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Abstract

In the present paper we prove a strong form of Arnold diffusion. Let T? be
the two torus and B? be the unit ball around the origin in R2. Fix p > 0. Our
main result says that for a “generic” time-periodic perturbation of an integrable
system of two degrees of freedom

Ho(p) +eH1(0,p,t), 60€T? peB? teT=R/Z,

with a strictly convex Hy, there exists a p-dense orbit (6, pe,t)(t) in T2 x B2x T,
namely, a p-neighborhood of the orbit contains T? x B? x T.

Our proof is a combination of geometric and variational methods. The
fundamental elements of the construction are usage of crumpled normally hy-
perbolic invariant cylinders from [I3], flower and simple normally hyperbolic
invariant manifolds from [47] as well as their kissing property at a strong double
resonance. This allows us to build a “connected” net of 3-dimensional normally
hyperbolic invariant manifolds. To construct diffusing orbits along this net we
employ a version of Mather variational method [54] equipped with weak KAM
theory [34], proposed by Bernard in [9].
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1 Introduction

The famous question called the ergodic hypothesis, formulated by Maxwell and Boltz-
mann, suggests that for a typical Hamiltonian on a typical energy surface all, but a
set of zero measure of initial conditions, have trajectories dense in this energy surface.
However, KAM theory showed that for an open set of nearly integrable systems there
is a set of initial conditions of positive measure with almost periodic trajectories. This
disproved the ergodic hypothesis and forced to reconsider the problem.

A quasi-ergodic hypothesis, proposed by Ehrenfest [33] and Birkhoff [17], asks if a
typical Hamiltonian on a typical energy surface has a dense orbit. A definite answer
whether this statement is true or not is still far out of reach of modern dynamics.
There was an attempt to prove this statement by E. Fermi [36], which failed (see [37]
for a more detailed account). To simplify the problem, Arnold [5] asks:

Does there exist a real instability in many-dimensional problems of perturbation
theory when the invariant tori do not divide the phase space?

For nearly integrable systems of one and a half and two degrees of freedom the
invariant tori do divide the phase space and an energy surface respectively. This
implies that instability do not occur. We solve a weaker version of this question
for systems with two and a half and 3 degrees of freedom. This corresponds to
time-periodic perturbations of integrable systems with two degrees of freedom and
autonomous perturbations of integrable systems with three degrees of freedom.

1.1 Statement of the result

Let (0,p) € T? x B? be the phase space of an integrable Hamiltonian system Hy(p)
with T? being 2-dimensional torus T? = R?/Z? 5 § = (0;,6,) and B? being the unit
ball around 0 in R?, p = (py, p2) € B2 Assume that Hy is strictly convex, i.e. Hessian
0z, Ho is strictly positive definite.

Consider a smooth time periodic perturbation

H.(0.p,t) = Ho(p) +cH1(0,p,t), t€T=R/T.
We study a strong form of Arnold diffusion for this system, namely,

existence of orbits {(0., pe)(t)}: going from one open set p.(0) € U to another
pe(t) € U for somet =t. > 0.

Arnold [3] proved existence of such orbits for an example and conjectured that they
exist for a typical perturbation (see e.g. [4 5] [7]).

Integer relations k - (0,Hp, 1) = 0 with k= (ki ko) € (Z2\ 0) x Z and - being
the inner product define a resonant segment. The condition that the Hessian of H is



non-degenerate implies that d,Hy : B> — R? is a diffeomorphism and each resonant
line defines a smooth curve embedded into action space

T.={peB*: k-(8,Hp 1) =0}

If curves I';; and ', are given by two linearly independent resonances vectors {l;, K 1
they either have no intersection or intersect at a single point in B2

We call a vector k = (ky, ko) = (k!, k2, ko) € (Z*\ 0) x Z and the corresponding
resonance I' = T'; space irreducible if either (k{, k7) = (1,0) or (0,1) or ged(kY) = 1,
i.e. |ki| and |k?| are relatively prime.

Consider now two open sets U, U’ C B2. Select a finite collection of space irre-
ducible resonant segments {T'; = I'; }]7; for some collection of {Ej}j\le

e with neighbors Ej and IZjH being linearly independent,
e I'NT,;1 #0for j=1,...,N —1 and so that
e IN'NU#Pand Ty NU' £ 0.

We would like to construct diffusing orbits along a connected path formed by
segments inside I';’s, i.e. we select a connected piecewise smooth curve I'* C U;V:ll“j
so that T* N U # 0 and T* N U’ # ) (see Figure [2).

Consider the space of C"™ perturbations C"(T? x B? x T) with a natural C" norm
given by maximum of all partial derivatives of order up to r, here r < +o00. Denote

by 8" ={H, € C"(T? x B> x T) : ||Hy||c- = 1} the unit sphere in this space.

Theorem 1. In the above notations fix the piecewise smooth segment I'* and 4 < r <
+00. Then there is an open and dense set U = Ur- C S” and a nonnegative function
g0 = eo(Hy) with eoly > 0. Let V = {eH, : HH €U, 0 < e <ep}, then for an open
and dense set of eHy € W C V the Hamiltonian system H. = Hy + eHy has an orbit
{(0c, pe)(t)}+ whose action component satisfies

p(0) € U, pe(t) e U’ for some t=1.>0

Moreover, for all 0 < t < t. the action component p.(t) stays O(y/€)-close to the
union of resonances I'*.

Remark 1.1. The open and dense set of perturbation U C S” will be defined by three
sets of non-degeneracy conditions.

e In section[2.9, conditions [G0]-[G2] defines the quantitative non-degeneracy con-
dition for X > 0. The set of A—non-degenerate perturbations Uy is open, and
the union | J,., U2y is open and dense.
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e Fach A\ > 0 determines a finite set of double resonances on I'*. For each double
resonance py, we define two sets of non-degeneracy conditions.

In section[3.9, conditions [DR1]-[DR3] defines the non-degeneracy at a dou-

ble resonance py away from singularities, the non-degenerate set U5 ,(po) is open

and dense.

In section conditions [A0]-[A4] defines the non-degeneracy at double
resonances po near singularities. The non-degenerate set USW!(pg) is open and
dense.

We have

U= Uué\R N (ﬂugR(pO) mug?@o)) )

A>0 Po

where py ranges over all double resonances. This set is clearly open and dense.

For any H,; € U we prove that the Hamiltonian Hy + €H; has a connected
collection of 3-dimensional normally hyperbolic (weakly) invariant manifolds in the
phase space T? x B2 x T which “shadow” a collection of segments I'* connecting U and
U’ in the sense that the natural projection of these manifolds onto B? is O(+/2)-close
to each point in I'*. Note that Marco [49, [50] announced a similar result.

Once this structure established we impose further non-degeneracy condition W C
V. For each eH; € W we prove existence of orbits diffusing along this collection of
invariant manifolds. Our proof relies on Mather variational method [54] equipped
with weak KAM theory of Fathi [34]. The crucial element is Bernard’s notion [9] of
forcing relation (see section for more details).

Notice that the notion of genericity we use is not standard. We show that in a
neighborhood of perturbations of Hy the set of good directions i/ is open dense in
S". Around each exceptional (nowhere dense) direction we remove a cusp and call
the complement V. For this set of perturbations we establish connected collection
of invariant manifolds. Then in the complement to some exceptional perturbations
W we show that there are diffusing orbits “shadowing” these cylinders. Mather calls
such a set of perturbations cusp residual. See Figure [1]

1. Autonomous version

Let n =3, p = (p1, P2, P3) € B?, and Hy(p) be a strictly convex Hamiltonian.
Consider the region d,, Hy > p > 0 for some p > 0 and two open sets U and U’
in this region. Then for a generic (autonomous) perturbation Hy(p) 4 H: (6, p)
there is an orbit (9;, Pe)(t) whose action component connects U with U’, namely,



Complement to red Complement ta cusps is V.
paints on S sl W is open dense in V.,

Figure 1: Description of generic perturbations

Figure 2: Resonant net

p:(0) € U and p.(t) € U’ for some t = t.. This can be proved using energy
reduction to time periodic system of two and a half degrees of freedom (see e.g.
[6, Section 45]).

. Generic instability of resonant totally elliptic points

In [44] stability of resonant totally elliptic fixed points of symplectic maps in
dimension 4 is studied. It is shown that generically a convex, resonant, totally
elliptic point of a symplectic map is Lyapunov unstable.

. Relation with Mather’s approach

Theorem || was announced by Mather [56]. Some parts are the proof of written
in [57]. Our approach is quite different from the one initiated in these two



manuscripts. Here we summarize the differences:

e We start by constructing a net of normally hyperbolic invariant cylinders
“over” resonant segments ['.

e We prove that certain variationally defined invariant (Aubry) sets belongs
these cylinders.

e We show that these sets have the same structure as Aubry-Mather sets for
twists maps.

e In a single resonance, mainly done in [I3], the fact that these invariant sets
belong to invariant cylinders allows us to adapt techniques from [9] 23], 24].
Namely, we apply variational techniques for proving existence of Arnold
diffusion for a priori unstable systems (see section for more details).

e One important obstacle is the problem of regularity of barrier functions
(see section E[), which outside of the realm of twist maps is difficult to
overcome. It is our understanding that Mather [62] handles this problem
without proving existence of invariant cylinders.

e In a double resonance we also construct normally hyperbolic invariant
cylinders. This leads to a fairly simple and explicit structure of mini-
mal orbits near a double resonance. In particular, in order to switch from
one resonance to another we need only one jump (see section for an
heuristic explanation and Key Theorem [10| for the precise claim).

e It is our understanding that Mather’s approach [62] requires an implicitly
defined number of jumps. His approach resembles his proof of existence of
diffusing orbits for twist maps inside a Birkhoff region of instability [55].

4. Convexity of Hy on an open set

Suppose Hy(p) is strictly convex on an open set
Conv = {p € B*>: Hessian éﬁipj Hoy(p) is strictly positive definite}.

Then for any connected component Conv’ C Conv Theorem (1| applies. More
exactly, for any pair of open sets U,U’ C Conv’ fix a smooth segment I'* C
Conv’ and r > 4. Then there is an open and dense set Y = U~ C S” and a
nonnegative function g9 = g¢(H;) with gglyy > 0. Let V={eH,: Hy €U, 0<
e < &0}, then for an open and dense set of eH; € V the Hamiltonian system
H. = Hy + e¢H; has an orbit {(0,,pc)(t)}+ whose action component satisfies
p(0) € U, p(t) € U’ for some ¢t = t. > 0.



Notice that Theorem [1| guarantees that this orbit {(6., p.)(t)}+ has action com-
ponent O(+/¢) close to I'*. This is a convexity region for Hy. Therefore, one can
extend Hj to another Hamiltonian }NIO, which is convex outside of C'onv. Then
apply Theorem [1] and notice that under the condition that action component
p € Conv orbits of Hy 4+ eH; and Hy + €eH; coincide.

. Non-convex Hamiltonians

In the Hamiltonian H, is non-convex for all p € B?, for example, Hy(p) = p?—p3,
the problem of Arnold diffusion is wide open. With our approach it is closely
related to another deep open problem of extending Mather theory and weak
KAM theory beyond convex Hamiltonians.

. The Main Result

One interesting application of Theorem [1| is the following Theorem, which is
our main result.

Theorem 2. For any p > 0 and any r > 4 there is an open and dense set
U=U,CS" and a nonnegative function ey = eo(Hu, p) with eolyy > 0. Let V =
{eH, : HH €U, 0<ce<ey}, then for an open and dense set of eHy € W TV
the Hamiltonian system H. = Hg + €Hy has a p-dense orbit {(0.,pe,t)(t)}: in
T? x B% x T, namely, its p-neighborhood contains T? x B% x T.

Remark 1.2. To prove this theorem one needs to take a finite set of resonant
lines {I'; = Iy }Ly so that T* = UL\ T; is p/3-dense in the action domain B>.
Moreover, unperturbed resonant orbits for each p € I'* have angular components
0(t) = 6(0) +tp ( mod 1) that are p/3-dense in T?. Since p = O(g) and by
Theorem (1| for diffusing orbits action p.(t) is O(y/€)-close to T'*, we have p-
density of (0., p.,t)(t) in T?> x B? x T.

As the number of resonant lines N increases, the size of admissible perturbation
eo(Hy, p) goes to zero. Examples of Hamiltonians having orbits accumulating to
“large” sets and shadow infinitely many resonant lines are proposed in [13], [46].

The proof of the main Theorem naturally divides into two major parts:
e I Geometric: construct a connected net of normally hyperbolic invariant man-

ifolds (NHIMs) along the selected resonant lines I'*.

e IT Variational: construct orbits diffusing along this net.
The idea to construct a connected net of NHIMs appeared in Kaloshin-Zhang-

Zheng [46]. [46] describes the construction of an example of a C'*°-Hamiltonian H
in a small C*-neighborhood k > 2 of Hy(p) = %||p||* such that, on H~*(1/2), the

2

Hamiltonian flow of H has an orbit dense in a set of positive measure.
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2 Preliminary splitting of the proof of Theorem
into ten Key Theorems

It turns out that for action p near the diffusion path I'* there are two types of
qualitative behavior. We start presenting our strategy of the proof by dividing I'* into
two parts: single and (strong) double resonances. Once we make this decomposition
we impose three sets of non-degeneracy conditions a perturbation ¢ H;.

The first set is given in section 2.2 conditions [G0]-[G2] and leads to generic
existence of certain (crumpled) normally hyperbolic invariant cylinders near single
resonances.

It turns out that near double resonances there are also two types of qualitative
behavior: away from singularity (high energy) and near singularity (low energy).
For high energy in section we impose conditions [DR1]-[DR3] and also exhibit
existence of certain normally hyperbolic invariant cylinders. Then for low energy in
section [3.4| we define conditions [A0]-[A4] and describes more sophisticated normally
hyperbolic invariant manifolds.

These three sets of conditions lead to a definition of the set 4 C S" and reveals
a connected net of normally hyperbolic invariant manifolds. Once existence of these
invariant manifolds is established we prove existence of orbits diffusing along them
under additional non-degeneracy conditions. More precisely, we divide the proof of
the main result into 10 (Key) Theorems.

— The first three establish existence of normally hyperbolic invariant manifolds
in each regime.

— The next four shows that carefully chosen family of invariant (Aubry) sets
belongs to these manifolds and satisfy a certain (Mather’s projected) graph property.
To some extent, these invariant sets are like Aubry-Mather sets for twist maps.

— The last three shows that there are orbits diffusing along these family of Aubry
sets, provided additional non-degeneracy hypothesis are satisfied.

Theorems involved into this scheme are called Key Theorems. The body of the
proof contains other claims, including Lemmas, Propositions, and Theorems, used to
prove Key Theorems.

2.1 Decomposition of the diffusion path into single and dou-
ble resonances.

Diffusion in Theorem [I|takes place along I'*. The first important step is to decompose
[ into two sets. This decomposition corresponds to two type of qualitative dynamic
behavior. To do this division we need to start with the unperturbed dynamics:

6 = 0,Ho(p), p=0.

11



Fix a large integer K independent of € and to be specified later. For each action p € T'*
it belongs to one of resonant segments, i.e. p € I'; = FEj for some j =1,..., N. For

p € I'; define a slow angle 05 = Ej - (0,t). We say that for p € T we have

1. K-single resonance if there is exactly one slow angle 6* and all others are not:
k- (0,Ho(p),1) = k- (0,1) # 0 for each k € (Z*\ 0) x Z with |k| < K.

2. K-(strong) double resonance if there is exactly tW slow angle 63 = k - (6,1)
and 05 = K - (0,¢) with k, &' € (Z2\ 0) x Z with |k],|F'| < K.

We omit dependence on K for brevity.

Fix j € {1,..., N}, the corresponding resonance vector k; € (Z*\ 0) x Z, and the
resonant segment I'; = F,;j N I'*. For other j’s the decomposition procedure is the
same. Let 6° = lgj - (0,t) be the slow angle as above. In defining a fast angle there is
some freedom. Let k' = (K, k) f k; and chosen so that

i
det B = 17 B = —»'Z] s
kj
with Ej being the Z?-component of le and Ej, lZ; viewed as row vector.

The coordinate change can be completed to a symplectic one by considering the
extended phase space (0,t,p, E). Define p’ = (p*,p’) and E’ by the relation satisfying
p=BTp and E = (ko,k})) - p' + E’, (see section , then

Lj : (9,t,p, E) — (9870f7tap/aEl>

is symplectic. By a direct calculation, we have the (6,t,p) components of Lj_l is
independent of F, so we can treat L;l as a map from (6,07 ¢, p') to (0,t,p).
Due to non-degeneracy of the Hessian of Hy we can use p/ as a smooth parametriza-
tion of I';, i.e. '
Uy ={m0"),p7) : 1 € [a)ins sl

where values @’ . and @’ correspond to the end points of I';. It is natural to define

min mazx

the averaged potential

2,(6°,p) = / / Hy o L7 (6%, 9,00 p/ 1) o7 dt. 1)

When there is no confusion we omit dependence on j to keep notations simpler.

ISince = 1 and kg # 0 there can’t be three slow angles.
2Choice of K is not unique

12



2.2 Genericity conditions at single resonances

Call a value p/ on I' regular if Z(6°,p3(p’)) has a unique non-degenerate global
maximum on T* = T > 6% at some 6 = 6°(p/). We say the maximum is non-
degenerate if the Hessian of Z with respect to 6° is strictly negative definite.

Call a value p/ on I'; bifurcation if Z(6°, pi(p’)) has exactly two global non-
degenerate maxima on T® > 6° at some 0 = 6;(p/) and 05 = 05(p7). If p/ is a
bifurcation, due to non-degeneracy both maxima can be locally extended (see Fig-
ure . We assume that the values at these maxima moves with different speed with
respect to the parameter p/. Otherwise, the bifurcation value is called degenerate.
Denote @min < Gmax the end points of I' parametrized by p/.

Generic conditions [GO]-[G2] that are introduced below and define & C S, are
similar to the conditions [C1]-[C3] given by Mather [56]. These conditions can be
defined as follows:

Each value pf € [@min, Gmaz] 18 either regular or bifurcation. Note that the non-
degeneracy condition implies that there are at most finitely many bifurcation points.
Let a; < --- < as_1 be the set of bifurcation points in the interval (amin, Gmaz), and
consider the partition of the interval [@min, @maz] DY {[ai, ai11]}i=;. Here we give an
explicit quantitative version of the above condition. Let A > 0 be a parameter.

[GO] There are smooth functions 6 : [a; — A\,a;41 +A] — T, i =0,--- ;s — 1 (see
Figure [3)), such that for each p/ € [a; — A, a;p1 + A, 03(p’) is a local maximum
of Z(0%,p:(p’)) satisfying

N < =050 Z(05,p) < I,

where [ is the identity matrix and the inequality is in the sense of quadratic
forms.

(G1] For p’ € (a;,ai1), 6; is the unique maximum for Z. For p/ = a;11, 05 and 65,
are the only maxima.

(G2] At p/ = a;4; the maximum values of Z have different derivatives with respect
to p/, i.e.

D 2002 (aen) 7).

d Z(@f(ai+1)’pi(pf>) 7& w

dpf

The conditions at single resonances is that [G0]-[G2] are satisfied for some A > 0.
Now we are ready to present

the decomposition into single and (strong) double resonances.

13
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Figure 3: Bifurcations

Following [13] we determine small positive § = §(Hy, A, 7, ['*) < X as well as large
positive C' = C(Hy,r,T*) and E = E(Hy, A\,T*). Let K be a positive integer satisfying
K > 0§%T=3 (cf. Remark 3.1 [L3]) and such that every I'; N T, ,j=1,...,N — 1
can be represented as a double resonance. Define |l¥ | as the sum of absolute values of
components. Denote

Sk={pelNB: Ik = (K k) e (Z*\0) x Z,
I;I'H E? |];:/1‘7 |k6| < K7 E/ ' (81)[_[07 1) = O}

Call the elements of ¥ C I' punctures or strong double resonances. Exclude a
neighborhood of each puncture from I'. Let Uz z(Xk) denote the Ey/z-neighborhood
of ¥, then I';\ Ug z(¥k) is a collection of disjoint segments. Each of these segments
is called a passage segment. By definition crossings of I';NI";4; foreach j =1,..., N —
1 are (strong) double resonances. In what follows we often omit “strong” for brevity.

Recall that 8" is the unit sphere of C"-functions. Let U2y denote the set of
functions in 8" such that the conditions [G0]-[G2] are satisfied. Let Usg = Jyoo U2x-

Theorem 3. Each Uy, is a C"—open, and Usg is C"—open and C"—dense in S".

Remark 2.1. We will impose two more sets of non-degeneracy hypothesis at double
resonances. The parameter K, and hence the designation of double resonances de-
pends on A. Formally, for each X > 0, our hypothesis at double resonance determines
an open dense subset U™ of Uzp, and U = Ux=o U is open dense by Theorem @

It turns out that the analysis of single and double resonances is drastically different
and requires different tools.
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Before we sink into description of steps of the proof we formally divide it into
ten key Theorems. This allows us to partition the proof into smaller (non-equal)
parts. We first state these Theorems and derive the Main Theorem. Only after that
we proceed with proofs of themf] We summarize this discussion in the following
diagram:

)
J a net of NHIMs {M;};, + 3 Shadowing of Invar. Sets in {M,},

3 a net of NHIMs {M;};
f (2)

N\

Key Theorem ‘ + ‘Key Theorem ‘ + ‘Key Theorem

3 Shadowing of Invariant Sets in {M,};
f

Localization of invar. sets +  “Transverse” intersection of invar.
{A} inside {M;}; manifolds of neighbor invar. sets
Localization and graph property of invar. sets {A;.} inside {M,};
i (3)

A

Key Theorems [4] + ‘ + ’Key Theorems [6] +

“Transverse” intersection of invariant manifolds of neighbors {A;}

f (4)

.

Key Theorem ‘ + ‘Key Theorem [J) ‘+ ‘Key Theorem

1. Existence of a net normally hyperbolic invariant manifolds.

(a) Key Theorem |[1] establishes existence of crumpled normally hyperbolic in-
variant cylinders near each connected component of I' \ Ug z(¥x). These

3We reserve the name a “Key Theorem” to refer to the global scheme of the proof summarized
here. To prove these Key Theorems we shall prove lemmas, propositions, and “local” Theorems.
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cylinders are crumpled in the sense that in the original phase space T? x
B? x T they are represented by certain three dimensional graphs

{(©,, P)(0,,ps,t), (04,pe,t) €T x [a_,ar] x T} CT?* x B x T

00,
with 5 < 1/4/e. See Section and Figure 7| for details. It turns out

~1/yE

that asymptotically in e this estimate is optimal, i.e. sup

(see Remark [7.1| for details).

(b) Key Theorem [2|establishes existence of normally hyperbolic invariant cylin-
ders near double resonances at high energy or away from singularity. En-
ergy at double resonance is energy of the corresponding slow mechanical

system defined in Appendix [B] Lemma [B.3]

(¢) Key Theorem [3| establishes existence of variety of normally hyperbolic in-
variant manifolds near strong double resonances at low (near critical) en-

ergy.

‘%*

2. Localization of invariant (Aubry) sets inside of invariant manifolds.

One of fundamental discoveries in Mather theory and weak KAM is a large class
of invariant sets often called Mather, Aubry, Mane sets. These sets are crucial
for our construction. It turns out that these sets are naturally parametrized by
cohomologies ¢ € H' (T2, R) and usually denoted by M(c), A(c), N'(c) respec-
tively. They belong to the phase space T? x R? x T and satisfy

M(e) € A(e) € N(c).

For example, these families of sets contain KAM tori as subclass. In our case
the parameter ¢ encodes the information about rotation vector of orbits in A/'(c).
More precisely, if (6, p,t) € N(c), then

p-clSVE and |6 0,Ho(0)] S V.

(a) Key Theorem {| proves that for carefully chosen ¢’s invariant (Aubry) sets
A(c)’s belong to the corresponding normally hyperbolic invariant cylinders
{M;}; in single resonance. Theorem [5| proves that these sets also have
Mather’s projected graph property. Namely, projection of each Aubry set
onto the configuration space T? is one-to-one with Lipschitz inverse. This
essentially means that these invariant sets are alike Aubry-Mather sets for
the twist maps.

16



Figure 5: Jump from one cylinder to another in different homologies

(b) Key Theorem [f] similarly to Key Theorem proves that for carefully cho-
sen ¢’s the corresponding invariant (Aubry) sets A(c)’s belong to the corre-
sponding normally hyperbolid!| invariant manifolds {C;}; in a double reso-
nance. Key Theorem [7] proves that these sets also have Mather’s projected

graph property, described above.

3. “Transverse” intersection of invariant manifolds of neighboring invariant Aubry
sets to produce shadowing

(a) Key Theorem [§ consists of two parts. First, it proves existence of shad-
owing along crumpled normally hyperbolic invariant cylinders along single
resonances. This part essentially follows from Theorem 0.11 [9]. It can

4As a matter of fact there manifolds have a boundary and have only weak invariance, namely,
the vector field is tangent
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also be proven using the method from [23, 24]. Both methods are inspired
by the papers of Mather [53] 54, 56]. The second part establishes existence
of an orbit “jumping” from one cylinder to another at bifurcation points.

Key Theorem @ proves similar statement to the previous one for double res-
onances. In particular, for certain (simple) homology directions we prove
existence of orbits crossing the double resonance (see curves crossing the
origin on Figures [12| and for an heuristic description).

Key Theorem |10 proves existence of an orbit “jumping” from one cylinder
to another. This allows to change from one resonant line to another. This
is a crucial element of crossing a strong double resonance.

18
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Figure 6: Partition

3 Theorems on existence of normally hyperbolic
invariant manifolds

Consider the natural projection 7 : T2 x B? x T — B2. A net of normally hyperbolic
invariant manifolds has the following meaning. We divide I'* into I';’s and each
[, into two parts: FE./z-neighborhoods of all strong double resonances and E./e-
neighborhood of the complement, i.e

ULy Upe(Xky) Ut Upye(T; U T 1),

where Y ; are defined above punctures in I';. The complement is called single reso-
nance.

3.1 Description of single resonances

Fix some j € {1,..., N}. Consider a passage segment [a’ G) a(j ] of a single resonance

segment I'; which by definition is an interval whose end point is either E./e near

a puncture or an end point of T';. Let {a j)}f\/fl C [a(_j),aJr ] be an ordered set of

G) _ 40

bifurcation points with a; and al M = a b belng the end points and all others

being bifurcation points . This leads to a partition [a @ ai)] UM, [a 5'), §+)1] cry
(see Figure [6))

Recall that in non-degeneracy conditions [GO]-[G2] there is a parameter A, which
has two different meanings. One is quantitative non-degeneracy of local maxima of
averaged potential Z (6% p) and the other is extendability of local minima beyond
bifurcation points [a; — A, a;41 + A]. It is convenient to assign this dependence to
different parameters. We denote by § a new (extendability) parameter 0 < 6 < A. For

= 0(Hy, Hy,7,T*) > 0 in Theorem 4.1, [13] we prove that “over” each non-boundary

5M does depend on j, but dependence is omitted to keep notations simple
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Figure 7: Crumpled Cylinders

segment [a [ —4, al +1 +6] C I'; there is a 3-dimensional normally hyperbohc (Weakly)
invariant cylinder Ci . For the boundary segments [a((f ) a al ) + d] and [a W1 —0,a M]
the corresponding result is Theorem [I5] Meaning of “over” is that its projection onto
the action space satisfies

dist (r(C), [ — 8, +0]) S V&,

where dist 1s the Hausdorff dlstance The same statement holds for boundary seg-
ments [a(() ) aY +5] and [aM 1—0, aM] Here [a 5 ), al(i)l] is viewed as the corresponding
subset of I'; using parametrization by p/. Our main result about existence and loca-
tion of norrnally hyperbolic invariant cylinders near a smgle resonance is as follows:

Denote by [a" , ] either a non- boundary segment [ 5, al+1+5] z G {1,...,M—
1} or one of boundary segments [a$) — 3,/z,a% + 6] and [a{) | — 6,a%) + 3\/_] We
use O(-) to denote a constant 1ndependent of €,A,0,r, but dependent of Hy, Hy,T';,
i.e. f=0(g) means |f| < Cyg. Consider the Hamiltonian H. in the normal form

H.o®. = Hy(p) +€Z(6°,p) + €R(0,p, 1),

where ||R||c2 < § in the region of interest, i.e. p being O(y/€)-close to (ps(p’), p’)
with p/ € [a,a’,] (see notations before (1)) and in section .

Key Theorem 1. With the above notations for 0 and € positive and small enough
e > 0 there exists a C' map

(0%, P)(07,p' 1) : Tx [@",a’] x T — T xR
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such that the cylinder
CO = {(6°,p°) = (O, P)(07,p7 1) - plelal,dl], (67,t)eTxT}

15 weakly mvamant with respect to H i the sense that the Hamiltonian vector field
is tangent to C; U The cylinder C, U) s contained in the set

VO i={0p.0) p € lalal], 10— 00D < OM), Il < O V),

and it contains all the full orbits of H. contained in V;(j) E| We have the following
estimates

103(67,p7,t) — 05 (p”)|| < O(X7'6),
1P (07, p7 )| < vVEO(A/45),
<o) [ <o ().

00°
(07,¢

apl

Notice that the segment [a” ,a’] can have end points of three types: a’ corre-
sponds to the boundary of B2, a bifurcation point, and belongs to the E+/z-boundary
of a (strong) double resonance. This theorem for segments whose boundaries do not
end at a double resonance is a simplified version of Theorem 4.1 [I3]. For a bound-
ary point on ending at a (strong) double resonances follows from Theorem . This
Theorem is an extension of Theorem 4.1 [13] and its proof is a modification of the
proof of the latter Theorem. It turns out that Theorem 4.1 [13] shows existence of a
normally hyperbolic weakly invariant cylinder only O(g!/4)-away from a strong double
resonance. Theorem |15| extends it validity into O(,/)-neighborhood.

Remark 3.1. The estimates on ©° and P® provides important information about the
geomelry of the cylinder C(]

The first estimate shows that the ©°-component (i.e. slow angular component) is
localized O(A™18)-near the global mazimum 65.

The second estimate provides localization of P® near the origin.

The third and forth estimates show how ©° depends on p’ and angular variables
07,t). In Remark we justify that generically O(+/e)-near double resonances I'; N

'z, of a fized order, e.g. K| € [K,2K], we have

00*
op!

.
~ e

through the “top” or “bottom” pf = a’.. This

max

6 Notice that there are orbits exiting from V;(j )

prevents up from saying that Cz-(j ) is invariant.
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where 2 means that for some constant depending on §,\,r, Hy, Hy,T';, |/;’\, but inde-
pendent of .
This explosion of the upper bound % exhibits sensitive dependence on “vertical”

variable p/ and is the reason we call there cylinders crumpled (see Figure E?l) An

upper bound on E will be essentially used in the proof of Mather’s projected graph
P

theorem (Key Theorem ).

Dependence on angular (67, t)-variables is O(A\=%/*6)-small.

In what follows we choose 6 and € small enough compare to . See Theorem 4.1,
[L3] and Theorem [15 for explicit bounds.

This result shows that normally hyperbolic invariant manifolds connect to E4/e-
neighborhood of strong double resonances.

3.2 Description of double resonances and generic properties
at high energy

Now we describe an heuristic picture of the E./z-neighborhood of a strong double
resonance py, i.e. po either belongs to a puncture on I'; or to an intersection I'; N 1"
for some j € {1,...,N — 1}. We note that examples of systems near a double
resonance were studied in [16} [43], 45], 146].

We fix two independent resonant lines I' = I'z, I = Iy, for some k= (El, ko), K =
(E’l,k‘(’)) € (Z2\0) x Z,k } K with |k|,|F| < K and a strong double resonance
po € ' NIV C B2 This means

—

Fr- (9pHo(po), 1) =0, K, - (9,Ho(po), 1) = 0.

Assume that k and k' are space irreducible, i.c. ki (resp. k}) is either (1,0) or (0,1),
or ged(ky) = 1 (resp. ged(k]) = 1). Let I' be an incoming line, i.e. orbits diffuse
toward po along this one (see Figure 12| with I'; = I' and I';;; = I'). Then we define

slow angles .
O =k -0+kot , o =kl -0+kt.

For p € T N{|lp — pol| = EvE} (see boundary of the ball on Figure [12| crossing
I') we have ¢*/ > (*. This motivates division into sf — slow-fast and ss — slow-
slow. Denote the torus T* 3 ¢* = (¢*, ). In section , we show that in
E+/e-neighborhood of py, we have the following the normal form

He o Cb(@,p, t) = HO(p) + GZ(lgl 0+ k:() t7 E& 0 + ké tap) + 63/2R(9ap7 t)a
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where Z(El 0+ kot, Ell -0+ kjt,p) is a proper average of H;. In section we make
a linear symplectic coordinate change ®; by taking

—

p* =BT (p—py), where B= lill and det B =1.

/
1

Since k and K are irreducible this can be done. After the coordinate changes we have
H.o®o0®p(¢",p,t, E') = const + K(p°) —eU(¢%) + O(*?), (5)
where

e K (p®) is a positive definite quadratic form, depending on the Hessian of Hy at
Po,

e U(y®) is a function, depending on a proper average of Hy, and const is a constant
independent of ¢* and p®.

We call K — the slow kinetic energy and U — the slow potential energy. They are
formally defined in (54). Without loss of generality assume that U(¢*) > 0, U(0) = 0
and 0 is the only global minimum (see condition [A1]). Denote I* = /¢ p® and call

H*(I*, %) = K(I*) = U(¢*)

the slow mechanical systenﬂ. Its energy is called slow energy. In-depth study of this
system is the focal point of analysis at a strong double resonance. Denote by

Sg={(¢",I"): H> = E}

an energy surface of the mechanical system. According to the Mapertuis principle
for a positive “non-critical” energy F > U(0) = 0 orbits of H® restricted to Sg are
reparametrized geodesics of the Jacobi metric

9(¢”) =2(E +U(¢")) K. (6)

Fix an integer homology class h € H;(T% Z). Denote by v a shortest closed
geodesic of gg. Here is the first set of non-degeneracy hypothesis. It concerns with
what we call high slow energy. This set of genericity hypothesis is the same as in [53].
Later, however, we impose additional hypothesis for low energy and they are different
from [53].

Let Ey = Eo(Ho, H1) > 0 be small and specified later.

"Tts orbits are time rescaling of orbits of truncation of
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[DR1] For each E € [Ey, E], each shortest closed geodesic 72 of gg in the homology
class h is non-degenerate in the sense of Morse, i.e. the corresponding periodic
orbit is hyperbolic.

[DR2] For each E > Ej, there are at most two shortest closed geodesics of gg in the
homology class h.

Let E* > Ej be such that there are two shortest geodesics 77" and 7%~ of pg« in
the homology class h. Due to non-degeneracy [DR1] there is a local continuation
of vF" and £ to locally shortest geodesics vF and 77 for E near E*. For a
smooth closed curve « denote by (g(7) its gg-length.

[DR3] Suppose

e, WeOR),
ae = dg T

This means that the gp—lengths of periodic orbits vF and 77 as function of E
have different derivatives at £ = E*. As a corollary we have only finitely many
E’s with two shortest geodesics.

Theorem 4. Let K(p®) be a positive definite quadratic form. Then the set Uby of
functions Hy € 8" such that for the corresponding averaged potential U(p®) the slow
mechanical system H*(¢®,p®*) = K(p°) — U(g®) satisfies conditions [DR1]-[DR3] is
C"-open and C"-dense, where r > 4.

Consider a partition of energy interval [Ey, E], which is similar to the partition
of a single resonance line (see Figure ?7?). It follows from condition [DR3] that there
are only finitely many values { £} }jvzl C [Ey, E], where there are exactly two minimal
geodesics vF and 7¥. Call such E’s bifurcation energy values. Other energy value are
called regular. Order bifurcation values:

E0<E1<E2<"'<EN<E.

Recall that we denote § = §(Hy, Hy,r,I'*) > 0 a small number. In particular, it is
chosen such that for any j = 1,...,N —1 and E € [E}, Ej41] the unique shortest
geodesic 7 has a unique smooth local continuation v for E € [E; — 6, Ej 41 + d].
Consider the union

Ej,Ejp _ E
M, = UgelB;—6,B;11+6) Tn -

For the boundary intervals we take union over [Ey, By + 4] and [Exy — 6, E + 6]. It
follows from Morse non-degeneracy of £ that ./\/lfj Fit1 s a NHIC with the boundary.

We will see in Corollary that a rescaling of C'—converges to H* as Hamil-
tonian vector fields. Using standard persistence of normally hyperbolic invariant
cylinders, we obtain the following statement.
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Key Theorem 2. For each j =1,..., N and small € > 0 the Hamziltonian H. has a

normally hyperbolic weakly invariant manifold Mfi’Ej“, i.e. the Hamiltonian vector

eld of H. is tangent to M, _. Moreover, the intersection o MEPE ith the regions
h,e h,e
{E;, =0 < H*<E;1+0} xT is a graph over /\/lfj’Ej“. )
The same holds for the boundary intervals [Eo, Ey + d] and [Ey — 6, E + 4.

Construction of normally hyperbolic weakly invariant manifolds in the high energy

region F € (Ey, ) is somewhat similar to the one in single resonance. All such invari-
ant manifolds after projection onto action space are located in O(1/¢)-neighborhood

of Po-

3.3 Description of double resonances (low energy)

Now we turn to the low (near critical) energy region Ug, z(po). The slow mechan-
ical system H® = K — U has at least two special resonant lines I'{ and I'5 such
that “over” each one there is a 3-dimensional normally hyperbolic weakly invariant
manifold /\/lfloj and Mf;; The important feature of these manifolds is that they
“go through” the strong double resonance py as shown on Figure [[2 We call these
manifolds simple loop manifolds by the reason explained below (see also [47]).

It turns out that these and other normally hyperbolic invariant manifolds have
kissing property near pg, which is a crucial element of “jumping” from one manifold
to another. Now we give a formal description.

Recall that po € I' N I”, where I" and I are two resonant lines. Naturally, I’
induces an integer homology class h € H'(T* Z). Recall that 0 € T* x R* ~ T? x R?
is the singular point of the Jacobi metric pg. It is a saddle fixed point for the slow
Hamiltonian H*. Let 7Y be a shortest geodesic in the homology h with respect to the
Jacobi metric go. Mather [61] proved that generically we have the following cases:

Definition 3.1. 1. 0 € 7Y and 4} is not self-intersecting. Call such homology
class h simple non-critical and the corresponding geodesic > simple loop.

2. 0 € ) and 7y is self-intersecting. Call such homology class h non-simple and
the corresponding geodesic ) non-simple.

3. 0 &Y, then vy is a reqular geodesic. Call such homology class h simple critical.

It turns our there are open sets of mechanical systems, where each of the three
cases occurs. It is only the second item which is somewhat unusual. Notice that ~ is
self-intersecting only if 0 € 7Y, otherwise, curve shortening argument applies at the
intersection.
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We point out that there are always at least two simple homology classes hq, hy €
H'(T*,Z). To prove that minimize over all integer homology classes h' € H'(T*,Z)
and geodesics passing though the origin. Pick two minimal shortest h; and hy. The
corresponding minimal geodesics '7/22,, 1 =1,2 are non—self—intersectingﬂ

Notice that the condition 0 € 7Y for a geodesic corresponds to a homoclinic orbit
to the origin in the phase space. They are given by intersections of stable and unstable
manifolds of the saddle 0. Existence of transverse intersections implies that there are
open sets of mechanical systems with 7)) being self-intersecting for some h € H*(T*,7Z)
and, therefore, passing though the origin.

If minimal geodesics of py are self-intersecting the situation was described by
Mather [57].

Lemma 3.2. Let h be a non-simple homology class. Then generically ;) is the con-
catenation of of two simple loops, possibly with multiplicities. More precisely, given
h € H,(T*,Z) generically there are homology classes hy, hy € Hy(T* Z) and integers
ny, ng € Zy such that the corresponding minimal geodesics 7,0“ and 722 are simple
and h = nihy + nohs.

We impose the following assumption

[AO] Assume that for the Hamiltonian H*® and the homology class h, there is a
unique shortest curve 7 for the critical Jacobi metric with homology h. If A is non-
simple, then it is the concatenation of two simple loops, possibly with multiplicities.

For E > 0, v¥ has no self intersection. As a consequence, there is a unique way
to represent 7)) as a concatenation of 721 and 722. Denote n = n; + ny, we have the
following

Lemma 3.3. There exists a sequence o = (o1, ,0,) € {1,2}", unique up to cyclical
translation, such that

0_ 0 . .. A0
Th = They ¥ *F Vg, -

Now we add more assumptions to [A0] and describe generic properties of the Jacobi
metric. We emphasize that analysis of the phase space, not of the configuration space,
provides additional valuable information! This is a crucial difference with Mather
[54], 57].

8otherwise, 7,0” can be decomposed into a sum of at least two other geodesics crossing at the
origin and, therefore, is not shortest.
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3.4 Generic properties of homoclinic orbits and genericity at
low energy

Pick a simple critical homology class h € H*(T?* Z). Recall that for 0 € 79 in the
phase space it corresponds to a homoclinic orbit to the origin. Now we make the
following assumptions:

[A1] The potential U has a unique non-degenerate minimum at 0 and U(0) = 0.

[A2] The linearization of the Hamiltonian flow at (0,0) has distinct eigenvalues
A< =AM <0< A< A

In a neighborhood of (0,0), there exist a smooth local system of coordinates
(u1,us, s1,82) = (u,s) such that the u;—axes correspond to the eigendirections of \;
and the s;—axes correspond to the eigendirections of —\; for ¢ = 1,2. Let v* = %01, n
be a homoclinic orbit of (0,0) under the Hamiltonian flow of H®*. Denote v~ = 72’7
the time reversal of 72’ +, which is the image of 727 4 under the involution I° + —1I°
and t — —t. We call 4t (resp. v7) simple loop.

We assume the following of the homoclinics 4+ and v~

[A3] The homoclinics 4+ and vy~ are not tangent to us—axis or s,—axis at (0,0). This,
in particular, imply that the curves are tangent to the u; and s; directions.
We assume that v approaches (0,0) along s; > 0 in the forward time, and
approaches (0, 0) along u; > 0 in the backward time; v~ approaches (0, 0) along
s1 < 0 in the forward time, and approaches (0,0) along u; < 0 in the backward
time (see Figure [9).

For the non-simple case, we consider two homoclinics v; and 7, that are in the
same direction instead of being in the opposite direction. More precisely, the following
is assumed.

[A3'] The homoclinics v, and 72 are not tangent to us—axis or se—axis at (0,0). Both
71 and 7y, approaches (0,0) along s; > 0 in the forward time, and approaches
(0,0) along u; > 0 in the backward time.

Given d > 0 and 0 < § < d, let By be the d—neighborhood of (0,0) and let
ft:{sl:j:5}ﬂBd, i:{ulzié}ﬂBd
be four local sections contained in B;. We have four local maps

OH L UTH(C ) — XY, Ot UTT(CR) — 5,

loc loc
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Figure 8: Homoclinic orbits to the origin

oo UT(C) — XY, & U (CB) — B

loc loc

The local maps are defined in the following way. Let (u,s) be in the domain of one
of the local maps. If the orbit of (u,s) escapes By before reaching the destination
section, then the map is considered undefined there. Otherwise, the local map sends
(u, s) to the first intersection of the orbit with the destination section. The local map
is not defined on the whole section and its domain of definition will be made precise
later.

For the case of simple loop, i.e. assuming [A3], we can define two global maps
corresponding to the homoclinics v and v~. By assumption [A3], for a sufficiently
small 0 > 0, the homoclinic " intersects the sections ¥ and ¥ and 7~ intersects
¥ and X° . Let p™ and ¢ (resp. p~ and ¢~ ) be the intersection of v (resp. v~) with
¥4 and 3% (resp. X" and ¥°) . Smooth dependence on initial conditions implies
that for the neighborhoods V* 3 ¢* there are a well defined Poincaré return maps

Ol VT2, Dy

. — S
gob 1 VT — XL

When [A3'] is assumed, for ¢ = 1,2, 7" intersect 3% at ¢’ and intersect X% at p’. The
global maps are denoted

1 . 1 s 2 . 1 s

The composition of local and global maps for the family of periodic orbits shad-
owing 7 is illustrated in Figure [8]

We will assume that the global maps are “in general position”. We will only phrase
our assumptions [Ada] and [A4b] for the homoclinic " and v~. The assumptions for
y! and 4?2 are identical, only requiring different notations and will be called [A4a’]
and [A4b’]. Let W* and W* denote the local stable and unstable manifolds of (0, 0).
Note that W* N X% is one-dimensional and contains ¢*. Let T"“(¢*) be the tangent
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Figure 9: Global and local maps for v+

direction to this one dimensional curve at ¢*. Similarly, we define 7°°(p*) to be the
tangent direction to W* N X% at p*.

[Ada] Image of strong stable and unstable directions under D@gﬁob(qi) is transverse to

strong stable and unstable directions at p* on the energy surface Sy = { H* = 0}.
For the restriction to Sy we have

D@, (q ), T (q7) M T (p"), Dy (a7 )|zse T (q7) M T*(p7).

[A4b] Under the global map, the image of the plane {sy = u; = 0} intersects {s; =
us = 0} at a one dimensional manifold, and the intersection transversal to the
strong stable and unstable direction. More precisely, let

L(p™) = DO (¢ ){s2 = u1 = 0} N {s1 = uy = 0},
we have that dim L(p*) = 1, L(p*) # T*(p*) and D(®,,,,) ' L(p*) # T"(¢*).
[A4'] Suppose conditions [A4a] and [A4b] hold for both v, and ~,.
In the case that the homology h is simple and 0 ¢ 7)), we assume
[A4”] The closed geodesic 77 is hyperbolic.

We would like to emphasize that these non-degeneracy assumptions are restrictions
on the Hamiltonian flow in the phase space. Mather [58] imposes non-degeneracy
assumptions on the Jacobi metric in the configuration space.

29



Theorem 5. Let K(p*) be a positive definite quadratic form. The set USE (po)
of functions Hy € 8" such that for the corresponding averaged potential U(p®) the
slow mechanical system H*(p* p°) = K(p®) — U(¢®) satisfies conditions [A0]-[A4] is
C"-open and C"-dense, where r > 2.

In what follows we need a quantitative version of conditions [A1]-[A4]. Let x > 0.
We say conditions [A1]-[A4] holds with non-degeneracy parameter s if

o U"(0) > Kk, Ay — A\ > BkK;
o 7~ crosses ¥4 and X transversally for § > x;

e For the restriction to the energy surface Sy we have
K(‘D(Pglob< +)|TSOTU’U‘(Q+)7TSS<p+)) > K,

LD, (¢ )rs, T (q7), T*(p7)) > k.
and

L(LPH),T*(p")) >k, L(D(P

glob

) L(pT), T"(q*)) > k.

We show that under our assumptions, for small energy, there exists “shadowing”
periodic orbits close to the homoclinics. These orbits were studied by Shil’nikov [69],
Shil'nikov-Turaev [70], and Bolotin-Rabinowitz [20].

Theorem 6. 1. In the simple loop case, we assume that the conditions A1 - A}
hold for vt and ~v~. Then there exists Eq > 0 such that for each 0 < E < Ej,
there exists a unique periodic orbit 'yf corresponding to a fixed point of the map

<I>;rlob o ®°F restricted to the energy surface Sg.

For each 0 < E < E, there exists a unique periodic orbit v¥ corresponding to
a fized point of the map @y, o Py, restricted to the energy surface Sg.

loc

For each —Ey < E < 0, there exists a unique periodic orbit v corresponding to

a fized point of the map ®._ o ® - o®! o®  restricted to the energy surface

loc glob loc
Sk.

glob

2. In the non-simple case, assume that the assumptions [A1], [A2], [A3'] and [A]]
hold for v* and ~*. Then there exists Ey > 0 such that for 0 < E < Ey, the
following hold. For any o = (01, ,0,) € {1,2}", there is a unique periodic
orbit, denoted by vF, corresponding to a unique fived point of the map

n
o
H (I)glob loc

=1

restricted to the energy surface Sg. (Product stands for composition of maps).
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Figure 10: Periodic orbits shadowing ~*

The family of periodic orbits 7% is depicted in Figure

Theorem 7. In the case of simple loop, assume that conditions [A1]-[A4] are satisfied
with v+ = 727+ and v~ = 7277. For this choice of v and v~, let v£, vF and ~F be
the family of periodic orbits obtained from part 1 of Theorem[6. Then the set

M= Aurtu Y AFuru Y A

0<E<Ey —Eo<E<O0 0<E<Ey

is a C' smooth normally hyperbolic invariant manifold with boundaries Vfo, vEo and

~Eo (see Figure .
In the case of non-simple loop, assume that [A1], [A2], [A3'] and [Af'] are satisfied

with v =), and v* = ~},. Let 1§, denote the family of periodic orbits obtained from
applying part 2 of Theorem|[(] to the sequence o determined by Lemma[3.5 We have
that for any 0 < e < Ejy, the set

e,Eo __ E
M = Ue<p<iy Vs

is a C' smooth normally hyperbolic invariant manifold with the boundary (see Figure

.

Moreover, the conclusions of the theorem also applies to any sufficiently small C?
perturbation of the slow mechanical system H® = K — U, where the C*-size of such
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Figure 11: Normally hyperbolic invariant manifolds with kissing property

a perturbation depends only on quantitative non-degeneracy of hypothesis [A1]-[A4],
given by k > 0, and C?*-norms of Hy and H;.

Remark 3.2. Due to hyperbolicity the cylinder Mfo’s is C'“ for any a satisfying
l<ax< )\2/)\1.

If hy and hy corresponds to simple loops, then the corresponding invariant man-
ifolds ./\/lj,i“S and ./\/lf;S have a tangency along a two dimensional plane at the
origin. One can say that we have “kissing manifolds”, see Figure[I1. This tangency
is persistent ] !

Remark 3.3. In the notations of the beginning of this section for small enough Ey
and 0 < E < Ey we show that

— in the simple loop case, the shadowing orbits v¥ coincides with the minimal
geodesics ), (see Propositions|8.1(| and |8.11).

— 1in the non-simple case, v, coincides with vE.. By Lemma o 18 uniquely
determined by h (see Proposition[8.1{ and Remark .

9A. Sorrentino called persistence of this picture “power of love”
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Remark 3.4. Using Theorem[7 and Remark|3.3, if H* satisfies conditions [A0]-[A4],
then the shortest geodesic ¥ is unique and hyperbolic for any E > 0. Moreover, this
is an open condition, due to the last statement of Theorem[7. This implies the set

cmt
Upi (Po) m Upf(po)
Ep>0

1s an open and dense set.
Denote UFp = Mg, SoUL%(po), then for each py, the set USH!(po) N UL (po) is
open and dense. Since for each X > 0 there are only finitely many double resonances,

the set
u=Juzzn (ﬂuﬁR@o) NUSH (p >) ,

A>0 Po

18 open and dense.

Key Theorem 3. Let r > 4 and assume that H. = Hy + cH; is C" and such that
Hy € UG (py) C 8", i.e. H. satisfies the conditions of Theorem [7.

1. If homology h is simple, then H,. exhibits normally hyperbolic weakly z'nvam'anﬂ
manifold Mio’ Moreover, the intersection of ./\/lh * with the regions {—Fy <

H® < Eo} x T is a C'-graph over M.

2. If homology h is non-simple. Then H. exhibits simple normally hyperbolic
weakl wmvariant cylinders Mfloe and /\/lh * satisfying the conditions of the
previous item. Moreover, for fired 0 < e < Ey, there exists a normally hy-

perbolic weakly invariant cylinder MZfO whose intersection with the region
{e < H®* < Ey} x T is a C*-graph over MZ’EO.

Remark 3.5. Notice that the theorem is stated for the Hamiltonian H.. H. is related
to H® in Appendz’z@ (sections and . After a proper normal form ® and a
linear transformation ®, we have that H.o®o®", is a O(c'/?)-small fast time-periodic
perturbation of H®.

Sometimes ./\/le Eo i referred as a flower cylinder due to its shape (see Figure .

These are all the essential stages of building a net of normally hyperbolic invariant
manifolds. The next important step is to construct diffusing orbits following this net
of invariant manifolds.

Oas before weakly means that the vector field of the Hamiltonian H, is tangent to MEO o

1 “weakly” has the same as before
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There are aorbits
shadowing =olid curves

S S
LT T T

and jumping from
r1s to r25 at o
B>
n‘
" ‘!lli

Figure 12: An heuristic picture of a double resonance

3.5 Heuristics of the diffusion across double resonances

Before we go into description of sophisticated variational shadowing techniques we
present heuristics of crossing a strong double resonance py € I' N I7. Recall that IT" is
an incoming resonant line and h the homology class induced by I on T* (see Figure
[12). As we described above generically there are three cases:

1. the limiting 47 is a simple curve and 0 € 7;

2. the limiting 7} is a non-simple curve, 0 € 77, and there are two simple curves
vp, = and 7)), = 7, and two integers ny,ny € Zy such that h = nihy + nyhy;

3. the limiting ~} is a simple curve and 0 & ~;

In order to see the cases below one can follow from the incoming arrow to all the
outgoing arrows on Figure

3.5.1 Crossing through along a simple loop 7 3 0

If homology h is simple, then an orbit enters along a normally hyperbolic weakly
invariant manifold Mfgs established by Key Theorems 2| and . We show that it can

diffuse along Mfgs across po to “the other side” (see Figure in homologies and

)

Figure [17] part a) in cohomologies ).



3.5.2 Crossing through along a simple loop 7} Z 0

Recall that mechanical systems are invariant under involution: [°* — —I° and
t — —t. If homology h is simple, then the mechanical system has a normally hy-
perbolic invariant cylinder M** and its involution M™*. A diffusing orbit enters
along a normally hyperbolic weakly invariant cylinder Mfoss (which is a perturbation

of ./\/lEO’ ). Then we reach zero energy surface and go through the origin to the “oppo-
site” normally hyperbolic weakly invariant cylinder /\/l ° (which is a perturbation of

./\/l?(;Z ) and continues on “the other side”. Tt corresponds to exactly the same picture
as the previous case.

3.5.3 Crossing through along a non-simple loop 7}

If h is non-simple, i.e the union of two simple loops, then an orbit enters along a
normally hyperbolic weakly invariant Cyhnder M hEO reaches a small energy e. As

energy F decreases to zero the cylinder M ? goes toward the origin and becomes a
flower cylinder and its boundary approach the union of simple cylinders /\/lh1 ~ and

MES (see Figure } For a small enough energy e and outside of a tiny neighborhood

hQE

£o s almost tangent to one of simple normally

hyperbolic weakly invariant cylinders Mfﬁ’:, t = 1 or 2. Near the origin both normally

hyperbolic weakly invariant manifolds have least contracting and least expanding
directions almost parallel to the u,s,—place. Moreover, their invariant manifolds have
tangent directions which are almost parallel to the usss—plane. As a result there
should be transverse intersection of invariant manifolds of MZE;O and /\/lfoss This
implies

of the origin the flower cylinder M

persistent existence of orbits jumping from
the flower cylinder MZ;EO to a simple loop one Mf:’;.

Then such orbits can cross the double resonance along ./\/lEO’ After that it jumps

back on the opposite branch of My’ o and can diffuse away along it as before (see
Figure 12| in homologies and Figure (17 “ part b) in cohomologies).

3.5.4 Turning a corner from I' to I"

Let 0. C T? x B? x T denote the periodic orbit whose projection onto T? x B? is near
the origin.
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Now we cross a strong double resonance by entering along I' and exiting along I".
Denote by i/ € H'(T*,Z) the homology class induced by I on T*. As before an orbit
enters along a normally hyperbolic weakly invariant manifold /\/le Ho  As it diffused
toward the center of a strong double resonance pg the cylinder M27a° becomes a flower
cylinder and approaches to a small enough energy.

e If h and I’ are simple, then we diffuse along a normally hyperbolic weakly
invariant manifold MEO’ to the unique periodic orbit o.. This periodic orbit belongs

to both MEOS and ,0’ so we can “jump” from one cylinder to the other and

continue dlffusmn along /\/l h,(jf (see Figure|12|in homologies and Figure , part ¢) in
cohomologies).

e If h is non-simple and A’ is simple and such that A’ = h; or hy from the decom-
position h = nih; + nshs, then we can jump to MZ’,io directly from MZ?O and cross
the strong double resonance along M E,OE (see Figure in homologies and Figure
[17} part b) in cohomologies).

e If h is non-simple and A’ is simple, but neither h; nor hy from the decomposition
h = nihy + nahy, then we can jump to M;" EO from M2 o and make a turn as in the
first item (see Figure [12|in homologies and Flgure part d) in cohomologies).

e If both h and A/ are non-simple, then both M- Hoand Mfﬁo becomes flower
cylinders. In this case, there are two simple homology classes hy and h) such that

a normally hyperbolic (weakly) invariant manifolds /\/lff; and MEO’ crosses along

the periodic orbit o.. Moreover we can first jump onto ./\/lEO’ go to the periodic

orbit along and jump to M W= CTOSS (if necessary) the double resonance, and only

£’
afterward jump onto M EO (see Figure |12 in homologies and Figure part e) in
cohomologies).
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4 Localization of the Aubry sets and the Mane sets
and Mather’s projected graph theorems

We divide this section into two parts: single and double resonances.

In our proof we rely on various results about properties of the Aubry, Mather,
and Mane sets obtained earlier. This led to a notational conflict. Sometimes,
A(c), M(c), N(c) denote (continuous) Aubry, Mather, and Mafe sets as subsets
of T*T?* x T D T? x B?> x T (see e.g. [57]). These are invariant sets of the asso-
ciated Hamiltonian flow. Moreover, we need to keep track of time component (see
sections and. Sometimes, A(c), M(c), N(c) denote (discrete) Aubry, Mather,
and Mare sets as subsets of T*T? D T? x B? (see e.g. [9,[34]). These are invariant
sets of the time one map. To somewhat consolidate both we denote

o A(c), M(c), N(c) the discrete Aubry, Mather, and Maifie sets respectively.

o Ay(c), My(c), Nu(c) the continuous Aubry, Mather, and Maifie sets respec-
tively. Subscript H also emphasises dependence on the underlying Hamiltonian
H.

4.1 Localization and Mather’s projected graph theorem for
single resonances

In this section we study the Hamiltonian H. near a single resonance I'; C I'* away
from strong double resonances from the point of view of Mather theory and weak
KAM theory. More precisely, we analyze dynamics with action component being in
the neighborhood of the set

{p = (pi(pf)apf)a pf € [a77a+] - [amin>ama$]} - Fj'

The main goal here is to state Key Theorems 4] and )] As before we assume that the
averaged potential Z = Z; satisfies the generic conditions [GO0]-[G2]. Then that there
exists a partition of [@min, Gmaz] = Ui]\:ll[ai, aii1], such that for p/ € [a; — X\, a1 + A

the function Z(6°, p:(p’), p¥) has a nondegenerate local maximum at 6 (see Figure|6)

Key Theorem [4] says that for one parameter family of ¢ = (pi(cf),¢’) and ¢f €
la; — A\, ai41 + A we have that the corresponding Aubry sets Ax(c) belong to a

neighborhood of the normally hyperbolic invariant cylinders C U) constructed in Key
Theorem I Then Key Theorem I improves this claim to say that these AH( )’s

and even “bigger” Maifie sets N, 1 (c) belong to the corresponding cylinder Ci away
from bifurcation points aj, al+1 Near a bifurcation point a;;1 they could belong to
either of the two cylinders C; U) and CZ +1- Moreover, in all cases these Aubry sets
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.[lH(c) ﬂCi(j ) has a one-to-one projection onto the fast angle # with Lipschitz inverse.
In a general setting this is the well-known Mather graph theorem. In our setting
we call it Mather’s projected graph theorem. It leads to orderlng of minimizers on
the base (6/,¢) € T? and shows that such Aubry sets Az(c) N CY can be only of
Aubry-Mather type: either invariant 2-dimensional tori, or Denjoy sets, or periodic
orbits with connecting heteroclinics.

It turns out that under some circumstances it is more convenient to study con-
tinuous dynamics in T? x B2 x T C T*T? x T. In other situations one considers the
time one map and study discrete dynamics in T? x B?> — T? x B2, As a result there
is a one-to-one correspondence between invariant sets of the continuous flow and its
discrete version.

We first point out the following consequences of the genericity conditions [GO]-
[G2]: there exists 0 < b < 0/2 < A\/4 depending on H; such that

[G1']
Z(0; ("), p(p7)) — Z(6°,p5(p)) = bl|6° — 65 (p))]],
for each p/ € [a; + b, a;41 — b).

[G2'] For p/ € [aj1 —b,a;41 +b],i=0,---,s—2, we have

max{Z (60}, p;(p7)), 20711, p-(0"))} — Z(6°, p3(p"))
> bmin{[|6° — 67|, 16° — 67, [|}*.

In the first case, the function Z has a single non-degenerate maximum, which we
will call the “single peak” case, while the second case will be called the “double peak”
case. The single peak case corresponds to a unique maximum for Z, and the double
peak case corresponds to a neighborhood of a bifurcation. The shape of the function
Z allows us to localize properly chosen Aubry sets and Marie sets of the Hamiltonian
H..

Recall that [a’, a’,] denotes either a non- boundary segment [ — 9, al +1 +9], i
{1,..., M —1} or one of boundary segments [ ag —3\/5, +6] and [aM 1 —0, a]é) +

3VeEl. According to Key Theorem , for each [a’ , a’,] there exists
CO = {(6°.1°) = (€5, PO ' 1)) pf € [al.al], (6.1) € T x T},
which contains all full orbits contained in
VP = {(0p.1) - o' € Lol al (10°,0%) = (65,201 < i}

As there may be orbits in Ci(j ) escaping from V;(j ) through top/bottom boundaries
()

p’ =a’ or a'.. Therefore, C;”’ is not necessarily invariant in the strict sense.
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This information allows us to study the Mather set, Aubry set and Mane set of
the Hamiltonian H.. Let A = 2max,cp2 ver, joj=1(05,Ho(p)v,v).

Let b > 0. Denote [a’, @’ ] denotes either a non- boundary segment [ —b, al +1
b, i € {1,...,M —1} or one of boundary segments [a}) — 2/, a" +b] and [a{} , —
b,al) + /2.

Key Theorem 4 (Localization). Let the averaged potential Z of H., given by ,
satisfy [GOJ-[G2], then there exist 69 = do(Ho, A, 7, I*) > 0, g9 = eo(Hp, A\, 7, I'*) > 0,
and 0 < py < p1 such that for 0 < e < e and 0 < b < §/2 < d9/2 for the Hamiltonian
H. the following hold.

1. For any ¢ = (p3(cf), ¢!) such that ¢/ € [a’, @], Nu(c) is contained in
{@.p.1) Ip—cl < Q0A+1)Ve, [16°—6;(p")|] < p2}.
2. For ¢ = (pi(c!), c!) such that ¢! € [a, @], we have that Ay(c) is contained in

{0,p,1) + |lp — ¢l < (10A+ 1)Ve, min{]|6° — 07 (p")I|. 1" — 7, (P} < p2}-

Apply the statements of the previous theorem with Key Theorem [I we may
further localize these sets on the normally hyperbolic weakly invariant cylinders C; 0)
and Ci] ), Moreover, locally these sets are graphs over the 8/ component, which is
a version of Mather’s projected graph theorem.

Let ' > 0. Denote [a", a’, | denotes either a non-boundary segment [ -0 a +1
&), i € {1,..., M — 1} or one of boundary segments [a (()]) VE, a1 +5’] and [ag\/[ 1=
o, ag\J} + /el
Key Theorem 5 (Mather’s projected graph theorem). Let the averaged potential
Z of H., gwen by (1), satisfy [G0J-[G2], there exist §' = &' (b, Ho, \,r,I'*) > 0 and
g0 = €o(b, Hy, A, v, I'*) > 0 such that for 0 < § < g and 0 < € < ¢y we have:

1. There exists 0 < py < p1 such that for ¢ = (pi(cf),c!) with ¢/ € (a',al)
the Mane set Ny(c) D Ap(c) is contained in the normally hyperbolic weakly
invariant cylinder Ci(] ) .

Moreover, let wps be the projection to the 07 component, we have that 7rgf|le(c)
18 one-to-one and the inverse is Lipschitz.

2. For ¢/ € lai, — &', a', + '], we have that Ap(c) C Ci(j) U Cfi)l.

Moreover, Tos| Ag(c) N Ci(j) and s | Ag(c) N Ci(i)l are both one-to-one and have
Lipschitz inverses.

1235 before “weakly” means that the Hamiltonian vector field of H. is tangent to Ci(j ),

39



Recall that Key Theorem [I| for resonant segments not ending at a strong double
resonance follows from Theorem 4.1 [I3]. For resonant segments ending at a strong
double resonance it follows from Theorem [15] Proofs of both Theorem 4.1 [I3] and
Theorem (15| consists of two steps: find a normal form N, = H_o®. (Corollary 3.2 [13]
and Theorem (17| respectively) and construct an isolating block for V. (see sections
4 in [I3] and section |7.3| respectively). The only difference of the two is that in the
normal form theorem we show that

Na = Ha o (I)a = HO() + €Z() + ER(',t),

where ||R|| < ¢ for some small predetermined ¢ and two different norms. In [I3] we
use the standard C%-norm, while in section [7.3| we use a skew-symmetric C*-norm. It
turns out it does not affect applicability of the isolating block arguments as shown in
section

We observe that Key Theorem [4] can be proven in exactly the same way as Theorem
5.1 [13] and Key Theorem [5 can be proven in exactly the same way as Theorem 5.2
[13]. To see that notice that Theorems 5.1 and 5.2 are proven in section 5 and
the proof applies to the remainder R being small in the C%norm (see Lemma 5.3
and Proposition 5.6 there). It remains to note that the skew-symmestric norm from
section coincides with the C%normal from section 4 in [I3]. Thus, making the
proof from section 4 [13] applicable to our situation.

4.2 Localization and Mather’s projected graph theorem for
double resonances

In this section we study the Hamiltonian H. near a strong double resonance from the
point of view of Mather and weak KAM theory. More precisely, we consider a double
resonance py € I'NTY and dynamics in its O(y/¢)-neighborhood. As we pointed out in
and remark this dynamics is closely related to dynamics of the slow mechanical
system H*(I°,¢®). Thus, we consider the following Hamiltonian

H (", I°,7) = K(I") = U(¢") + VeP (¢, I, 7), (7)

where ¢* € T*, I* € R? and 7 € /€T, with ||P|c2 < 1. Denote H*(¢* I*) =
K(I*) — U(g®). Without loss of generality we assume minU = 0. As before we
assume that minimum is unique.

By the Maupertuis principle, for each £ > 0 and h € H;(T*,Z), there exists at
least one minimal closed geodesic in the homology class h. For the geodesic on the
critical energy surface there are three cases:

e simple loop passing though the origin,
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e simple loop not passing the origin,
e non-simple loop.

We first discuss the simple loop case.

4.2.1 NHIMSs near a double resonance

The net of NHIMs near a double resonance consists of high energy and low energy
cylinders, and for low energy, the type of the cylinders depends on the properties of
the associated homologies h and h'. We summarize the content of Key Theorems
and [3 as follows.

For the slow system, there exists NHICs

Ej—5<E<Ej+1+(5

and the corresponding cylinders MY hoe Fitt for the perturbed system (constructed in
Key Theorem [2). Let Z : ((p %) — ((p ,—I?), then by the symmetry of the slow

system H*, the cylinders M™5+1 — T(MFF+1)  The perturbed cylinders M7 P+

are graphs over M?j aH but is not the reflection of M, J Fittip general. In addltlon,
we assume that FEj is not an bifurcation value. Otherw1se, we relabel Ey as E; and
pick a smaller Ej.
In the case that h is simple and non-critical, the cylinder MfO’El is smoothly
attached to the cylinder
MYPO = U v

—6<E<Ep+6

If h is simple and critical, by Key Theorem [3] there exists a simple loop cylinder
ME* containing the loop 79. The cylinder is smoothly attached to both MEO’El and
MERE

If h is non-simple, by Key Theorem [3] part 2, there exists an invariant cylinder

Mo — U v
e/2<E<Ey
By local uniqueness, ./\/le/ o 1s smoothly attached to /\/lEO’E1
€, the perturbed Cyhnder J\/l is well defined.
After the perturbation, the hyperbolic fixed point (0,0) corresponds to a hyper-
bolic periodic orbit, denoted o.. If h is simple and critical, o, C Mii’s, but if h is

For a sufficiently small

simple and non-critical, o, N MO e}
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For simple loops, we have a net of NHIMs
M L UM U ME 2
that connects the high energies of homology h and homology —h. For non-simple loop,
the NHIMs does not reach critical energy. However, as h decomposes to nihy + noho,
with hy and hy simple, we have the corresponding simple cylinders Mff: and /\/lf;: )
For all types of cylinders, we have localization of the Aubry sets and the Mane sets,
with appropriately chosen cohomologies.

4.2.2 Choice of the cohomology classes

For the slow system H*, each minimal geodesic 77 corresponds to a minimal measure
of the system, and has an associated cohomology class. More precisely, we assume that
vF is parametrized so that it satisfies the Euler-Lagrange equation, and T' = T'(vF)
is its period under this parametrization. Then the probability measure supported on
vF is a minimal measure, and its rotation number is

1 (7o, 1
— | Afar= =
T/O =

The associated cohomology class is a convex subset
LFs(h/T (7)),

of H'(T? R), where LF 3 is the Legendre-Fenchel transform of the S-function defined
by Mather (see section [9.6| for definition).

Assume that the system H* satisfies conditions [DR1]-[DR3| and conditions [A0]-
[A4]. Then for 0 < E < Ep, or E; < E < Ej1,0 < j <N —1, there exists a unique
minimal geodesic vF for energy E. In this case, we define

Ay =1/T ().

For the bifurcation value £ = E;, 0 < j < N — 1, there are two minimal geodesics
vE and HF. We still write \E' = 1/T(7F), where the choice of vF among the two is
arbitrary. We will show that the set LFz(\fFh) is independent of the choice of 7
(see Theorem [28 section , and hence LF(APh) is well defined as a set function of
E.
We call the union
U £Fs(\n) (8)
E>0
the channel associated to the homology h, and we will choose a curve of cohomologies
within this channel. For our choice of cohomologies, the associated Aubry sets are
contained in the normally hyperbolic invariant cylinders. The choice of the cohomol-
ogy in the channel is illustrated in Figure
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Figure 13: Channel and cohomology: Left: simple channel (both critical and non-
critical); right: non-simple channel

Proposition 4.1. Assume that H® satisfies the conditions [DR1]-[DR3] and [A0]-
[A4]. Then there exists a continuous function ¢y, : [0, E] — H'(T* R) satisfying
cn(E) € LF3(AEFR), E > 0, with the following properties.
1. ForO< E<Ey, orkE; <E<Ej;,0<j<N-—-1,
As: (n(E)) = 3.
2. For the bifurcation values E = E;, 7 > 1,
Am(en(Ej)) = v Uy, -
3. If h is simple and critical, then
An=(@(0)) = 71

for each 0 < X\ < 1,



4.2.3 Properties of the Aubry sets and Mane sets

For the perturbed slow system H® = H,++/e P on T*xR*x /€T, similar to Proposition
[4.1], we have the following localization statement.

Theorem 8. Assume that H® satisfies the conditions of Key Theorems[d and[3. Then
there exists a constant § = 0(H®) > 0 such that for some €y = go(H?®,6) > 0 and for
all 0 < € < €y we have

1. For E;+ < E<Ej;1 —6 with0<j <N,
Nz (en(E)) € M2
2. ForE; —0 < E<E; +0 with1 <j <N,
An:(@(B)) € My umymbe,
3. Assume that h is simple and critical, then
Aps(en(E)) C M UM 0< E < By,
Ap:(Ae(0)) € M2 UMZEP T 0< A< 1,
Note that Mfgs U /\/leE1 is one smooth cylinder.
4. If h 1s simple and non-critical, then
Nus(en(E)) C MyP, 6§ < E < E,
Ap:(@n(E)) Co. UM, 0< E <,
Ap:(Aen(0)) Coc UM, 1-6< A <1,
Nas(Aen(0)) Co,, 0<A<1—4
5. If h is non-simple, then
Nus(en(E)) C M3™, e < E < E,.

As explained in Appendix [B.3] there is a relation between the Aubry sets of the
Hamiltonian H? and the Hamiltonian H, in (¢®, p®, t) coordinates. More precisely, we
have

AHE (Ch(E)) = CI)ZIAHS (Eh(E)), with Ch(E) = Po + Eh<E’)BT\/E, (9)
where ®7(0% p*) = (%, (p° — pj)/\/€). Denote ¢ = py + ABT¢,(0)y/€, we have
Ap.(c}) = @7 " An:(Aé,(0)) as well. Similar conclusions hold for the Maifie sets.

As a consequence, we obtain localization statements about cohomology classes of
the original Hamiltonian H..
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Key Theorem 6. Assume that H® satisfies the conditions of Key Theorems|3 and|[3.
Then there exists 6 = §(Hy, Hy,T*,r) > 0 such that for some ey = eo(Ho, H1,T*,r,0) >
0 and for all 0 < € < €y we have

1. For E; +0 < E<Ej;1 —6 with0 < j <N we have
Nu (en(E)) € M2
2. For B; —0 < E < E; +0 with1 < j <N,
An (cn(E)) € M5 U MrEe
3. Assume that h is simple and critical, then
N, (en(E)) € M2 UM ™ 0 < E < Ey,
Nu () Cc Mp2®, 0< A <1,
4. If h 1s simple and non-critical, then
N, (en(E)) Cc My2, § < E < E,
N, (en(E)) Co. UMy, 0< E <,
Nu. (&) C o, UMg’fo, 1-0< A<,
Nu () Co, 0<A<1—04.
5. If h is non-simple, then
N, (en(E)) c My, e < E < Ey.
We have that the Aubry sets satisfy Mather’s projected graph theorem.

Key Theorem 7 (Mather’s projected graph theorem). Assume that H® satisfies the
conditions of Key Theorem |4 and @ Then there exist 6 = 6(Ho, Hy,T',7r) > 0 and
€0 = eo(Ho, H1,T',7,8) > 0 such that for all 0 < € < €,

1. For B} +0 < E < Ejy1 — 60 with 0 < j < N, the Aubry set leG(ch(E)) 18
contained in a Lipshitz graph over vF.

2. For E;—6 < E < E;+6 with1 < j < N, the Aubry set AHE(ch(E))ﬂMii_l’Ej

and AH€<Ch(E))ﬂMii’Ej“ are contained in graphs over v and NF, respectively.
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3. Assume that h is simple and critical, then

o for 0 < E < Ey, the Aubry set Ay (cy(E)) is contained in a graph over
N
o for 0 < \<1, the Aubry set le(cz) is contained in a graph over 7).

4. If h is simple and non-critical, then

e for 0 < E < Ey, the Aubry set Ay (ch(E)) is contained in a graph over
Vi s

o for 1—6 < \<1, the Aubry set Ay (c}) N ./\/lg’fo s contained in a graph
over 7Y

o for 0 <A <1-24, the Aubry set Ay (c}) C o..

5. If h is non-simple, then for e < E < Ey, the Aubry set Ay (ch(E)) is contained
in a graph over vF.

4.3 Choice of auxiliary cohomology classes for a non-simple
homology

Assume that h is a non-simple homology. Assume that condition [A0] holds and by
Lemmawe have decomposition h = nyhq+mnshs into simple homologies. Let ¢, (F)
be the associated cohomologies as in Proposition[4.1} Since the homology h; is simple,
we can choose a curve of cohomology ¢, (E) contained in the channel associated to h;
satisfying the conclusions of Proposition [4.1] In this section, we show how to modify
the function ¢, (F) such that it satisfies some additional properties relative to the
homology h.
Let hi € H'(T? R) be a unit homology vector orthogonal to h;.

Proposition 4.2. There exists a continuous function bn, : [0, Ey] — HYT? R),
bn, (E) € LF3(N; M) for E >0, with the following properties.

1. For 0 < E < Ey, Ay (b, (E)) = 751'
2. b, (0) = ¢,(0).
3.




G (B ()

{0

Figure 14: Simple channel associated to a non-simple one

In Appendix [C| we analyze properties of the channel |Jp. o LFs(Af k') of coho-
mologies, defined in , for simple and non-simple h. Most of them are summarized
in Theorem 28 Using this Theorem we can choose by, (E) in such a way that the
following properties of the channels:

e The set LF3(A\Fh) is a closed interval of non-zero width for each E > 0.
e As F — 0, the set LF3(A\Fh) converges to a single point ¢*(h).

o The set LFg(A; k1) is a closed interval of non-zero width. Hence, the channel
Upso £LF3(A; i) has width bounded away from zero.

e The segment LF3(Af hy) is parallel to ki, where hi- denotes the vector per-
pendicular to hy. As E — 0, the set LF (A} hi) converges to a segment of
nonzero width. Moreover, one of the end points of this segment is ¢} (h).

For an illustration of the channels, see Figure [I4]

It is shown in section that under our non-degeneracy conditions, 721 and 722
are both tangent to a common direction, let’s denote it vg. We will assume the
following.

The vector vy is not parallel to h;.
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However, this assumption is not restrictive, if this condition is not satisfied by hq,
we will simply switch the names of hy and hs.

We remark that the function b,, does not satisfy the conclusions of the Proposi-
tion [4.1] as the curve approaches the boundary of the channel, instead of staying in
the interior. Indeed, since by, (0) = &,(0), then Ag: (b, (E)) = 7 U+, instead of
being v/ . However, we can modify the function b,, near E = 0 such that it satisfies
the conclusions of the Proposition [4.1]

Proposition 4.3. For any e > 0, there exists a function ¢, : [0, Eg) — H'(T? R),
¢ (E) € LFs(\; h) for E >0, such that

¢ (E) = by, (B), e < E < E,
and ¢ (E) satisfies the conclusions of Proposition .

The modification is illustrated in Figure For the purpose of diffusion, we will
“jump” from the cohomology &,(E) to by, (E) at some energy ey > e. We then follow
the modified cohomology curve ¢; (E) towards ¢ = 0.

We define the cohomology ¢j, (£) and c,il)‘ for the original coordinates in the same
way as in section [4.2.3]

Remark 4.1. As the proof of Key Theorems[7 and[f] depend only on the conclusions

of Proposition for our choice of cohomology cp,, the conclusions of these Key
Theorems also hold.
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5 Description of c-equivalence and a variational \-
lemma

5.1 Heuristic descriptions

We start this section with an heuristic description of c-equivalence as digesting defini-
tions and abstract objects involved here is a nontrivial task. To motivate a variational
A-lemma we start with a simple case the standard A-lemma.

Consider a smooth twist map f : A — A, A =T xR 3 (0,1) satisfying the
standard assumptions of the Aubry-Mather theory. Suppose {z;}5_; is a collection of
periodic points so that each z;

e is minimal,
e has rotation number w; = p;/¢;, and

e non-degenerate, i.e. it is a saddle and has smooth local stable and unstable
manifolds W} .(z;) and W} (z;) resp.

Due to minimality we know that I/V;/Cu(xl) are smooth graphs over T. Suppose also
that
fEWe (z;)) and Wi (zi41) intersect transversally

for each ¢ = 1,...,5s — 1. Then we have the following: for some N there is a local
graph o ‘
G C UL fP (Wiie(1))

such that it is C'-close to W (z ). Moreover, this is stable property, i.e. we can
choose a local graph G which is C'-close to W} (z1) and it satisfies the same property.
It turns out this can be included into a general framework of weak KAM theory of
Fathi [34].

When one considers a unstable manifold W*"(x;) of a minimal periodic orbits,
usually it is not a graph. However, there is a part of it, which is a graph with
discontinuities (see Figure [15]). We also have that locally (in some open set U)
unstable manifold can be given

Wige ={(@,c+ duy) : = € U},

where du, is the gradient of u at x.
This motivates a definition of an overlapping pseudograph. To put things in a
general framework let M be a compact manifold, T'M is a tangent bundle to M, and
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Figure 15: Pseudograph for a fixed point of a twist map

m:TM — M is the natural projection. Given a Lipschitz function v : M — R
and a closed smooth form 7 on M, we consider the subset G, , of T M defined by

Gnu = {(z;m, + duy) : x € M such that du, exists }.

We call the subset G C T*M an overlapping pseudograph if there exists a closed
smooth form 7 and a semi-concave function u such that G = G, ,,. It turns out that
G fit well to describe unstable manifolds. To describe stable manifolds one considers
anti-overlapping pseudographs

guw = {(z;n, — duy) : x € M such that du, exists }.

Finally an analog of transverse intersection of stable and unstable manifolds G, ,,
and G, . is a property of u(x) 4+ v'(z) having a local minimum. We give a systematic
discussion of these facts later.

5.2 Forcing relation and shadowing

Here we define forcing relation introduced by Bernard [9].
Let G = G, be an overlaying pseudograph, where u is a semi-concave function.
We write ¢(G) = c. We say that

N
Gy G, i G c|Je"9)

n=1

where ¢ is the time-1-map of the Hamiltonian flow. We say that G Fy ¢ if there
exists a pseudograph G’ with ¢(G') = ¢ and G Fy G'. Finally, we say that ¢ F ¢ if
there exists n € N such that for any pseudograph G with ¢(G) = ¢, we have G Fy (.
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The relation ¢ = ¢ is transitive, and hence the relation ¢ 4+ ¢/, defined by ¢ - ¢
and ¢ F ¢, is an equivalence relation. We call the equivalent classes of this relation
the forcing classes. The —F relation implies existence of various shadowing orbits. In
particular, the following hold.

Theorem 9. [9, Proposition 0.10]

o If c ¢, then there exists a heteroclinic orbit between A(c) and A(c).

o Let ¢;, i € Z be a sequence of cohomologies such that all ¢; =+ ¢;. Fiz a
sequence of neighbourhoods U; of M(c;), then there exists an orbit (6,p)(t) of
the underlying Hamiltonian flow H, and t; € R such that (0,p)(t;) € U;.

In order to connect forcing relation with variational problems we state the fol-
lowing proposition. Let L : TM x T — R be a time-periodic Tonelli Lagrangian
(see section for definition) and a smooth one form 7 : M — T*M. Consider a
modified action

Aﬁmhwﬁzhﬁ/l%%ﬂﬂﬁ%ﬂ—n@ﬁDW,

where minimization over the set of absolutely continuous curves v : [s,t] — M with
v(s) =z, v(t) =y € M. Denote by ¢. a map from time 7 = s to 7 = t for the
Euler-Lagrange flow of L. We have the following

Proposition 5.1. [4, Proposition 2.7] Fiz an overlapping pseudograph G, ., an open
set U C M and two times s < t. Define

v(z) = min u(e) + 4,(z, 12, 5),
zeU

where U is the closure of U. Let V.C M be an open set and let N C M be the set
of points, where the minimum is reached in the definition of v(z) for some x € V. If
N C U, then

Gnaly € 5(Gnauly)

and Gy u| s a Lipschitz graph above N. In other words, the function u is differentiable
at each point of N, and the map x — du, is Lipschitz on N.

In loose terms, having
inner minima in N C U =>  solutions are orbits of the Euler-Lagrange flow.

Moreover, if we have some control on properties of the function v(z), then we also have
the property that resembles forcing relation. Namely, orbits starting at a restricted
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TM=T . q'_L“f{(z,dvz):ZE 1

grl'u={(x, du_): €N}

M
MaT : E E;
u W

Figure 16: Evolution of pseudographs as solutions to a variational problem

pseudograph G, , flow to contain the closure of a restricted pseudograph G, ,,,. Fathi
[34] showed as t — s — oo the sum v(z) converges to certain limits independent
of w. Proper limits are called weak KAM solutions (see section from precise
definitions). In order to connect with the heuristic discussion above the reader can
have in mind G, . being a part of the unstable “manifold” of one saddle Wy, (z;)
which accumulates to the next one Wj _(z;+1) under the Euler-Lagrange flow.

We can use Theorem [J] to prove existence of shadowing orbits.

5.3 Choice of cohomology classes for global diffusion

Using the forcing relation, we reduce the proof of our main result (Theorem 1)) to the
following statement.

Theorem 10. Assume that Hi € U C S", in other words, il satisfies all the non-
degeneracy conditions we introduced. Then there exists a subset I', C B? with

dist(T,,T,) = O(\/e),

where dist denote the Hausdorff distance with the following property.

There exists a nonnegative function €9 = eo(Hy) with eoly > 0, such that for
V={eH,: HH €U, 0<e<ey}, for a dense set of eH; € V, the cohomologies in
T, are all contained in a single forcing class.

Theorem [ and Theorem [10] imply existence of diffusion orbits for a dense set of
eH, € V. Since existence of diffusion orbits is an open property by the smooth depen-
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dence of solutions of ODE on the vector field, we conclude that our main Theorem
holds on an open and dense subset W of V.

Remark 5.1. Notice that we do not claim that T, is connected. For ezample, near
double resonances, when we switch from one resonant segment I'; to another I';; we
might make a jump (see Figure|17 cases b),d), and €)).

Since we only need to prove denseness, Key Theorems [§] and [J] are stated in
perturbative setting: given any H; € U, there exists arbitrarily small C"-perturbation
of eH, such that our theorems hold.

In this section, we first describe the set f* It is closely related with section .
We write

r.=ryury,
j
with Fjr N F?T # (), and F?” N Fj’;l # (). Here FJ"?T corresponds to single resonance and
F?’” corresponds to double resonance. We now describe each piece individually.

1. (Single resonance) In the single resonance regime, we choose ['3" to be a passage
segment (see (12))). Key Theorem [§ states that all cohomogies in ['3" are in the
same forcing class.

In order to prove forcing-equivalence of all I* we also need Ffr and the nearby
['3" is disjoint. This is done by making a V€ modification to ['7", see section @

2. (Double resonance) In the double resonance regime, the choice of I'"" depends
on the homologies h and h’ associated with this double resonance, as well as the
direction of diffusion (going across or turning the corner). See Figure [17| for an
illustration of all cases.

e If A is simple and critical, and the diffusion is going across: we define

F%fo = U Ch(E) U U 627 Ffo,E = U Ch<E)v (10>

0<E<Fy 0<A<1 Eo<E<E

where the function ¢, (E) and c) are defined in sections [4.2.2| and [4.2.3]
We choose

D9~ TEE U (105 UTOF) UTR .
e If h is simple and non-critical, the choice of cohomology is identical to the
critical case.
The Aubry sets of the above cohomologies are localized in the high energy
cylinders and a simple low energy cylinder. For low energy, the diffusion

orbit is going from the simple cylinder of homology A to the simple cylinder
of homology —h. See Figure a) for both cases.
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07E0
h,s I

h,s

0,Eo
Fh’,s

o
(a) (c)
E
Ly
0,E B
Fh’,so F;la;
0,E.
Ly
(d) (e)

Figure 17: Choice of cohomology classes for double resonance: (a) simple homology,
across resonance; (b) non-simple, across; (c) simple to simple; (d) non-simple to
simple; (e) non-simple to non-simple.

e If h is non-simple, with decomposition h = nih; + nshs into simple hq, ho.
The diffusion is going across. Let e > 0 be a small number depending only
on H*® (and hence depends on Hy,I™*,r) to be determined later. We define

= U a® (11)

e<E<E,

and let

0,E e e\
1—\hi,so = U Chl(E) U U Chl ’

0<E<E, 0<A<1

where the functions cj (&) and chlA are defined in section These coho-
mologies corresponds to a simple critical loop for localization purposes, and
enjoy the additional properties specified in section (see Propositions

and .
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We choose )
dr e,E‘ 0,E 0,E e, B
5 =Ty, U (Phl s U F—hlos) IS

Diffusion orbits are jumping from the flower cylinder MZ? of h to the
. . 07E0 ¥
simple cylinder M~
./\/lO of —hq, and ﬁnally back to the flower cylinder Me . of —h. See

Flgure u 7, b).

e If both h and A’ are simple, and diffusion orbits are turning the corner: we
define

of hy, which is connected to the simple cylinder

rér =Py (o urte ) urhr.

We are Jumplng from a simple cylinder MO o of homology h to a simple
cylinder M35 w.. of homology h'. See Figure , c).

e If h is non-simple with decomposition h = nih; + nshs into simple, and
we are turning to a simple A': we define

ré =1yt uryuryour?.

We jump from the non-simple homology h to a simple h;, then to the
simple A'. For the case h’' is non-simple and h is simple, simply switch A
and A’ in the above definition. See Figure 17} d).

e If h and A’ are both non-simple with decompositions h = nih; + nsho and
h' = mih} + mshl into simple ones, and we are turning the corner: we
define

ré =yl uryfoy Ty U .

Diffusion jump from the non-simple h to a simple hy, then to a simple b}
and jumps to the non-simple A’. See Figure e).

3. Key Theorem [J states that it is possible to diffuse along high energy cylinder,
flower cylinder or simple cylinder. In the variational language, it asserts the
cohomologies in FZ? (resp. Fg EO, FfO’E) are equivalent. They correspond to

the solid segments in Figure

4. Key Theorem covers the crucial “jump”. It asserts that there exists some

ceE Fe B0 and ¢ € Fg’yfo, such that ¢ 4+ ¢. The jump corresponds to the dotted

curves 1n Figure . As a consequence, all cohomologies in F;-i’” are equivalent.

95



6 Equivalent forcing classes

In this section we discuss equivalent forcing classes in three different regimes:
e in a single resonance along one cylinder,
e in a single resonance along cylinders of the same homology class,

e in a double resonance between kissing cylinders.

6.1 Equivalent forcing class along single resonances

In the single resonant we choose I';” C I'; as a passage segment. More precisely,

0 =A{w:"),0"); " € la-,a4]} C Ty, (12)
where [a(_j), ag)] is as in subsection . Now we omit superscript j for brevity. We have
la_,a,] = U [a",a.], and by Key Theorems {4 and , for each ¢ € I'{", the Aubry
set fl(c) is contained in one of the NHICs, and is a graph over the #/ component.

Key Theorem 8. Assume that the Hamiltonian H, = Hy + eHy satisfies the non-
degeneracy conditions [GO]-[G2], then there exists arbitrarily small perturbation eH;
of €Hy, such that for the Hamiltonian H! = Hy + eHY{, T'S" is contained in a single
forcing class.

Diffusion along I')" contains three different phenomena: diffusing inside of the
cylinder, climbing up a cylinder using normal hyperbolicity outside of the cylinder,
and jumping from one cylinder to the other. We have the following definitions:

e (passage values) We say that ¢ € 'y C I'¥", if N(c) is contained in only one
cylinder, has only one static class, and the projection onto #f component is not
the whole circle. Due to a result of Mather [54] (and in the forcing setting, [9]),

¢ is in the interior of its forcing class.

o (bifurcation values) We say that ¢ € 'y C I'¥", if A(c) has exactly two static
classes and each contained in one NHIC. In this case we would like to jump

from one cylinder to another.

e if A(c) is contained in a
single cylinder, but the projection onto #/ component is the whole circle. In
this case it is impossible to move within the cylinder, the normal hyperbolicity
will be used.

e (invariant curve values) We say that ¢ € I's C T'§"

o6



Theorem 11. Assume that the Hamiltonian H. = Hy + eH; satisfies the nondegen-
eracy conditions [GOJ-[G2], then there exists an arbitrarily small perturbation eH| of
€Hy, such that for H. = Hy + eH{, Ty is finite, and

[ =T, UT, UTs. (13)

The diffusion for both bifurcation values I's and invariant curve values I's requires
additional transversalities. In the case that A(c) is an invariant circle, this transver-
sality condition is equivalent to the transversal intersection of the stable and unstable
manifolds. This condition can be phrased in terms of the barrier functions. Recall
that if we need to emphasise dependence of the Aubry A(c) and Mafie N (c) sets on
the associated Hamiltonian H we write Ay (c) and Ny(c)

In the bifurcation set I's, the Aubry set A(c) has exactly two static classes. In
this case the Mane set N'(c) 2 A(c). Let 6y and #; be contained in each of the two
static classes of A(c), we define

b;-}g,c(e) = hHaC(e(h 9) + hHs,c(97 91)

and .
b;—ls,c(0> = hHs,C<‘91? 9) + hHe,C(97 90)7

where hy_ . is the Peierls barrier for cohomology class ¢ associated to the Hamiltonian
H.. It is defined in section [I0] Let I'; be the set of bifurcation ¢ € T’y such that the
minima of each b}}ﬁc and by_. outside of Ap_(c) are totally isolated. In other words,
Nu_(e) \ Apg.(c) is discrete and not empty. These minima correspond to heteroclinic
orbits connecting different components of the Aubry set Ay_(c).

Since the Aubry and the Mane sets are symplectic invariants [10], it suffices to
prove these properties using a convenient canonical coordinates, e.g. normal forms.

In the case ¢ € I's, we have

N(c) = I(c,u) = Alc)
and it is an invariant circld™| We first consider the covering
£:T? — T?
0= (07,60°%) — £(0) = (67,20°).
This covering lifts to a a symplectic covering
E:T*T? — T°T
(0.p) = (0.9".p") — E(0,p) = (£(0). 1" . p*/2),

13see Section for definition of Z(c, u), which implies A(c) € Z(c,u) € N(c).
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and we define the lifted Hamiltonian H. = H. o Z. It is known that
A (e) = 27 (Ag(0))
where ¢é = £*c = (c¢/,¢*/2). On the other hand, the inclusion
N (@) 5 =7 (Ni(e) = =7 (An(c))

is not an equality for ¢ € I';. More precisely, for ¢ € I'3(¢), the set A (&) is the union
of two circles, while Nz(¢) contains heteroclinic connections between these circles.
Similarly to the case of I'y, we choose a point y in the projected Aubry set Ay, (c),
and consider its two preimages 6y and #; under £&. We define

b (0) = hg (00,0) + by (6,60)

H:,c

and
-

o ()= hy (61.6) + by (6.00)
where hy_ s the Peierl’s barrier associated to H.. T(e) is then the set of cohomolo-
gies ¢ € I'3(€) such that the minima of each of the functions b}z , located outside of
the Aubry set Az (¢) are isolated. In other words, N (¢)\ Az, (6) is discrete and not
empty. Since the Aubry and the Marfie sets are symplectic invariants [10], it suffices to
prove these properties using a convenient canonical coordinates, e.g. normal forms.
We can perform an additional perturbation such that the above transversality
condition is satisfied.

Theorem 12. Let H. = Hy + eH; be the Hamiltonian from Theorem[11l Then there
exists arbitrarily small perturbation eHY' of eH], preserving all Aubry sets Ag_(¢) with
c € I'Y", such that for H! = Hy + eH} we have T'y = T'; and 'y = T';. Moreover,
[ =T, U5 UL is contained in a single forcing class.

Clearly, Key Theorem [§] follows from Theorem [I2] The proof of this theorem
relies on Key Theorems [4] and [5] about localization of Aubry sets inside of a proper
cylinder and Lipschitz graph properties of these sets over T2 > (67,¢). Recall that
Key Theorems {f and [5| are proven in the same way as Theorems 5.1 and 5.2 in [13].
This Theorem is analogous to Theorem 6.4 in [13].

6.2 Equivalent forcing class along cylinders of the same ho-
mology class

The chosen cohomology classes I'Y" in the double resonance region consists of possibly
several connected components. Each component is either F%S or F?L’SO for a simple
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homology h, or FZ? for a non-simple homology. The following key theorem establishes
forcing equivalence for each of the connected components.

Recall that in section for each homology class h € H;(T*® Z) under the
condition [A0] we have existence of only three possibilities for :

e If 1 is simple and non critical, Ags(c,(0)) = v U {0}.
e If 7 is simple and critical, Ags(c,(0)) =~ and +? contains 0.

e If hisnon-simple and h = nyhy+nghsy is decomposition into simple, Agys(c,(0)) =
Tiy U Wiy

Key Theorem 9. With notations above consider the perturbed Hamiltonian H,. =
Hy+cHy, a strong double resonance and associated integer homology classes h, hy, b} €
H{(T#%,Z). Suppose in each item listed below the corresponding conditions hold and
that the parameter € is such that Key Theorem [3 applies. Then there exists an ar-
bitrary small localized C" perturbation eAHy of H. such that for the Hamiltonian
H! = H. 4+ ¢AH, an appropriate family of cohomologies belongs to a single forcing
class.

o (high energy) If h is simple and satisfies the conditions [DR1]-[DR3J. Then for
H! the family of cohomologies FfO’E is contained in a single forcing class.

o (high energy) If h is non-simple homology and satisfies the conditions [DR1]-
[DR3]. Then for H. the family of cohomologies FZ? is contained in a single
forcing class.

e (low energy) If hy, b are simple and critical homologies and satisfy the condi-
tions [DR1]-[DR3], and conditions [A1]-[A4] of Key Theorem[3 Then for H.
the family of cohomologies

U U, U,

1s contained in a single forcing class.

o (low energy) If h is simple and non critical homology and satisfies the conditions
[DR1]-[DR3] for all energies [—6, Eg+4]. Then for H. the family of cohomologies
F%EO ur (l’fo 1s contained in a single forcing class.

Recall that by Proposition near a double resonance after a proper rescaling S
and a canonical change of coordinates ®. the perturbed system has the form

0%, 1%, 7) = (1 0 @) = ey p(en) 4 e o),

29



6° c T, I* € R?* 7€ +/eT.
We denote _ _
H® =S((H.+AH;)o®,.) = H° + \/eP.

Remark 6.1. [t turns out that supports of perturbation AHy of H. (resp. \/515 of
VEP) are localized. We distinguish simple critical homologies hy and hYy in item 3,
because we need additional information about supports of these perturbations.

The proof of this Theorem is somewhat similar to the proof of Key Theorem [§
In particular, the perturbation H? = H® + /P consists of two steps.
STEP 1. Perturb H¢ to
H® = H® +\/eP

such that each of four the families of cohomologies

e (high energy simple) FfO’E,
e (high energy non-simple) FZ?

. " 0,Fo 0,Eo 0,Eo 0,Eo
e (low energy simple, critical) ;)"0 N T, ~and Lhie NI

e (high energy simple, non-critical) F?L’EO and F(l’fo

consists of only three types, defined be analogy with .

o;

e (passage values) Let 'y} be the union of the following two subsets.

— The first subset is the set of all ¢ € T' such that N, () is contained in only
one cylinder, and the image of Ny, (c) under the projection to v} is not the
whole curve.

— The second subset is the set of all ¢ € I’ such that Ay, (¢) C o..

o (bifurcation values) Let I'}; be the set of all ¢ € T' such that jH (¢) has exactly
two static class, each contained in an invariant cylinder.

e (invariant curve values) Let TJ3 be the set of all ¢ € T' such that A (c) is
contained in a single cylinder, and the projection of Ay, (c) to vF is onto. In

other words, the intersection of Ay, (¢) with the section {t = 0} is an invariant
curve.
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Moreover, if the slow Hamiltonian H* satisfies conditions of Key Theorems [2| and
Bl then by Key Theorem [7] the Aubry sets of H? satisfy Mather’s projected graph
theorem. The claim below improves Key Theorem [7] for a generic perturbation P. In
the item by item setting of Key Theorem [J] there exists an arbitrary small localized
C" perturbation P of P such that for the Hamiltonian

H! = H*++/eP

an appropriate family of cohomologies consists of only three aforementioned classes
with the second class being finite. Here is the formal claim:

Theorem 13. o (high energy) If h is simple and satisfies the conditions [DR1]-
[DR3].  Then there is an arbitrary C" small perturbation P of P such that
VE (P — P) is localized in a neighborhood of the mormally hyperbolic weakly
mvariant cylinders

N-1
U Mfiijﬂ
§=0
such that for the Hamiltonian H? the families of cohomologies satisfy
Do = o urh”
Eo,E

where I'y'5™ is finite.

e (high energy) If h be non-simple homology and satisfies the conditions [DR1]-
[DRS’_]. Then there is an arbitrary C” small perturbation P of P such that
Ve (P — P) is localized in a neighborhood of the invariant cylinders

N-1
e,Eo E; Ejp
M2 M,
Jj=0

such that for the Hamiltonian H? the families of cohomologies satisfy
E _ peE E E
Dy =Ty ULy U
where Fzgj is finite.

o (low energy) If hy, b are simple and critical homologies and satisfy the condi-
tions [DR1]-[DR3], and conditions [A1]-[A4] of Key Theorem[3. Then there is
an arbitrary C” small perturbation P of P such that \/e (P — P) is localized in
a neighborhood of the normally hyperbolic weakly invariant cylinder

MU M

/
hie?’
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such that for the Hamiltonian H? the families of cohomologies satisfy

0,Eo 0,E0 __ 10,Ep 0,Eo 0,Eo
Ly s UL e =T Uyl U0

and
0,Eo | | 10,2B0 _ 10,Eo 0,Eo 0,2E0
D UL s =Ty U s U
0,Eo 0,Eo ,
where T'yy,7 and Iy, are finite.

o (low energy) If h is simple and non critical homology and satisfies the conditions
[DR1]-[DR3] for all energies [—0, Ey + d]. Then there is an arbitrary C" small
perturbation P of P such that \/e (P — P) is localized in a neighborhood of the
normally hyperbolic weakly invariant cylinders

0,Eo 0,Eo
My UM
such that B B B
0,Fp 0,Ey _ 10,E 0,F 0,F
Uy U e =T, Uy UL,
0,E .
where I'yy, are finite.

Existence of diffusion in both cases bifucation values I';; and invariant curve
values 'y’ require additional transversalities. In the case that jl(c) is an invariant
circle, this transversality condition is equivalent to the transversal intersection of the
stable and unstable manifolds. This condition can be phrased in terms of the barrier
functions.

Similar to the case of single resonance, we need to make some further definitions.

Let T'J5 be the set of bifurcation ¢ € 'y, such that the set Ny (c) \ Ags(c) is
totally disconnected.

To make an analogous definition for I's, we need to consider a covering space.
First we define a covering map of the slow torus T*:

g: TS —» TS, g(gpss’ (psf) — (29053’@5]”)'
The covering map induces a covering map of the cotangent bundle
Z:TT — TTS, Z(p,p*,p7) = (), p* /2, p*).

Let L : T*T? — T*T* be the linear coordinate change associated with the double

resonance (see section , then the map = := LoZo L~! defines a symplectic double

covering map. The Hamiltonian H, lifts to a Hamiltonian ]:I6 under the double cover.
We define the set I'}; as the set ¢ € I'y 5 such that the set

Ni: (€) \ A (c)

is totally disconnected.
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Theorem 14. Assume that for the Hamiltonian H. and an integer homology class h €
H,(T*,Z) the conditions of Theorem[13 are satisfied. Then there exists an additional
arbitrarily C" small localized perturbation \/z P of \/e P such that for all cohomology
classes ¢ € T the Aubry sets A(c) of H® and the Hamiltonian

H? = H* +\/e P

coincide with those of HZ and for If_fj these sets satisfy

1. (high energy) If h is simple, then ngE = F{i%’E;* and Ff%E = FhE%E*
2. (high energy) If h is non-simple, then Fzg = FZ’EZ* and FZ? = Fzg*

I s s 0,E0  _ 10,Eo;* 0,E0 _

3. (low energy) If hy and by simple and critical, then I',7, =173, 05 and I'37 3 =
0,E0;* 0,Eo  __ 10,Ep;* 0,Eo  __ 10,Ep;*
I} as well as Fih,l,2 =T and I’ =T .

+h! 2 +h),3 +h),3
o o p 0,E0 __ 10,Eq;* 0,Ep __
4. (low energy) If h is simple and non-critical, then Iine =Ty and Iy =
0,Eo;*
g -

Furthermore, in each case the set T'¢* =TT UL, UG ds contained in a single
forcing class.

6.3 Equivalent forcing class between kissing cylinders

Let h = nih; +nshs be a non-simple homology class, hy and hy are the corresponding
simple ones. We have proved that the cohomologies FZ’?O (resp. F(,)L’f;’) is contained
in a single respective forcing class. To finally conclude our proof, we will show that
FZ’?O and F?L’fso are equivalent to each other.

Recall that relation between cohomology of H. and its rescaling H? is given by
en(E) = po + e(E)v/z and e, (E) = po + &, (E)y/ (see (9)). Then in Propositions
and we modify the latter family of cohomologies ¢, (F) relative to ¢,(E).
With these notations we have the following statement.

Key Theorem 10. Given Hy € U, there exists ¢g = co(Ho, H1,I'*,7) and eg =
eo(Ho, Hy,T*,7) > 0, such that the following hold. Let H, be the perturbed Hamilto-
nian as i Key Theorem @ For all 0 < € < gy, there exists eg < Fy, Fy < 2eq such
that

cn(Er) A &% (By).

Remark 6.2. Notice that on Figure the only type of jump needed is the “jump”
from non-simple homology to simple critical one occurring in cases (b), (d), and (e).
In all other cases we do not need a “jump”.
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We will prove the above theorem by proving a specific constrained variational prob-
lem has a nondegenerate minimum. The minimal of this variational problem corre-
sponds to a heteroclinic orbit between the Aubry sets Ay, (cn(E1)) and Ay, (cp, (E»)).
We will first define a variational problem for the slow mechanical system H?®, then
for the perturbed slow system H?, and finally define it for H, using the associated
coordinate changes. This is done in Section Now we outline content of the rest
of the paper.

In section [7] the main result is Theorem [15, which along with Theorem 4.1 [13]
imply Key Theorem [T}

In section [§] we prove Key Theorem [3] Proof of Key Theorem [2]is discussed above
in section

Key Theorems [4] and [5] are essentially proved in [I3] (see Theorem 5.1 and 5.2).

In section [9 we discuss our diffusion mechanism and basic notions of weak KAM
theory: Tonelli Lagrangians/Hamiltonians, overlapping pseudographs, Lax-Oleinik
mapping, the Aubry, Mather, Mane sets, Mather o and [-functions. Finally, we
define forcing relation proposed by Bernard [9].

In section we define basic notions of Mather theory such as barrier func-
tions, the (projected) Aubry and the (projected) Mane sets, uniform families of La-
grangians/Hamiltinians, super-differentials and semi-continuity of barrier functions.

In section |11f we prove Key Theorems |§| (localization of Aubry and Mane sets),
(graph theorem) and |§| (about forcing relation) along the same homology class.

As we pointed out in section [ Key Theorem [8| was essentially proven in [I3] (see
Theorem 6.4 [13]). Proof of Key Theorems [9|in section [11] follows the same scheme.

In Appendix [A| we study geodesic flows on T? and prove Theorems [4] and |5 about
their generic properties.

In Appendix [B| we derive a normal form for H. at a double resonance.

In Appendix [C| we study Legendre-Fenichel transform LFg(Ah), A > 0 of an
integer homology class h € H(T? Z) and justify figures [13| and |[14] about the shape
of channels of cohomologies.

In Appendix [D] we connect channels of cohomologies from single into double res-
onances.
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7 Normally hyperbolic invariant cylinders through
the transition zone into double resonances

The main result of this section is Theorem [15] Along with Theorem 4.1 [13] this the-
orem implies Key Theorem [I|about existence of normally hyperbolic weakly invariant
cylinders. Theorem 4.1 [13] applies O(e%)-away from a (strong) double resonance with
a < 1/4. However, we need existence of such cylinders O(y/¢)-away from a double
resonance, which is done in Theorem [I5] Proof of Theorem [15] follows the proof of
Theorem 4.1 [I3] with the following modification.

Proofs of both Theorem 4.1 [I3] and Theorem (15| consists of two steps: find
a normal form N, = H. o &. (Corollary 3.2 [I3] and Theorem |17| respectively) and
construct an isolating block for IV, (see sections 4 in [I3] and section [7.3|respectively).
The only difference of the two is that in the normal form theorem we show that

N.=H.o®. = Hy(-) +eZ(-) +eR(-, 1),

where ||R|| < 6 for some small predetermined § and two different norms. In [I3]
we use the standard C?-norm, while in section [7.3| we define a skew-symmetric C*-
norm (see rescaling (16)). It might well happen that the C*norm of || R| blows up
in a O(e®)-neighborhood of a double resonance for a > 1/4. This is due to sensitive
dependence of action variables. The idea of this rescaling is to stretch action variables
by 1/4/¢ making partial derivatives of R in actions less sensitive. It turns out it does
not affect applicability of the isolating block arguments as shown in section [7.3]

We recall some notations introduced in section n Fix k = (ky, ko) € (Z2\0) x Z
and a resonant line I' = I'y = {p € B% : k; - OpHoy + ko = 0} C B% We pick a
complementary resonance K let 05 =k - (0,t) and 0/ = K- (0,t). We complete it to
alL:(0,pt E)— (6°,60/,p° p/,t,E'). The averaged pertubation is given by

Z(6°, p) ://HloLl(Qs,ps,Gf,pf,t) do’ dt.

For a perturbation H; € U2y, i.e. it satisfies conditions [G0]-[G2] with the pa-
rameter A > 0, we determine a small § = 6(\,7) > 0 and an integer K = K (4,1, k),
and the set of strong double resonances is defined by

Sk ={pelNB: Ik = (K k) e (Z*\0) x Z,
Kk, |K| k| < K, K -8,Hy+ ki =0}

In section we define the passage segments to be the connected components
of the set I' \ U, cx,. Upye(po). Roughly speaking, Key Theorem [1] asserts that the
following hold for each passage segment.
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e On a neighborhood of each passage segment there exists a convenient normal
form for the original Hamiltonian H..

e Using this normal form one can establish existence of a (weakly) normally hyper-
bolic invariant cylinder C = C; “over” each pasage segment. E This cylinder
is crumpled in the sense that it is a graph {(©° P*)(0/,p’,t) : (#/,p/,t) €

s

B < e7Y2 (see also Figure [7). Asymptotically in
p

T x [aj,aj11] x T} and

0e*
op’f

1/2

can be ~ £ /¢ near fixed order double resonances

¢, the maximum of H
(see Remark [7.1]).

In [13], the above statements are proved for connected components of the set
'\ U, 1 (Xk). We will now focus on proving the same on the set

I'nU, 1 (Zx) \ Ugye(Xk).

7.1 Normally hyperbolic invariant manifolds going into dou-
ble resonances

We fix a double resonance
po €Ny, K = (K, k) e (Z*\0)xZK }k K| <K

and consider the resonant segment /e—close to py.

Denote by p(p’) € R the solution of the equation 0,s Ho(ps(p’),p’) = 0. Also
denote p.(p’) := (p:(p/),p’). Without loss of generality, we assumet p/ = 0 at py.
For M > 1, we consider the segment p/ € [M/e,5¢'/%], which overlaps with the
segment 3\ Us.1/6(pg) covered in [I3]. We consider the neighborhood

{0.p7,p°. ) p € [MV/z,5"°), |lp, —pi(p")I| < €} (14)
which we sometimes refer to the region of interest.

Theorem 15. There exist a small ¢g > 0 and a large M > 1 such that for any
0<e<e\?and 0<§< \/5_0/\2 there exists a C* map

(0%, P67, pf 1) : T x [My/e, 56/ x T — T x R

4Tn this notation we drop dependence of indices j (index of a resonance) and i (index of a passage
segment in T';).
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such that the cylinder
C={(6°,p°) = (0, P60, p" 1), pf e [Mye 5V, (#7,t) e T x T}

1s weakly invariant with respect to N, in the sense that the Hamiltonian vector field
is tangent to C [°| The cylinder C is contained in the set

V= {(0,p,t);p" € [M/e, /9],
16° — 02| < O(e*N),  |Ip* = p2(0")|| < O(e& N4 /?)},

and it contains all the full orbits of N. contained in V. We have the estimates
06 ! 1) — 0:(p )| < O(A~'5 + A—3/4\/e),

1P*(07, 9, t) = p2(p") || < VEO(N15 + A712Ve),

1/4 —1/4 s
g/ A 00 1/4\—1/4
< —_— — | < .
O( NG ) | Hawf,t)H—O(g” )

In notation of section 3.2 we set E = 2M.

00°
apf

Remark 7.1. Fiz a double resonance po € I'NTy # 0, e.g. K| € [K,2K]. We have
that O(g)-close to py,

00°
op’

> b

~ e

where 2 means that there is a constant ¢ depending on \,d,r, HO,Hl,F,E’, but not
on e.

In the region E+/e—close to py, the double resonance normal form applies. Using
results of section [B.3, the dynamics of H. is well approximated by dynamics of the
corresponding mechanical system H®* = K —U, after rescaling the action component p
by a factor 1/+/z. By Key Theorem @ the Hamiltonian H. in In(py) has a normally

hyperbolic weakly invariant cylinder M%BM]

max

which is a small perturbation of the

cylinder M[M’3M} formed by the union of minimal geodesics v¥’s with E € [M,3M]
(see Section . Generically there is a nontrivial dependence of v¥ on E. Rescaling

back into omgznal action variables leads to H H ~ —.

15 As before in notation C we drop dependence of indices j (index of a resonance) and i (index of
a passage segment in I';).
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The rest of the proof is organized as follows. In Section we find a proper
normal form H,. o &7 and get estimates and properties of @75 . It is done in two
steps:

— determine a good normal form for an autonomous Hamiltonian near a double
resonance,

— apply this result to our time-periodic case.

In Section [7.3| we construct an isolating block for the normal form system and
apply the results of section B, [I3] to finish the proof.

7.2 A Normal form in the transition zone
7.2.1 Autonomous case and slow-fast coordinates

We first state a result for autonomous systems. The time periodic version will come
as a corollary. We are interested in a normal for a Hamiltonian £'/6-near a strong
double resonance, but M/e-away from it along one of resonant directions.

Consider the Hamiltonian H,(p, J) = Ho(J) + eHy (¢, J), where (¢, J) € T¢ x R?
(later, we will take d = n + 1). Let B = {|J] < 1} be the unit ball in R¢. Given any
integer vector k € Z\ {0}, let [k] = max{|k;|}. To avoid zero denominators in some
calculations, we make the unusual convention that [(0,---,0)] = 1.

Fix a regular energy surface and two linearly independent resonances I';; and I'y,,
which intersect at some point Jy. We order resonances: I'; is the first and 'y, is the
second. In the local coordinates near Jy and notations of section 6.2 we have

05 = (6°,0°7) € T* x T/ :=2 T? x T¢2
with 65 = (6%, 6%/)
0°° =k, -0+ kot and 0°7 =K - 0+ K, ¢.

The other variables 6/ are defined so that change of coordinates from 6 to (6%,67) is
given some matrix A € SLy(Z). Define a symplectic linear change of coordinates

08
1o 6/ Ad . « [ A—INT
L.{J}—> 7 H[A*J} with A" = (A7)
Jf

Denote action variables J = (J*,J%/ J/) conjugate to 6 = (0%*,0°7 /) and J* =
(J55, J%7). Consider the Hamiltonian in the new coordinates

H.(0°,J%,67, J) = Ho(J) + eH, (6%, 7%, 07, J5) [ (15)

16We somewhat abuse notations by denoting Hy and H; by the same letter. We hope it does not
lead to confusions.

68



Call these coordinates slow-fast. Note that they distinguish three time scales: slow,
slow-fast, and fast. In these local coordinates I'y = {J** = 0}. Fix 1 < m < M,
where m depends on norms of Hy and H;, while M will be specified later. We are
interested in a dynamics in a m+/z-neighborhood of I'; with J*/ € [M/g,/5]. Due
to the implicit function theorem and convexity of Hy from Hy(Jy) = Ho(0, J3/, J/)
one can define a function J/ = J/(J¢/) satisfying this condition. Define in local
coordinates

D(m, M, J: &) = {J+ [J = (0, ], J ()] < mv/e}.

We are looking for normalizing coordinate changes to average out slow-fast and slow
motions. It turns out that these changes depend on slow-fast and fast action compo-
nents in much more sensitive than on slow actions. To compensate this consider a
linear change of coordinates:

Lyt (05,000 o 1 Iy —
( (16)

(ess esf @f Jss Jsf Jf) ss esf ef Jss Jsf+\/_Jsf \/_Jf)

Theorem 16. Fix parametersr > d+4, d > 1 and 6 € (0,1). There ezists a constant
c = cq >0, which depends only on d, such that the following holds.

Let Hy(J) be C* and H(0,J) be C™ with ||H,||cr = 1. Then for sufficiently small
€e>0and K > c§7a3 there exists a C2 symplectic diffeomorphism ® such that, in
the new coordinates, the Hamiltonian H, = Hy + eH, takes the form

]{6 od = H() + 631(988, J) + ERQ(@, J)

with Ry = 3 4 cqa p1<, (et k=0 hy(J)e2 50 here hy(J) is the k™ coefficient for the
Fourier expansion of Hy.
For a sufficiently large M = M (5, Hy, H,) and each J € [M /e, ¢"/%] we have
Hoo®oL_ s
= HyoL_yr+eRioL,_ (0%, J) + eRyo L_ur(6,J)
—: Hy+ eR1 (6%, J) + eRs(6, J)
IRsllc2 <6 on Tx L7} D(m,M,J: ) x T
[@oL_ jsr — Id||lce < e for 1=0,1,2.
Note that ®oL_ ;ss should not be viewed as a change of coordinates. It is a rather

a convenient way to hlde blow up of partial derivatives of ® with respect to slow-fast
and fast action variables.
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To prove Theorem we need the following basic estimates about the Fourier
series of a function g(g, J). Given a multi-index a = (ay,...,aq), we denote |ao| =
a1+ -+ ag. Denote also k = kg =Y _,5[k] %!, To avoid cumbersome notations we
will denote by ¢ various constants independent of all parameters of the problem, but

d.

Lemma 7.1. (see e.g. [13], lemma 3.1) For g(p,J) € C™(T? x B), we have

1. If 1< r, we have ||gu(J)e*™* o < [K]'7"||g]

cr.

2. Let gp(J) be a series of functions satisfying ||0sege|lco < M[k]71%=4=1 holds for
each multi-index o with || < 1, for some M > 0. Then, we have the following
bound || > cpa g ()™ || cw < ckM.

3. Let Tieg = 3 o re 96 (J)e*™*2) Then for I <r —d — 1, we have ||Tigllc <
HKd_TJ'_HngHC”‘-

Proof of Theorem[16. To simplify notations let
I = (I, Iy, 1) = (J*=, 75 JF), J* = (0, J1, J(J)),

= (p1,02,07) = (07,0,07).
Let G(p, I) be the function that solves the cohomological equation

{Ho,G}+ Hy = Ry + Ry,
where R, = II}.H;. We have the following explicit formula for G:
hieD)  orie.
G(p,I) = milke),
() > o
R|<K, (ks k5)£0

Let ®' be the Hamiltonian flow generated by €G. Setting F; = Ry + Ry + t(H; —
Ry — Ry), we have the standard computation

8t((HO +eFy)o <I>t)) = €0, F; 0" + e{Hy + eF;, G} o @
= E(atFt + {Ho, G}) ¢] (I)t + 62{Ft, G} o (I)t
= 62{B7 G} © q)t’
Fix I, = Jf € [M\/e,5¢"/9]. Notice that difference with calculations of the proof

of Theorem 3.2 [13] is two fold:
— we do not use p-mollifiers and
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— consider skew-symmetric norms of the remainder with respect to rescaled vari-
ables. Adapting notations we have L. : (o, ) — (o, 1) with Iy = I} + /eIy, I/ =
If+./c 17 , The key feature is that after rescaling derivatives with respect to slow-fast
and fast action variables have an additional \/e-factor.

Let us estimate the C? norm of the function Ry := R, + efol{Ft, G} o dldt. Tt
follows from Lemma [7.1] that

. 1
| R+ o2 < kK| Hyl|er < 55-

We now focus on the term fol{Ft, G}od!dt. To estimate the norm of Fy, it is convenient
to write F; = Fy + (1 —t) Ry, where F; = (1 —)Ry +tH,. Notice that the coefficients
of the Fourier expansion of F; is simply a constant times that of H;, Lemma then
implies that

1Filles < Y KPP Hillor = sl Hillor

keZ3

provided that r > m + 4, where as before £ = Y s[k] . The same estimate applies
to R;. Therefore, . .
[Eillos < [[Billcs + [|Filles < 26[[Hller-

For [ € {0,1,2,3} in rescaled variables using J*/ > C./z we have the following

estimates:

ml| Hol|

To estimate norms of G we use the following estimates on the derivative of com-
position of functions: For f: R — R and g : R? — R? we have

(k- 07Ho) ™ lor <

1f o gller < carll fllor (X + llgllc).

For each multi-index |a] < 3 and (k*/, k') # 0, we have that

1050 (P T) (k- 07H0) ™ lloo < D7 nllcrantliCe - 87Ho) e

a1tas=a

) m|| Hol| 22! it HHO S H o
< 3 Ryl - TEEYICL <y (] el 222
i M\/e M\/e

This implies that

1 [l || Hol

I <
1G(p, D)|[ct <m Mye

for 1=0,1,2,3.
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We now apply our estimates to
m| Hy[E- [ Hollgs

HF-GYlee < D IF il Gl <

|1 +az|<3
Notice that the rescaled flow ®! o L, Jo! satisfies
|| Hy |30 | Holl
M?2\/e

Choosing M appropriately for [ = 0, 1,2 we get the following estimate (see e. g. [29],
Lemma 3.15):

eGlles < me <1

m
19 = Idfjcx < mel|Gllcrn < Ve H & Holles' 77+

7.2.2 Time-periodic setting and reduction to d =3

Consider a time-periodic Hamiltonian H (6, p,t) = Hy(p) + eH1(0,p,t) with (0,p) €
T? x R%, ¢t € T. We denote by p, the intersection of the resonance I'; and I'y,. This
means

k- OpH (po) + ko =0, Ky - 0,H (po) + kj = 0.
We consider the autonomous version of the system
H(0,p,t, E) = Hy(p) + eH1(0,p,t) + E.
We can rewrite the Hamiltonian in the form
H.(0,p.t,E) = Hy(p) + eHy(ky - 0 + ko, K, - 0 + ki), p, t) + E,
Denote 0% = k, O+ ko, 057 = Eﬂ O+k), 07 =t,and 0° = (6*%,0°7), we further rewrite
H.(0%%,0% g% J* t FE) = Ho(p®) + E + 5?[1(93,]), t).

Note that to make the coordinate change (6%,p°,t, E) — (0%,p°, 60/, J7) symplectic,
the conjugate coordinates J* = (J*%, J*/) and J/ should satisfy

P BT 01 [J] ky
= ,  where B= |- |.
[E} [k:o,k{) 1| [Jf K

Substituting in we have the Hamiltonian
H6(935’93f7 J5, Jsf,t) + Jl = (H()(JSS, Jsf) + Jf) + €ﬁ1(083798f7 Jss Jsf,t).
This Hamiltonian is in the form Applying Theorem 16| get the following
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Theorem 17. [Normal Form/ Let py be a strong double resonance py € 'y NIy, and
let Hy(p) be a C* Hamiltonian written in the local slow-fast coordinates defined above.

Then for each 6 € (0,1), m > 1, and r > 7, there exist positive parameters
Ko, €0, M such that, for each C™ Hamiltonian Hy with |Hi||cr < 1 and each Ky <
K,0 < e < ¢, there exists a C? change of coordinates

Orp T2 xBxT —T?xR2xT

defined in D(m, M, J  €) for each Jf € [M+/€,5¢'/%] and such that composition of
 with a linear rescaling L ;ss satisfies

|®rro L, jor — Id||ct < /e for each 1=0,1,2

and such that, in the new coordinates, the Hamiltonian Hy + eH; takes the form

Ne :HEOCI)TR:HO(p)+€Z(9887p>+6R(97p7t)7 (17)
where '
Z(st,p) _ Z hk(p)€2mk 0
keZ3 | k|<K,(ksf kF)=0
and

[Ro L _jsrllee <6 on  Tx L;}]ffp(m,M, J e) x T2

7.3 Construction of an isolating block
7.3.1 Auxiliary estimates on the vector field.
Consider the equation of motion :

(és — apsH() + EapsZ + GapsR
ps = —6895Z — EaQSR

07 = 0,1Hy+e 0y Z + 0y R (18)
pf = —589fR
(=1

It is convenient to treat all variables as those on the lines. Then the system is defined
on RxR xR xR xR. We will show that this system is a perturbation of the model
system

0° =0, Hy , p°=—edpZ , 07 =0,H, , pP=0 , i=1 (19)
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By construction the graph of the map

(07, p", t) — (0:(pys), p2(py))

on T x [M+/z,5¢'/%] x T is invariant for the model flow. For each fixed p;, the point
(02(py), pi(py)) is a hyperbolic fixed point of the partial system

98 = 8psH0(p8,pf) , ps = —GaasZ(esppsvpf)

where p/ is seen as a parameter. This hyperbolicity is the key property we will
use, through the theory of normally hyperbolic invariant manifolds. We notice that
calculations below are similar to those in section 3.3 [13]. The major difference is that
the remainder R is not necessarily C*-small. Notice that both size of hyperbolicity
and size of perturbation are e-dependent so there is a competition and application of
this theory is not straightforward. On top of that we have to deal with the problem of
non-invariant boundaries. We will however manage to apply the quantitative version
exposed in Appendix B, [13].

We perform some changes of coordinates in order to put the system in the frame-
work of Appendix B, [I3]. These coordinates appear naturally from the study of the
model system as follows. We set

b(p?) = 0o Ho(p(p7)) ,  alpy) := —059: Z(63(0"), p2(p7)).

If we fix the variable p/ and consider the model system in (6%, p*), we observed that
this system has a hyperbolic fixed point at (03(p/), pS(p/)). The linearized system at
this point is

0 =b(p")p* , p°=-ealpy)6”. (20)
To put this system under a simpler form, it is useful to introduce two parameters
_ 1/4
T(p') = (a7 @), AP =T )a).

In the new variables
E=T' O+ 2Ty . n=T"'0"0° —*T)p,
the linearized system is reduced to the following block-diagonal form:

E=e2ApHE |, = —e2Ap .

r = T ") (0" = 0:(p")) + € PT (7 ) (p° — pi(p7))
y = T (p")(0° — 0:(p)) — 2T (") (p° — pi(p”)), (21)



where 7 is a parameter which will be taken later equal to '/2. Note that
1
0° = 03T+ ST( ) +y),
l/2
pr= P P10 + TP ) (@ — y).

The next three lemmas are proven in [13].

Lemma 7.2. We have A(p’) = \/\/D I for each p! € [M+/e,5¢'/9].

Lemma 7.3. On the domain ||z|| < p, ||y|| < p, we have the estimates
T = O, IT7H = O(1), 9, Tl < OA*/?),

10, T2 < O34, 10,002 < O(A7Y),
1P2llc2 = O(1), [16° — 6] < O(NT*p), |Ip* — pi|l < O(e'?p).

Lemma 7.4. The equations of motion in the new coordinates take the form
i = —eA(Vel )z + /e ON45 4+ X734 p?) + O(e)
§ = VeAVel )y +VeONT5 + A74p%) + O(e)
' = 0(Ves),

where p = max(||z|), |y||) is assumed to satisfy p < \. The expression for © is not
useful here.

Lemma 7.5. In the new coordinate system (x,y,0,1,t), the linearized system is
giwen by the matrix

VeA 0 000
0 —yeA 0 0 0
L=1| 0 0 00 0] +ON*pVe+oX i\ /e+ X\ hety/e),
0 0 000
0 0 000

where p = max([z[], [[y)-
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Proof of Lemma[7.5. Most of the estimates below are based on Lemma [7.3
In the original coordinates, the matrix of the linearized system is:

O(e) 92y Ho + O(e) 0 Oospetlo+0(e) 0
) — €035 7 O(e) 0 O(e) 0
L=1] 0O( 8§fpSH0 + O(e) O(de) 8§fpr0 +O0(e) O(de)| +
0 0 0 0 0
0 0 0 0 0
[0 0 0 % . R 0
p/p
0 0 0 0% R 0
€ - a;ces R azfps R azfef R aifpf R azft R
0 0 0 —0%,; R 0
P
0 0 0 0 0 |
In our notations for the first part of the matrix we have
O(e) B+O0(e++ep) 0 0% . Ho+O(e) 0
—€eA + O(eX™1/4p) O(e) 0 O(e) 0
O(e) 0(1) O(de) 0(1) O(de)
0 0 0 0 0
0 0 0 0 0
In the new coordinates, the matrix is the product
I, = a(x7y7@717t) E a<057p570f7pf7t)
B 8(087ps76f7pf7t) a<x7y7 @7 ‘[7 t)
We have
T/2 T/2 0 O(Vex™)
8(987 ps7 Qf; pf’ t) \/ET_1/2 _\/ET_l/Q (31 \/Eapfpi _'_ O<€>\_3/4p>
0 O,1,t - 0 0 7 0
('T7 Y,9, 1, ) 0 0 0 \/E
0 0 0 0
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Therefore,

0(6°,p°, 07,7, 0)] Ve

o(x,y,0,1,t) | 2
BT '+ O(y/eA %) —BT '+ O(\/ex"1/%) 0 O(VeX 3/ p + ex™h) 0
AT + O(\eA™2p)  JeAT 4+ O(\/ex—1/2p) 0 cON4p 4+ 271 0
X O(1) (1) O(v~'dv/e) O(1) O(5V/¢)
0 0 0 0 0
0 0 0 0 0
0 0 0 Ve R0
0 0 0 —\/€Dyi9sR 0
+e- D+ D_ ’y*lapfefR D 6pftR ,
0 0 0 —Vedygr R0
0 0 0 0 0
where

Di=0,9:R-T+Ee 0y, R-T,

D =/ [ prgs I O(A” N+ Optps R (Oprps + VeO(A™ 8/4 p)) + 3pfpr} ) (22)

This expression is the result of a tedious, but obvious, computation. Let us just
detail the computation of the coefficient on the first line, fourth row which contain
an important cancelation:

\/_a HO pfp*( f) + \/Eap?fpsHO —+ O(E)\_3/4p + 63/2)\_1)
=0y (6psHo(p*(pf ),p7)) + O(A™1p+ PN = O(eA™1p + /2271,

We now write

T-Y V27 0 O(eV2A"14) 0

T-1 _e 127 0 O(eV2)\"V4) 0
O,y 0.1t 1_ |, ; (€ . ) 0
a6, ps, 67 pl 1) 0 0 . s ol

0 0 0 0 1
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and compute that

[VEN + O(/ex/*p) O(V/eA™*p) 0 O(A™%) 0
O(eX™3/*p) —VEA+O(EXp) 0 O(eA™*) 0
L= O(vVe) O(vVe) O(de)  O(e)  O(dve)
0 0 0 0 0
I 0 0 0 0 0
0 0 0 B, 0
0 0 0 B_ 0
+e | 7Dy YD Opegs R 4D 05 R|
0 0 0 —OywR 0
0 0 0 0 0

where

By = Ve T 0,y RET Oprge R+ ONYY) Oprr R.

Now we substitute our knowledge of derivatives. By Theorem (17| we have

™S

0
|a§f95R|7 |8;fpsR| S ) |a§fpr’ S
Ve

Substituting this into B’s and D’s we have

e|D] <6 O(eN™ +/eA™/p 4+ \/e).
£|D4| < 8 O(c + V7).
g|Bs| <0 O(e + vz + XV /e).

Conclude the second part of the linearization L has entries bounded by O(d /e A~1/4).
This completes the proof. n

7.3.2 Constructing the isolation block

In order to prove the existence of a normally hyperbolic invariant strip (for the lifted
system), we apply Proposition B.3 [13] to the system in coordinates (z,y,©,1,t).
More precisely, with the notations of Appendix B [13], we set:

u==1x,5=1y,c1 = (0,t),co=10=R?x Q2 =R? x [M\/E,El/ﬁ} )
We fix v = V6 and a = /e\/4D, recall that \/eA > 2al, by Lemma . We take

o= Ae12/2, s0 that
Q, = R?* x [M/e, /]
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We assume that e satisfies 0 < ¢ < A”/? and 0 < 0 < /e A2, We can apply
Proposition B.3 [13] with B* = {u : ||u]| < p} and B®* = {s: ||s|| < p} provided

e NI+ A2 Ve) < p < 2¢) N1 (23)

It is easy to check under our assumptions on the parameters that such values of p
exist. These estimates along with Lemma imply that

16° — () <O X)), Ip° =2 ()] < O(e/*N/4eV/?).

Provided that the cylinder C exists, this gives the first set of estimates in Theorem

5l
Let us check the isolating block condition. By Lemma [7.4] we have

x> 2al|z|]? — ||lz]] O(eY2A7146 4 /2N3/4p% 4 ¢)
if z € B*,y € B*. If in addition ||z|| = p, then from the lower bound on p we have
A<l AT <2l Ve < e all
hence
i > 20|z)* — ||z*6  O(VeN) = al||?

provided ¢y is small enough. Similarly, ¢ -y < —al|ly||* on B* x dB* provided ¢ is
small enough. Concerning the linearized system, we have

= VeA + O(\f&‘l/“v‘l + VN p 4+ X+ ey
VNN
Lss = _\/EA + 0(60/4\/5) < -
on B*x B*x),. These inequalities holds when ¢q is small enough because \/eA > 2ol

and Vel < O(a). Finally, still with the notations of Proposition B.3 [13], as in the
previous estimate for L,, we take

m = O(VedA 1yt 4+ JeA™ M p + A 4 Ve + Ve /o)
= VAXO(VEA ™/ 4 A= 4 Jex T = e O(el'™).

If €y is small enough, we have 4m < « hence K < 2m/a < O(e/*) < 27Y/2, and
Proposition B.3 [13] applies. The invariant strip obtained from the proof of this
Proposition does not depend on the choice of p. It contains all the full orbits contained
in

(o |lz] < e/ N x {y: lyll < e/ A1 xR x [M,5¢ V3] xR, (24)
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hence all the full orbits contained in V', as defined in the statement of Theorem [I5]
The possibility of taking p = e; /*(A=3/46 + A=1/2,/€) now implies that the cylinder
is actually contained in the domain where

]|, [yl < e (A48 + A2 V/e).

Moreover, with this choice of p and using the estimate for m we have that K =
O(m/Ver) = O(gy*).

Observe finally that, since the system is 1/v-periodic in © and 1-periodic in ¢, so
is the invariant strip that we obtain, as follows from Proposition B.2 [I3]. We have
obtained the existence of a C! map

w® = (wS,we) : (0,1,t) e Rx [M,5e /¥ xR — R xR

which is 2K -Lipschitz, 1/v-periodic in © and 1-periodic in ¢, and the graph of which
is weakly invariant.
Our last task is to return to the original coordinates by setting

1

(07, p’,t) = 0:(p") + §T(pf) (wf +wi) (07, €712pl 1)
sinf A f s f ﬁ —1/..f c _ ,.C fo_—1/2_f
P07, p 1) = pi(p") + 5T (") - (wy —wg) (907, € 7p1 1)

All the estimates stated in Theorem follow directly from these expressions, and
from the fact that ||dw®|| < 2K. This concludes the proof of Theorem [L5| O
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8 Proof of Key Theorem (3| about existence of in-
variant cylinders at double resonances

Key Theorem [3] follows from Theorem [7] Theorem [7] in turn, follows from Theorem
(o
The proof of Theorem [0] consists of two main parts:

e study properties of the local maps to establish hyperbolicity

e using hyperbolicity of the local map, construct a isolating block of Conley-
McGehee [63] for various compositions of global and local maps.

Analysis of properties of the local map has three steps:

In section we derive a finitely-smooth normal form in a neighborhood of the
origin.

In section we derive certain hyperbolic properties of the local map ®j,, i.e.
the map from a subset inside of the (incoming) section ¥% to the (outgoing) section
¥4 (see Figure [9).

In section[8.3] using that eigenvalues are distinct, we establish strong hyperbolicity
of the local map ®j . as well as existence of unstable coneﬂ Since the global maps
®7,0 have bounded time, they have bounded norms and the linearization of the proper
compositions 7, 5 are dominated by the local component.

In section we give definition and derive simple properties of isolating blocks of
Conley-McGehee [63].

In section [8.5] under non-degeneracy conditions [A1]-[A4], we construct isolating
blocks for the proper compositions of ®,,®;,.. This proves Theorem @ for simple
loops.

In section we extend this analysis tp @7, P, -+ Py Plo.-  This would im-
ply existence of families of shadowing orbits in non-simple case. This would prove
Theorem [6]

In section we complete a proof of Theorem [7| by showing that periodic orbits
constructed in Theorem [6] are hyperbolic and their union forms a normally hyperbolic
invariant cylinder.

Now we assume that the Hamiltonian H, is C**! with k > 9. In Section [8.§ using

approximation arguments we remove this condition.

170One can expect this as near the origin eigenvalues (=A2 < —=A1 < 0 < A; < A2) dominate the
linearization of the flow and provide hyperbolicity. The closer orbits pass to the origin the stronger
hyperbolicity of the local map @7

loc*
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8.1 Normal form near the hyperbolic fixed point

We descirbe a normal form near the hyperbolic fixed point (assumed to be (0,0)) of
the slow Hamiltonian H* : T? x R? — R. For the rest of this section, we drop the
supcript s to abrieviate notations. In a neighborhood of the origin, there exists a a
symplectic linear change of coordinates under which the system has the normal form

H(uy,ug, $1,82) = A\1S1uq + Agsaug + Os(s, u).

Here s = (s1,82), u = (uy,uz2), and O,(s,u) stands for a function bounded by
Cl(s,u)|™

The main result of this section is the following improved normal form
Theorem 18. Let H be C**' with k > 9, then there exists neighborhood U of the
origin, m = m(Xa, A1, k), and a C* change of coordinates ® on U such that N,, = Ho®
s a polynomial of degree m of the form

él —aule —)\181 + Fl(S, u)
52 _ —&QNm _ —)\282 + FQ(S, U,) (25)
iLl 851Nm )\u1 + Gl(S, U)
1:62 (‘932Nm )\UQ + GQ(S, u)

where
Fy = 510:(s,u) + 8201(s,u), Fy=s70(1) + 5201(s,u),

Gl = ulOl(s,u) + U201<S,U), G2 = U%O(l) —+ UQOl(S,U).

The proof consists of two steps: first, we do some preliminary normal form and
then apply a theorem of Belitskii-Samovol (see, for example, [22]).

Since (0,0) is a hyperbolic fixed point, for sufficiently small > 0, there exists
stable manifold W* = {(u = U(s),|s| < r} and unstable manifold W* = {s =
S(u), |u| < r} containing the origin. All points on W* converges to (0, 0) exponentially
in forward time, while all points on W* converges to (0,0) exponentially in backward
time. These manifolds are Lagrangian; as a consequence, the change of coordinates
s =s—Su), v =u—-U(s) =u—U(s — S(u)) is symplectic. Under the new
coordinates, we have that W* = {u/ = 0} and W* = {s’ = 0}. We abuse notation
and keep using (s, u) to denote the new coordinate system.

Under the new coordinate system, the Hamiltonian has the form

H(s,u) = A\isjuy + Aasaus + Hy(s,u),

where H(s,u) = Os(s,u) and Hy(s,u)|s=0 = Hi(s,u)|u=0 = 0. Let us denote Hy =
A1s1uq + Aasaus. We now perform a further step of normalization.
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We say an tuple (o, ) € N? x N? is resonant if 335, Mi(a; — ;) = 0. Note that
an (o, B) with oy = B; for i = 1,2 is always resonant. A monomial u®u3?s's5* is
resonant if («a, ) is resonant. Otherwise, we call it nonresonant. It is well known
that a Hamiltonian can always be transformed, via a formal power series, to an
Hamiltonian with only resonant terms (see e.g. [T1], section 30, for example). We
do not use Hamiltonian structure of the flow. Thus, it suffices to have an analogous
claim for vector fields with a coordinate change being only finitely smooth. For a

complex p € C denote Ry the real part of p.

Theorem 19 (Belitskii-Samovol). [22] Let k be positive integer. Assume that the
vector field & = F(x) is of class CX, x = 0 is a hyperbolic saddle point F(0) = 0
and A = DF(0) is the linearization. Let X = (A1,...,\,) € C" be the spectrum of
A. Suppose real parts of \;’s are all nonzero and pairwise disjoint. If K > dk + 1,
then for some positive integer m, this vector field near the point 0 by a transformation
y=®(z),® € CF, can be reduced to the polynomial resonant normal form

y=Ay+ > py,

IT1=2

where T € Z% and p; denotes vector coefficients of a multi-homogeneous polynomial
pr = (pk,...,p") and pi # 0 for somei = 1,...,n implies RA; = T'RA\ +- -+ 7R\,
(by the resonant condition).

In [22] there is an upper bound on m. One can also find A\-dependent lower bounds
on smoothness exponent K there.

Application of this Theorem withn =4, k =2, K =9, A = (=g, = A1, A\, Ag), 0 <
A1 < Ao gives existence of a C%-change of coordinates ® such that N,, = Ho® consists
of only resonant monomials.

We abuse notations by replacing (s',u') with (s,u). Using our assumption that
0 < A1 < Ag, we have that all (a, f) with a # 8, a3 = 1 and ay = 0 are nonresonant,
and similarly, all («, 5) with « # 8, 51 = 1 and 55 = 0 are nonresonant. Furthermore,
by performing the straightening of stable/unstable manifolds again if necessary, we
may assume that N,|s—0 = Ny |u=o = 0. As a consequence, the normal form N,,
must take the following form:

Corollary 8.1. The normal form N,, satisfies
Nm = )\181114 + /\282U2+

+01(u3sy) + Oy (s2u?) + O1(5Tug) + O1(sau?) + O1(s1u189us) + Oy (s5u3).

In particular, we have N, = A1s1u; + Aasous + O3z(s, u).
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Explicit differentiation of the remainder terms implies the form of partial deriva-
tives of N,, given by Fi, Fy, G1,Gy in Theorem [18 Notice that bounds are not
optimal, but sufficient for our purposes.

8.2 Behavior of a family of orbits passing near 0 and Shil’ni-
kov boundary value problem

The main result of this section is the following

Theorem 20. Let (s”,u’) be a family of orbits satisfying s*(0) — s™ as T — oo
with sT =6 and u” (T) — u as T — oo with sT =& with |sT|, |uT| < 25, where
0 is small enough. Then there exists Ty, C >0 and o > 1 such that for each T > T
and all 0 <t <T we have

|53 (1) < Clsy (D)%, Juz (B)] < Clug (£)]

In particular, the curve {(s1(T),s3(T))}rs>m, C X% = {s1(0) = 6} is tangent to the
si—azis at T = oo and {(uf (0),u3 (0))}rsm, C X5 = {s{(0) = 6} is tangent to the
uy—azis at T = oo.

We will use the local normal form to study the local maps. Our main technical tool

to prove the above Theorem is the following boundary value problem due to Shil 'nikov
(see [69]):

Proposition 8.2. There exists ko > 0 such that for any 0 < k < kg, there exist
§ > 0 such that the following hold. For any s™ = (s, s4"), u® = (u"™, us™) with
|s], |u| <6 and any large T > 0, there exists a umque solution (sT,u™) : [0,T] — Bs
of the system with the property sT(0) = s™ and u' (T) = u"“t. Let

(s, uM)(t) = (e st e syt e Tyt gm0y gut, (26)

we have
S76) = (0] < 6, JsT(0) — o0 1)] < gV

W (t) — ulV (1)) < de=MmIT0 T (1) — ufD (1)] < demKa2ATD)

where Ny = min{\y, 2\1}. Furthermore, for s; and uy, we have an additional lower
bound estimate:

1

. 1
[s1(0] > 5 |57 ™ fuy ()] >

2
Note that for 0 hold, the choice of § needs to depend on a lower bound for |st"
and |ug™|.

‘ ?ut‘ ef()qun)(Tft)' (27>
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Proof. Let T denote the set of all smooth curves (s,u) : [0,7] — B(0,0) such that
the s(0) = (s, si") and u(T) = (ug*,us"*). We define a map F : ' — T by
F(s,u) = (5,a), where

t

M (s(€), u())de,

5 = e Mg 4

t

T Fy(s(€), u(€))dg,

5y = e M2tgin 4

J
J

iy = e M T Hyout _ / ) e M ENG (s(6), u(€))de,

t

iy = e 2T g gut — /T e T 0Gy(s(8), ul€))dé.

It is proved in [69] that for sufficiently small §, the map F is a contraction in the
uniform norm. Let s, u( be as defined in and (s kD) = F(sk) 4 ®),
then (s, u*)) converges to the solution of the boundary value problem. Using the
normal form , we will provide precise estimates on the sequence (s, u®)). The
upper bound estimates are consequences of the following:

170 () = P ()] < 27Fdem e,
s (t) — s$7(8)] < 27Rsem e,
|u§k+1)(t) . ugk) ()] < 2—1c56—(A1—n)(T—t)7
us™ D (1) — uf? (1)] < 27Fgem Kemm T,

We have
t
20— )] = [ e
0

< [ MEO(8%)e M 4 O(6%)e ) dE
0

517 (€) On(s,u) + s$(€) O (s, u)| dé

N

t
< 0(52>t6—)\1t < Oz(;Ze—()\l—n)t < CK—1626—()\1—H)1€ <

de~i=mit,
Kt

N —
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Note that the last inequality can be guaranteed by choosing § < C~'x. Similarly

t
70— )] = [ e
0

< [ M2ED(0(6%)e M + O(0%)e ) de

(s87(6))20(1) + s ()04 (s, ) | de

o

at

t
< 0(52)/ Ny (€~ t 2§d§<052t6 MGt < 062 o —)\’Qt
0

< CKZ—152 (Ny—r)t < Zde ()\’2—2/4)15.

N =

Observe that the calculations for u; and usy are identical if we replace ¢ with T — ¢.
We obtain

|u§2) (t) — u(ll)( £ < %56—()\1—5)(T—t)7 |u§2)(t) . ugl)(t” < %56—(,\'2—%)@4)'
According to the normal form (25)), we have there exists C’ > 0 such that
[0sF1 ]l < C[[(s,w)ll, (04[] < Cfs].

Using the inductive hypothesis for step k, we have ||s®)(t)|| < 26e=M=%". Tt follows
that

st () — sV )
t

S/O MED ([R5 = s® + [[ou Pl [[u™+D — u®])) dg

t
< / METD (§27Fgem T g sem(ammlig k) ¢

0

t

< 27kge=(a=r) / 2C"e 4 5de < 27k ge=a=r)t,

0

Note that the last inequality can be guaranteed by choosing ¢ sufficiently small de-
pending on C” and k. The estimates for s, needs more detailed analysis. We write

t
|sék+2)(t) . sék“)(t)\ S/ M2(E-t),
0

k+1 k k+1 (k+1) k+1
(10 Ballls?*D = o1+ 0 Pl = s8]+ 0B ) = ufV)))

t
_ / €0 (] 4 [T + I11)dE.
0
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We have ||0s, F2|| = O1(s1)O(1) + O1(s2)O(1), hence
I < C'(fe= MR8 4 s (a2 9=k (M—r)E < 019 k592 =R,

Since ||0s, F|| = Oa(s1) + O1(s,u) = Oy(s,u), we have II < C'§227Fe=(A2=20)¢  Fi.
nally, as [|0,F»|| = O2(s1) + O1(s2)O(1), we have

IIT < C'27R6(8%e M8 4 e a2y < 0l hgPem (o208,

Note that in the last line, we used X\, < 2);. Combine the estimates obtained, we
have

t
|5§k+2)(15) . Sngrl)(t)’ < 52k/ 30/56)\2@7@67()\572&)5(15
0

t
< 52—k6—(/\’2—2n)t/ 30/56—2/@§d€ < 2—(k+1)5e—(>\’2—2n)t‘
0

The estimates for u; and uy follow from symmetry.
We now prove the lower bound estimates . We will first prove the estimates
for s; in the case of s > 0. We have the following differential inequality

5"1 Z —(/\1 + 0,5)81 + 8201(8,U).

Note that |sy(t)| < 26e=*2! due to the already established upper bound estimates.
Choose d such that C"6 < k, we have

t
Sl(t) > Szine—(kl-‘rn)t _ / e—()q-i—n)(ﬁ—t)256—(>\’2—2n)§ . C,5d§
0
> Sine_()\l+ﬁ)t — 20/52()\/2 — )\1 — 3,4;)_16_(/\1+fi)t > §Szlne—()\1+,$)t'

For the last inequality to hold, we choose kg small enough such that A, — A\; —3k > 0,
and choose ¢ such that 2C"6%(\, — Ay — 3k) ™1 < 1sim.

The case when si" < 0 follows from applying the above analysis to —s;. The
estimates for u; can be obtained by replacing s; with u; and t with T'—t in the above
analysis. O]

Proof of Theorem [20. The following estimate follows from Propositionthat |sT(t)] >
Lsirle= MRt and [sT(t)| < 26e~ (%2729 We obtain the estimates for s; and s, by
choosing @ = 2222 and C' = 46/|si"|. The case of u; and uy can be proved simi-

Atk
larly. O
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8.3 Properties of the local maps

Recall that 4 is a homoclinic orbit satisfying the conditions [A1]-[A4], and 7~ is its
time-reversal. Denote p* = (s*,0) = 4y NX5 and ¢* = (0,u*) = y*NT%L. Although
the local map ®,F is not defined at p* (and its inverse is not defined at ¢*), the map
is well defined from a neighborhood close to p* to a neighborhood close to ¢*. In
particular, for any 7" > 0, by Proposition there exists a trajectory (s,u)+" of the

Hamiltonian flow such that
S5H(0) = 5%, wbH(T) = ut,

Denote ztt = (s,u)77(0) and y£+ = (s,u)f"(T), we have & (z5%) = y; T, and
ot — pT, yit — ¢ as T — oo. We apply the same procedure to other local
maps and extend the notations by changing the superscripts accordingly.

Let N = Ni(s,u) be the Hamiltonian in the normal form from Theorem [18]
E(T) = N((s,u)7") be the energy of the orbit, and Sgi) = {N = E(T)} be the

corresponding energy surface. We will show that the domain of ®,F| Spery) Can be
(T)

extended to a larger subset of Ei’E containing 7. We call R C X% N Sgr) a
rectangle if it is bounded by four vertices x1,---, 24 and C' curves v;; connecting
z; and x;, where ij € {12,34,13,24}. The curves does not intersect except at the
vertices. Denote Bs(x) the d-ball around x and the local parts of invariant manifolds

SE=wW0)NELNBs(pT), Lf=W"0)NXYNBs(gh)
and the Y-sections restricted to an energy surface Sg by
2P =% NSy and YY¥=3"NSg

The main result of this section is the following

Theorem 21. There exists 69 > 0 and Ty > 0 such that for any T > Ty and 0 <
§ < b, there exists a rectangle R*(T) C Ei’E(T), with vertices x;(T) and C'-smooth
sides ;;(T), such that the following hold:

1. & is well defined on RYH(T). ®H(RYT(T)) is also a rectangle with vertices

loc loc

2i(T) and sides v;;(T).

)

2. As T — 0, v12(T) and ~34(T) both converge in Hausdorff metric to a single

curve containing X5 ; v15(T) and v5,(T) converges to a single curve containing
I

The same conclusions, after substituting the superscripts according to the signatures
of the map, hold for other local maps.
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Figure 18: Local map ®

To get a picture of Theorem [2I] note that for a given energy F > 0, the restricted
sections Ei’E and qur’E are both transversal to the s; and u; axes, and hence these
sections can be parametrized by the s, and u, components. An illustration of the
local maps and the rectangles is contained in Figure [18] and

We will only prove Theorem [21] for the local map ®; ™. The proof for the other

loc
local maps are identical with proper changes of notations.

Let (vg,, Vsy, Vuy, Vuy) denote the coordinates for the tangent space induced by
(s1,S2,u1,uz). As before B, denotes the r—neighborhood of the origin. For ¢ > 0
and x € B,, we define the strong unstable cone by

C (@) = {clvu” > [vu [* + |vs, [* + v, "}
and the strong stable cone to be
C*%(x) = {clvs,|* > [vs,[* + [vua * + Jvuy [*}-

The following properties follows from the fact that the linearization of the flow at 0 is
hyperbolic. We will drop the superscript ¢ when the dependence in ¢ is not stressed.

Lemma 8.3. For any 0 < k < \y— Ay, there exists r = r(k, ¢) such that the following
holds:

o Ifpi(x) € B, for 0 <t <ty then Dp,(C"(x)) C C*(pi(x)) for all 0 < t < ty.
Furthermore, for any v € C*(x),

| Dy (z)v] > eP2®t 0 <t <t

o If o i(x) € B, for 0 <t <ty then Dp_(C*(x)) C C*(p_¢(x)) for all0 <t <
to. Furthermore, for any v € C*(x),

|Dp_(x)v| > eP2®t 0 <t <t
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++

loc

Figure 19: Rectangles mapped under ¢

For each energy surface F, we define the restricted cones Cp(x) = C*(z) N T, Sk
and C}(z) = C*(z) N T, Sk.

Warning: Recall that the Hamiltonian N under consideration by Theorem
has the form Ny = A\isju; + Aasqus + Os(s,u). It is easy to see that the restricted
cones C(x) and CF(x) might be empty. Excluding this case requires special care!

Since the energy surface is invariant under the flow, its tangent space is also
invariant. We have the following observation:

Lemma 8.4. If () € B, for 0 <t <ty, then C} is invariant under the map Dy
Jor 0 <t <ty. In particular, if Ci(z) # 0, then Ch(pi(x)) # 0. Similar conclusions
hold for Cy, with ¢_;.

Let z be such that ¢, (z) € B, NSk for 0 <t < ty. A Lipschitz curve v (z) is
called stable if its forward image stays in B, for 0 <t < tj, and that the curve and
all its forward images are tangent to the restricted stable cone field {C4}. For y such
that ¢_+(y) € B, N Sg for 0 < t < ty, we may define the unstable curve v (y) in
the same way with ¢ replaced by —¢ and CY, replaced by C}. Notice that stable and
unstable curves are not in the tangent space, but in the phase space.

Proposition 8.5. In notations of Lemma assume that x,y € Sg satisfies the
following conditions.
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e o(z) € B.NSE and ¢_(y) € B, NSE for 0 <t <t.

e The restricted cone fields are not empty. Moreover, there exists a > 0 such
that C3 (1, (2)) # 0 for z € Uu(ps,(x)) NSk, and Cg“(¢—i (")) # O for each
2" € Ua(p—1(y)) N S

Then there ezists at least one stable curve v5(x) and one unstable curve v(y).
Ifa >/ + 1re=P2=M)t then the stable curve vi(x) and the unstable one v%(y)
can be extended to the boundary of B.(x) and of B,(y) respectively. Furthermore,

() — @e(x)|| < e P2t 2y e q5(x), 0<t <t

and
lo—e(y) = p-elyn)ll < =795y € 9k(y), 0 <t <to.
It is possible to choose the curves to be C!.

Remark 8.1. The stable and unstable curves are not unique. Locally, there exists a
cone family such that any curve tangent to this cone family is a stable/unstable curve.

Proof. Let us denote ' = ¢y, (x). From the smoothness of the flow, we have that
there exist neighborhoods U of « and U’ of 2" such that ¢, (U) = U’ and ¢:(U) € B,
for all 0 <t < ty. By intersecting U’ with U,(2') if necessary, we may assume that
U'" C U,(a'). We have that C3°(z) # 0 for all z € U’. It then follows that there
exists a curve v5(2') C U’ that is tangent to C';°. As Cz° is backward invariant with
respect to the flow, we have that ¢_,(v5(2)) is also tangent to C5¢ for 0 < ¢ < .
Let dist(v3) denote the length of the curve 73, and let v5,(z) = ¢t (7°(2')). It follows
from the properties of the cone field that

dist(yy(x)) > e dist(v3, ("))

We also remark that from the fact that 73 (z) is tangent to the cone field C';“(z), the
Euclidean diameter (the largest Euclidean distance between two points) of 75 (x) is
bounded by \/c;ﬁ dist(y5(x)) from below and by (v5(z)) from above.

Let 27 be one of the end points of 7§ (z) and x| = ¢4, (x1). We may apply the
same arguments to x; and x}, and extend the curves v, (z) and v3,(2") beyond x; and
x, unless either z; € 0B, or 2} € OU,(z). This extension can be made keeping the
C' smoothness of . Denote v§(z)|[z, 1] the segment on 75 (z) from z to z;. We

have that

2y = 2|l < dist(vp(2)[[+, 21]) <
< om0l dist (s (x)|[x, 1)) < e P20z — ||V e2 + 1.
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It follows that if a > rv/c2 + 1e~2=%t 2, will always reach boundary of B, before
) reaches the boundary of U,(«’). This proves that the stable curve can be extended
to the boundary of B,.

The estimate ||, (z) — ¢ (z1)|| < e=P2=%" follows directly from the earlier estimate
of the arc-length. This concludes our proof of the proposition for stable curves. The
proof for unstable curves follows from the same argument, but with C% replaced by

=< and t by —t. O

In order to apply Proposition to the local map, we need to show that the
restricted cone fields are not empty. (see also the warning after Lemma |8.3])

Lemma 8.6. There exists 0 < a < & and ¢ > 0 such that for any x = (s,u) € ¥"
with ||ul| < a, and |sy] < 26, we have Cp(x) # 0. Similarly, for any y € X7 with
|s| < a and |us| < 20, we have CZ (y) # 0.

Proof. We note that
VN = (AMuy + uOq, Agus + uO1, A\1sy + sOq, A\asa + sO1),

and hence for small [ju||, VN ~ (0,0, A151, A2s2). Since |s3] < 26 = 2|s1| on 35, we
have the angle between VN and u; axis is bounded from below. As a consequence,
there exists ¢ > 0, such that C'* ¢ has nonempty intersection with the tangent direction
of Sg (which is orthogonal to V). The lemma follows. O

Proof of Theorem [21 We will apply Proposition [8.5| to the pair z;* and y;* which
we will denote by 7 and yp for short. Since the curve 4T is tangent to the s;—axis,
for § sufficiently small, we have p™ = (4, s5,0,0) satisfies |sy| < 0. As xp — pT, for
sufficiently large T', we have xp = (s1, S2,u1, ug) satisfy |u| < a/2 and |ss| < 36/2,
where a is as in Lemma . As a consequence, for each ' € Uqjo(z7) N Zi’E, we have
Cy(«') # 0. Similarly, we conclude that for each ¥ € U,/a(yr) N Zi’E, Cz(y) #0.
We may choose Ty such that a/2 > /c2 + 1re=(2=#)To,

Let 4 be a stable curve containing z7 extended to the boundary of B, /. Denote
the intersection with the boundary z; and 75 and let 3; and 75 be their images under
@r. Let 715 and 7, be unstable curves containing 7; and g, extended to the boundary
of B,, and let y;3 and 794 be their preimages under ¢7. Pick x; and x3 on the curve
Y13 and let y; and y3 be their images. It is possible to pick x; and z3 such that the
segment 11y on 73 extends beyond B, ;. We now let 712 and 734 be stable curves
containing x; and x3 that intersects o4 at xo and x4.

Note that by construction, 7 and 74 are extended to the boundary of B, 5. As the
parameter T' — oo, the limit of the corresponding curves still extends to the bound-
ary of B/, which contains v} and v, respectively. Moreover, by Proposition ,
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the Hausdorff distance between 7,5, 734 and % is exponentially small in 7', hence they
have a common limit. The same can be said about 7j5 and v5,.

There exists a Poincaré map taking ;2 and 734 to curves on the section X7 ; we
abuse notation and still call them 7,2 and 7s4. Similarly, vi5 and 75, can also be
mapped to the section X% by a Poincaré map. These curves on the sections 3¢ and

3% completely determines the rectangle R+ (T') C Zi’E(T). Note that the limiting
properties described in the previous paragraph is unaffected by the Poincaré map.
This concludes the proof of Theorem [21] O

By construction curves 715 and 34 can be selected as stable and 4 and 53 —
as unstable. It leads to the following

Corollary 8.7. There exists Ty > 0 such that the following hold.

1. For T > Ty, @}, 0 O F(RT(T)) intersects R (T) transversally. Moreover,
the images of vi13 and 7oy intersect 15 and 34 transversally, and the images of

Y12 and s34 does not intersect RTH(T).

2. For T > Ty, @y, 0 Py (R77(T)) intersects R~ (T') transversally.

loc

3. For T,T" > Ty such that R~ (T) and R~"(T") are on the same energy surface:
D, 0 T (RT(T)) intersect R™F(T") transversally, and @, o @, . F(R™(T"))
intersect RT~(T) transversally.

Remark 8.2. Later we show that, for fized T, the value T' satisfying condition in
the third item is unique.

In the next three sections we prove existence and uniqueness of shadowing period
orbits. This results in a proof of Theorem [}

8.4 Conley-McGehee isolating blocks

We will use Theorem to prove Theorem [6] We apply the construction in the
previous section to all four local maps in the neighborhoods of the points p* and ¢,
and obtain the corresponding rectangles.

For the map &, o ®'F|Sp (1), the rectangle R**(T) is an isolating block in the
sense of Conley and McGehee ([63]), defined as follows.

A rectangle R = I} X I C R x R¥, [} = {||z1|| < 1}, I = {||z2] < 1} is called
an isolating block for the C! diffeomorphism ®, if the following hold:

1. The projection of ®(R) to the first component covers 1.

2. ®|I; x 0l is homotopically equivalent to the identity restricted on the set
Il X (Rk\ int IQ)
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If R is an isolating block of ®, then the set
WH={recR:d2x)cR, k>0}

(resp. W™ ={x € R: ®¥(z) € R, k >0})

projects onto I; (resp. onto I) (see [63]). If some additional cone conditions are
satisfied, then W+ and W~ are in fact C' graphs. Note that in this case, W+ N W~
is the unique fixed point of ® on R.

As usual, we denote by C"¢(z) = {c|lvi|| < ||ve||} the unstable cone at z. We
denote by 7C"¢(z) the set  + C"(x), which corresponds to the projection of the
cone C"(x) from the tangent space to the base set. The stable cones are defined
similarly. Let U C R% x R* be an open set and ® : U — R¢ x R¥ a C' map. Denote
D®,, the linearization of ® at x.

Cl. D®, preserves the cone field C*¢(z), and there exists A > 1 such that ||D®(v)|| >
Aljv|| for any v € C"*(x).

C2. ® preserves the projected restricted cone field 7C"€, i.e., for any x € U,

O(U N 7C™(z)) C C(B(x)) N B(U).

C3. If y € 7C*¢(z) N U, then ||®(y) — ®(z)|| > Ally — |

The unstable cone condition guarantees that any forward invariant set is contained
in a Lipschitz graph.

Proposition 8.8 (See [63]). Assume that ® and U satisfies [C1]-[C3], then any
forward invariant set W C U is contained in a Lipschitz graph over R* (the stable
direction).

Similarly, we can define the conditions [C1]-[C3] for the inverse map and the
stable cone, and refer to them as “stable [C1]-[C3]” conditions. Note that if ® and U
satisfies both the isolating block condition and the stable/unstable cone conditions,
then W+ and W™ are transversal Lipschitz graphs. In particular, there exists a unique
intersection, which is the unique fixed point of ® on R. We summarize as follows.

Corollary 8.9. Assume that ® and U satisfies the isolating block condition, and that
® and U (resp. @' and U N ®(U)) satisfies the unstable (resp. stable) conditions
[C1]-[C3]. Then ® has a unique fized point in U.
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8.5 Single leaf cylinders

We now apply the isolating block construction to the maps and rectangles obtained

in Corollary [8.7]
Proposition 8.10. There exists Ty > 0 such that the following hold.

e ForT > 1Ty, @;Ob o O ¥ has a unique fized point p™(T) on X5 N RTH(T);

o ForT >1Ty, @, 0P has a unique fized point p~(T) on X°* N R~ (T);

glob loc

o ForT,T" > Ty such that Rt (T) and R~T(T") are on the same energy surface:
D1 © Pl 0 @y 0 BT has a unique fized point p(T) on RY~(T) N (Py,, ©
O ) THRTH(TY)).

Note that in the third case of Proposition[8.10} it is possible to choose 7" depending
on T such that the rectangles are on the same energy surface, if T is large enough.
Moreover, as in remark we later show that such 77 = T'(T) is unique. As a
consequence, the fixed point p°(T') exists for all sufficiently large T

Each of the fixed points p™(T), p~(T) and p°(T') corresponds to a periodic orbit
of the Hamiltonian flow. In addition, the energy of the orbits are monotone in T, and
hence we can switch to E as a parameter.

Proposition 8.11. The curves (p™(T))r>7,, (p~(T))r>1, and (p¢(T))rst, are C*
graphs over the uy direction with uniformly bounded derivatives. Moreover, the energy
E(p*™(T)), E(p~(T)) and E(p°(T)) are monotone functions of T. In particular, with
notations of section iof the family of minimal geodesics {vg’i}E with 0 < E < Fy
as the limit limg__,q ’y%’i = vt has a simple loop, then for Ey small enough such a
family is unique as well as the family {v%}g with —Ey < E < 0.

We now prove Theorem [0 assuming Propositions and [8.11]

Proof of Theorem[6l Note that due to Proposition [8.2] the sign of s; and u; does
not change in the boundary value problem. It follows that the energies of p*(7T') are
positive, and the energy of p¢(7T') is negative. Reparametrize by energy, we obtain
families of fixed points (p*(F))o<p<g, and (p°(E))_g,<r<o, Where

Ey = min{E(p*(Tv)), E(p~ (Tv)), —E(p*(Tv))}-

We now denote the full orbits of these fixed points v}, 75 and 7%, and the theorem
follows. O]
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To prove Proposition , we notice that the rectangle R™(T') has C" sides, and
there exists a C! change of coordinates turning it to a standard rectangle. It’s easy
to see that the isolating block conditions are satisfied for the following maps and
rectangles:

of odft and RTH(T), Do © P and  RT(T),

glob loc loc

Dl 0Pl o® 0@ and (D, 0 PL)TTRTH(T) N RT(T).

glob loc loc glob loc

It suffices to prove the stable and unstable conditions [C1]-[C3] for the corresponding
return map and rectangles. We will only prove the [C1]-[C3] conditions conditions
for the unstable cone O ¢, the map & o ®;°* and the rectangle R**(T)); the proof
for the other cases can be obtained by making obvious changes to the case covered.

Lemma 8.12. There exists Ty > 0 and ¢ > 0 such that the following hold. Assume
that U C X5 N B, is a connected open set on which the local map O is defined, and
for each x € U,

inf{t > 0: ¢(z) € £} } > Tp.

Then the map D(@;ﬁobo@ij) preserves the non-empty cone field C* ¢, and the inverse

D(@;Oboq)fgj)_l preserves the non-empty C*¢. Moreover, the projected cones mC™ N

U and 7C* NV are preserved by @;Obo@fgj and its inverse, where V = @;Obo@fgj(U).

The same set of conclusions hold for the restricted version. Namely, we can replace
C*¢ and C*° with C“ and C3°, and U with U N Sg.

Let # € U and denote y = @ (). We will first show that DO (z)C"(x) is
very close to the strong unstable direction 7"*. In general, we expect the unstable
cone to contract and get closer to the T“" direction along the flow. The limiting size
of the cone depends on how close the flow is to a linear hyperbolic low. We need the
following auxiliary Lemma.

Assume that ¢, is a flow on R x R*, and z; is a trajectory of the flow. Let
v(t) = (v1(t),v2(t)) be a solution of the variational equation, i.e. v(t) = Dy (z;)v(0).
Denote the unstable cone C%¢ = {|lv,||* < c||v2||*}.

Lemma 8.13. With the above notations assume that there exists by > 0, by < by and
0,0 > 0 such that the variational equation

s = [a) o] o]

satisfy A < byl and D > byl as quadratic forms, and ||B| < o, ||C]| < 4.
Then for any ¢ > 0 and k > 0, there exists o9 > 0 such that if 0 < §,0 < dy, we
have

(Dp,) C™cC CPr B, = ce~(b2mbimr)t 4 o/(by — by — k).
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Proof. Denote vy = c¢. The invariance of the cone field is equivalent to

d 2
% (Bt <U2(t),"02(t)> — <U1(t),01(t)>) > 0.

Compute the derivatives using the variational equation, apply the norm bounds and
the cone condition, we obtain

28 (B + (ba — 0B, — by) By — o) ||lv|* > 0.

We assume that §; < 27, then for sufficiently small dg, 03; < k. Denote b = by—b;—k
and let (; solve the differential equation

Bi = —bsf + 0.
It’s clear that the inequality is satisfied for our choice of ;. Solve the differential
equation for §; and the lemma follows. n

Proof of Lemma[8.13. We will only prove the unstable version. By Assumption 4,
there exists ¢ > 0 such that D@, (¢7)T**(¢*) C C*“*(p"). Note that as Ty — oo,
the neighborhood U shrinks to p* and V shrinks to ¢*. Hence there exists 8 > 0 and
Ty > 0 such that D®J, (y)C*P(y) C C*¢ for all y € V.

Let (s,u)(t)o<t<r be the trajectory from x to y. By Proposition [8.2] we have
5| < eM=RIT/2 for all T/2 < t < T. It follows that the matrix for the variational

equation

A(t) B(t) _ |- diag{ A1, A2} + O(s) O(s) (28)
C(t) D(t) O(u) diag{\1, \a} + O(u)

satisfies A < —(\; — k), D > (A1 — k)1, ||C| = O(5) and || B|| = O(e~M=RT/2) As
before C"¢(x) = {||vs]| < c[|vy||}, Lemma implies

Der(z)C*“(x) € C™T (y),

where By = O(e™"7/?) and X = min{\y — A\, — x,A\; — k}. Finally, note that
Dor(z)C*<(z) and D@+ (x)C*(x) differs by the differential of the local Poincaré
map near y. Since near y we have |s| = O(e~*~7) using the equation of motion,
the Poincaré map is exponentially close to identity on the (s1, $2) components, and is
exponentially close to a projection to uy on the (ug,us) components. It follows that
the cone C™”7 is mapped by the Poincar’e map into a strong unstable cone with
exponentially small size. In particular, for T" > T, we have
DO ()C"(x) € C™F(y),

loc

and the first part of the lemma follows. To prove the restricted version we follow the
same arguments. O
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Conditions [C1]-[C3] follows, and this concludes the proof of Proposition [8.10}

Proof of Proposition [8.11. Again, we will only treat the case of p™(T). Note that
I (p*) := (0H(T))r>1, is a forward invariant set of @, o @ ¥, and by Lemma W,

loc

the map @, glob © "+ also preserves the (unrestricted) strong unstable cone field C*¢.
Apply Proposmon we obtain that [T (p™) is contained in a Lipschitz graph over the
sjuiug direction. Since [T (p™) is also backward invariant, and using the invariance of
the strong stable cone fields, we have [ (pT) is contained in a Lipschitz graph over the
s1u1S9 direction. The intersection of the two Lipschitz graph is a Lipschitz graph over
the squy direction. Since I*(p™) C {s; = 0}, we conclude that (T (p™) is Lipschitz
over u;. Since the fixed point clearly depends smoothly on T, I*(p") is a smooth
curve. The Lipschitz condition ensures a uniform derivative bound. This proves the
first claim of the proposition. Note that this also implies u; is a monotone function
of T.

For the monotonicity, note that all p™(T") are solutions of the Shil'nikov boundary
value problem. By definition (p*(T))r>z, belong to ¥% and we have s; = ¢. For all
finite 7' the union of (p*(7T"))r>7, is smooth. Since I[T(p™) is a Lipschitz graph over

uy for small uy, we have that the tangent (dso, duy, dus) is well-defined and ratios gff

and Z—Z? are bounded.

Theorem implies that the sp, uy components are dominated by the si, u;
directions, namely, there exist C' > 0 and « > 0 such that for components of p*(7T)
and all ' > Ty we have |uy| < Clug|*.

Using the form of the energy given by Corollary its differential has the form

dE(s,u) = (A + O(s,u)) s1duy + (A1 + O(s,u)) urds;+
+(A2 + O(s,u)) sadug + (A2 + O(s, u)) uadss.

On the section X% differential ds; = 0 and coefficients in front of ds; can be make
arbitrary small. Therefore, to prove monotonicity of E(p*(T)) in T it suffices to
prove that for any 7 > 0 there is Ty > 0 such that for any 7" > T; tangent of [T (p™)
at pt(T) satisfies ]37“3\ < T. Indeed, (51,82)(T) — (d,85) as T — oo.

We prove this using Lemma and the form of the equation in variations
Suppose |d“2| > 7 for some 7 > O and arbitrary small u;. If TO is large enough, then
T>Tpis large enough and u; is small enough. By Theorem 20| we have |us| < Cluq|*
SO Uy is also small enough. Thus, we can apply Lemma with v; = (s1, S, u1) and
vy = uy. It implies that the image of a tangent to [T (p™) after application of D®;f ™ is
mapped into a small unstable cone C%# with g = (e~*2=21=9T0 + O(§)) /7. However,
the image of IT(p™) under D®;'" by definition is (¢™(T))r>7, and its tangent can’t
be in an unstable cone. This is a contradiction.

As a consequence, the energy F(p*(T)) depends monotonically on u;. Combine
with the first part, we have E(p™(T')) depends monotonically on T. O
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8.6 Double leaf cylinders

In the case of the double leaf cylinder, there exist two rectangles R; and R,, whose
images under ®g,1, 0 Py intersect themselves transversally, providing a “horseshoe”
type picture.

Proposition 8.14. There exists Ey > 0 such that the following hold:

1. For all 0 < E < Ey, there exist rectangles Ry (E), Ry(E) € X% such that for

i =1,2, @, 0 PET(R;) intersects both Ry(E) and Ry(E) transversally.

2. Given o = (01, ,0,), there exists a unique fized point p°(E) of

1

IT (@5 0 55) |7, ()

on the set Ry, (E).

3. The curve p°(E) is a C' graph over the u; component with uniformly bounded
derivatives. Furthermore, p°(E) approaches p°* and for each 1 < j <n —1,

[T (@5, 0 ©55) (07 (E))

i=j
approaches p®i+t as E — 0.

In particular, with notations of section if the family of minimal geodesics
{yiye with 0 < E < Ey as the limit limg__o v = v* has a non-simple loop, then
i SYP consists of exactly n distinct points p” (E), p”(E), ..., p°" (E).

Remark 8.3. By Lemma and assumption [A0] we have that v¥ accumulates onto
the union of two simple loops, possibly with multiplicities.

By Lemmal3.5 there is a sequence o = (o1, ,0,,) € {1,2}", unique up to cyclical
translation, such that ~ = 7(’;”1 ke ok fyg"".

By construction the geodesics 76” and 732 intersect Ry (F) and Ry(E) respectively.
Once the sequence o is fized, there is a unique fized point for p°(E) of the composition
., (P2, © PED) |R,, (). Thus, for By small enough the family {vf} 5 with —Ey <
E <0 1s unique as well as the famaily.

Remark 8.4. The second part of Theorem|[q follows from this proposition.
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Proof. Let R™(E) be the rectangle associated to the local map ®;°* constructed in
Theorem , reparametrized in F. Note that for sufficiently small 4, the curve ~;
contains both p!' and p?, and 7;" contains both ¢! and ¢>.

Let V1 5 ¢! and V? 5 ¢ be the domains of (Pélob and @glob, respectively. It
follows from assumption Ada’ that ®},,7f N V' intersects v transversally at p'.
By Proposition , for sufficiently small E > 0, ®}, (P (RT(F)) NV1) intersects
R (FE) transversally. Let Z! C V! be a smaller neighborhood of ¢*. We can truncate
the rectangle @'+ (R (F)) by stable curves, and obtain a new rectangle R} (FE) such
that

OHRT(E)NZ ¢ RY(E) Cc & H(RTH(E) NV

loc loc

Denote Ry(E) = (®,.7)"(R|(E)). The rectangles Ry(E) and R,(E) are defined

loc

similarly. For ¢ = 1,2, @}, o ® ¥ (R;(E)) intersects R*(E), and hence R;(F)

loc
transversally. This proves the first statement.

Let R?(FE) denote the subset of R,,(E) on which the composition

1

IT (@50, © @55 1.,

i=n

is defined. R7(FE) is still a rectangle. The composition map and the rectangle R?(FE)
satisfy the isolation block condition and the cone conditions. As a consequence, there
exists a unique fixed point.

The proof of the C! graph property is similar to that of Proposition m n

This completes the proof of Theorem [6]

8.7 Normally hyperbolic invariant cylinders the slow me-
chanical system

In this section we will prove Theorem [7] Let us first consider the single leaf case. We
will show that the union

M= |J v U wu U wuytusr

0<E<Eq 0<E<Eq —Fo<E<0
forms a C' manifold with boundary. Denote
I(p*) = {p+(E)}O<E§Em T(p7) = {r™ (E)}o<p<ry,

IM(g") = & (M (p")) and IT(¢7) = @, (I"(¢7)). Note that the superscript of

loc
indicates positive energy instead of the signature of the homoclinics. We denote

I=(p") = {p°(E)}-go<e<o
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Figure 20: Invariant manifold M near the origin

17(q7) = Py (7(pT)), 17(p7) = Pgo (17 (¢7)) and I~ (¢") = @, 717 (p7)). An illus-
tration of M the curves [* are included in Figure [20]

By Proposition [8.11] I*(y) (y is either p*, or ¢*) are all C' curves with uniformly
bounded derivatives, hence they extend to y as C' curves. Denote I(y) = I*(y) U
I=(y) U {y} for y either p*, or ¢*.

Proposition 8.15. There exists one dimensional subspaces L(p*) C T,+X% and
L(¢*) C T,+35 such that the curves [(p*) are tangent to L(p*) at p* and l(¢*) are
tangent to L(q*) at q*.

Proof. Each point 2 € [(pT) contained in Sg is equal to the exiting position s(Tx), u(Tx)
of a solution (s,u) : [0,Tr] — B, that satisfies Shil'nikov’s boundary value problem
(see Proposition . Asxz — pt, E — 0 and T — oo. According to Corol-
lary 20} {(p") must be tangent to the plane {s; = up = 0}. Similarly, I(¢*) must
be tangent to the plane {u; = s5 = 0}. On the other hand, due to assumption A4
on the global map (see Section , the image of D@;ob{ul = so = 0} intersects
{s1 = uy = 0} at a one dimensional subspace. Denote this space L(p™) and write
L(g*) = D(®,,,) " L(p*). Since I(p*) must be tangent to both {uz = s; = 0} and
DO} {ur = s = 0}, I(p™) is tangent to L(p*). We also obtain the tangency of I(¢")
to L(g™) using I(¢7) = (®,,) " I(p™). The case for I(p~) and I(p~) can be proved
similarly. O]

We have the following continuous version of Lemma [8.12] which states that the
flow on M preserves the strong stable and strong unstable cone fields. The proof of
Lemma [8.16] is contained in the proof of Lemma [8.12]
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Lemma 8.16. There exists ¢ > 0 and Ey > 0 and continuous cone family C*(x) and
C*(z), such that for all x € M, the following hold:

1. C* and C* are transversal to TM, C* is backward invariant and C" is forward
mvariant.

2. There exists C' > 0 such that the following hold:

o | Dpy(z)v|| > CePe=mt o e C¥(x), t > 0;
o ||[Dpy(z)v| > Ce=Pe=mt 4y € C3(x), t < 0.

3. There exists a neighborhood U of M on which the projected cones tC*NU and
7C* NU are preserved.

Note that a continuous version of Proposition [8.8] also holds. As a consequence,

the set M is contained in a Lipschitz graph over the s; and u; direction. This implies
that M is a C'' manifold.

Corollary 8.17. The manifold M is a C* manifold with boundaries 7}0, Vg, and
gAr

Proof. The curves [(p*) and I(¢g*) sweep out the set M\ {0} under the flow. It follows
that M is smooth at everywhere except may be {0}. Since any x € M N B,(0) is
contained in a solution of the Shil'nikov boundary value problem, Corollary [20] implies

that x is contained in the set {|sa| < C|s1]%, |ug| < Clug|*}. It follows that the tangent
plane of M to = converges to the plane {sy = us = 0} as (s,u) — 0. O

Corollary 8.18. There exists a invariant splitting E°* & TM & E* and C > 0 such
that the following hold:

o || Dyi(z)v|| > CePe=mt o € E¥(x), t > 0;
o [Dpr(x)v]| = CemPmt v € E*(x), t < 0;
o ||[Dpy(x)v]| < CeM*ll o e TLM, t €R.

Proof. The existence of E* and E", and the expansion/contraction properties fol-
lows from standard hyperbolic arguments, see [41], for example. We now prove
that third statement. Denote v(t) = Dyy(z)v for v € T, M. Decompose v(t) into
(Vs Vsyr Vg » Vuip ); We have ||(vs,, v, ) ()|| < CeP+9l However, since M is a Lip-
schitz graph over (si,uq), the (v,,v,,) components are bounded uniformly by the
(Vsy, Uy, ) components. The norm estimate follows. O

Remark 8.5. Part 1 of Theorem[7 follows from the last two corollaries.
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We now come to the double leaf case. Denote I(p') = Ue<E<E0 p° (E), where p?(E)
is the fixed point in Proposition . We have that [(p7') sweeps out MEE i finite
time. As a consequence MZ’E(’ is a C! manifold. Similar to Lemma , the flow
on M5 also preserves the strong stable/unstable cone fields. The fact that M ™
is normally hyperbolic follows from the invariance of the cone fields, using the same
proof as that of Corollary [8.18] This concludes the proof of Theorem [7], part 2.

8.8 Smooth approximations

Notice that in Theorem |18 Hamiltonian H is required to be C*™! with k > 9. In Key
Theorem |3| we require H. = Hy + €¢H; to be C" with r > 4. Key Theorem [3| follows
from Theorem [7] To fix this discrepancy we proceed with smooth approximation
arguments similar to [I3], Section 3.3]. More exactly, we approximate H. with analytic
H? and prove Theorem [7] for it. Then we show that H. has a C*-neighborhood of
uniform size where Theorem [7] still applies. Therefore, it applies to H.. We need the
following

Lemma 8.19. [68] Let f : R* — R be a C" function, with r > 4. Then for each
7 > 0 there exists an analytic function S, f such that

HS‘rf - f|

1S-flles < e(n, )| fllesm ") for each s > 7,

os < cn,m)||flles™ % for each 0 < s <'r,

where c(n,r) is a constant which depends only on n and r.
Denote ¢(5,r) by ¢(r).
We approximate C" smooth H. = Hy + ¢H; with an analytic H H§ +eHY so
that Hi = S.Hy and Hf = S, H, for 7 = ¢/("=2)_ Apply Theorem-to H. We have
N =Ho® = Hj +eZ" +eZ; +cR",

where, in notations of Appendix B, Z*(0,p) = [Hj]w,(0,p), 1Z7(0,p)]] < v/, and
|R*(6,p,t)]| < e. Consider

H.o® = H' 0o ® + (Hy — H}) 0o ®* +¢(H, — H}) o d*.
By Lemma [8.19 applied to N7 after a proper rescaling we have that it has the form

H;(po) + <8§pﬁg(p0)(p —po),(p—po)) +eZ27(0,p) +eZ{(0,p) +R(6,p,1).

So we can rewrite H, o ®* in the form
H;(po) + (95, Hi (00) (0 — po), (p = po)) + 227 (0, p) + 27 (6, p)
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+8R(9,p,t> + (HO — HE;) o (I)* +8(H1 — HT) (@) q)*

Recall that K (p — po) denotes the quadratic form (92,Ho(po)(p — po), (p — po)) up
to an integer linear change of coordinates B. Denote K*(p — py) the quadratic form
(@%pﬁak (po)(p — po), (p — po)). Define || K* — K| norm of the difference between these
quadratic forms by maxj,=1 || K*(p)—K(p)||. Using Lemmawe have the following
estimates

|Hf — Hillc2 < c(r)e?,

12" = Zllc> < | Hf = Hille> < e(r)e?,

|K* — K|| < [[Hg — Holle2 < c(r)e?,
|®* — Idc= < 1,

|(HY — Hy) o |2 < c(r)||Hf — Hylle2||®* |22 < 4e(r)||HY — Hillce.
- |(Hg = Ho) 0 ®*||c2 < o(r)||H — Hollc2||@* (|2 < dc(r)|| Hy — Hollce.

These estimates imply that

leR(0,p,t) + (Hy — H}) o ®* + e(Hy — H}) 0 ®*|| 2 < 2.

Now consider the approximating Hamiltonian . Using Theorem [27|and Lemma
associate a slow mechanical system K*(-)— Z(+, pp). By Theorem [7|this Hamilto-
nian system has normally hyperbolic invariant manifolds M} and M&*™ for simple
critical and non-simple homologies respectively. The “moreover” part of the theorem
implies persistence of these cylinders with respect to C?-perturbations of H} and H;.
Since the C?-size of admissible perturbations depends only on x and C? norms of H?,
it is independent of 7. Therefore, for small enough 7 (resp. &) Theorem [7| can be
applied to H, = Hy +eH;. The rest of the proof of Key Theorem [3|{for H} and H. is

the same. This completes the proof of Key Theorem [3]

8.9 Proof of Lemma (3.3 on cyclic concatenations of simple
geodesics

We provide the proof of the auxilliary result Lemma [3.3|before proceeding to the next
section.

Denote v, = 'yé“ and v, = 75‘2 and v = ~). Recall that v has homology class
nihy + nohs and is the concatenation of ny copies of v; and ny copies of 5. Since hy
and hy generates H;(T? Z), by introducing a linear change of coordinates, we may
assume h; = (1,0) and hy = (0,1).
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Given y € T?\ v U v U 79, the fundamental group of T? \ {y} is a free group of
two generators, and in particular, we can choose 7, and 79 as generators. (We use
the same notations for the closed curves v;, i = 1,2 and their homotopy classes). The
curve vy determines an element

7:H7§17 Ui€{1,2}, Sie{ovl}
i=1

of this group. Moreover, the translation v;(-) := 7v(-+t) of 7 determines a new element
by cyclic translation, i.e.,

n
— Si+m
Tt = H’)/U’i:::m7 m € Z7
=1

where the sequences o; and s; are extended periodically. We claim the following:

There exists a unique (up to translation) periodic sequence o; such that v =
I1;; Yo..,. for some m € Z, independent of the choice of y. Note that in particular,
all S; = 1.

The proof of this claim is split into two steps.

Step 1. Let Y,y (t) = {7(0) + (n1/n2,1)t, t € R}. We will show that ~ is
homotopic (along non-self-intersecting curves) to v,,/m,. To see this, we lift both
curves to the universal cover with the notations 7 and %, /n,. Let p.q € Z be such
that pn; — gny = 1 and define

TH(t) = 4(t) + (p, 9)-

As T generates all integer translations of 7, v is non-self-intersecting if and only if
TyN#4 = 0. Define the homotopy 45 = Ay + (1 — A)Jn,/n,, it suffices to prove
Ty N4y = 0. Take an additional coordinate change

-k
Y n2 g Y
then under the new coordinates T#(t) = 4(t) + (1,0).

Under the new coordinates, T4 N4 = ) if and only if any two points on the same
horizontal line has distance less than 1. The same property carries over to 7, for
0 < X <1, hence T, N7y = 0.

Step 2. By step 1, it suffices to prove that v = 7, ,, defines unique sequences
o; and s;. Since 7y, /p, is increasing in both coordinates, we have s; = 1 for all 1.
Moreover, choosing a different y is equivalent to shifting the generators v; and ~,.
Since the translation of the generators is homotopic to identity, the homotopy class
is not affected. This concludes the proof of Lemma |3.3|
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9 Diffusion mechanisms, weak KAM theory and
forcing relation

We construct diffusing orbits using Mather variational mechanism. More specifically,
Mather in his papers [53, 55, [54] proposed to two different variational mechanisms of
diffusion. The former was developed by Cheng-Yan [23], 24], the latter — by Bernard
[9]. The foundation of Bernard’s version lies in application of weak KAM theory
proposed by Fathi [34]. We rely in main part to [9] which elaborates on [54]. A
convenient equivalence relation is introduced there. The advantage can be explained
as follows.

When one construct diffusion the very general idea is to find enough many invari-
ant sets in the phase space T? x B? x T. If an invariant set is an invariant KAM
torus, then one can associate rotation vector w € B2. Rotation vector can be viewed
as an element of homologies w € H{(T? x T,R). In general, one could make sense of
rotation vector of an invariant set with an ergodic measure on it. Then “naively” in
order to diffuse it suffices to find enough many invariant sets and construct orbits go-
ing from one to the next one in turns. Certainly this vague approach faces substantial
difficulties at every stage.

For convex Hamiltonian systems there is a duality between Hamiltonian dynamics
and Lagrangian dynamics, between homologies and cohomologies by means of Leg-
endre transform L and Legendre-Fenichel transform £ respectively. Both are defined
below. It turns out that a more convenient way to view invariant sets using coho-
mologies. Then the problem of diffusing along I'* C B? in action space reduces to
a problem of diffusing in velocity space along L£(I'*). In [9] for two cohomologies
c,d € HY(T? R) a forcing relation ¢ I ¢ is introduced. The relation ¢ -+ ¢, defined
as ¢ - ¢ and ¢ F ¢, is an equivalence relation (Proposition 5.1 [9]). Moreover, if
¢ 7+ ¢, then there are two heteroclinic orbits going from ¢ to ¢ and from ¢ to ¢
(Proposition 0.10 [9]). In particular, if we can show that on I'* there is dense enough
set of ¢’s so that neighbors are equivalent, then end points are equivalent too. As
the outcome there is an orbit going from one end point of £(I'*) to the other. The
approach from [53], 55, 56, 67, 23] 24] leads to a lengthy and cumbersome variational
problems with constrains. Now we turn to definitions.

9.1 Duality of Hamiltonian and Lagrangian, homology and
cohomology

Let M be a smooth compact manifold. Consider C? Hamiltonian function H : T*M x
R — R. Denote (6, p) the points of T*M. The cotangent bundle is endowed with
its standard symplectic structure. We denote by ¢’ (6, p) the time (¢ — s) map of the
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Hamiltonian vector field of H with the initial time s, which is a time-dependent and
by ¢'(6,p) the time ¢ map with the initial time 0. Fix a Riemannian metrix g on
M used to measure norms of tangent vectors and covectors on M. Assume that the
following hypotheses hold.

o (periodicity) H(6,p,t) = H(0,p,t + 1) for each (0,p) € T*M and each t € R;

e (completeness) The Hamiltonian vector field of H generates a complete flow.
Namely, ¢ is defined for all time.

o (convezity) For each (0,t) € M x R, H(,p,t) is strictly convex on T, M.
Namely, it has a positive definite Hessian Osz matrix, denoted 8£pH > 0.

o (super-linearity) For each (6,t) € M x R, the function H (0, p,t) is super-linear
in p, i.e. limp—0 H(6,p,t)/|p| = oo.

Associate to each Hamiltonian H (6, p,t) satisfying this list of properties a La-
grangian L : TM xR — R

L(0,v,t)= sup v-p— H(0,p,1),
peETF M

where v - p is the natural dot product of dual objects. This is the standard Legen-
dre transform. Direct calculations shows that Legrendre transform is involutive, i.e.
Ledendgre transform of H is L and of L is again H. This transform gives rise to a
diffeomorphism

L:(0,pt)— (0,v,t)=(6,0,H,1),

whose inverse is

L' (0,v,t) — (0,p,t) = (0,0,L,1),

Moreover, the Hamiltonian flow of H is mapped into the Euler-Lagrange flow of L.
The Lagrangian L satisfies the following properties, which follow from the analogous
properties of H:

o (periodicity) L(0,v,t) = L(0,v,t + 1) for each (f,v) € TM and each t € R;

e (convexity) For each (0,t)M x R, L(,v,t) is strictly convex on Ty M. Namely,
it has a positive definite Hessian 92, L matrix, denoted 92, L > 0.

o (super-linearity) For each (0,t) € M x R, the function L(#,v,t) is super-linear
in v, which means that lim,—,., L(0,v,t)/|v] = oo.
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We call Lagrangians (resp. Hamiltonians) satisfying these hypothesis Tonelli La-
grangians (resp. Tonelli Hamiltonians).

In the next five sections we recall basic facts from Fathi’s weak KAM theory [34]
in the Hamiltonian setting. In the next chapter [L0| we complement these basic facts
with complementary facts stated in the (dual) Lagrangian setting. Then using this
theory we introduce notion of Mather, Aubry, Mane invariant sets and equivalence of
cohomology classes proposed by Bernard [9].

9.2 Overlapping pseudographs

As before we let M be a smooth compact manifold and 7 : TM — M be the natural
projection. Later we use M = T¢ for d = 2 or 3. For many invariant sets in 7'M
we study there is a graph property. Namely, G C T'M has a graph property if it is
a (usually Lipschitz) graph over 7G C M. The basic example are KAM tori. In this
case, G is a smooth graph. However, in general the invariant sets are contained in
discontinuous graphs that are only forward (or backward) invariant. This leads to
the definition of overlapping pseudographs.

Given K > 0, a function f : M — R is called a K —semi-concave function if for
any 6 € M, there exists py € T, M, such that for each chart ¢ at x, we have

fowly) — fouv(z) < po(dvuly — ) + Klly — z*

for all y. The linear form py is called a super-differential at 0. f is called semi-concave
if it is K —semi-concave for some K > 0. A semi-concave function is Lipschitz (see
[9,(A.7).

Given a Lipschitz function v : M — R and a closed smooth form n on M, we
consider the subset G, ,, of T*M defined by

Gnu = {(z,n, + duy) : x € M such that du, exists }.

We call the subset G C T*M an overlapping pseudograph if there exists a closed
smooth form 7 and a semi-concave function u such that G = G, ,,. It turns out that
G is well suited to describe unstable manifolds. To describe stable manifolds one
considers anti-overlapping pseudographs

gur],u = {(z,n, — duy) : x € M such that du, exists }.

Each pseudograph G has a well defined cohomology class ¢ = ¢(G) € H'(M,R).
Indeed, if an overlapping graph is represented in two different ways as G,,,, and G,y .,
the closed forms n and 1’ have to have the same cohomology class. Therefore, we
associate to each pseudograph G we associate a cohomology ¢(G) by setting

(Gpu) = [,
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where [n] is the De Rham cohomology of 7.

The function u is then uniquely defined up to an additive constant. As a conse-
quence, denoting by S the set of semi-concave functions on M, and by P the set of
overlapping pseudographs, we have the identification

P=H'(M,R) x S/R.

This identification endows P with the structure of a real vector space. Let us endow
the second factor S/R with the norm v = (maxu — minwu)/2 which is the norm
induced from the uniform norm on S. More precisely, we have |u| = min,||v||, where
the minimum is taken on functions v which represent the class u. We endow P with
the norm

Geall = lel + (maxu — min )2,

The set P is now a normed vector space. We define in the same way the set P of
anti-overlapping pseudographs é, which are the sets G, _, with 7 a smooth form
and v € S. This set is similarly a normed vector space. Denote by P. the set of
pseudographs with a fixed cohomology ¢ € H' (M, R).

9.3 Evolution of pseudographs and the Lax-Oleinik mapping

Denote C°(M,R) the space of continuous functions on M. Let %(¢,0; s, p) be the set
of absolutely continuous curves v : [t,s] — M such that y(t) = 6 and v(s) = ¢.
Denote by

dvy(1) = (y(7),¥(7),T) the one-jet of (7).

It is well defined for almost every 7. Fix a closed form n and a cohomology class
c € H'(M,R). Denote

Le(dy(r)) = Ldy (7)) = c(3(7))  Ly(dr(7)) = Ldy(7)) = n(¥(7)).

We define the associated Lax-Oleinik mapping on C°(M,R) as follows:

T,u(f) = min (u(p) +/0 L, (dv(r)) dr ).

PEM,yEX(0,051,0)

As shown by Fathi [34] (see also [9]) for each closed form 7 the functions T,u, u €
C(M,R) are equiv-semi-concave. Moreover, the mapping T, is contracting:

1Ty = Tyollee < flu = vlleo,

non-decreasing and satisfies T;,(a +u) = T,u + a for all a € R (see e.g. [34, Corollary
4.4.4] or [9, section 2.4]).
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It turns out there exists a unique mapping ® : P — P in the space of pseudo-
graphs
(P(gn,u) - gu,Tnu

for all smooth forms 7 and all semi-concave functions u (see e.g. [9, section 2.5]). We
also have

o(®(9)) = c(9).

The mapping ® is continuous and preserves P, for each cohomology ¢ € H'(M,R).
It turns out that the image ®(P.) is a relatively compact subset of P.. This follows
directly from the properties of the Lax-Oleinik transformation. Along with contrac-
tion property this implies the existence of a fixed point of ® in each P., discovered by
Fathi. Denote by V. the set of these fixed points, and by V = U.V, their union.

Even though the setting is quite abstract in the case of a twist maps one can
get a feel for this transformation by drawing pictures. If M = T is a circle, then
overlapping pseudographs are graphs of functions which have only discontinuities
with downward jumps. In other words, functions which can be locally written as
the sum of a continuous and a decreasing function. Such sets were introduced by
Katznelson-Ornstein [48] and many known properties of twist maps were proven.
The above operator ® is a multidimensional generalization of this idea. To described
it consider a twist map with a non-degenerate saddle fixed point. It has stable and
unstable manifolds (separatrices), which have to intersect. “Trim” parts of the image
of an unstable separatrix so that it is a pseudograph over T and discontinuity with
downward jumps only (see Figure . There is a freedom of choice, but it can be
done so that the following fundamental property holds:

®(G) C ©'(9),

where as before ¢ = ! is the time one map of the Hamiltonian flow and ¢(®(G)) =
¢(G). Indeed, due to twist property the image of the pseudograph on Figure at
images of discontinuities will be overlapping and often inclusion is proper.

9.4 Aubry, Mather, Mane sets in Hamiltonian setting and
properties of forcing relation

Fathi’s weak KAM theorem states that for each cohomology class ¢ € H!(M,R) the
operator ® has a fixed point of cohomology ¢ in P.. We denote the set of fixed points
V.. The set of fixed points satisty

G C »(9),
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and naturally gives rise to invariant compact sets

Z(G) = Nuzo ¢ "(9)-

We shall also use notation Z(c, u), where G = Gyu and ¢ = [n]. Using these invariant
sets one can define another three classes of invariant sets introduced by Mather [54].
Namely, for each cohomology class ¢ € H'(M,R) we associate the non-empty compact
invariant sets

M(c) C A(c) € N(c),

where

Alc) = Ngev. (G)  and  N(€) := Ugev, T(9), (29)
are the Aubry set and the Mane set. The Mather set M (¢) is the union of the
supports of the invariant measures of the Hamiltonian flow ¢ on A(c).

In the next section we define a forcing relation introduced by Bernard [9]. The
main motivation to study this relation is the following

Proposition 9.1. (Proposition 0.10) (i) Let G and G’ be two Lagrangian graphs of
cohomologies ¢ and ¢ € H*(M,R) . If ¢ 4+ , then there exists an integer time n
such that ©™(G) intersects G'.

(ii) If ¢ = ¢, there exist two heteroclinic trajectories of the Hamiltonian flow
from A(c) to A(¢) and from A(c) to A(c).

(7ii) Let {c;}iez be a sequence of cohomology classes all of which force the others.
Fix, for each i a neighborhood U; of the corresponding Mather M(CZ) i T*M. There
erists a trajectory of the Hamiltonian flow @' which visits in turn all the sets U;. In
addition, if the sequence stabilizes to c_ on the left, or (and) to ¢, on the right, the
trajectory can be selected to be negatively asymptotic to .Z(c,) or (and) asymptotic to

Aley).

The main feature is that one it is shown that in a sequence ¢; - ¢;; 1 we have
orbits traveling among the family of sets {M(c;)}icz in any prescribed order. While
the method of Mather [53, 55, 23] 24] requires a construction of a special variational
problem with constrains, which often a difficult task both to write and to read. We
also point out that in [25] the authors extend the result of [23| 24] from time-periodic
to autonomous setting. In [26] the authors extend the result from [55] to the case when
initial velocity is not assumed to be large. The preprint [55] was quite influential.

Later the main result and its extensions were proved using different methods in [21]
311, 138, 42].
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9.5 Symplectic invariance of the Mather, Aubry, and Mane
sets

The concepts of the a-function, Mather, Aubry and Mafe sets are symplectic invari-

ants. We consider the canonical one-form A = pdz naturally defined on T*M. A

symplectic map
V:T"M —T"M, (X,P)~ (z,p)
is called ezact if the form W*\ — X is exact. Here I and 6 are considered as functions

of ¢ and J.

Theorem 22. [10] Assume that V is exact symplectic. Then for H : T*M — R,
and ¢ € H'(M,R), we have

ay(c) = agg (T e), My (0) = U( My (Tc)),

An(c) = V(A (V7c)),  Nu(0) = V(N (¥c)).

In particular, for the case M = T™, we can identify H'(M,R) with R™. If ¥
is homotopic to identity, then ¥*A = X\ under this identification. Our normal form
transformations are homotopic to identity, as they are constructed as time—e flow of
some Hamiltonian.

9.6 Mather’s a and [-functions, Legendre-Fenichel transform
and barrier functions

We also need existence of so-called Mather’s a-function. There are several ways to
introduce it. To fit to the previous discussion we use the following proposition of
Fathi [34] (see Theorems 4.6.2 and 4.6.5 there).

Proposition 9.2. There is a function o : H'(M,R) — R such that for each con-
tinuous function u and each closed one form n of cohomology class ¢ , the sequence
Tru(x) +na(c), n > 1 of continuous functions is equi-bounded and equi-Lipschitz.
The function ¢ — «(c) is convex and super-linear. More precisely, there exists a
constant K (c), which does not depend on a continuous function u, such that

minu — K(c) < T'u(z) + na(c) < maxu + K(c)

for each positive integer n and each point x € M.

We also need
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Proposition 9.3. (Proposition 3.2 [9]) Fiz a closed one form n of some cohomology
class [n] = c € H'(M,R) and a continuous function u. Set a function

v = lim inf(T}'u 4+ na(c)),

n—aoo

then v is a fized point of T,,+ a(c) and, therefore, the corresponding pseudograph G, ,,
1s a fized point of P.

Consider the Legendre transform of the a-function:

p(h) == min _ {fafc) —c-h},

c€H'(M,R)

where h € Hi(M,R) and ¢ - h is a dot product of elements of cohomologies and
homologies of M. This defines a function

B: Hi(M,R) — R

called Mather’s B-function. Due to convexity of the a-function, g-function is well-
defined (see e.g. Theorem 20.3, [51]). Define the Legendre-Fenichel transform associ-
ated to the g-function.

LFs: H(M,R) —>
the collection of nonempty, compact, (30)
convex subsets of H'(M,R),

defined by
LFs(h) ={ce H'(M,R): B8(h) +a(c)=c-h }.

Following Mather for any pair of points x,y € M define a barrier function:

n——oo

he(z,y) := liminf /On L.(dv(t)) dt + na(c),

where v is an absolutely continuous curve with boundary conditions v(0) = = and
v(n) = y. Notice that by Proposition [9.3| the function h.(x,-) is a fixed point of the
operator T,+a(c). Similarly, the function —h.(-, y) is a fixed point of T,—a(c). Recall
some basic properties of the function h. (see e.g. Section 3.8 [9] for more details).

e For each x,y,2 € M and ¢ € H'(M,R) there is a triangle inequality
he(z,y) + he(y, z) > he(x, 2).
e For each z,y € M and ¢ € H'(M,R) we have h.(z,y) + h.(y, z) > h.(x,z) > 0.
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e For each compact set C C H*(M,R) the set of functions h, : M x M — R, ¢ €
C is Lipschitz and even equi-semi-concave.

It is also useful to define a time-dependent barrier function on T? x T:

T

he(z,t;y,s) ;== liminf L.(dvy(t)) dt + (1 — o)a(c),

where 7 is an absolutely continuous curve with boundary conditions (o) = z and
1(r) =y

9.7 Forcing relation of cohomology classes and its dynamical
properties

Following Bernard [9] section 5 we define the forcing relation —, and describe its

dynamical consequences. Introduce some useful notations. Given two pseudographs
G and G' in T M, we define the relation G - G’ as follows:

GG — G c U ¢"(9),

where as usual G is the closure of G. We say that G forces G/, and write G - G’ if there
exists an integer N such that G Fy G'. If G is a subset of T*M and if c € H' (M, R),
the relations

GFkec and Gkyec

mean that there exists an overlapping pseudograph G’ of cohomology ¢ and such that
G G (resp. G Fn G'). Finally, for two cohomology classes ¢ and ¢, the relation

cky

means that, for each pseudograph G € P., we have G Fy . Naturally we say that ¢
forces ¢ (c b ¢’) if there exists an integer N such that ¢ Fy ¢’. The relation F (between
pseudographs as well as between cohomology classes) is obviously transitive. We need
this relation - between cohomology classes. For this purpose, it is useful to introduce
the symmetric relation

ct+cd<—ck< and dFe

We say that ¢ and ¢ force each other if ¢ - .

Proposition 9.4. (Proposition 5.1 [9]) The forcing relation 4 is an equivalence
relation on H*(M,R).

A few simple remarks about this property.
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e Note that we have c I ¢ for each ¢ because by definition ®(G) C ¢(G) for each
G C P., which can be written G -, ®(G).

e Suppose G is an invariant graph (e.g. KAM torus), then the relation ¢(G) F ¢
holds if and only if ¢ = ¢(G).

e Proving that two truly distinct cohomology classes ¢ and ¢ with AV(C) and j(c’ )
disjoint have ¢ 4F ¢ is a non-trivial problem studied in [9]. In general, it does

not seem sufficient to prove existence of heteroclinic orbits from A(c) to A(c)
and back.

9.8 Other diffusion mechanisms and apriori unstable systems

Here we would like to give a short review of other diffusion mechanisms. In the case
n = 2 Arnold proposed the following example

2 2
H(q,p,p,1,t) = % + % + (1 cosq)(1 + p(sinp + sint)).

This example is a perturbation of the product of a a one-dimensional pendulum

and a one-dimensional rotator. The main feature of this example is that it has a

3-dimensional normally hyperbolic invariant cylinder. There is a rich literature on

Arnold example and we do not intend to give extensive list of references; we mention

[8, 14l 12, 15| [75], and references therein. This example gave rise to a family of

examples of systems of n 4+ 1/2 degrees of freedom of the form

HE(Qapa Sovjat) = HO([) + KO(p7 Q) + 5Hl<Qap7907 [7t)7

where (¢,p) € T"' x R™, T € R,p,t € T. Moreover, the Hamiltonian Ky(p, q)
has a saddle fixed point at the origin and Ky(0,q) attains its strict maximum at
q = 0. For small ¢ a 3-dimensional NHIC C persists. For n = 2 systems of this type
were successfully studied by different groups. Two groups were using deep geometric
methods.

—In [29] 32} 39, [30] the authors carefully analyze two types of dynamics induced
on the cylinder C. These two dynamics are given by so-called inner and outer maps.

— In [72, [73] a return (separatrix) map along invariant manifolds of C is con-
structed. A detailed analysis of this separatrix map gives diffusing orbits.

As we mentioned on several other occasions the other two groups [9, 23] are in-
spired and influenced by Mather variation method [53] [54, 55] and build diffusing
orbits variationally. Recently apriori unstable structure was established for the re-
stricted planar three body problem [35]. It turns out that for this problem there are
no large gaps.
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The case n > 2 was studied in [24] also by a variational method. Recently Treschev
[74] proved the existence of Arnold diffusion the product of a one-dimensional pen-
dulum and n-dimensional rotator using his separatrix map approach.

A multidimensional diffusion mechanism of different nature, but also based on
existence and persistence of a 3-dimensional NHIC C is proposed in [19].
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10 Properties of the barrier functions

In this section we provide several equivalent definition of some concepts introduced in
Section [9] They were introduced in Hamiltonian setting. Here is concentrate on the
dual description in Lagrangian setting. We will also describe properties of the barrier
functions, used in our proof. There is a notational conflict. In Section we denote
by A(c), M(c), N(c) € TM the (discrete) Aubry, Mather, Maifie sets respectively for
the time 1 map ¢ = ¢*. In this section we denote by Ay (c), My(c), Ni(c) C TMxT
the (continuous) Aubry, Mather, Mane sets respectively for the Hamiltonian flow with
the Hamiltonian H. Definitions of Tonelli Hamiltonian and Tonelli Lagrangian are

given in Section [0.1]

10.1 The Lagrangian setting

For simplicity of presentation, we restrict to the case M = T? in this section. This
means we identify the spaces T*M ~ T¢ x R ~ TM, and H'(M,R) ~ R% Given
a Tonelli Hamiltonian H : T*"M x T — R, we denote by Ly : TM x T — R its
associated Lagrangian.

e The a-function

Given a cohomology ¢ € H'(M,R), an equivalent definition of the a-function
is given by

ag(c) == —inf/(LH(x,v,t) —c-v) du(x,v,t),

I

where the infimum is taken over all invariant measures of the Euler-Lagrange
flow in TM x T (see [34, Corollary 4.6.7] and [34, Theorem 4.6.2] for the equiv-
alence with the previous definition of the a-function).

e The dual Lagrangians, minimizers, and the action function

Given a cohomology ¢ € H'(M,R), denote
Ly (z,v,t) := Ly(z,v,t) —c-v+ ay(c).

The action function Ay .: M xR x M x R — R is defined by

t
Apo(w,5:9,7) = inf / Lo (7(0),4(2), e,

where the infimum is taken over all absolute continuous v : [5,£] — M such

that v(§) = x, v(t) = y. A curve v is called a minimizer or a minimizing
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extremal for Ap.(r,3;y,t) if it realizes the associated infimum. By Tonelli’s
theorem (see [53], Appendix 1), v is always an orbit of the Euler-Lagrange flow,
and hence is C?.

The barrier functions

Given a cohomology ¢ € H'(M,R), the barrier function by, : M xTxMxT —
R is defined by

hue(z,s;y,t) =liminf Ay (2, s;y,t 4+ n),

n—aoo

where s and ¢ are interpreted as numbers in [0, 1) on the right hand side. Up
to change of notations this definition is the same as the one in section [9.6, We
list it to adjust to notations of this section.

The projected Aubry set

Given a cohomology ¢ € H'(M,R), the projected Aubry set Ag(c) is defined
by
{(x,t) e M X T : hy(z,t;z,t) =0}.

We will also be using the time-zero section of the projected Aubry set, defined
by
A(c)={x e M : (z,0) € Ag(c)}.

Consider the natural projection = : TM — M given by 7w (6,p,t) = (0,t).

In section we define the Aubry set A(c). Denote by mA(c) = Alc) its
projection. This definition of the Aubry set A’(c) and definition of the
Aubry set A(c) are equivalent (see e.g. Proposition 3.11 [9]), namely, A'(c) =

Alc).

The projected Mane set
The projected Maiie set Ny (c) is defined by

U {(y,t) e M x T :

(z,t1),(z,t2)EAH ()
hee(x,t1;y,t) + hae(y, t; 2, t) = hpo(z, t1; 2, t2) },

and the time-zero section

N'(c)={zx € M : (z,0) € Nu(c)}.
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In section we define the Mane set N'(c). Let mA(c) = N(c) denote its
projection. This definition of the Mane set N’(¢) and definition of the Mane
set \(c) are equivalent (see e.g. Proposition 3.12 [9]) [] namely, N’ (c) = N(c).

It turns out that the a and w-limit sets of orbits of the Mane set are contained
in the corresponding Aubry set (see e.g. [I1]). In this sense the Mare set
consists of heteroclinic and homoclinic orbits to “components” of Aubry set.
These “components” of Aubry sets are called static classes and are introduced
later in the section.

o Mane’s potential

Following Mane, we define the function myg.: M x T x M x T — R by

mpe(x,s;y,t) = inf  Ap.(z,sy,t+n).

s<t+n,neN
This function is sometimes called Mane’s potential.

e Static and semistatic curves

Denote v : R — M a C' smooth curve and by dv(t) = (y(t),7(¢),t) the 1-jet.
A curve v : R — M is called c¢—semi-static if for any a < b,

/ Lir o(dry(8))dt = mgo((a), a; 7(b), ).

A curve v : R — M is called static if it is semi-static, and for all a < b,

| Laeldr®)it = —mn.(2(0), 5 7(0) ).

By Tonelli’s Theorem, both semi-static and static curves are orbits of the Euler-
Lagrange flow. Write p(t) = 0,Lu(v,7,t)), then (v,p)(t) is an orbit of the
Hamiltonian flow.

o The Aubry and Mane sets
Recall that in Section we define the Aubry A(c) and Maifie N(c) sets in

T*M. Here we give equivalent definitions in continuous setting.
Let 7 : T*(M xT) — M x T be the standard projection, we have T.A(c) = A(c)
and 7N (¢) = N (c).

18Lemma connection of the continuous Aubry Ag(c) and Mane Ny (c) sets with the discrete
ones A'(c) and N'(c) resp.
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We define the Aubry set Ay (c) € T*(M x T) by
{(@,p,s,—H(x,p,s)) : ¢(,p), t € Ris static}.

By [34, Proposition 9.2.5] a curve is static if and only if it is a part of the
projected Aubry set.

We define the Mane set Ny (c) € T*(M x T) by
{(x,p,s,—H(x,p,s)) : ' (z,p), t €R is semi-static}.
By [0, Proposition 3.6] Mane set consists of semi-static curves.

Dominated functions

A function u : M x T — R is called dominated by Ly . if

u((1).£) — u((s), 5) < / Lize(dy(0)) do (31)

for each curve ¢(t) € C*(M,R) and each s < ¢ in R. This implies

u(y,t) —u(x,s) < hpelx,s;y,t)  Y(z,s),(y,t) € M x T.

Calibrated curves

A CY curve v : I — M is called calibrated on an interval I C R by the
dominated function u if, for each s < ¢ in I, we have

ur(),8) = u(s(5):5) = [ Luclar()) dor 2

It is clear that calibrated curves are minimizing extremals. For each dominated
function u, we define the set points in TM x T

Ii(w) = {(z,v,1) :
3 a calibrated curve v : R — M satisfying (z,v,t) = dy(t)}. (33)

It is known that Iy (u) is a compact invariant set of the Euler-Lagrange flow
of L(H) (see e.g. [11]). The projection 7 : (z,v,t) — (z,t) induces a bi-
Lipschitz homeomorphism between I, g (u) and its image Iy (u) C M x T. Fathi
[34], Proposition 9.2.3 proved that a curve is semi-static if and only if it is
calibrated by a dominated function u.
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o Weak KAM solutions

The function u is called a weak KAM solution (of negative type) if it is domi-
nated and if, in addition, for each point (x,s) € M x T, there exists a calibrated
curve v : (—o00,s) —» M such that y(s) = x. u is a weak KAM solution of
positive type if it is dominated, and for each (z,s) there is a calibrated curve
v : (s,00) — M such that y(s) = x.

Given a weak KAM solution u, we define the set
Gu(u) CTM x T

as points (z,v, s) such that there exists a calibrated curve v : (—o0,s) — M
satisfying v(s) = z and §(s) = v. The set Gy(u) is compact and negatively
invariant for the Euler-Lagrange flow % of Ly. Note also that 7(Gy(u)) =

M x T and that B B
Tu(u) = [ )¢k (Gu(w)).

t<0
Fathi [34] proved existence of weak KAM solutions.

o FElementary solutions and one-sided minimizers

For all (z,s) € M x T, the functions hy .(z, s; -, -) are weak KAM solutions (see
[34], Theorem 5.3.5). As a consequence, at each (y,t) € M x T, there exists a
calibrated curve

(=00 t) — M, (1) =y

We call this curve a backward minimizer, and it can be viewed as an extremal
curve “realizing” the action hy .(x, s;y,t). Similarly, the functions hy (-, -;y, t)
are positive weak KAM solutions and there exists a forward minimizer

vt (s,00) — M for each (z,s) € M x T.

e Static classes

Using the barrier function defined above we denote
dH(':E7 5 Y, t) = hH(x> 55Y, t) + hH(y> tv xz, S)

Mather showed that the function dpy is positive, symmetric and satisfies the
triangle inequality (see e.g. [58, [59]), but there may exist points (z,s) # (y,t)
such that dg(z, s;y,t) = 0. One can define the relation on Ag(c) by

(x,8) ~ (y,t) if dy(z,s;y,t)=0.

This is an equivalence relation on Ag(c). The equivalence classes are called the
static classes. Their lifts to Ap(c) are compact invariant subsets.
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10.2 Properties of the action and barrier functions
10.2.1 Uniform family and Tonelli convergence

In order to state uniform properties of the minimizers over a family, we introduce the
notion of uniform families of Tonelli Hamiltonians and Lagrangians (see [9]). Recall
that || - || denotes a norm on T, M induced by a Riemannian metric.

A family of Tonelli Lagrangians . C C?*(TM x T,R) is called uniform if:

1. There exist two super-linear functions lp and /; : R, — R such that each
Lagrangian L of the family for each (z,t) € M x T satisfies

bo(l[oll) < Lz, v,t) < L([lv]]).

2. There exists an increasing function K : R, — R, such that, if ¢ is the Euler-
Lagrange flow of a Lagrangian of the family, then, for each t € [—1,1] and time
t map ¢!, we have

o' ({Ilvll < £}) c {llvll < K(k)} ¢ TM x T.

3. There exists a finite atlas ¥ on M such that, for each chart ¢» € ¥ and each
Lagrangian L of the family, we have

105, L 0 Dib(g, v, ). < K (k) for o] <k,
where D1 is the differential.

We say that a family of Tonelli Hamiltonians H C C"(T*M x T,R), r > 3 is
uniform if the family of Legendre transforms I = L(H) or, equivalently, the family
of associated Lagrangians is uniform.

A sequence {L,},>1 of Lagrangians Tonelli converges to L if {L,} belong to a
uniform family of Tonelli Lagrangians and L, converge to L uniformly on compact
sets as n — oo. Similarly, we say that a sequence {H, },>; of Tonelli Hamiltonians
Tonelli converges to H if the sequence of corresponding Lagrangians L, = Ly, =
L(H,) Tonelli converges to Ly = L(H).

Our interest in Tonelli convergence is due to the following fact. Consider a family
of Hamiltonians

where K (I) = (AI,I) is a positive definite quadratic form, U and P are smooth
functions with P being /e-periodic in 7. This is the perturbed slow system
derived in section . Notice that H,. does not converge to Hy in the C?-topology,
due to the fast perturbation in P. It is proved in Proposition that H, Tonelli
converges to Hy,
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10.2.2 Properties of the action function

For the action function Ap ., the following hold over a uniform family.

Proposition 10.1. For a uniform family of Tonelli Hamiltonians H the following
conditions hold.

1. (Theorem B.5, [9]) Given a bounded set B C H'(M,R) and 6 > 0, for each
¢ € B and each H' € H, there exists a uniform constant K > 0 such that any
minimizer v of Ags o(z,5;y,1) with t — § > § satisfies ||¥| < K.

2. (Theorem B.7, [9]) With the same assumptions as item 1, there exists a uniform
constant C' > 0, such that the function Ay (x, 8;y,t) defined on the set t—35 >
0 is C'—semi-concave in x and y.

3. (Theorem B.7, [9]) Let v be a minimizer for Ap o(z,8;y,t), witht—3 > §. Let
p(t) = 0y Ly (y(t),%(t)) be the associated momentum. Then

—p(8)+¢c,  plt)—c
are super-differentials of Ap (7, 3;y,t) at x and y respectz’vel.

The action functional is also semi-concave in the time variable.

Proposition 10.2. Let H C C"(T*M x T,R), r > 3 be a uniform family of Tonelli
Hamiltonians. For any fized bounded set B C HY(M,R), K >0, H € H, and c € B,
the function Agr (z,3;y,1) is uniformly semi-concave in the § and t variables in the
domain 1 <t —3§ < K. Moreover, if v is a minimizer for Aw (7, 3;y,t) and let p(t)
be the associated momentum, then we have

H/(I(g),p(g), §) - aH’(C)a —H%JI(E),])(E), 2?) + aH’<C)
are super-differentials at § and t respectively.

Proof. We first prove the statement for a fixed Hamiltonian H satisfying ay(0) = 0,
and for ¢ = 0. Moreover, it suffices to prove that the functions Ay o(z,0;y,7), T > 1
and Ago(z,T;y,0), T < —1 are semi-concave in 7. Otherwise, we will consider the
Hamiltonian H(x,p,t + 5) or H(x,p,t +t) instead.

We drop all subscripts from the notations and consider A(z,0;y,T) for T' > 0.
Given any AT € R with 1 < T+ AT < K, we write A\ = AT/T. Let v be a minimizer

9Tn convex analysis super-differential is often called sub-differential. Since we often refer to [9]
we keep his terminology to avoid further confusion
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for A(x,0;y,T), we define € : [0, T + AT| — M by &(t) = v(t/(1 + X)). We have
T+AT _
Alw 0. T+AT) < [ L. &) )
0

- / L(v(s), 4(8)/(L+ A), (1 + N)s)ds

with s = ¢/(1+ \). We will use O(A\?) to denote a quantity bounded by C'A?) with C
depending on 7', ||L||c2, K and sup||§||. Recall that dv(s) denotes (y(s),7(s)). We
have

Az, 0;y, T + AT)
<(14+N / [L(dws)) 0, (5)) T 7s) + AL ()  As | ds + O(X)

T
— [ 10+ DL = AL () - 5(5) + AL ()3 ds + O,
0
Hence
A(z,0;y, T+ AT) — A(z,0;y,T)
T
<A / (L(d1(5)) — Lo(d1(s)) - 4(s) + 5 - L(d(s))) ds + O(). (34)
0
We have the following calculations using the Euler-Lagrange equations:
d ) .
T L(dy) = 0.L(dv) + 9:L(dy)y + 9, L(dy)F
d . d .
= 0 L(dv) + (9: L(dy) = (9. L(d))) - 7+ —=(uL(dv) - )
d :
= O L(dy) + (0o L(dv) - ).
Hence,
d .
OL(dv) = - (L(dy) = B,L(dv) - 7).
Using the above equality in (34]), we have
A(z,0;y, T + AT) — A(z,0;y,T)
T d )
<A —(s-(L( — 0y L(d) - 'y) ds + O(\?)
o ds

= AT [L(dy(T)) — 9, L(dy(T)) - ¥(T)] + O(\*)
= —H(H(T),p(T),T) - AT + O(AT?).
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This proves semi-concavity, and that in this case, —H (y, p(T'), T') is a sub-differential.

For a general Hamiltonian and for ¢ # 0, we reduce to the above case by con-
sidering the Hamiltonian H(x,p + ¢,t) — ay(c) instead. For the case of A(z,T};y,0)
with 7" < 0, we formally write A(y,0;z,T) = A(x,T;y,0), and notice that all the
above computations go through with a negative T'. Finally, the constant in O(-) can
be chosen to be uniform for all Hamiltonians and ¢’s stated in the assumption. This
concludes the proof for the general case. m

10.2.3 Properties of the barrier function

We first state some properties of semi-concave functions.

Lemma 10.3. 1. (Corollary A.9, [9]) Assume that f, : M — R are K—semi-
concave and f, — f uniformly, then f is also K—semi-concave. Moreover,
let pn(x) be super-differentials of f, at x with p,(x) — p € T, M, then p is a
super-differential of f at x.

2. (Corollary A.8, [9]) Let f,g : M — R be semi-concave functions and let x
be a local minimum of f + g. Then f and g are both differentiable at x with

df (x) + dg(xz) = 0.
We have the following properties of the barrier function Ay .

Proposition 10.4. For a uniform family of Tonelli Hamiltonians H the following
conditions hold.

1. Given a bounded set B C H*(M,R), for each ¢ € B and each H € H, there
exists a uniform constant C° > 0 such that the functions hy.(z,s;y,t) are
C'—semi-concave in x and y.

2. Let a sequence H, Tonelli converges to H, ¢, — ¢ and (Tyn, Sp;Yn,tn) —
(x,s;y,t), and assume that hy, (Tn, Sp; - tn) — hpe(x,s; -, t) uniformly. Let
l,, be super-differentials of hp, (Tn, Sniy,tn) iny at y, with I, — 1, then 1 is
a super-differential of hg.(x,s;y,t) iny. In particular, if hp, (Tn, Sn;Y,t,) s
differentiable in vy, then

ln — ath,c<x7 S Y, t)
A similar statement holds for the super-differential in x.

3. Assume that (z, s), (y,t) € Au(c) are in the same static class. Then hy (x, s;y,t)
is differentiable in both x and y.
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Proof. The first two statements follows from Proposition[10.1}, part 2 and Lemma[10.3]
part 1.

For the third statement, we note hy .(x, s; -, t)+hp(-, t; 2, s) reaches its minimum
value 0 at y and the conclusion follows from Lemma|10.3 part 2. The differentiability
in (x,s) follow from a symmetric argument. O

Remark 10.1. Geometrically, part 2 of Proposition implies the convergence
of the welocities of backward minimizers. More precisely, let v, be backward mini-
mizers for the barrier functions hy, (T, sp;y,tn), v be a backward minimizer for
hu(z,s;y,t), and let p,, p be the associated momentum. If hy.(x,s;y,t) is dif-
ferentiable at y, then p(t) — ¢ = Oyhmc(z,s;y,t) is unique. As a consequence,
pn(tn) — p(t) and velocities satisfy

In(tn) — 3().

10.2.4 Semi-continuity of the Aubry and Mane set and continuity of the
barrier function

The Mane set is semi-continuous with respect to the Hamiltonian, while the Aubry
set is semi-continuous only under specific conditions.

Proposition 10.5. Assume that a sequence H, of Hamiltonians Tonelli converges to
H, and ¢, — c € H'(M,R).

1. (See [50], [24)]) The upper limit of the projected Mane sets Ny, (¢,) is contained
in Ng(c). In other words, for any (x,,s,) € Nu,(cn), (T, sn) — (,5), we
have (z,s) € Nu(c).

2. (See [60], [11]) Assume in addition that the Aubry set has finitely many static
class. Then the upper limit of the projected Aubry sets Ap, (c,) is contained in
Ap(c). In other words, for any (z,, sn) € An, (cn), (Tn, Sn) —> (2, 5), we have
(x,s) € Ag(c).

In general, the barrier function hpy,. may be discontinuous with respect to H.
However, the continuity properties hold in the particular case when the limiting Aubry
set contains only one static class.

Proposition 10.6. Assume that a sequence H,, of Hamiltonians Tonelli converges to
H, and ¢, — ¢ € H'(M,R). Assume that the projected Aubry set Ag(c) contains a
unique static class. Let (x,,,s,) € Am, (cn) with (x,,s,) — (z,s), then the barrier
functions hy, ¢, (Tn, Sp; -, ) converges to hy (z, s;-, ) uniformly.

Similarly, for (yn,tn) € Am,(cn) and (Yn,t,) —> (y,t), the barrier functions
R, en(cs 5 Yns tn) converges to hy (-, -3y, t) uniformly.
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We can obtain uniformity over the choice of (x,s) in the Aubry set by using
convergence up to a constant. Moreover, we can show that the super-differential of
the barrier functions converges to super-differentials uniformly. In what follows, let
Jf(y) denote the set of super-differentials of a semi-concave function f at y.

Proposition 10.7. Assume that a sequence H, Tonelli converges to H, ¢, — ¢ €
HY(M,R) and the Aubry set Ay(c) contains a unique static class.

1. for any (z,s) € Ag(c) we have

lim inf  sup |hg, e, (%0, S0;Y,t) — hae(z,s;9,t) —Cl =0
n—oo CEeR (y,t)GMXT

uniformly over (x,, s,) € Am, (c,) and (y,t) € M x T.

2. For any l, € Oyhm, c,(Tn,sn;y,t) and I, — 1, we have | € Oyhp . (x,s;y,t).
Moreover, the convergence is uniform in the sense that

lim inf d(ln, Oyhpe(z,s;9,t) =0

n—>00 1, €0y h i, ey, (Tn,Sn3y,t)
uniformly in (z,s) € Auy(c), (zn, Sn) € An, (cn).
The proofs are based on several properties of the weak KAM solutions.

Lemma 10.8 ([34], Theorem 8.6.1, Representation formula). Any weak KAM solu-
tion u(x,t) for Ly, satisfies

t)=  inf to) + hg o(zo, to; 7, 1) }.
u(w,t) (mo,tol)TéAH(c) {u(zo, to) + hu(zo, to; ,t)}

Using the definition of the static class, we have the following:

Lemma 10.9. Assume that Ay (c) has a unique static class. Let (x1,t;) € Apn(c),
then any weak KAM solution differs from hg (z1,t1;+,-) by a constant.

Proof. Using the definition of the static class and the triangle inequality, it is easy to
see that, for any (o, to), (z1,t1) € Ag(c),

huo(zo,to; x,t) = hpo(xo, to; 21, 1) + he(xr, t1; 2, t).

Then by the representation formula,

u(z,t) = inf {u(zo,t0) + hue(xo, to; 21, t1)} + hae(z1, tr; 2, t)
(Io,to)EAH(C)
=u(z1,t1) + hge(rr, ti; 2, t) = hy(z1, t; 2, t) + const.

]
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The second statement is that weak KAM solutions are upper semi-continuous with
respect to Tonelli convergence.

Proposition 10.10 ([I1], Lemma 7). Assume that a sequence H,, Tonelli converges to
H and ¢, — c, then if u, is a weak KAM solution of Ly, . and u, — u uniformly,
then u is a weak KAM solution of Ly ..

Proof of Proposition[10.6. 'We prove the second statement. By Proposition [10.4] all
functions hpy,, ., (Tn, Sn; -, -) are uniformly semi-concave, and hence equi-continuous.
By Arzela-Ascoli, any subsequence contains a uniformly convergent subsequence,
whose limit is
hH7c(w7 S5 ) + C
due to Proposition [10.10] and Lemma Moreover,
hH,c(ajn; Sni T, 5) — hH,c(xa ST, 5) = 07

so C'= 0. It follows that hg, c, (Tn, Sn; -, ) converges to hy.(x,s;-, ) uniformly.
Statement 1 follows from the definition of the projected Aubry set

Ap(c) ={(z,s) e M x T : hy(z,s;z,5) =0}
and statement 2. O

Proof of Proposition[10.7. Part 1. We argue by contradiction. Assume that there
exist 0 > 0, and by restricting to a subsequence,
inf sup |hy, e, (Tn, Sn;y,t) — haelz, s;y,t) — C| > 4.
CeR (1)
By compactness, and by restricting to a subsequence again, we may assume that
(Tn, 8n) — (2*,5%), (Yn,tn) — (y,t). Using Proposition [10.6] take limit as n —
o0, we have
inf sup |hy (2", 5%y, t) — hy(z, s;y,t) — C| > 0.
CER (y 1)
By Lemma [10.9] the left hand side is 0, which is a contradiction.

Part 2. There exists constants C,, such that hp, ., (zn, sy; -, t) + C,, converges
to hpc(x,s;-,t) uniformly. Convergence of super-differentials follows directly from
Proposition[10.4] It suffices to prove uniformity. Assume, by contradiction, that by re-
stricting to a subsequence, we have (z,, s,) — (z,5) € Au(c), I, € Oyhu, ¢, (Tn, Sn; Y, t)
and (z,s) € Ag(c) such that

lim [, ¢ Oyhy(z,s;y,1t).

n—:aoo

By Proposition (10.4} I, — | € O,hpg(x*, s*;y,t), but we also have Oyhy .(x, s;y,t) =
Oyhpc(x*, 5% y,t) since the functions differ by a constant Lemma [10.9) This is a
contradiction. O]
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11 Diffusion along the same homology at double
resonance

In this section we prove Key Theorems |§] (localization of Aubry and Mane sets),
(graph theorem) and |§] (forcing relation) along the same homology class.

The proof of Key Theorems [6] and [7] is covered in section and uses well
known ideas (see for example [23], [24], [10]) involving normally hyperbolic invariant
cylinders.

The proof of Key Theorem [7] is more involved, and occupies section [I1.2] and
beyond.

11.1 Localization and graph theorem

We first prove Theorem [§ which is the analog of Key Theorem [f for the system
H? = H® + \/€P.

Proof of Theorem[8 The proof of all cases follows from a general argument. Assume
that the Aubry set Apgs(c) is contained in either one or two NHICs of H®. Assume
in addition that the Aubry set is upper semi-continuous in H and ¢ at (H®,¢). Then
there exists d,e9 > 0, such that for |c — ¢/| < § and 0 < € < €y, the perturbed
Aubry set Aps(c’) is contained in a small neighborhood of the unperturbed NHIC.
Since the perturbed NHIC (for H?) has the weak invariance property, it contains all
the invariant set in a neighborhood. This implies that the perturbed Aubry set is
contained in the perturbed NHICs.

In all the cases, the unperturbed Aubry set is contained in the union of NHICs,
by Proposition for high energies, and Theorem [7| for low energies. In all cases, the
Aubry set has either one or two static class, hence by Proposition [I0.5], the Aubry set
is upper semi-continuous. Moreover, § and ¢, can be chosen to be uniform over all
chosen cohomology classes due to compactness. All cases of Theorem [§] follows from
this argument. O

Key Theorem [0] follows from Theorem|[§] by the symplectic invariance of the Aubry
and Mane set.

Proof of Key Theorem[7. Using symplectic invariance, it suffices to prove the theorem
for H?.

Let Mf*fé’E*H be a NHIC for the slow system H® in the homology h, for energy
[E. — 0, B, + §]. The NHIC consists of periodic orbits ¥, and let s € T be a
parametrization of for ;. The pair (s, £) then defines a local coordinate system
for M h*f‘;’E*H. We now extend this coordinate system to a tubular neighborhood
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of Mf*f‘s’E*H. First we let x denote the normal direction to the projection of ¥ to
=08, Eutd

T?, and let y be a normal direction to M, that complements (s, E, x).

T2 x R2

Figure 21: Local coordinates for NHIC at double resonance

The perturbed NHIC Mii_é’E*+5 is a smooth graph over ME*_&E"M, and hence

can be described as the graph {(z,y) = x“(s, £)}. Moreover, since Mff;é’E*M c

—8,E 45

on-

verges to M, as € —» 0 in C'-norm, we may assume ||x¢||c1 — 0.

Let (¢1,11) and (g2, I>) be two points on Ags(cp(E)) N ./\/lf;_é’E*M. Note that if
the Aubry set is contained in the union of two NHICs, we consider only the points on
the same cylinder. Mather’s graph theorem states that the Aubry set is a Lipschiz
graph over the angular variable, namely

|11 — Ll < Cllpr — w2l|-

We will use C' as an unspecified generic constant. Let (s1, F1, z1,y1) and (sa, Ea, 2, y2)
be the coordinates of the same points, using £ = H*(p, I), we have

|Ev — Eo| < Cllor — @2 < Cls1 = so| + Clag — as].

on the Aubry set, where the last estimate is due to ¢ being a smooth function of
(s,z). Using {(z,y) = x(s, E)} and ||x¢||cx — 0, we may assume for small ¢,

1
|21 — 22| + |y1 — 92| < %(\El — By| + |81 — s2]),

and hence

1 3C 1
|E1 — E2’ < C|81 - 82| + 0% (|E1 — E2| + |S1 — 82|) = 7|31 - S2| + §|E1 — E2|~
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As a consequence |F; — Es| < 3C|s; — so|. By replacing C' with a bigger constant,
we obtain
|ZL'1 - J]2| + ’yl - y2| + |E1 - EQ’ S O|81 - 82|.

This implies the projection of the Aubry set to s coordinate has an Lipschitz inverse.

We note that the above argument applies whenever 47 is a smooth closed curve,
this covers all energy F # 0 and for a simple non-critical h, £ = 0 as well.

The only remaining case is £ = 0 for a simple critical h. In this case 79 is not
smooth in T? x R?, its tangent vector is discontinuous at the hyperbolic fixed point o.
However, its projection to T? is smooth. Our local coordinates (s, z) are well defined.
The function E is not C! at o, however, it is Lipschitz. However, we may modify
near the corner point to a C! function, while keeping the Lipschitz property. This
provides a well defined local coordinate system, and the above argument applies. [

11.2 Forcing relation along the same homology class

The rest of this section is dedicated to Key Theorem [9] As we wrote in section
the proof divides into two steps:

e perturb so that all cohomologies under consideration are of at most three types
(see Theorems [13));

e perturb again so that all cohomologies under consideration belong to a single
forcing class (see Theorem [14)).

Before we start proving these two Theorems notice that in Key Theorem [9 we
have the following regimes:

e (high energy) h is simple and Ey < E < E;
e (high energy) h is non-simple and e < E < E for some 0 < e < Ej.

low energy) hy and A} are simple, critical and 0 < E < 2FEy;

(
(
(
(

low energy) h is simple, non-critical and 0 < E < Ej.

It corresponds to the following families of cohomologies: pfaE : FZ’? Foi?::g and
Fiff,i, %7 respectively.

It turns out the cases simple, high energy and non-simple, high energy are similar.
The cases simple, critical low energy and simple, non-critical low energy are also
similar. An additional subtlety in the case of two simple critical homologies h; and
R is that we need localized perturbations in Theorem [13| with disjoint supports.
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We start discussing a simple homology, high energy case. Then describe how
it applies to non-simple homology, high energy. After that we move to the case of
two simple critical homologies, low energy followed by modifications needed to apply
arguments to simple non-critical homologies, low energy.

Recall that by Key Theorems [0 and [7] the corresponding Aubry sets are localized
inside of the corresponding Cylinderﬂ and satisfy Mather’s projected graph property
respectively.

Recall that for a mechanical system H?®(0°,1°) = K(I*) — U(6*), energy E > 0,
and an integer homology class h € H'(T* Z) we define a cohomology class ¢, (F).
This is the homology class whose Fenichel-Legendre transform is h (see Proposition
for the definition). By Proposition in a double resonance after a canonical
change of coordinates and proper rescaling the Hamiltonian has the form

HE(0°, I°,7) = K(I*) — U(6°) + Ve P(6°, I, 7),

9°c T ~T?% I* €R? 7€ +eT.

The next Theorem is an improvement of Theorem [13] and relies on Key Theorems [0]
and [7] Key Theorem [6] proves that, in notations of section [4.2.3], the family of Aubry
sets {AHES(Eh(ED}Ee[EO,E] and {./ZlHS (A€r(0)) }o<r<1 are localized in the corresponding
cylinders Mﬁ;’E” with £ € [E',E”] and E' and E” properly Chose. Key Theo-
rem [7] shows also that each of these Aubry sets are graphs over the corresponding
geodesics 7’s. The Theorem below insures that there are only finitely many E’s with
flgg(éh(E)) having nonempty components inside two distinct cylinders. Moreover,
each nonempty component AHES (cn(E)) ﬂ./\/lf;’EH contains a unique minimal invariant
probability measure. Here the precise statement.

Theorem 23. In the setting and notations of Theorem [13 there exists an arbitrarily
small C™ perturbation \/e P of /€ P such that the perturbation \/e(P — P) is localized
near the normally hyperbolic weakly invariant cylinders in listed Theorem[13 and the
Hamiltonian H? satisfies the following conditions:

1. Finiteness of bifurcations

(a) (high energy) If h is simple and satisfies the conditions [DR1]-[DR3]. Then
there exists a partition of [Ey, E] into U;;}) |Ej, Ej1], which is a refinement
of the partition {[E;, E;11]}, each [Ej, E;11] C [Ei, Eiya] for some i, with

the property that items i and it of the previous case hold.

20For simple non-critical low energy we also need to add the hyperbolic periodic orbit o, at zero
energy (see Key Theorem @ item 4 )
21Tn the case of simple non-critical we need to add the hyperbolic periodic orbit o,
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i. for E € (B}, Ejs1), the Aubry set Ay, (cp(E)) is contained in a nor-

mally hyperbolic weakly invariant manifold Mfﬁs’Ej“;

ii. for E = Ej 1, Ag((‘:h(E)) has nonempty component in both cylinders
/\/lffg’Ej“ and M,%;“Ej“.

(b) (high energy) If h is non-simple and satisfies the conditions [DR1]-[DRS3].
Then there exists a partition of [Ey, E] into U_;;B[_Ej,EjH], which is a
refinement of the partition {[E;, E;i+1]}, each [Ej, Ej11] C [E;, Eiyq] for
some i, with the property that items i and i1 of the previous case hold.

(¢) (low energy) If h be simple non-critical and satisfies the conditions [DR1]-
[DR3]. Then there exists a partition of [—FEy, Fo| into U;;lo[Ej, E; 1] with
the property that

i. for E € (Ej, Ejy1), the Aubry set AH (cnh(E)) is contained either in

. . . . 0,F
one of normally hyperbolic weakly invariant manifolds M7,*

L orin og;

ii. for B = E; 4, flges(éh(E)) has monempty component in two out of
three sets given above.
2. No invariant curve of minimal homoclinic orbits to the origin

(low energy) If hy and hy are simple, critical homologies and satisfy the con-
ditions [DR1]-[DR3] and conditions [A1]-[A4] of Key Theorem 3, by Key The-
orem @ item 3 for each 0 < X\ < 1 the family of Aubry sets Aps(Aén(0)) C
N, a:(Aen(0)) s localized in a normally hyperbolic weakly invariant manifold
Mfgs and

A" =min{A € (0,1) 1 (Ag:(Ar(0)) \ 0.) N M2 £ 0}, (35)
By Key Theorem@ item 8 flgg()\éh(O)) is a graph over Y. Then flgas(/\*éh(O))ﬂ

{t = 0} is a discrete non-empty set and \*¢,(0) € Fg’f‘).

In all four case we also have
3. Ergodicity of Aubry sets

(a) The sets Ags(éh(E))ﬂMfaE“ (resp. Mz’fo or MP2%) when nonempty,
contains a unique minimal invariant probability measure. In particular,

this implies that ,Zlges(éh(E)) = /(/ges(éh(E)) for E# E; for any j.

(b) An immediate consequence of part (a) is the following dichotomy, for E #
E;, 3=1,---,1, one of the two holds.
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i. Af:(en(E)) = Ng:(en(E)) and 7.5 Ag.(en(E)) = vF. In this case,
jges (ch(E)) is an invariant circle.
. WW}?/VHES(E;Z(E)) C vE, where mp is a composition of the natural pro-

jection m : T% x R? x \/eT — T* and the projection onto & along
normals to y& @

11.3 Local extensions of the Aubry sets and a proof of The-
orem [23]

Proof of Theorem [23|is similar to the proof of Theorem 6.1 [I3]. In this section we
prove item 1 (finiteness of bifurcations). Consider first the case h is either simple,
high energy or non-simple, high energy. The case 1, (c¢) turns out to be similar.

By Key Theorem @, item 1 for each energy E € [Ey, E] which is not -close to any
bifurcation value {E;};—1, n_1 we have £ € [E;+0, E; 1 —0] forsome j =1,...,N—1
and that the corresponding Aubry set A Hs (Eh(E )) is localized inside only one normally
hyperbolic weakly invariant cyhnder M, ]’ Pit1 The family of Aubry sets AHS (en(E))
as a function of F has “jumps” (or blfurcatlons) from one cylinder to another one.
These bifurcations can occur only for E € [E; — 9§, E; + d] by Key Theorem @ item
2. In order to understand the bifurcations we extend

A (Cn(E))| el +b,8,,1 1)

from [E; + b, E;41 — b] to [E; — 2b, E; 1 + 2b]. By definition the cylinder ff_:’Ej“
extends to energies [E; — 0, ;11 + 0] D [E; — 2b, E;41 + 2b]. It turns out one can
make sense of an extended local Aubry set, which is localized inside ./\/lffg’E”l. This
definition is inspired by Mather’s definition of a relative a-function and a relative
Aubry set (see also section 6.1 [13]).

Recall that for each energy there are at most two minimal geodesics of the Jacobi
metric pp on T ~ T2. For a finitely many energies F € {F; }j\;l there are exactly two
minimal geodesics v and 7. By the condition [DR2] for E = E; both geodesics can
be smoothly continued to the interval [ — 4§, E;+ 6] 3 E and denoted 7% and 4%. To
assign dependence on j we denote by 2 ; the continuation of the minimal geodesic in
(Ej, Ej+1) and by 7} ;_, the continuation of the minimal geodesic in (E;_y, E;). Let

diSt{/yg‘,ﬁ fyg‘,j—l}
Po = max )
E€[Ej—2b,E;+2b] 6

22Tt is well defined, because by Theorem [3| the projection 7TJ\~/5h( E) is contained in a tube neigh-
borhood of 7£. This projection is well-defined in a tube neighborhood
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Let b > 0 be small enough to have

: h o _h . h h Po
E7E,e[$?§7Ej+2b]{d18t{7E,jafVE’,j}’ dlSt{’YE,j—1a’YE/,j—1}} < bR

For small p > 0 we denote
Ti(p) ={0° € T°: dist(6°,7p,,) <p}, i=j—1]

tube neighborhoods of ”Y%j,jq and ’ygj ; respectively. By definition T} (po) and T} (po)
are disjoint.

Consider two smooth extensions of averaged potentials U, denoted U; and U;_;
respectively and defined as follows:

o = JUE), it 6° € Ty(po/2)
v = {z V) PR
Uj-1(6°) = {Z(QS)’ it 0° € Tja(po/2)

U(GS) + gdiSt(esafygj,jfl)Q? if 0 §é ijl(Po),

In the regions 6° € T;(po) \ T;(po/2) (resp. 6° € T;_1(po) \ Tj-1(po/2) ) we smoothly
interpolate so that U; (resp. U,_;) are monotonically increasing with respect to the
distance to ygj’j (resp. ﬁj,j_l). Since vgj’j and ygjﬂj_l are smooth curve in T°, by
choosing b small enough this is possible. In particular, U; > U in the region T;(po/2)
(resp. Uj_1 > U in the region T;_1(po/2)).

We write

HE(0°,1°,7) = K(I°) — U;(6°) + VeP(°, I*, 1) for i=7j—1,3.

For each E € [E; — 2b, E,;+1 + 2b] we define

ai(@n(E)) = an: (en(E)), Ai(en(E)) = Aps (en(E)) for i=j—1,]

We need to justify that these definitions are independent of the choice of the modi-
fication U;’s or the decompositions K — U; + v/eP, i = j — 1,j. So we provide the
following proposition. Recall that « : T*T* — T* denotes the natural projection.

Proposition 11.1. Let H? ;(6°,1°,7) = K(I°) — U;(6°) + \/eP(6°,I°,7) be a Hamil-
tonian satisfying the genericity conditions [DR1]-[DR3] for an integer homology class

h € H((T* Z). There exists ¢g = eo(K,U, E) > 0 such that for 0 < € < eq the
following hold.
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1. The definitions of o; and A;(cy(E)) are independent of the decomposition
H: (6°,1°,7) = K(I°) — U;(0°) + VeP(6°,I°, 7)

as long as H ; satisfies [DR1]-[DR3] for h; the definitions are also independent
of the modification Uj, as long as the extensions satisfies the above properties.

2. Foreach E € [E;—2b, Ej11+2b], we have the projected local Aubry set Aj(éh(E))
is contained in the tube neighborhood T;(py) by Key Theorems @ and @

By Key Theorem H for Aubry sets A;(@(E)) C Mffg’E”l we have that the
projection 7T9f|Aj(éh(E)) is one-to-one with Lipschitz inverse.

3. For each E € [E; —2b, Ej 1 + 2b] we have
a(cn(E)) = max{a;(en(E)), aj-1(cn(E))}-

In particular, o;(ch(E)) > aj_q1(ch(E)) for E = E; — b and ajiq(cn(E)) >
a;(cn(E)) for E = E; +b.

4. For any E € [E; — b, Ej 1 + 0], if a(en(E)) = aj(cu(E)) and a(Cn(E)) #
aj_1(Ch(E)), then Ags(cn(E)) = A;(cn(E)). Similar statement hold with j and
7 — 1 exchanged.

The proof uses the following lemma, which implies independence of the local Aubry
set on the decomposition or the choice of the modification.

Lemma 11.2. Let HY, = K — U} + /P and H}; = K — U; + /P be such that
o Hf]/ = H?, for each 6° € Tj(po).
o For E € [E; — 2b, E; + 2b], we have that U and U; satisfy conditions (36).
o [|Plle2, [[Ple= < 1.

Then for sufficiently small € and for E € [E; — 2b, Ej11 + 20

A (Cn(E)) = Az (en(E)).
The proof follows the same analysis as in the single peak case (section 5.2.1 [13]).
This completes the proof of Theorem [23|items 1.(a) and 1.(b). In the case simple,

noncritical with low energy the construction is the same with replacing the pair of

disjoint geodesics fy}}’ ; and ’yg,ﬁl by the other disjoint pair 7% and fygh .

136



11.4 Generic property of the Aubry sets leS(Eh(E))

In this section we discuss the property of the sets Ay: (¢,(E)) for E € [E; —2b, Ej1+
2b] if we allowed to make an additional perturbation. We prove Theorem [23] items 2
and 3 on absence of invarian curves of homoclinics and ergodicity of Aubry sets. It is
convenient for us to fix a modified Hamiltonian H?; and base all discussions on this
system.

From Proposition|11.1} we have that the sets AH;], (en(E)) (we will write A, (¢, (F))
for brevity in this section) are contained in the NHIC Mffg’Ej“, and myr|A;(en(E))
is one-to-one. We will study finer structures of the Aubry sets, by relating to the
Aubry-Mather theory of two dimensional area preserving twist maps. We will prove
the following statement.

Proposition 11.3. There exists g > 0 such that for 0 < € < €y, there exists ar-
bitrarily small C" perturbation HZ' of HZ, such that (HY' — HZ) is supported near
M,?E’Ej“ and for each E € [E; — 2b,E;q + 20|, ./ZlHEs,/(Eh(E)) supports a unique
c—minimal measure.

Similarly, there exists an arbitrarily small C" perturbation H?' of H?, such that
(H?" — H?) is supported near ./\/lff;s and such that for \* defined in the corre-
sponding Aubry set ./Zlgg’,(/\*éh(()))ﬂ{t = 0} is a discrete non-empty set and X*¢,(0) €
Iy

Notice that this Proposition follows from a basic fact from dynamical systems: a
generic Hamiltonian system has Kupka-Smale property, which is all periodic orbits
are hyperbolic (eigenvalues are either real or not a root of unity) and stable/unstable
manifolds intersect transversally. In our case a slight difference is that we need to
perturb an ambient system of 2.5 degrees of freedom and recover generic properties
of a restriction onto 3-dimensional cylinder. This does not cause serious difficulties.
For additional details one can see Proposition 6.6 [13].

11.5 Generic property of the a-function and proof of Theo-
rem [13]

After obtaining the desired properties for the local Aubry set, we now return to the
Hamiltonian H?. If E € [E; + b, Ej 11 — b], we have that Ap:(c,(E)) = Ap. ;(en(E)).
For E € [Ej41 —b, Ej11+0], Proposition , statement 3 and 4 shows that it suffices
to identify whether a(c,(E)) is equal to (¢, (E)) or ai1(¢n(E)).

Proposition 11.4. Assume that H? = K — U + /e P is such that it satisfies [DR1]-
[DR3] for some integer homology class h. Then there exists €y > 0 such that for 0 <
€ < €, there exists an arbitrarily small perturbation HZ' of H? such that (H?' — HY)

137



18 supported near Mff;Eﬁl and has the following properties. For the Hamiltonian
H?'" Proposition and Proposition [11.3 still hold, in addition, there exists only

finitely many E € [E;11 — b, Ej11 +b] such that a;(cn(E)) = aj1(Cn(E)).

The proof relies on the following simple remark. The function a;(¢,(E)) is as a
function of E is C! for the same reason as it is C! in the single peak case. It is easy
to perturb a potential U; so that in the tube neighborhood T}(po/2) it is shifted by
a constant s and smoothly interpolated to zero outside. Denote the family of these
potentials U$. Notice that the a-functions a;_; and o} associated to ¢, (E) associated
to the Hamiltonian K — U? + /e P are

aj-1(en(E)) and aX(en(E)) = ay(ca(E)) + s,

where a;_1(c,(E)) is the a-function associated to K —U;_1++/cP. By Sard’s theorem,
there exists an arbitrary small regular value s* of the difference «;_1(cy(E)) —
aj(cp(E)). If s = s* is such a value, then 0 is a regular value of o;_1(cy(E)) —
a3(cn(E)). Therefore, there are only finitely many solutions Ej to a;_i(cu(E)) =
o (cp(E)). This justifies Proposition and completes the proof of Theorem [13[in
the case of simple or non-simple, high energy.

In the case of simple, non-critical, low energy the same arguments applies. The
only bifurcation value of the average mechanical system is £ = 0. Then we can
replace 7%4—1 and yg’ ; with b and vy " and localize our perturbations near the latter

ones.

11.6 Nondegeneracy of the barrier functions

In this section we prove Theorem and complete a proof of Key Theorem [0 We
have concluded that it suffices to show that I's(¢) = I'5(e) and I's(e) = I'j(e), given
by Theorem [14 We show that this is the case by proving the following equivalent
statement.

Proposition 11.5. Let H. be a C" perturbation of H. such that the conclusions of

Theorem|[L holds, then there exists an arbitrarily small C™ perturbation H! to H. such
that (H! — H!) is supported away from /\/lff’Ej*l and such that for the Hamiltonian

H! Theorem[1]] still hold, in addition:

1. Consider E € (Ej, Ej11) such that Ag: (¢,(E)) = Nu/(¢n(E)) and the projection
Tor Am(Ch(E)) = T. Take 0 € A(ch(E)), and let 0y and 6, be its lifts to the
double cover. We have that the functions

hiy en(e)(01,0) + higy o) (0, 02)
and (37)

Rty e () (02, 0) + Pz g, (6, 01)
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have isolated minima outside of the lifts of Au/(¢h(E)). In other words, Ny (¢n(E))\
Apy(n(E)) is discrete and not empty.

2. For E = Ej+17 take 0 € AHé(Eh(E)) N MngjH and 0" € .AHé(Eh(E» N
./\/lff;l’Ej. We have that both

Ry e, (B) (0. 0) + hay a0, ")
and (38)
hiry o) (0”,0) + hip 2, () (6, 0)

has isolated minima outside of Ap/(¢y(E)). In other words, Nyy(cn(E)) \
Apr (Cn(E)) is discrete and not empty.

Remark 11.1. Since properties of Aubry and Mane sets are symplectic invariants
[10], it suffices to prove this Proposition using the graph property of these cylinders
in the normal form. See Key Theorem |l

This Proposition is essentially proven in [24] (see pages 263-274). John Mather
discussed a similar result in his Princeton graduate class in the fall of 2000. We sketch
modification of their arguments. Numerations of lemmas from there.

1. Represent local invariant manifold of an invariant curve as a graph of a gradient
of CY-function. It is usually called an elementary solution. See e.g. Lemma
6.1.

2. Following Fathi [34] represent the barrier function as the difference of elementary
solutions. See e.g. Lemma 6.2.

3. Introduce a new parameter o € R, given by a certain oriented area between
invariant curveﬁ.The family of local invariant manifolds has 1/2-Holder de-
pendence on o (see formula (6.4), [24]).

4. Show that with respect to two parameters ¢ and o the barrier is 1/2-Holder (see
Lemma 6.4).

5. Prove that the set of barrier functions parametrized by ¢’s has box-counting
dimension at most 4 (page 273) P4

23This step will be discussed in more details later
24Estimating Hausdorff dimension of a two parameter family with 1/2-Holder dependence on
parameters is not difficult. See remark at the bottom of page 273 [24]
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6. Show that parallel translation of the whole family of barrier functions can
achieve required nondegeneracy (see Lemma 7.2 [24]) P

Now we discuss steps 3 and 6 in more details.

Step 3. By Key Theorem |1| we have that our NHIC Mngj“ (resp. M,ﬁfl’Ej) is
a Lipschitz graph over (8/,p,t) in the normal form.

Discretize by taking time one map and denote by 7/ projection onto (6/,p). Let
7o be an invariant curve. We parametrize other invariant curves by o as follows:

= (30 (07)) — B (20(67)) O,

Each invariant curve in the domain of definition is uniquely determined by o. Simple
geometric consideration shows that

H%n - P)/UQH < C|‘71 - 02‘1/27

where C' depends on various Lipschitz constants of the cylinder and invariant curves
in the Mather graph theorem (see end of page 266 [24]).

This leads through Lemma 6.3 to 1/2-Holder dependence of elementary solutions
of invariant curves on o.

Step 6. We state the corresponding statement about parallel translation of the
whole family of barrier functions.

Recall that h, is the barrier function defined on the covering space (2T)% x R?,
€:(2T)% x R? — T2 x R? is the covering map, and H is the Hamiltonian lifted to
the covering space.

Define the generating function G(x, ') : R? x R — R by

1
G($,$/> = inf / LH(t,’}/,’)/>,
0

Y(0)==z,y(1)=2'

where Ly is the Lagrangian corresponding to H. A convenient way of to perturb the
functions h, is by locally perturbing the generating functions. Denote by 7 : R2 —»
T? the standard projection.

We consider the following perturbation

G'(0,0) = G(0,0) + G1(0)

and denote by ;L/c the corresponding perturbed barrier function. We have the following
statement.

25This step will be discussed in more details later
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Lemma 11.6. ([24], Lemma 7.1 in our notations) For ¢ = ¢,(E) with E € [E;, E; 1],
the following hold there are two positive radii py, po > 0 with the following properties.

1. There exists a family of open sets O(c) C T x (2T) such that the full orbit of
any (0,p,t) € Ng(c) \ Az(c) must intersect O(c) in the 8 component.

2. There exists p1 > 0 and u € O(c) such that if we perturb G(0,0") by a bump
function G1(0") with supp G1 C By, (u), where B, (u) is the ball of radius p,

centered at u, then for each ¢ = ¢,(E) with E € [E;, E;14] the corresponding
barrier function

WL(01,0) + 1(0,602) = he(6:1,0) + he(0,02) + G1(6)

for each 6 € O(c) and each pair 61,05 € £ Ag(c) such that 61 and 62 belong to
different components of Az(c).
8. £0(c)n{0 : [|0° =05 (c)|| < p2} = 0, in particular, EO(c)NNu(c) = 0. Moreover,

U= UEG[Ej,EjJrl] O, is an open set.

Due to Step 5 the family of barrier functions (37H38|) parametrized by cohomology
¢ € {en(E)}geip,,B,,,) has Hausdorff dimension 4. Using Lemmawe can translate
this family so that it has only isolated minima (see Lemma 7.2). Denote by C{ the
set of C" functions with a compact support.

Lemma 11.7. ([2])], Lemma 7.2 in our notations) There is a residualf| set of func-
tions Gy € Cfj such that with notations of Proposition for each E € [E;, Ej4]
and ¢ = ¢, (E) we have

hey (1) (01,0) + Ty (5 (0, 02) + G1(0)

and

hey (5)(0',0) + ha, (1) (6,60") + G1(6))
have isolated minima outside of lifts of Ag(c) and of Ag(c) itself respectively.

The nontrivial part of this statement is that the nondegeneracy of these barrier
functions can be achieved for all F € [E}, E;4] simultaneously. This is an uncount-
able set. Since the aforementioned non-degeneracy property of the barrier functions
is open, it suffices to prove the above lemma only on a small interval.

26Recall that a set of a topological space is residual (or Baire generic) if it contains a countable
intersection of open dense subsets.
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12 Equivalent forcing class between kissing cylin-
ders

In this section we prove Key Theorem Recall that we have two homology classes
h,h, € H\(T? Z) such that h is non-simple, while h; is simple critical and properly
chosen, i.e. limg_,o7F = % = nwgl + nng for some ny,ny € Z, and a simple
critical ) (see Lemma for more details). We would like to prove equivalence
of cohomology classes ¢, (E) and ¢, (E7) corresponding to there cohomologies. The
proof consists of four steps. In section|B|around a (strong) double resonance we define
a slow mechanical system H*(¢® I°) = K(I°) — U(¢®).

1. We construct a special variational problem for the slow mechanical system H?®.
A solution of this variational problem is an orbit “jumping” from one homology
class h to the other h;. The same can be done with A and h; switched.

2. We modify this variational problem for the fast time-periodic perturbation
of H*, i.e. for the perturbed slow system HZ(o® I°,7) = K(I*) — U(p®) +
VEeP(p®, I°, 1) with 7 € /e T.

Recall the original Hamiltonian system H. near a double resonance can be
brought to a normal form N, = H, o . and this normal form, in turn, is
related to the perturbed slow system through an affine coordinate change and
two rescalings (see section [B]).

3. We adapt and modify the latter variational problem and prove that its solution
is an orbit connecting different homologies h and h;.

4. Using this variational problem we prove forcing relation between ¢, (E) and

12.1 Variational problem for the slow mechanical system

Recall that the slow mechanical system is given by
H* (¢, I°) = K(I°) = U(¢”),

and let mg denote the point achieving the minimum of U. Given m € T?, a > 0 and
a unit vector w € R?, define

S(m,a,w)={m+Iw: e (—a,a)}

S(m, a,w) is a line segment in T? and we will refer to it as a section (see Figure [22).
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In Proposition we defined the cohomology class by, (E) satisfying the condition
i (B —a(B) ht
=50 [, (E) — ()]

The cohomology class b5 (E) is a modification of by, (E) for 0 < E < e (see also
Figure .
Proposition 12.1. Suppose the slow mechanical system H* satisfies conditions [AQ]-
[A4]. Then there ezists eg > 0 such that the following hold. For each 0 < E < ey,
there exists a section S(E) := S(m(FE),a(E),w(E)), satisfying the following condi-
tions:

1. For some a > 0 we have a(E) > a.
2. m(E) can be chosen so that m(E) — my.
3. We also have
ar(en(E)) = aps(bn, (), (en(E) = by, (E)) - w(E) = 0.

4. There exists a compact set K(E) C S(E) such that for all ¥ € Ays(ey(E))
and z¥ € Ays(by,(E)), the minimum of the variational problem

min_ {hah(m(:vE?y) + hg, () (Y, ZE)} (39)
yES(E)

is never reached outside of K(E).

5. Assume that the minimum in (@) is reached at yo. Let py— cn(E) be any super-
differential of he, g (x,-) at yo and —ps + by, (E) be any super-differential of
Rbarsy, () (-5 27) at yo, then

O H* (Yo, p1) - (Gu(E) — b, (E))  and  OpsH(yo,p2) - (Cn(E) — by, (E))
have the same signs.

Moreover, the same conditions are satisfied with ¢,(E) and by, (E) switched.

Remark 12.1. 1. While condition 5 in Proposition [12.1] is stated in terms of
super-differentials, it can be understood as a statement on the velocity of the
minimizers. More precisely, let 1 : (—o00) — T? be a backward minimizer
for e,y (2, y), and v2 : (0,00) — T? a forward minimizer for hs,, (&) (y, 2%)
(see section m), then velocities satisfy

71(0) = 6<PSHS(y07p1)7 72(0) = 6<PSH$(y07p2)'

In this sense, condition 5 implies that the minimizers cross the section S(FE) in
the same direction instead of “turning back”.
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Figure 22: Jump from one cylinder to another in the same homology

2. Conditions 3-5 imply the so-called “no corners” condition. In the language of
the minimizers, conditions 3-5 imply 41(0) = 42(0), and as a consequence, the
minimizers 1 and o concatenates to a smooth orbit of the Fuler-Lagrange flow.

Proof of Proposition [12.1. We will first prove the statements for E = 0 and use con-
tinuity for £ > 0.

Recall that Ag:(¢,(0)) = 75, U~p,, and the curves 7)) and ~j  are tangent to
a common direction at mg, which we will call vg. By the choice of hy, vy is not
orthogonal to hi. We now explain the choice of the section S(m(E),a(E),w(E)).
Define w(F) to be a unit vector orthogonal to &,(E) — by, (E). For a sufficiently small
ep, we have that w(FE) is transversal to vy for all 0 < E < ey. As a consequence,
for any m(FE) sufficiently close to my, there exists a(£) > 0 such that the section
S(m(E),a(E),w(E)) intersects ), U~y transversally. All functions m(E), a(E) and
w(FE) can be chosen to be continuous, with m(0) =0, a(0) = a > 0 and w(0) = v (see
Figure . These definitions imply conditions 1-3 of Proposition m

Note that &,(0) = by, (0). The Aubry set Ags(c,(0)) = Ags(by, (0)) supports a
unique invariant measure, which is the saddle fixed point. As a consequence, the
Aubry set has a unique static class. Hence for any 2° € Ags(¢,(0)) and 2° €
Aps (by, (0)), the minimum in

i {hehm) (°,9) + hs,, (o) (W, ZO)}

is achieved at S(0) N (), U~y ). This implies condition 4.
Moreover, by Proposition , part 3, we know that the barrier functions hg, (o) (29, )
and hg, (o)(-,2") are both differentiable at yo € S(0) N (75, U 7y,). Assume that
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p1 — &, (0) and —py + by, (0) be the derivatives, then

agDSHs(y(]?pl) and 8@5H5<y07p2)

both equals the velocity of v, or v, as they cross the section. This implies condition
5.

Since conditions 4-5 are satisfied for E = 0, by Proposition [I0.7], they are also
satisfied for a sufficiently small £ > 0. m

12.2 Variational problem in the original coordinates
The original Hamiltonian H, is conjugate to the perturbed slow system
H (%, 17, 7) = Ho(po) /e + K(I") = U(¢") + Ve P(¢", I, 7).

We will first describe a variational problem for the system H?, then translate it into
a variational problem for the system H.. It is no longer true that apys(cn(E)) =
ags(bn, (E)) = E, instead, we have the following lemma:

Lemma 12.2. Fix ey > 0. There exists C > 0, and ¢y > 0 such that for any
L<EL 2% and 0 < € < ¢, there exists 0 < E° < eq such that

ans (n(E)) = aps (bn, (E9)), |E - E|<CVe

~ Choose e = ey, we define ¢ (E) as in section section . By definition, ¢, (E) =
bn, (E). We choose w(E) to be a unit vector orthogonal to ¢,(E) — ¢, (£), and the
section S¢(F) = S(m(F),a(E),w(E)). We have:

o ap:(cy(E)) = ags (¢, (£)) and (¢,(E) — ¢;, (£)) - w(E) = 0.
e As e approaches 0, E° — E, ¢, (E) — ¢, (E), and w'(E) — w(E).

The analog of for H? is given by

min {hHs,éh(E) (xE’E, 0;y,7) + hHg,a; (E) (y, 7 ZE’E, O)} ) (40)
yeSE(E), 7€\/€T 1

where (2,0) € Ay:(cp(E)) and (27¢,0) € Ay:(c; (F)). Note that the Aubry sets
Aps(n(E)) and Ags (¢5,, (E)) are both supported on a single periodic orbit, and hence
supports a unique minimal measure. Moreover, by Proposition [B.5 H? Tonelli con-
verges to H*. By Corollary , the time periodic variational problem (40]) converges
to the slow variational problem as e — 0.

We now convert the variational problem to the original system, and study its

relation with .
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Recall that the original Hamiltonian H, can be brought into a normal form system
N.. The perturbed slow system H? and the normal form system N, are related through
an affine coordinate change ®;, and two rescaling operators Sz o Sy, see section [B]

Denote

o= |70 H 7] eren= | [%] i

this is the angular component of the affine coordinate change ®;. The 2 x 2 matrix
B is defined in . According to Propositions and , the following relations
hold for the Aubry sets and the barrier functions of H? and N..

Recall that the functions ¢, (E) and ¢,(FE) are defined by the relation

Ch(E) = p(S) + Eh(E)\/E

Let 0y be the unique minimum of the function —Z (6, py), we have that 6, = B~ (my).
A section S(m,a,w) x /e T C T? x /¢ T is mapped under ®} to

Y(01,a, 1) ={(01 + X2+ 1t,t) € T>*xT: —a<A<a, t €T},

where 6, = B7'(m), Q = B7'w, and | = —B (ko, k) € Z*. We define X¢(F)
using the section S¢(F) x 1/€T. We now state the variational problem for the original
coordinates.

Proposition 12.3. Let ¢, and cf, and E be defined as before. There exist ¢g > 0
and b > 0 such that for 0 < e < ¢, there exist 0 < E€ < eq and a section X(F) =
YX(01(E),a(E),Q(E),1), satisfying the following conditions:

1. For some a > 0 we have a(E) > a.
2. m(FE) can be chosen so that m(E) — my.
3. We also have
an (cn(E)) — an. (¢, (EY)) = —(en(E) — ¢, (E)) -1,
(en(E) — ¢, (E9)) - Q(E) = 0.
4. There erists a compact set K such that for all (x¥<,0) € Ay (ch(E)) and

(£7<,0) € A (c; (E%)), the minimum of the variational problem

IIllIli {hHeych(E)<XE’E7 O; w7 t) + hHevchl (E) <w7 t; gEﬁ? 0)} (41>
(Y t)exe(E)

is never achieved outside of K.
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5. Assume that the minimum in condition 2 is reached at (o, to). Let p§ — cn(E)
and —py+c;, (E°) be super-differentials of the barrier functions hy. ¢, 5)(xX™*, 0; -, o)
and hHe,chl(E)(-,to;fE’e,O) respectively. Then

(OpHe(tho, i t0) = 1) - (cn(E) — ¢, (E7)),  (OpHe(tho, P, to) 1) - (cn(E) — ¢4, (E7))
have the same signs.

Moreover, the same conditions are satisfied with c,(E) and ¢ (E°) switched.

Theorem 24. Assume that the conclusions of Proposition hold. In addition,
assume that both Ag, (ch(E)) and Ag,(c; (E°)) admits a unique static class. Then

ch(E) A ¢, (E9).

We prove Key Theorem [10] assuming Proposition Theorem [10] and Theo-
rem 23] in section [l

Proof of Key Theorem[1(. By Proposition m, for the system H,, which is a per-

turbation of H,., all conditions of Theorem are satisfied, except the condition of
uniqueness of static classes.

The uniqueness of static class is satisfied by the particular choice of perturbations.

It is proved in Theorem 23|that for the perturbed system, for each ¢, (£) and ¢, (E°),

the associated c—minimal measure is unique. This implies uniqueness of static class.

O

We prove Proposition [12.3]in section [12.3| and prove Theorem [10] in section [12.4}

12.3 Scaling limit of the barrier function

In this section we prove Proposition [12.3| It is readily verified that conditions 1-3
are satisfied by our choice of the section X°. It remains to prove conditions 4 and 5.
We will show that the variational problem is a scaling limit of the variational

problem .

Proposition 12.4. The family of functions hpy, e,y (X"<,0;-,t)/\/€ is uniformly
semi-concave, and

lim inf  sup
0+ CER (4 eT2xT

hHaCh(E) (XE7€7 0; wa t)/\/g_ hHsfh(E)(xE? B¢+ (ko) ké)t) - =0.

uniformly over (x*<,0) € A (cp(E)) and (z%,0) € Ap:(cn(E)).
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Moreover, the super-differential Oyhp,_ e, 2y (X, 0;1,t)/\/€ converges uniformly
to a super-differential of the limit, in the sense that

lim inf d(ln, 81/;hH5,ch(E) (JZ'E, B¢ + (ko, ]f(lj)t)) =0

€0 1e€dyhp, o, () (XE€05,t) /e

uniformly over x¥¢ and x¥. The same conclusions apply to the barrier function

hHe,cz1 ) (- 1 E54,0) /y/e.

To prove Proposition [12.4], we first state some relations between the Aubry sets
and the barrier functions for the system H. and the perturbed slow system H_.

Proposition 12.5. Assume that the cohomologies ¢ and ¢ satisfy
¢=(B")"(c—po)/Ve. (42)

Then the following hold:

o ap,(c) = ean(c) — vec- (ko, k).

o d(Ap,(c), B~'Ags(¢)) = O(¢), where d is Hausdorff distance between sets in

T2 x T.
o For (0;,t;) = ®L(p3, 7:/\/€), i = 1,2, we have
R, (01,115 02, t2) = hps 2(@1, 71502, 72) - e+ O(e).

Proposition [12.5] is a consequence of Propositions [B.6] [B.7] and [B.§ In addition,
the following is known about semi-concavity of the barrier function, for a nearly
integrable system.

Proposition 12.6 ([13], Proposition 5.4). Let B C H'(T? R) be a bounded set, there
is a constant K > 0 and €y > 0, such that all weak KAM solutions of Ly, . for c € B
and 0 < € < € are K+/e—semi-concave.

Proof of Proposition|12.4. By Proposition [12.5] and Proposition [12.6, we have that
the family of functions hy, o,z (X", 0; ¢, t)/y/€ is uniformly semi-concave, and con-

verges to the same limit as
hHg(xE’€7 0;9,7)

as € — 0. Here 2% € Aps and (y,7/v€) = (®1) ' (¢,t). By Corollary the
functions hps(x%¢,0;y,7) converges uniformly to hy:(z*,y) as e — 0. This proves

uniform convergence.
The convergence of super-differential is proved in the same way as the second part

of Corollary [10.7] ]
Proposition immediately follows from Proposition and Proposition [12.1]

148



12.4 Proof of forcing relation

In this section we prove Theorem[24] We fix a Tonelli Hamiltonian H : T*T?xT — R
and drop all subscript indicating the Hamiltonian. We rephrase the three conditions
in Theorem [12.3] as follows:

There exists cohomologies ¢;, ¢ and a section (61, a, §2,1) such that the following
hold.

N1. a(e)) —aley) = —(c1 —e2) - 1, (¢ — ) -2 =0.

N2. There exists a compact set K such that for any = € A(cy) and z € A(cz), the
minimum of the variational problem

min {h¢, (z,0;y,t) + he,(y,t;2,0) }
(y,t)ex

is never taken outside of K.

N3. Assume that the minimum N2 is reached at (yo, %), and let p; —c; and —ps + ¢2
be any super-differentials of h., (z,0;-,t) and he, (-, to; 2, 0) respectively. Then

(OpH (Yo, p1,t0) —1) - (c1 — c2),  (pH (Yo, P2, to) — 1) - (c1 — ¢2)
have the same signs.

N4. Both A(c;) and A(cy) contains a unique static class.
The following statement implies Theorem [24]

Proposition 12.7. Assume that ¢, c3 and X satisfies the conditions N1-Nj. Then
the following hold.

1. (interior minimum) There exists N < N' M < M' € N and a compact set
K' C %, such that for any semi-concave function uw on T?, the minimum in

v(2) == min{u(z) + A, (x,0;y,t +n) + A, (y, t + n; 2, n +m)}, (43)
where the minimum is taken in
reT? (y,t) €L, N<n< N, M<m<M,
is never achieved for (y,t) ¢ K'.

2. (no corner) Assume the minimum in is achieved at (y,t) = (yo,to), (n,m) =
(no,mo), and the minimizing curves are vy : [0,tg + ng] — T2 and 72 :
[to + no,to + ng + mo] — T2 Then v, and Yo connect to an orbit of the
Euler-Lagrange equation, i.e.

"}/1 (to + no) = "}/Q(to + no).
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3. (connecting orbits) The function v is semi-concave, and its associated pseudo-
graph satisfies
g02,v - U Sptgc1,u'

0<t<N'+M'

As a consequence,
(6] F Co.

Remark 12.2. This Proposition represents a more sophisticated version of Propo-
sition . Points x € T?, where minimum is achieved for some (y,t) € K', z €
T2, n,m, are points of differentiability of u. At such points the pseudograph Ge, .,
1s well-defined. Similarly, to Proposition |5.1] we prove that for each minima xoq €
T2, (yo,t0) € K', N < ng < N', M < my < M we have ™™ (zo,du + ¢;) =
(z,dv+ca).

Taking N and M large forces solutions to this wvariational problem to start at
some xo, then approaches A(ci) and spend long time nearby, then approach A(cs)
and also spend long time nearby. Thus, the corresponding solutions approach to some
heteroclinic orbits connecting A(cy) and A(cz).

Conclusion 1 from Proposition [12.7] is a finite time version of condition N2. In
order to prove this statement, we need a uniform convergence property of the function
A, to the barrier function h., and a characterization of h..

Lemma 12.8. 1. Let u be a continuous function on T%. The limit

lim  lim min  {u(x) + A(z,0;y,t +n)} =

N—o00 N’'—oc0 z€T2, N<n<N’

= min {u(z) + he(x,0;y,t)}

zeD

is uniform in u and (y,t).

2. The limit
lim  lim min  A.(y,t;z,n) = h.(y,t; z,0)

N—o0 N'—o0 N<n<N’

18 uniform in y,t, z.

Proof. The proof of the first item is similar to the proof of Proposition 6.3 of [9] with
some auxiliary facts proven in Appendix A there. The proof of the second item is
similar to that of Proposition 6.1 from [9].

In both cases the action function, defined in (2.4) and (6.1) of [9], is restricted
to have integer time increment. For non-integer time increments the same argument
applies. ]
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Using Lemma [10.8/ and Lemma [10.9] we have the following characterization of the
barrier functions.

Lemma 12.9. Assume that A(c) has only one static class. For each point (y,t) €
T? x T and each z € T?

1. there exists zg € T? and z; € A(c) such that

min {u(z) + he(z,0;y,t)} = u(2o) + he(o, 0;21,0) + he(21,0;y,1).

zeT?2

2. there exists zy € A(c) such that

hc<y7 t? Z, 0) = hc<y7 tv 21, O) + hc<zla 07 Z, O)

To prove the second conclusion of Proposition [12.7, we need a characterization of
the super-differentials of the function A. obtained in Propositions part 3, and
L0 2l

Proof of Proposition[12.7]. According to Lemma [12.8] converges uniformly as
N, M — oo to

min {u(z) + he, (z,0;y,t) + he,(y,t;2,0)},

z,y,t

which is equal to

r(nitr)l {u(wo) + he, (w0, 0;21,0) + hey (21,039, 1) + hey (Y, 85 21, 0) + hey (21,05 2,0) }
y?

= r(nitr)1 {const + he, (x1,0;y,t) 4+ hey (y, t5 21,0) + hey (21,05 2,0)
Y,

by Lemma [12.9} Since the above variational problem has a interior minimum due to
condition N2, by uniform convergence, the finite-time variational problem also
has an interior minimum for sufficiently large N, M.

We now prove the second conclusion. Let 7; and 7, be the minimizers for
Ae (g, 0; 9o, to + no) and A, (yo, to + no; z,m0 + mp), and let p; and py be the as-
sociated momentum, we will show that

p1(to + no) = p2(to + no),

which implies 41 (to + ng) = 42(to + ng). To abbreviate notations, we write p? =
p1(to +ng) and pd = py(to + ng) for the rest of the proof.
Note that

u1 (o) + Ae, (20, 0; Yo, to + 1) = Hé%r%{ul(m) + Ac, (2,05 90, to + no) }-
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By semi-concavity, the function u; (z) + A, (z, 0; yo, to +no) is differentiable at xy and
the derivative vanishes. By Proposition part 3,

dx(u1)($0) = p1(0) — . (44)

By a similar reasoning, we have

Ac, (0, 05 50, to + no) + Ac, (Yo, to + 103 2, 1o + Mo)
= (m)ini{Acl (20,05 y,t +10) + Acy (y, T + 103 2,0 + Mo) -
y,t)EX

By semi-concavity, we have

0= dy(Acl (Qio, 0; y>t0 + n(]) + A02<y7 tO + No; 2, Mo + mo))|y=y0 -
=) —c—pY+ ) Q=) —p)) - Q.
Hence
p(f — pg € R(c; — ).

We proceed to prove pd = pd.
By the definition of ¥(6,,a,$2,1), the vector (I,1) is tangent to X. As a conse-
quence,

0= d(y,t)(Acl (:L‘[)) 07 Y, t+ nO) + AC2 (y»t + no; 2, No + mO))|t:to . (la ]-)
= (P} —1p9) -1 —(c1 — ¢2) - 1 = H(yo, P, to) — aler) + H(yo, 3, to) + o(c2)
= —H(?Jmp?,to) + H(?Jﬂ,pg7t0) + (p(l) - pg) ’ l7

where the last equality uses condition N1.
Since the function H(yo, p,to) — p -1 is convex in p, the equation (in \)

H(y(]?p(l]?t[)) _p? = H(y()ap(i) + )‘(Cl - C2>7t0) - (p[l) + )‘(Cl - CZ)) ’ l7

has at most two solutions, one of which is A = 0. If A = 0, we have p? = p}.

To rule out the other possibility, we observe the following simple property of a
one-variable convex function. For f convex, if the equation f(\) = a has two solutions
A1 and Ao, then f'(A1) and f’(A2) have different signs. Indeed, by Rolle’s theorem,
there is A\g € (A1, A2) with f'(Ag) = 0, and f’ is a monotone function. Apply this
observation to H(yo,p? + Ac1 — ¢2),t0) — (Y + Mer — ¢2)) - [, we conclude that if
5 = pl + A(ep — ¢2), with A # 0, then

(OpH (yo,p1,t0) = 1) - (1 — c2),  (OpH (Yo, p2,t0) — 1) - (1 — ¢2)
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have different signs. This is not possible due to condition N3. Since coincidence of
momentum for the Hamiltonian flow is equivalent to the coincidence of velocity for
the Euler-Lagrange flow, the second conclusion follows.

As a consequence, (71, p;1) and (79, p2) connect as a solution of the Hamiltonian

flow. Using , we have
@M (o, dug (o) + 1) = (2, pa(no +mo)).

Note that pa(ng + mg) — ¢z is a super-differential to v at z. If v is differentiable at z,
then py = dv(z) 4 ¢. This implies

GonC U ¢Gen

0<t<N'+M’

and the forcing relation. O
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A Generic properties of mechanical systems on
the two-torus

Most of this section is devoted to proving Theorem 4 At the end of the section we
prove Theorem [5

Fix a homology class h € H;(T? R). We call a periodic orbit of the Hamiltonian
system (globally) pp-minimal, if it is associated to a shortest geodesic curve for the
Jacobi metric pgp in the homology class h. We will also introduce the notion of a
locally minimal orbit, if the associated closed curve minimize the length, over all
closed curves in its neighborhood and with homology h.

We will prove that for a generic H*, for energies By < E < E, the globally minimal
orbits are hyperbolic. To achieve this, we study generic properties of non-degenerate
orbits. We say that a periodic orbit of a Hamiltonian system is non-degenerate, if
the differential of the associated Poincaré return map on its energy surface does not
have 1 as an eigenvalue. Note that a non-degenerate orbit could have eigenvalues on
the unit circle, hence not necessarily hyperbolic.

The proof of Theorem 4] consists of three parts.

1. In section [A.1], we prove a Kupka-Smale-like theorem about non-degeneracy of
periodic orbits. For a fixed energy surface, generically, all periodic orbits are
non-degenerate. This fails for an interval of energies. We show that while de-
generate periodic orbits exists, there are only finitely many of them. Moreover,
there could be only a particular type of bifurcation for any family of periodic
orbits crossing a degeneracy.

2. In section [A.2], we show that a non-degenerate locally minimal orbit is always
hyperbolic. Using part I, we show that for each energy, the globally minimal
orbits is chosen f a finite family of hyperbolic locally minimal orbits.

3. In section [A.3] we finish the proof of Theorem [l This amounts to proving the
finite local families obtained from part II are “in general position”.

A.1 Generic properties of periodic orbits

We simplify notations and drop the supscript “s” from the notation of the slow me-
chanical system. Moreover, we treat U as a parameter, and write

HY(p, 1) = K(I)—-U(p), 6cT? IcR? UeC(T?. (45)

We shall use U as an infinite-dimensional parameter. As before K is a kinetic energy
and it is fixed. Denote by G" = C7(T?) the space of potentials,  denotes (¢, I),
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W — T2 x R?, and either ¢! or ®(-,¢,U) denotes the flow of ([5). We will use
xY(z) = (0K,0U)(x) to denote the Hamiltonian vector field of HY and use Sg to
denote the energy surface {HY = E}. We may drop the superscript U when there is
no confusion.

By the invariance of the energy surface, the differential map D,V defines a map

Doy (x) - TuSt@y — Top (0 SH(w)-
Since the vector field x(z) is invariant under the flow, D,y induces a factor map
Dot () : ToSt@) /Rx(2) — T,v () Sh() /Rx(e()).
Given Uy € G", zo € W and ty € R, let
V= V(xg) x (to — a,to+ a) x V(Up)

be a neighborhood of (z, to, Up), V (z0,t0) of (o, to), and V(5 (x0)) a neighborhood
of ¢} (x¢), such that

of (2) € V(e (20),  (a,t,U) € V.
By fixing the local coordinates on V(xo) and V (¢} (z,)), we define
D,®:V — Sp(1),

where D,®(x,t,U) is the 2 x 2 symplectic matrix associated to DU (z) under the
local coordinates. The definition depends on the choice of coordinates.

Let {¢/°(x¢)} be a periodic orbit with minimal period #,. The periodic orbit is
non-degenerate if and only if 1 is not an eigenvalue of qu)(l’g, to, Up) . Furthermore,
we identify two types of degeneracies:

1. A degenerate periodic orbit (zo,to, Up) is of type I if D, ®(x0,to, Uy) = Id, the
identity matrix;

2. It is of type IT if D,®(x¢,to, Up) is conjugate to the matrix [1, u; 0,1] for p # 0.

Denote

N:{B ﬂ :;LGR\{O}}, O(N) ={BAB™': A€ N,B € Sp(1)}.

Then (o, to, Up) is of type II if and only if D,®(zq, to, Uy) € O(N).

2"Note that we are interested in non-degeneracy for minimal period of periodic orbits only. As
the result eigenvalues given by exp(27ip/q) with integer p, ¢ # 0 are allowed
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Lemma A.1. The set O(N) is a 2—dimensional submanifold of Sp(1).

Proof. Any matrix in O(N) can be expressed by

a bl [1 ul[d -b] [l—acu a?u
c d| |0 1||—c a| | —u 1—acu|’

where ad —bc = 1 and p # 0. Write a = a?u and 3 = acp, we can express any matrix

in O(N) by
e 1] (46

]

The standard Kupka-Smale theorem (see [66], [67]) no longer holds for an interval
of energies. Generically, periodic orbits appear in one-parameter families and may
contain degenerate ones. However, while degenerate periodic orbits may appear,
generically, a family of periodic orbits crosses the degeneracy “transversally”. This is
made precise in the following theorem.

Theorem 25. There exists residue subset of potentials G' of G", such that for all
U e, the following hold:

1. The set of periodic orbits for ¢V form a submanifold of dimension 2. Since a
periodic orbit itself is a I1-dimensional manifold, distinct periodic orbits form
one-parameter families.

2. There is no degenerate periodic orbits of type 1.

3. The set of periodic orbits of type II form a I1-dimensional manifold. Factoring
out the flow direction, the set of type Il degenerate orbits are isolated.

4. For Uy € G, let A% C W x RT denote the set of periodic orbits for Y, and
A%O C A% denote the set of type II degenerate ones. Then for any (zo,ty) € A%O,
let V(xo, 1) be a neighborhood of (xg,ty). Then

Do ®|y—y, : A NV (g, tg) — Sp(1)
is transversal to O(N) C Sp(1).

Remark A.1. Statement j of the theorem can be interpreted in the following way.
Let A(X) be the differential of the Poincare return map on associated with a family of
periodic orbits. Then if A(\g) € O(N), then the tangent vector A'(Xo) is transversal
to O(N).
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We can improve the set G’ to an open and dense set, if there is a lower and upper
bound on the minimal period.

Corollary A.2. 1. Given 0 < Ty < Ty, there exists an open and dense subset
G C G", such that the set of periodic orbits with minimal period in [Ty, Ti]
satisfies the conclusions of Theorem 23,

2. For any Uy € G', there are at most finitely many type II degenerate periodic
orbits. Moreover, there exists a neighbourhood V (Uy) of Uy, such that the set
of type II degenerate periodic orbits depends smoothly on U. (This means the
number of such periodic orbits is constant on V(Uy), and each periodic orbit
depends smoothly on U.)

We define
F:WxR"xG — W xW, (47)
F(z,t,U) = (z,®(x,t,U)).
F is a C""!'—map of Banach manifolds. Define the diagonal set by A = {(z,z)} C

W x W. Then {¢ ()} is an period orbit of period t, if and only if (o, to, Up) €
FIA.

Proposition A.3. Assume that (xg,to, Uy) € F7'A or, equivalently, xq is periodic
orbit of period to for HY and that ty is the minimal period, then there exists a neigh-
borhood V of (xo, to, Uy) such that the map

Arx D F : Tionty(W x RY X G7) — Tr(upon(W x W) /TA
has co-rank 1 for each (x,t,U) € V, where drxT(W x W) — T(W x W) /TA 'is the
standard projection along TA.

Remark A.2. If the aforementioned map has full rank, then the map is called
transversal to A at (xg,to, Uy). However, the transversality condition fails for our
map.

Given 6U € @G", the directional derivative Dy® - 0U is defined as follows
% le—o®(x,t,U+€6U). The differential Dy ® then defines a map from T'G” to Tz, 00 W'
The following hold for this differential map:

Lemma A.4. [66] Assume that there exists € > 0 such that the orbit of x has no
self-intersection for the time interval (¢, 7 — €), then the map

DUCI)(.I', T, U) . Q’” — T@(IJ,U)W

generates a subspace orthogonal to the gradient VHY (®(x,7,U)) and the Hamiltonian
vector field XY (®(x,7,U)) of HY.
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Proof. We refer to [66], Lemma 16 and 17. We note that while the proof was written
for a periodic orbit of minimal period 7, the proof holds for non-self-intersecting
orbit. O

Proof of Proposition[A.3 We note that if {¢V(z)} is a periodic orbit of minimal
period 7, then the orbit {p?'(2')} satisfies the assumptions of Lemma [A.4] It follows
that the matrix

dry o DyF = [D,® — 1 D@ Dy®]

has co-rank 1, since the last two component generates the subspace
Image (Dy®) + RyY,
which is a subspace complementary to VHY. O

Proposition allows us to apply the constant rank theorem in Banach spaces.

Proposition A.5. The set F~'A as a subset of a Banach space is a submanifold
of codimension 2n — 1. If r > 4, then for generic U € G", F'A N7, {U} is a
2-dimensional manifold.

Proof. We note that the kernel and cokernel of the map dm o Dy F' has finite codi-
mension, hence the constant rank theorem (see [I], Theorem 2.5.15) applies. As
a consequence, we may assume that locally, A = A; x (—a,a) and that the map
7 o F has full rank. Since the dimension of A; is 2n — 1, F7'A is a submanifold of
codimension 2n — 1. The second claim follows from Sard’s theorem. m

Denote A = F~'A. On a neighbourhood V of each (g, tg, Uy) € A, we define the
map

D,®: ANV — Sp(1), D, ®(x,t,U) = DY (z). (48)
First we refer to the following lemma of Oliveira:

Lemma A.6 ([66], Theorem 18). For each (o, to, Uy) € A such that ty is the minimal
period, let G be the set of tangent vectors in Twoto,u0)\ of the form (0,0,V). Then
the map 3 3

DyD,®:G — T~I¢(IO7tO7UO)Sp(1)

has full rank.

Corollary A.7. The map is transversal to the submanifold {Id} and O(N) of
Sp(1).
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Denote
Arg = AND,®) " ({Id}) and Ay = AN D, @) HO(N)).

Note that the expression is well defined because both preimages are defined indepen-
dent of local coordinate changes.

Proof of Theorem[25. The first statement of the theorem follows from Proposition[A.5]

As the subset {I/d} has codimension 3 in Sp(1), Arq has codimension 3 in A, and
hence has codimension 2n+2 in W x R x G". By Sard’s lemma, for a generic U € G",
the set Ajg N 7T[;1 is empty. This proves the second statement of the theorem.

Since the set O(N) has codimension 1, Ay has codimension 1 in A, and hence has
codimension 2n in W x R* x G". As a consequence, generically, the set A{ = AyN?!
has dimension 1. This proves the third statement.

Fix Uy € @, the set A% = A N7, (Up) has dimension 2, while AJ® ¢ A% has
dimension 1. Tt follows that at any (z,%) € AJ, there exists a tangent vector

((55(], (525) € T(xo’tO)AUO \T(xo,to)A%O

such that
(5%, 5t, O) € T(:Eo,to,Uo)A \ T(.Z'o,to,Uo)AN‘

It follows that
D(a:,t)bxq)|U:U0($o,to) = D(x,t,U)qu)(fo,to, Us) - (6, 0t,0)

is not tangent to O(N). Since O(N) has codimension 1, this implies that the map
D,®|y_y, is transversal to O(N). This proves the fourth statement. O

Proof of Corollary[A.9. If a potential U € G’, then by Theorem conditions 14
are satisfied. In particular, all periodic orbits are either non-degenerate or degenerate
satisfying conditions 3 and 4. Non-degenerate periodic orbits of period bounded both
from zero and infinity form a compact set. Therefore, they stay non-degenerate for
all potential C"-close to U. By condition 3 degenerate periodic orbits are isolated.
This implies that there are finitely many of them. Condition 4 is a transversality
condition, which is C" open for each degenerate orbit. O

Fix U € G as in Corollary . It follows that periodic orbits of ¢V for one-
parameter families. We now discuss the generic bifurcation of such a family at a
degenerate periodic or

Proposition A.8. Let (zx,t)) be a family of periodic orbits such that (xo, Ao) is
degenerate. The one side of A = X\, the matriz Dmgog (xx) has a pair of distinct real
eigenvalues; on the other side of A = Ao, it has a pair of complex eigenvalues.
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Proof. Write A(\) = ngog (xy) for short. By choosing a proper local coordin we may
assume that A(\g) = [1, ;0,1]. The tangent space to Sp(1) at [1, 41;0,1] is given by
the set of traceless matrices [a, b; ¢, —a|. Using , we have a basis of the tang space
to O(N) to [1, i; 0, 1] is given by

0 1 d -1 0
—B2/a? 0| M =28/ —1|°
An orthogonal matrix to this space, using the inner product tr(ATB), is given by
[0,0;1,0]. As a consequence, a matrix [a, b; ¢, —a] is transversal to O(N) if and only
if ¢ £ 0.

The eigenvalues of the matrix

14+ah p+0h
ch 1—ah

are given by A = 1 4 \/a2h? — bch? — puch. Using p # 0 and ¢ # 0 we obtain that
a*h? — bch? — pch changes sign at h = 0. This proves our proposition. O]

A.2 Generic properties of minimal orbits

In this section we study the second item of the plan proposed in the beginning of
this Appendix. Namely, we analyze properties of families of minimal orbits. It turns
out that non-degenerate minimizers are hyperbolic. Naturally, hyperbolic periodic
orbits form smooth families parametrized by energy. However, generically there are
not only non-degenerate local minimizers, but also isolated degenerate ones, which is
somewhat surprising (see Proposition. We manage to show that such degenerate
local minimizers generically are not global. The main result of the section is Theorem
26l

Let dg denote the metric derived from the Riemannian metric pg. We define the
arclength of any continuous curve v : [t, s] — T? by

15(7) = sup Y di (3 (4,1 1),

where the supremum is taken over all partitions {[t;, t;11]}Y " of [t,s]. A curve 7 is
called rectifiable if [g(y) is finite.
A curve v : [a,b] — T? is called piecewise regular, if it is piecewise C! and
A(t) # 0 for all ¢ € [a,b]. A piecewise regular curve is always rectifiable.
We write
lp(h) = inf 1g(n),

E
neCy,
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where CF denote the set of all piecewise regular closed curves with homology h €
H\(T?,Z). A curve realizing the infimum is the shortest geodesic curve in the homol-
ogy h, which we will also refer to as a global (pg, h)-minimizer.

We fix the homology h and will omit A when there is no confusion.

It is well known that for any £ > — min, U(y), a global pp—minimizer is a closed
pr—geodesic. Hence, it corresponds to a periodic orbit of the Hamiltonian flow.

A global pp—minimizer is always a closed geodesic of the Riemannian metric pg,
and hence is associated with a periodic orbit of the Hamiltonian flow. We say that a
a closed geodesic v of the m pg is hyperbolic if the associated Hamiltonian orbit 7 is
hyperbolic. We have the follo statement, in relation to the discussions in section [A.1]

Proposition A.9. Assume that 7y is a (pg, h)—minimizer, and assume that the as-
sociated periodic orbit v is nondegenerate. Then ~y is hyperbolic.

We first introduce some definitions. Let Ly(p,v) be the Lagrangian associated
to the Hamiltonian H (¢, I), and we use the same notation to denote its lift to the
universal cover R? x R?. A piecewise C! curve z : R — R? is called Ly —minimizing,

if , ,
/ Lir((t), (t))dt = inf / Ly, 5(0))dt,

Y

where the infimum is taken over all piecewise C' curves y : [a,b] — R? with y(a) =
x(a) and y(b) = z(b). It is well known that any Ly—minimizing curve is a solution
of the Euler-Lagrange equation, and corresponds to a solution of the Hamiltonian
equation.

Let 4(t) = (z(t), p(t)) be a solution of the Hamiltonian equation. We use (dz, dp)
to denote the local coordinates of T'(T? x R?) induced by the coordinates (z,p). We
call the linear subspace V(z,p) = {(0,0p)} C T(zp)(T? x R?) the vertical subspace.
The orbit 7 is called disconjugate, if

Depy(x(s), p(s))V (x(s), p(s)) NV (x(s + 1), p(s + 1)) = {0},
for any s € R and ¢ > 0.

Lemma A.10. 1. If v is a (pg, h)—minimizer, then the associated Hamiltonian
orbit 4 lift to an Ly—minimizer.

2. If an orbit (z(t),p(t)) is an Ly—minimizer, then it is disconjugate.

3. If an orbit (z(t), p(t)) € R? x R? is disconjugate, then the differential map D,
admits a 2-dimensional invariant bundle contained in T'Sy(u(t)p(t))-
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The statements in Lemma are now classical, so we will only point to some
references. It follows from a theorem of Diaz Carneiro [28] that a (pg, h)—minimizer
corresponds to a Mather minimal measure with rotation number h. All orbits con-
tained in the support of a Mather minimal measures are Ly —minimimal (see [53], for
example). For the second statement, we refer to Contreras and Iturriaga (J27], Corol-
lary 4.2). The invariant bundle in the third statement is one of the Green bundles,
for the Hamiltonian version, we refer to [27], Proposition A.

Proof of Proposition[A.9 Assume that v is a (pg, h)—minimizer, and its lift 4(¢) =
(p(t),p(t)) is a nondegenerate periodic orbit of period T. We have that either ¥
is hyperbolic, or the matrix Der(¢(0),p(0)), defined in section , has complex
eigenvalues. As a consequence, D7 (p(0), p(0)) admits no one-dimensional invariant
subspace. Recall that the map D(pt is the restriction of D¢, to the energy surface,
with the flow direction quotient out. Hence, the map Dy (¢(0),p(0)), restricted to
the energy surface, admits no 2-dimensional invariant bundles. This is a contradiction
with Lemma [A.10l [

We recall the notion of local pgp—minimizers. Given an open set V C T?, a
continuous closed curve v C V with homology h is a (pg, h, V) —minimizer, if

le(y) = inf Ig(n), (49)

neCf ncv

where C} denote the set of all piecewise regualr closed curves with homology h. (v
is necessarily rectifiable.) A curve v is a local (pg, h)—minimizer, if there exists an
open set V' O 7 such that v is a (pg, h, V') —minimizer. By Lemma below, local
minimizers are also closed geodesics, and hence corresponds to a Hamiltonian orbit.

The main goal of this section is to prove that, generically, each (global) pp—minimi-
zer is chosen among finitely many hyperbolic local minimizers.

Theorem 26. Given 0 < E, < E, there exists an open and dense subset G' of G",
such that for each U € G', the Hamiltonian H(p,1) = K(I) — U(p) + min, U(p)
satisfies the following statements. There exists finitely many smooth families of local
MINIMAIZETS

ij aj_USESbj_'_O-aj:la"':N?

and o > 0, with the following properties.
1. All 5}5 fora; —o < E <b;j + o are hyperbolic.
2. U;las, b;] [Eo, E].
3. For each Ey < E < E, any global minimizer is contained in the set of all @E s
such that E € [a;,b;].
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Proof of Theorem [26] occupies the rest of this section.

Lemma A.11. 1. If the set {n € CF;n C V'} is nonempty, then the infimum in
(49) can be achieved at a rectifiable curve.

2. Any rectifiable local pp—minimizer is a closed geodesic of the Riemannian metric
PE-

Proof. Statement 1. Let n, € CE, n C V be a sequence of piecewise regular curves
with
lim lg(n,) = inf Ig(n).

n—>o0 neCE nclU

Assume that all 7, are parametrized on [t, s] with uniformly bounded derivatives.
This is possible because all n,, has uniformly bounded length. Then by passing to a
subsequence, we may assume that 7, converges uniformly to 7,. It suffices to show
that

lp(n.) < lim 1p(n).

Take any finite partition {[t;,#;.1]}Y " of [t, s], we have

dp(n.(ts), n.(tiz1)) = lim d(n(ti), na(tiv1)) < msup le(mnlir.601),
hence
N-1 N-1
Z dE (n*<t1>’ T« (ti-i-l)) < lim sup Z lE (77n|[ti,ti+1]> = lim sup lE (Un)

Taking supremum over all partitions, we obtain statement 1.

Statement 2. Let 6 > 0 be such that any two points with the dg—distance less
than ¢ can be connected by a unique geodesic realizing the distance.

For a rectifiable local pp—minimizer v : [t, s] — T?, define d; = min{d, dg(y,0U)}.
Let {[t;,ti+1]}" be a partition [t, s] with Ig(V|,4.,) < 0. Then y(t;) and v(t;11)
can be connected by a geodesic §; contained in U with the same arc-length as 7|, 4, .-

It follows that & := &y * --- x {n_q is also a local minimizer. Using the standard
arguments of Riemannian geometry, we conclude that &; and &;, 1 must have matching
unit tangent vector, and hence ¢ itself is a geodesic.

We obtained a geodesic £ which coincide with « at the points 7(¢;). Since the ar-
gument works with arbitrary refinement of the partition, we conclude that v coincide

with . ]

Any hyperbolic orbit is locally unique on the energy surface, and extends to a one
parameter family of hyperbolic orbits.
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Lemma A.12. Assume that vg, is a hyperbolic periodic orbit in the energy surface
Sg,- Then the following hold:

1. There exists a neighbourhood V of ¥ in Sg,, such that v i the unique periodic
orbit in this neighbourhood.

2. There exists 6 > 0 and a neighbourhood V of Y, such that for any Hamiltonian
H' that is 6-close to H in the C*? norm, and |E' — Ey| <0, there exists a unique
hyperbolic periodic orbit %' of H' in V with energy E'.

3. There exists 0 > 0 and a smooth family Yg C V,Ey—0 < E Ey+ 6, each of
them hyperbolic, and is unique on V.

4. Any smooth one-parameter family of hyperbolic periodic orbit is monotone in
energy.

Proof. Choose a transversal section to 4(0), and define a Poincare return map ®g,
on this section. A periodic orbit corresponds to a fixed point of the Poincare return
map. The first three statement of this lemma follows directly from the inverse function
theorem.

We now prove the fourth statement. Assume that 7, is a family of hyperbolic
periodic orbits, and the function H(%,(0)) is not monotone. Assume, by contradiction,
that \g is a local minimum, with Ey = H(9,,(0)). Then for small £ > Ej, there exists
at least two periodic orbits vy, (g) and yx,(g). However, this contradicts with statement
2. We can similarly rule out local maxima. O]

For hyperbolic local minimizers, we have the following local description.

Lemma A.13. Assume that g, is a hyperbolic local pg,—minimizer. The following
hold.

1. There exists a neighbourhood V' of yg,, such that yg, is the unique local pp,—mi-
nimizer on V.

2. There exists 6 > 0 such that for any U € C"(T?) with ||[U — U'l|c2 < 6 and
|E' — Eyo| < 9, the Hamiltonian H'(p,I) = K(I) — U'(yp) admits a hyperbolic
local minimizer in V.

3. There exists 6 > 0 and a smooth family yg CV, Ey —0 < E < Ey+ 0, such
that each of them a hyperbolic local minimizer.

Proof. Statement 1. Assume, by contradiction, that there are a sequence of local
minimizers 7, accumulating to vg,. By Lemma [A.11] statement 2, each local mini-
mizer is a closed geodesic, and hence corresponds to a periodic orbit. Let 7,, and g,
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be the associated Hamiltonian orbit. We have that 7),, converges to yg, in the phase
space but this contradicts with Lemma [A.12] statement 1.

Statement 2. We will show that the depth of the minimum is nondegenerate.
More precisely, we show there exists a neighbourhood V' of vg,, such that

~inf o g(n) > inf g (n). (50)
nCV,nNoV #pneC,’© nCV,nec,©

Assume, by contradiction, that there exists a sequence of shrinking neighbourhoods
V,, such that is an equality for each V,,. By an identical argument to the proof
of Lemma [A.11], statement 1, we conclude that the infimum in the left hand side of
can be achieved at a rectifiable curve &,, not identical to vg,, each n. Each &, is

a local minimizer. This contradicts with uniqueness obtained from statement 1.
Statement 3. We note that persists under small perturbation of the metric
conclude that for |[E — Ey| < §, the metric pg admits a local minimizer in V', where V'
is the neighborhood from statement 2. By choosing V' and ¢ smaller if necessary, we
can make sure the associated periodic orbits g are contained in V, where V is the
neighborhood in Lemma statement 3. Uniqueness then imply that the family
g coincide with the family obtained in Lemma [A.12] statement 3. O

We now use the information obtained to classify the set of global minimizers.

e Consider the Hamiltonian H(p, I) = K(I)—U(¢)+min, U(p). For 0 < Ey < E,
it is easy to see that any periodic orbit in the energy Fy < E < E has a lower
bound and upper bound on the minimal period, which depends only on E;, and
E. Hence, Corollary applies.

e By Corollary [A.2] generically, there are at most finitely many degenerate global
minimizers, the rest are nondegenerate (as periodic orbits). By Proposition ,
they must hyperbolic.

e Since a global minimizer is always a local minimizer, using Lemma [A13] it
extends to a smooth one parameter family of local minimizers. The extension
can be continued until the family accumulates to a degenerate minimizer. This
family can no longer be extended as potential global minimizers — by Proposi-
tion [A.§] it is accumulated by periodic orbits of complex eigenvalues.

e [t is well known that for a fixed energy, any two global minimizers do not cross
(see for example, [51]). We assume that the local extension of these global
minimizers also do not cross, for a fixed energy.

e There are at most finitely many families of local minimizers, because they are
isolated (Lemma [A.13] statement 1), and do not accumulate (Lemma [A.12]
statement 4).
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e We haven’t excluded the case that a global minimizer is taken at an isolated
degenerate periodic orbit. While by Proposition it must be accumulated
by hyperbolic orbits, these hyperbolic orbit may not be minimizers.

We have proved the following statement.

Proposition A.14. Given 0 < Ey < E, there exists an open and dense subset G’
of G", such that for each U € G', for the Hamiltonian H(p,I) = K(I) — U(p) +
ming, U(p), such that the following hold.

1. There are at most finitely many (maybe none) isolated global minimizers fjc-j’d,
that are degenerate.

2. There are finitely many smooth families of local minimizers

with [Eo, E] D U[&j,Bj], such that ij are hyperbolic for a; < E < b;. The set
ff for E = a;,b; may be hyperbolic or degenerate.

3. For a fized enerqy surface E, the sets {@E’d} and Uanggt}j ij are pairwise dis-
joint.

4. For each Ey < E < E, the global minimizer is chosen among the set of all Sjc»j’d
with E = ¢;, or one of the local minimizers Ef with E € [a;, bj].

Proof of Theorem [26. We first show that the set of potentials U satisfying the conclu-
sion of Theorem [26] is open. By Lemma [A. T3} the family of local minimizers persists
under small perturbation of the potential U. It suffices to show that for sufficiently
small perturbation of U satisfying the conclusion, the global minimizer is still taken
at one of the local families. Assume, by contradiction, that there is a sequence U,
approaching U, and for each H, = K — U,, there is some global minimizer £ not
from these families. By picking a subsequence, we can assume that it converges to
a closed curve &,, which belong one of the local families ij . Using local uniqueness
from Lemma £En must belong to one of the local families as well. This is a
contradiction.

To prove denseness, it suffices to prove that for a potential U satisfying the con-
clusion of Proposition [A.14] we can make an arbitrarily small perturbation, such that
there are no degenerate global minimizers.

Our strategy is to eliminate the degenerate global minimizers one by one using
a sequence of perturbations. Let ﬁfl, e ,ﬁf,N be the set of all degenerate periodic
orbits from Corollary , and let 77{E Lo -nf,N be their projection to T?. The set
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of degenerate periodic orbits depends continuously on small perturbations to the
Hamiltonian (Corollary [A.2)).

Let S € {1,---, N} denote the indices of the global (pg, h)—minimizers among
e nf,N . Note that for all j ¢ S, either the homology of nfj is not h, or the homol-

ogy of nfj is h but g (nfj ) < lg(h). In either case, for sufficiently small perturbation
to the potential U, we still have j ¢ S.

Consider i € S, we have I, (£%) = Ig,(h). We note that from Proposition , ¢hi
can never be the unique global minimizer. Indeed, since the local branch containing
¢F cannot be continued to both sided of Ej, there is at least another local branch.
Let V' be an neighborhood of fiE", such that V is disjoint from the set of other global
minimizers with the same energy. For 6 > 0 we define Us : T> — R such that
U5|£ZEZ' = ¢ and suppUs C V. Let Hs = K — U — Uy, and let lg s be the perturbed
length function. We have

le.s(68) = [, VEEBF TR > () = I (0) =l o(h).
&

As a consequence, ff is no longer a global minimizer for the perturbed system.
Moreover, for sufficiently small §, no new degenerate global minimizer can be created.
Hence the perturbation has decreased the number of degenerate global minimizers
strictly. By repeating this process finitely many time can eliminate all degenerate
global minimizers.

[]

A.3 Proof of Theorem {4 about genericity of [DR1]-[DR3]

In this section we complete the plan laid out in the introduction to this section. We

complete the proof of Theorem This amounts to proving that finite local families

of local minimizers, obtained from the previous section, are “in general position”.
We assume that the potential Uy € G" satisfies the conclusions of Theorem [26] Let

& f U denote the branches of local minimizers from Theorem where we have made

the dependence on U explicit. There exists an neighbourhood V' (Uy) of Uy, such that

the local branches ij’U are defined for E € [a; —0/2,b; + 0/2] and U € V(Uy).
Define a set of functions

filaj = 0/2,b;+0/2) x V(Uo) — R, fi(E,U) =lp(§™").
Then §iE VUis a global minimizer if and only if

fi(E’ U) = fmin(Ev U) = HljiIlfj(E, U>’
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where the minimum is taken over all j’s such that E € [a;, b;].
The following proposition implies Theorem [4]

Proposition A.15. There exists an open and dense subset V' of V(Uy) such that for
every U € V', the following hold:

1. For each E € [Ey, E], there at at most two j’s such that f;(E,U) = fum(E,U);

2. There are at most finitely many E € [Ey, E| such that there are two j’s with
f]<E7 U) = fmln(E7 U);

3. For any E € [Ey, E] and jy, j2 be such that f;,(E,U) = f;,(E,U) = fou(E,U);
we have

0 0
@fjl <E7 U) 7é 8_Efj2(E7 U)

Proof. We first note that it suffices to prove the theorem under the additional assump-
tion that all functions f;’s are defined on the same interval (a,b) with fuin(E,U) =

min; f;(E,U). Indeed, we may partition [Ey, E] into finitely many intervals, on which
the number of local branches is constant, and prove proposition on each interval.
We define a map

f = (fla"' 7fN) : (aab) X V<U0) —>RNa
and subsets
Ai17i27i3 = {($1> ce axn)3xi1 = Tjy = 1'1‘3}7 1 <y <ip <13 <N,

Ah,ig = {(ml, s ,.ﬁEn);.ﬁEil = l’i2}, 1 < il < ig S N

of RV x RY. We also write fY(E) = f(E,U). The following two claims imply our
proposition:

1. For an open and dense set of U € V(U), for all 1 < iy < iy < i3 < N, the set
(fU)_lAihiQ’,Q 1S empty

2. For an open and dense set of U € V(Up), and all 1 < iy < iy < N, the map
U (a,b) — RY is transversal to the submanifold A;, ;,.

Indeed, the first claim imply the first statement of our proposition. It follows from
our second claim that there are at most finitely many points in (fY)"1A;, ;,, which
implies the second statement. Furthermore, using the second claim, we have for any
E € (fY)"'A;, 4,, the subspace (D fY(E))R is transversal to TA;, ;,. This implies the
third statement of our proposition.
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For a fixed energy F and (vq,---,vy) € RY, let U : T?> — R be such that
0U(p) = v; on an open neighbourhood of ¢/ for each j = 1,--- N. Let g, and 5;-3’6
denote the arclength and local minimizer corresponding to the potential U +€ejU. For
any ¢ in a neighbourhood of ff, we have

E+U(p) +8U(p) = E+U(p) + evj,

hence for sufficiently small € > 0, ng,e _ ijﬂvj.
The directional derivative

d FE d E4-ev; a
Dyf(E,U)-0U = —| g (&)= —| lpie, (& 7)) ==—Ffi(E,U)v;.
Uf( ) ) dE =0 E, (63 ) dE =0 E+ J<€] ) aEf]< )UJ
It follows from a direct computation that each f; is strictly increasing in F and the
derivative in E never vanishes. As a consequence, we can choose (vy,- -+ ,vy) in such

a way, that Dy f(E,U) - 6U takes any given vector in RY. This implies the map

Dyf :(a,b) x TV(Uy) — RY

has full rank at any (E,U). As a consequence, f is transversal to any A, ;, ., and
A, i,- Using Sard’s lemma, we obtain that for a generic U, the image of f is disjoint
from A and that fU is transversal to A;, ,,. O

11,82,13

A.4 Proof of Theorem [5l

Now we prove the second Theorem about genericity of properties of geodesic flows.
Proving Theorem [5| consists of two steps consisting of two localized perturbations of
the potential U.

First, we perturb U near the origin to achieve properties [A1l]-[A2]. Then we
perturb it away from the origin around a point on a homoclinic orbit 4+ and satisfy
[A3]-[A4].

Let W’ be a p-neighborhood of the origin in R? for small enough p > 0 so that
it does not intersect sections X% and X%. Consider £(f) a C*°-bump function so
that £(0) = 1 for |0| < p/2 and £(0) = 0 for || > p. Let Qc(0) = >_ (;0:0; be a
symmetric quadratic form. Consider Us(0) = U(6) + £(60)(Qc¢(6) + (). In W’ x R?
we can diagonalize both: the quadratic form K (p) = (Ap, p) and the Hessian 52U (0).
Explicit calculation shows that choosing properly ¢ one can make the minimum of U
at 0 being unique and eigenvalues to be distinct.

Suppose now that conditions [A1]-[A2] hold. We perturb U and satisfy [A3]-[A4].
Fix a point #* € v" at a distance of order of one from the origin. In particular, it
is away from sections >7.. Let W” be its small neighborhood so that intersects only
one homoclinic v*. Denote w* = W* NX% an unstable curve on the exit section X%
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and w® = W* N X7 a stable curve on the enter section ¥7. Denote on w" (resp. w®)
the point of intersection 3% (resp. 3% ) with strong stable direction ¢*° (resp. ¢**).
Recall that ¢* (resp. p*) denotes the point of intersection of v+ with X% (resp. ¥).
We also denote by T%*(q*) (resp. T%°(p™)) subspaces the tangent to w* (resp. w®) at
the corresponding points. The critical energy surface {H = K — U = 0} is denoted
by So. In order to satisfy condition [A3]-[A4] the global map @, has satisfy

o OF

glo

o DO, (¢)rs, T (q¢7) M T(p*), Dy (q7 ) rsy T (™) h T (p7).

ywh Nw® # ¢* and (@;ob)’l(ws) Nw" # g

The first condition can also be viewed as a property of the restriction of @;k)b] So-
Notice that q)glob, restricted to Sy, is a 2-dimensional map.

Consider perturbations 6U € G" of the potential U localized in W”. By Lemma
the differential map Dy ® generates a subspace orthogonal to the gradient VHY
and the Hamiltonian vector field xV(+) of HY. Notice that when we restrict @;ob onto
¥4 NSy we factor out VHY and xY(-). Both conditions on &, (resp. D®}; [s,)
are non-equality conditions on images and preimages for a 2-dimensional map. Thus,

these conditions can be satisfies by Lemma [A.4]
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B Derivation of the slow mechanical system
In this section we consider the system
H(0,p,t) = Ho(p) + eH:1(6,p,1)
near a double resonance py = I' N I'z,. Note that this implies
(K1, ko) - (9, Ho(po), 1) = (K1, k) - (9pHo(po), 1) = 0,

where k = (ki1 ko) and k¥ = (K|, k). In particular, we have k, }f k,. We may choose
k' differently without changing the double resonance pg, such that

k] | (51)

detB=1, B= ¥

with ki, E’l viewed as row vectors.

We will describe a series of coordinate changes and rescalings that reduce the
system to a perturbation of the slow system.

In section [B.1] we describe a resonant normal form.

In section[B.2] we describe the affine coordinate change and the rescaling, revealing
the slow system.

In section [B.3] we discuss variational properties of these coordinate changes.

B.1 Normal forms near double resonances

Write wy := 0,Ho(po), then the orbit (wp, 1)t is periodic. Let

—; 3
T = %Eg{t(wo, 1) e Z°}

be the minimal period, then there exists some constant ¢ > 0 such that T < ¢||k||||¥]|.
Given a function f : T? x R? x T — R, we define

T
O ) = [ 56+ st + 51,

[f] corresponds to the resonant component related to the double resonance.
Writing Hy(0,p,t) = > jops hu(p)e 2mil04) and let A = spang{k,K'} C 73, we

define
Z(Q,p, Zh 271'1[ (9t

leA
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Z only depends on k- (0,1), K- (0,t), and p.
We define a rescaled differential in the action variable by

8If<97p7 t) = \/Eapf(eap7 t)u

and use the notation C} to denote the C" norm with 9, replaced by 0.

Theorem 27. Assume that r > 4. Then there exists a C? coordinate change
@, : T? x Ug se(po) x T — T? x Uy se(po) % T,

which is the identity in the t component, and a constant
C=C(k,K,E,|Hilcr [[Hollcr), such that

Ne(e,p, t) = He o q)e(eapa t) =

Ho(p) + €Z(0,p) + €Z1(0,p) + eR(0, p, 1),
where Zy = [Z1),, and
1Zillcz < CVe, IRz < Ce,
and )
|® — Id||¢2 < Ce.

Remark B.1. Our normal form is the cut-off from a formal series obtained by a
sequence of “partial averaging”, see, for example expansion (6.5) in [8, Section 6.1.2].
While this expansion is classical, our goal here is to obtain precise control of the norms
with minimal reqularity assumptions. In particular, the norm estimate of ®. — Id is
stronger than the usual results, and is needed in the proof of Proposition[B.4

The rest of this section is dedicated to proving Theorem . Denote I1y(0, p,t) =
6, 11,(6,p,t) = p the natural projections.

Lemma B.1. We have the following properties of the rescaled norm.
LAflley < fllers fller < €2 flley
2 10ufleg+ < 1 flley. 18,1

3. Nfglley < fllegllglle;-

4. Let @ = (Py, P, 1d) : T* x U x T — T?* x R* X T be a smooth mapping. Then

op < \/LngHC’;-

T

1 o @licy < Il flle; (max{IMy®licy. ITL@ ey /v/e} )
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5. Let ® be as above, then

[f o @y <[ o @llco + [[flley + 1f o (@ = Id)llc;-

Proof. The first two conclusions follow directly from definition. For the third conclu-
sion, we have || f||cr = || f]|cy, where

f0,1) = f(0,Ve).

The third conclusion follows from properties of the C”—norm.
For the fourth conclusion, we note

fod=7fod,

where f is as before, and ®(6, 1) = (g(6, /eI), ®,(0, \/eI)/+/€). We have ||®|cr =
max{ [ Ily®@||cr, [T, ®]|cr /v/€}. The fourth conclusion follows a property of C” func-
tions known as the Faa-di Bruno formula || fo®||cr < ¢||f|lcr || @7 for some ¢ = ¢(r),
see e.g. [29)].

For the fifth conclusion, since the differential operator is linear,

1f o @llcy < [[f o ®@llco + [[0i0,1)(f © ®)l[cr—
< 115 0 ®llco + 100 fler1 + 1900.0 (f © (@ = 1))l 1.
The estimate follows. O

We reserve the notations ¢ for a unspecified absolute constant, and C for a un-
specified constant depending on k, k', E, ||Hy|lcr, ||Hol|lcr- For p > 0, denote

D, =T?x U,(po) x T x R.

Our main technical tool is an adaptation of an inductive lemma due to Bounemoura.

Lemma B.2. Assumer >4, p >0, p > 0 satisfies

p
O<e<puy® Tu<l, (T <c—"r .
e<p’, Tup<l, (u)ﬁ_cz(r_Q)

Assume that
H:T?xUyp)) x Tx R— R, H(0,p,t,E) =1+ go+ fo,
where l(p, E) = (wo, 1) - (p, E) is linear, go, fo are C™ and depend only on (6, p,t), and
||8090||C;*1(Dp) < evep, ||5p90Hc;*1(Dp) < cp,
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I folleg o) < Ve, 10pfoller— < evep.

Then for j € {0,--- ,r —2} and p; = p — jﬁ > p/2, there exists a collection of
C?*-symplectic maps P; : D,, — D,, of the special form

®](67p7 t? E) = (6(97p7 t)? P(67p7 t)? t? E + E(97p7 t))'
The maps ®; have the properties
Mo (@5 — Id)eac,,) < e(Tw)*,  ITp(®; — Id)lea(n,,) < c(TH)VE,

and
Ho®;=1l+g;+f

for each j € {0,--- ,r — 3} satisfying gj41 = g; + [fjlw, and
196g;llcri-1(p,,) < Ve, 10pg5ller—i-1(p,,) < en,

I filler-s(p,,) < e(Tp) Vep.

Proof. The proof is an adaptation of the proof of Proposition 3.2, [I8], page 9.
Following [18], we define

‘:—/ — [fi)wo) (0 + wos, p, t + s)ds

and
Dj11 = @; 0 Y,
where @37 is the time-s map of the Hamiltonian flow of x;.

Using the fact that x; is independent of E, we have the map ®% is independent
of E in the (0, p,t) components. Furthermore, X is the identity in the ¢ component,
and IIp®% — E is independent of E. Hence ®; takes the special format described in
the lemma. The special form of ®; implies that g; and f; are also independent of F,
allowing the induction to continue.

We now make several norm estimates.

Ifillley < W filley < Ty Ven, lIxilley < Tllfilley < e(Tu)* Ve,

For 7 > 1, using the inductive assumption,

1 .
10Xl < Xl < o(Tu)* e(Tp)?,
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while for 7 = 0, the initial assumption on f; implies

10px0llcr—1 < TN 0pfllcrr < eTVeu < o(Tp)
As a consequence

1T (@%F — Id) st < el st < (T

@ — 1) g2 < O ey < T+ Ve < (T ve.

The assumption (T'u)/e < cp/(2r —4) implies that {®X7}; are well define maps from
D,.,, to D,.. The norm estimate for ®; follows from that of ®X.

We define ¢;j+1 = ¢; + [fjlw,- The norm estimate for ||g;41]| follows directly from
the inductive assumption on ||g;|| and || f;||. By a standard computation, we have

1
fin= [ {70} 0 @Vis,
0
where fjs =g;+ Sfj + (1 - 3)[fj]¢d0'

It’s easy to see that g; is the dominant term in f; and all estimates of g; carry
over to f7 with possibly different constants. We have

1A x5 o1 < 108l 10x -1 + 1908 g5 100 -
1 iy
< C\/EM%HXHC;—J' +eplixllor-s < e(Tp) ™ Vep.
Furthermore, by Lemma [B.I], items 4 and 5,
Fx} 0 @l
< {7 x5} 0 @F o + {7, xaHlgr-i- + {7 x5} 0 (@9 = Td) [ r-in
r—j—1
<A X5 g1 + I x5l ggsmt (max{eT2p, o Tw)} )
< {7, xi -1 < e(Tp) Ve
The norm estimate for f;;; follows, and the induction is complete. O
Proof of Theorem [27. We write
H(97p7t7 E) = He(evpa t) - HO(pO) + E =l + Jo + f07
where l(p7 E) = (w07 1) ’ (p7 E)7

90(0,p,t) = Ho(p) — Ho(po) — wo - p
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and fo =€eH;. B
Define p = 2E+/€ and p = E+vE. We have

186g0llcr-1(p,) = 0 < Ve, (18pg0llcr-1(p,) < cEVe = cp,

Ifolley o, < € < eveu, 10uf ez (o0 fller,) < evVep.

By choosing e sufficiently small depending on T', we have (T'u)\/e = TE% < cp/(2r —
4) and T < 1. The conditions of Lemma are satisfied, and we apply the lemma
with r = 4. Since with our choice of parameters (T'u)/e < (T)?, there exists a map
D, : Dp/g — Dp, ~

|2 — Id||c2(p, ) < c(Tp)? < cT?E?e,
and

Ho @2 =1 + 9o + [f()]wo + [fl]wo + f2a
with

3

[ i)eollez(p, o) < c(Tp)Ven = cTEe2,

I fallcz(p, ) < e(Tu)*Ven = cT? B3,

Using | 4+ go = Ho(p) + €Z — Ho(po), define €Z = [folwy, €Z1 = [f1]wy, and eR = fo,
we obtain

(Ho+ E)o®y=Hy+eZ+eZ1+eR+E

with the desired estimates. Finally, we define ®.(0,p,t) = ®9(0, p,t, E). This is well
defined since ®, is independent of F. O

B.2 Affine coordinate change and rescaling

We first make a coordinate change p = p — pg, shifting the double resonance to p = 0.
Formally,
Spo(97]§7 t) E) = (9715+p07t7 E)

We then make a linear change of coordinate by writing ¢* = (ky - 0 + kot, K, - 0+ kit),
and then complete it to a symplectic coordinate change. Using the matrix B, defined
in (51)), and symplecticity, formally, we have

0 SOs Bl _pB-1 |:IZ:(/)‘| SOs
t t 0 t
Pl L | ! ! P’
E E' B* 0 E'

ko, ki 1

Denote &5, = S, o L. Notice that this formula implicitly defines p®.
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Lemma B.3. In the notations of Theorem [27 for the Hamiltonian N. = H. o ®. in
the normal form we have

(Ne + E) 0o @1, — E' = Ho(po) + K(p°) — eU(¢") + €Po(", p°) + eR(¢", P, 1),

where
K(p°) = (02,Ho(po) B p*, B'p*),  U(¢®) = —Z(¥", po), (52)

and [|Pollcz < Cv/e, [|R]lca < Ce.
Proof. Notice that by definition of the above matrix B we have p = p — py = BT p®.
Consider (N, + E) o &, and expand Hy(p) = Ho(po + ) = Ho(po + BTp®) and
Z(¢® po + p) near pg. We have

(Ne + E) e} (I)L

= Ho(po + D) + €Z(0°, po + D) + €Z1(¢°, p) + eR + (ko, ky) - p° + E’

= Ho(po) + 9, Ho(po)p + (82, Ho(po)p, ) + Ho(p)

+e{Z(¢",po) + (Z(¢",p) = Z(¢",p0))} + €Z1(¢", p) + eR + (ko, ko) - p° + E

:Combine Ho,p—terms H()(po) + apH0<p0) . BTps + (ij, ké)) . ps+

+(02,Ho(po) B"p*, B"p*) + Ho(p)

+€Z(¢", po) + €Z(¢°,p) + €Zi (¢, p) + R+ E’

= Hy(po) + K(p°) — eU(¢°) + ePy + eR+ F',
where ) 3

ePy(¢® p°) = eZ(¢°,p) + €Z1(¢”, p) + Ho(D),
Z(¢%p*) = Z(p,p0 + D) — Z(, P0),
and .
Ho(p) = Ho(po + p) — Ho(po) — O, Ho(po) - P — (02, Ho(po)D, D)

which is the third order Taylor remainder of Hy(py + p). In the third equality, we
have used the fact that

0 0

whose transpose justifies the cancellation.
Finally, by direct calculation, we have

[ ~ 3
[Holloz, [[€Z(©% p%)llcz < ce?
and || Z1[|c2 < C/e, || Rlc2 < Ce by Theorem 27} 0
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We write N2 (¢, p*,t) = (N + E) o ®p(¢% t,p°, E') — E'.
To define the slow system precisely, we perform some rescalings to the system.
Given a Hamiltonian H (¢, p® t), we define
_ 1
H(%Osa [Sa t) = 81<H)(§057 [Sa t) = _H(sta \/E[S’ t)a

€

[:I(SOS’IS,T) = SQ(H)(QDs?[svT) = %H“Osvlsﬂ—/\/g)'

Note that H is defined on T2 x R? x V/€T. The flows of H and H are both conjugate
to that of H. Write § = S5 0 ;.

Proposition B.4. We have
H? = S(N?) = Ho(po)/e + K(I*) = U(¢") + VeP(¢", I*, 7), (53)
where ) .
| Pllc2(ps, sy < C, |[(Ops P, Ors P) || e (ps,10,7) < C.
Here
1P(e*, I, T)lle2ps,1e) = sup [0 Pllco, 1|07 Plleo

is a C% norm with 7 deriatives excluded, and C(o*, I°,7) denote the mnormal C*
norm involving all variables.

Proof. We write
VeP(*, I°,7) = Po(¢°, VeI*) + R(°, VeI, 7/ /e).
We note that as differential operators, d; = Jrs, and
O, R(&" VeI’ T/\E) = Ve " OR(" Vel T/ Ve).
The norm estimates follows from Lemma [B.3l O

We denote
H (%, I°) = K(I°) = U(¢%), (54)
this is the slow mechanical system. We will lift the functions H? to T? x R? x R

without changing the name, and also regard H*® as a function on T? x R? x R by
adding trivial 7 dependence. With these notations, we have

Proposition B.5. Ase¢ — 0, H® — Ho(po)/e Tonelli converges to H® as a uniform
family (see section[10.4). Moreover,

Ope, 1y He — Qe 1) H*
in the C' mnorm, and as a result, the Hamiltonian vector field of HE converges to that

of H* in the C' norm.
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B.3 Variational properties of the coordinate changes

We have made the following reductions from the original system H, to the slow system
H?: N.(6,p,t) = H.o ®(0,p,t) is the normal form; N?(¢®, p°,t) = N o © (%, p°, 1)
incorporates an affine coordinate change; H?(¢®, I°,7) = Sy 0 S1(N?)(¢°, I*, 7) is the
result of two rescalings.

Proposition B.6. We have the following relations between H, and N.:
1. ap(c) = an(c), MHE(C) = My.(©), AHE(C) = An.(0), NHE(C) = N (e).
2. |Ap, (01,1105, 1) — An. (01,1505, 1)| < Ce.
8. |hu, (01,1509, t2) — hi, (01, 11502, 12)| < Cee.

Proof of Proposition[B.0. The symplectic invariance of the alpha function and the
Mather, Aubry and Mane sets follows from exactness.
Writing @, = (O, P, t), from Theorem [27, we have

1@ = Id||co < Ce, [|@c — Idjcr < CVe
By exactness of ®., we have there exists a function S : T? x U x T — R such that
PdO — pdf = dS.

We now estimate the C®—norm of S. Write Sy = P - (© — 6), this is a well defined
smooth function on T? x R? x T. We compute

dSy = PdO — pdf + (p — P)df + (© — 0)dP,
hence
dS =dSy+ (p— P)df + (© — 0)dP.

Since ||Sol|co < ¢f|®e — Id]|co < Ce and |d(S — So)||lco < ||Pe — Id]|co||Pe — Id||cr <
Cez, we conclude that ||S]|co < Ce.
For the estimates of the action Ay, (61, t1;0,15), let v be its minimizer, and let
¢ be a C'—curve such that
L 'd¢ = o (L dy),

where, as before, dv(t) denotes (v(t),7(t),t). Using exactness, we have

(L, —c-v)(d€) = (pdf — H. — cdf)(L""d¢)
= (pdf — N, — cdf + dS)(L"'dy) = (Ln, — c-v)(y) + dS(Ldy).
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Integrating, we have

| AN (01,115 02, 2) — A (E(R), 01€(E2), 2))| < C||S]|co < Ce.

Since || ®, — Id||co < Ce, we have [|6; —£(£1) ||, |62 — £(£2)|| < Ce. The estimate follows
from the Lipschitz property of Apy.
Taking limit, we obtain the estimate for hp . O]

The relation between the normal form system N, and the perturbed slow system
H? is summarized in Proposition[I2.5] We split the proof of this proposition into two
steps.

First, we have the following relations between N, and N?.

Proposition B.7. Let ¢ = (BT)™Y(c — po).
1. an. (c) = ans(c) = - (ko, k().
2. My (¢) = Dp(Mn:(¢)), An, () = Pr(Ans(¢), N (¢) = 1 (Nw; ().
3. Denote o = BO; + (ko, kj)t mod T?. We have
AN o(01, 1502, 85) = Ans o (05, 115 95, T2).

4' hNe,C<01a tl; 927 tQ) = hNES,C’(QDiqa t1; 5057 t2)'

Proof. The first two statements can be proved using symplectic invariance of these
sets. Here, hence we provide an alternative proof based on the Lagrangian setting,
which proves all four statements.

The angular components of the coordinate transform @ is given by

af7]- [ =Wl 7] we -2 K] .

Given a curve 7° : [ty,ty] — T2, define 7 : [f1,1s] — T? by v(t) = ®¢(v*)(t). We
have
V() = ¢ ifty(E) =6, i=12
By definition, the one forms
(p = po)df = (D1)"(p*dy®).

We have the following calculation:

Ly (dy) = (pdf — N)(L™"dv) = ((p — po)df — Nedt)(L™"'dy) + po -

= (01)" (p°dy” — NO)(L™'dy") +po -4 = Lz (dy*) +po - 9,

180



where all expressions are evaluated at t € (¢, 1s).
Using

§=B7 — B m ,
kO
we have
(Ln, — c-v)(dy)
= Ly (dv*) — (¢ —po) - 7

= Ly (dy®*) — (¢ —po) - (B™'4° + B - (ko, k()
= (Ly: = -v+ - (ko, kp)) (dv°). (55)

Note that by integrating along orbits, and using the ergodic theorem, extends
to invariant measures. Since

0= inf/(LNé —c-v+ay.(c)dp = inf/(LNes —c- v+ apns(c))dpu,
n p

we obtain
an, (¢) + ¢+ (ko, ko) = an:(c).
The relation between alpha functions, together with , implies

ANE,C(G].){:[; 9277?2) = AN:,C'(SDi,fl; 90;7?2)-

By taking the limit, we obtain hy, ((61,%1; 62, t2) = hys.o (97, 115 95, ta).
The third statement also implies that v being semi-static (static) for (Ly_,c) is
equivalent to 7* being semi-static (static) for (Lys,c’). Since

¢L(L71dy") =Ly,

the relation for the Aubry set and Mane set follows.

The Mather set consists of the support of all invariant measures supported on the
Aubry set (see e.g. [51]). The relation between Mather sets then follows from the
relation between Aubry sets. O

Second, we have the following relations between N® and HZ. Note that H? is
defined on T? x /€ T.

Proposition B.8. Let ¢ = /+/e.
1. ans(d)/e = apy:(C).

2. MNg(C') = @S(/\;ng(E)), etc., where ®g(p*, 1) = (p°, /e I?).
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3. Let 7y = \Jet;, i = 1,2. Then

Aps o(95, 71395, T2) = Ans.o (5, 15905, 1) / /€.
4. Let 7; = +\/et;, i =1,2. Then

hirs 2(97, 713 95, T2) = hive o (95, 115 95, 2) Ve

Proof. Given a curve 5° : [f1,f2] — T2, define  : [\/efy, v/ela] — T2 by 7(r) =
v(1/y/€). Tt follows that

We have used “to denote ¢ derivative and ’ to denote 7 derivative.
Using the definition of the rescalings, we have

LS10H(9057 v, t) = LH(sta v, t)/\/gv LSQOH(SOsv v, 7—) = LH(QDS> \/EU, 7_/\/E)/\/E

It follows that
LH? (9087 v, T) = LNES ((1057 \/EU7 7—/\/E)/6
We have

LHS (’77 3/7 7-) —cC- /7/ = (LNes (’77 \/Eﬁ/a 7-/\/E) — Ce - /7/)/6
— (LNg(’Ysa’Ysa t) - C/ ' /78)/67

where t = 7/4/e. Statement 1, 3 and 4 follows from the above expression, similar to
the proof of Proposition B.7} Since

Pg(Ldy) = L™ tdy*,

statement 2 follows, again similar to the proof of Proposition [B.7] ]
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C Variational aspects of the slow mechanical sys-
tem

In this section we study the variational properties of the slow mechanical system
H*(p°, I°) = K(I°) = U(¢”),

with minU = U(0) = 0.

The main goal of this section is to derive some properties of the “channel”
Upao £F3(AFh), and information about the Aubry sets for ¢ € LFz(Ah). These
statements Propositions [4.1] and and justify the pictures described in Fig-

ure [13] and Figure [14]
e In section , we show that each LF3(APh) is an segment parallel to h'.

e In section we provide a characterization of the segment, and provide infor-
mation about the Aubry sets.

e In section we provide a condition for the “width” of the channel to be
1ON-ZETO.

e In section [C.4] we discuss the limit of the set LF5(AFh) as B — 0 which

corresponds to the “bottom” of the channel.

[A9)]

We drop all supscripts “s” to simplify the notations. The results proved in this
section are closely related to discussions of Mather in [59]. However, it is difficult
to locate exact references for the statements needed, so we include statements and
proofs for completeness.

C.1 Relation between the minimal geodesics and the Aubry
sets

Assume that H(p, ) satisfies the conditions [DR1]-[DR3] and the conditions [A0]-
[A4]. Then for E # E;, 1 < j < N —1, there exists a unique shortest geodesic v/ for
the metric g in the homology h. For the bifurcation values F = Fj;, there are two
shortest geodesics v£ and 7¥.

The function (g(h) denotes the length of the shortest gp—geodesic in homology
h. lg(h) is continuous and strictly increasing on E > 0, is positive homogeneous
(Ig(nh) = nlg(h), n € N) and sub-additive (Ig(hy + h2) < lg(h1) + lg(hs)) in h.

Assume that the curves 7 are parametrized using the Maupertuis principle. Let
T(vF) be the period under this parametrization, and write A(7¥) = 1/(T(7F)).
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We pick another vector h € Hy(T? Z) such that h,h form a basis of H(T?, Z)
and for the dual basis h*, h* in H'(T? R) we have (h,h*) = 0. We denote h* by hi
to emphasise the latter fact.

Theorem 28. 1. For E = Ej,
LFs(N() - h) = LFs(AGy) - h).

As a consequence, write \F = \(7F), then the set LF5(AFR) is well defined (the
definition is independent of the choice of v¥).

2. For each E > 0, there exists —oo < az(h) < af(h) < oo such that
LF(N 1) = lp(R)h* + [ag(h), af(h)] hi .
Moreover, the set function [ag, aJEF] 18 upper semi-continuous in E.

3. For each ¢ € LFg(\Fh), E # E;, there is a unique c—minimal measure sup-
ported on vF.

4. For each c € Efg()\fjh), there are two c—minimal measures supported on vfj
and c.

5. For E > 0, assume that the torus T? is not completely foliated by shortest closed
gr—geodesics in the homology h, then at(h) —az(h) > 0 and the channel has
non-zero width.

Assume that v is a geodesic parametrized according to the Maupertuis principle.
First, we note the following useful relation.

L(v,9) + E=2(E+U(7)) =V ge(7,7), (56)

where L denote the associated Lagrangian.

According to the theorem of Diaz Carneiro [2§], the minimal measures for L is
in one-to-one correspondence with the minimal measures of % ge(p,v). On the other
hand, any minimal measure %gE with a rational rotation number is supported on
closed geodesic. The following lemma characterizes minimal measures supported on
a closed geodesic.

Lemma C.1. 1. Assume that c € H(T? R) is such that ag(c) = E > 0. Then
for any h € H\(T*,Z),
lg(h) — (c,h) > 0.
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2. Let v be a closed geodesic of gg, E > 0, with [y] = h € H\(T? Z). Let ju be the
mvariant measure supported on the periodic orbit associated to v. Then given
c € HY(T? R) with a(c) = E,

w is ¢ — minimal if and only if g(h) — (¢, h) = 0. (57)

3. Let v be a closed geodesic gg, E > 0, with [y] = h € Hi(T?* Z) and a(c) = E.
Then v C Ag(c) if and only if holds.

Proof. Let v be a closed geodesic of gg, E > 0, with [y] = h. Assume that with the
Maupertuis parametrization, the periodic of v is T'. Let u be the associated invariant
measure, then p(u) = h/T. Assume that a(c) = F, by definition, we have

/um+Ezﬁwun+M@z@muy
By , we have

/Mw+E——/1L+E<h / Vor(dy) = lp(y

Combine the two expressions, we have [g(y) — (¢, h) > 0. By choosing v such that
lg(y) = lg(h), statement 1 follows.

To prove statement 2, notice that if p is c—minimal, then a(c) = E and the
equality

/L@+E:@mﬁv

holds. Equality follows from the same calculation as statement 1.

For £ > 0, v € Ag(c) if an only if v is a minimal measure. Hence to prove
statement suffices to prove for £ = 0. In this case, v can be parametrized as a
homoclinic orbit. v C A(c) if and only if

[%@—cw+a@xmo:a

Since
/w@—cw+a@xmwaf7L+muw—@mwdﬂm—@m»

the statement follows. O]

Proof of Theorem[28 By Lemma , if there are two shortest geodesics 7¥ and 47
for gg, for any ¢, the invariant measure supported on 7# is c— minimal if and only if
the measure on 4 is c—minimal. This implies statement 1.
Statement 2 follows from the fact that LF5(A\fh) is a closed convex set, and (57)).
Statement 3 and 4 follows directly from Lemma [C.1] O
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C.2 Characterization of the channel and the Aubry sets

In this section we provide a precise characterization of the set
LFs(Nh) = lp(h) I + lag(h), af,(h)] b
For each E > 0, we define

ds(h) = £+ inf (Ig(nh+h) —lg(nh)),

n—aoo

where h, h is a basis in H,(7?,R) and the dual of h satisfies (h*, h) = 0 so we denote
it ht. Note that the sequence lg(nh £ h) — lg(nh) is decreasing, so the infimum
coincides with the limit. We will omit dependence on h when it is not important.

Proposition C.2. For each E > 0, we have
d(h) = ag(h).

Proof. We first show
d5(h) < ag(h) < az(h) < df(h).

Omit dependence on h. Denote ¢ = l(h)h*+ajh', by definition, iz(h)—{(c*, h) = 0.
By Lemma [C.I] statement 1, for n € N,

0 <lg(nh+h) —(c",nh+h) = lg(nh + h) — nlg(h) — (c" h)
= lp(nh + h) — nlg(h) — af.

Take infimum in n, we have dj; — a}; > 0. Perform the same calculation with nh + h
replaced by nh — h, we obtain 0 < lg(nh — h) — nlg(h) + aj, hence az — dy > 0.
We now prove the opposite direction. Take any ¢ € lg(h)h* + [dy, d5]ht, we first
show that a(c) = E.
Take p € Qh + Qh, then any invariant measure p with rotation number p is
supported on some [y] = myh + myh with m;,my € Z. Let T denote the period, by

Lemma below,
B(p) + E = lg(mih +myh)/T > (c,mih + myh) /T = {c, p).

Since f is continuous, we have a(c) = sup(c, p) — 8(p) < E, where the supremum is
taken over all rational p’s. Since the equality is achieved at p = h, we conclude that
alc) = E.

By Lemma , statement 2, the measure supported on 7 is c—minimal, and
hence ¢ € LF(A\Fh). O
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Recall h, h form a basis in H,(T?,7Z) and the dual of h is perpendicular to h and
denoted by ht.

Lemma C.3. For any c € lg(h) b* + [dg, dE| h* and my, ms € Z, we have
lg(mih + mah) — (c,mih + mah) > 0.
Moreover, if ¢ € lg(h)h* + (dg, df)h* and my,my # 0, there exists a > 0 such that
lg(mih + mah) — (c,mh + myh) > a > 0.

Proof. The inequality for m; = 0 or my = 0 follows from positive homogeneity of /.
We now assume my, my.
If my > 0, for a sufficiently large n € N, have

lg(mih + moh) — (c,mih + maoh)

= lg(mih + mah) + lg((nmy — my)h) — (¢, nmah + myh)

> Ip(ma(nh + h)) — (¢, ma(nh + h) = my(lg(nh + h) — (c,nh + h))
> Ig(nh+ h) — {c,nh + h).

Since

lg(nh+ h) — (c,nh + h) = lg(nh + h) — nlg(h) — {c, h),

for ¢ € lg(h)h* + (dg, d})h*, then there exists a > 0 such that for sufficiently large
n’

lim Ig(nh+ h) —nlg(h) — (c,h) > a.

n—-~aoQ

For msy < 0, we replace the term (nmg — mq)h with (—nmsy — mq)h in the above
calculation. O

We have the following characterization of the Aubry sets for the cohomologies
contained in the channel.

Proposition C.4. For any E > 0 and ¢ € lg(h)h* + (dg, d§)h*, we have

if B is a bifurcation value.
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Proof. We first consider the case when F is not a bifurcation value. Since 7¥ is
the unique closed shortest geodesic, if Ay (c) 2 v, it must contain an infinite orbit
7. Moreover, as v supports the unique minimal measure, the orbit v must be
biasumptotic to vZ. As a consequence, there exists T5,, T, — oo such that v (=T,,)—
yH(T)) — 0. By closing this orbit using a geodesic, we obtain a closed piece-wise
geodesic curve 7,. Moreover, since 41 has no self-intersection, we can arrange it such
that v, also have no self-intersection. We have

l/@—cwwﬂmww%wa/@+Exmm—«A%D:@mm—«w%n

By the definition of the Aubry set, and take limit as n — oo, we have

lim ZE(’YH) - <Ca h/nD =0.

n—aoQ

Since 7, has no self intersection, we have [y,] is irreducible. However, this contradicts
w the strict inequality obtained in Lemma

We now consider the case when F is a bifurcation value, and there are two shortest
geodesics 72 F. Assume by contradiction that Ag(c) 2 vF U#E. For mechanical
systems on T2, the Aubry set satisfies an ordering property. As a consequence, there
must exist two infinite orbits 7, and 75 contained in the Aubry set, where 7 is
forward asymptotic to v and backward asymptotic to 77, and ~; is forward asymp-
totic to 4 and backward asymptotic to vf*. Then there exists T,, T/, S, S, — o0
such that

V(T = 2 (=), 7E (S4) = 4 (= Ta) — 0

as n —> 0o. The curves iy, 77, 3¥ are all disjoint on T?. Similar to the previous
case, we can construct a piecewise geodesic, non-self-intersecting closed curve -, with

lim [(L—c-v+a(e))(dy,) =0.

n—aoo

This, however, lead to a contradiction for the same reason as the first case. O

C.3 The width of the channel

We show that under our assumptions, the “width” of the channel
di(h) —dg(h) = inIf\T(ZE(nh + h) — Ig(nh)) + ing(lE(nh — h) — lg(nh)),
ne ne

is non-zero.
The following statement is a small modification of a theorem of Mather (see [59]),
we provide a proof using our language.
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Proposition C.5. For E > 0, assume that the torus T? is not completely foliated by
shortest closed gp—geodesics in the homology h. Then

dt(h) — dz(h) > 0.
Remark C.1. This is the last item of Theorem [28

Proof. Let M denote the union of all shortest closed gr—geodesics in the homology
h. We will show that M # T? implies d5(h) — dz(h) > 0. Omit h dependence. For
n € N, denote

dp, = (Ig(nh + h) — lg(nh)) + (Ig(nh — h) — lg(nh)).

Assume by contradiction that inf d,, = limd,, > 0.

Let vy be a shortest geodesic in homology h. We denote 7y its lift to the universal
cover, and use “<” to denote the order on ¥ defined by the flow. Let v, and 7, be
shortest curves in the homology nh + h and nh — h respectively, and let T} and T, be
their periods. v; depends on n but we will not write it down explicitly.

Let 4;, i« = 0,1,2 denote a lift of ; to the universal cover. Using the standard
curve shortening lemma in Riemmanian geometry, it’s easy to see that 4; and 7; may
intersect at most once. Let a € vy N~ and lift it to the universal cover without
changing its name. Let b € 7y N 72, and we choose a lift in 7y by the largest element
such that b < a. We now choose the lifts 4; of +;, i = 1,2, by the relations 3,(0) = a
and ’?Q(TQ) = b.

We have for 1 < k < 2n, 39(T3) + kh > 4;,(0) and

Y2(0) + kh = b — (nh — h) + kh < a+nh + h = 3 (T1).
As a consequence, ¥5 + kh and 7, has a unique intersection. Let
o= (Yo +kh)N Y, T =+ (k—-1h)N (7 —h).
We have xj is in increasing order on 7, and Ty is in decreasing order on . Define
Ve = Yel[Trs1, Te] = Nl [k, Trs],

and let v} be its projection to T?. We have [y;] = h and

Z le(v) = le(m) + le(y2).

Using lp(v) = lp(h) and lg(71) + (p(72) < 2nlg(h) + d,, we obtain
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Any connected component in the completement of M is diffeomorphic to an annulus.
Pick one such annulus, and let b > 0 denote the distance between its boundaries. Since
71 intersects each boundary once, there exists a point y,, € v such that d(y,, M) =
b/2. Since v C |, v;; there exists some «; containing y,. By taking a subsequence if
necessary, we may assume y, — Y. Using the above discussion, we have

Y« €7,[v]=h

Using a similar argument as in the proof of Lemma [A.T1] we conclude that there
exists a rectifiable curve ~, containing y, with (g(v.) = lg(h), hence 7, is a shortest
curve. But y. ¢ M, leading to a contradiction. O

Proposition clearly applies to the slow system as there are either one or two
shortest geodesics.

C.4 The case £ =0
+

We now extend the earlier discussions to the case £ = 0. While the functions ay, is
not defined at E' = 0, the functions dz is well defined at £ = 0. Recall h, h form a
basis in Hy(T?,7) and the dual of h is perpendicular to h and denoted by h*.

Proposition C.6. The properties of the channel and the Aubry sets depends on the
type of homology h.

1. Assume h is simple and critical.

(a) dg (h) = dg (h) > 0.

(b) lo(h)h* + [dg (h), dg (h)] h*- C LF5(0).

(c) For c € ly(h) h* + [dy (h),d (h)] h*, we have 79 C Ags(c);
For c € lo(h)h* + (dy (h),dg (h)) ht, we have 7Y = Ags(c).

2. Assume h is simple and non-critical.

(a) df (k) — dy (B) > 0.

(b) lo(h)h* + [dg (h), dg (h)] b € LF5(0).

(c) For c € ly(h)h* + [dy (h),dS (h)] ht, we have 42 U {0} C Ags(c);
For c € lo(h)h* + (dy (h),d{ (R))ht, we have ) U {0} = Ags(c).

(d) The functions dz(h) is right-continuous at E = 0.

h)h
h)h

3. Assume h is non-simple and h = nihy + noho, with hq, hy simple.
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(a) dj(h) = dy (h). Moreover, let c*(h) = lg(h1)h} + lg(he)hs, where (b, h3)
is the dual basis to (hy, hy), then

¢ = lp(h)h* + dT (h)ht,

where h* is a unit vector perpendicular to h.
(b) v, U, = Ams(c).
(c) df(hy) — dy (hy) > 0 with

Before proving Proposition we first explain how the proof of Proposition
can be adapted to work even for £ = 0.

Lemma C.7. Assume that there is a unique go—shortest geodesic in the homology h.
Then
dg (h) —dy (h) > 0.

Proof. We will try to adapt the proof of Proposition[C.5 Let 7, 71 and 42 be shortest
geodesics in homologies h, nh + h and nh — h, respectively. We choose an arbitrary
parametrization for 4; on [0,7]. Note that the parametrization is only continuous in
general.

The proof of Proposition relies only on the property that lifted shortest
geodesics intersects at most once. For ' = 0, we will rely on a weaker property.

Let 4; be the lifts to the universal cover R?. The degenerate point {0} lifts to the
integer lattice Z2. Since gy is a Riemannian metric away from the integers, using the
shortening argument, we have: if ~; intersect 7; at more than one point, then either
the intersections occur only at integer points, or the two curve coincide on a segment
with integer end points.

Let ap € 7o N1 and let 7 and 7 be lifts with 3,(0) = 3,(0) = ao. If a ¢ Z?,
then it is the only intersection between the two curves. If ay € Z?, we define af)
to be the largest intersection between 7|[0,7) and 4; according to the order on 7.
ag is necessarily an integer point, and since af € 7, there exists ny < n such that
ag — ag = noh. Moreover, using the fact that 7y is minimizing, we have

lo(Fol[ao, ag]) = lo(F1[ao, ag))-

We now apply a similar argument to 5y + h and ;. Let a; = 5(T) + h = %1(T)
and let a) be the smallest intersection between Jy[(0,7] and ;. Then there exists
n1 € N, ng + ny < n, such that a; — aj = nyh. Moreover,

lo((Fo + R)llay, aa]) = lo(Frllay, aa]).
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Let 71 = F1lla, a}] and n; be its projection. We have [n] = (n —ng —ni)h 4+ h =:

myh + h, and
lo(?’h) — mllo(h) = lo(’}/l) — nlo(h)

The curve 7, has the property that it intersects 7o only once. Apply the same argu-
ment to 72, we obtain a curve 7y with [ns] = mah — h, and

lo(n2) — malo(h) = lo(72) — nlo(h).

To proceed as in the proof of Proposition [C.5] we show that if 7; and 7, are lifts
of n; and 7, with the property that

71(0),72(T) € {3},  M(T),72(0) € {Fo(t) + A},

then 7, and 7, intersects only once. Indeed, there are no integer points between g
and 7y + h.
We have
lo(m) — malo(h) + lo(n2) — malo(h) = dn,

where d,, is as defined in Proposition Assume inf d,, = 0, proceed as in the proof
of Proposition , we obtain curves [vyx] = h, positive distance away from 7y, such
that

lo(h) < lo(k) < lo(h) + dy

This leads to a contradiction. O

Proof of Proposition|[C.G. Case 1, h is simple and critical.

(a) This follows from Lemma [C.7]

(b) We note that Lemma depends only on positive homogeinity and sub-
additivity of Ig(h), and hence applies even when E = 0. We obtain for ¢ € lo(h)h* +
g (h), dif (W)

lo(R') — {c,h'y > 0,VYK € H\(T* Z?).

Since [g(h) is strictly increasing, we obtain lg(h') — (¢,h’) > 0 for E > 0. By
Lemma [C.T], there are no c—minimal measures with energy F > 0. As a consequence,
a(c) = 0. Since {0} is a c—minimal measure with rotation number 0, we conclude
lo(W)h* + [dy (1), d ()" © LF 5(0).

(¢) Since we proved a(c) = 0, the first conclusion follows from Lemma [C.1] For
the second conclusion, we verify that the proof of Proposition for non-bifurcation
val applies to this case.

(d) The set function [d(h),d5(h)] is upper semi-continuous at F = 0 from the
right, by definition We will show that it is continuous. Assume by contradiction that

[liminf d5(h), limsup dL(h)] € [dy (h), d§ (h)].

E—0+ E—0+
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Then there exists ¢ € lo(h)h* + (dy (h),d} (h))h* and
c(E) ¢ lp(h)h* + [dp(h), d5(h)|h*

such that ¢(F) — ¢. By part (c), the Aubry set Ags(c) supports a unique minimal
measure. By Proposition[10.6] the Aubry set is upper semi-continuous in ¢. Hence any
limit point of A(c(E)) as E —» 0 is in A(c). This implies that A(c(E)) approaches
vE as E — 0. Since 7 is the unique closed geodesic in a neighbourhood of itself
(see Remark [3.3), we conclude that A(c(E)) = ~F for sufficiently small E. But this
contradicts with ¢(E) ¢ lg(h)h* + [dg(h), d5(h)|h*

Case 2, h is simple and non-critical.

(a) This follows from Lemma [C.7]

(b) The proof is identical to case 1.

(c) For the first conclusion, we can directly verify that v C A(c) and {0} C A(c).
For the second conclusion, we note that proof of Proposition [C.4]for bifurcation values
applies to this case.

Case 3, h is non-simple with h = nihy 4+ naho.

(a) Assume that h = myhy + mshs for some my, ms € Z. For sufficiently large
n € N, we have nh &+ h € Nhy + Nhy. As a consequence,

= (TL?’Ll + ml)lo(hl) + (nng + m2)lg(h2) — (nnllo(h1> + nnglo(hg))
= :l:mllo(hl) + mgl()(hQ).

We obtain dJ (h) — dy (h) = 0 by definition.
We check directly that
lo(h) — (c*, h) = 0.

Since lo(h)h* + dy (h)h* = lg(h)h* + dZ (h)h* is the unique ¢ with this property. The
second claim follows.

(b) We note that any connected component of the complement to v, U~y is
contractible. If Apys(c) has other components, the only possibility is a contractible
orbit bi-asymp to {0}. However, such an orbit can never be minimal, as the fixed
point {0} has smaller action.

(c) The statement dg (hy) — dgy (hy) > 0 follows from part 1(a). for the second
claim, we compute

dg_(hl) = llgf lo(nh1 —+ ]’LQ) — lo(nhg) = lo(hg)

and the claim follows. O
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D Transition between single and double resonance

Key Theorems [§ and [9] proved forcing equivalence for particularly chosen cohomology
classes at single and double resonances. Given a single resonance I'y, the cohomology
classes at single resonance is chosen to be a passage segment, namely, connected
components of

T\ U Up./&(po);

POEX K
where Y is the collection of strong double resonances. Let pg C I'yNT'y (k = (K1, ko),
k' = (K}, ko)) be a strong double resonance, on the neighborhood Usg z(po), the
cohomology class is chosen to be a curve

cn(E) = po+ (BT)'en(E)Ve,
where

B= m . @(E) € int LF5(\Ph),
1

see sections [B] and [C] The cohomology ¢, corresponds to the cohomology of the slow

mechanical system H?®. In order to prove the forcing equivalence of all cohomology
class, we will modify the single resonance cohomology class on the set

Usizyz(p0) \ Ugyz(po)

so that the choice of cohomology classes coincides with that of double resonance.
We first choose a particular parametrization for the curve I'y N Uy /z(po).

Lemma D.1. For sufficiently small €y, there exists a function p, : R x [0, €g] — R?,
such that

[y N Uspyz(Po) = po + pe(A, €),
p+(0,€) =0, and

000 = (B ) |, ] + 0l

Proof. T’y is defined by the relation k - (0,Ho(p),1) = 0. Using k - (0,Ho(po),1) = 0,
we have ky - (0,Ho(p) — 0,Ho(po)) = 0. We have

kl ’ a;pH()(pO)(p - pO) + O(p — p0>2 = O7 and
[0 1] B33, Ho(po)(p — po) + O(p — po)* = 0.
using p — po = O(1/€), we have

== (B Holm) [, + 0@
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We now describe the modification of the cohomology class:

e On the set
Iy N Usgz(po) \ Ugye(po),

we replace p.(A, €) by p.(A,0).

Remark D.1. Both Key Theorem [4] and [3 applies with small perturbations to the
cohomolgy class. For sufficiently small eg = €o(I'x, Hp, A) and 0 < € < €, the theorems
still apply for the modified cohomolgy.

Denote I.(p) = (BT)'p.(),0)/+/€, we have the following statement.

Proposition D.2. There exists M > 0 such that for A\ > M, there exists N > 0 such
that
L.(\) € int LF5(N'h).

Remark D.2. We have the freedom to choose ¢,(E) as long as it is contained in the
channel. Proposition implies that for sufficiently large E, we can choose cp(F)
to be on the curve I.(\).

Proof. The system H, can be analyzed from two aspects, single resonance and double
resonance. We first attempt to unify notations in both regimes.
When treated as single resonance, the system admits a single resonance normal

form
NF® = He o @2 = Hy + eZ°%(6°,p) + O(ed),

where 0° = k - (0,t) is the slow variable defined by the resonance I'y. The O(-) term
is in terms of the rescaled C? norm C?.

When treated as double resonance, we have two slow variables 6* and 6/ =
k'-(0,t). The 6/ is considered fast in single resonance regime and is called §/ in Key
Theorem [5 The system admits a double resonance normal form

NPE — H, 0 ®PE = Hy + ¢ZPR(6°,0%  p) + O(e2).
Via a linear coordinate ®; change and a rescaling S, we have
NPR o d; 08 = Hy(po)/e + H® + O(ez).

Working backwards, we have

[N

NEDR — (Ho(po)/e + H?) oS 'o (IJZI = O(e2).

Define ~
. = (Hy(po)fe + H) 0 S 0 @7 0 (8P7) " 0 57,

€
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we have

H, — N5% = O(e2).

We apply Key Theorem [5| to the system H. with cohomology ¢ = pg + p«(), 0), and
obtain that the Maiie set N(c) is a graph over the §*/ component. Taking it back
via the coordinate change, we obtain that the Mafie set N (¢) for ¢ = I,()\) is a
graph over the #*/ component as well. In this case, the only possibility is that it is
a periodic orbit with homology h = (0,1). In view of Proposition , this means
¢ € int LF3(Nh) for some X > 0. O
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E Notations

Due to usage of a variety of techniques in this paper we feel it is useful to summarize
notations of objects used in this paper.

6 = (6,0,) € T? global angle variables.

p = (p1,p2) € B? global action variables.

k= (ky, ko) an integer vector defining a resonance, it belongs to (Z* \
0) x Z.

I'=TI% a resonance segment with resonant relation given by k.

ps(p’) an implicit smooth function smoothly parametrizing I' =

{(p:(p),p’)}, where p/ varies in a certain interval.
p(p?) = pi(p"), p7) Hy(p.(p’)) = const, where again p/ varies in a certain in-

terval.
S” the unit sphere of C" functions.
6° € T slow angle associated to a resonance I'y, 6° = k - (0,1).
Z(0%,p) a (single) averaged potential associated to a resonance I';.
r= a connected diffusion path consisting of subsegments of I'; =
FE]-)S‘
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Usr
Uk
Upr
¢ =c(Hp,r, 1)
| 64/ (r=3)
K= [C(HO,T,E} +1
ZK,E

(6°,67) € T* ~ T?
A>0

5 = 5(H0, Hl,T‘, F*)
b = b(HO,Hl,T’, F*)

k= k(H?) >0

[&min y Amaz

o)

the set of perturbations satisfying single resonant non-
degeneracy conditions [GO]-[G2].

the set of perturbations satisfying single resonant non-
degeneracy conditions [GO]-[G2] with non-degeneracy pa-
rameter A > 0.

the set of perturbations satisfying double resonant non-
degeneracy conditions [DR1]-[DR3], high energy.

the set of perturbations satisfying double resonant non-
degeneracy conditions [A0]-[A4], low energy.

additional constant for upper bounds.

integer parameter dividing integer vectors k into those ei-
ther producing or not strong double resonances and of non-
degeneracy. See introduction.

the set of punctures of I'; by strong double resonances.

angle variable near a resonance segment, where 6° = ki-0+
kot and 07 = K/ - 6 + k| ¢ is transversal to it, i.e. (i, ko) |/
(K], Kp)-

quantitative non-degeneracy of global minima 6;(p/) of the
averaged potential Z (¢, p(p’),p’) of the perturbation H,;
along the resonance I';.

parameter of extendability of maxima 6;(p/) beyond bifur-
cation values.

some times we need an additional parameter 0 < b < J to
characterize extendability.

quantitative non-degeneracy for conditions [A1]-[A4] to
characterize persistence of normally hyperbolic invariant
cylinders near double resonance for low energy (see section
3.1).

partition of resonant segment into bifurcation free inter-
vals with a unique global minimum of averaged potential
Z(0°,p), i.e. [amin, Gmaz] = U1 [0, aji1].

a crumpled normally hyperbolic cylinder associated to a res-
onance I'; and located “over” the i-th interval of partition
of [@min, Amaz)-

a tube nei%hborhood of a crumpled normally hyperbolic
cylinder CZ-(] .

2maxye g2 ver?, [v]=1(05, Ho(p)v, v).

denotes a strong double resonance.
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Ey = Eo(Ho, H)

E(Hy, Hy)

M= E/2
0<e< E

h € H(T* 7Z)
Jde

W

Ey>e

[anE]

Ej Eji
M,

Ej Ejta
M,

D, =T?*xU,(py) x T xR — the domain of validity of normal
form at a double resonance, where p = E/c.

denotes radius of the ball By of the origin of the slow two
torus T* x R? that decomposes dynamics into local and
global.

angle coordinates near a strong double resonance defined for
action p being in a O(y/€)-neighborhood of py.

conjugate to angles near a strong double resonance defined
for action p being in a O(4/¢)-neighborhood of py.

slow mechanical system obtained by averaging near p, and
given by a kinetic energy K(/°) and potential U(y®), see
)

small energy of this mechanical system with the saddle at
the origin dominating behavior of homoclinics (see Key The-
orem [3| item two).

large energy of this mechanical system with potential being
small perturbation of kinetic energy.

parameter of size of neighborhoods in section .

very small energy of this mechanical system with hyper-
bolicity of the saddle at the origin dominating most con-
stracting /expanding directions of NHIMs and certain non-
degeneracies of the geodesic flow py hold.

integer homology class of T* = T?2.

the Jacobi metric given by gg = \/2(E + U(¢?)).

minimal geodesic of Mapertuis metric in homology class h.
small energy of the mechanical system so that dynamics of
the origin start to dominate. In particular, there are no
bifurcations of minimal geodesics 7 in E.

partition of slow energies [Ey, E] = UYL, [E;, Ej,4] into in-
tervals with a unique globally minimizing geodesic (except
the points).

Normally hyperbolic invariant manifold with boundary for
mechanical system, given by the union of minimal geodesics
UEe[Ej—(S,EjHMWf-

Normally hyperbolic weakly invariant manifold with bound-
ary for the original Hamiltonian, where weakly invariant
mean that the vector field of the original Hamiltonian is
tangent to MﬁgEj“. This does not exclude possibility of
“leak” through the boundary.
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Normally hyperbolic invariant manifold containing a critical
simple loop for the mechanical system.

Normally hyperbolic weakly invariant manifold containing
a critical simple loop for the original system.

perturbed saddle periodic orbit near the double resonance.
Involution for the mechanical system (p*, I°) — (p®, —1I°).
Mather’s a-function. Sometimes subindex H indicates de-
pendence on the underlying Hamiltonian.

Mather’s S-function. Sometimes subindex H indicates de-
pendence on the underlying Hamiltonian.

the Legendre-Fenichel transform. It maps H'(M,R) into
nonempty, compact, subsets of Hy(M,R).

the Legendre diffeomophism conjugating the Hamiltonian
flow with the corresponding Euler-Lagrange flow.

the dual Lagrangian associated to a Tonelli Hamiltonian.

a shortest geodesic in homology class h and energy F, where
gg is the Jacobi metric associated to the mechanical system
H° =K -U.

period of ¥ under this parametrization.

inverse of period AP = 1/(T(vF)).

functions characterizing width of the channel of cohomolo-
gies (see Theorem .

width of the channel along h* direction, defined in (7). We
also show d%(h) = a£(h).

the channel of cohomologies associated to an integer homol-
ogy class h € H'(T? Z). For types of channels see Fig-
ures (13| and . B
a basis of homology in H,(T? Z), with the dual basis h*, h*
having property (h, h*) = 0.

denotes h* to emphasise the latter condition.

the shifted Lagrangian L = Ly — ¢-v — ag(c).

the action functional minimizing action among curves con-
necting (z,t), (y,s) € M xT. See sectionfor definitions.
cohomology of the minimal geodesic for homology h and
energy F of the mechanical system.

cohomology of the original system H. corresponding to
cn(E).

cohomology of the original system H. corresponding to
¢n(0).
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¢, (h)

a pinching point for a non-simple A (see Figure .
modification of the cohomology path ¢, (F) with simple ho-
mology class h; to satisfy certain conditions relative to non-
simple homology h (see Proposition .

a different notation for modification of the cohomology path
cn, (B).

linear rescaling near double resonance.

choice of cohomology classes near a single resonance.
choice of cohomology classes near a double resonance.

choice of cohomology along a simple cylinder.

choice of cohomology along a non-simple (flower) cylinder.
the time (¢ — s) map of the Hamiltonian vector field H with
the initial time s.

the time (¢ — s) map of the Hamiltonian vector field H with
the initial time 0.

cohomology class.

the (discrete) Mather set with cohomology c.

the (discrete) projected Mather set with cohomology c.

(
the (continuous) Mather set with cohomology c.

the (continuous) projected Mather set with cohomology c.
the (discrete) Aubry set with cohomology c.

the (discrete) projected Aubry set with cohomology c.

the (continuous) Aubry set with cohomology c.

the (continuous) projected Aubry set with cohomology c.
the (discrete) Mafie set with cohomology c.

the (discrete) projected Mane set with cohomology c.

the (continuous) Marnie set with cohomology c.

the (continuous) projected Mane set with cohomology c.
the Lax-Oleinik mapping.

a closed one form on T*M, usually with cohomology class
c.

a semi-concave function.

dy(1) = (y(7),%(7), ) the one jet of a C'-curve (7).

an overlapping pseudograph given by {(x,n, + du,) : €
M such that du, exists}.

cohomology class of a pseudograph G = G, ,, for some closed
one-form 7 and a semi-concave function wu, given by coho-
mology of 7.
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S

P = H'(M,R) x S/R
d:P—P

he(z,y)

N#=N.o®
Hg - 82 OSl(N;)

h,hy € Hy(T2,R)
L
H
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a time-dependent barrier function with a given cohomology
c € HY(M,R) and two points (z,t), (y,s) € M x T. Some-
times subindex H indicates dependence on the underlying
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generic (See section .

averaging of a function at a double resonance wy = wy(pg) =
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