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Abstract

The (planar) ERTBP describes the motion of a massless particle (a comet) under the
gravitational field of two massive bodies (the primaries, say the Sun and Jupiter) revolving
around their center of mass on elliptic orbits with some positive eccentricity. The aim of this
paper is to show that there exist trajectories of motion such that their angular momentum
performs arbitrary excursions in a large region. In particular, there exist diffusive trajectories,
that is, with a large variation of angular momentum.

The framework for proving this result consists on considering the motion close to the
parabolic orbits of the Kepler problem between the comet and the Sun that takes place when
the mass of Jupiter is zero. In other words, studying the so-called infinity manifold. Close
to this manifold, it is possible to define a scattering map, which contains the map structure
of the homoclinic trajectories to it. Since the inner dynamics inside the infinity manifold is
trivial, two different scattering maps are used. The combination of these two scattering maps
permits the design of the desired diffusive pseudo-orbits, which eventually give rise to true
trajectories of the system with the help of shadowing techniques.

Keywords: Elliptic Restricted Three Body problem, Arnold diffusion, splitting of separatrices,
Melnikov integral.

1 Main result and methodology

The (planar) ERTBP describes the motion g of a massless particle (a comet) under the gravitational
field of two massive bodies (the primaries, say the Sun and Jupiter) with mass ratio p revolving
around their center of mass on elliptic orbits with eccentricity e. In this paper we search for
trajectories of motion which show a large variation of the angular momentum G = ¢ x ¢. In
other words, we search for global instability (“diffusion” is the term usually used) in the angular
momentum of this problem.

If the eccentricity vanishes, the primaries revolve along circular orbits, and such diffusion is not
possible, since the (planar and circular) RTBP is governed by an autonomous Hamiltonian with
two degrees of freedom. This is not the case for the ERTBP, which is a 2+1/2 degree-of-freedom
Hamiltonian system with time-periodic Hamiltonian. Our main result is the following

Theorem 1. There exist two constants C > 0, ¢ > 0 and p* = p*(C,c) > 0 such that for any
0<e<c¢/Cand0 < p < p*, and for any two values of the angular momentum in the region
C < Gt < G5 < c/e, there exists a trajectory of the ERTBP such that G(0) < G1, G(T) > G2 for
some T > 0.

*AD, AR, and TMS were partially supported by the Spanish MINECO-FEDER Grant MTM2012-31714 and the
Catalan Grant 2014SGR504.



This result will be a consequence of Theorem where the large C' and the small constant ¢
are explicitly computed (C' = 32, ¢ = 1/8), and where it is also shown the existence of trajectories
of motion such that their angular momentum performs arbitrary excursions along the region C' <
Gi < Gs <c/e.

Let us recall related results about oscillatory motions and diffusion for the RTBP or the ERTBP.
They hold close to a region when there is some kind of hyperbolicity in the Three Body Problem,
like the Euler libration points [LMS85] [CZ11l [DGR13], collisions [Bol06], the infinity [LS80, [Xia93|
Xia92l Moe07, Rob84l, [MP94l [MS14] or near mean motion resonances [FGKRI4]. Among these
papers, two were very influential for our computations, namely [LS80], where the Laplace’s method
was used along special complex paths to compute several integrals, and [MP94], which contains
asymptotic formulas for a scattering map on the infinity manifold for large values of eGG. Another
one, [GMS12], is very important for futute related work, since the proof of transversal manifolds
of the infinity manifold is established for the RTBP for any p € (0,1/2].

Concerning the proof of our main result, let us first notice [LS80, (GMS12] that, for a non-zero
mass parameter small enough and zero eccentricity, the RTBP is not integrable, although for large
G its chaotic zones have a size which is exponentially small in G. This phenomenon adds a first
difficulty in proving the global instability of the angular momentum G in the ERTBP for large
values of G.

The framework for proving our result consists on considering the motion close to the parabolic
orbits of the Kepler problem that takes place when the mass parameter is zero. To this end we
study the infinity manifold, which turns out to be an invariant object topologically equivalent to
a normally hyperbolic invariant manifold (TNHIM). On this TNHIM, it is possible to define a
scattering map, which contains the map structure of the homoclinic trajectories to the TNHIM.
Unfortunately, the inner dynamics within the TNHIM is trivial, so it cannot be used combined with
the scattering map to produce pseudo-orbits adequate for diffusion, and adds a second difficulty.
Because of this, in this paper we introduce the use of two different scattering maps whose combi-
nation produces the desired diffusive pseudo-orbits, which eventually give rise to true trajectories
of the system with the help of the shadowing results given in [GMS15].

The main issue to compute the two scattering maps consists on computing the Melnikov po-
tential associated to the TNHIM. The main difficulty for its computation comes from the fact
that its size is exponentially small in the momentum G, so it is necessary to perform very accurate
estimates for its Fourier coefficients. Such computations are performed in Theorem [7, and they
involve a careful treatment of several Fourier expansions, as well as the computation of several
integrals using Laplace’s method along adequate complex paths, playing both with the eccentric
and the true anomaly. To guarantee the convergence of the Fourier series, we have to assume that
G is large enough (G > (), and e small enough (Ge < ¢). Under these two assumptions, the
dominant part of the Melnikov potential consists on four harmonics, from which it is possible to
compute the existence of two functionally independent scattering maps.

The combination of these two scattering maps permits the design of the desired diffusive pseudo-
orbits, under the assumption of a mass parameter very small compared to eccentricity (0 < p < p*),
see )7 which eventually give rise to true trajectories of the system with the help of shadowing
techniques.

It is worth noticing that since all the diffusive trajectories found in this paper shadow ellipses
close to parabolas of the Kepler problem, that is, with a very large semi-major axis, their energy is
close to zero, and the orientation of their semi-major axis only changes slightly at each revolution.

The case of arbitrary eccentricity 0 < e < 1 and arbitrary parameter mass parameter 0 < u < 1
remains open in this paper. Indeed, the case eG &~ 1 involves the analysis of an infinite number of
dominant Fourier coefficients of the Melnikov potential, whereas for the case eG > 1, the qualitative
properties of the Melnikov function should be known without using its Fourier expansion. Larger
values of the mass paratemer p than those considered in this paper involve improving the estimates
of the error terms of the splitting of separatrices in complex domains, as is usual when the splitting
of separatrices is exponentially small. The computation of the explicit trajectories from the pseudo-
orbits found in this paper needs a suitable shadowing result given in [GMS15], which involves the
translation to TNHIM of the usual shadowing techniques for NHIM.

The plan of this paper is as follows. In Section [2] we introduce the equations of the ERTBP, as



well as the McGehee coordinates to be used to study the motion close to infinity. In Section |3 we
recall the geometry of the Kepler problem, when the mass parameter vanishes, close to the infinity
manifold and its associated separatrix. Next, in Section [d] we study the transversal intersection of
the invariant manifolds for the ERTBP, as well as the scattering map associated, which depend on
the Melnikov potential of the problem, whose concrete computation is deferred to Section [f] The
global instability is proven in Section [5] using the computation of the Melnikov potential, and is
based on the computation of two different scattering maps, whose combination gives rise to the
diffusive trajectories in the angular momentum.

2 Setting of the problem

If we fix a coordinate reference system with the origin at the center of mass and call ¢s and gy
the position of the primaries, then under the classical assumptions regarding time units, distance
and masses normalization, the motion ¢ of a massless particle under Newton’s law of universal
gravitation is given by

@7(_ ) 95— 4 a1 —q 1)
dt? s —aP " Mas —qP

where 1 — u is the mass of the particle at gs and p the mass of the particle at ¢;. Introducing the
conjugate momentum p = dq/dt and the self-potential function

L —p p
Uulg, tie) = + ; (2)
! la—asl  la— asl
equation can be rewritten as a 2+1/2 degree-of-freedom Hamiltonian system with time-periodic

Hamiltonian )

H,(q,p,t;e) = % —Uu(g, t;e). (3)

In the (planar) ERTBP, the two primaries are assumed to be revolving around their center
of mass on elliptic orbits with eccentricity e, unaffected by the motion ¢ of the comet. In polar
coordinates ¢ = p(cos a, sin «v), the equations of motion of the primaries are

gs = pr(cos f,sinf) gy = —(1— p)r(cos f,sin f). (4)

By the first Kepler’s law the distance r between the primaries [Win4ll, p. 195] can be written as
a function r = r(f, e)

1= e?

"~ 14ecosf

where f = f(t, e) is the so called true anomaly, which satisfies [Win4l1l p. 203]

df  (1+ecosf)?
a - A= (©)

r

()

Taking into account the expression for the motion of the primaries, we can write explicitly
the denominators of the self-potential function

¢ —as|® = p* = 2urpcos(a — f) + pr?, (7)
lg—ai? = p?+2(1 = wrpeos(a — f) + (1 - p)*r®. (8)

We now perform a standard polar-canonical change of variables (¢,p) — (p, o, P,, Pa)
. P, . . P,
g=(pcosa,psina), p=|P,cosa — —sina, P,sina — — cos « (9)
r r

to Hamiltonian . The equations of motion in the new coordinates are the associated to the

Hamiltonian
\ P Pz
Hy(p,a, By, Po,tie) = o= + o —U,(p;a,t;e) (10)



with a self-potential U}
Us(p,a,tie) = Uu(pcosa, psina, tie). (11)

From now on we will write

G:Pav y:Ppa

so that Hamiltonian becomes

2

G
+ 55 —Uilp, o t;e). (12)

v
2 2p2

H;:(p7 a’ y? G, t; e) =
Remark 2. In the (planar) circular case e = 0 (RTBP), it is clear from equations (5]) and (6] that
r =1 and f =, and that the expressions for the distances between the primaries depend on
the time s and the angle « just through their difference o —¢. As a consequence, U}, (p, v, 8;0)

as well as H (p,,y, G, 5;0) depend also on s and « just through the same difference o — ¢. This
implies that the Jacobi constant H* + G is a first integral of system.

2.1 McGehee coordinates

To study the behavior of orbits near infinity, we make the McGehee [McG73| non-canonical change

of variables: 5

p= ) (13)

for x > 0, which brings the infinity p = oo to the origin x = 0. In these McGehee coordinates, the
equations associated to Hamiltonian become

dz 1 4 dy 1 5 4 x*0U,
== e 14
at ~ 1" it ~89" T T o (14)
do 1, dG o,
T it~ da (14b)
where the self-potential U, is given by
U(mat'e)—U*(2/x2at'e)—x—2 1_'u—&—ﬂ (15)
p by Gy Oy — Y s Loy by - 2 o5 oy

with

1
|0 = as|* = 05 =1 — pra*cos(a — f) + g p*rat,

1
o —ail* = 05 = 1+ (1= pra® cos(a — ) + 7 (1 — p)*ra’.

It is important to notice that the true anomaly f is present in these equations, so that the equation
for f given in @ should be added to have the complete description of the dynamics.
2.1.1 Hamiltonian structure
Under McGehee change of variables (13)), the canonical form dp A dy + da A dG is transformed to

4

w=——dz ANdy +daNdG (16)

x
which, on z > 0, is a (non-canonical) symplectic form. Therefore, expressing Hamiltonian in
McGehee coordinates

B g2 2iG?

H,u(xvavvaut; 6) - 9 + T _Z/{M("E,Oé,t;e), (]‘7)



equations (|14) can be written as

dﬁ — _ﬁ BH“ @ — _23 _BH“ (18&)
a4 y at 4 or

da OH, E _ _87{”

dat — 0G dt ~—  da (18b)

Equivalently, we can write equations as dz/dt = {z,H,} in terms of the Poisson bracket

{fvg}:_

af dg  9f 9G

da0G  0G da’

4

23 [ 0f Og
(&T Oy Oy ox (19)
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3 Geometry of the Kepler problem (u = 0)

3.1 The infinity manifold

Y
h>0

h=0
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N

Figure 1: Level curves of Hg
in the (x > 0,y) plane, for
fixed G >0

For 4 =0 and G > 0, Hamiltonian becomes Duffing Hamilto-
nian

HO(xvyaG)* 2 + )

_y2 2462 2 2tG? 2?
2

and is a first integral, since the system is autonomous. Moreover,
Hy is also independent of e and «. Its associated equations are

dz 1 4 dy 1 14

@w__Z W 2g2,s_ = 21
a4ty a0 " (212)
do 1, ple

da 1 & 21
di R a (21b)

where it is clear that G is a conserved quantity, which will be
restricted to the case G > 0 from now on, that is, G € Ry.
The phase space, including the invariant locus = 0 is given by
(z,0,y,G) € R>g x T x R x R;. From equations it is clear
that

o ={2=(=0,0,y,G) € R5og x T xR xR} (22)

is the set of equilibrium points of system (21)). Moreover, for any fixed a € T, G € R,

Aa,G’ = {(0, a, 0, G)}

is a parabolic equilibrium point, which is topologically equivalent to a saddle point, since it pos-

sesses stable and unstable 1-dimensional invariant manifolds.

The union of such points is the

2-dimensional manifold of equilibrium points

Ao =J Aac
a,G

As we will deal with a time-periodic Hamiltonian, it is natural to work in the extended phase

space

Z2=(z,8) =(z,0,y,G,s) ER5o x TXxRxRy xT

just by writing s instead of ¢ in the Hamiltonian and adding the equation

ds

i



to systems and . We write now the extended version of the invariant sets we have defined
so far. For any a € T, G € R, the set

Aa,G = {5 = (Oa Qa, 07 G7 5)7 s € T} (23)

is a 2m-periodic orbit with motion determined by ds/dt = 1. The union of such periodic orbits is
the 3-dimensional invariant manifold (the infinity manifold)

Ao = Aac ={(0,0,0,G,5), (a,G,s) €T x Ry x T}~ T x Ry x T, (24)
a,G

which is topologically equivalent to a normally hyperbolic invariant manifold (TNHIM).

Parameterizing the points in A, by
%0 = %o, G, 5) = (x0(a,G),8) = (0,0,0,G,5) € Ay ~ T xRy xT
the inner dynamics on A is trivial, since it is given by the dynamics on each periodic orbit /N\a’g:

br.0(X0) = (0,0,0,G, 5 + 1) = (x0(a, G), s + 1) = %o(a, G, s +1). (25)

3.2 The scattering map

In the region of the phase space with positive angular momentum G, let us now look at the
homoclinic orbits to the previously introduced invariant objects.
The equilibrium points A, have stable and unstable 1-dimensional invariant manifolds

Ya,g = W'Aac) =W (Aac)

{Z:(Jj,d,y7G), HO($7y,G)=0,é¢=a—G mdl’},
Ho=0 Yy

whereas the 2-dimensional manifold of equilibrium points A, has stable and unstable 3-dimensional
invariant manifolds which coincide and are given by

Y= Wu(Aoo) = Wb(Aoo) = {Z = (1.70‘73/’(;)7 HO(xava) = 0}

The surface

’3/047G = WU(AQ,G) = WS(AQ,G) (26)

= {Zz(x,@,y,G,s),seT, Holz,y,G) =0, =a—G xda:} (27)
Ho=0 Y

is a 2-dimensional homoclinic manifold to the periodic orbit AQ,G in the extended phase space.
The 4-dimensional stable and unstable manifolds of the infinity manifold A, coincide along the

4-dimensional homoclinic invariant manifold (the separatriz), which is just the union of the homo-
clinic surfaces J,,:

7 = WA) =W(As) = | Fac
a,G

Due to the presence of the factor —x3/4 in front of equations , it is more convenient to
parameterize the separatrix J,,¢ given in by the solutions of the Hamiltonian flow contained
in Hy = 0 in some time 7 satisfying (see [MP94])

it 2G

dat _ 26 29
dr 22 (29)



In this way, the homoclinic solution to the periodic orbit 1~\Q7G of system can be written as

2

ap(t;a,G) = a+ w4 2arctan (30b)
Yo(t; G) = ﬁ (30c)
Go(t;G) =G (30d)

So(t;8) =s+t (30e)

where o and G are free parameters and the relation between ¢t and 7 is

3

tz%g(T—F%), (31)

which is equivalent to on Hy. From the expressions above, we see that the convergence along
the separatrix to the infinity manifold is power-like in 7 and ¢:

a—Qqy—T 2 2

~— o~ —— t — +oo. 2
e o (32)

Zo, Yo,

‘We now introduce the notation

Zo = Zo(0, o, G, 8) = (zo(0,a, G), 8)
= (20(0;G),ap(0; 0, G),yo(0;G), G, s) €7 (33)

so that we can parameterize any surface 7, ¢ as
Yo.c = {Z0 = Zo(0,, G, 5) = (z0(0,, G), s), 0 € R, s € T}.
and we can parameterize the 4-dimensional separatrix as
¥ =W(As) = {Zo = Z0(0, 0, G, 5) = (z0(0,,G),5),0 € R,G € R, (a,s) € T?}.  (34)
The motion on 7 is given by
b1.0(z0) = Zo(0 +t,0,G,8) = (zo(0 + t, 0, G), s + 1) (35)
and by equations , the following asymptotic formula follows:

¢1,0(Z0) — ¢1,0(X0) = (zo(0 +t,0,G), s + 1) — (%0(a,G), s +1) ——— 0 (36)

t—+oo

The scattering map S describes the homoclinic orbits to the infinity manifold Ao (defined in
(24)) to itself. Given X_,X; € Ao, we define

Su(X-) = x4
if there exists z* € W;j(]\oo) N W;(INXOO) such that
G1,u(2") — Pp u(X+) = 0 for t — Foo. (37)

In the case p = 0 the asymptotic relation implies Sy(Xg) = X so that that the scattering map
S0 : Aeo —> Ao is the identity.



4 Invariant manifolds for the ERTBP (i > 0)

4.1 The infinity manifold
In order to analyze the structure of system , we will write H,, given in as

Hu(xa «, Yy, G7 S 6) = HO(Z" Y, G) - IU’AZ/{H(xa «, S; 6) (38)

where we have written I, in (L5) as

2
U, (x,a,s5e) =Up(x) + pAU, (2, 0, 55€) = % + pAU,(z, o, s5€), (39)

and we proceed to study the dynamics as a perturbation of the limit case p = 0. From ,

AlUy(z, o, s5e) = lim AU, (z, o, s;€)
n—0

2 [L’2 (E2

—)27' cos(aw — f) — — (40)

T
i
[4 + 242 + 4227 cos(a — f)] Yz 2 2

where 7 = r(f,e) and f = f(s,e) are given, respectively, in (5H6).

For p > 0, it is clear from equations that the set £, remains invariant and, therefore, so
does the infinity manifold A, being again a TNHIM, and all the periodic orbits ]\%G also persist.
The inner dynamics on A is the same that in the case 1 =0, so that the parametrization xq as
well as its trivial dynamics remain the same.

4.2 The scattering map

From [McGT73] we know that W} (A ) and W (A) exist for p small enough and are 4-dimensional
in the extended phase space. The existence of a scattering map will depend on the transversal
intersection between these two manifolds.

Let us take an arbitrary Zg = (zo,s) = (2zo(0,a,G),s) € ¥ as in (33). Now, we have to
construct points in Wz([\m) and VVl‘j([XOO) to measure the distance between them. It is clear from
the definition of 4 that

v = (VHO(ZO)7 O)
is orthogonal to 4 = W"(As) = W3(As) at Z and then if the normal bundle to 7 is denoted by

N(7o) = {70 + 0 ¥,0 € R}

we have that there exist unique points z};" = (23", s) such that

(7"} = Wi (As) NN (20). (41)

The distance we want to compute between W (Aw) and W (Aw) is the signed magnitude given
by

(20, ) = Ho(2,,) — Ho(Z},)- (42)
We now introduce the Melnikov potential (see [DGOQ, [DLS06])

L(a,G,s5e) = / AUy (zo(t; G), ap(t; 0, G), s+ t;e) dt (43)

where Al is defined in . Thanks to the asymptotic behavior of the solutions along the
separatrix and of the self potential close to the infinity manifold

AlUy(z, 0, 57¢) = O(z?) as = — oo

this integral is absolutely convergent, and will be computed in detail in Section [6}



Proposition 3. Given (o, G,s) € T x RT x T, assume that the function
ceR+— L(a,G,s —0;e) €ER (44)

has a non-degenerate critical point 0* = o*(a, G, s;¢e). Then for 0 < p small enough, close to the
point z§ = (zo(c*,®, G),s) € ¥ (see the parameterization in ), there exists a locally unique
point

z"=7z"(o", aGseu)GW( )rhW“( )

of the form

7" =75+ O(u).
Also, there exist unique points X4 = (O,Oé:t,07 Gi,5)=(0,0,0,G,s) + O(u) € Ao such that
G1.u(Z%) — ¢ppu(Xx) — 0 for t — +oo. (45)
Moreover, we have
Gy —G_ = u%(m G,s —o*(a, G, s;¢)) + O(u?). (46)

Proof. From equation we know that any point zy € 4 have the form
Zo = Zo(0, 0, G, 8).

As in , we consider
7" = (z;",s) € W”(A ) N N(zp),

and we are looking for Zo such that zj, = z,. There must exist points X3 = (z4,s) € Ao such
that

Qst,,u(glsju) - (bt,u(i:t) — 0, (47)

t—+oo

moreover ¢y ,,(Z;") — ¢r,0(Zo) = O(p) for £t > 0 (see [McGT3]). Since Ho does not depend on
time, by and the chain rule we have that

d

2 T0(0eu(2")) = {Ho, By} (00,u(2,")) = —niHo, At} (De,(2"); €).-

Since Ho = 0 in ]\oo, using and the trivial dynamics on 1~\oo we obtain

+o0
Ho(Z5") = —u / (Mo, AU, Y (1,557 ) .

Taylor expanding in p and using the notation
Ho(E) — Hol5) = | (Mo, Ak} 010(G): ) e+ Ou)
= ,u/ {Ho, Ao} (zo(0 +t, 0, G), s + t; ) dt + O(u?). (48)
On the other hand, from
L(a,G,s5e) = /OO AUy (zo(v — 8;G),ap(v — 83, G), sy e) dv

and then

Z—f(a,G,s;e) = —/ {AUy, Ho}(zo(v — 8,0, G), s;€) dv

—00
so that
oL

E(Q,Gﬂs—a;e):/ {Ho, Ao} (zo(v — s + 0,0, G), s5€) dv

= /_OO {Ho, AU }(20(t, 0, G), s + t;€) dt (49)



and therefore, from and

oL

N o 2
—uas(a,G,s oye) + O(p”).

d(zo, p) = Ho(2),) — Ho(Z},)
For p small enough, it is clear by the implicit function theorem that a non degenerate critical value
o* of the function gives rise to a homoclinic point Z* to Ao, where the manifolds W} (Ax)

and W} (A ) intersect transversally and has the desired form z* = 75 + O(p).
Consider now the solution of system represented by ¢ ,,(z*). By the fundamental theorem
of calculus and we have

oo o0 A
GomGo=— [ Trana- [ HeEr0d

oo O o Oa

:u/ 02to 1, (32): ¢) dt + O(112)

oo Oa

> 9N
:“/ aai.:lO(Zo(Cf"+t,oz,G)7s+t;e)dt+0(u2)

oL . 9
*M%(O‘aGVs*CT ,€)+O([L )

O

Once we have found a critical point o* = o*(a, G, s; €) of on a domain of (a, G, s), we can
define the reduced Poincaré function (see [DLS06])

L*(a,Gse) = L(a,G,s —0*5e) = L(o, G, "5 €) (50)

with s* = s — o*. Note that the reduced Poincaré function does not depend on the s chosen, since
by Proposition

0

s (L(a,G,s — 0" (a,G,s;€);€)) =0.
Note also that if the function in Proposition [3| has different non degenerate critical points
there will exist different scattering maps.

The next proposition gives an approximation of the scattering map in the general case y > 0

Proposition 4. The associated scattering map (o, G, s4) = S, (a, G, s) for any non degenerate
critical point o* of the function defined in is given by

— p—(a, G o(?),G

a = pge(aGre) + 0(u%), G+ pps

where £* is the Poincaré reduced function introduced in .

(o, G, 8) — ( (o, Gse) +O(u?), s)

Proof. By hypothesis we have a non degenerate critical point o* of . By definition ,
Proposition [3 gives

*

oL
Gy —-G= M%(%G) +O0(i?).

as well as G_ = G+ O(u) to get the correspondence between G and G_ that were looking for.
The companion equation to

*

£ (0,G) + 002)

ar-a=Hga

is a direct consequence of the fact that the scattering map S, is symplectic.
Indeed, this is a standard result for a scattering map associated to a NHIM, and is proven in
[DLS08, Theorem 8]. For what concerns our scattering map defined on a TNHIM, the only differ-

ence is that the stable contraction (expansion) along W (Aso) is power-like instead of expo-
nential with respect to time. Therefore we only have to check that Proposition 10 in[DLS08] still

10



holds, namely that Area (¢ ,(R)) — 0 when t — 0 for every 2-cell R in W;(A) parameterized
by R:[0,1] x [0,1] = W5(As) in such a way that R(ty,t2) € W5(As), R(0,t2) € As. But this
is a direct consequence of the fact that the stable coordinates contract at least by C/+/t (see (32))
and the coordinates along Ao, do not expand at all. O

Remark 5. In the (planar) circular case e = 0 (RTBP), AU, (z, v, s; €) depends on the time s and
the angle «a just through their difference a — s, see Remark |2l From

OAU,, AU,

90 (z,a,5;0) = s (z,a,s;0)
one readily obtains
oL oL
g(a,G,s,O) = —%(OZ,G,S,O)
and therefore ar oc
%(Q,G,s—o je) = —E(Q,G,S—O’ ;0)=0

and consequently the reduced Poincaré function £* does not depend on «, and G = G_ + O(u?).

But indeed G4 = G_ in the circular case, since there exists the first integral provided by the
Jacobi constant C; = H, + G and as H, = 0 on Ao, G4+ = G_. Therefore in the circular case
there is no possibility to find diffusive orbits studying the intersection of W;([\OO) and Wﬁ‘j(lioo)
since any scattering map preserves the angular momentum.

5 Global diffusion in the ERTBP

We have already the tools to derive the scattering maps to the infinity manifold A, namely
Proposition [3[ to find transversal homoclinic orbits to As and Proposition 4| to give their expres-
sions. Both of them rely on computations on the Melnikov potential £. Inserting in the Melnikov
potential introduced in the expression for Al in we get

oo .13(2)

[4 + z¢r? + 4a3r cos(ap — f)] 1z

Ll Gosie) = [

— 0o

2

. (962‘3)2rcos(040_f)_g%] dt (51)

where xg and ag, coordinates of the homoclinic orbit defined in , are evaluated at ¢, whereas
r and f, defined in and @, are evaluated at s + t.

To evaluate the above Melnikov potential, we will compute its Fourier coefficients with respect
to the angular variables «;, s. Since o and r are even functions of ¢ and f and «q are odd, £ is an
even function of the angular variables «, s: L(—a, G, —s;e) = L(«, G, s;¢), and therefore £ has a
Fourier Cosine series with real coefficients L :

L= Z Z Ly e 057k — 1,56 42 Z Ly cos ko + 2 Z Z L, cos(gs + ka). (52)

q€Z kET k>1 ¢>1kezZ

The concrete computation of the Fourier coefficients of the Melnikov potential will be carried
out in section [f] First, some accurate bounds will be obtained:

11



Lemma 6. Let G >32,¢>1, k>2and £ > 0. Then |Ly | < By, and |Lg¢| < By, where

Byo = 292q62q€qG_3/ge_q03/3
Bya =2"e(1+ )AG /279G /3
Bq -1 = 292qe2qe|1—¢ﬂG—l/ge_qu/S
Bq,k = 252keq(1 + e)kG—Qk—l/Qe_qGS/g
Bq —k = 252q+2ke2q6‘k7‘1|Gk*l/Qe—qG3/3
By = 282%etG—2073

Directly from this lemma, we first see that the harmonics L, ¢ are exponentially small in G for
q > 1, so it will be convenient to split the Fourier expansion as

L=Lo+Li+Lo+ - =Lo+L1+L> (54)
where
Lo(a,Gye) =Loo+2 Z Ly ) cos ka,
h=t (55)
Lq(a, G, s5e) = QZL,Lk cos(gs + ka), q>1.

keZ

The function £y does not depend on the angle s and it contains the harmonics of £ of order 0 in s,
which are of finite order in terms of GG, £; the harmonics of first order, which are of order e—9G°/ 3,
and all the harmonics of £, for ¢ > 2 are much exponentially smaller in G than those of £, so we
will estimate £y and £; and bound L>,.

To this end, it will be necessary to sum the series in . From the bounds B, in for
the harmonics L, ;; we get the quotients

By k+1 2(1+e)

By, — k41 Bogy1  4e
= for k>2, 22D _ goGfor k> q, X _ 2°
Bg.k G? orE=s Bg,—k =9 Bg. G?

for £ >0, (56)

which indicate that, for fixed ¢, we will need at least the conditions G > /2(1 + ¢e) and eG < 1/4
to ensure the convergence of the Fourier series. This is the main reason why we are going to restrict
ourselves to the region G > C large enough and eG < ¢ small enough along this paper to get the
diffusive orbits.

Among the harmonics Ly of 0 order in s, by , the harmonic Lo appears to be the
dominant one, but we will also estimate Ly ; to get information about the variable o, and bound
the rest of harmonics Lo j for k¥ > 2. Among the harmonics of first order L, j, again by , the
five harmonics Lq i, for |k| < 2 are the only candidates to be the dominant ones, but the quotients

from

BLQ - (1+6)2 Bl,l o (1+6)4 Bl,O o E o ﬁ (57)
Bl,—l - 8€G4 ’ Bl,—l N 8€G3 ’ Bl,—l N G N G2’

indicate that L; _; and L; _ appear to be the two dominant harmonics of order 1. Summarizing,
to compute the series we estimate only the four harmonics Lo, Lo,1, L1,—1 and Li _5, and
bound all the rest, providing the following result, whose proof will also be carried out in section [6]

Theorem 7. For G > 32, eG < 1/8, the Melnikov potential is given by

E(O[, G7 S5 6) = [’0 (Oé, Ga 6) + El(aa Ga 53 6) + ‘622(@7 G7 S5 6) (58)

with
Lo(a,Gye) = Lo+ Lo, cosa+ E(a, G e) (59)
Li(a, G, s5e) =2Lq1, 1 cos(s — o) +2L1 _ocos(s — 2a) + &1 (a, G, s €) (60)

12



where the four harmonics above are given by

Loo= 2G3 (1+ Eo,)

Loy = — oo (14 o)
Li 1= @e“/su + B 1) (61)
Li 2= —3V21eG32e~G"3(1 + By _,) (62)

and the error functions satisfy

|Eoo| < 22G™* 4 2%49¢2

|E0,1\ < 913 y—4 +62

|E1 1] <22'G71 42492
49

|E1,_2‘ S 217G_1 + 36
|50‘ < 214 €2G77
11| < 2196—6‘3/3 G724 2G5/% 4 eG3/? (63)
|£22‘ S 228G3/2e72G3/3 (64)

The function £; contains only harmonics of first order in s, so we can write it as a cosine
function in s. Introducing

1+ B,
=12 G27 =:12eG*(1+ FE 65
L171 1+E; ( ») (65)

in the definition of £1 we can write

L
L1=2L1_, (Z z Lk

cos(gs + k:a))

to i
Ly

=2L; 1 | cos(s —a) —pcos(s — 2a) + Z = cos(gs + ka)

kt—1,-2 b1
— i(s—a ol Ll k eilk+ e
=2L; R | el + Z i(k+1)

k#—1 —2 1,-1

=20, R (ei@*a)Be*“’) = 2L, _1Bcos(s —a — 0) (66)

where B = B(a,G;e) > 0 and —0 = —0(«, G;e) € [-m,7) are the modulus and the argument of
the complex expression

1—peio 4 Z Lik ikr1)a _. po-io. (67)

kt— 1—2 L

Writing also in polar form the quotient of the sum in @ by the parameter p introduced in

Fe—it .— Z élk ikt — Z LLl,k eilk+D)a
kpo1,—o PH1-1 kt—1,—2 b2

with E = E(a, G;e) > 0 and —¢ = —¢(a, G;e) € [, ), equation (67)) for B and 6 reads now as

Be % =1 —pe™i® 4 pEeTi? (68)

13



or, equivalently, as the couple of real equations

Bcos =1—pcosa + pEcos ¢ (69)

—Bsinf = psina — pE sin ¢. (70)
The function E = E(«, G;e) is small, since, by , and ,
‘E| - |€1| _ |51| - (1—}-6)46'77/2 62G5/2+6G73/2

= < + -
|L1,—2|  |pL1,—1| \/8G /T 3v2meG3/2

_ ﬁ ((1 + W) % +eG> —0(G3.eG), (1)

with an analogous bound for its derivative with respect to ov. Writing equation (68) as
Be " — Be~0 —i—pEe_i‘z>

one gets the explicit formulae for Band 6

E:\/I—QpCOSOz—FpQZ\/(l—p)2+4psin2oz20, (72)
0 = —2arctan <,W) € (—m,m)
B+1—pcosa

from which we see that B behaves like a distance to the point p = 1 and a = 0. The angle 9 is not
well defined when B = 0, but this happens only for &« = 0 and p = 1, that is, for G ~ (126)*1/2.
A totally analogous property holds for B:

Lemma 8. B(a,G;e) > 0 except fora =0and p=1+ Zk¢_17_2 Lik/Li 1.
Proof. For B = 0, equation reads as
sina = f(a). (73)

where f(a) = f(a,G;e) := Esing = Esin¢g(a,G;e). Since f? + (9f/0a)* < 1 due to (71)),
there are exactly two simple solutions of equation in the interval [—7/2,37/2]; one is o | €
(—m/2,7/2) obtained as a fixed point of the contraction o = arcsin (f(«, G;e)), and a second
ag,— € (m/2,3m/2) fixed point of the contraction a = 7 — arcsin (f(a, Gje)). Taking a closer look
at equation , we see that if o changes to —a, then —¢, —0, B are solutions of or, in other
words, ¢,0 are odd functions of o and B even. Therefore a = 0,7 are the unique solutions of
equation for B = 0. Substituting @ = 0,7 in for B = 0, only @ = 0 provides a positive
p, which is then given by p=1+pE =1+ Zk;ﬁ—l,—2 Ly /L1,—1. O

We are now in position to find critical points of the function s — L(«, G, s;e). To this end we
will check that s — L(«a,G,s;e) is indeed a cosine-like function, that is, with a non-degenerate
maximum (minimum) and no other critical points. By Theorem |7}, The dominant part of the
Melnikov potential £ is given by Lo + £1. By equation and the bounds for the error term,
for G large enough, the critical points in the variable s are well approximated by the critical
points of the function £ + £1 and therefore will be close to s — a — 6 = 0,7 (mod 27) thanks to
expression . For this purpose, we introduce

Ly =Li(a,G;e) =201, 1B (74)

where B = B(a, G;e) is given in and Lq, _q is the harmonic computed in . With this
notation the function £; can be written as a cosine function in s

Li(o, G, s5e) = L] (o, Gse) cos(s —a—0), (75)

14



and differentiating the Melnikov potential with respecto to s we get

oL OL>9

. 1 0L>o
5 =~ Isin(s —a—60)+ s —

T L1 0s

=0<=sin(s —a—0) (76)

which is a equation of the form for s — a — 0 instead of a and f = (0L>2/0s) /L;. Therefore,
as long as B > (0L>2/9s) /(2L1,—1), which by the estimate for Ly,_; and the bound for

L>> happens outside of a neighborhood of size O <G3/26_G3/3) of the point

(a=0,G = G*) where G* ~ (12¢)7'/? is such that p = 1 + Z Li/L1,-1, (77)
k#t—1,-2

there exist exactly two no-degenerate critical points s , of the function s — L(a, G, s;€).

Let us recall now that the Melnikov function £, as well as its terms £, are all expressed as
Fourier Cosine series in the angles o and s, or equivalently, they are even functions of («,s).
Consequently, 0L,/0s is an odd function of («, s), and it is easy to check that each critical point
s* is an odd function of a.. Moreover, using the Fourier Sine expansion of 0L,/0s, one sees that
it s is a critical point of s — L(«, G, s;e), s+ 7 too, so so— = so+ + 7. We state all this in the
following proposition.

Proposition 9. Let £ be the Melnikov potential given in , G > 32 and eG < 1/8. Then,
except for a neighborhood of size O (G3/2e_G3/3) of the point (a = 0,G = G*) given in (77),

s+ L(a, G, s;e) is a cosine-like function, and its critical points are given by
so.+ = 8o 4(a,Gie) =a+0+ ¢, S =sp,tm=a+0+T+¢L
where 6 = 0(a, G;e) is given in @ and ¢ = O (G3/2e_G3/3).

From the proposition above we know that there exist s; _ and sf |, non degenerate critical
points of s — L(«a, G, s;e). Therefore, we can define two different reduced Poincaré functions (50))

LY (a,Gse) = L(a, G50 15€)
= Lo(a,Gse) £ L(a,Gse) + E4(w, G e).

By the symmetry properties of £, it turns out that each £ (o, G;e) = L(a, G, 1§ ;€) is an even
function of a. Moreover, since sj _ = sj , + m, one has that £} = (—~1)?L}, so we can write the
reduced Poincaré map as

LY =Lo+ L+ L5EL5+ L5+ (78)

From the expression for the scattering map given in Proposition [l we can define two different
scattering maps, namely
oL} oL}
Si(a,G,s) = (a +pa(a, Gre) + O(i?), G — p—5=(a, Gse) + O(u?), 8) (79)
0G o
These two scattering maps are different since they depend on the two reduced Poincaré-Melnikov
potentials £% . From their expression , the scattering maps S follow closely the level curves
of the Hamiltonians £%. More precisely, up to O(u?) terms, Sy is given by the time —u map of
the Hamiltonian flow of Hamiltonian £%. The O(u?) remainder will be negligible as long as

oL

oLy
lul < 5 |7 0

O

)

Nevertheless, since we want to switch scattering maps, we will need to impose

1l < 1£71 =211, 1 B| = 0 (G263,
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that is, u exponentially small with respect to G in the region C' < G < ¢/e which a fortiori is
satisfied for s
0<p<p =e /)3 (80)

This is the relation between the eccentricity and the mass parameter that we need to guarantee
that our main result holds. This kind of relation is typical in problems with exponential splitting,
when the bound of the remainder, here O(u?), is obtained through a direct application of the
Melnikov method for the real system. To get better estimates for this remainder, one needs to
bound this remainder for complex values of the parameter ¢ or 7 of the parameterization of
the unperturbed separatrix. Such approach has recently been used for in the RTBP in [GMS12]
and it is likely to work in the ERTBP, allowing us to consider any p € (0,1/2], that is, imposing
no restrictions on the mass parameter.

We want to show now that the foliations of £ = constant are different, since this will imply
that the scattering maps S4 are different. Even more, we will design a mechanism in which we
will determine the places in the plane («, G) where we will change from one scattering map to
the other, obtaining trajectories with increasing angular momentum G. To check that the level
curves of £ and L£* are different, and indeed transversal, we only need to check that their Poisson
bracket is zero. Since £* and L* are even functions of «, their Poisson bracket {L£% , L% } will be
an odd function of a, so we already know that it will have a factor sin a. Using equation we
can write

L Ly ={Lo+ LI+ L5+  Lo— LI+ L5— -} =-2{Lo, L1} + &3
where &3 contains only Poisson brackets of odd order
/2]
& =—2({Lo, L3} +{L. L5} -2 Y D ALy, L; .}

¢>0,q odd>5 ¢=0

Therefore, by the bounds for the harmonics Lg, the error term & = O (e_GS) is much

exponentially smaller for large G than {£y, £}, which is O (e=¢"/ 3) and we now compute.
By splitting Lg, using , and L] = 2Ly, _1 B, using (61), and , in their dominant

and non-dominant parts
Lo = Lo+ &, Ly =Z1,71(1+E0,1)7 B =B+ Ep,
after a straightforward computation, we arrive at

_2{£0a ‘C"{} = _2{2'1’\0) ZT} + 8J

where £* 3rpsi
. — psin «
—2{Lo, L]} = 321 Td
with
25 eGG 5 B? 1 —cosa—+p 24eG
d=[1-222 B - : .
[ FE wge | s B? ez }

and a small error term

By = 0(G7 + G+ 2G* 4 pe G (14 pleG + G0)) ) G712/

5.1 Strategy for diffusion

The previous lemma tells us that the level curves of £} and L£* are transversal in the region
G > 32 and eG < 1/8, except for the three curves @« = 0, & = 7 and d = 0 (which, by the way, are
also transversal to any of these level curves, see figure .
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Figure 2: Level Sets of £ (£*) in Blue (Red) and d=0 in Green

Thus, apart from these curves, at any point in the plane (o, G) the slopes dG/da of the level
curves of £} and L£* are different, and we are able to choose which level curve increases more the
value of G, when both slopes are positive, or alternatively, to choose the level curve which decreases
less the value of G, when both slopes are negative (see Figure . In the same way, we can find
trajectories along which the angular momentum performs arbitrary excursions. More precisely,
given an arbitrary finite sequence of values G;, i = 1,...,n we can find trajectories which satisfy
G(Tz) = Gi, 1= 1,...,77,.

Strictly speaking, This mechanism given by the application of scattering maps produce indeed
pseudo-orbits, that is, heteroclinic connections between different periodic orbits in the infinity
manifold which are commonly known as transition chains after Arnold’s pioneering work [Arn64].
The existence of true orbits of the system which follow closely these transition chains relies on
shadowing methods, which are standard for partially hyperbolic periodic orbits (the so-called
whiskered tori in the literature) lying on a normally hyperbolic invariant manifold (NHIM). Such
shadowing methods are equally applicable in our case, where we have an infinity manifold Ao which
is only topologically equivalent to a NHIM (see [Rob88l, [Rob84l Moe02, Moe07, [GLOG, [GLS14])
and [GMS15].

With all these elements, we can finally state our main result

Theorem 10. Let G; < G35 large enough and e > 0, p > 0 small enough. More precisely
2<G<G5<1/(8e) and 0 < p < p* = e=(8e)7°/3, Then, for any finite sequence of values G; €
(G},G5), i =1,...,n, there exists a trajectory of the ERTBP such that G(T;) = G;, i=1,...,n
for some 0 < T; < T;11. In particular, for any two values Gy < Go € (G5, G3), there exists a
trajectory such that G(0) < Gy, and G(T') > G2 for some time T > 0.

17
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Figure 3: Zone of diffusion: Level curves of £ (£*) in blue (red) and diffusion trajectories in
green.

6 Computation of the Melnikov potential: Proof of Theo-
rem [7]

The main difficulty to compute the Melnikov potential is that it is given by an integral where
the coordinates of the separatrix xy and «q are given implicitly in terms of the time ¢ through
the variable 7 , whereas r and f are given in terms of s+t through the differential equation (@
defining the true anomaly f. To evaluate the above Melnikov potential, we will compute its Fourier
Cosine series in the angles s, a.

The next proposition gives formulas for its Fourier coefficients. To this we will consider the
Fourier expansion of the functions:

T’(f(t))n eimf(t) _ Z C;L,meiqt (81)

qEZL

which can be found in [MP94] and [Win41l p. 204]. Using that r is an even function and that f is
and odd function, one readily sees that the above coefficients are real and indeed they satisfy

T = ey =7cym. (82)

Once these coefficients cj>™ are introduced we can give explicit formulas for the Fourier coefficients
of the Melnikov potential L.

Proposition 11. The Melnikov potential given in or in can be written as

L=) L' with Ly=» Ly (83)
qEZ keZ

18



with

Lo =Y c2""N(q,1,1) (84a)
1>1
Lei=)» e 7IN(q,1-1,1) (84b)
1>2
Loy =3V IN(g LI 1) (84c)
1>2
Lok = chl_k*_kN(q,l —k,0) fork>2 (84d)
1>k
Lo k=Y c " N(q, 11— k) fork>2 (84e)
1>k
and (r+7%/3) G%
2m+n 71/2 71/2 oo eiq T+7°/3 2
N(g,m,n) = G2m+2n— 1( m >( n >/OO (T_Z-)zm(7+i)2nd7 (85)

Proof. We write Melnikov potential as:

—00

L=17L+ /00 l(x;))zrcos(ao —f) - 3;0] dt, (86)

where

- i x% J
L= 4,2 2 1/2 t
—oo [4+ z{r? + 4adr cos(ag — f)]

can be written as

_ o 4.2 22 ‘ —-1/2 2 ‘ —1/2
L = / -0 <1 + Ar(f(t + S))el(ao—f(t"rs))) (1 + ﬁr(f(t + s))e—l(ao—f(t-i-S))) dt.

e 2 2 2
(87)
Using
L - 1/2
=3 (7
1=
we get
=> > L+ > S
k>0 1>k k<0 1<k
where
~ 1 -1/2 —1/2 o _ g i
Lé@ _ W (lk> < l > /_OO .’lﬁgl 2k+2 [r(f(t+s))]2l k ezkaoe ik f(t+s) dt; 0 < k Sl

. 1 —1/2\ [=1/2\ [>® _ otk ko ik f(its
S]lc _ 22l+k+1<k1)< 0 >/_OC g 4l+2k+2[r(f(t_’_8))] 2l+kezkage kf(t+5)dt; l§ k < —1.

With these expressmns is easy to see that LO cancels out the last term in the integral (86) and
that L1 + 571 ;1 cancels the cosine term, and so

L= LH+> L+ > S +> > L+ > Y S (88)
1>1 1>2 <—2 k>11>k k<—11<k

Now we perform the change of variable
3 3

G3 T G 9
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introduced in , and we use the formulas for zy and «q given in (30al) and (30b]). In particular
we will use that: A )
2 ia T i
= = 2Gd 0=
TG+ ) S T+i

and the expansion in Fourier series given in (81)), obtaining

= ke 22RO (=1)2\ (—1/2 , o ig(T+7°/3) G2
l _ ik« iqs 2l—k,—k .
g () (L) S [ gt oSkl

qEZ
= gthe Zeiqscglfk’ka(Q,l — k1) (89a)
qEZ
B ) 9—2l+k _1/2 1/2 iq('r+7'3/3) G3/2
I _ ik« iqs —2l+k,—k
oo (Y ) S [ e ok
= gihe Z e’ SC;QHk’*kN(Qa —l,k—1) (89b)
qEZ

substituting now equations (89al) and (89b)) in the expansion we get

L= Z elas Z cgl’ON(q, 1)

= >1

+Ze7(q9+a)202l 1 —1N q, +Zez(q9 @) Z c—2l 1 1N —l,—l— 1)
qEZL 1>2 qEZ 1<-2

+ Z Z ei(qs+ka) Z Cglfk,ka(q’ — k, l _|_ Z Z i(gs+ko) Z 672l+k kN( 1,k — l)
4€Z k>2 1>k gEL k<—2 1<k

(90)

Now changing the indexes [ — —I and k — —k in the third and fifth terms one obtain the desired
formulas for the Fourier coefficients L . O

In view of proposition ((11)) and formulas , to compute the dominant part of the Melnikov
potential and obtain effectlve bounds of the errors we will need to estimate the constants ¢
defined in and the integrals N(q, m,n) deﬁned in . ) for ¢ > 0 and only for indices m n
satisfying n 2 0, m < n—+1. Alternatively to (5], it will be very convenient to express the distance
r between the primaries as

r=1—ecosE (91)

in terms of the eccentric anomaly E, given by the Kepler equation [Wind1l p. 194]
t=F—esinkE. (92)
This is done in the next three propositions.

Proposition 12. Let n,m,q € Z, n,q > 0, m <n+ 1. Then the Fourier coefficients cj»™ defined

in satisfy
m| {2q+n+leq\/ 1fe2e\qu| m >0

(1+e)ntt m< —1
Proof. In the integral formula for the Fourier coefficients
1 27

s (93)
s

we change the variable of integration to the eccentric anomaly (dt = rdE) to get
1 2

cg’m =5 (reif)m prtl-me—iat g g (94)
™
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To compute c;»™ from we will use the identity (see [Windll p. 202])
(Teif)n:aeiE/Q—ie*iE/2 a= Vitervl-c

2a ’ 2
which readily implies
2 iE e _iE iE/2 € _iE/2\2
retf = a%'f — e+ @eﬂ = (ae'®/? — %eﬂ /2) (95a)
2 2 2 2
2, & 2 e 4 e 2 4 e/
CHigp L o Vs Toat 1 7¢ @ T qga - Vi (%)

To bound the integral for m > 0 we will consider two different cases: 0 < ¢ < m and
0 < m < q. Let us first consider the case 0 < ¢ < m. By the analyticity and periodicity of the
integral we change the path of integration from S(E) = 0 to SE = In(2a?/e):

2 2
E:u—l—iln(a) u € [0, 27]
(&
so that , ' , e
iE _ ezu—ln(Qa /e) — et

e
2a2

and then, by (95a)), (95b)), and

. e . e ;
reil — §ew — e+ 5e_m =e(cosu — 1)

g <2 1u + —1u> -1 4672261'74 _ CLQe—iu
a
o2
1-— ( )cosu—l—z<42—a2)sinu:1—cosu+i\/1—eQSinu
) 2q2e— 2a2e— it
et = exp (e“‘ —a%e _w> = exp (—\/1 — e2cosu + isin u)
e a e

therefore

r=1-—

’reif| =e(1—cosu) < 2e

Ir| = \/(1—cosu)2+(1—62)sin2u: \/2(1—cosu)—ezsin2u§2
2

le™"| = 2%Zexp (_MCOSU) < 216 1=et,

e
Since 2a? < 2, substituting these bounds in we find directly the desired result for 0 < g < m.
For the the case 0 < m < ¢ we now perform the change of the integration variable through

2 2
E:U—iln<a>, v € [0,27]
e
so that

2
» ; 2 2a°
ezE ew+ln(2a /e) et
(&

and then, by (05), (05H), and

. 2a4 e’ . 2 et €2 et
f— 4 . 4 .
re’ . e+8 7€ —w e((a +16 4>cosv2 +z<a 716 4>Slnv>

2 2
== (cosv - %(1 +cosv) +iy1—e? sinv)
e

2

es . - . .
r=1— —e ™ —qa%®” =1—cosv—iy1—e2sinv

4a?
. ee”™ - ez _. ee” ™ .
et = 5= exp a’e™ — —e | =——-exp (MCosu + isin u)
2a 4a 2a
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therefore as before B
retf| <2, r| <2 e i < —_eVi—e?,
rf <2 <2 i<
Since 2a? > 1, substituting these bounds in (94) we find the desired result for 0 < m < gq.

For m < —1 we bound directly the integral (94) for £ € [0, 27]. Since |e'/| = |e~"| = 1 we have

1 2m
GmI< 5 [ riaE
2 0

by noticing that [r| < (1 +e) we conclude the proof of the bounds for the cj". O

As we can see from equations the Fourier coefficients of the Melnikov potential £ depend
on the function N (g, m,n) defined in , so to bound (or to compute) these Fourier coefficients
we need to bound (or to compute) N(g,m,n).

Introducing

. 3 3
% (r+32)

< e
I(qaman) = B dT

—oo (T =) (T +0)%

N(g, m,n) can be written as

N(q’m’n):Cﬂ(-lm)(—l/z)](q’m?n)'

m n

We will call

3
hr) =i( 5 +7) (96)
the variable term in the exponencial of the integral, so that
I h i d 97
(Qa m, n) - [00 (T _ Z')2m(’7' + Z)2n T. ( )

Since the integral I (g, m, n) involves an exponential, it will be useful the Laplace’s method [Erd56]
of integration. In particular on a complex path with S(h(7)) = 0. So, let us define the path

IF=T,uUlbUlsUT, Ul (98)

where 0 < e < 1, 7* is a point such that S(h(7*)) = 0 that will be fixed later, and

Iy ={7r e C|S(h(r)) =0} n{r e CIN(7) < R(—T")}

Is = {7 €C|S(h(r)) =0}N{r e CIR(r) > R( 7)}

To ={r € CIS(h(1)) =0} N{r € CIR(—T*) < R(7) <0} N{r € C||T —i| > cc}

Ty ={reC|S(h(r)=0}n{reClO<R(T) <R( 7°)}n{r € C||t —i]| > ce}

s = {7 € C|S(h(r)) <0} N {r € C||T —i| = ce}. (99)

By means of the Cauchy-Goursat theorem and
a limit argument, the integral I(g,m,n), defined
in over the real axis, is equal to the one taken
over the path I' thinking of 7 as a complex number
(see [LS80]). In fact, by the same argument, its
value does not depend on .

The positive branch of the hyperbola defined
by $(h(7)) = 0 intersects the circumference of ra-
dius ¢ in two points that can be expressed as C.
and —C. defined by:

C.=TI'snNIy — C’E =I's3NTI, (100)

22
Figure 4: The complex path T’



Since the integral over I does not depend on ¢, we will choose a particular value of € to bound
I(g,m,n) and consequently N (g, m,n) defined in . Later on, in proposition [17] we will just
compute the e-independent terms of this integral.

It is not difficult to see that, if we define the function

. 2 . 3 ) 1 3
u(r) = h(i) = h(r) = =5 —i(F +7)= (1 =i = 5(r = )", (101)

then
U(Fl @] Fg), U(F4 U F5) C Rar

Moreover, if 7~ € 'y UT'y then 77 = -7~ € I, UT'5 and

On the other hand one can see that u is an increasing function while moving along I'y U Ty or
'y U5 in the direction of increasing imaginary part. Therefore v has two inverses in Ré‘: 7+ and
7_. Before writing them down let us notice that the point C. defined in (100) can be written as

C.=i+ee with 6. € (0,7/2) (102)
and has the following expression in the coordinates u defined in ((101)

=e? k. (103)

u(C) = [u(Co)] = % |1 - Zie

_ \/(1 4 gsin9€)2+(§ cosﬁg)2 > 1,

since by construction, 6. € (0,7/2) and then 0 < sin#..
Now, we can write the inverses of the function u

with

ke =1 - %iewe

1 :[u(C.), +00) — T4 U T 77 :u(C:), +o00) — Ty UT, (104)
ur— &(u) +in(u), u— —&(u) +in(u).

The change (101)) is useful over I'y UT'y and T'y UT's, thus performing this change in , we
have that for any € > 0

dnb,ne_q%S o + — —qG—?’u . qGi?’ q
N(g,m,n) = Gemi2zn—1 ( )[Fm,n<u) — Fon(w)]e™ "7 du + (—1)e?s S (T)dr | (105)
u(Ce s

where

Ay = 1277 (_;/ 2) (_7171/2) (106)

1
Frnl) = oy — e =y 7 Hen
0% h(7)
() = (108)

(7- _ Z’)Qm(T + Z’)Zn’
where h(7) is given in (96). Now several helpful lemmas follow.
Lemma 13. Let m,n € Z, m,n > 0 and d,, ,, be defined by equation (106). Then

|dpn| < e7H22mF7 ifm4n >0
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Proof. Let s € N, then

'<_18/2>‘ _ ‘(—81!)5 (i)(i 1)”.(;“_1)'_ ;[1.2..,28;1}

A\
2| =
—
o
|
w | =
~

o
I
/ +
|
o
%‘H
N———
vy
IN
=g
gE
—
—
|
m"_‘
N———
|
h
~
[V

Next lemma gives information about the functions F  (u).

Lemma 14. The function F  (u) defined in (L07) has the expansion

FE () = (&va) 2"y d () (109)

7=0
where the coefficients d"" satisfy

Jit3

m,n \2n+1 m,n 4 " 3\
dg™" =1/(20)™, 147 < | 5 5 (110)

Consequently, the series (109) is convergent for |\/u| < 1/2/3.

Proof. Let us introduce the function

T (@) = (R)2?" L () = Y )" (2a)?,
§=0

which is well defined since © = 22 is a good change of variables in R™ and has the two inverses

x = £,/u. To bound the coefficients d;"" we use Cauchy formula:

1 Tr%,n(x) -1 Fr%,n(lz)

+1)7d" = — : = _—
(+1) J 27 i+l v 27

i —2m dz.

|z|=¢e |z|=¢e

Applying the change of variables

we obtain

P, 1 (1 —d)2m=J . 2m—j 1 3(1—ir)
L1 d™" = F— T g i
A "o /Til—p e G 2V3(2 —ir)?
1 it —m dr

R
29723m= Jiri=p (1 — i)IH1 (7 + 0)27 (7 + 2i)

jti—2m *
2

Now, taking p = 1 and using that |7 4+ ¢| > 1 and that 2 < |7 + 2i| < 4 we have

ar < (Y ()T
7= \3 2 ’

which is the desired bound. From this bound it is clear that the series defining Tin(x) is convergent
for |z < \/2/3 and therefore the one for Ff , (u) is convergent for /u < /2/3. O
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From equation (109)) we have
2m
Fopn(w) = (V)72 d" (V) + g (EV/0), (112)
7=0

where the regular part of the function Ff  (u) is given by

oo

Gmn(EVE) = (EV0) 2 Y P (V) (113)

j=2m+1
and dj"" are defined by equation (109) and satisfy bounds (T10).

Lemma 15. Let g5, (+/u) as in equation (113), 0 < # <1 and 0 < y/u < 84/2/3. Then

g% V)] < 527

Proof. Tt is clear from equation (113)) that
oo (EVW) = Y dI55,, 0 (£V0)°
s=0

Since by hypothesis 0 < v/u < 84/2/3 with 8 < 1, we can apply lemma to get

A3\ T & 3N\E
oeviis(5) (5) 0 2(G) o
4 m 3 27712+4 e 3 3 s_ 9 m—2
<(;) ) %0) v -
which proves the lemma. O

Next proposition gives a bound for N(gq,m,n).
Proposition 16. Let N(gq,m,n) as defined in forg>0,mn>0, m+n>0,G>1. Then
|N(g,m,n)| < ontm+3 oq ym—2n-1/2 ,—qG%/3
Proof. We will bound the integrals of N(q, m,n) choosing
e=G32 G>1.
We write down then, using and that k. > 1,

o 3
/ Fi,n(u)e_q%“ du

o0 3 0o 5
<[ Rl s [ R e du
"(Cs) ’ G-3 s

G~ 3k,

3 G3m+3 9 .
e 1T dy < [e—f] < 2G3m=3, (114)

< |Fnj5n(u(cs)) = (2 - (G 3+ qG3

o0
| -

It remains only the last integral of (105]) where the integrand is given in (108 and the domain
I's in . The path I's can be parameterized by

T=i+ G 7 with 6 € [0,0,] = [r — 6.,6.], (115)
with 6. given in (102)). If we define




a straightforward computation using (101) shows that

7 7727 —3( 2i0 l —2 3i0
hO) = -3 -G (e + G he )

and then, as G > 1:

$0+367 %) £ —4G% g, (116)

3z _3
|eq%h(9)| _ 67%G367%(00520+%G 2 sin 36) < engse

Note that, by (I15), over I's we have that |7 —i| = G2 < 1 and therefore |7 4| > 1, and we can
bound the last integral of (105)) using (116]):

3 3~
Q1S () 0 L0 .
dr| = G 2e' do
/FB (r—ipm(r+ i /9 (r(0) — iz (r(0) + a2 ©
02 |eq%5fl(9)| 5 02 e*%Gseq 3 3
< = G zdh < TG dh < mG3M3/2¢-8G 117
_/01 |G—3/2[2m 2 = Ja, G—3m 2 =7 e s- e (117)

From lemma [13[ and the bounds (114]) and (117]), we can bound N(g,m,n) by equation (105

as follows

a3 1 a3 1
|N(gq,m,n)| < e 1/2gming—aS gm—2n—3 (4 + Weq) < gmtnt3gle—ay gmT2nT g

Next proposition provides an asymptotic expression for N (g, m,n).

Proposition 17. Let n +m > 0 and the constants d;"’" be defined by equation (109)) and d,, .,
by equation ([106). For ¢ > 0, m,n > 0 and G > 1 we have

|

G2m+2n71 (28 _ 1)

3 m 3 1

Ay e~ TF 25q5 2 s

N(q7ma n) = oo T [Z(_l)sﬁ”d$;£23G39 g + T#L,n + Rgn,n
s=0

where
T2 .| <4522 T2.G=%  |RY | <18¢m'GPMTE.

When s = 0 the factor 1/(2s — 1)!! in the formula above should be replaced by 1.

Proof. We proceed as in the proof of proposition [L6] changing the path of integration to the path T'
defined in leading to the integral . The important fact is that the integral does not
depend on €. So, we will compute only the e-independent terms of that integral. We will follow a
series of lemmas leading to the proof of the statement.

Lemma 18. Let 0 < ¢ < 1 and u(C;) be as in equation (103)), Fi,n defined by (107). For any
€ > 0 small enough we have, if G > 1:

00 o8 2m
[ mawersa=y [
i=0u

where the constants d;"’” are defined by equation (109) and E satisfies

3 . -~
e_q%“d?’n(i\/ﬂ)_gm_lﬂdu +F
(Ce)

|E| < 45222 G5,

Proof. Let us take \/u, = +/2/3 with 8 = -1+ @\/3 ++v/11/2 ~ 0.79. A simple calculation
using (101 shows that |7%(u*) —i| = 3. By definition, for £ > 0 small enough we have that

0 <u(C:) < uy < /Uy < +/2/3, 50

o0 3 U 3 ~
[ Fame S [ E et S B
u ’U.(CE)
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with

which can be bounded as

3

& - ¢S * e e
E| = F T gy < d
|y | /U* mn(u)e U /U* (7 (w) — 4)2m+1 (7% () + 4)2n+1 | u
9645 s 1 1
R e O R e e TR R
< 22m+2G73equT3u* < 92mt2;-3, (118)

By lemma [14] and equation (112)) we have

U 3 2m Uy 5 ] .
[ Fae =3 [ e S B
u(cs) 7=0 (CE)

where

n “ + ¢Sy
Es = gm,n(:lz\/ﬂ)e "7 du.
u(Ce)

Using that \/u, = 84/2/3, by lemma |15 we have that, for any € > 0 small enough,

~ U 3 om=—2 oo 5
|Es| < /( : |gi7n(iﬁ)‘e*q%udu <9 T3 / e~ 1% Uy,
u(Ce - 0

m—1 m—1
<9 2 _G3<y?

Finally,

oo

U 3 . 3 ) ~
/ A R CV/T Rl T / d"e T T (/) TP du o Ba () (119)

(Ce) u(Ce)

where -
Ba(j)=— [ drretFu(ayu)2mo1ig
3(7) = j € (V) U.

Let us bound Es (j) using the inequalities of Lemma

~ Y e 3 ) 3
|E3(])‘ < ‘d;ﬁ,n ( /*u*)—Qm—1+J/ e_q%“du < |d;n,n|( ﬁu*)—2m—1+126—Q%u*

Ux

G—S
q

—2m—14j

<071 (o) e (5) (5) " (vam) e
_ 92m—1ﬁ—2m—1-|—j(;«—37

then, calling Es = E?Z E3(j), we have

2m —2m—1
B3| <92m7'G0 Y gt < 92’”‘1CJ‘L1 T
§=0

Now the lemma is proven using that 1/8 < v/2 and

|E| = |Ey + Es + Ej
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The next lemma is a straightforward application of the last one.

Lemma 19. Let 0 < ¢ < 1 and u(C¢) be as in equation (L03), F};,, defined by (107) for any e > 0
small enough we have, if G > 1:

o0 3 m 00 3 R
/ [Fn (1) = Py ()]0 du = 27y / e T A, (Va) "2 du + 2F
u(Ce) s—0 Ju(Ce)

where F is the same as in lemma@

Proof. By lemma [I8 we have

,N

o) 5 2m fore) 3 ‘ ‘ N
/ [Fn ()= Fr ()] e % du =y / T TE AT 1 (—1) 2 ) () P du g 2
u(Ce) =0 Ju(Ce)

then the non trivial terms in the sum are given when —2m — 1+ j = —2s — 1 with s =0,...,m.
This observation proves the lemma. O

Lemma 20. Let 0 < € < 1 and u(C:) be as in equation (105)). Then the e-independent term of

0 3

[ e, (e
u(Ce)

is

1)!
(S + ) dm,n qs—%GZ’:s—% F(I/Q)

_1)525+ 3 (25 4+ 1)
( ) ( s+ )(28+2)' 2m—2s

Proof. By equation (103) we know that u(C.) = O(g?) and then the following definitions make
sense, calling § = %:

Ips(e) = / T @tz g,
U(Ca)

fos(e) = u(CE)I)—(2s+1)/2 o 15u(Ce)

Using this notation and integrating by parts we have

o —(2s+1)/2 ,—qéu(C-
I 14(e) = a0 / o= @0up—(25+1)/2 gy, _ w(C,)P~(25+1)/2 g=adu(C:)
p—s—1/2 Jyc, p—s—1/2
1
= o1z (W0hsle) = frs(e)) (120)
and also -
3
/(c )eiq%ud;nrﬁzs(\/a)fzsfldu = dyy" 5510,5(2)- (121)

Now, in the case where s > 0, using equation (120)) s times we get

_ (¢6)* RS (q6)P " fps(e)
B e I P S ey S| B Err o)

The e-independent term of I 4(¢) is given by
(¢9)°

(g6)° . B 1
[ P I e R LS R EP e N A




Then the e-independent term of the integral in equation (121)) is

Ay, (V4>
(—s—L141)(—s—1+2)--- (1)

I(1/2)

when s > 0.
In the same way, we have that the e-independent term of

oo 3

ho@) = [ e (va) i
u(Ce)

is dyr"(1/q0) "1 T'(1/2). Therefore the lemma is proved if we notice that

(—s—1+1)(—s—%+2)~--(—1): (_1)8(25—1)(25—3).--(1)

2 2 28
(-1)° (2s+ 1)1 (-1)® (2s + 2)!
25 2541 225t1(2s54-1) (s+1)!
where we have used that (25 1+ 2)
s+ 2)!
2s + DY = ———.
Qs+ DM = o)
This expression allow us to write the cases s > 0 and s = 0 in one equation which completes the
proof. O

Next Lemma is a straightforward application of lemmas [19| and
Lemma 21. Let u(C;) given in equation (103 and Fﬂntn defined by (107)), then the e-independent

terms of -
3
[ B = By e % a
u(C2)

are given by
m

S (-12tE(2s+ 1)

s=0

(s+ 1! mn

BSVAS ST3G3STET(1/2) + 2F
(2S+2)! 2m—25q ( / )+

where F is the same as in lemma@

Lemma 22. Let fJ, ,, be defined in equation (108), then

I 2

5 m—1 1 - G3 l
Res(f1, ,,(1),4) = 2i e IG/3 Z = (q) dor™ 1 o (122)
1=0

Proof. We use the definition of fg ,, given in (L08), with h(7) given in (96). Now, using (101)),
hr)=-2/3— (1 —i)* +i(r—i)*/3

and we have, taking any § > 0 small enough,

1 1 15 ()
Res( ﬂl’n(T), i) / fgnyn(T)dT = / ( dr.
|T—1|=6 |T—1|=6

" omi " omi T — )2 (1 442"

We use again one of the changes (111]), for instance

z = V/h(i) — h(r) = T\/*; (V2 —ir),
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obtaining

e—aG’/3

S - . x
™ /|z|—s (T4 () — )2 (1 (2) +2)2n 1

a3

= 217997 Res (xFﬂ’m(mz)e_qu2, 0) .

e—qG3w2/2
dr

Res( %7n(T)7i) =

Now we can use the Taylor expansion of the function FI""(2?) = 37,5, d;""277>"~" and the

expansion of e~10°#%/2 — Siso & (—qG3x2/2)l to obtain the desired formula.

O
From this lemma one and the bounds for d;n’” given in (110)), one has
m—1 l
. m 3 1 qG3
Res (,0(r).9)] < 3270 Y (50
1=0
3\ m—1 m+1,m—1,3m—3

S 32m+1e—qG3/3 (qg) — 2 q3m72G( e—qG3/3. (123)

Now we can prove proposition N(g,m,n) is given in (|105)), and since it does not depend
on € we can apply lemmas [21| and [22{ and bound (123) to obtain

3
Ay @95 [ & 1)!
N(q7m7n) = n® : [ w

CEmian T Yo (—1)2 i (2s+1) s 1 2),d§”nﬁzsq5_%G3“‘_% L(1/2)+ T}, ,+ Rk,
s=0 ’

where

R1 = (—i)et s / fo, (r)dr
s

and by lemma [21] R
T3, .| =2E < 45222 . G2,
By lemma

m+1qm—1

|R’IqTL,’rL| S 3m_2

G3m—3 <18 qm—lGSm—3.
Using that 2°T1(s + 1)!(2s + 1)!! = (2s + 2)! to show that

(2s+1)(s+1)! 1
(25 +2)!  2stL(2s — I

completes the proof of the proposition Due to the fact that the right hand side of this last
expression is not defined when s = 0 but the left hand side is and is equal to one, we need to point
out that when s = 0, the term 1/(2s — 1)!! in the final formula should be replaced by 1. O

The proof of Theorem [7] will be done constructively through the following series of lemmas and

propositions.
. . 1 22 2 1
Let us first compute some coefficients ¢;*™, more precisely c?’ , e, CO’O and cg’

Lemma 23. Let ¢j»™ be defined by . Then

5
c%l = 1 +Q1) 6%2 - _36 + Q27 0(2)70 - 1 +Q37 6371 - _56 + Q47

with
|Qi| <98¢*, i=1,2,3,4.
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Proof. From its definition given in and using the change of variable t = F — esin F we have

51 1 [ ; s 1 [T, 2
;= —/ (re”c(E)) rSe*“‘/dE, ;== (re’f(E)) re*“dE,
27T 0 27T 0
1 27 1 27 o
g’ =— r3dE, gt =— (re”(E)) r3dE.
27T 0 271— 0

From equations we have

1 27 ) 2 ) . o
At = o ), [a?e’F — e+ %“QG_ZE](]' —ecos B)3e FelesinBgp (124)
- 1 2m 5 ip 62 o \E iesinE
a’=o- ; [a“e'™ —e + @e’l ](1 —ecos E)e™ e ¥ dE (125)
1 27
¥ =— (1 —ecos B)*dE (126)
27 0
1 2w ) 2 )
it = %/0 [a®e’F — e+ %‘ﬂe*m](l —ecos B)3dE. (127)
In what follows we will use (see (95b))) that
<e< L 2< 2, & _
O_e_l, 5_@_1, a—i-@—l (128)

To bound "' we use equation (124)). It is easy to see that

2

. e —i i _
GQQZE—e-i-@e E—of _et E, (129a)
(1—ecosE)® =1—3ecos E+ Ey, e“*"F =1 tiesinF + F3, (129b)

where

_ _ 2 _ . _ 1 (iesin E)It?
By =(a?—1)ef + B, By=3c%cos?E —e®cos® B, Ey=- Zzw,

4a? ’ 2~ (5 +2)!
satisfy
— 62 62 — — 62 e (§
| 1| g5+5=62, |Es| < 4e?, | Es| g5e4§e2§§2e2.

Using equations (129), we have from equation (124)) that c‘;”l is the Fourier coefficient of order 1
of the function

(ef —e+ Ey)(1 —3ecos E + Ey)(1 +iesin E 4 E3) =
e® _ ¢ — 3ecos Eetf 4+ jesin Be'f + Q1(E)

where

Q1(E) =E; — 3¢?cos E — 3¢E; cos E + Ey(e'f — e 4 E) — ie? sin E — 3ie? cos E'sin Ee't’

— 3ie® cos Esin E — 3ie? sin F cos EF5 + iesin EEQ(eiE —e+ Ey)

+ E3(e’f — e+ By — 3ecos Ee'® —3e? cos E — 3¢E) cos E + Ey(e'f — e + Ey)),
which implies that, up to order one in e, the Fourier coefficient ci”l is exactly 1. From the bounds

for By, E5 and E5 we find |C,~21(E)| < 98¢2?, which implies the lemma for ci”l.
From equation ([129)), it is easy to see that

2
[aQelE —e+ %e*’E]Q = [elE —e+ E1]2: e2F _ 2¢e’? + F,
a
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where
E,=¢e*+2E,(e'F —¢) + E?
can be bounded, in regard of equations and the bound for E1, as
|Ey| < e? +2e*(1+e) +e* < 6e?.

Using equation (129), we see from equation (125) that ¢3'? is the Fourier coefficient of order 1 of
the function

(e*F — 2¢e’F 4 E4)(1 — ecos E)(1 +iesin E 4 E3) =

%P _ e cos Ee®P — 2¢e'? + iesin Ee®F + Qy(E)

where

Q2(FE) = 2¢? cos Ee' + By — eEycos B
= jesin F(—ecos Ee®f — 2¢e'® + 2¢2 cos Ee'f + E, — eEy cos E)
= E3(e*F — ecos Be®F — 2¢e™” + 2¢2 cos Be'’ + Ey — eEycos E).
From the above expressions we conclude that, up to order one in e, the Fourier coefficient c?’Q is

exactly —3e, and from the bounds for E; and E5 we find that |Qo(F)| < 50e? which implies the
lemma for ¢22.

We compute 0(2),0 using equation (126)), as well as equation (129b)) to get

1 2m

cg’o =5 (1 —3ecos E+ Ey)dE =1+ Q3
™Jo

with
1 2m _
Qs / E»dE
0

T o

and we have immediately, using the bound for Es, that |Q3| < 4e?, the desired result for cg’o.
Finally, we compute cg’l using equation (127]), as well as equations ((129b))

2
31 1 T

Y = — (e’ —e+ Fy)(1 —3ecos E + Ey)dE.
2 0
Now, we want to find, up to order e the Fourier coefficient of order zero of the function
(e'F —e+ E1)(1 —3ecos E 4 Ey) = e'F — 3ee’f cos E — e + Es,

where - o B B B o
E5 = Ese'® + 3¢ cos E — eFy + Ey — 3eE, cos E + B> En,

from where we find

5
Cg’l =——e+ Q4
2
with
1 27 _
Qs = — EsdE,
27T 0
and using the bounds for Fy and E;, we find |Q4] < 19¢%. O
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Lemma 24. Let G < 32. If ¢,k € N, ¢ > 1, k > 2, then the Fourier coefficients of the Melnikov
potential verify the following bounds:
|Lq, ol < 29 (2e2)q el G—3/2 equ3/3
|Lm1|§2%%1+gﬁg—ﬂ%—¢mg
|L‘17_1| S 29 (262)q 6|17Q‘ G*l/Qequ:}/S
|Lq, k| < 252ked(1 4 e)* G—2k—1/2—aG?%/3

|Lq_k] < 2922 (262)% elk—al Gh—1/2¢=0G"/3
Proof. From equations by propositions [12| and [16] we have

ILg, of < 2%ete™96/3(2eeV ) iGg=1/2 Y " (21G L)

>1

|Lq, 1| S 22eqequ3/3G73/2 Z((1+6)222G71)l
1>2

|Lq,71| < eqequg/Seq\/17622qe\17q|G3/2 2(24G71)l

1>2
|Lq, k| < 242—keqe—qG3/3(1+e)—kG—k—1/2 Z((l +€)222G—1)l

1>k

|Lq,—k| < 242—2keqe—qG3/3€q\/l—ez2qe|k—q|G2k—1/2 2(24G—1)l

1>k

since by hypothesis 2*/G < 1/2. Since all these series converge we have proven the lemma using
that 0 <e <1. O

Lemma 25. If ¢ € N, ¢ > 2. Assume G > 32, eG < 1/8, Then for ¢ > 2

Lgl <37 [Lgl < 213679673 (e223G)aG 1/ (131)
kEZ

Proof. From lemma we have:

Z |Lq,k| < |Lq,0 + |Lq,1| + |Lq771| + Z(|Lq,k
kezZ k>2

+ |Lqﬁk|)

< e—qG3/3 |:292qeqe2qG—3/2 + 27(1 + 6)4qu_7/2 + 292qeq—162qG—1/2
+2°)° (2’“(1 +e)felGHT2 22’€+qe2qekqlc:’“/2)}
k>2

S e—qG3/3 |:2102qeq—1e2q0—1/2 + 27(1 + 6)4qu_7/2 +25qu_1/2 2(2(1 + e)G—Q)k:
k=2

q—1 00
+ 20e21G /2914 Z(Zlcv'tfl)]C + 2%e20G1/2¢ma21 Z(4eG)k} .
k=2 k—q
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Using that eG < 1/8
Z |Lq k‘ < e—qG3/3 |:2102qeqle2qG1/2 + 27T(—7/2 + 2107—9/2
keZ

+ 2423q62qu_3/26 + 2662qu—1/223q:|
< 2106—q03/362q23qu—1/2 |:2—2qeq—1G—q + 934 2qG 34
+ 2—3qe—2qG—4—q + G—le + 1:| é 2136—QG3/3(6223G)qG—1/2

which concludes the proof. O

The Melnikov potential £ has a Fourier Cosine series which can be split with respect
to the variable s as £L = Lo+ L1+ Lo+ - -, like in (54H55]), as well as a complex Fourier series
L=3 L4e™*. Both series are related through £y = Lo and £, = 2R {e'?*L,} for ¢ > 1. In
the next lemma we see rather easily that the terms L0 = L3+ L3+ L4+ - - - of second order with
respect to s satisfy a very exponentially small bound in G.

Lemma 26. For G > 32, eG < 1/8, L>2(a, G, s;e) = 22 ZLq,k cos(gs + ka) is bounded as
>2 ke

|L>2(, G, s5€)| < 928 (73/2,—2G%/3
Proof. By lemma

) q
|£22| < 9137—1/2 Z {ecs/3e223G] < 220e4G3/2e’2G3/3
q=2

where the last bound holds if ,
e 7203223 < 1/2 (132)

which is true for every G > 32. Now, using that e < 4 we get the result. O
The next step provides an asymptotic formula for £; = 2R {eisLl}.
Lemma 27. For G > 32 and eG < 1/8 we have the following formula for L

R{e Lo} =R {e (' N(1,2,1) + By) e + (°N(1,2,0) + Br_p) e + 1)} (133)
where
[Bi(o, Gre)| < 2% 978 {603/2 +GT BZGW}

|B3(a, G e)| < 220~ C/3G3/2
|Es(ar, Gre)| < 2186~ C/3e G1/2,
Proof. From equation (83)), we have that

L1 = Ll,O + Z(Ll,keika + Ll,,keiika)

k>1
— Ll’,le_ia +L1’,2€_2ia + ZLl,keika + ZLl,fke_ika
k>0 k>3
Now, setting
By =Y Lyge™® +) Ly e ke (134)
k>0 k>3
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we can write

R{L1e™ b= R{ (La, 17 + Ly —pe™ + Ey)e™* . (135)
By definitions we have
L1 =c¢"N@1,2,1)+ Y VN LT 1) (136a)
>3
Li—>=c?N(1,2,0)+ Y 7 *2N(1,1,1-2) (136b)
>3
If we set
=) "GN LL- 1) (137a)
>3
Ey=Y ATPNLLL-2) (137b)
1>3

we obtain just (133]) from equations (136 and (135)). Once we have obtained the formula ([133)), it
only remains to bound properly the errors Ey, F3 and E4. From equation (134)), by the triangle
inequality and lemma [24] we have

|Bx| < [Lyol + [Lual + D [Lugl + > 1L, &l
k>2 k>3

e*GS/B |:210662G3/2+27(1+€)4G7/2 +25e22k(1+€)kG72k71/2
k>2

4 2662 Z 22kek—1Gk—1/2:|

k>3

e~ CG/3 |:210662G_3/2 +27e(1+e)*G7T/2 4 28e(1 + )2G/2 4 213e2£2G/2
< 217e’GS/3 {eGs/z LG G2 4 62G5/2}
< 218-G%/3 {6G3/2 +G7T? 4 eQGf’/Q] . (138)

Now we proceed with Es and E,. By propositions [12] and [16] from equations (137))

By < Z |sz L1 N(1,1,1 - 1)] < 2% Vi=e? | ~G%/33/2 Z( 1 < 216e2e’G3/3G’3/2,

>3 >3
B4l < Y[ 22N(1L 11— 2)] < 200V eemGV3GT2 3 (210G < 2Me2em GG,
1>3 1>3

The two estimates above, together with estimate (138) provide the desired bounds for the errors

of equation . O
Putting together Lemmas 26 and [27] we already have
L= Lo+ 2R{[(P'N(1,2,1) + E3)e ™ + (c}?N(1,2,0) + Eg)e 2 + Ey]e™ } 4Ly (139)
with

|E1(a,Gse)| < 2'8 (G—7/2 L2 4 oG 3/2) s
|Es(a, Gse)| < 220G—3/2 el »
|Es(a, Gie)| < 28eGY?e -G%3

|L>2(a, G, s5€)] < < 928(73/2 =G5
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We now compute N(1,2,1) and N(1,2,0).
Lemma 28. Let N(q,m,n) be defined by equations .Then

1 p
N(1,2,1) = 4\/3611/%"“"/3 +1Erp

N(1,2,0) = \/303/%(*3/3 +2BEpr

LErp| <260G 2973, 2Epp| <2596 3,

where

Proof. From proposition [L7] we have

d 3 2
N(1»271):%6_G/3[d371ﬁ(5) —QQdSI\f\/ *d(z)lf \/ ) +T21+R21}

(141)
where
Ty, <452°G™%  |R},| < 18G®
and
d
N(L2,0) = 200 a0 vr (| D)t o ym [ D Do [ Dy 1 + B
(142)
where
|T210| <4520G7° |R;, ol < 18G®.
Taking the dominant terms in and ( we get:
2
N(1,2,1) = dgdy" *[\FG 1/26=G/3 L 1E 4 1 Epp (143)
where
VE =23dy /7 (d2'G™F —d3'G3)e P 1Epg = (T3, + Ry,)do G P~/
and
2
N(1,2,0) = dy od2”° ‘[\FG?’/? G y2p . 2p, (144)
where

2E =23 dy o/ (d2°G™E — d2°G%)e G 2Epp = (T + R} o)ds oG 3 3,

Using the bounds given in Lemma [14ffor d;"" and the bounds given in Lemma (13| for d,y, ,,:

PE| < 23|daa|VA(ldy |+|d§1 G %e —G:/3 < 979G Fe-G3
|1ETR| < |d271|36G_2 -G%/3 < 9259 G 2e G3/3
and also: . . » 3 3
PE| < 25\d2,0|\/77r(?!d47 | +|d> |) ~$0-GY3 < 969 G—30-GY3
?Erg| < |d;oﬁﬁe_G/3§jﬂge—G/J

Using Lemma [14] dg"" = 1/(2i)>"™! and by definition (106) for d,, , we have that

=12\ [(—1/2\ /i 3
d21dy” ZQB( 2/ )( 1/ >(23> S ot
—-1/2 iy 3
2,0 _ ;62 I P
d2.0dy _22< 2 )( 2) 22"
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We can then write equation (143]) as

1 P
N(1,2,1) = 4\/§G1/2ecs/3 +1Epr (145)
where
'Err ='E + 'Erg,
satisfies

' Ery| < 279G e 63 4 259 G-2e~C/3 < 959 G2~ O3,
In an analogous way, equation (144) can be written as

N(1,2,0) = \/ZG3/26G3/3 2By (146)
where
Brr =*E +%FErp
satisfies 3 3 3 3
2Err| < 209G 2e7C73 4 29 /% < 259G
and this proves the lemma. -

Using the approximations given in Lemma [28| we have from lemmas [26] and
Lemma 29. For G > 32 and eG < 1/8, the Melnikov potential £ is given by

L= Lo+ cos(s — a) (c:{”l\/jG_l/ze_Ga/3 + E3 + E5>
+ cos(s — 2a) (c?’Q\/QTrGg/Qe*GS/B +E,+ E6> + 2R{E1e"} + Lo
where L2 and Ej, with & =1, 3,4 are given in equations and
|Es| <289G 293, |Eg| <2 9eKe G5,
Proof. By lemma 28] we have that N(1,2,1) and N(1,2,0) are real and then coincide with their
real part. Equation gives the correct estimation of £. To complete the proof is enough to

take
1 2,2
Es = C?’ . IETT and Eg = cy QETT

where ' Epp and 2Epp are given in lemma Therefore by proposition we find directly the
bounds of E5 and Fjg.
O

Lemma 30. For G > 32 and eG < 1/8, the Melnikov potential £ is given by

L=1Ly+ COS(S — Oé) <~ / gG71/267G3/3 + E3 4+ E5 + E7)
— cos(s — 2a) (3\/ omeG3/2e=G/3 + FEy+ Eg + Eg) + 2%{E1eis} + Lo
where L£>9 and Ej, with £ =1,3,...6 are given in equations ({140)) and

|E7| < 98e2G 12793 |By| < 982262G3/2eC3
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Proof. From lemma [23| we have

S \/?G_uze—m/?, _ \/EG—l/ze_G3/3 + B,

c%’2\/%G3/2e_GS/3 = —3\/%6G3/2e_cg/3 + Eg

Er = \/EG_lme_GS/?’

Eg = Q2 V 27TG3/2€_03/3

with

Therefore by lemma, and the bounds of Q1 and Q)5 given in lemmawe conclude the proof.

It only remains to estimate the Fourier coefficient Ly = L defined in or .

Lemma 31. Let N(g,m,n) be defined by equations (85). Then for m,n € N, m +n > 0,
|N(O, m, ’/l)| < 2m+n+2G72m72n+1'

Proof. Since 7 € R in the integral , it is easy to see that
1 1
|7+ |7 —i| —

and then
1 1 1

< .
|7+ 4|2 |7 —i]Pm T 1472

For n,m > 0, using equation and lemma (13| to bound d,, ., the lemma follows:

© dr
m+n~y—2m—2n+1_,-1/2
IN(0,m,n)| <2 G e /70014_7_2

_ 2m+nG72m72n+lefl/2ﬂ_ < 2m+n+2G72m72n+1

Lemma 32. Let k € N and Lo j defined by equation . Then

Lok = Y_ ¢ " 7*N(0,1-k,1)
I>k+1

Proof. From equations , we have just to prove that for & > 2
N(0,0,k) = N(0,k,0) = 0.

By equations this reduces to show that

o dr
/,oo CETEI

O

where the positive sign in the denominator correspond to I(0,0, %) and the negative to (0, k,0).

Since the variable 7 € R this integral is trivial

/°° ar 1 1 °°_O
oo (TP 2k —1 (T )21

— 00

this proves the lemma.
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Lemma 33. Let Lo be defined by equations for £k > 0. If G > 32,
|L07k| S 22k+8€kG72k73.
Proof. From lemma [32[ we have

Lol < D leg M THIN(O, L= kD),
1>k+1

and by propositions [[2] and

|L0,:|:k| < 2—2k+3ekG2k+1 Z (24G—4)l < 6k22k+8G_2k_3,

1>k+1
O
Lemma 34. Let Ly = Ly be defined by equations or . Then for G > 32
_ 313 5
L() —L00+ (CO *ﬂ'G +F2) COS(O() +F3
LO 0= CO 207 G + Fl
where
|F| <22G7T, |Fy| < 2%eG™2, |Fy] < 2Me?G7.
Proof. From proposition [[1] we know that
LO = L0,0 + 2 Z L07k COS k'Oé,
k>1
and from lemma [32 we have that
Loo = cg"N(0,1,1) + > " N(0,1,1) (147a)
1>2
Loa=cy 'N(0,1,2)+ Y e~ —1,0) (147b)
1>3
Log= Y. AFTENO, 1= k1) for k> 2. (147c¢)
1>k+1
Introducing
=> @ 'N(O,L1), F=2) ¢ "TINO0,1-11), F3=2) coskaLox,
1>2 1>3 k>2
by lemmas and proposition [I2], using the hypothesis on G we have
|| <2°G) (2'G™) < 2GT
1>2
|Fy| <2%eG ) "(2'G7H) < 2'%eG™?
1>3
[F3| <2 |Log| < 2Me*G.
k>2

Now, from definition (85|) we have that
22 (—1/2\ (—1/2\ [® dr of N7 INs T g
N(O,1,1) = = LU e T e
LD G3< 1 >< 1 )/w(72+1)2 ( 2)( 2)G 2G ’

vor2 = (V) (5°) [ et = (2 ) ((D)a = re

From these equations, substituting equations ((147)) in the definition of Ly and the bounds given in
equations ({148)) we have proven this lemma. O

39



A refinement of this lemma is

Lemma 35. Let Ly = Ly be defined by equations or . Then if G > 23/2

15
LO = LO,O + (—§’1T€G75 + F2 + F5) COS(Q) + F3

Loo = gG*3 +F + Fy

where Fy, F5 and Fj are given in lemma [34] and

|Fy| < 298G 3¢, |F5| <2298 G52

Proof. In lemma we have computed the constants cg’o and cg’l, then by setting

3
F4 = gQ3G73, F5 = ZTFQ4G75 COS (v,

and using the bounds for @3 and @4 we find the desired bound for F; and F5. O

With this lemma we can rewrite lemma [30] exactly as Theorem [7] and so we have proved it.
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