform estimates, we
consider the following weaker notion.

Definition. For D,6 > 0, a function u : R? — R is called (D,6) approzimately
Lipschitz if
u(z) —u(y)| < Dz —y| +94, z,yeR"

For u: TY — R, the approzimate Lipschitz property is defined by its lift to R?.

In Proposition [5.3] and we state the approximate Lipschitz property of a weak
KAM solution in weak and strong angles.

32



Proposition 5.3. Fiz B, k > 1. Assume that ¢ > 2(d —m). For R > 0, there exists
a constant M = M(B*,Q, k,q, R) > 0, such that for all

(B™,p, U, U™) € 11(B") n {|U™] < R},

and

3(B™) = Mu(B™ )=z,
let u = u(p™, %) : T™ x T4 — R be a weak KAM solution of
Lys (B, BYS, p, US' . U™ — ¢ - w.
Then for all ¢** € T™, the function u(p™,-) is (,0) approzimately Lipschitz.

Proposition 5.4. There exists a constant M’ = M'(B*,Q, k,q, R) > 0, let §'(B"¥) =
M (u(B¥)) =G~ and u be the weak KAM solution described in Proposition
Then for all o¥* € T™ the function u(-, p**) is (M',8") approzimately Lipschitz.

The proof of these statements are deferred to section [7]

5.4 The alpha function and rotation number estimate

In this section we provide a few useful estimates in weak KAM theory and prove
Theoremusing Propositionsand . Recall that the notations ¢ = (¢*t, ¢"¥), ¢ =
S+ AT Bevk

Proposition 5.5. We have

= 1~ W W w
O[Hs(C) —Oszt(C) + 5(00 k) - C k S ||U kHcO,

Proof. Let p be a minimal measure for L® — ¢ - v. Let m denote the natural projection
from (%, "k, vt v¥K) to (%, v*). By Lemma [4.2| we have

~am(©) = [(L = e o)du

_ f(Lst —E"USt)d,uOﬂ'— ;CWk . C«ka
. (5.6)
+ f <2(wwk o Crcwk) . Cv—l(wwk o Crcwk) + ka) d,u

1 B}
> —aps(¢) — [ U™|co — §CWk O™,

On the other hand, let 15 be an ergodic minimal measure for L — ¢ - v*. For an
Ls*—Euler-Lagrange orbit ¢*(¢) in the support of 4%, and any %% € T¢"™  define

OK(t) = i + BTA 1o (t) + Ccv t, teR (5.7)
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and write v = (7*%,7"¥). We take a weak-+ limit point u° of the probability measures
(7, %) |jo,r7 as T — 400. Then p* is a closed measure (see section .
Since on the support of p*, v™¥* — BT A=1y%t — C'c™k = 0, we have

—ags(c) < J(LS —c-v)dp’
1=~
_ J(Lst —c- vst)dlust + Jkadu o §chk . ka
1~
< —ama (@) + [Uloo — 5Ce™* - .

]

The following proposition establishes relations between rotation numbers of minimal
measures of the slow and strong systems.

Proposition 5.6. Let j° be an ergodic minimal measure of L* —c-v, and let (p*t, p™¥)
denote its rotation number. Then

]_ ~ _ S ~ w W — S SR w
0< 5 (Cp™ = BTAT!p = Ce™)) - (p™ = BTAT p™ = Ce™) < U™ o

and
0 < o=t () + B=t(p™) — - p™* < U™ co.

Proof. Using and the conclusion of Proposition we have
| U™ ]| co = J(LSt —c- v+ ag«(C))du® om
+ J;(él(w — ™)) - (w— Ce™)dps o (5.8)
Note the first of the two integrals is non-negative by definition, we obtain
0< J;(w‘”k — ) O (W™ — O™ dp® < |UY| o

Denote @™ := {w"sdu® = p** — BT A71p**, and rewrite the left hand side of the last
formula as

(C’v—l(wwk . C«ka)) . (@Wk . C«ka) + Jé—l(wwk . C«ka) . (,wwk . G))d,us

DN | —

1 ~—17, wk —wk wk —wk s
T

Note that the second term vanishes and the third term is non-negative. Therefore
1, - - .
§(C—l<wwk o chk)) . (wwk o chk) < HUWkHCO
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which is the first conclusion.
For the second conclusion, using (5.8)), we get

[T co = J(L“ — 0™ + o (0))dp o = JLSthOW—c-pSt + o ().

Using { Ls'dp o m = By« (p*) we get the upper bound of the second conclusion. The
lower bound holds by definition. O

5.5 Convergence of weak KAM solutions

We now prove Theorem 2.4l Fix B** and x > 1.
Let (B, pi, U, U™) € Q4(B™) and ¢; = (&', ¢]'™) be a sequence satisfying the

assumption of the theorem, namely u(BY<) — oo, p; — po, Ut — Ust in C?, and
At + A7 Bk — 6.

Item 1. Let u; be the weak KAM solution to L] = Ly st gw p, pst gy — ¢ 0. We
first show the sequence {u;} is equi-continuous.

Let M* be a constant larger than the constants in both Proposition [5.3] and [5.4]
Using both propositions, for any ¢ = (¢, "), o = (¢, p™k),

[ui(™, ™) = ws (W™, ") < M ™ = 0% + 8™ — ™ + 24,

where §; = M*(u(By*))~2-4+m,
Since §; — 0 as ¢ — o0, for any 0 < € < 1 there exists M > 0 such that for all
i> M, 30; < 5. It follows that if | — 4| < 55 < 1, then

|ui((p5t7 @Wk) - ui<w8t7 ka)| <E.

Since {u;}i<p i a finite family, it is equi-continuous. In particular, there exist o > 0
such that
ui(p) —u()| <e, H1<i<M, oy <o

This proves equi-continuity. Moreover, since u; are all periodic, u; — u;(0) are equi-
bounded, therefore Ascoli’s theorem applies and the sequence is pre-compact in uniform
norm.

Item 2. Let u be any accumulation point of u; — u;(0), without loss of generality,

we assume u; — u;(0) converges to u uniformly. Proposition implies that

lim sup(max u;(¢™, -) — minu;(¢*,-)) < 2 lim §; = 0,
1—0 SOs,t (2 1—0

therefore u is independent of @™k,

Item 3. From item 2, there exists us () = lim;_ o u; (¢, ©¥%). We show v is a
weak KAM solution of L — ¢+ v™ = Lyt vsty — ¢ - v™. Denote L§* = Ly, pst), We
have L — L§' in C2.
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We first show that v is dominated by L5 — ¢ - v*. Let &' : [0,7] — T™ be
an extremal curve of L¥. In the same way as in the proof of Proposition
we define & = (&,67%) : [0,T] — T™ such that &4(0) = £%(0), &(T) = &(T)
and £ — BTA7Y¢ — Ce™ = 0. Since for & = & + A7 By, u; are dominated by
L — ¢ - v+ ap:(c;), we have

T

ui(&(T)) — ui(&(0)) < f (Lf = ¢ v* + ags () (&, &)t
T O T 1 B

_ J (L3 — & o) (68, €M)t + f (UP(E) + ame(cr) — 2Ce™ - ¥,
0 0 ! 2

where the equality is due to 43¢ — BT A; 14— Ces = 0. Using the fact that |UY[co — 0,
L' — LF, and from Proposition , aps — G - ¢7F — ays(c) as i — ©, we get

b
W (E (b)) — (€% a) < f (Li — 2 0™ + am (O))d. (5.9)
Therefore v is dominated by L — ¢ - v,
Secondly, we show that for any ¢ € T™, there exists a (u™, L', ¢)-calibrated curve
Pt (—00,0] — T™ with +*(0) = ¢*. Because u; are weak KAM solutions, for
each i there exists a (u;, L, ¢;)-calibrated curve v; = (3%, 7%) : (—o0,0] — T¢. By
Proposition , all v* are uniformly Lipschitz, so there exists a subsequence that
converges in C} _((—o0,0], T?). Assume without loss of generality that 75 — 4, since
7 = (158, V) is extremal for Lf, we have

d
Ast = a(Aifst + BiI™) = A0, U + B UM~
By our assumption, as i — o0, A; — A 1= 0%« L5, and by Lemma [4.3| | B;| | U] c2 —
0.
= AU (™), (5.10)
which is the Euler-Lagrange equation for L.
Then for any [a,b] < (—0, 0],

b
w(3:(b)) — w (i) = f (LE — 50" + s () (s )t

a

b b
1 -~
= J (LSt — EZ . USt)(’YZ-St,’.}/iSt)dt + J (U,LWk + OéHf (Cz) — ECZ'C;VI( . C:Vk)(’}/“"}/l)dt

Take limit again to get

b
(b)) — (7 (a)) = j (L3 — & ™ + aps (©)) (7%, 4t

a

Because 7 is an L extremal curve (see ((5.10))), we have (5.9) hold for 4**. Combining
with last displayed formula, we get ((5.9) becomes an equality. Then 7% is a calibrated
curve for L5 — ¢- 0% + ags(¢), and u* is a weak KAM solution.
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6 The Mane and the Aubry sets and the barrier
function

We prove the following result.

Proposition 6.1. Fiz B and k > 1. Assume that (BY'*, p;, Us, UYX) satisfies the as-
sumptions of Theorem . Denote H = H (B, BYS, p;, USt, UMY), HSE = H™(po, USY),
Lf - LHf a/n/d LSt - LH(S)t

1. Any limit point of ¢; € Nu:(c;) is contained in Nys(c) x T,

2. If AHSt(E) contains only finitely many static classes, then any limit point of
@i € An:(ci) is contained in Aps (c) x Td=m.

3. Assume that Ag«(c) contains only one static class. Let ¢; = (&5, o) € Aps(ci)
be such that ¢;* — ™ € Ays(c). Then for any 1 = (Y, PpvE) e T,

ZILI}% th,CL (()07 ¢> == hL?)t@(SOSt’ ¢St>.

4. Let (pt, pi'®) be the rotation number of any c¢;—minimal measure of Lf. Then we
have 3
lim (p'* — BI A7 pit — Cicl™) = 0,
1—00

and any accumulation point p of pi* is contained in the set Oapys(c).

The proof of item 2 requires additional discussion and is presented in Section [6.2]
In Section [6.1] we prove item 1, 3 and 4.

6.1 The Mane set and barrier function

We first state an alternate definition of the Aubry and Mane sets due to Fathi (see also
[Ber08]). Let u be a weak KAM solution for the Lagrangian L. We define G(L,u) to
be the set of points (¢, v) € T¢ x R? such that there exists a (u, L, o )-calibrated curve
v : (—0,0] — T? such that (p,v) = (v(0),4(0)). Let ¢; denote the Euler-Lagrange
flow of L, then

—(6u@(L,w), AL =(Z(Lu), Np=|JZ(L,w), (6.1)

t<0

where the union and intersection are over all weak KAM solutions of L. The Aubry set
and Mafie set of c € H'(T? R) is defined as

AL(C) = -/ZlLfc-v; NL(C) = NLfc-ir

The projected Aubry and Maifie sets are the projection of these sets to T¢.
We now turn to the setting of Proposition Let L§, LY, ¢;, ¢ be as in the
assumption. The strategy of the proof is similar to the one in |[Ber10].
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Lemma 6.2. Let u; be a weak KAM solution of L — ¢;-v. Assume that ¢; = (¢4, v;) €
T(LE — ¢ - v,u) satisfies oy — ¢ = (p,0) = (¢, @, v, ™), and u; (™, ™) —
u(¢*). Then

(()Ost7 Ust) c j(Lst — - 'USt, USt>.

Proof. We first show that (¢;,v;) € G(LS —¢; v, u;) implies (o, v%) € G(L —é- v, ut).
Indeed, there exists ; : (—o0,0] — T, each (u;, L — ¢; - v, s (c;))-calibrated, with
(7i,7:)(0) = (p,v). We follow the same line as proof of item 3 in Theorem [2.4]
(section [5]), then by restricting to a subsequence, 75* converges in O ((—20,0], T%) to a
(u, Lgf — ¢ v, apgs (¢))-calibrated curve 7. In particular (45", 4") — (7“, 45Y), which
implies (¢, v') € G(L** — ¢ - v** ut).

Let ¢! denote the Euler-Lagrange flow of L$, and ¢:* the flow for L. Let m denote
the projection to the strong components (™ v*), then from Lemma Tl — 5
uniformly. As a result for a fixed T > 0 and (y;, v;) € Z(LS* — ¢; - v, u;), we have

27501 ) :t7 ;Nk)egbz (7( Ci'v7ui))7

(
hence (g5 v5') — (¢ St) o (G(L — ¢ v, wt)). Since T > 0 is arbitrary, we
obtain (¢, v%") € I(LSt ¢ - vt uth), O

(pirvi) =

Proof of Proposition[6.1, part I. We first prove item 1. Suppose @; € NH;(CZ‘), then
there exists weak KAM solutions u; of L — ¢; - v, such that (p;,v;) € Z(L? — ¢; - v, ;).
By Theorem [2.4 E after restricting to a subsequence we have u; (%, k) — }LSt(cpSt). By

Lemma (gt ust) — (ot ut) implies (o, v*t) € T(LE — ¢ - vt, ut) < Nz (€).

For item 3, suppose ¢; = (¢}, ¢}') € Aps(c;) satisfies 5* — ™ € AHst( ¢). Then
his e (i, -) is a weak KAM solution of L7 — ¢ - v (see [Fat08], Theorem 5.3. 6). By
Theorem 2.4 by restricting to a subsequence, there exists a weak KAM solution u** of
L% — ¢ - v such that

ZILH\% th,Ci (901; ¢St» ¢Wk) - th,ci (sza 07 0) = u3t<¢3t)'

We may further assume that hr; ., (i, 0,0) — C € R. Since Azt (c) has only one static
class, there exists a constant C; > 0 such that

USt(¢St) + Cl — tht75<QOSt,¢St).
Using the fact that ¢; € Ay (ci), we get hrs e (i, @;) = 0. Taking the limit,
ust<(’0st) — _Cl — thtj(QOSt, gOSt) o C — —C.

Therefore
lim fops o, (93, @3, 0%, M) = s o(0%,90%).

Item 4: Let p; = (p5t, pI'*) be the rotation number of minimal measures of L — ¢; - v,
then from Proposition

lim p¥* — BT A7 pst — Cyel™ = 0

1—00
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Moreover, assume that pf* — p** € R™, then by taking limit in the second conclusion of
Proposition [5.6] we get

aps(€) + Bpgt (p™) — ¢ p* =0,

using Fenchel duality, p** is a subdifferential of the convex function « my at C. m

6.2 Semi-continuity of the Aubry set

Our strategy of the proof mostly follow [Ber10].

Given a compact metric space X, a semi-flow ¢, on X', and ¢,T > 0, an (¢,T")—chain
consists of xg, -+ ,xy € X and Tp, -+ ,Tn_1 = T, such that d(¢r.x;, x41) < e. We say
that 2€yy if for any €, T > 0, there exists an (¢, T)—chain with xy = z and xy = y.
The relation €x is called the chain transitive relation (see [Con88]).

The family of maps ¢, = ¢, defines a semi-flow on the set G(L — ¢-v,u), and
therefore defines a chain transitive relation. Given ¢, € T¢ and a weak KAM solution
uof L —¢- v, we say that o€, if there exists ¢ = (p,v),9 = (¥, w) € T* x R? such
that

@€, where X = G(L — ¢ - v, u).

Item 1 in the following Proposition is due to Maifie, and item 2 is due to Mather.

The version presented here is contained in [Berl10].

Proposition 6.3. Let L be a Tonelli Lagrangian, then:
1. Let v € Ar(c) and u be a weak KAM solution of L — ¢ - v, we have p&,p.

2. Suppose Ap(c) has only finitely many static classes, and there exists a weak KAM
solution u such that o&,p. Then ¢ € AL(c).

Proposition [6.3] implies that, when Az (c) has finitely many static classes, the Aubry
set coincides with the set {¢ : p@,p}. We will prove semi-continuity for this set.

Definition. Let X' be a compact metric space with a semi-flow ¢;. A family of piecewise
continuous curves z; : [0,T;] — X is said to accumulate locally uniformly to (X, ¢;) if
for any sequence S; € [0, T;], the curves z;(t + S;) has a subsequence which converges
uniformly on compact sets to a trajectory of ¢,.

Lemma 6.4. [Ber10] Suppose z; : [0,T;] — X accumulates locally uniformly to (X, ¢:),
z;(0) = z and z;,(T;) — y, then xCxy.

Proof of Proposition part II. We prove item 2. Let ¢; = (5, oI'%) € Ap:(c;) and
@it — ¢, we show that ¢ € Aysi(c). According to Proposition , ©0iCup;. Let @
be the unique point in /lHis (¢;) projecting to ¢;, then there exists weak KAM solutions
u; of L¥ — ¢; - v, such that ¢;€@; in G(L: — ¢; - v,u;). Fix & — 0 and M; — o, then for
each i, there exists

Tip < <Tin, Tije1—Ti;> M,

and a piecewise C1 curve v; = (3%, 7"%) : [0, T;] — T¢, satisfying
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1. %[(T;;,T; j+1) satisfies the Euler-Lagrange equation of Lf;

2.
d((3(Tig=), %:(Tig—))s (n(Tig+), %i(Tig+))) < e

Using Lemma 4.3} E 3| the projection of the Euler-Lagrange flow of L? to (¢, v*) converges
uniformly over compact interval to the Euler-Lagrange flow of LSt This, combined with

item 2 and Lemma implies that (15%,45") accumulates locally uniformly to
Ly — v, ™), 6%)

where ¢5 is the Euler-Lagrange flow of L. Therefore ¢5* — ¢ impies ¢**€, . Using
Proposition again, we get % € Az (€). O

7 Technical estimates on weak KAM solutions

In this section we prove Proposition and . For (BY%,p, Us*, U") € Q. d(BSt)
{|UsY| < R}, recall the notations H® = H*(BS, BYX, p, U, U™%), H* = ’HSt(p, Us),
L* = Lys, L = Lys.

7.1 Approximate Lipschitz property in the strong component

In this section we show that Proposition implies Proposition [5.4l Proposition is
proven in the next two sections.

We first state a lemma of action comparison between an extremal curve and its
“linear drift”.

Lemma 7.1. Let L : T¢xR? — R be a Tonelli Hamiltonian, T > 1, and 7 : [0,T] — T¢
be an extremal curve. Then for any 1 <i <d, h >0, and a unit vector f € R,

T

T h h
J‘M7+}ﬁw+Tﬁﬁ—J'u%wﬁ

< @LO@ AN D (1 @D+ 1 @D+ 71 @) 1
Proof. We compute
uy

T
I @I 41 - @ A1 + 1 - @00

It follows from the Euler-Lagrange equation that

L('H f, ¥) = L(v,7 + f) oL (7, 7) *f+6vL(%#)

and our estimate follows from direct integration. O
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The following lemma establishes a relation between “approximate semi concavity”
with approximate Lipschitz property.

Lemma 7.2. For D,§ > 0, assume that u : T — R satisfies that for all p € T¢, there
exists | € RY such that

ulp +y) —ulp) <Ly +Dly|>+45, yeR?,
Then ||I| < Vd(D +6), and u is (2v/d(D + 6),6) approzvimately Lipschitz.

Proof. Assume that [ = (I3, ,l4). For each 1 <i < d, we pick y = —eiﬁ—?‘, where e; is
the coordinate vector in ;. Then

0=ulp+e) —ulp) < —|li[ + D+,
so |l;] < D+6. As aresult ||I| <+/d(D+§). For any y € [0, 1]%, we have ||y| < +/d and

u(ip +y) —u(p) < (VA(D +6) + Dly|)|y| + & < 2v/d(D + 8)|y| + .

O
Proof of Proposition[5.. Since u is a weak KAM solution, for any ¢ € T, let v =
(’YSt;WWk) : (—0,0] — T be a (u, L® — ¢ - v,ay(c))-calibrated curve with v(0) = ¢ =
(¢, %), Then for any T' > 0
0
ulg) = u( (T + [ (L= v am(@) At
-7
Using " we get
0 | )
) = ur (T + [ (1% = e )3 + (e (6) — e - CeT
-7
0
1 = = ~
! f S (7 = BTATI™ = Cemb) - 071 (3™ = BTATI™ — Ce™) + UM (y (1)t
-7
(7.1)

We now produce an upper bound using a special test curve. Let A5 : [-T,0] — T™
be such that
0 0 _
| @ e e = min [ (@ - o O (72)
-7

-T

where the minimum is over all ((—7") = v**(—T") and {(0) = ~+**(0).
We define € = (&%, &%) : [T, 0] — T as follows.

41



1. For y € R,
T+t

EHt) =15 (t) + Y

The curve & is a linear drift over ' with h = |ly| and f = 7o (see Lemma .
2. Define
(1) = 7" (=T) + BTATHEM (t) — 5 (=) + O™ (T + ).
We note that £¥%(—T) = y¥&(—T') and
o= BTATIE — G = 0.

Using the fact that u is dominated by L® — ¢ - v + ays(c), we have

U™+ 5. €50) Sur(-T) + | (L= vt am (@) O

=T

=uw«T»+[Tw“—ov%@%émﬁ

0 ) . 3 ) . . ~
+ J ;(fWk o BTAfléfst o chk) . Cfl(éfwk o BTA71§St . CCWk>dt
=T

0
+ (aps(c) — ;CWk O T 4 J UYS(&)dt
-

and note that the third line in the above formula vanishes, using the definition of £Vk.
Combine with (7.1)), we get

u(g™ +y,£7(0)) — u(e™, ")
0

0 .
< f (Lst —C- USt)(§St,§St)dt . J (Lst —c- USt)(VSt,’ﬁ/St)dt + ZHUWkHCO‘
=T

-T

From ([7.2]) we get
st wk st wk
u(™ +y,67(0)) — (g™, ™)
0

0 .
< [ wroeene - [ (- v it + 20U,
-7

=T

Since 75" is an extremal of L** — ¢ - v™, the linear drift lemma (Lemma applies.
Noting that |02« L < [A7, 02w L] < |U]|c2 < R, and 0%, L = 0. We obtain
from Lemma [7.1] that

0

O .
| @y éna- | @ - oo
-7

-T
<Ly + (A7 + 10" o)yl
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where | = 0, L% (75(0),45%(0)). Note that |A™!| + |U"|c2 is a constant depending only
on B*, Q, R.
We now invoke Proposition 5.3 to get

u(@™ + 3, £(0)) — u(e™ + y, ©")| < 8]E(0) — ™| + 6 < 24,

where 6 = M u(B™)~ (£ —d+m) for some M = M7 (B*,Q, k,q, R). Combine all the
estimates, we get

u(e™ +y, ") —ule™, ") <Ly + (AT + U o) [y + 20 + 20|

We note that in Q%" we have [UV|c2 < Zf:_lm U o2 < (d — m)r(u(BY))~%. We
may choose My = M3 (B*,Q, k, q, R), such that

26 + 2[U™| < Mz p(B™ )~ = '
We now apply Lemma to get u(-, p"¥) is
VA(|ATY] + U2 + &), 8)
approximately Lipschitz. Define M’ = 24/d(| A~ + U2 + M), and the Proposition
follows. O

7.2 Finer decomposition of the slow Lagrangian

For the proof of Proposition |5.3], we need a finer decomposition of the Lagrangian L*

which treat all %, 1 < i < d—m separately. First, we have the following linear algebra

identity. (The proof is direct calculation)

A B
BT C

Id  0][A B|[ld -A7'B] _[A 0
~BTA-Y 1d| BT c¢||lo 14 | |o C|

where C = C — BTA™'B. In particular, C is positive definite if S is.

Lemma 7.3. Let S = l
Then

] be a nonsingular symmetric matriz in block form.

We write H*(p,I) = K(I) — U(p) = K(I) — Us*(¢™) — U™ () and S = 0%, K. We
describe a coordinate change block diagonalizing 07, K. Write S in the following block
form

Xag_ _
S = l g m  Yd—m
yd—m Zd—m

] ) Xa-m € M(d—l)x(d—l): Yd—m € Rdila Zd—m € Ra

and for each 1 < i < d—m — 1, further decompose each X;,; as

Xi Ui
Xiy =
+1 lyT ‘

. . ) ) m+i—1 )
f Zz:| ) X € M(m+171)><(m+171)7 Yi € R y %i € R.
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Note that in this notation, X; = 0% K = A (see (2.4)).
Define, for 1 < < d —m,

Iy —X; 'y 0
E, = 0 1 0
0 0 Idg_p—;

where Id; denote the ¢ x 7 identity matrix. Then by Lemma
El  SEi ., =

Idg—y O] [Xam Yaom | [1damr =X Yam _ | Xa-m 0
_yglde_—lm 1 ycjllm Zd—m 0 1 0 gd—m

where Zg_, = Zgom — Y2, X, d__lmyd_m. Moreover, for each 1 <i<d—m — 1,

. . _x L.
[Idm-‘rz—l 0] Xz'+1 [Idm-‘rz—l Xz y[|

—yI Xt 1 0 1

[y O[5 o] s ] 0]
-y X; 1|y, & 0 1 0 z
Let
R
E=Ep, - E = 1 ~Rammblam | (7.4)
i 1 |
then recursive computation yields
Xy

E'SE = ET...EY SEy .- B\ = - ) —: 5. (75)

2d—m
We summarize the characterization of the Lagrangian in the following lemma. For
v= (v ol oYk Y e R™ x RY we define
» Ve

lv]y = v*, lv]; = (UStWYka T UWk), 1<i<d—m. (7.6)

Lemma 7.4. For v,c e R? we denote w = ETv and n = E~'c, where E is defined in
(7.4). Explicitly, we have

st st

w v
ka ,ka o yTX—l v
w — 1 _ 1 ' 1 [ JO ’ (77)
w:lvl(m U(;Vl(m - yg—mXc;}m [Udemfl
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and
nst _ Cst + A_lBCWk, n= (nStaan)7c _ (CSt,CWk),

where A, B are defined in (2.4). Then we have
LS(SD7 ’U) —Cc-v
d—m
1
= D) o Y (G - B - Jal UG ) (1
=1

Remark. This is a finer version of Lemma[{.2 In particular, the strong component
L* — - % s ddentical to the L* — ¢ - v** defined in Lemma[.4

Proof. Formula ((7.7) can be read directly from the definition (7.4) and w = ETv. To
show ™ = ' + A~ BcYk, we compute

A 0] [ it oo, |Hdn 0]]A B][ct
R R | P [

The first block of the above equation yields An® = Ac™ 4+ BeYk, hence n™t = ¢ +
A1 Bevk,
We now prove ([7.8). We have

1
L (p,v) —c-v = 2V
1 ~
= §(ETU)S_1(ETU) — (BT (ET) + U + UYE
1 —m
(o) 5 (et ),

In the above formula, the first group is equal to L5 — 75 - 05, noting w®** = v5*. Moreover

TSty — v + U 4+ U™k

1 1
< Hw™)? — i w™ = §2i<77;vk)27 1<i<d-—m,

and ((7.8) follows. O

7w — zm)? —

N —

We derive some useful estimates.

Lemma 7.5. There exists M* = M*(B*,Q, k,q) > 1 such that, for
LS = Lq.[s (BWk,p, USt,L{St), (BWk,p, USt,USt) c de

K,q ?

the following hold.
1. For each 1 <i < d—m, we have Z;l;.m U2 < M*|kyE| 9.

2. For each 1 <i<d—m, ;" < M*|k¥|%.

45



Proof. For item 1, note that for each j > i, |k}"*| < k|k}'*|, hence
[0 e < RIEFH 77 < 1R

Item 1 holds for any M* > (d — m)x! ™.
For item 2, inverting (7.3]) we get

-l Idpyio1 —Xi_lyi Xi_l 0 Id g4 0
i+l 0 1 0 ' |-vE X4 1|

Denote f = (0,---,0,1) € T™" then

Idpior X'y [ X7 0 Id,; 0 ~_
sz-‘rlf fT|: el 1y:||:0 ~—1:||:_T +_ :|f:Zzl

1
2 Vi1 Xip1 1

Moreover, using the definition (see (1.3)))

S=0hK=[k" - kR - k&”l‘m]TQ[kit e kSRR YL
we have

X = [R50 - kRS RTQIRE kR kY

— [ R R . l%z”‘]TQo[l%it B RS e BK] = PTQ,P,

where k is the first n components of k. We have assumed Q > D~'Id for D > 1. By
Lemma [3.4] there exists a constant ¢, > 1 depending only on n such that

il = (ain v Xuan)™ = (ain v PQoP)™ < DIPT

< DI I IR - (K < DI~ 4P
where M = |k$*| + --- + |k%| depend only on B*. O

7.3 Approximate Lipshitz property in the weak component

In this section we prove Proposition . We fix (BY, p, U, U*") € QU4 {|U™ |2 < R},
and write L® = Ly (B, p, Ust, U).
For c € R?, we define

Li,i(SOStWOYk?”' 790?71(7 U{Vkv"'v U; ) LS ([ Jz’[UJi)

= o) o 4 Z( B - Su 0 U)) (79)
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then
LS(S@ U) —Cc-v

d—m
- el lol) + 3 (G - B - G+ U ) (110

j=it1

Our proof of Proposition follows an inductive scheme. Following our notational
convention, denote €'* = e;,,,, which is the coordinate vector of ¢k

Lemma 7.6. Let u: T — R be a weak KAM solution of L* — c-v. Then for
bimm = 2 Ul

we have u is 8q_,—semi-concave and 8q_,— Lipschitz in %%, .

Proof. First we have

2 s _ 02 wk 2 s 2 s _ ~—1
Cort il = Cog s, Vdoms - O, ope, 27 =00 G e L7 = Zamn:

The first two equality follows directly from the definition, while the last one uses ((7.7)

and .

For any ¢ € T?, let v : (—o0,0] — T be a (u, L*, ¢)-calibrated curve with v(0) = ¢.
Then for any T > 0

u(@) = uly(~T)) + f (L* — ¢ v+ am()) (3, 3)dt.

=T

Using the definition of the weak KAM solution,
0 h
g+ e < uly(=T)) + [ (L = vt am@)r + e, i+ pet,de
-7

Subtract the two estimates, and apply Lemma to L® —c v+ ays(c) and v, we
get

ulp + he™) — u(p) < (@ L(1(0),5(0)) — cum)h
S 1 S S
A Y R e )
< (s, L0, 3(0) — &5+ (Ei/ T + U3 o) B
Take T = (Zgom|UY% [ c2)"2, and write [ = Oy L*(7(0)),7(0) — cyk | we get
wk 1 2
u(p + hel™) —u(p) < lh + idd,mh :
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The semi-concavity estimate follows. Using the fact that u is Z? periodic, we take
h =1/|l| to get |I| < 384-m. Therefore for |h| < 1,

1 1
lu(p + hel™) —u(p)| < (i(sd*’” - iéd,mh)h < Samh.

This is the Lipschitz estimate. O
We now state the inductive step.

Proposition 7.7. Let v : T — R be a weak KAM solution of L® — c-v. Assume
that for a given 1 <i<d—m—1, u is (0;,6;) approximately Lipschitz in goyk for all
1+1<j<d—m. Then for

d—m

d—m %
0 = (5{1 ) ||U;Wk|c2> L 0= Vd(6oi+4 ) 0,
=i

j=it1
we have u is (8;,0;) approzimately Lipschitz in @',

Proof. The proof is very similar to the proof of Proposition [5.4] but uses the finer
decomposition in this section.

Since u is a weak KAM solution, then given any ¢ € T¢, there exists a calibrated
curve 7 : (—o0,0] — T* with v(0) = ¢. Then for any 7' > 0

mw=uweT»+f<ﬁ—cw+am@m%wﬁ.

=T

Let he R, y e R% and a C! curve € : [T, 0] — T? satisfies

§(-T) =~(=T), &(0)=¢+he™+x,

then

u@+h@kww<uweT»+f<H—cm+am@ma@ﬁ

-T
0

<u(y(-T)) + f (L° —c-v+ags(c))(y,7)dt

- . (7.11)

[ weened - [ @-ene

—ulp)+ [ @ een@d - [ -t

=T

We will first give the precise definition of &, then estimate (7.11]), before finally obtain
the desired estimate.
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Definition of €. Recall the Lagrangian LY, : T™"* x R™*" — R defined in (7.9)). Let
£:[-T,0] - T™" be an L7 ; minimizing curve satisfying the constraint

¢(=T) = [],(=T), ¢(0) = |v];(0),
where ||, is defined in . For h € R, we define £ in the following way.

1. The first m + i components of £ is ¢ with an added linear drift in %, more
precisely,

€1;(8) = ¢() + e (7.12)

2. We define the other components inductively. For i < j

< d — m, suppose
161,41 (8) = (&, &7, -+, £%)(t) has been defined. We define

EH) = A7) + yf XEL () — y) XM ), ().
For each ¢ < j < d — m, we have
§Wk( ) = VWk(_T)a
o 7.13
{gwk XL = - X (713

We define y = £(0) — ¢ — hel™ , and note that from (7.12)),

[xJ; = 1€1:(0) = [7];(0) — he}™ = 0.

(2

Action comparison. We now compute
0 0
J (L* = c-v)(&€)d J S —c-v)(y,7)dt

T
0
s
J Lc,i
-T

0 d—m 0 . .

_ JTL )dt+j;1£T (UM(E()) — UM (1)) dt
d—m

+ ; 7! f ) (6 = X €L — 2 = (3 = yf X5 0 — 2m™)?)
j=itl -
0 0 d—m

< | el 1e)dt— | L (), 1)) de + 27 U™ | co.

<[ st || sol o 3 107

(7.14)

In the above formula, the equality is due to (7.10]). Moreover, observe that from (7.13]),

the third line of the above formula vanishes. The inequality follows by replacing U"*
with its upper bound [U}™co.
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We now have

[ rg e |

_ f L3 (1€ 1€],)dt f

=T

. Lei(vlis 7)) at

TLi,z-(hJi, [71:)dt

0 0

L2 (¢t |

T _
0

. 0 .
< | ntgaéa- | rcda,

=T

L+ |

noting that ¢ is minimizing for Lg ;.
Since ¢ is minimizing and hence extremal for L; ;, from the definition of £ in (7.12)),
Lemma applies. Hence

[ e [

=T

0

Jj=t

. 1 d—m
L5(GOdt <1 h+ (Tz +7] ), U;-”kucz) .

where [ = 61,1.(L§,i)(§(0),§:(0)). As in the proof of Lemma we choose T' =
(5257 042 we get

0

0 . . d—m %
| teiéa= | racdar<tneon Uz-:(é{lZUfkcz) .

-7
Combine with (7.14), and use the upper bound 3}, [UF|co < Z?;;n U] 2, we

=it
get
0

0
f (L* — ¢ v)(& €)dt —J (L* —c-v)(vy,%)dt < 1-h+ o;h* + 20;.
—T

-7
Estimating the weak KAM solution. Combine the last formula with (7.11)), we get
u(ep + hel™ +x) —u(e) <1-h+ oh? + o,

Since |x|; = 0, using the inductive assumption,

d—m
[u(p + hel™ + x) — u(p + hel™)| < 2 Z dj.

j=it1

Therefore

d—m
u(p + hel™) —u(p) <1-h+ oh* + 20, + 2 Z J;.
j=i+1
We now use Lemma [7.2] to get for
d—m
0 =2Vd(30;+2 ). 5)),

j=it+1

u is (8;,0;) approximately Lipschitz in ok O
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Proof of Proposition[5.3. We have shown by induction that for all 1 < < d—m, u is
(6;,0;) approximately Lipschitz in ¢'*, where §; are defined inductively in Lemma
and Proposition [7.7]

By Lemma [7.5] foreach 1 <i<d—m

0 = (5 U =) < M¥|ky[3

_ g _ .
Then 64 = 204 < M*|kYE |7279™. For each 1 < i < d —m, we have

d—m d—m

0; = \/3(601- +4 Z 5;) < (6\/g)i—m

j=i+1 j=i

0; < M*(G\/g)i_m‘kyk‘_%+d_m.
For any ¢"k, ¢k € TT™ and ¢ € T™,
d—m d—m
(@™, @) —u(™, ") < ) Sl — e+ )b
i=1 i=1

Since 71" 6 < (d — m)M*(Gﬁ)i*m(u(BWk))_%”—m, the proposition follows by re-
placing M* by (d — m)M*(6+/d)""™. O

A Diffusion path with dominant structure

A.1 Diffusion path for Arnold diffusion

Our main motivation is to prove Arnold diffusion for a “typical” nearly integrable
system of the form (1.1)). The word “typical” here means the cusp residual condition
introduce by Mather ([Mat03]).

Definition. For r > 3, we say that a property G hold for a cusp residual set of C"
nearly integrable systems H, = Hy + ¢Hy, if:

e G is an open property in C" topology;

e There exists an open and dense set V < {|Hy||cr = 1}, and a positive function eq :
VYV — R*, such that G is C"-dense on U = {Hy+cH, : H € V,0 <e <¢eo(Hy)}.

We would like to show that the property of topological instability is cusp residual.
Instabilities for multidimensional Hamiltonian systems (n > 3) are studied in [Moe96;
GK14a; CY09; BKZ11}; [KZ14; |DLS13; [Tre04; Trel2; |Zhel0; Marl2a; Marl2b; [KS12].

The main conjecture of Arnold diffusion in finite regularity may be formulated as
follows.

Conjecture. There exists ro > 0 such that for eachn =2, v >0, ro < r < 0, for a
cusp residual set of C" nearly integrable system, the system admits an orbit (0., p:)(t)
such that {p:(t)}ier is y—dense on the unit ball B™ := {|p| < 1}.
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The conjecture is a theorem for n = 2, we refer the reader to [Chel3; [ KZ13| and
reference therein. The proof in n = 2 follows two steps:

Step 1, define the set V), which contains the set of “nondegenerate” H,. For H, € V,
Hy + eH, possesses certain open structure of instability, such as NHICs and the AM
property mentioned below.

Step 2, show that for any Hy + eH; with H; € V and ¢ sufficiently small, one can
make an arbitrarily small perturbation to Hy + £H; such that there exists diffusion
orbits.

In Theorem [A.1] we prove a weaker version of Step 1. The heart of the argument
is the construction of a diffusion path, on which all the essential resonances has a
dominant structure. We expect the same diffusion path can be used to prove the full
conjecture. To avoid excessive length, we will give an outline of the proof with key
statements, and the full details will appear later.

A diffusion path P is a subset in R" that the diffusion orbit p.(¢) roughly shadows.
We pick a diffusion path that travels along a collection of (n — 1)—resonances or,
equivalently, along a collection of connected 1-dimensional resonant curves.

Definition. A diffusion path P is a compact connected subset of

UTaen : A e £0D)

where LMY ;= {Azgn_l)}i:1 s a collection of rank n — 1 irreducible resonant lattices
(and each T'ywm-1) is a 1-dimensional resonant curve) . E|

We define the AM property of a mechanical system relative to an integer homology
class.

o« Let H = K — U be a mechanical system on T" x R",
e h be an integer homology class,

o Sp ={H = E} be energy surface.

e minU = 0, and the minimum is unique.

Denote by 7 : T" x R™ x T — R" the natural projection onto the action component.

Recall that homology and cohomology are related by Legendre-Fenichel tranform
LFs(h) = HY(T",R) (see (5.1)). By a result of Diaz Carneiro [Car95] for each coho-
mology ¢ € H'(T",R) the Aubry set A(c) € Sa(e).-

Definition. Let p > 0. We say that (H, h, p) has the AM property if for any A such
that ¢ € LFg(Ah) and ay(c) = p the Aubry set A(c) is a finite union of hyperbolic
periodic orbits such that each of these periodic orbits as a closed curve has homology h.

3 A remark on notation: the supscript ("=1) is not used as an index, but rather an indication for the
rank of the lattice.
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Remark. Note that in the definition we do not consider the energy 0 < E < p.
The AM property is far from being generic. In Section[Bl we discuss variety of ways
the AM property can fail for an open class of systems.

Let A1 < £ be two irreducible lattices of rank n — 1 and n respectively. Let
B™ = [ly,...,l,] be an ordered basis of £ and BV = [ki,... k,1] is be an
ordered basis of A=Y, Then A™~Y and (™ induce a (unique up to a sign) irreducible
integer homology class denoted h(B"~1, BM) e Z" ~ H,(T", Z) (see for details).

We now state the main theorem of this section.

Theorem A.1. There exists rog > 0,C > 0 such that for eachn =2, p >0, rg <1 < 0,
for an open and dense set of Hy from {|Hy||cr = 1} < C"(T™ x B" x T), there exists
a diffusion path P = P(Hy,p) with a a finite set € called the punctures or strong
resonances, with the following properties.

1. P is p-dense in B™, i.e. p-neighborhood of P contains B".

2. For each l—dimensional resonant curve I'; € T'y@m-1) NP there is a 3-dimensional
NHWIC C? whose projection onto the action component dist(wC2,T;) < Cy/e.

3. (Away from strong resonances) For each c € T'; with dist(c,>,,) = Cy/€, we have
A(c) belongs to C3.

4. (At strong resonance) Each puncture py € € is given by a rank n irreducible lattice
E(n), i.e. {po} =Tsm.

5. Let pg € PN Txm be a puncture. Then py < T'\-1y NP # po for some rank n — 1
irreducible lattice A"V with bases B™Y and B™. For the induced homology
h = h(B™Y|B™) and the slow mechanical system H = H s, defined in ,
we have that (H, h, p) have AM property.

We have the following remarks.

o If n =2, a stronger version of Theorem [A.T| hold. Namely, one can prove that for
an fized diffusion path, there exists a cusp residue set of systems Hy + ¢H; for
which the theorem hold. Whether this statement generalizes to higher degrees of
freedom is an open question.

In our formulation, it is essential that the choise of diffusion path P does depend
on the perturbation eH;.

o Item 3 says that 3-dimensional cylinders 51-3 are minimal in the sense that they
contain the Aubry sets with frequency vector from I'; away from maximal essential
resonances.
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It turn out that away from strong resonances for each h € T'; with dist(h,X,) =
Cy/e and ¢ € LFz(h) we have not only that A(c) belongs to @3, but also it
is a Lipschitz graph over a certain 2-torus T?, i.e. for some submersion 7, :
T" x B" x T — T? we have that 74 : A(c) — T2 is one-to-one and the inverse
is Lischitz. This is similar but more involved than what is presented in [BKZ11].
See discussion of n = 3 in [KZ14].

3-dimensional cylinders C? for H, correspond to 2-dimensional cylinders C? for
averaged Hamiltonians.

The cylinder CNZ-3 might consists of several connected components. At each maximal
essential resonance I'y ) this cylinder can have two connected components: one
on each local component of T'ym-—1)\['s(m)-

The union of hyperbolic periodic orbits gives rise to a NHIC.

In section |B| we discuss the role of AM property for proving diffusion as well as
the number of ways it can be violated.

Notice that at each strong resonance, due to our definition of AM property, we
do not discuss the case low energy 0 < E' < p. This is why Theorem does not
complete Step 1. For n = 2 a full description can be done, see [KZ13; |Chel3] and
references therein. For n = 3, construction of NHIC for away from critical energy
in general and normally hyperbolic invariant manifolds (NHIM) for critical energy
for simple homologies is discussed in |[KZ14], sect. 6.3. We expect these methods
extend to arbitrary n > 3 (see also [Turl4]).

We point out that presence of NHIC and NHIM is still not sufficient for diffusion
as we need to construct the jump from one homology to another (see sect. 12
[KZ13]). In the case n = 3 it requires a lot more work (see sect. 8 [KZ14]). We
expect to generalize this construction of the jump from [KZ14] to any n > 3.

A.2 Nondegeneracy conditions for Arnold diffusion

We now describe the set V in Theorem using the conditions [H1] and [H2] to be
defined later. Let p > 0 and 1y < r < 0. We say that Hy € V if |Hy|cr = 1, and there
exists a diffusion path P that is p—dense in B", with the following properties.

« For each A D e £0=1) and each connected component I' of P N T'ju-1), there
exists A > 0 such that function H; satisfies condition [H1A] on T

« Foreach A > 0and A1 e £ ! there exists a finite set of rank n resonant lattices
ES(AD | \), with the property X > A=Y for each X" € ES(A™1, \). Then
[y is a single point contained in I'yu-1y. The collection £ = {I'sw) : (W €
ES(AY X)) is the set of punctures in Theorem [A.1]
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o Let A > 0 be such that [H1)] is satisfied for H,. For each X e £S(A™1 )
and A1) e £~V guch that I'sm) € P, we choose basis B™ and B"~1. We say
that H, satisfies condition [H2] at I'ym if for all such AP~ < %),

(H;(),B(") ) h(B(n_l) |B(n))7 p)

satisfies the AM property.

The condition [H1)\], and the definition of ES(A®™~Y ) and h(B™Y|B™) will be
explained below. For the moment we only remark that for a fixed P, the condition that
[H1A] holds for some A > 0 is open and dense; for a fixed I'y;), the AM property is
open but not always dense. However, it is a dense condition if the lattice X satisfies a
domination property. The main idea is then, to pick a particular H;-dependent diffusion
path P, such that all the essential resonances on this path has this domination property.

The condition [H1]

We now describe our first set of non-degeneracy condition. For A~ Y e £~ et us
fix a basis B. For A > 0 and a connected compact subset I'®~ Y < I"y (n—1), we say that
H, satisfies condition [H1A] on T~ Y if

o For all pe '™V, the function Zz(-,p) has at most two global maxima.

e At each global maxima ¢* of Zgz(-,p), the Hessian 6Z@ZB(¢*,p) < —Md as
quadratic forms.

« Suppose py is such that there are two global maxima ¢} (pg) and ¢3(pg). Then
they extend to local maxima for nearby p € "D We assume that the functions
Z5(0*(p),p) and Zg(p5(p), p) have different derivatives along '~V with the
difference at least .

We say that H, satisfies [H1] on I~V if it satisfies [H1)] for some A > 0. These
conditions are introduced by Mather (|[Mat03]) for n = 2 and assumed in [BKZ11|. We
note that the quantitative version [H1A] of the condition depends on the choice of basis,
while the qualitative version [H1] does not.

For H, satisfying [H1)], there exists a finite set of rank n lattices containing A=Y,
which we will call ES(A™1 \). More precisely, assume that the basis for AV is
{ki,--- ,kp_1} and there exists M = M(A™V X) > 0 such that

ES(A(n_l),/\) = {Akl,--‘ kn_1,k' - |]{3/| < M}

)

For each A € ES(AM™=Y X), T'y is a point contained in 1-dimensional curve I'ye-1).
The condition [H1] implies the existence of NHIC away from punctures, see [BKZ11].
It is not hard to see that item 1-5 of Theorem are direct consequences of our
non-degeneracy conditions. The difficulty in Theorem is in showing these conditions
are open and dense.
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Induce homology and non-degeneracy

Fix A™ e £ES(A=V )), and let B™ be an ordered bases of A™, B™~Y is an ordered
basis of A®~Y and {py} = I'yy. Our second set of non-degeneracy condition concerns
the slow system H;O g ¢ T x R" — R, for a particular integer homology class

h(B™=Y|B™) e H(T", Z), uniquely defined modulo the sign. We give a more general
definition here.

Definition. For 2 < s < n, irreducible lattices A=Y < A® | with corresponding basis
BEY = [ky, - ks_1] and B® = [l;,--- ,1,]. Since k; € A®), there exists a unique
collection a; € Z°\0, i = 1,...,s — 1, such that

k;, = [l1 o ls] a;.
Then h(B®~1|B®) e Z* is defined by the relations
a; - h(BEYIBYY =0, 1<i<s—1. (A1)
This definition is determined by the resonance relation
ki (w(p),1) =0, 1<i<s-—1,

after converting to the basis [l1,- -, s].

We require the triplet
(HSO,B(") ) h(B(n_l) ‘B(n))7 p)

p
satisfies the AM property. We have the following consequences of the AM property:

e (Robustness) The non-degeneracy condition is open.

e (Minimality) The condition guarantees, among other things, existence of an
ordered collection of minimal 2-dimensional NHICs with heteroclinic connections
of neighbors. Each cylinder is minimal in the sense that it is foliated by periodic
orbits minimizing action of a certain variational problem.

e (Hyperbolicity) Each cylinder is hyperbolic in the sense that it consists of hyperbolic
periodic orbits.

A.3 Properties of the nondegeneracy condition

Suppose H*(B*t, BY% p, Ust, " ) is a dominant system. Then the AM property extends
nicely from the strong system to the slow system. More precisely, the following properties
hold.

Property A0. For H = K — U, the AM property for (H, h, p) is an open condition
in both K and U.
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Property A1. (Genericity in 2-degrees of freedom) For a fixed quadratic form
K on R? and h € Z?, there exists an open and dense set of U € C?(T?) on which
(H =K —U,h,p) have AM property.

Property A2. (Dimension reduction using hyperbolic fixed point) Consider the data
(B, Qo, K, q, p) and the space of corresponding dominant system QZ;Jm”(BSt). Assume
that Us* € T™ admits at most two non-degenerate minima. Note that each corresponds
to a hyperbolic fixed point of H*'.

Then there exists M > 0 and ¢ > 0 depending only on B**, Qo, &, ¢, po, U§', p such

that the following hold. For each B¥* with
w(B™) > M, |p—po| <6, |U* = Ut|c2 <6, and h e Z?,

for an open and dense set of U™ (in the space QZ?;]”*Q(B“) restricted to fixed BYE, p, Us),
the triple
(HS(BSt7 BWk7p7 USt7uWk)7 g, P) ) with 9= (07 o 707 h)7

have AM property.

Property A3. (Dimension reduction using AM property) Consider the data (B, Qq, &, q, p)
and the space of corresponding dominant system QQ?;;”“(BS‘;). Assume that py € R”,
Ust € C"(T™), h € Z™ satisfies

(H**(po, U'), h, p) have AM property.

Then there exists M > supyep- |k|, 6 > 0 depending only on B, Qq, , ¢, po, U3*, h, p
such that the following hold. For each B"* with

w(BY) > M, |lp—pol| <6, |U* = Us|c2 <,

and any nonzero pair of integers z, w, the following hold.
For an open and dense set of U™ (in the space Q™1 (B*) restricted to a fixed set
of B, p,U®"), the triple

(HS(BSt,BWk,p, USt,Z/{Wk),go,p) , where gg = (zh,w), has AM property.

Remarks:

1. The proof of Theorem uses only Properties A0-A3 instead of the precise
definition of AM property. Therefore the proof applies if we take Properties AO-A3
as ansatz. We expect that the properties required for the full diffusion problem
satisfy the same ansatz and our construction applies to the full diffusion problem.

2. The list of properties A0 - A3 provides a setup for proving non-degeneracy using
induction over degrees of freedom. Assume that U® admits a non-degenerate
minimum, then property A2 allows to extend this system by two more degrees of
freedom, provided the homology ¢ is only nontrivial in the weak variables. If H*'
is nondegenerate in a nontrivial homology h, property A3 allows to extend by one
degree of freedom, provided the new homology g is trivial in the weak variable.
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3. Let us explain the proof briefly. Property Al is a known result. This property
is used in Arnold diffusion in 2% degrees of freedom, and we refer to [Mat10|,
[Mat11], [KZ13], [Chel3] for more details.

4. Property A2 uses the first type of dimension reduction. The assumption ensures
that H®" admits at most two minimal hyperbolic saddles. An arbitrarily small
perturbation ensures that only one of them is minimal. Using Corollary [2.3] one
obtain that H® admits a minimal four-dimensional NHWIC C*. Furthermore,
Theorem and Proposition provide variational characterization for the
cylinder. Then the restricted system to C* behaves like a system with two degrees
of freedom, and an analog of property Al can be proven. In particular, there will
be an ordered collection of minimal two-dimensional NHIC’s contained in C*.

5. For property A3, when the triple (H®, h, p) satisfies the AM property, the strong
system admits a family of two dimensional NHICs. Because there is only one weak
component, Corollary implies that H® admits a minimal four-dimensional
NHWIC. Similar to the previous case, the idea from property Al can be applied
to prove nondegeneracy.

6. One can say that in the case A2 or A3, the slow system H?® is “dominated” by
the strong system H®'.

A.4 Construction of a diffusion path and surgery of resonant
manifolds

To prove Theorem [A.T] it remains to construct a diffusion path with our non-degeneracy
conditions.

Proposition A.2. For each v > 0, there exists an open and dense set V < {||Hi|lcr =
1}, such that for any Hy € V, there exists a y—dense diffusion path P, such that the
non-degeneracy conditions [H1] and [H2] are satisfied along P.

The proof of Proposition occupies the rest of this section. Since our nondegener-
acy conditions are assumed to be open, it suffices to prove density. We fix an arbitrary
relative open set Uy < {|Hi|cr = 1}, we will show there exists H; € Uy such that the
conclusions hold. The proof follows an inductive scheme. The strategy is as follows:

1. At step s we have a finite collection of integer irreducible lattices £ = {AZ(S)}7

i.e. each AZ(»S) := spangy{ki, - - k'} has rank s and is spanned by integer vectors
ki, -+ k' The union of corresponding codimension s resonant manifolds ("))
is called P).
The lattices A(®) has a hierarchical structure in the sense that there is an unique
element A1 e £6-1 guch that A < A®). As a result, P& < PG,
we will choose £ such that P is (1 — 2 - 47)y—dense subset in P~ and
(1 —47%)y—dense in B".

58



2. A set of essential resonances £V is a collection of irreducible lattices of rank
s + 1. Each element L6+ e €6+ contains at lease one element A®) e £,
Roughly speaking, the essential lattices are the collection of lattices (1) that
contain but does not dominate some A®) e £

Essential resonances Y11

['s;s+1) contained in P,

correspond to a codimension s + 1 resonant manifold

3. A nondegenerate set N, = P), which is open, connected and (1 —2-4~%)y—dense
in B", such that the following hold:

(a) For all A® e £ with basis B®) = [ky,--- k], and py € Ny N o, the
slow system
;073(5)
is nondegenerate in the sense of Property A2.

(b) For all essential lattice X(*1) e £6%1) with basis B+ and pg € Ny N sy,
and every A®) e £ with A®) < £6+Y and basis B®), the triple

<H;0,Bés+1)’ h(B(S)7 B(s+1)))7 p)

e

satisfies the AM property, setting up to apply Property A3.

4. The next generation of resonant lattices are carefully defined so that we can use
Property A2, A3 to extend the non-degeneracy in item 3 to the next generation.

5. The induction finishes at step n — 1, when we obtain an open, connected and
y—dense set N,,_; < P™ D in B" which consists of 1-dimensional resonant
manifolds and will be our diffusion path, and all essential resonances have the
AM property.

A.4.1 An initial step of the induction

Since the union of all 1—resonant manifolds are dense and locally connected, for each
~v > 0 we can pick £ = {A"} such that the set

73(1) = U F[:u) M Bn
AMeLm
is connected and 7/2—dense in B™. For each lattice L) denote its basis by BY = [k],
i.e. L0 = spang(ki) n Z"1. Denote by K1 = {BY} the union of basis vectors.
For any two sets F, By < Z™"!, we define

By v By = spang{E; U By} n Z"

to be the smallest irreducible lattice containing F; and Fj.

We define a first non-degeneracy set Y} (Hy, P1Y) < PW by the following condition:
For any AW e £ with basis BM and pel'yoyn PO the averaged potential U, g)
has at most two A—nondegenerate minima.
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IJNE)

Figure 2: The first nondegeneracy set for n = 3: the shaded part is the A—nondegenerate
set. On the bold lines there are two minima for U, z), at the blue dots are there are
three minima. At the green dots the minimum is degenerate.

Lemma A.3. There exists a relative open set U; < Uy and Ay > 0, such that for
H, e Uy, the nondegeneracy set yfl(Hl,P(l)) is open, connected, 4-2y—dense in PW,
and (1 —2-471y)—dense in B".

The set V' (H,, PM) is the shaded set on Figure 2, For brevity in what follows we
often omit dependence of y{\1 on Hy, and PW.
For each po € Tya) n Y, where AM’s basis is BY, the assumption of Property A2

is satisfied for B = BY, py and Ut = U,,.50- Moreover, using compactness, for all

m=1, AYerf® peTinnd), U'=U, g0,

there exists a uniform M; = M (PM, VM), such that for all BYS = [k¥* ky*] with
wu(B¥*) > M; the conclusion of Property A2 is satisfied. We assume that M is chosen
such that

M (PO, YM) > max |k
1 ) k?fellcﬁﬂ 1

We define the first generation of essential lattices £ = €@ (PW PM) as the set
of all rank 2 irreducible lattices 3(? satisfying the following conditions: there exists
A® e £ such that

»@ < AW, M(Z(2)|A(U) < M1(73(1), M),

The requirement M; (PM, Y1) > maxy, .x |k1] ensures that for any Aﬁ”,AS’ e L),
the lattice Aﬁ” v Agl) is automatically essential. This corresponds to the intersection of
FAgn and FAél).
The essential lattice set contain all lattices that does not “dominate” the lattices in
LM, Let us also denote
ey = U Ise
S@eg®)
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Figure 3: The final nondegeneracy set of step 1: removing all essential resonances
results in a disconnected set, but removing only the degenerate part does not destroy
connectivity.

the union of all resonance manifolds corresponding to the essential lattices.
For each essential lattice ¥ we fix an ordered basis B{?) (the actual choice is

irrelevant). We define a second nondegeneracy set Z;(Hy, 2, VM) to be the set of
p € sey N Y such that for each &y € ©®) with B = [ky] € KO, the pair

p

(4 o H(BVIBP), )

satisfies the AM property. We then define Zl(Hl,S(Q),yf‘l) to be the union of all
Z,(Hy, 2@, Y1) over essential resonances £ e £3),
Because H; s has two degrees of freedom, we can use Property A0 to obtain the

following lemma.

Lemma A.4. There exists a relative open set U] < Uy and a relative open Z <
Fe N yfl such that the following hold.

1. For all Hy e U!, Z, is compactly contained in Zy(Hy,E® YM).

2. The set ~
M:=I"n2Z

is open, connected, and (1 — 4=')y—dense in PL),

We choose Z; compactly contained in Z; so that the nondegeneracy on 2, is uniform
due to compactness. The idea behind the definition of A is the following: On the set of
essential resonances ['¢(z), domination does not apply, so we should remove it from the
nondegeneracy set Y;'. However, in this case the remaining set becomes disconnected
because the essential resonances divide the space (see Figure , left). Instead we only
remove only p’s with the nearly degenerate essential resonances, i.e. Y N F5(2>\'21 (see
Figure [3] right dashed line).
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A.4.2 Step 2 of the induction
We completed step 1 with
o the collection of rank one lattices £, with associated bases BW,
+ a collection of essential rank two lattices £,
« a dual collection of codimension one resonant manifolds P,
« the nondegenerate set A; = PM) and is (1 — 47 'y)—dense in B".
By step 1, for each essential resonance ¥ > B® and p € I'ye nN] the pair

(H;’ 5@ h(B(1)|B§2))) is nondegenerate. Therefore, Property A3 applies with

m=2, B'=BP, U =U ., h=hBYB2).

Po, €

Moreover, we can choose a uniform constant Ny = No(E3) N}) over all ©?) e £2)
BY = @ and p € T NN, such that the conclusion of Property A3 hold.

We are now ready to define the set £2). We say a rank 2 lattice A® is admissible if
the following hold.

1. There exists AV € LM such that A = A@).
2. A® cannot be generated by the previous generation essential resonances, namely
A ¢\ /(5P e g}, (A.2)
where \/ is the smallest irreducible lattice that contains all lattices ¥ e £3).

3. Item 2 ensures that A = A® is unique. Otherwise, suppose we have A(ll), Aél) c
A® with bases B, B then A® = AV v AV, and

MAD A < max  {|k]} < M, (PO, N),
keBM uBY

hence A® e £ which is a violation of item 2.
4. (ghost property) For each AV = A® and A = £ we have
M(E® v AD|R@) > N (EEHD ). (A.3)

In particular, for an adapted basis B, BYX of (2 « ¥ v A® and p € Ty n N}
the conclusion of Property A3 hol. We also point out in this case £ =
Y@ v A® will be an element of the next generation essential resonance.

4The name “ghost” comes from the fact that we test ks against all possible essential lattices ¥(2)
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We claim that the lattices that are not admissible can be generated by a finite set
of integer vectors. Therefore the resonance manifolds of the admissible lattices form a
dense set. As a result:

Lemma A.5. There exists an collection of rank two admissible lattices L2 such that

73(2) = U Pc(z) ﬁ./\/l
A2 er(2)

is connected, 4 >y—dense in Ny and (1 — 2 -472)y dense in B™.

For each A® e £®| there is a unique AM € LB with A = A®). Since AM comes
with a standard basis BY), we extend it using Proposition to obtain a standard
basis B® of A®. We call the collection of all basis K®.

Similar to step 1, we define the non-degeneracy set V3 (H,, P?) < P® by the
following condition: For any lattice A® e £®), with basis B?), and p € 'y n PP, the
averaged potential U, g2 has at most two A—nondegenerate minima.

Lemma A.6. There exists an open set Uy < Uy and Ay > 0, such that for Hy, €
Uy, the nondegeneracy set yZ)‘Q(Hl,P(l)) is open, connected, 4" 2y—dense in PP, and
(1 —2-472)y—dense in B".

Using compactness, we obtain that for
m = 2, BSt = 8(2) € K(z), Po € FB(2) M 3@2, USt = Up0,3<2)7

there exists My(P®, 2’\2) > 0, such that the conclusion of Property A3 applies for all
w(B¥) > M,. As before, we require

Mo (P32 Pr2 )
2(7) » 2 ) > kl,kggl})’%%(elC@)(’le ’kZ‘)

We now define essential lattices. It suffices to define bases of these lattices. As
in step 1, £® is the set of all rank 3 irreducible lattices X3 satisfying the following
conditions: there exists A® e £ gsuch that

S0 c A, MEPAD) < My(PD, ).
Starting from s = 2, the essential resonances come with a hierarchical structure (see
Figure [5)).
o Type (3,1): We say ©® is of type (3,1) if there exists £?) e £ such that
¥ = £G). The collection of (3, 1) essential lattices is denoted e,

This element 2 is necessarily unique, otherwise 2 5 A® can be generated
from two elements from £, leading to a contradiction with item 2 in the definition

of £, Moreover, since £ cannot be generated by vectors from £(?), we have
N6 = n@ y AQ).
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By item 3 in the definition of £,
ME® v AP 2@ = M(E®2®) > Ny (E®, N).

Recall that ¥ comes with fixed basis B{?). We use Proposition 3| to extend this
basis to an adapted basis B> of (3). We take this basis as the fixed basis of ©(3).
For each p € I'sys), Property A3 applies. We say that

H dominates H ).
p,B p,BY

o Type (3,2): £O) is called type (3,2) if it does not contain any element in £®.
The collection is denoted 52(3).

In this case, by definition, ) e 52(3) and we have
M(E®|Ay,) > My (PWD, ).

We use Proposition |3[to extend k; to an adapted basis B(*) of £(3) taken as the
fixed basis for X(3). Property A2 applies, and we say that

Hp73(1) dominates Hp B® -

We now have the decomposition
EB) .= g® el

For each ¥ < £6) with basis B, we define the nondegeneracy set Z5(Hy, ), 13?)
Ise N y§2 to be the subset such that for each A® < £®) with basis B®,

p

(HSVBS”M h(B(2)|B£3))7 :0)

satisfies the AM property. We then define Zg(Hl,g(?’),yQ)‘Q) to be the union of all
Zy(H,, %), ¥3?) over essential resonances () € £6).

If the essential resonance X € £ is type (3, 1), we use Property A3; if £ is of
type (3,2), we use Property A2. This allows us to prove the following non-degeneracy
lemma.

Lemma A.7. There exists a relative open set Uy < Us and a relative open set Z, such
that the following hold.

1. For each Hy e U', Z5 is compactly contained in Z,(Hy,E®), 32)

2. The subset .
Ny =252 2,

is open, connected, 4~ 2y—dense in P and (1 — 2 - 472)y—dense in B".
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Figure 4: Hierachy of essential resonances: faint red curves are the previous generation
essential resonances, blues line are current generation diffusion path, solid red dots are
of type (3, 1), hollow blue dots are of type (3, 2).

A.4.3 Step s+ 1 of the induction

We completed step s with

the collection of rank s lattices £(%), with associated bases B®),
a collection of essential rank s+1 lattices £6+1),
a dual collection of codimension one resonant manifolds P,

the nondegenerate set Ay < P®), which is (1 — 4~°y)—dense in B".

The diffusion path.

We have the collection of lattices £1),--- | £) with £0) =
rank j lattices. For each AU) e £U), there exists a unique AY
that AU—Y < LU~

{Az(j )} are irreducible
—1) = AU) and such

Each A®) € £) has a ordered basis defined in the following way. For each A we
fix a basis B = {k;} which is unique up to a sign. From the previous property,
A®) comes with the chain of inclusion

AD ... A(S)’ AU E(j), 1<j<s,

and we extend the basis BV of AV an increasing set of bases BV < ... < B®)
by consecutive application of Proposition [3.1}
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« We use K to denote the collection of standard bases. For each B®) = [ky,--- , k],
we denote |B®)| = sup; |k;].

o The diffusion path at step s is

PO = ] Tawe.

A eLls)

The set P*) n B" is connected and (1 — 2 -47*)y—dense in B".

Essential resonances.

« We have the essential lattices £, ... £6+D where for each 1 < j < 5, XU+ e
EU+D is a rank j + 1 irreducible lattice. For each £U*Y there exists at least one,
and at most two element AU) € £ such that AV < £0),

o If essential lattice £+ e £+ contains only one element X(*) € £) then there
exists 1 < j < s, such that

U)o nbt) s w® e el 1<t <s+1

is the longest chain of essential lattices, meaning 3U*! does not contain any
element of £0). We then have the following inclusion

AW i c AU e 20D Lo o 3t
We use Proposition to obtain the chain of adapted bases (called ordered basis:
BY c...cBU=Y c BUtY ... c B

I

where each B® is a basis of A®) € £ and each BY is a basis of ) e £,
Recording the increment of rank in the chain, the essential resonance L(+b is
called of type (s + 1,7). Denote by EJ(SH) the set of essential resonances with this
property.

Strong system and nondegeneracy.

o For each 1 < j < s, there exists the nondegeneracy set N; < PU) | with the

property that each Nj is relative open, connected and (1 — 477v)— dense in
PU) A~ B™ and (1 —2-477)y—dense in B". The following inclusion hold

PO SN, o P 5N

« There exists a sequence of (nonempty) relative open sets

{|Hi|cr =1} Uy Uy DU o DU, DU
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E(Z)
first generation of essential lattices

1
E(3) EB)
1 2 second generation of essential lattices

third generation of essential lattices

(s-1)
s .
1 (s-2)-nd generation of essential lattices

/ / / /\ (s-1)-st gen. of essential lattices
j / / / /\ s-th gen. of essential lattices

(s+1) (s+1) (s+1) (~(s+1) (s+1)
S SO S S &
1 5-2 s-1 s

2

Figure 5: Essential lattices

« There exists \; > 0 such that for each H; € U,, A® e £ with basis B®), and
p € Ny n T\, the strong system H, 5 is nondegenerate in the sense of Property
A3 and the averaged potential U, ) has at most two A-nondegenerate minima.
Using compactness, let

MS(P(S),/\/S)> sup |B(S)]

B(s)ex(s)
be a uniform constant such that Property A3 applies.

o For each H, e U, B¢+ e €6+ with basis BEHY, each A®) < B+ with basis
B®) and p e N, N Tses1), the pair

(H, e, (B, BEH) )
is nondegenerate in the sense of Property A3. Using compactness, let
N,(ECHD N >0
be a uniform constant such that Property A3 applies.

Domination Properties

o Let X6+D ¢ EJ(SH) be an essential resonance of type (s + 1, ), then we have the

chain
AV oo c AUTD e 30D =L o p(e+D),
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The following domination property holds:
M(E(j+1)|A(j—1)) = Mj_1(73(j_1),/\/}_1),
MEEDISOY > N, (ED N), jH1<t<s.
« As a corollary of the domination properties, for 1 with the type (s + 1, ), let
BW «...c U < B£j+1) e B£s+1)

be the chain of basis. Then

— For cach p e T'yy-1 n Nj_y, the system H, pi-1 dominates Hp su+n in the
sense of Property A2.

— Fore each j +1 <t < s, p € I'swy n N,_1, the system Hp B0 dominates

Hpﬁgwl) in the sense of Property A3.

We now define the set £6+1). This is essentially an elaboration of step 2. We say
the rank s + 1 lattice A+ is admissible if the following hold.

1. There exists A®) € £6) such that A®) < AT,

2. A+ cannot be generated by any previous generation essential resonances, namely
A+ ¢ \/{Z(s+1) c 6(S+1)}, (A4)

where \/ is the smallest irreducible lattice that contains all lattices Y51 e £(s+1),

3. Item 2 ensures that A®) < A®*D is unique. Otherwise, suppose we have
AP AE) @ AGHD with bases B, BS, then AC+D) = A AL and

MASVIAY) < max{|B7], B} < Mo(PY,N),
hence AG*HD e £+ which is a violation of item 2.

4. (ghost property) For each A®) < A1) and A®) < R6+D  we have
M(E(s+1) v A(8+1)|E(S+1)) = NS(5(5+1)’.N’8)' (A5)
Lemma A.8. There exists an collection L1 = {ACHDY of admissible pairs such that

Ppls+l) _ U Ly NN,

A(S+1)E£(S+1)

is connected, 4= 1y—dense in Ny, and (1 —2-47°"1)y dense in B".
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The set V2., (Hy, Pet)) < PE+Y s defined by the following condition: For any
AGH) e £+ with basis BETYD, and p € Tyesry n P there exists 0 < A < N such
that the averaged potential U, g:+1) has at most two \'—nondegenerate minima.

Lemma A.9. There exists an open set Usy < U, and Ag1 > 0, such that for
H, € U,,1, the nondegeneracy set ys)‘f{l(Hl,P(SH)) is 4" 'y—dense in PCY) and
connected.

Define

1 As 1
M A (PEHD Y2y > sup  |BEHY)
Bls+D) ek (s+1)

be the uniform constant over all H; € Uy, 1, p € )};\f;{l, and AGTD e £6+D | The essential
lattice set £72) is defined as the set of all rank s + 2 irreducible lattices £(572) satisfying
the following conditions: there exists AT e £+ such that

(s+2) A(s+1)7 and M(A(s+1)|2(s+2)> < Ms+1<73(s+1)7y>\8+1>~

s+1
We have the following remarks:

« Suppose there exists 612 o L6+ with N6+ e €641 then R+ is unique.
Otherwise, suppose £¢*2) contains both L™, Y then there exists A+
$6+2) = ) G this s a violation of (A4).

o In case that %2 o 2641 then for AGHY e £+ with B6+2) 5 L6+ we get
M(E(8+1)|2(8+2)) _ M(E(S+1)’Z(S+l) v A(s+1)) - Ns(5(8+1)7M)
by (A.5).

Finally, for each 22 < £6+2) | we define the nondegeneracy set Z,, (Hy, D62 Yiit)
to be the subset that for each BC+Y = (ky,--- , ko) © X642 the pair

(H; gio+2; R(BEH \B§8+2))>

is nondegenerate. We then define Z,,,(H,,EC+?), yﬁ;?) to be the union over essential
resonances L5172 g £(s+2),

The following lemma is proven using the type of essential resonances, similar to step
2.

Lemma A.10. Suppose s +2 < n. There exists an open set Ul < Uiy and a relative
open set Z,.1 such that the following hold.

1. For each Hy € U, Z..1 is compactly contained in Zoo1(Hy, EGD), yAfjl).

S

2. The subset )
Nos1 =Vt A 2o

is open, connected, 4= 'y—dense in PP and (1 —47°"")y—dense in B".
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Moreover, if s + 2 = n,

Aot
Dy 0 Vel

N(s+2)eg(s+2)

is a collection of isolated points. Then the same two points hold with

~ As+1
Zs+1 = U FE(3+2) M ys+1 .

E(s+2)€g(s+2)

This finishes the construction of the lattices and verification of properties for step
s+ 1.

A.4.4 Concluding the induction

The induction ends when U’ _,, £ PC=D A, and £™ are defined. Then
Pr=D ~ N,_; is y—dense diffusion path in B", and for each p € T'ywm-1) N N1,
H, eU!_,, the potential U, pn-1 has at most two A,,_;—nondegenerate minima.

We then have

Lemma A.11. There exists an open and dense set of U_, < U, such that [HI\,_]
holds for all Hy eU"_, on P A N,_;.

Moreover, from Lemma we know that condition [H2] holds on all essential
resonances. Therefore, the diffusion path P™~1 ~ A,_; satisfies all the conditions
required.

B Diffusion mechanism and AM property

The goal of this section is to give a short review of diffusion mechanisms. Then we
focus on diffusion mechanism using variational methods and discuss difficulties arising
in higher dimensions. After that we explain the role of dominant systems.

In |[Arn64b| Arnold proposed the following example

2 2
H(q,p, 0, 1,t) = I2 + % + €(1 —cosq)(1 — p(sing + sint)),

where ¢, ¢ and ¢ are angles and p, I € R. This example is a perturbation of the product
of a one-dimensional pendulum and a one-dimensional rotator. There is a rich literature
on Arnold example and we do not intend to give extensive list of references; we mention
[AKNOG; BB02; |CY04; DLS06; Tre04|, and references therein.

The important feature of this example is that it has a 3-dimensional NHIC A =
{p = q = 0}, which is the direct product of R and 2-dimensional torus T?. Later having
a 3-dimensional NHIC means that there is a NHIM diffeomorphic to the direct product

of R and 2-dimensional torus T2.

Whiskered tori and transition chains
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In [Arn64b] Arnold noticed that for each w € R there are an invariant 2-dimensional
torus T? = {p = ¢ = 0,1 = w} having 3-dimensional stable and instable manifolds
W#(T?2) and W*(T?) resp. Notice that orbits inside T? have a well defined rotation
number equal to w.

Call an ordered sequence of tori {TZ }; transition chain if for each i we have

W*(T2,) and W“(Tim) intersect transversally.
In |[Arn64b| proved that for any a < b there is a transition chain such that wy = a and
wy = b for some N and showed that this implies existence of orbits asymptotic to T3
in the future and to T? in the past.

Generalized transition chains

In [Mat91a] Mather proposed a diffusion mechanism where invariant tori where
replaced by Aubry-Mather invariant sets for twist maps.

For fiber convex superliear time-periodic Hamiltonians H (6, p,t),0,t € T,p € R for
each rotation number w there is a “minimal” invariant set A, consisting “minimal”
orbits rotation number w.

The 2-torus graph property.

Let 7 : (0,p,t) — (0,t) is the natural projection. Mather proved that each such a set A,
is a Lipschitz graph 7A,,, i.e. 7 is one-to-one on A, and the inverse 7! : 7 A, — A,
is Lipschitz.

We say that an invariant set A, has a 2-torus graph property, if there is C' smooth
map 7 : T'T x T — T? having maximal rank in a neighborhood of A,, such that 7 is
one-to-one on A, and the inverse 77! : 7 A, — A, is Lipschitz.

 (rational case) if w = p/q for some integers p,q with ¢ > 0 the set A, contains
“minimal” periodic orbits.

o (irrational case) if w ¢ Q the set A, either a Lipschitz 2-torus, i.e. mA, = T? or
contains a suspension of a Denjoy set.

A generalized transition chain.

Using give a precise meaning of a stable and an unstable set of each invariant set A,,.
These sets are not necessarily manifolds, but still denoted W*(A,) and W*(A,) resp.
One can give a precise meaning of transverse intersection of these sets using the barrier
function. Call it a generalized transverse intersection.

An ordered sequence of “minimal” invariant sets {A,,}; is called a generalized
transition chain if

« each invariant set A, has a 2-torus graph property;
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o for each ¢ invariant sets W*(A,,) and W*(A,,,,) have a generalized transverse
intersection.

In [Mat91b; |[Mat93] Mather proposed a generalization of constuction from [Mat91a].
Inspired by these ideas, in [Ber08; CY04; CY09] proved that for a generic perturbation
in the Arnold example there are generalized transition chains. Moreover, there are
orbits shadowing this transition chain.

An equivalence of invariant sets in a generalized transition chain.

In [Ber0O8] replaces generalized transversality condition with forcing relation. Then
he shows that if A, forces A, and vise versa then this is an equivalence relation. In
particular, if nearby invariant sets A, and A,,,, are equivalent, then there are orbits
heteroclinic orbits for any pair of invariant sets in a generalized transition chain.

In [BKZ11] we construct “short” 3-dimensional NHICs. Then we show that each of
such cylinders carries a generalized transition chain. Moreover, all invariant sets in such
a chain are equivalent and, therefore, there are orbits connecting any pair of invariant
sets in this transition chain.

In [KZ13] we construct a “connected” collection of 3-dimensional NHICs and show
that each cylinder carries a generalized transition chain.

The 2-torus graph and AM properties.

Partial averaving of nearly integrable system H, = Hy+eH; near a resonant manifold
leads to a mechanical system of d < n degrees of freedom

H(p,I)=K(I)-U(p), ¢eT 1T

where K (I) is a positive definite quadratic form and U is a sufficiently smooth function
(see (1.2))).
In order to find “minimal” invariant set having the 2-torus graph property

o we construct 3-dimensional NHICs;

« we prove that each 3-dimensional NHIC contains a family of “minimal” invariant
set and each such a set is localized.

» due to localization we prove that the projection along the action component onto
the 2-torus T? is one-to-one with a Lipchitz inverse.

In order to construct a 3-dimensional NHIC for H, near a maximal order resonance
it suffices to construct a 2-dimensional NHIC, diffeomorphic to the standard cylinder,
for the averaged mechanical system H.

Due to concervation of energy each 2-dimensional NHIC consists of “minimal”
hyperbolic periodic orbits. This leads to the following problem:
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Construct a family of “minimal” invariant sets consisting of hyperbolic periodic
orbits!

In the case d = 2 it suffices to consider minimal sets with rational rotation vectors.
Indeed, generically minimal sets with rational rotation vector is a hyperbolic periodic
orbit. In the case d > 2 it is not longer true as the well-know Hedlund example shows
(see e.g. |Lev9T7)).

More exactly, if we consider an integer homology h on T? and consider infinite
minimizers of homology class h, i.e. the Aubry set A(h) (see section for precise
definition). Then

o A(h) does not have to consist of periodic orbits or does not even have to have
countably many invariant components (see e.g. [Mat04]).

» A(h) consisting of periodic orbits do not guarantee they have homology h (see
[LevaT7]).

o In the class of Tonelli Hamiltonians minimization within the class of closed loops
in some homology class A might lead to non-hyperbolic minimal periodic orbits
(see |Arn9g]).

The AM property guarantee all these properties.
The jump.

In [KZ13] section 12 we show that for each pair of “crossing” cylinders there is a
jump from an invariant set from one generalized transition chain with another one.
The jump, in particular, means that these invariant sets are equivalent and, therefore,
invariant sets from both generalized transition chains are equivalent.

One of the main conclusions of this paper is that we construct a diffusion path I"
and a “connnected” collection 3-dimensional NHICs and show each of these cylinders
carries a collection of invariant sets haing 2-torus property.

Using the technique from [BKZ11; KZ13| it should imply that invariant sets in each
cylinder form a generalized transition chain and are equivalent.

Aside of many technical details we beleive that the only important missing part
of construction of diffusing orbits along the path I' is the jump. Construction of a
variational problem leading to the jump for 33-degree of freedom is in section 8 [KZ14].

C Normally hyperbolic invariant manifolds

In this section we state a version of the center manifold theorem and prove Corollary
While the central manifold theorem is classical, we need an version whose center direction
is a non-compact set equipped with a Riemannian metric. This is done in the first two
subsections. In the last subsection, we perform a reduction on our system to apply the
central manifold theorem.
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C.1 Normally hyperbolic invariant manifolds via isolation block

We state an abstract theorem on existence of normally hyperbolic invariant manifolds
for a smooth map F. based on Conley’s isolation blocks (see McGehee, [McGT73)|).

We introduce a set of notations. We have three components x € R®*, y e R%, z €
Q¢ < R® | where Q° is a (possibly unbounded) convex set. We assume that Q¢ admits
a C! complete Riemannian metric g. We also consider a Riemannian metric on the
product space W = R* x R" x Q¢ by taking the tensor product of g and ¢, and the
standard Euclidean metric on R?® R".

Fix some r > 0 and let D* < R* and D" < R" be closed balls of radius r at
the origin in R* and R* (r is considered fixed and we omit the dependence). Denote
D¢ =D x Q°, D" = D" x M and D = D*¢ x D", .

Consider a C!' smooth map

F:D=D°xD"xQ°—>R*xR" x Q°,
we state a set of conditions guaranteeing the set
Ws(F)={ZeD:F¥Z)e D for all k > 0},

called the center-stable manifold, is a graph {(X,Y) € D% x D" : w**(X) =Y} for a
C! function w*e.

[C1] 7, F(D* x D) < D*.
[C2] F maps D* x D" into D*¢ x R*\ D" and is a homotopy equivalence.

The first two conditions guarantee a topological isolating block: F stretches D*¢ x B"
along the unstable component D" and is a weak contraction along the center-stable
component D*¢,

Now we state the cone conditions. For some pu > 0

Ci(2) = {v = (v, v",v") € Tz D : plo"|* = [o°]* + o).
Note that
(Ch(2))" = {v = (0" v") € TzD « = (Jo°* + [0°7) = [v"]*} =2 C32a(2).
Let us also define
Kl (1,1, 21) = {(22, 92, 22) = pllye — 1> = |2 — 2 |* + dist(z1, 22)},

where the distance is induced by the Riemannian metric g.
We assume there is ¢ > 1 and v > 1 with the property that for any Z;, Zs € D such
that Zy € KH(Z;) we have

(C3] F(Z,) € Kﬁ(F(Zl))-
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[C4] |mu(F(Z2) = F(21))] = vimu(Z2 — Z1)|.

Proposition C.1. (Lipshitz center-stable manifold theorem) Suppose F' satisfies condi-
tions [C1-C4], then W*¢(F') is given by the graph of a Lipschitz function

W*(F) = {(z,y,2) € D : w*(x,2) = y}.
Moreover, for Lebesque almost every Z € W*¢(F), we have
TZWSC(F) € CZE1 (Z)

In order to obtain the center-unstable manifold, consider the involution I : (x,y, z) —
(y,z,z) and assume inv(F) = [ o F~1 o 7! satisfies the same conditions.

Theorem C.2. Assume that F,inv(F') satisfies the conditions [C1-C}], there ezists a
Ct function w® : M — D such that

WEE) :=W?*(F) n W"(F) ={(x,y,2) € D : (z,y) = w(2)}.

Proof. Proposition implies the existence of Lipshitz functions w"* : D*¢ — D and
w* : D* — D, with

W (F) = {o = w(y, 2)}, W(F) = W*(inv(F)) = {y = w"(z, 2)}

Then standard arguments (see Theorem 5.18 in [Shu87]) implies these functions are C'.
The fact that 4 > 1 and

T, W (F) e C1(Z), T,W*(F)e C%.(Z)

implies W*¢(F') and W"¢(F') intersect transversally, and W*¢(F) n W"¢(F) is a graph
over the center component M. O]

C.2 Existence of Lipschitz invariant manifolds

We prove Proposition Let V be the set I' = D satisfying the following conditions:
(a) m,I' = D", (b) Z € K}}(Zy) for all Z,,Z, € I', where 7, is the projection to the
unstable component. These conditions ensures 7, : I' — D" is one-to-one and onto,
therefore I" is a graph over D*. Moreover, condition (b) further implies that the graph
is Lipshitz. In particular, each I' € V is a topological disk.

Lemma C.3. Let 'e V, then F(I') n D e V.

Proof. By [C4] for any Z; and Z, we have that F'(Z;) belongs to the cone K, of
F(Zy). Thus, it suffices to show that D" < ,(F(I') n D). The proof is by contradiction.
Suppose there is Z, € B" such that Z, ¢ w,(F(T)).
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We have the following commutative diagram

or &,
| myoF | myoF. (C.1)
RAD" <3 R“\{Z,}

From [C2] and using the fact that B® and Q¢ are contractible, m, o F|I" is a homotopy
equivalence. Note that iy is a homotopy equivalences, and 7, o F'|T" is a homeomorphism
onto its image. Let h and g be the homotopy inverses of m, o F|0I" and iz, then
hogo (m, oF) defines a homotopy inverse of i;. As a result I' is homotopic to oI, this
is a contradiction. O

Proposition follows from the next statement.

Proposition C.4. The mapping ms. : W*(F) — D¢ is one-to-one and onto, therefore
it is the graph of a function w*¢. Moreover w*® is Lipshitz and

T, W™ (F) e (C(Z))° = C.(2), Z e W*(F).

m

Proof. For each X € D*¢, we define I'x = (m,.) ' X, clearly I'y € V. We first show
I'x n W*(F) is nonempty and consists of a single point. Assume first that I'y n
W#¢(F) is empty. Then by definition of W*¢(F), there is n € N such that F"(I'x) n
D = @. However, by Lemma , " F(Tx) n D €V is always nonempty, a
contradiction. We now consider two points 2, Zo € W*¢(F') with 7,7 = m,Z>. Note
that F*(Z,), F*(Zy) € D for all k > 0, and Z, € K}(Zy), by [C4] we have

2 > |mu(F*(Z1) — F*(Zs))| = V¥ |mu(Z1 — Zo)

for all k, which implies Z; = Zs.

The last argument actually shows Z, ¢ K/(Z,) for all Zy, Z, € W*(F). For any
e >0, for Z; = (X1,Y1), 2y = (Xy,Ys) € W*¢(F) with dist(X;, X3) small, we have
|Y1 = Ya| < p2dist(Xy, X,). This implies both the Lipshitz and the cone properties
in our proposition. ]

C.3 NHIC for the dominant system

We prove Corollary in this section. First, an overview of notations.

1. The strong Hamiltonian is H** = H*(po, B*,U*") defined on T™ x R™, and its
associated Lagrangian vector field is X** (see (2.7)). We call the We denote the
time-1-map of X® by G§' and we will lift it to the universal cover R™ x R™
without changing its name.

2. The vector field X** is extended trivially to (T™ x R™) x (T9™ x R4™) (see
(2.10)). The time-1-map is denoted Gy, and we have Gy = G§f x Id. We will also
lift it to the universal cover with the same name.
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3. The slow Hamiltonian is H® = H*(B*, BYX, po, Ust, U"X), and consider its La-
grangian vector field X3 . We apply a coordinate change (%, vst, "k "k)
(g™, v,

vk [VK) as in (2.8), and a rescaling ®s as defined in (2.12). The new
vector field is denoted X* (see (2.9), (2.12)). We denote its time-1-map G, which
is considered a map on the Euclidean space R™ x R™ x R4™™ x R4™™,

By Theorem [2.2], we have:

Corollary C.5. Assume that (BY*, po, U, U"*) € QZf;Id(BSt), then for any 6; > 0, there
exists M > 0 such that for all (BY%, po, US*, U™ ) with u(BY*) > M, uniformly on
R™ x R™ x R¥™™ x R“™  we have

HH((’Dst’Ust)(G — Go)H < 51, HDG — DG()H < (51.

By assumption, the Hamiltonian flow H*' admits an NHIC x*'(T' x B}_ ), where
x*" is an embedding. Therefore G5 admits an NHIC AS' = &1 o (T! x BL,,) with the
exponents «, 5. We use local coordinates in a tubular neighborhood to simplify the
setting.

Lemma C.6. There exists a tubular neighborhood N(ASY) < T™ x R™ of A and a
diffeomorphism
R Bl x Bl x (T x BY,,) — N(AS)

such that:
1. 15%(0,0,2) = x**(2), in particular K(CS') == h¥* ({0} x {0} x (T' x Bl ,)) = AS".
2. For the map F§' := (h*) o G o (h*)~1:
(a) C3* is an NHIC for F§* with the same exponents c, (3.
(b) The associated stable/unstable bundles take the form
E* =R ' x {0} x {0}, E"={0} x R" x {0}.

In particular, DFS* is a block diagonal matriz in the blocks corresponding to
the three components.

(c) Let go denote the Euclidean metric. Then there exists a Riemannian metric g
on T x Bl such that the tensor metric go®go®g on Bl x B! x (T' x B! )
is an adapted metric for the NHIC C2*.

Proof. We use the bundles E“, E® and the parametrization x** of A5 to build a
coordinate system for the normal bundle to AS', which is diffeomorphic to the tubular
neighborhood. We then pull back the adapted metric of AS* using this map to C*. [
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Denote Q%% = R4~ x R4™™ and consider the trivial extension
h: B x Bl x (T' x Bi,,) x Q") — N(A%) x Qk
by h(x,y, (2%, 2%%)) = (b (z, y, 2), 2¥%). Define the following maps
Fo=hltoGyoh=(F'1d), F=h'oGoh. (C.2)
Finally, to apply Theorem , we denote ' = R! x B} which is the universal
cover of T! x B}, .. We lift the maps Fy, F' to the covering space without changing their

names, namely
F,Fy: B! x Bl x (5%, x Q"% O .

Q5 x Q¥F is our center component and is denoted 2. While the maps are defined
on unbounded regions, we keep in mind that Fy = (F§*, Id) where F§' is defined on a
compact set BY x B x (T" x B}, ).
We still need one reduction to apply Theorem . Recall that Q5 = R' x B .
Write Fy = (F§, F§, F§), define
L(z,y,z) = (D, F§(0,0,2) -z, D, F;(0,0,y) -y, F5 (0,0, 2)) (C.3)

this is the linearized map at (0,0, z) (we used Fy(0,0,2) = (0,0, F§), and DFEj is block
diagonal from Lemma |C.6)). since Fy = (F5*,Id) and F§' is defined over a compact set,
we obtain as r — 0,

|L — Fol| = o(r), |DL— DFy| = o(1) on B. x B’ x (5 x Q"%). (C4)
Moreover, since Fy preserves {0} x {0} x 00, we get
L(B. x B! x 09) c R x R" x 09. (C.5)

Namely, the linearized map L preserves the boundary of the center component. Finally,
we modify the map F' so that it also fixes the center boundary. Let p be a standard
mollifier satisfying

plz,y, (2%, 2%%) = p(z™) =0 2" e Qff
px,y, (2°,2"%)) = p(z*) =1 2% € B\,

Let
F=F(1—-p)+Lp, (C.6)

we have:

Lemma C.7. For any p > 1, ¢ > 0 and ro > 0, there exists 61 > 0 and 0 < r < ry
such that if G and G satisfies

||H(§0st’vst)(G — Go)” < (51, HDG — DGOH < 51,
the map F defined by (C.2), (C.3) and (C.6) satisfies conditions [C1]-[C4] with the

parameters p and v = o~ — € on B x Bl x Q. The same hold for the map inv(F).

r
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Proof. First of all, from Lemma , DFy(0,0,z) = diag{D, F§, D, Fy, D,F}} with
| DG, [(DyF) ™ < e, |DE|L [(D2F)7H| = B (C.7)

Recall that Fy = (F3', 1d) where F§' is defined over a compact set. Therefore for
sufficiently small r» > 0, we have

I Fo(z, y, 2)| < (a+e)|zl,  [T,DFy(x,y,2)| = (e + )y,
hence

I, Fy(B. x B x Q) < B! ITL, Fo(BL x 0B x Q)| = (o +€) 7 'r-

(ate)r>

Since |E'— Fyl < (1~ p)(F — )| + [p(L — Fy)l, [Ty (F — )| < gy (G —
Go)| < Céy, and |L — Fo| = o(r), by choosing 41, r small enough, we get

IL,F(B. x B xQ)c B, |I,F(B.x0B.xQ)|>r.
The first half of the above formula combined with (C.5) gives [C1], and the second half
gives [C2]. )
We now prove the cone conditions [C3] and [C4]. We first show the map F' is well

approximated by the linearized map DFy(0,0, z). Given any ¢ > 0, we use Corollary
to choose §; so small such that

| D(F = Fo)| + [Tt (F = Fo)[[lldp] < CID(G = Go) || + [Mgsr o (G = Go) [ dp]| < /2

By (C.4)), we can choose 71 such that for 0 <r <y, [D(Fy — L)| + [ Fo — Ll dp| < ¢/2
on B! x Bl x (Q5F x Q¥K). Then from F' = F + (L — F)p, and the fact that p depends
only on 2% gives

|DF(2,y,2) = DL(x,y, 2)| < |[DF — DL| + |IL(F — L)||dp]
< [DOF = Bo)| + [D(Fo = L) | + ([T (F = Fo)|| + [T (Fo = L))

|dp| < e.

Consider (z1,y1,21), (T2, Yo, 22) € BL. x Bl x Q, denote (Az, Ay, Az) = (22, Yo, 22) —
(1,791, 21) and d = |Az| + |Ay| + dist(z1, 22). For d small enough
||F($2, Y2, 22) — F(xhyly z1) — DFy(0,0, 2)(Az, Ay, Az)|
= |L(x2, Y2, 22) — L(z1, 91, 21) + (F — L)(x2, Yo, 22) — (F — L)(z1, 91, 21)
- DF0(07 07 Zl)(AZIZ’, Ay? AZ)H
< |D(F = L)(@1, 51, 21)|d < ed.
To prove [C3], we first show the linear map preserves the unstable cone. For

any p > 1 and (vg,vy,0,) € T(ay 0 BL x BL x Q with pfov]? = 0?2 + [[o”]?, let

(v, vy, v2) = DFy(0,0, 2)(vs, vy, v2), we have

B

plvg [ = pa oy |” = a7 (Jual® + [o:1%) = a7 (ozl® + Blocl®) = = (e I + []1°)-
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In other words, for any p > 1, we have DFy(0,0,2)Cy = Cf 5.

Coming to the non-linear map F, for (zy1,y1,2), (T2, 12, 22) € Bl x Bl x Q, let
(2,4, 7)) = F(xs,95, ), and (Az, Ay, Az) , (Az’,Ay’,Az') be the corresponding
difference. If (2,92, 22) € Kji(x1,41,21), then p|Ay|* > [|Az|* + dist(21, 22)*. In
particular dist(z1, 22)? < p|Ay[* < pr?. When r is small enough [[(Ax’, Ay', Az') —
DFy(0,0, zl)(AJ: Ay, Az)| < ed. Furthermore assume 7 is so small that (1—e)dist(z, 2’) <
1AZ](0,0,2) < (1+€)dist(z, 2'), where |Az||(,0,-,) is measured using the local Riemannian
metric. We drop the subscript from now on. Using the linear calculation, there exists a
uniform constant C' > 1 such that

B B
wlAy P = ~(|A2]° + [AZ°) = Ced® = ~(|Aa]* + [AZ?) = C(1 + p)e’| Ay

B
> (1= )~ (|A7* + dist(z1, 25)°) = C*(1 + )€’ [ Ay
noting that |[DF~'||, |DF| are uniformly bounded. When ¢ is small enough we get
| Ay|? = [|Az|* + dist(z], 25)?. [C3] is proven.

[C4] follows directly from [(Ax’, Ay', A2") — DFp(0,0, 21)(Ar, Ay, Az)| < ed and
(C.7). The proof for inv(F') is identical and is omitted. O

Proof of Corollary[2.3 For any ¢ > 0, we choose 0 < r < §/C and p > 1, where C' is a
constant specified later. Apply Lemma [C.7] there exists M > 0 such that whenever

w(BY%) > M, the map F associated to H*(B*, B¥*, py, U, U™*) satisfies [C1]-[C4] on
B! x B! x (fo x Q¥K). As a result, we obtain a function w® : Q' x Q¥k — Bm=t x pm
such that

W = Graph(uw®) = {(z,y, (2, 2")) : (z,y) = w(z", 2")}

is invariant under F, and 1s the maximally invariant set on B™~! x B™~! x (st x Qvk,
Since F = F on whenever 2% € Q) any F invariant set with zst e ¢ is also F invariant
and hence is contained in W€ We now consider the map

< . (ZSt,ZWk) N h(wc(ZSt,ZWk),ZSt,ZWk),

then Graph(() is an F'—invariant set. Finally we invert the coordinate changes
and (2.12) to obtain the desired embedding 7° = ® o &y o (¢, 1d).

Moreover, we have |w®|co < r, using the fact that h%(0,0, 2) = x*(z), and that ®
does not change the strong component, there is C' > 0 such that |[( —® 1o x*||co < C'r.
Finally, since the rescaling @5 do not change the strong component, there exists C' > 0
depending only on ® such that

et psyn® — X = [@(¢C — @7 o x™)| < Cr < 6.

We choose the open set V = ® o h5{(B™~! x B™~! x Q%)) then any invariant set in
V' x Q¥ must be contained in 7° (5 x Q"K). This concludes the proof. O
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