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Abstract

The paper contains mathematical justification of basic facts concerning the
Brownian motor theory. The homogenization theorems are proved for the Brownian
motion in periodic tubes with a constant drift. The study is based on an applica-
tion of the Bloch decomposition. The effective drift and effective diffusivity are
expressed in terms of the principal eigenvalue of the Bloch spectral problem on the
cell of periodicity as well as in terms of the harmonic coordinate and the density of
the invariant measure. We apply the formulas for the effective parameters to study
the motion in periodic tubes with nearly separated dead zones.
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1 Introduction

The paper is devoted to mathematical theory of Brownian (molecular) motors. The
concept of a Brownian motor has fundamental applications in the study of transport
processes in living cells and (in a slightly different form) in the porous media theory. There
are thousands of publications in the area of Brownian motors in the applied literature. For
example, the review by P. Reimann [16] contains 729 references. Most of these publications
are in physics or biology journals and are not mathematically rigorous (although many
of them are based on the mathematical model described below, see, for example [4], [5],
[10], [20]). Some of them are based on numerical computations.

Consider a set of particles with an electrical charge performing Brownian motion in a
tube Q with periodic (or stationary random) cross section (see Fig. 1).
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Figure 1: A periodic tube €2 with “fingers”. One can expect that Veg < [V z|.

We will assume that the axis of € is directed along the zq-axis. Let’s apply a constant
external electric field £ along the axis of 2. Then the motion of the particles consists of
the diffusion and the Stocks drift, and the corresponding generator has the form

Lu = Au+ V@, V =V(E),
8:1:1
complemented by the Neumann boundary condition on 92 (we assume the normal reflec-
tion at the boundary).

One can expect that the displacement of the particles on the large time scale may
be approximated (due to homogenization) by a one-dimensional diffusion process 7 ()
along the z;-axis with an effective drift V.g and an effective diffusivity o2, which depend
on V and the geometry of the tube €. If we reverse the direction of the external field
from E to —F, then the corresponding effective drift V_; and the corresponding effective
diffusivity (07)? will be, generally, different from V. and o when €2 is not symmetric
with respect to the reflection x; — —xy. For example, one can expect that Vg < |V
for Q2 shown in Fig. 1. The difference between the effective parameters can be significant.
Then by changing the direction of the exterior electric field E periodically in time, one
could construct a constant drift in, say, the negative direction of x; and create a device
(motor) producing energy from Brownian motion.

The idea of molecular motors goes back to M. Smoluchowski, R. Feynman, L. Brillouin.
Starting from the 1990-s, it became a hot topic in chemical physics, molecular biology,
and thermodynamics. The following natural problem must be solved by mathematicians:

1. The homogenization procedure (reduction to a one-dimensional problem) must be
justified.

2. Expressions for effective parameters Vog, 02 in terms of an appropriate PDE or a
spectral problem on the period of Q (in the case of periodic tubes) must be found.

3. For some natural geometries of 2 that include a small parameter, asymptotic
expressions for effective parameters need to be obtained.

We solve the first two problems here using an analytic approach that justifies the
homogenization procedure and allows us to express the effective parameters in terms of



the principal eigenvalue of a spectral problem on one period of 2. We will also provide a
couple of simple consequences of the obtained formulas. We show that dV.g/dV = 0% > 0
when V' = 0. Thus, since V.¢ is analytic in V, it is a strictly monotone function of V'
when |V] is small enough. Simple asymptotic formulas for the effective parameters will
be justified for periodic tubes with nearly separated dead zones. Note that the first two
problems listed above also can be solved with probabilistic techniques similar to those
used for homogenization of periodic operators in R?, as we’ll discuss in a forthcoming
paper.

There is immense literature on homogenization and its applications. Here we only
mention the monographs of some of the founders of the method ([2], [3], [17], [19]) as well as
some recent papers where other references can be found [6], [9], [11], [13], [15], [18]). There
are various probabilistic and PDE approaches to justifying homogenization. Our approach
is based solely on the Bloch decomposition. Recently several papers appeared (see [7, 8]
and references there), where the Bloch decomposition was used to study homogenization
problems in periodic media. It was shown that this approach has many advantages (when
it is applicable). So far, this approach was applied to self-adjoint elliptic equations in the
whole space or in a domain with a finite boundary. The symmetry and the existence of a
bounded inverse operator were essential there.

We consider a parabolic problem. It is non-self-adjoint due to the drift, which can not
be neglected since it is essential for applications. Besides, the homogenization is applied
only with respect to one variable (compare with [6]). The combination of these features
makes the problem under consideration essentially different from the applications of the
Bloch decomposition in earlier work. The main difficulty is due to the presence of infinite
boundary and a drift that is transversal to the boundary.

We would like to note the presence of the boundary integral term in the formula for the
effective drift (see Theorem 2.5). In probabilistic terms, it arises from the re-normalized
time spent by the Brownian motion with the drift on the boundary (local time). Our next
paper based on a probabilistic approach to the problem will contain the detailed analysis
of the asymptotic behavior of the effective parameters with respect to the parameters
describing the geometry of the domain.

The plan of the paper is as follows. Lemma 2.2 describes the properties of the principal
eigenvalue \g = Ao(#) of the Bloch spectral problem on the cell of periodicity of Q. The
main results on homogenization are obtained in Theorems 2.1 and 2.3. In particular, it
is shown there that the effective drift Vg and the effective diffusivity o2 are given by the
coefficients of the Taylor expansion of the eigenvalue \y(#). To be more exact, \o(#) =
iVegd—020*>+ 0|03, 6 — 0. Expressions for the effective parameters through the harmonic
coordinate and the invariant measure are given in Theorem 2.5. The latter formulas are
applied to a particular class of domains in the last section. Periodic tubes with nearly
separated dead zones are considered there. We rigorously justified the asymptotic formula
for the effective diffusivity, which was found earlier for domains with somewhat simpler
geometry in [5], [10].

We also note that the results of this paper can be modified to allow for L to be an



elliptic operator with smooth variable coefficients without the potential term.

2 Description of the model and main results.

Consider a tube  C R?, d > 2, periodic in z; with period 1, with a smooth boundary 9
(see Fig. 1). Denote by S,, the cross-section of € by the plane R?~! orthogonal to the
x1-axis at the point z; We assume that S, is bounded (and periodic with respect to x1).

In the simplest case, the boundary of the cross-section is a function of the angular
variables. For instance, S;, is the ball of radius R (x1) if 0 is the surface of revolution.
However, in general it may have a very complicated form. For example, €2 in Fig.1
contains “fingers” (“dead ends” in the terminology of [7], [8]), and S, is not connected
when a < x1 < b.

Consider the cell of periodicity in  defined as @ = Q{0 < z; < 1}. It is assumed
that the compact manifold obtained from ' by gluing Sy to S is connected. For trans-
parency, one can assume that 2 itself is connected. For example, )’ in Fig.1 is connected
if the origin is slightly to the left of a. It is not connected if the origin is the midpoint be-
tween a and b, however, it still forms a connected manifold after gluing Sy to S;. One also
can define a connected cell of periodicity €' in Fig.1 using planes R4~! through (a + b)/2
and (a + b)/2+1 by cutting only the central narrow part of {2, but not cutting the fingers.
In the latter case, we use the notation Sy, S; not for the whole cross-sections of €2, but
for the connected parts of the cross-sections that do not intersect with the fingers.

Denote the exterior normal to 92 by n. Let z = (s, 2), where s = 1, z = (22, ..., 24).
Consider the following parabolic problem in the tube 2:

% = Au+ V%, x € g—ZbQ =0; u(0,z)=9), z€Q, @ecli(Q). (1)

The main results of the first part of the paper are stated in the following two theorems.
The first theorem specifies the asymptotic behavior, as t — oo, of the solution u of the
problem (1) in terms of the solution w of the one-dimensional problem

2
aa—f 202%—#\/@5%—2}, s €R; w|i=p = wo(s). (2)
Here o2 is the effective diffusivity, Vig is the effective drift, and the initial function wy(s)
is a certain average of ¢ in z-variable and will be defined later in (7). The second theorem
describes the effective parameters 0 and Vg in terms of the problem on the cell {'.

Theorem 2.1. 1) There are constants Veg, o, and C independent of ¢, such that
u=w+a, (3)

where w is the solution of (2), wo is defined in (7), and the remainder term a = a(t, x)
satisfies

supla(t, )] < O lpll, ¢2 1

Te
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2) If supp(p) C K, where K is compact, then (3) holds with w being the solution of (2)
with the initial data cdy, where dq is the delta function at the origin, ¢ = fR wo(s)ds, and
the remainder satisfying

sup Jat, )| < O fell.  t> 1L
S

We need to state one important lemma before we can formulate the second theorem.
Denote by S' the lateral part of the boundary 9 of ', i.e., S' = 9\ [Sy | S1]. Consider
the following eigenvalue problem on the cell '

9] 9, . .
Av—l—Va—Z =\, z€Q; a—zlsz =0; vls, = €?v|s,, Vi]s, = €l]s,. (4)

This is an elliptic problem in a bounded domain, and for each € the spectrum of this
problem consists of a discrete set of eigenvalues A = \;(6), j > 0, of finite multiplicity.

Lemma 2.2. Let § € [—m,n1]. There exists a simple eigenvalue A = \o(0) of problem (4)
in a neighborhood |0| < § of the origin 6 = 0 and real constants Veg, o such that

1) Ao = iVeg0—020> + O(63), 6 — 0, where o*>0,

2) Reg(0) <0, 0<|0] <4,

3) Re/\](0> < -7, |0| < 5, j > 17 Y1 = ’71(5) > O,

4) ReX;j(0) < =y, 00| <m, 5>0, =) >0.

Remark. Lemma 2.2 states the existence of the asymptotic expansion of Ay with some
coefficients Vog and o, which, a priori, are not related to equation (2). However, in the
proof of Theorem 2.1 it will be shown that the effective coefficients Vg and o2 in equation
(2) coincide with the coefficients in the Taylor expansion of \g. Thus the following theorem
holds.

Theorem 2.3. The effective diffusivity o* and effective drift Vg defined in (2) coincide
with the constants introduced in Lemma 2.2.

Let us describe the initial function wy. We need the problem adjoint to problem (4).
This problem has the form:

0 0 , .

Av — Va—z =\, x € (% —Vni|g = 0; vlg, = ePvlg,, vils, = Vs, (5)
where n; = ny(x) is the first component of the normal vector n. Then A = \o(6) is
an eigenvalue of problem (5). Let v(f,x) be the corresponding eigenfunction, and let
m(x) = v(0,x) be the eigenfunction of (5) when 6 = 0 (and Ay = Ao(0) = 0) normalized
by the condition

/ w(a)dr =1 (6)



Then wy is defined by
wols) = / w(s, 2)p(s, 2)dz, (7)

where S, is the cross-section of ) by the plane through s = a.
The following lemma will be needed in order to prove the theorems above. Consider
the non-homogeneous problem (4) in the Sobolev space H?(Q):

0 0 , A
(A—i—Va —Nv=f ze £|51 =0; g, = gy, Vs, = Vl|s,.  (8)

This is an elliptic problem, and the resolvent

0
R = (A+ Voo N7 Ly () — HA(Q)
s
is a meromorphic in A operator with poles at a discrete set of eigenvalues A = \;(6).
Denote by @), the sector in the complex A-plane that does not contain the negative semi-
axis and is defined by inequalities —7 + o < argh < 7 — a.

Lemma 2.4. For every a > 0 there exist constants R = R(a) and C = C(«) such that
the region Qa,r = Qo ({|A| > R} does not contain eigenvalues \;(8), and the following
estimate is valid for the solution v = RS f of the problem (8):

Mvllzay < C@)][ fllza@y, A€ Qar. 9)

Proof. This lemma can be proved by referencing standard a priori estimates for parameter-
elliptic problems [14]. We will provide an independent proof. We multiply equation (8)
by 7 and integrate over . This leads to

—/ (|Vo)? +)\|v|2)dx+/ Volvde = | foda. (10)
o o

Q/

The terms on the left in (10) can be estimated as follows

I/QI(IWI2 +Al)dz| > er(@)(IVollL,on + IMIvlL@), A€ Qa,

and
2

’— c(@), ;o 14 2
|/Q/ Voudr| < 5 ”Us||L2(Q')+m”v“Lz(9')-

We put R = V?/(ci(a))?. Then the absolute value of the left-hand side in (10) is estimated
from below by Cléa IVollZ, @y + INvl17, o) when A € Qq g, and (10) implies that

h— =

o ()

2

IVl + ML) < Ifla@ vllza@), A € Qar. (11)



We omit the first term on the left and obtain (9). O

Proof of Lemma 2.2. Denote by Hy = A + V% the operator in Ly(€?') defined on the
functions from the Sobolev space H?({)') satisfying the boundary conditions (4). One can
define the parabolic semi-group e‘f¢. Its integral kernel is the fundamental solution of
the corresponding parabolic boundary value problem in €. When 6 = 0, this kernel is
real and positive. Thus Perron-Frobenius theorem is applicable to the operator et i.e.,
the operator e!* has a unique maximal eigenvalue u such that u > 0, p is simple, the
corresponding eigenfunction is positive, all the other eigenvalues 1, (perhaps complex) are
strictly less than p in absolute value (|u;| < p), and the operator does not have strictly
positive eigenfunctions with eigenvalues different from pu.

We note that vy = 1 is an eigenfunction of Hy with the eigenvalue Ay = 0. Thus vy is an
eigenfunction of e'0 with the eigenvalue u = 1. Since vy > 0, from the Perron-Frobenius
theorem it follows that g = 1 is the maximal eigenvalue of e, This implies that
Re); < Ao = 0 for all the eigenvalues A; # 0 of the operator Hy. Since the eigenvalues
A;j form a discrete set, from Lemma 2.4 it follows that there exists a v > 0 such that
Re); < —v for all \; # 0.

Since Hy depends analytically on 6, the location of the eigenvalues A\; when ¢ = 0
and Lemma 2.4 imply that there exists § > 0 such that the operator Hy has the following
structure of the spectrum when |0| < §: the operator has a simple, analytic in 6 eigenvalue
A= Xo(0), Ao(0) =0, and Re);(f) < —y1 = —v/2 for all other eigenvalues \;(0) of Hy.
The statement 3 of Lemma 2.2 is proved. Consider now the eigenvalue A = X\¢() for
purely imaginary 8 = iz, z > 0. If v belongs to the domain of the operator H;,, then v
also belongs to the domain of the operator H;,. From here it follows that both A = \y(iz)
and A = A\g(iz) are eigenvalues of H;,. Since, A\ = Ag(f) is the unique eigenvalue in a
neighborhood of the point A = 0, it follows that A\g(iz) is real. This implies statement 1
of Lemma 2.2, except the inequality o > 0. The latter inequality will be proved below
(in Theorem 2.5) by a direct calculation of 0% (see formula (32)). It is important to note
that while the proofs of Theorems 2.1 and 2.3 essentially rely on the fact that o > 0,
the proof of Theorem 2.5 is independent of Theorems 2.1 and 2.3, so there is no circular
argument here. It remains to justify statements 2 and 4. This will be done if we prove
that for every 6; > 0, there exists v = v(d;) > 0 such that Re);(d) < —~ for all the
eigenvalues of the operator Hy when 6 is real, §; < |0| < 7.

Let us prove the latter estimate for the eigenvalues \;(6), 6, < |0 < m. We fix
an arbitrary rational § = 0 = iTm in the set §; < || < w. Consider the domain
Q = Q{0 < 21 < n}, which consists of n elementary cells of periodicity Q9 = Q{j <
v < j+1}, 0<j <n—1(Q0 coincides with the cell ' introduced earlier). The
lateral side of the boundary of the domain Q will be denoted by §l, and the parts of the
boundary located in the planes through the points z; = 0 and z; = n will be denoted by
So and S,,, respectively. Let He(”) =A+ V% be the operator in L(2) that corresponds



to the following analogue of the problem (4):

Av%—V% =av, € Q; g%,'?l =0; vls, = e™l|g,, vlls, = Vs, (12)
We denote its eigenvalues by o = ¢, and we keep the notation A = A; for the eigenvalues
of this operator when n =1 (and Q = ).
When 6 = ¢, the conditions on Sy, S,, become the periodicity condition. Thus the
spectrum of H () has the same structure as the spectrum of Hy, i.e., ag = 0 is an eigenvalue
with the eigenfunction vy = 1, and

Rea; < —y <0 (13)

for all other eigenvalues «; of H, (57).

We compare the set {\;} of the eigenvalues of the operator Hy and the set {«;} of
the eigenvalues of the operator H”. The following inclusion holds: {\;} € {a;}. Indeed,
if v is an eigenfunction of the operator Hy/, then one can construct the corresponding
eigenfunction of H éfl) with the same eigenvalue by defining it as €%y in each elementary
cell QU) C ﬁ, 0 < j <n—1. However, these two sets of eigenvalues do not coincide.
In particular, A = 0 is not an eigenvalue of Hy (while a = 0 is an eigenvalue of H, (7)).
Indeed, from the simplicity of the eigenvalue o = 0 it follows that A = 0 could be an
eigenvalue of Hy only if vy = 1 is its eigenfunction, but vy does not satisfy the boundary
conditions (4). Thus, (13) implies that Re)\; < —y < 0 for the set of eigenvalues of the
operator Hg. Then the same estimate with /2 instead of v is valid for the eigenvalues of
Hp when 6 is in a small enough neighborhood of #' = im One can find a finite covering
of the set {6 : §; < |0| < 7} by some of these nelghborhoods Thus, the desired estimate
of eigenvalues \;(6) is valid for all § of the set {6 : 6; < |0| < 7}.

O

Proof of Theorems 2.1 and 2.3. In Part A of the proof we solve problem (1) via the
Bloch decomposition, followed by a straightforward evaluation of the resulting integral.
This leads to a slightly weaker statement of Theorem 2.1, where an additional assumption
is used. Namely, let us assume that ¢ € L1(Q) N Ly(£2). We'll show that

(s%pQ u(t, (s, 2)) —w(t, s)] < Ct (el + lellaw), =1 (14)
8,2)€

In Part B of the proof, we'll show that the assumption ¢ € Ly(Q2) is not needed and
the second term on the right hand side of (14) can be omitted. We’ll also prove the second
statement of Theorem 2.1 and Theorem 2.3.

Part A. Let us assume here that ¢ € Li(2) N Ly(€2). The solution u of problem (1)
can be found using the Laplace transform in ¢:

1 a+i0o

U= — v\, z)eMdN, a >0,

2mi a—1i00



where v € Ly(£2) is the solution of the corresponding stationary problem:

ov ov
Av Vo= dv=—p, z€Q; %bnz(). (15)

In order to solve (15), we apply the Bloch transform in the variable s = x1:

w(x) — w(f,x) = Zw(s —n,2)e"  0€l-m7], =z

—0o0

This map is unitary (up to the factor 1/v/27) from Lo(€2) to Lo(Y x [—m,7]), and the
inverse transform is given by

i/ @0, 2)d0, e Q.

w(z) = o
Note that the function e~"*@(f, x) is periodic in s. Thus the knowledge of @ on Q' allows
one to recover w on the whole tube (2.

The Bloch transform reduces problem (15) to a problem for ¥ on the cell of periodicity
(V. The latter problem has form (8) with f = —, i.e., ¥ = —R$®. Thus

a+1i00
=15 / / (R6P)(z)eMdodN, =€ Q. (16)

The function R4 here is defined in €', but it is extended to the whole tube Q in such a
way that e~ R} is periodic in s.

Now that formula (16) for w is established, we are going to study the asymptotic
behavior of u as t — oo. We split v as u = uy + uo, where the terms wuy, us are given
by (16) with integration in 6 over sets |#] < 0 and § < |f| < 7, respectively. We choose
d small enough, so that Lemma 2.2 holds, and then make it even smaller (if needed) to
guarantee that —% <ReAo(f) <0, |0 < 6.

Let us show that uy, does not contribute to the main term of asymptotics of u. Lemmas
2.4 and 2.2 allow us to rewrite uy in the form

/ / (R6P)(x)eMdodN, = €Q, (17)
47T v 5<|9|<7r

where I" is the contour shown in Fig. 2 with v = 5. From Lemmas 2.4 and 2.2 it follows
that

RSP | ooy < 1Pl oy, AET, 0|0 <.

1+ |>\\
Thus

RY ndf < o Vel 8
[ 8P < B liostony = T lelliae, AT ()

9
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Figure 2: Contour I' = I'y + I'; + I's, where « coincides with v; or 7, defined in Lemma
2.2, and I'y is long enough, so that the estimate (9) is valid on I'y and I's.

One can replace € here by a shifted cell of periodicity QU) defined by the inequalities
j < x; < j+ 1, since the function e~ R{P is periodic in x;. We put (18) with €
replaced by QU) into (17) and estimate the integral over I'. This gives

[ua(t, 2) 00y < e (@) Ly,

where ¢ does not depend on j.
In the end of this section, in Lemma 2.7, we show that there are positive constants a
and b such that
G(1,z,y)| < aetern), (19)

where G(t,z,y) is the Green function of problem (1). Using (19), we obtain a uniform
estimate of us, namely

wlt.)] < [ |Gz uslt = Lyldy < A 3 M e
Q

j=—00

< Ce_thSDHLQ(Q)? VIS Qa t>1

Hence uy does not contribute to the main term of the asymptotics of w.

In order to study u;, we also shift the contour of integration (in A) to I'. Now we take
v = v, and in this case the simple pole of R at A = \¢(f) must be taken into account.
The residue of RS at this pole is the integral operator with the kernel — (6, x)y*(6,y),
where 1) is an eigenfunction of the problem (4), ©* is an eigenfunction of the problem (5),
and they are normalized by the biorthogonality condition

N (0, 2)*(0, 2)dr = 1. (20)

10



Note that the minus sign in the expression for the kernel is needed since the residue is a
negative operator. Thus

1 — 1
wlta) =5 [ [ woF oGy - o [ [ Eean sen
2T |6|<s J v 4m2i T J)0|1<é
(21)
where the functions v, 1* are extended to 2 using the Bloch periodicity condition, i.e.,
(0, x) = e™po(0,x), (0, x) = Y50, ), (22)

where the functions vy, 1§ are periodic with respect to s. The second term in (21) can be
estimated similarly to uy. Thus

1 — ~
a(t,z) = — / B0, 2)T (8, 1)@ Gdydd + au (1, z),
21 Jyoi<s Jor

where z € ), t > 1, and
] < Ce™[o(@) || 1o (23)

Let y = (¢, 2'). Then

p= Z o(s' —mn, 2)em.

Hence (with (22) taken into account),

R~ o — ) .
ult,r) = o— ) /w| ) / PETIEY0 (0, )95 (0, ) (s — n, 2)dydd + an (t, @)
n=—oo < !

1 — o _
o 2 /0|<5 /9( >619(8_S M08, 2)05 (8, )™ V(s 2')dydf + an (1, x)

! ' ' ahx o
— %/le 6/Qeze(s—sWo(&x)%“(@,y)er(e)tw(s,z)dyd9+a1(t7m).(24)
<

We split the double integral I above in two parts I = I; 4+ I, where the integration in
0 in the part I; extends only over the segment |§| < min(6,¢/3) and I, = I — I,. From
Lemma 2.2 it follows that ReXg(0) < —"7262, |0] <6, if § is small enough. Since we can
take ¢ as small as we please, and the functions vy, 1§ are bounded, it follows that

2
o”41/3
_7t/

02
L<c / / e p(y)ldydd < Cllglu e
lole[t—1/3,5] JQ

We replace \o(#) in the integral I; by its quadratic approximation found in Lemma 2.2:

o0t e(i\/ege—aQGQ)t(l + O(|9|3t))

11



If only the remainder term is taken into account, then the corresponding integral can be
estimated by

—o OO —0 ¢
c [ [1erte e etwlaydd < Clleli [ 108t 0 = S o) lne
|6|<t=1/3 JQ —oo
From here, (24), and (23) it follows that

u(t, x) =5 /9< /3/ i0(s—s' @DO (0 g;)w_g(ay)e(i%ffe—ng)t@(s/’Z/)dyd@+a2(t,x)),
t+—1

where
o] < CtH([o(@) [ La) + (@) || La(y), ¢ =1

The functions 1 and v can be chosen to be smooth in 6 at # = 0. We put § = 0 in
the arguments of these functions. Choose 10(0,z) = 1 and take into account that (0, y)
is real. Then §(0,y) will be the eigenfunction of problem (5) with A = 6 = 0, normalized,
due to (20), by the condition

Y50, 2)dx = 1.
Q/
Thus ¥5(0,y) = 7(y) and Y6, 2)i (0, y) = w(y) + O(|0]). We put this relation into the
formula above and note that the integral with the term O(|6|) does not exceed

c [ e etwldyds < Cr el
o|<t-1/3 Jo
Hence

1 , , ,
u(t7 x) = —/ / 619(878 )71.(5/7 Z/>e(’b‘/:effgfg'202)t(p<8/’ Z/)dyd9 + Oég(t,ﬂf), y = (8/, Z/),
2w o<t 1/3

with the same estimate for a3 (and ay below) as for ap. We can replace here the integration
in 6 over the interval |§] < t~'/3 by the integration over the whole line since the difference
between the corresponding integrals decays exponentially as ¢ — co. Thus

1 [ . / .
u(t,z) = %/ /Qew(s_s (s, 2)eWVert0=" PN (o N dydf + ay(t, z), t— oo.

The integral above, denoted by w = w(t, s) is the main term of the asymptotics. It
does not depend on z. By simple differentiation one can check that it satisfies equation (2).
Function w(0, s) is the Fourier transform in s’ followed by its inverse (in #), i

w(0, 5) 27T/ / / 06~ (s ) (s z)dz’ds’d@-/ (s, )o(s, #)d=', (25)

where S, is the cross-section of {2 by the plane through s = a. Thus w is the solution of
problem (2) with wy given in (7). Therefore, (14) holds.

12



Part B. We do, however, need to prove the statement under the assumption that
v € L1(22) and without the Lo-norm in the right hand side. To prepare for this task, let
us make several simple observations.

(a) Obviously, in the estimates of all the remainder terms above one can replace the
restriction ¢ > 1 by ¢ > 1/2. Similarly, one can use (19) with ¢t = 1/2.

(b) Suppose that a measurable function f satisfies

f(s)] < ae™, seR.

Then there is a constant K that depends on b (and also on o) such that

exp(— S+%Ht /f )ds'|

(s — 8" + Vigt)?
sup |

1 / !
exp(— s)ds —
wl | o p( 0% )f(s)

1
20/t
< k2
- t

for ¢t > 1/2. The first integral on the left hand side is the solution of (2) with initial
data f, while the factor before the second integral is the fundamental solution of the
same equation.

(c) There is a constant K such that

sup ,; exp(— (s + Vefft>2) _ 1 exp(_w)y < K
seR 20/t 4ot 2% /7T(t— %) 4o?(t — %) Tt

for t > 1, i.e., we have a bound on the difference of the values of the fundamental solution
at times t and t — 1/2.

(d) Let ¢ € L;y(2) and suppose that supp(¢) C Q' (closure of ). Let @(x) =
u(1/2, ), where u is the solution of (1) with initial data . From (19) with ¢t = 1/2 it
follows that there is a constant ¢ such that

@11y @) + [Pl Lo < cllell, @

(e) Again, suppose that ¢ € L;(Q) and supp(p) C Q. Let

@o(s) = / (s, 2)3(s, 2)dz.

A%@@:A%@ﬁ

since 7 is the stationary solution to the adjoint problem.
(f) From (19) with ¢t = 1/2 it follows that there are constants ¢ and b such that

Then

~ _ 82
[@o(s)] < cllell@e™, sER,
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provided that supp(p) C €.
(g) Let wp(s) = w(1/2,s). Then

A%@“:A%@“

and there are constants ¢ and b such that

_ b2
[@o(s)| < cllellrye™ . s€R,
provided that supp(p) C €.
Having made these observations, we return to the proof of Theorem 2.1. First, we
claim that

1 s + Verit)? -
(jf)EQW(t’ (5,2)) — 2ot exp(—%)/ﬂw(x)ﬂ(x)dwl < Ct M elrw, t>1,
(26)
provided that ¢ € Li(Q2) and supp(¢) C €. Indeed, the solution u to equation (1) with
initial data ¢ can be viewed as the solution with initial data ¢ (see (d)), but evaluated
at time ¢ — 1/2 instead of time ¢. By (14) and observation (d), u(t, (s, z)) is close to the
solution, at time ¢ — 1/2, of the one-dimensional equation (2) with the initial function
wp(s). By observations (b) and (f), the solution of (2) with the initial data w(s) can
be, in turn, approximated by the fundamental solution (with the coefficient [; wo(s)ds)
of the same equation. By observation (c), the fundamental solution at time ¢ — 1/2 is
close to the fundamental solution at time ¢. The coefficient [, wWo(s)ds can be replaced
by [ wo(s)ds = [, p(z)m(x)dz by the observation (e).

We have thus justified (26). In other words, we proved that the solution of the original
PDE is close to the fundamental solution of the one-dimensional equation provided that
the initial data is supported in €’. This proves part 2 of Theorem 2.1 provided that
K c Q. If K is not contained in €', we can take a sufficiently large n so that K C
Qn{x:zy € [-n,nl}, and treat QN {z : 21 € [-n,n]} as the unit of periodicity instead
of (0.

By observations (b) and (g), the fundamental solution (multiplied by [, ¢(z)7(z)dx)
at time ¢ — 1/2 is close to the solution of (2) with the initial data wy. The latter is equal
to w evaluated at time t. Therefore, we can replace the fundamental solution by w in
the estimate (26), thus obtaining part 1 of Theorem 2.1 under the additional assumption
that supp(yp) C .

This assumption is not essential, however, since every initial function ¢ can be written

as

¥ = Z PX{z:z1€[i,i+1]}-

1=—00

Since the statement hold for each of the terms in the series, it holds for the function ¢ as
well. Thus Theorem 2.1 is proved.
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Finally, Theorem 2.3 holds true since the expressions for V.g and o2 were introduced
in the course of the proof of Theorem 2.1 as the coefficients in the expansion of \g from
Lemma 2.2.

[

In conclusion of this section we will provide some formulas that can be useful for
practical evaluation of the effective drift V.g and the effective diffusivity o2

Recall that Ag(f) is a simple eigenvalue of problem (4) due to Lemma 2.2. Therefore,
the eigenvalue and the corresponding eigenfunction v are analytic in §. We can choose v
in such a way that v = 1 when # = 0. Then it is defined uniquely up to a scalar factor
that is analytic in 6. Let

v =1+i0v,(z) — O?vy(x) + O(0%), 6 — 0, (27)

be the Taylor expansion of v at # = 0. We plug (27) and the expansion for A\(f) from
Lemma 2.2 into (4) and take into account that conditions on Sy, S7 in (4) can be rewritten
as periodicity in s = z; of the function e=*%y. Then we obtain the following problems for
the coefficients vy, vs:

v ,  Ov
AUl"‘Va_Sl:‘/cﬁ“; l’GQ, a_nl|sl:0, U1:8+¢1(l’)7 (28)
v , Ov s
Avy + V_652 = Vegor + 0%,z €] a—nz|sl =0; v = +stu() +¥a(e),  (29)

where 1,1, are some periodic functions and Vg, 02 are defined in Lemma 2.2 (see also
Theorem 2.3). Function v; is called the harmonic coordinate (it is defined up to an
additive constant). Usually the harmonic coordinate satisfies a homogeneous equation,
but this equation (see (28)) becomes inhomogeneous in the presence of a drift in the
problem. Recall that 7 = m(x) is the principal eigenfunction (normalized by (6)) with
eigenvalue A\ = 0 for the adjoint problem (5) with 6 =0, i.e.,

or 0
A — V% =0, z€; (% —Vn)rlg =0; 7ls, = Tlsys Talsy = mhls,- (30)

This is a positive function due to the Perron-Frobenius theorem (see details in the proof
of Lemma 2.2). This function is the density of the invariant measure. Note that w(z) =
/| if V =0.
Theorem 2.5. The effective drift Vg can be found from either of the following three
formulas:

Vet = /(Vﬂ' —m)dS =V — [ 7wde=V — nymdS, (31)

s o oS!

where S is a cross-section of the domain by an arbitrary hyperplane s = const., ny s
the first component of the outward normal vector n, and S' = O\ [So | S1] is the lateral
part of the boundary of Q. The effective diffusivity is given by

o’ = [ |Vu|*ndx. (32)
Q/
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Remark. Note that 7 = 1/|'| if V = 0. Formula (31) then implies that Vg = 0. We’ll
also show that in this case
_ fQ’ |V1/)1|2d:v

|
The latter formula shows that the effective diffusivity is always smaller than in the free
space if  is not a cylinder (i.e., if ¢4 is not identically zero).

o’ =1

Proof of Theorem 2.5. Let L = A+ V% be the differential expression in the left-hand
side of (28), and let L* = A — V2 be the conjugate expression (see (30)). Since L*m =0
and vy satisfies (28), we have

/ (Lvy)mwdx —/ v L*ndx = Vgg/ mdr = Veg.

This relation can be re-written using the Green formula and applying the divergence

theorem to the vector field F = (v17,0,0). This leads to

O(vym)
ds

Veg = / [(Av))m — AT+ V |dx = / (%ﬂ' — vlﬁ + Vuymng )dS.
o oY

on on

The integrand on the right hand side vanishes on S since 7 satisfies the boundary condi-
tion (30) on S’ and % =0 on S’. Thus

o 81}1 871'

We substitute here v; = s+ ;. The integral with 1, is zero due to the periodicity of the
functions ¢, and 7. Thus (33) holds with v; replaced by s. If we also take into account

that 9
/ 95 1dS = 0,
Sousl 871

then we obtain the first equality (31) with S = S;. Then this equality holds with any
S since Vg is invariant with respect to the shift s — s + a. Let us provide another
way to show that the second term in (31) does not depend on the choice of S. Let

Qup = 2{a < s < b}. Then

0= / L*rdx = / (7!, — Vany)dS = / (7, — Vng)dS
Qap 0 p Sa U Sh

- fs (i~ V)iS - / (! — Vr)dS.

a

In order to prove the second equality (31), we write the first one with S = S, and
integrate with respect to a over the interval (0,1). The last equality (31) follows from the
divergence theorem.
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The proof of (32) is similar. We have

/ (Vegvy + 0?)mdx = / (Lvg)mdx — / v L mdr = / (%w — U28_7r + Vugmny )dS.
/ ’ ’ SoUS1 an 871

We plug here vy = % + s11 + 9. The integral with ¢, vanishes due to the periodicity of

1y and 7. Hence vy can be replaced by % + s11. We reduce the integral over Sy to an
integral over S; using the substitution s — s — 1. Taking into account the periodicity of
11 and ™ we obtain

//(veﬁv1 + oY)rdy = /S a+ 2 )2y V(% + by)m]ds

0s 2 ds
31}1 87r 1
= /5:1 [gﬂ' — Ul% + VUﬂT]dS — 5%5

The last relation is the consequence of the first equality (31) and the equality v; = s+ 1.
Hence,

ov om 1
2 1
= —T — v — dsS —V, dr — =Veg. 4
o /50[837T Ulé?s + Vuyr]dS fo//vﬂr T QVH (34)
It remains to show that
ov or 1
2d:/—l——v dS—V;/ dr — =V 35
N Vo |“mdx So[asw Ul@s + V] F /v17r T 5 Vett (35)

We note that L(vi) = 2v;Luy + 2|Vu|? = 2Vgv; + 2|V [2. Thus

1
|V, |Prde = 5/ L(v?)mdx — ‘/eff/ vrde
Q/ U

1
= / [vl%w — 51}%(2—; — Vang)|dS — V;ﬁ/ nmdzr.
SoUS: '

We took into account here that the integrand of the first term on the right vanishes on S°.
The last inequality implies (35) if the integral over S in the equality above is rewritten in
terms of the integral over Sy using the first formula (31) and periodicity of the functions
m and v; — s. The proof of the theorem is complete. Now let us justify the remark.
Assume that V' = 0. From the divergence theorem and periodicity of 1, it follows that

0
—wl dr = YinidS = Y dS.
QO Js o St
Since n; = 2% and the latter function on S’ is equal to —% (due to (28)), we have
0 0 0
O e = [ pmds = — [ 02 as = — [, 2as
Q Js o) gl on o) on
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Now we recall that Ay = A(v; — s) = 0. Hence the latter formula together with the

Green formula imply
81/11 o 2
—dr =— | |Vi|Zdx. (36)
’ aS Q/

Furthermore, 7 = 1/|€| since V' = 0. From v; = 91 + s, (32), and (36) it follows that

0
2| = / |V, [*dr = / (1+ 2% + |V [*)dz = / (1 — |V |*)dz
Q/ ’ Q/

]

Theorem 2.6. The following relation holds: Vg = o2V + O(V?) as V. — 0 where
02 = 0?|y—9 > 0 is the effective diffusivity at V = 0. In particular, if |V'| is small enough,
then Vog # 0 when V' # 0 and Vg is a monotone function of V.

Proof. From (30) it follows that 7 is an analytic function of V. Then (31) implies that
Vegr 1s analytic in V| and (28) implies that v; and ¢; depend on V' analytically. We expand
= Ié_’\ + V' +O(V?) using the Taylor approximation at V' = 0. Then (30) leads to the
following problem for m:

8771 ny / /
a_n|Sl = m; 7Tl|51 = 7Tl|507 (71)5‘51 = (71)3‘50'

Am =0, ze€Q;

Since ny = £, only the factor —1/|€| in the boundary condition makes the problem for

7, different from the problem for 19 = 9;|y,—o. The latter problem can be obtained from
0

(28) if we put there V = Vg = 0. Hence m = — 2, e, m = Yo 4 O(V?). We put

e [Ty
this into the second of relations (31) and obtain that
(W) da , V0 2de
Ve = V(1 + Jor (W) %,fs )+ O0(V?) =V (1 - Joy Ve[ |$|1| )+ O(V?).

The last relation follows from (36). It remains only to use the Remark after Theorem 2.5.
O
We still need to prove inequality (19), which was used in the arguments above.

Lemma 2.7. There are positive constants a and b such that the inequality
\G(l,x,y)| < ae—b(m—yl)Q
holds for the Green function G(t,x,y) of problem (1).

Proof. The statement is very similar to the upper Aronson estimate at a fixed time for
the Green function of a parabolic problem. The difference from the classical estimate is
that here we have reflection on the boundary of the tube, rather than a problem in the
entire space. For this reason, we sketch an independent proof.
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For each y, denote by D the domain that consists of three cells of periodicity of €2: the
one which contains y, and two adjacent cells. Denote by S, S the vertical parts of the
boundary of D that are defined by the equations z; = [y] — 1,21 = [y] + 2, respectively.
Let G(t,x,y) be the Green function of the problem

%—f =AG + V%—f, x € D; g_§|8Dnaﬂ =0; G(0,z,y) =0,(x), ze€D, (37)
supplemented by the standard periodicity condition on S, S®. The Green function G
exists and is infinitely smooth when t # 0,2 # y [12]. Let (Y(t,z) be a cut-off function
that is equal to one in a small neighborhood of the point ¢ = 0,2 = y and is equal to
zero when t > 1/2 or |z — y| > 1/2. Obviously, one can choose (¥ in such a way that
%bpmaﬂ =0.

Now, instead of estimating the fundamental solution, we can estimate uY(t,z) =

G(t,z,y) — CY(t,z)G(t, x,y), which satisfies

ouY ouY ouY
3_2; = AuY + VG_Z + hy(t,z,y), x € Q; 8%|69 =0; w(0,2) = ha(x,y), =z €,
where hq, hy are smooth, uniformly in ¢,z,y bounded functions supported in the 1/2-
neighborhoods of the points ¢ = 0,2 = y and x = y, respectively.
Consider the diffusion process X}’ defined via

dXP = V2AW, + Vit + xon(XP)n(X])dEF,  X§ =, (38)

where & is the local time of X on the boundary of €2. By the Feynman-Kac formula,
the solution ¥ can be represented as

1
uy(l,x):/ By (t, X2)dt + Bhy(X7).
1/2

By the uniform boundedness of hy and hs, we conclude that

uw!(1,2) < C sup P(X] € B,) < P(X} reaches B, before time 1),

0<t<1

where B, is the unit ball centered at * = y. From the large deviation principle for
diffusion processes with reflection on the boundary (see [1]), it follows that there are
positive constants ¢; and ¢y such that

supP(sup | X7 — 2| > 1) < ¢re™®/° (39)
€ t€[0,e]

for each € > 0. In order for the process X}’ to reach the unit neighborhood of y, it needs
to cross at least k := [|z1 —y1| — 1] regions, each bounded by a pair of vertical hyperplanes
separated by unit distance. Since the total time available is equal to one, at least [k/2] of
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the regions need to be crossed in time that is smaller than 2/k. By (39) and the Markov
property of the process, the probability that [k/2] given regions are crossed in time smaller
than 2/k is estimated from above by (c;e~*¢2/2)[k/2] Therefore,

k!
[k/2]!(k — [k/2])!
where the combinatorial factor is due to the fact that a priori we don’t know which of
the regions will be crossed fast. The right hand side is estimated from above by caeCk’

with positive ¢3 and ¢;. Finally, the desired estimate on u¥(1,x) follows once we recall
that k = |z — 1| — 1]. O

P(X} reaches B, before time 1) < (creke/2)k/2]

3 Periodic tubes with nearly separated dead zones.

Consider problem (1) with V' = 0 (i.e., without drift) in a periodic domain = Q(g) C R¢
that has the form of an e-independent periodic tube 2y with a periodic system of cavities
connected to the tube 2y by narrow channels (see Fig. 3). Denote one cell of periodicity
of the domain §2(e) by €'(¢) and one cell of periodicity of Qg by €2,.

We do not impose restrictions on the shape of the cavities and channels besides the
periodicity condition, smoothness of the boundary 0Q2(¢) and the assumption that the
channel enters the cell of periodicity €} of the main tube in an ¢ neighborhood of some
point xy € €. The latter means that by omitting an e-neighborhood of x from '(g),
one disconnects € from the other part of {'(¢). For simplicity we will assume that there
is only one cavity and one channel on each period, but it is not difficult to extend all the
arguments to the case of several cavities per period or multiple channels connecting the
cavity with the tube. Let us stress that no regularity in € of the cavity and channels is
assumed. For example, their volume may grow, decay, or oscillate as ¢ — 0. We also do
not need to make a distinction between the cavity and the channel.

Figure 3: Periodic tube with nearly separated cavities (dead zones).

We assume that the cell € is defined by the restriction 0 < s = z; < 1. We denote
by Sp, Si the parts of the boundary of ) that belong to the planes through the points
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s =0and s = 1, respectively. Let S' = 9Q(\[So |J Si1] be the lateral part of the boundary
0€Y; of the cell corresponding to the main tube.

In order to describe the effective diffusivity o2 for the problem in Q(g) and the effective
diffusivity o2 for the problem in the main tube Qg (without the cavities and channels),
we introduce the auxiliary problem

Au=0, x€Qy; u=s+1, where is I-periodic in s; ul,|q = 0. (40)
We will call function u the harmonic coordinate (for the domain ). This function was

introduced in the previous section where it was denoted by v; (see (28)).

Theorem 3.1. Let V = 0. Then the following formulas are valid for the effective diffu-
sivity o in the case of a periodic tube Qo and for the effective diffusivity o2(g) in the case
of the tube with cavities:

Joy [Vul?dz
= 41
0—0 ‘Q{)| ’ ( )
Ol o2 d
o?(e) = ‘|Q/O(’€>0’ +0(e2), e—0. (42)

Remark. When € is a cylinder, formula (42) can be found in [5], [10], under certain
assumptions on the connecting channels.

Proof of Theorem 3.1. In the case of domain €2y, we will use notations u, v for functions
vy, 91, defined in (27), (28) (compare (28) and (40)), and we preserve the original notations
v1, 11 when the problem in Q(e) is considered.

We note that 7 is a constant when V' = 0. From the normalization condition ( [, mdx =
1) it follows that = = 1/|€| for the problem in © and 7= = 1/|€/(¢)| for the problem in
Q(e). Hence, formula (41) follows from (32). It only remains to prove (42). In fact, (32)
was derived without any specific assumptions on the periodic domain €2, and it is valid
for both domains €y and €2(g). Thus

B fQ,(e) |V |2 dz

7= "o )

We are going to compare the functions u and vy and derive (42) from (43) and (41).

Let g € S’ be the point on the lateral side of the cell Q) where the channel enters
the main tube. Harmonic coordinates u and v; (for tubes Qy and (g), respectively)
are defined up to arbitrary additive constants. We fix these constants assuming that
u(zo) = v1(xg) = 0.

We fix a function o = af(e,z) € C*(€)) such that « = 0 when |z — x¢| < 26, a =1
when |z — 29| > 3¢ and 22 = 0 on S'. Moreover, we assume that [Va| < ¢; /¢ for some e-
independent ¢;. We consider function w = a(z)u(z) and extend it by zero in the channel
and the cavity. Then w € C* (' (¢)).
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Let us estimate v; — w. Obviously, this difference satisfies the following relations in

V(e):

O(v, — w)

A(v; —w) = [ :=2VaVu+ula, =€ Q(e); 5

=0, zeSe), (44)
and satisfies the periodicity condition on Sy, .S;. We multiply both sides of the equation
above by v; — w, integrate over €'(¢) (the right hand side is supported in €)), and apply
the Green formula to the left-hand side and to the second term on the right. This implies
that

J

IV (1 — )1 2,000 = /Q, 2(v; — w)VaVu + (v; — w)ula]dz =

2(v; — w)VaVu — V((v; — w)u)Valde = / [(v7 —w)VaVu — uV (v — w)Vald

Q%
J

Next, we use the following Green formula based on (40) and the fact that o — 1 vanishes
in a neighborhood of Sy Si:

-

Thus, the first term in the right-hand side of (45) can be replaced by

(v —w)V(a —1)Vu — / uV (v, —w)Vadz. (45)

/ /
0 Q0

(v1 —w)(a — 1)Audx = —/ V(1 —w)(a — 1)]Vudz.

/ /
0 QO

—/ (a — 1)V (v1 — w)Vudz.
Q

0
After that, (45) implies the following estimate:
IV (v1 = w)l[ Ly < e = DVull ey + uVallLy@g)-

Function u is smooth and e-independent. Obviously, |[a — 1|1, = O(e¥?), e — 0.
A similar estimate is valid for uVa since |u] < Ce on the support of Va (recall that
u(zo) = 0). Hence
d
||V(?)1 — w)||L2(Q/(E)) = 0(62), e — 0.

Thus one can make the following changes in formula (43) with the accuracy of O(g%?):
replace v; by w = au, replace integration over ¥’ (¢) by the integration over €2, and then

drop a (since it was shown above that | V[(a — 1)u]|| = O(%?)). In other words, one can
replace the numerator in (43) by the numerator from (41) plus O(¢%?). Then it remains
only to use (41). O
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