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Abstract

We show that for the Sitnikov example and for the restricted planar circular 3-body
problem the set of oscillatory motions often has maximal Hausdorff dimension. Also, we
construct Newhouse domains for both problems.

1 Introduction and the statement of main results

One of the most famous results by Poincare is on non-integrability of the three body problem.
The key part of the proof is construction of the homoclinic picture. This picture was at the
origin of “chaos theory” over a century ago. Later the results by Birkhoff and Smale gave a deep
insight to the dynamics associated with the homoclinic picture and constructed a wide range of
chaotic orbits. This, however, does not come close to providing a description of a typical orbit.
In the context of abstract smooth dynamical systems Newhouse found domains (open sets) in the
space of dynamical systems having many surprising phenomena that are generic! It includes a
shocking counter-example to Thom’s conjecture on generic finiteness of the number of coexisting
attracting periodic points (see [N2]). One can also show that a generic map there has an arbitrary
ahead growth of the number of periodic points along a subsequence (see [K]). Nowadays the
former phenomenon is called Newhouse phenomena and domains with such properties Newhouse
domains. These two examples give a glimpse how unbelievably complex and persistently changing
the homoclinic picture can be (see also [GoK] for further strange generic properties in those
domains).

In the present paper we show that Newhouse phenomena actually exist for certain three
body problems (namely, for the Sitnikov problem and for the restricted planar circular three
body problem). This leads to a package of highly surprising dynamical properties there. From
historical perspective applying a variety of the deep techniques developed in dynamics during the
last century to the context of the celestial mechanics brings us back to the original motivation:
three body problem.

The classical 3-body problem consists in studying the dynamics of 3 point masses in the
plane or in the 3-dimensional space mutually attracted under Newton gravitation: Let ¢1,¢2, q3
be point masses in R? for d = 2 or 3 with masses m;, ma, ms respectively.
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Denote 7, the vector from ¢; to ¢; with i # k,j # k,i < j. One possible direction is to study
qualitative behavior of bodies as time tends to infinity either in the future or in the past. Chazy
[Ch] gave a classification of all possible types of asymptotic motions:

Theorem 1. (Chazy, 1922 (see also [AKN])) Every solution of the three-body problem belongs
to one of the following seven classes:

o HT (hyperbolic): |ri| = oo, |Fk| — ¢ >0 ast —;
e HE, (hyperbolic-parabolic): |ry| — oo, |fx| = 0,[7s] = ¢; >0 (i #k);

o HE; (hyperbolic-elliptic): |ri| — 0o, || = ¢; > 0 (i # k), sup;y, [1k] < oo;

PE; (hyperbolic-elliptic): |ri| — 0o, || = 0 (i # k), sup,s, |rx| < 00;

P* (parabolic) |ri| — oo, |fr] — 0,

B* (bounded): sup;s,, |x| < 0o;
e OS (oscillatory): limsup,_, . maxy |ri| = oo, liminf;_, o maxy 1| < co;

Examples of the first six types were known to Chazy. The existence of oscillatory motions
was proved Sitnikov [Si] in 1959. Properties of the set of these motions is the central subject of
the present paper.

Recall that energy of the three-body problem
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is preserved along the solutions. Notice that for positive energy only H* and HET are possible
and for negative energy only ’H,Ei, B*, 0S* are possible. It turns out that all logically possible
intersections of the past and the future final motion do exist as solutions of the three-body
problem. In the beginning of the last century there was a heated discussion whether there is a
symmetry of final type in the past and in the future. In one of Chazy’s papers (1929, see also
[AKN]) a false assertion was stated that in the three-body problem the two final types in the
past and the future coincide. It was disproved rigorously by Sitnikov in 1953. Moreover, for
all of them, but one, it is know whether they form a set of initial conditions of positive or zero
Lebesgue measure. Here are two tables from a famous paper by Alexeev [Ae, Af]. Letting bodies
to be far from each other we see that there is a qualitative difference if energy H is positive or
negative. Indeed, potential energy (the second term in energy H) goes to zero. So it is natural
to distinguish two cases:



Positive energy H > 0
HT HET
Lagrange, 1772 PARTIAL CAPTURE
(isolated examples); Measure > 0
H~ Chazy, 1922 Shmidt (numerical examples), 1947;
Measure > 0 Sitnikov (qualitative methods), 1953
COMPLETE DISPERSAL i =7 Measure > 0
Measure > 0 Birkhoff, 1927
HE} i1 #j EXCHANGE, Measure > 0
Bekker (numerical examples), 1920;
Alexeev (qualitative methods), 1956
Negative energy H < 0
HET BT OS+
i =3  Measure > 0 COMPLETE
Birkhoff, 1927 CAPTURE
Exchange Measure = 0 Measure = 0
i #j Measure >0 | Chazy,1929 & Merman,1954; | Chazy,1929 & Merman,1954;
HEJ-_ Bekker, 1920 Littlewood, 1952; Alexeev, 1968
(numerical examples); Alexeev, 1968; 0
Alexeev, 1956; £ 0
(qualitative methods)
PARTIAL Euler, 1772; Littlewood, 1952
DISPERSAL Lagrange, 1772 Measure = 0
B~ # 10 Poincare, 1892 Alexeev, 1968
Measure = 0 (isolated examples); #0
Arnold, 1963
#0 #10 Sitnikov, 1959,
0S~ Measure = 0 Measure = 0 0
Measure =7

The only major open problem is

Is Lebegue measure of the set of oscillatory motions positive?

Arnold in the conference in the honor of 70-th anniversary of Alexeev called this the central




problem of the celestial mechanics. The conjecture, which probably!' goes back to Kolmogorov
and stated in the paper of Alexeev [Ae, Af], is that Lebesgue measure of oscillatory motions is
Zero.

The 3-body problem is called restricted if one of the bodies has mass zero and the other
two are strictly positive. Historically, the first example of oscillatory motions is due to Sitnikov
[Si] for the restricted spatial three-body problem. In the pioneering work [Af, Ae] Alexeev
not only extended the Sitnikov example to the spatial (unrestricted) 3—body problem, but also
found important use of hyperbolic dynamics for the 3-body problem. Later Moser [Mo] gave
a conceptually transparent proof of existence of oscillatory motions for the Sitnikov problem
interpreting homoclinic intersections using symbolic dynamics. This paved a road to a varity of
applications of hyperbolic dynamics to the three-body problem.

Existence of oscillatory motions for the planar three-body problem had to wait for another
decade. Investigation of planar oscillatory motions was initiated by Llibre-Simo [LS] who proved
their existence for the restricted planar circular 3-body problem (see also [MP] on the subject
of evaluation of the Melnikov integral). In [X] Xia simplified their proof. An attempt to study
oscillatory motions for the restricted planar elliptic three-body problem was made in [Xi2]2, and
for the planar three-body problem in [Xi3] (see also [Bak]). Splitting of invariant manifolds
formed by future (resp. past) parabolic motions is studied in details in [MP].

In this paper we investigate how large is the set oscillatory motions and show that for the
Sitnikov example and the restricted planar circular 3-body problem this set often has maximal
Hausdorff dimension. This certainly does not support Kolmogorov’s conjecture, but is rather a
counterpart of it. Now we discuss the Sitnikov example followed by the restricted planar circular
3-body problem and state our results.

1.1 The Sitnikov example

Consider two point masses ¢; and g2 of equal mass m; = mgo = 1/2. Suppose they move on
the plane so that the center of mass is at the origin. Assume that their orbits are elliptic of
eccentricity e > 0 and period 2w. We shall treat e as parameter. Consider a third massless point
g3 moving along the z-axis. Due to symmetry if an initial condition and velocity belong to the
z-axis, then the whole orbit of g3 also belongs to the z-axis. Denote by (¢, z(t), 2(t)) an orbit of
g3, where the time ¢ (mod 27) determines position of primaries. Denote 7(t) = r.(t) distance of
primaries to the origin. Then the equation of motion of the massless body is of the form

R — (1)

22 4+ r2(t)

and the corresponding Hamiltonian is of the form

. 22 1
H(t,Z,Z): ?—\/ﬁ

IWe are not sure because in in the English version [Ae] Alexeev refers to Kolmogorov, however, in the French
one [Af] Kolmogorov’s name is surprisingly omitted

2In this paper the author relies on a C! Inclination Lemma p. 235 referring to [R1]. That paper, in turn,
states Theorem E p. 372 required for the proof of a C'! Inclination Lemma. In the proof of Theorem E the author
refers to the “standard” (hyperbolic) A-lemma. This is not applicable for a degenerate saddle, see section 3.5.



Figure 1: Sitnikov problem.

Theorem 2. There is an open set N C (0,1), 0 € N, of values of eccentricity e such that for a
Baire generic e € N the set of oscillatory motions has Hausdorff dimension 3.

1.2 The restricted planar circular 3—body problem (RPC3BP)

Consider the restricted planar circular 3-body problem. Namely, consider two massive bodies,
the primaries, performing uniform circular motion about their center of mass. Normalizing the
masses of the primaries so that their masses sum to one, we obtain primaries of mass p and
1 — p respectively, where 0 < p < 1 is the mass ratio. In addition, we chose coordinates so
that the center of mass of the system is located at the origin, and we normalize the period of
the circular motion to 2w. By entering into a frame which rotates with the primaries, we can
choose rectangular coordinates (x,y) so that the primaries are fixed at (1 — p,0) and (—p,0),
respectively. Finally, we introduce a third massless body P into the system, so that it does not
effect the primaries. RPC3BP investigates how P moves.

The distance of P to the primaries is given by dy(z,y) = [(z — (1 —p))? +y?]'/? and da(z,y) =
[(x—p)?4+y?]Y/2. The standard formula for the Jacobi constant C, the only integral for RPC3BP,
is given by

Cpu(v,y,&,9) = 2® +y> + 2, 200~ )
di do

Here is the main result for the RPC3BP. Denote by RPC3BP(u, C') the RPC3BP with mass
ratio p restricted to the energy surface Ilc = {C,,(z,y, &,y) = C}. We shall treat both p and C
as parameters.

— (@ +9%). (2)

Theorem 3. A) For any C large enough there is an open set of mass ratios No C (0,1) such
that for a residual subset R C N and for any (u,C) € R in the 3-dimensional enerqy surface
Ilc the set of oscillatory motions of RPC3BP(u, C') has Hausdorff dimension 3;

B) For any p € (0,1) there is an open set N, such that for a Baire generic C € N, in the
3-dimensional energy surface C the set of oscillatory motions of RPC3BP(u, C') has Hausdorff
dimension 3.



Figure 2: The restricted planar circular 3-body problem.

Remark 1.1. Our technique could also be applied to the 3-body problem on the line [LS1, SX],
but we do not elaborate on it here.

In what follows the following motions are also of importance. A motion of the massless body
is called future (resp. past) parabolic if the body escapes to infinity with vanishing speed as time
tends to +oo (resp. —o0).

1.3 Reduction to area-preserving maps

A natural way to reduce the Sitnikov example to a 2-dimensional Poincare map is as follows.
Define

fe:(2,2) = (¢,2) (2,%2) € R? (3)

where a trajectory of (1) with initial condition (0, z, 2) at time 27 is located at (2, 2’, 2’). Since
equations of motion are Hamiltonian this map is area-preserving.

There are many way to define a Poincare map for the RPC3BP (i, C) with C > 2v/2. Let’s
pick one. Consider the polar coordinates (r,¢) on the (z,y)-plane and let (P, P,) be their
symplectic conjugate. Write the Hamiltonian of the RPC3BP in these coordinates:

p? P 1 1 p 1—p
H(r,P,p,P,) =" +-—%2—-=-—-P, - —— - —— | = Hy+ AH, 4
(T‘, P 80) 2 + 272 r e T (T dy do ) 0+ ( )
where d; and ds are the distances to the primaries as above (2),

di = (r*—2(1—p)rcosp+(1- ,u)2)1/2

dy = (r* +2urcosg+ pu?)t/2,



P, (resp. P,) is the variable conjugate to r (resp. ¢). In other words, P, = 7 and P, is the
angular momentum. One can rewrite the Jacobi constant in the polar coordinates.

Since the Jacobi constant is the first integral of this problem, there is a 3-dimensional ‘energy’
surface Ilc = {C = C,(r, ¢, Pr, P,)}. It turns out that for C' > 2v/2 by the implicit function
one can express P, = P,(r, ¢, P,,C) on IIc and consider a 3-dimensional differential equation
on (r,¢,P.). On a “large” open set ¢ =1 — P,/r? > 0 and ¢(t) is strictly monotone. Choose a
2-dimensional surface S = {¢ = 0} C Il and a Poincare return map

flhc : (T‘, PT) = (TI7P;)7 (5)

where a trajectory of the RPC3BP with an initial condition (r,0, P, P,(r,0, P.,C)) that passes
through (1,27, P!, P,(r', 27, P/, C)). This gives rise to an area-preserving map fu.c : U — R?
defined on an open set U C R2.

1.4 Newhouse domains for area-preserving maps

We say that a saddle periodic point p of an area-preserving map f exhibits an homoclinic tangency
(HT) if stable and unstable manifolds W*(p) and W*(p) of p respectively have a point of tangency.
We say that f has an HT if some of its saddle points has an HT. Denote by H7T the closure of
the set of area-preserving maps with HT. It seems that appearance of an HT is of codimension 1
phenomenon and can be destroyed for an individual saddle. Astonishingly it turned out that H7T
has nonempty interior. This phenomenon was discovered first for dissipative 2-dimensional maps
by Newhouse [N1, N2, N3|. Tt took over two decades to extend it to area-preserving setting. This
was done by Duarte [Dul].

Call an open set with a dense subset of maps with an HT a Newhouse domain. One of main
results if this paper is a proof of existence of Newhouse domains for the Sitnikov example and
the RPC3BP. We shall also prove that

Theorem 4. Let {fc}o<e<1 be the family of maps (3). Then there is a Newhouse domain
N C (0,1), i.e. for a dense set of e in N the Poincare map fo has an HT.

Theorem 5. Let {f,.c} be the family of maps (5). Then

A) for any C large enough there is a Newhouse domain No C (0,1), i.e. for a dense set of
in N¢ the Poincare map f, ¢ has an HT.

B) for any p € (0,1) there is a Newhouse domain N,, in a neighborhood of infinity, i.e. for
a dense set of C' in N, the Poincare map f,,c has an HT.

Robinson [R2], using ideas of Newhouse, showed that for a generic 1-parameter unfolding a
homoclinic tangency there are Newhouse domains on the parameter line. In a sense we prove
a similar statement. Namely, we show that the above 1-parameter families are non-degenerate
and Newhouse domains occur on the parameter line, not in infinite dimensional space of map-
pings. The proofs of these two theorems are based on similar results on conservative homoclinic
bifurcations from [Du3, Du4].

1.5 Scheme of the proof

Since the construction consists of many involved steps, we provide here a very sketchy structure
of the proof.



Step 1. Using McGehee coordinates one can show that infinity can be represented as a
degenerate saddle (we denote it by O ) of some explicit form. Stable and unstable manifolds
of this saddle are smooth, and correspond to parabolic motions. Oscillatory motions therefore
correspond to the orbits that contain the degenerate saddle in their w-limit set together with
some other points. This step is standard, see [Mo].

Step 2. Zero value of the parameter (e in Sitnikov problem, u in the RC3BP) corresponds to
the integrable case, and in McGehee coordinates stable and unstable manifolds of the degenerate
saddle coincide. The splitting of these manifolds for small values of the parameter is described
by the corresponding Melnikov function. For the Sitnikov problem the Melnikov function was
explicitly calculated in [GP], and for RPC3BP we derive the form of the Melnikov function from
[MP]. In particular, this implies existence of the transverse homoclinic points for the degenerate
saddle O.

Step 3. We study the dynamics near the degenerate saddle Oo, (which represents infinity in
McGehee coordinates). Namely, we show that in spite of the fact that an analog of inclination
lemma does not hold for the degenerate saddle, iterates of a transversal to he stable manifold
accumulate in C? metric to the unstable manifold away from singularity (Theorems 6 and 7),
establish quantitative version of the cone condition (see (21) and (22)), study the shape of the
images of the transversal (see (24)). Finally, we study the dependence of these images on the
parameter of the system (see (25)).

First we establish those properties for a simplified system (i.e. neglecting higher order terms),
and then check that for small values of the parameter the neglected terms do not change the
established results.

Step 4. Using the form of the Melnikov function and the properties of the dynamics near the
degenerate saddle we construct a sequence of parameters of the system e,, — 0 (or p,, — 0 for
RC3BP) such that the invariant manifolds W (O« ) and W (O ) have a point of quadratic
tangency that unfolds transversally with the change of parameter (Theorem 15).

Step 5. We construct a sequence of the hyperbolic periodic points converging to a point
of transverse intersection of W*(Os) and W#(Os ), homoclinically related to O, and have
quadratic homoclinic tangencies that unfold generically with the parameter (Proposition 8.2).

Step 6. Unfolding of a quadratic homoclinic tangency associated to a hyperbolic saddle give
birth to a hyperbolic horseshoe A of Hausdorff dimension arbitrarily close to 2, see Theorem
16. Existence of such sets was proven by Gorodetski [Go| using a previous work of Duarte
[Du2, Du3, Du4]. Besides, A exhibits persistent homoclinic tangencies, and in the case of the
Sitnikov problem this proves Theorem 4 (respectively, Theorem 5 in the case of the RPC3BP).
Degenerate saddle O is homoclinically related to A.

Step 7. Next we construct a transitive locally maximal invariant compact set A# that contains
both horseshoe A of large Hausdorff dimension and the degenerate saddle O, Theorem 10.
Then we check that the classical Manning-McCluskey result on the relation between the entropy,
Lyapunov exponents, and Hausdorff dimension of a measure supported on a horseshoe [MM] also
holds for the “non-hyperbolic horseshoe” A%, see Theorem 12.

Step 8. Using the thermodynamics formalism and Manning-McCluskey result we show that
Hausdorff dimensions of A# intersected with a stable (unstable) manifold are not less than the
corresponding Hausdorfl dimensions for the horseshoe A, hence close to 1, see Proposition 7.4.

Step 9. For uniformly hyperbolic sets the holonomy map along stable (unstable) manifolds is
Holder continuous with Holder exponent arbitrarily close to 1 (see [PV]). We prove that the same
statement holds away from the degenerate saddle for the holonomies in A#, Proposition 7.5. This



implies that the set of points whose w-limit set contains both O, and some other points (this
corresponds to the set of initial conditions of oscillatory motions) has Hausdorff dimension close
to 2, see Theorem 9. Standard genericity arguments show that for a residual set of parameters
in some interval oscillatory motions form a set of maximal possible Hausdorff dimension, see
Section 8.4, therefore completing the proof.
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2 McGehee coordinates

2.1 McGehee coordinates for the Sitnikov problem

For the Sitnikov problem equations of motion are

z
(Z+ 207
>k ok >k ok ok ok ok ok ok ok skok sk ok ok skook kook kok skok skok ok

FROM THE OLD FILE:

(1 —ecost) + O(e?). (6)

N | =

zZ+ =0, r=

McGehee transformation

2
z=— Z=-p, ds= 4q73dt, q=+/2/q.
q
New equations of motion become

dg _
ds b 3/2
dp a5\
— =q (14 =r? 7
Ta(1+%s (7)
at 4
ds ¢3'

The invariant manifolds have the following form
q = x(p,t) = p(1 +asp* +ar(t)p” +---)

and
q=x(—p,—t) = —p(L + asp* — az(t)p" +---),



where ay = (32m)~! 027T r2(t)dt. This is shown in Moser [Mo] ch.6.2 and provides us location
of the invariant manifolds. Time rescaling is highly degenerate as (z,y) — 0. This degeneracy
is serious enough to prevent us from obtaining information about (6) using (9). We make a
change of coordinates such that the invariant manifolds become coordinate axis and compute
differential equation after such a change. To derive such an equation it is convenient to look for

d/ds derivatives.

Normalizing coordinate change

8

1 1 as 5 a7(—t)p
= (g —v(=p.—t)) = = o T S 4 S T
z=2(@=x(=p,~t) = 7o+ +p T
1 1 ay 5 a7(t)p®
— (g — ) = Z(g—p)— =p° — /7 L.
y = 7la—xp1) = Jla-p)— P R
Direct differentiation gives
dx 1 q4 2\—3
RER— 1 1 /2
75 = @ T a+ )T+
4 4 4
@ g4 Coay-sp 0t 70 @ avse
54pq(1+4r) 1 8pq(1+4r) +
1 3 5a
==(p+q— 24" +0(°p") + —pta—
4 8 4
—ga 40502 — 20 (—t)n7 =
g P ¢ = 2ar(=)p'q+ - =
1 5\, 9 4
= Z(P+q—6a4q )+Za4p q+ Os.
dx 1 4 4 4
d_S = Z(l — 6@4(] )(p(l + 6a4q ) + Q(l + 5a4p ) + 08) =

1
= 1 ((p+q) + 6asqp — 6aspg” + 5asp’q — Gaaq® + Os)
1
Divide the RHS by z = Z(q +p+asp® +---). We get
1 5 4 5
=x+ Z(—a4p + 5asp*q — 6a4q°) + Os
1
Dividing Z(—a4p5 + 5a4p*q — 6a4q®) by = and neglecting higher order terms gives
as(6gp® — ¢*p* + ¢’p — p* — 64").
dy 1 g 23 a4 _
5 = 7P a )T =5 pig e =

5@4
)__

_1 352
—4(1? g+ ga’r

(—q+p+ aap® — asp® + 6a4q” — Sasp’q +---) =

B~ =
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1
=—-y+ Z(—a4p5 + 6a4q® — Sagptq+---) =

= —y(1 — asp" — 6asg’p — 6asp*q® — 6aspg® — 6asg* +---)
After substituting ¢ = 2(x + ) and p + a4p® = 2(z — y). Neglecting higher order terms we
get

do _ (z+y)P (14 16a4(6(2? — y?)(2? + 3y?) — 6(z +y)* — (z —y)*))

dt 2
3_5 - _% (1= 16a4(6(z® — y*) (32 + y2) + 6(z + v)* + (z — y)*)).

Open brackets, rescale time by a factor of two and get

g 3 (®)
— = —(@+y)*y (1+0a(a,y).

where O4(x,y) denotes terms of order 4 and higher in x and y. 3

END OF THE TEXT FROM THE OLD FILE

stskof stk sk o stk sk sk sk sk sk sk sk sk sk ok
After McGehee’s transformation
2

z =
q2

i=—p, ds=4q 3dL,

the new equations of motion become

dq _

ds

d 4 —3/2

L q(1+%e) )
)

ds ¢’

By McGehee’s theorem [McG] this equation has a topological saddle point at the origin and
the invariant manifolds that are analytic away from the origin. According to Moser [Mo] ch III,
sect 2.b) these manifolds have the following form

g = x(p,t) = p+asp” + as(t)p’...

and
q=x(—p,—t) = —p—asp’ —as(t)p’...,

30ne could compute the leading terms of O4 in the first and the second line Py(z,y) = 16a4(x* + 2023y +
3022y2 + 20xy® + 25y*) and Q4(z,y) = 16a4(y* + 20y3x 4 3022y? + 20yx> 4 252%) resp.
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where a4 is some nonzero constant and ag(t) is a time-periodic function. Expressions for the

invariant manifolds show that for
1 1 ay 5 ag(t)
z=2@=x(=p,~t) = 7 (p+a) +p" +——p
1 9

as 5 as(t)

y = %(q—x(p,t)) = qla=p) =’ ==~

they are represented by x and y coordinate axis.

In order to simplify notation we introduce the following class of functions. For any pair of
positive integers n < m denote Oy, (2, y,t), z,y > 0 the class of C*° functions f(z,y,t) periodic
in ¢ and such that f(x,y,t) = fi(z,y) + f2(z,y,t) and

Ainfl()‘xu)‘y)a Aimf2()\x7)\yut)7 Aim@tf?()‘xu)‘yﬂf)u Aimatzf2()\x7)\y7t)

”

stay uniformly bounded for all ¢ as A — 0. It will also be convenient to write “O,, »” in the case
of a function independent of t. Notice that if f € Opi1 my1, then f/(ax + by) € Oy m when
a,b > 0. This is a convenient way to write remainders in the derivations below. In the next
statement we collect some properties of this class of functions.

Lemma 2.1. The introduced class of functions has the following properties:
1. If f € Opg1,m+1, then Of € Oy, where partial drivative is with respect to x or y;
2. If f € Onm, then (ax +by)f € Ops1.m+1 for any a,b € R;
3. If f € Onm and g € O p, then fg € Ontimap;
4. If f € Opg1,m+1, then f/(ax + by) € Oy for any a,b > 0;
5

. f f € Onm, then for any k > 0 there is o = do(k) > 0 such that | f(z,y,t)| < Kk for any t
and 0 < z,y < dg.

In order to shorten the lengthy formulas appearing below for a nonzero number A € R and a
function in O, ,, we denote by A,, ,, = A+ O, ,, the sum of the two.

Remark 2.2. Warning: If f € Opt1.m+1, then f/x or f/y does not necessarily belongs to Oy, .
Pick f = y™*! and divide it by x. It is not longer smooth for x,y > 0.

In these terms we can rewrite (9) in the following way. There is a function P € O; 9 such
that ¢ = 2(z +y) and p = 2(z — y) + P(x,y,t) and in xy-coordinates (9) can be written as

da
&y
4
dt

With respect to s time we have a saddle

= z(z+y)*(14 Ous)
= —y(z+y)*(1 4 Oup) (10)

=2(z +y).

d
—I = 117(1 + 04,8)

g (11)
s —y(1+ O48).
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In order to obtain a similar expression for the RPC3BP we discuss the Kepler problem first.
Then we come back to RPC3BP and notice that it is a small perturbation of the Kepler problem
for small mass ratio p.

2.2 The Kepler problem (2BP) and the polar coordinates

Recall that the polar coordinates for the Kepler problem are formed by the polar coordinates
(r,¢) and the momenta (P, P,) conjugate to (r,¢) resp. The Hamiltonian for the RPC3BP in
rotating® polar coordinates (r, o, P, P,) is

P2 P2 1
Ho(r,o, P, P,) = 74'#—3&—;-

Notice that
— angular momentum P, is the first integral;
— levels sets of Hy on the (r, P,)-plane coincide with trajectories of the Kepler problem;
— for Hy < 0 levels sets are compact and, therefore, the corresponding trajectories are periodic;
— motions of the Kepler problem are conic sections (see e.g. [AKN]);
— the last two imply that each of these periodic trajectories form an ellipse on the inertial plane
of motion R? \ {0};
— in the inertial coordinate system the Hamiltonian becomes Hy + P, and both future and past
parabolic motions coincide and correspond to the curve {Hy + P, = 0}.

2.3 McGehee coordinates for the Restricted Planar Circular 3 Body
Problem

The Hamiltonian for RPC3BP in rotating polar coordinates (r, ¢, P, P,) is given by (4). So the
equations of motion become

r = P
5 p2,.-3 _ .—2 _

Pf = Pgr r o, AH (12)
o = —1+P,r?

P, = -0,AH.

Directly one could prove the following bounds on the perturbation term A H and its derivatives
satisfy

Lemma 2.3. /[GaK] For anyr > 1

I
AH < =
maX<P| (Ta (p)| — T2(’f‘—1)
Notice that in the rotating polar coordinates H is p-close to the Kepler Hamiltonian Hy. So
nearly parabolic motions belong to a neighborhood of { Hy+ P, = 0}. The motions we investigate
belong to such the neighborhood —0.1 < H + P, < 0.1 for p small enough. We could replace 0.1
by a smaller number decreasing p in return.

. max |9, AH(r, )] < (13)
%)

4we need to consider rotating frame because it fits to RPC3BP very well.
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In Theorem 3 we assume that C' > 4. Thus, Hy + P, = 2C' > 4 on such an energy surface
and we can express P, as an implicit function. Indeed, (4) leads to
P2 2
— —2P, -~ +2AH + P} =C.
r r
and closest return to the origin r > C?/8 — O(u) > 1.9 and 2P, = C' + O(p) for nearly parabolic
motions. Thus, we can remove equation for P, and use the implicit function.
Introduce u = r~/2 along with a function d,(u,¢) = u 30,AH(u"2,¢) which are well
defined for u > 0 and ¢ € T. By lemma 2.3 we have that d,(u, ¢) has u-zero of order 5 at u = 0.
Plug u into the equations of motion (12):

1
’l.l, = —§PT U3
P o= —ud(u+P2ud +d,(u,p)) (14)
p = —14+PF, u?.

By McGehee’s theorem [McG] this equation has a topological saddle point at the origin and
the invariant manifolds that are analytic away from the origin. We would like to write this system
in the form similar to (10) and (11).

Introduce new time s and let z = u—i—Pr/\/i— h—g, y=u— PT/\/i— h+ g for some functions
h,g € O3. Then 2u = x +y + 2h and and v/2 P, = 2 — y 4+ 2g. Then for a proper choice of h and
g in O3 the equations on z and y can be written in the form

) z(x +y+ 2h)?
- MRy TAT Lo
& 7 ( 3,7)

o~ _yery+a)?
Y V2
(p = _1+O4,oo-

(1+0s7) (15)

In a fixed but small neighborhood of the origin introduce a new time s given by ds/dy =
273/2(—1 4 O3)(x + y + h)? and equation become
d
ar = I(l + 0377)
g (16)
— = —y(1+ O3.7).
ds y(1+ Os,7)

3 Dynamics at infinity

In order to study C'' and C? dynamics at infinity of the Sitnikov and the RPC3BP we start with
a class of differential equations on (z,y) € R? which contains both.

First we add one differential equation on A, coupled with the first two, so that it describes
evolution of slopes A(-) of certain class of curves on R? carried under evolution of the first two
equations. This gives us information about C!-dynamics.

Finally, we add one more differential equation on u, coupled with the first three, so that
it describes evolution of quantity u(-) related to curvature of some curves on R? carried under
evolution of the first two equations. This gives us information about C?-dynamics sufficient for
the proof.

14



Figure 3: Dynamics near infinity.

Remark 3.1. Below studying evolution we do not wuse specific form of Os-terms in differential
equations on (x,y). This will allow us to use these results for other types of three body problems.

3.1 Evolution of slopes and quasi-curvatures near degenerate saddles

We start with an equation in the form which covers (11) and the system (16) obtained for
restricted circular three body problem.

dv _ (z+y)>?z (1+0s3(z,y))

o (17)
% = —(z+y)>y (1 + Os(z,y)).

We shall study the class of differential equations of the type (17), where the exact form of
remainder in Oz turns out to be irrelevant for your analysis. We abbreviate O,,(z,y,t) by O,, to
keep size of formulas down. Notice that each O,, appearing in equation (11) and (16) are smooth
in e and p respectively.

3.2 Derivation of equations for slopes and quasi-curvature for evolving
curves

Equation in variations is the following:

() - (V1 u00) 8

To construct homoclinic tangencies and saddle periodic points for the time 27-map of such
an equation we need to analyze evolution of tangent directions. If A = % then
_ (dy)dx — (dz)dy _

A= (dx)? = —(2+y)?[33y + 53(z + y)\ + 33207

Therefore the equation in 1-jets is the following:

15



i= z(z+y)? 13

y=-ylr+y)’ 1

A= —(z +9)?[33y + 53(z + y)\ + 332\?
dA

In order to obtain an equation in 2-jets, set y = 22, an equation in second variations is
dr\ dx
dy | =(z+y?’xAldy], (18)
dA d\

where A is 3 x 3 matrix. Here is a computation of entries of this matrix. Partial derivatives in
T are

O [2(z +9)°13] = (x +9)* 13+ 32(z + )*15 + 2(z + y)*02 = (z +y)* (437 + 13y).

Oz [—y(x +y)*15] = =3y(z + 1)*13 —y(z +y)°02 = —(x +y)* - 3sy.
O [—(z + ) 33y + Bs(z + y)A + 33207%)] =
= (v + y)((—63y — 103(z + Y)A — 6322?) — (z + ) (yO2 + 53\ + (z + Y)AO2 + 3307 + 2A?02)) =
= (z +y)(—63y — 153(x + y)XA — (932 + 33y)\?)
Partial derivatives in y are

Oy [x(z +y)*13] = 3a(z + y)?13 + x(z + y)*02 = (v + y)? - 32.

Oy [~y(z +y)*13] = =3y(z +y)*13 — (z + 9’15 —y(z + ¥)° 02 = —(z + y)* (132 + 43y).
Ay [~ (@ 4+ 1)* Bsy + (sz + Bay) A + 3320%)] =
= (¢ +y) [(—63y — 105(z + y)A — 63272) — (z + y)(33 + YOz + 53A + (z + y)AO2 + 2A°0)] =
= (z+y) [~93y — 337 — 155(z + y)A — 63277

Partial derivatives in \ are easy and are included below. We obtain the matrix A whose
entries are written column by column. The first column of this matrix has the form

43z + 13y
=33y
_63y + (153:17 + 153y))\ + (9317 + 33y)/\2
r+y

The second column has the form

33:E
—(43y + 137)
(332 + 93y) + (1532 + 153y) A + 63222
r+y

16



The third column has the form

0
0
—(53x + 53y) — Gz

Therefore,

 (d\)dz — (dz)ydX
(dx)?
= (24 y)(—63y — 153(z + y)A — (932 + 33y)A*)) + (z + y)(=93y — 332 — 15(x + y)A — 6322*)\—
—(z+y)?(Gs(z +y) + 63201 — (x4 y)* (437 + Lay)p + 3szAp =

= —3(z 4+ 9)(23y + (637 + 83y)\ + (832 + 63y)A? + 23223 + (332 4 23y + 332\ (z + y)u)

Finally we get the following system:

b= x(x+y)? 13
g=—ylz+y)’ 13
A= —(z +9)?[33y + 53(z + y)\ + 332\? (19)

= —=3(z + y)[23y + (637 + 83y)A + (83 + 63y)A* + 232 A3+
+ (332 + 23y + 332A) (v + y)u

The first two equations describe evolution of position, the third — evolution of slope, and the
forth — of the second derivative. It is natural to call A(z,y) slope of evolving curve. Denote
by wu(z,y) second derivative of evolving curve. In the calculations below first we omit O3 terms.
Then we show that the arguments presented below also apply to the full system with O3 terms.
We call the system without O3 terms the simplified system.

In order to construct a horseshoe near the saddle point at the origin and have some information
of stable and unstable leaves of it we need to analyze the system (19). Consider a small e > 0. By
Moser [Mo] we know that stable and unstable manifolds of the origin cross transversally. Denote
by X =(1,0) and Y = (0,1) two point of these crossings.

Let Ux (resp. Uy) be a small neighborhood of X (resp. Y). Consider a small curve v =
{(z,y(z)),z € [0,d0]} for some small §o > 0 such that y'(x) is well defined for all x € [0, Jp],
~v C U’, and the crossing y(0) is the stable manifold near ¢’. Recall that f. : (z,y) — (2/,y)
denotes the Poincare map associated to the equation (17). Denote m, : (z,y) — y the natural
projection and ¢; the time ¢ map of the flow.

Notice that for large enough n the image f2(y) intersects U. Denote by ~, such an intersec-
tion. We shall prove that it is still a graph over the z-axis. Then it is naturally parametrized by
z-coordinate. Define (z;(x),y:(x)) = ¢i(x,y(x)) for t > 0 as long as z;(x) < A.

Remark 3.2. In what follows we pick a small k > 0 and assume that we study dynamics in such
a neighborhood of O that all O3 terms are bounded in absolute value by k. In above notations we
pick a and b small enough.

3.3 Statement of main results on dynamics at infinity

Introduce notations: X = (z,y) € R?, X = (z,9,\) € R3, X = (r,y,\, 1) € RE Let Et be
the time ¢ map of the equation (19). Naturally ¢, be the time ¢ map of first three equations
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(19), which is well defined because the first three equations describe dynamics in the space of
1-jets, and are independent of u. Finally, ¢+ denote the time ¢ map of first two equations of (19).
Denote o _

X = (21,91, Mes j1e) = X,

yt — (:Etuytu)\taﬂt) = atX
Xe = (Te, e, Mty pe) = O X.

It turns out that for different purposes we need statements about evolution of X;, X;, and

X,. Such an evolution is not always defined for all time. Let vy = {(z,y(x)), = € [0,4]}
be a smooth curve. Denote 7 = {(x,y(x),A(z)), = € [0,6]}, where A\(z) = ¢'(z). Denote
7 = {(z,y(x), \(x), p(x)), = € [0,6]}, where p(x) = " ().

Assume that the flow ¢; preserves a smooth area form a(z,y)dx A dy with a(z,y) being well
defined for z > 0,y > 0, (z,y) # 0.

Theorem 6. With notations above for any \*, u* > 0 and small § > 0 there is so = s9(A*) >0
and C = C(6,\*) > 1 such that for any v with max |A(xz)| < A* we have the following estimates.
Then for large N intersection of the image fN~y N U is a graph of a function yn(x). Denote
An(z) =y (x). Then the following properties hold

0< —)\N(LL') < CyN(;[;) (20)
1 C '
Cx25 < |di(33)vz| < 25 where v, is a tangent to 7. (21)

Moreover, for any two unit vectors v',v" € T, ,\U" with slopes |N'|,[\'| < X* the following holds.
Let N = N(xz,y) be the number of iterates of the Poincare map f to get to U, i.e. fN(z,y) € U.
Then

5
o Z(dfN (@, y) ('), df ¥ (2, y)(v")) < Ca®. (22)

In the case v is also C? smooth, denote u(z) = y"(x) and fN(v) = v and Fy =
{(z,yn(x), AN (2), un (2))}. If max |u(z)| < p* then for all large enough N we have

0 < pn(z) < Cyn(2). (23)
Denote A = {(z,y): z=1y,0 <z <4} for small § as above.

Theorem 7. (C? behavior of the images of the diagonal) For large enough N the intersection
IN(A)YNU is a graph of a function yn(x,e) such that

0< 92yn(z,e) = pun(z) < Cyn(z,e),

24
0 < —dgyn(z,e) = =An(x) < Cyn(x,e). (24)
We also have
d
Lyn(e,e)| < Cun(ae). (25)
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Remark 3.3. For the convenience of the reader we list here the statements that use the properties
from Theorems 6 and 7. Property (20) is used in Theorem 10 and Proposition 8.1, (21) in the
proof of Theorem 10, Lemmas 7.6 and 7.7, and Proposition 8.1; (22) is needed to show (21),
(23) is used in Propositions 8.1 and 8.2, (24) in Theorem 15, (25) in Theorem 15, Propositions
8.1 and 8.2.

Remark 3.4. Under conditions and in notations of Theorem 6 there are C* = C*(x) and
C' = C'(x) independent of N such that for large enough N

A (z) = Cyn(@)| < Cyii(2), (26)

un () = C'yn (2)] < CyR (). (27)

The same statement holds under conditions and in notations of Theorem 7, i.e. when yn(z)
is an image of the diagonal A.

Remark 3.5. It is interesting to compare the dynamics near the degenerate saddle Oo that we
study in this section, and the well known dynamical properties of a linear hyperbolic saddle. This
comparison is not directly needed for the proof, but rather highlights the difficulties that we had to
face. Notice that topologically there is no difference. Indeed, due to [Mor] there is a continuous
conjugacy between these local dynamical systems. We, however, need C?analysis, and in smooth
category these systems are drastically different. Here we list several dynamical properties that
confirm this statement.

1. Ezpansion rates of the maps along the saddle ares different.

2. Inclination lemma does not hold for the degenerate saddle.

3. Transition times are certainly very much different.

4. Corresponding dynamics in 1- and 2-jets is essentially non-linear and is quite non-trivial
in the case of the degenerate saddle. In the case of a linear hyperbolic saddle the dynamics in
2-jets is linear and hyperbolic, and is easy to describe.

5. For a non-linear hyperbolic saddle normal forms (smooth and in some cases analytic) or
even linearizing coordinates that essentially simplify the picture are available. In the case of the
degenerate saddle even a model case (see Section 4) is highly non-trivial if one is interested in
C? or even C' dynamical properties.

4 Evolution of curves in the simplified system

In order to study the behavior of solutions of the system (19) we will first neglect some higher
order terms and obtain the required properties for the simplified system. After that we show
that the neglected terms do not change the obtained results.

After we rescale the time by ds = (x + y)*dt and neglect some higher order terms in the
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system (19), we get the following simplified model:

dz
o
gs
Yy _
- =Y
gi —3y 3r |, (28)
o _ - A
Ells r+y x+y
m _
= [CFemE [2y + (62 4 8y)A + (8z + 6y)A? + 22X® + (z + y)(3x + 2y + 32\

In this section we prove analogs of Theorems 6 and 7 for the dynamics defined by the simplified
system (28).
4.1 Dynamics of 1-jets for the simplified system

First of all let us understand the asymptotic behavior of A under the dynamics defined by (28).
We need to consider only the first three equations of the system:

dx

— =z
&

g_i:_y (29)
G _ T 5y T

ds x4y r+y

The right hand side of the equation

d _
. S W SR
ds x4y r+y
is a quadratic polynomial in A\, and can be rewritten as
dA 3z
= (= M) = M), (30)

Definition 4.1. A family of intervals [A_(z,y), A1 (2, y)] is called a family of absorbing intervals
or simply absorbing intervals if any solution (x(s),y(s), A(s)) of the system (29) satisfies the the
following conditions:

It A(s) = A_(x(s),y(s)), then E(S) > g)\,(‘r(s),y(s)), and
dA d (31)
i) = Aelale) (), then  N(s) < LA (a(s),y(s))

Notice that if for some sy the value A(sg) gets into an absorbing interval then it will stay
there for all s > s.

In order to provide the explicit expressions for A (z,y) and A (z,y) it is convenient to intro-
duce an intermediate variable 7 := £. Also, denote

P(1) = (1+7)? — 1447 (32)
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Figure 4: Dynamics of slopes A(s) and Ao,1(x(s), y(s)).

Then we have

dA\ 3)\2 3T 3
D5 33 ) - b, ()
where
5 5 5 5
/\071(7—):_6(1—’—7—):‘:6 (1+T)2—1.447':—6(1+T):|:6\/P(T). (34)

In the next statement we establish the existence of an absorbing interval whose size tends to
zero as y — 0.

Lemma 4.2. The family of intervals

9

- A )] = [2Aa(r), 5000

is an absorbing family.

Lemma 4.3. (A-absorbing interval) For any \* > 0 there is so = so(A*) > 0 such that for
any C*-smooth curve ¥ = {(z,y(z),\(z) = ¢'(x)), = € [0,0]},y C U with small § > 0 and
max [A(z)] < A* we have the following. Let {(x(s),y(s),\(s))} be the image of some point
{(z,y,\)} €7 under the flow (29). Then for any s > so

A6 € [20(r) 507 (6D | =5 - (a(6),1(9) A o), )

Lemma 4.4. (A-absorbing interval for the diagonal) There are s > 0 and small § > 0 such that
for any point (z,y,\),x =y, \ =1, for any s > so the image {(z(s),y(s), A(s))} under the flow
(29) is such that

AG) € |2Aa(r(o): SiAa(r(9)] = D (09,06, A o9, (5]
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Remark 4.5. Lemma 4.3 is needed to prove Theorem 6, and Lemma 4.4 is needed to prove (24)
in Theorem 7.

Before we start the proof of Lemma 4.3 and Lemma 4.4 we need to obtain some details on
behavior of the function \o(z,y).

Proposition 4.6. The following properties hold:

(i) For any T > 0 we have 0.8 < PO < 1;

1+71
(i) 1m0 Ao () = —0.6;

(iii) lim, o 2 = —0.6;
N P(T)—T+l .
(Z’U) %)\0( ) ) O(S)z
_ 1.28X\0(s) _ d _2Xo(s) .
(U) 7]3(7_) < ds)\o(S) < m,
(vi) lim,_q dij\j“ = 2.

Proof of Proposition 4.6. Here is the proof of the part (i). We have

VP(T) (A +7)?— 1447 1 1.447

1+7 1+7 N (14 7)2

On the other hand, max,~¢ ﬁ = i, hence

1447' 144
1+T (I+7

Now let us show that (i7) and (7i7) hold. One has

b) 5 1.27
(1) =—=14+7)+=v/(1 +7)% — 1447 = — — —0.6 as 7 — o0,
o) = —gAn+g V4T (1+7)+ /(1 +7)%— 1447
and \ Lo
olr) _ _ ' — —0.6 as 7 —0.
T (I+7)+ /(A +7)%2— 1447
Here is how the formula (iv) can be justified. We have
d d dr d
= S B
a5 ) = Mg g o)
At the same time we have J
£ _ 2 g =
Ao(T)
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d 1.27 d
= <1n SR s 1'447') =4 (ln(l.QT) —In(1+71+ \/m)) —

1+ 7+0.28

_ 1 VP(r) :\/P(T)—T'i‘l
T 14+74+/P(r) T 14+7+/P(r) 2r/P(r)

d o W—T—i—l __W—T—i-l <
EAQ(S)— QT—QTW /\0(7‘)— —P(T) /\0( )

Since (1 + 7)? — 1.447 < (1 + 7)? for any 7 > 0, we have

1 L1+7+/P(1) 1

Hence

(1472 —-1447—7<1, or VP(r)—T+1<2.

On the other hand,

2.56 2.56 2.56
VP(r) —m+1= . = > =128
VP(r) —1+7 (1+1)°—2sa_14q 2

T

Therefore, 1.28 < \/P(7) — 7+ 1 < 2, and so (iv) implies (v). Finally,

4\ VP(r) —7+1
lim 220 gy (VPO ZTELY o (4) holds.

=0 Ao 7—0 P(T)

Now we are prepared to start the proof of Lemma 4.2.

Proof of Lemma 4.2. Let us show that the interval [2Xo(7(s)), 75 Ao(7(s))] is an absorbing inter-
val.
Rewrite equation (33) in the form

@y B0 Xofr() = (i(r(s) = Aolr(s)] )
O T Pl

B 5\/7'2 +0.567 4+ 1 . 3(A = Ao(7(s)))
N 1+7 1+ 7(s)

) Po(7(s)) = Al.

Now we can check whether the inequalities (31) hold. Plug in the upper bound A = % Ao(7(s)).
We have

d

3 9
d_s)\(s)

= 2 (3520 (3) = M) ) (50(r()) — do(r(s)) ) < 0.
( )(

A= g0y LFT)

In order to have J 4o
E/\(S) ’A:%AO(T(S)) <o |:E/\O(T(S)):|
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it suffices to have the rlght hand side positive. By Proposition 4.6 (v) the latter is bounded by
—1.152X0(7(s))/+/ P ) from below and, therefore, is strictly positive.
Plug in the lower bound A =2X\o(7(s)) now. We have

R GO

_ <5V (5)) | 3lo(r(s) )AO(T(S)).

1+ 7(s ) 14+ 7(s)
We need
d d
—/\(5) [a=2x0(r(s)) > 2—)\0(7(5))-

By Proposition 4.6 (v) the latter is upper bounded by —4 Ao(7(s))/+/P(7(s)). Thus, for the
above inequality it suffices to have

B NE) Dzt > —00(r(6)/ VP,

which in turn is implied by

5/P(7(s) L 3(r(s) 4

1 +T( ) 1 +T( ) P(r(s))
Therefore it is enough to show that for all 7 > 0
5P(t) > 4(1 4 7) — 3Xo(7)/ P(7). (35)

If one substitute the expressions for P(7) and Ao(7) (see (32) and (35)) then direct calculations
show that (35) is equivalent to the inequality

22571 — 1373 4+ 170.847% — 33.47 + 24 > 0. (36)
One can easily check that for all 7
2257 — 137+ 0.84 >0 and 1707% — 33.47 +24 > 0.
This implies (36) and, hence, (35). This completes the proof of Lemma 4.2. O

Proof of Lemma 4.3. Let us now show that the condition max|A(xz)| < A* implies that a vec-
tors tangent to the curve v will enter this absorbing interval [A_(z(s),y(s)), Ay (x(s),y(s))] =
[2X0(7(s)), 15 M0(7(s))] within a finite time. For large 7 (we can guarantee that by choosing small
enough §) we have A\g(7(s)) ~ —0.6, see Proposition 4.6 (ii). Also, in this case we have
d 2
A 3A ) 37

ds 147 14T

~ —5X—3=—5(\+0.6).

Therefore, since |A(0)| is bounded by A\*, A(s) within a finite time will enter a small neighborhood
of Ao(7(s)) ~ —0.6, and, hence, the absorbing interval [2Ao(7(s)), 5 Ao(7(s))] that contains —0.6
as an internal point for large values of 7.

This completes the proof of Lemma 4.3. O
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Proof of Lemma 4.4. Notice that for 7 < 1 we have

5 5 5
Ao — Ap = g\/P(T) = g\/1+0.56T+T2 >3

This implies that if A\ > A\g then A — A\; > % Therefore

d(X — Xo) 3 dXo 35 5
= — —_ —_ —_——_— < _——— —_ = —— —_
I 1—1—7(/\ A1)(A = Ao) I = 23()\ Ao) 2(/\ o),
and |[A(s) — Xo(s)| < |A(0) — Xo(0)|e25% = |1+ ﬁlflfﬁ lr—1|e7%% = 2e725% On the other
hand for 7 < 1 we also have
Ly 1127 1 Lo
e W e N I
107 " 10/P+1+7 30 30

hence in a finite time the distance between A(s) and A\ (s) becomes smaller than ’%)\0

, and A(s)
enters the absorbing interval. This proves Lemma 4.4. O

The next statement can be interpreted as an analog of a “cone condition” in a neighborhood
of the degenerate saddle.

Lemma 4.7. (stretching lemma) For any \* > 0 there exist 0 < ¢ = c¢(A*) <1 and 6 = §(\*) >0
with the following property.

a) Let X = (x,y, ') and X' = (x,y, '), N[, IN'| < N*, be two initial conditions with
X =(z,y) €U and 0 < x < §. Then at any moment of time s such that Xs € U we have

)

cx® < |N(s) = N'(s)| < =
c
b) Let (z,y) € U and v = (vg,vy) satisfy 0 < x < & and |vy| > A*|vy|. Let N(x,y) be the
number of iterates of the Poincare map f to get to U, i.e. fN(x,y) € U. Then

x72.5

cx ™25 < |dfN (z)v| <
c

Proof of Lemma 4.7. Let us prove the part a) first. Notice that both functions X (s) and A\ (s)
satisfy the same equation

2
A _ 3AT 5 3T
ds 147 147
but have different initial conditions A’(0) and A”(0). Denote A(s) = N (s) — X”(s). Then
A 3

ds 1+t

((}\/)2 _ ()\//)2) _ 5(}\/ _ )\//) — (5 + HLT()\/ 4 )\//)) A

X dA ~ -
Let A(s) be a solution of the equation o= —5A with the initial condition A(0) = A(0). Then

A(2Ty) = exp(~10T0) A(0) = (exp(~2T0))A(0) = (2(0))° A(0). (37)
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On the other hand

d (As)) 3V +N) [Ags) A0 _
ds\A(s))  1+7 \A@s) Ao

é(2T0) ~exp _/QTO 3(}\/ 4 /\//) s
A(2T0) 0 I+
Notice that the integral [; 2o X +)‘ ds is uniformly bounded. Indeed, let so be as in Lemma 4.3.

It is enough to show that [ 21, " +)‘ ds is uniformly bounded. For s > sy due to Lemma 4.3
N, N € [2X0, 5 A0], hence X + /\” € [4Xg,1.8)g]. This implies that fTO X +’\ ds is uniformly

Therefore

bounded, and 7(s) grows exponentially fast as s decreases from Ty to so. Also, T2T° X +’\N ds is
uniformly bounded since 1—%7 < 4 for 7 > 1, and [N + X[ is majorated by 4|, and due to

Proposition 4.6 (i) |\o| ~ 7 as 7 — 0, hence |Ao(s)| decreases exponentially fast as s changes

from Ty to 27,. This implies that the ratio ZEQTO; is uniformly bounded, and together with (37)

this proves the part a) of Lemma 4.7.

Now notice that the time N = 2T, + O(1) map has to preserve a smooth area-form. Since
at initial point y(0) =~ 1 and at the final point z(Tp + O(1)) ~ 1, these points are away rom
infinity, hence the ratio of densities of the invariant form at these points is uniformly bounded.
The differential of the time N map at the initial point is hyperbolic, and if v = (v, v,) is such
that |v,| > A*|vy| then it must be expanded. Since the determinant of this map is also uniformly
bounded, an expansion rate is of order of the inverse of the root square of the contraction in the
unit bundle. This proves the part b) of Lemma 4.7.

O

4.2 Dynamics of 2-jets for the simplified system

Now we present behavior of convexity of curves. It is useful to keep in mind that this dynamics
depends on slope so we incorporate slope A into the model. Recall that due to above discussion
of evolution of slope it is natural to assume that A(s) is bounded and becomes small when s is
close to 2Tp.

Lemma 4.8. For any A\* > 0 and p* > 0 the@e:m’st a constant C = C(\*,u*) > 1 and
neighborhoods U(q),U’(q') such that for any 2-jet X = (z,y, \, j1) satisfying [A| < X", |u| < p*,
(z,y) € U(q), and for any moment of time s such that X5 € U'(q') we have X s = (s, Ys, As, is),

where
0 < pus < Cys.

Notice that Lemma 4.8 for integer values of s proves (23).
Lemma 4.8 follows from Lemma 4.17 and Lemma 4.19.

Lemma 4.9. Suppose that the image (Ts,ys, As, tts) of the 2-jet (o, Yo, Ao, [0), To = Yo, Ao =
1, o = 0, under the flow (28) is such that (zs,ys) € U'. If xg = yo is small enough then

0 < pus < Cys.
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These lemmas follow from Lemma 4.19 proven below.
Once again, notice that Lemma 4.9 for integer values of s proves (24).

Substituting y = 72 into the last equation of (28) directly gives the following:

Lemma 4.10. The function u(s) along a solution satisfies the equation

Z_g = —d(7(s), N — %S)f),
where 67 18 4 247 + (24 + 187)A 630
B<T(S)7A):1+T 147 )\+1+7'
" 9467 9\
d(7(s),\) = o, 2

Denote also b(z(s),y(s), \) = %SZJA)

4.2.1 Upper and lower bounds for d(s).
Recall that z(s) = xge® and 7(s) = Toe™ 2% with 7(0) = ( )/x(0) = O(exp(2Tp)), 7(Top) = O(1),
x(Ty) = O(exp(—Ty)), and 7(2Tp) = O(exp(—2Ty)), #(2Tp) = O(1). Denote S = Tp; we have

7(s) 3447(s) + (44 37(s))A(s) A3 (s)
<<1 R 55 15 B G s B e r<s>>2x<s>)

b(s,\,S) =6

and
94 67(s) 9A(s)

W) =T T Trrie)

Lemma 4.11. If X belongs to the absorbing interval [2Xo(7(s)), 5 o(7(s))] then

3<d(s,\) <9

Proof of Lemma 4.11. The upper bound is almost trivial. Indeed, if A € [2X(7(s)), 55 0(7(s))]
then A < 0, and
9+67(s)  9A(s) 3 9A 3

= <6
1+ 7(s) 1+ 7(s) 1—|—7'+1—|—7'_ +1—|—7’

d(s,\) = <9

for any 7 > 0 and A < 0.
In order to prove the lower bound one needs to show that

9+ 67(s) 9IA(s)
1+7(s)  1+7(s)

d(s,)) = >3,

which is equivalent to

6+ 37(s) > —9A(7(s)). (38)
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We will consider separately the cases when 7 < 1, when 1 < 7 < 1.6, and when 7 > 1.

If 7 < 1 then \o(7) > Ao(1) = — ﬁ B = —1. Since A € [2Xo(7(5)), 5Ao(7(5))],
we have A(7) > 2Xo(7) > —2. This implies that
2
6+3r>6=-9- <_§) > —9\(7),

that is, (38) holds for 7 < 1.
If 1 <7 < 1.6 then 6 +37 > 9. Also we have \(7) > \o(1.6) = — ——=2T—

P(r)+1+1 1.6
—0.40756, and therefore
64+37>9>-9-2-(—040756...) = =9 -2X(1.6) > —9\(7).

Finally, consider the case when 7 > 1.6. Notice that for any 7 > 0 we have A\o(7) > —0.6, and
for any X € [2Xo(7(s)), 75 X0(7(s))] we have

110
—9A(7) < —18Xo(7) < 10.8
On the other hand, for 7 > 1.6 we have
6+37>6+3-1.6=10.8,
hence (38) holds. This completes the proof of Lemma 4.11. O

For 7 € (0,1) the estimates given in Lemma 4.11 can be improved.

Lemma 4.12. If X belongs to the absorbing interval [2X0(7(s)), 55 Xo(7(s))] and T € (0,1) then
4 <d(s,\) <9.

Proof of Lemma 4.12. We have

C9467(s)  9A(s) >9+T+2/\0(T):9+T+2[—%(1+7)+%\/7’(7)]

(s, \) = _
(5, 4) 1+7(s)  147(s) — 147 147
8 5 5P . 8 2 5 8§ 2
_ 15,5 > 242 8= 5y
T+ ' T3T3 05 157 373 1+7 37
if 7 € (0,1). =

4.2.2 Upper and lower bound for B(7(s),\).
We will need the following statements.

Proposition 4.13. If X belongs to the absorbing interval [2X(7(s)), 5 Ao(7(s))] then

1+ A 1+ A
—42 <B < —
7'1+T < B(7(s),\) < 37'1+T
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Corollary 4.14. There is a constant C* > 0 such that for any X € [2Xo(7(s)), 75 Mo (7(s))] we
have |B(7, \(1))| < C*.

The main part of the proof of Proposition 4.13 is the following estimate on B(7(s), A).
Lemma 4.15. If X belongs to the absorbing interval [2Xo(7(s)), 5 Xo(7(s))] then

=77 <7(14+3X) + A3+ A) < —-0.57.

Proof of Lemma 4.15. Let us first check that for A € [2o(7(s)), 5 Ao(7(s))], where Ay = —ﬁ
and P(7) = (1 + 7)? — 1.447, we have

T(1+3X) + A3+ AN) <—-0.57, or

R,(N) =M +3(r+ 1A+ 1.57 <0.

Since R (A) is a quadratic polynomial, it is enough to check that R (2X¢) < 0 and R,(0.9X) < 0
We have

2.41 ? 2471
Rf(on)_(m> —3(r+1) <\/_+1+T>+1.57_
2
5T 1.92 T) —2.4<VP(T)+1>+0.5< P()+1>

(VP(r) +147)2(1+7)? (1+7)2 1+7 1+7
Notice that max,g ﬁ = %, and due to Proposition 4.6 (i) we have 0.8 < i(:) < 1 for

7 > 0. This implies that

T P(7) P(7) ’
1.92(1—1—7')2_2.4( 7 +1>+0.5< 7 —I—l) <

1
<1927 —24(08+1) +0.5(1 + 1)2 =048 —4.324+2 < 0,

hence R, (2\g) < 0.
Now let us check that R-(0.9X9) < 0. We have

2
1.08 1.08
R-(0.9)) = <—T> —3(r+1) ( a ) +157 =

VP(r) +1+7 VP +1+7
2
5 03888 108 (VPO L) o5 (VO
(VP(T)+147)%(1+7)? (1+7) 1+7 1+7

Since max, e .8,9)(—1.082 + 0.52%) = (—1.082 4 0.527)[,—2 = —0.16, we have

2
P P 1
0.3888——— —1.08 ™ 1) fos (M) 1) <Lossss—o0.16< 0,
(14 71)2

1+7 1+7 — 4
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hence R;(0.9\g) < 0. This proves the upper bound in Lemma 4.15.

Let us now show that for A € [2X0(7(s)), 5 Ao(7(s))] we have —77 < 7(1+3X) + A(3+ ), or

Qr(N) =N +3(T+ DA+ 87 > 0.

Due to our assumptions A = C'A\g for some C € [0.9,2]. Therefore

Q-(N) = Q- (C) = C? (Wl)—iH> _3(r+ 1)%0 L8
2
- T 141 R 0'36(14:7)202 ~0.9 ( 1i(:) + 1) C+2 (%(TT) + 1) >
2
S R
> (\/m+1417)2(T+1)2(—0.9-2-2—1—2-1.82) >0
for any C' € [0.9,2]. This completes the proof of Lemma 4.15. O

Now we are ready to prove Proposition 4.13.

Proof of Proposition 4.13. We have

B(7(s),\) = 61__::75\8 (T(S) + 3X(s)7(s) + 3A(s) + )\2(5)) =
= L/\(S) s s s s
= 61 (F(5)(1 4 3(5) + A3 + M(s).
Now the required estimates follow directly from Lemma 4.15. O

4.2.3 Evolution of 2-jets

o

In the following statement we show that solutions of the equation fli—‘s‘ = —d(s)u — b(s) cannot
grow above a uniform upper bound on solutions of the equation fl—s = —b(s).

Lemma 4.16. Denote by (o, s,To) the value at s = Ty of the solution of equation

di _

¥ —b(s) with the initial condition [(3) = po.
s

Set M = supPscio. 1), puol<p (10,8, To)|.  Then [u(To)] < M, where p(s) is a solution of the
equation ’;—’S‘ = —d(s)p —b(s), |p(0)] < p*.
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Proof of Lemma 4.16. From the definition of M it is clear that M > p*. If |u(Ty)| < p* then
there is nothing to prove. Suppose that p(Tp) > p* > 0. Denote

8 =sup{s € [0,To] | |u(s)| < p"} < To.

Then u(s) > p* > 0 and d(s)u(s) > 0 for all s € (8, Tp]. This implies that —b(s) > —d(s)p —b(s)
for s € (8, Tp|, hence ji(uo, 5, To) > u(To) > 0.

Similarly, if p(Tp) < —p* < 0 then pu(s) < p* < 0 for all s € (5,Tp], and d(s)u(s) < 0, hence
—b(s) < —d(s)p — b(s) for s € (8,Tp]. So a(—p*,3,Ty) < u(Tp) < 0.

In any case,

|/’L(T0)| < Sup |ﬂ(/’b07 S, TO)' =M
§€[O,T()],“L0‘S,U.*

O

It is clear that the upper bound M given by Lemma 4.16 can be large if Ty is large (or,
equivalently, if we are taking the solution that starts very close to the y-axis). The next statement
provides an explicit estimate of that upper bound in terms of Tj.

Lemma 4.17. If Ty is large enough then M < 2C*e™0, where C* is an upper bound on B(s, \)
provided by Corollary 4.14.

Proof of Lemma 4.17. Due to Corollary 4.14 we have |B(s, A(s))| < C*, so |b(s)| = f((:ji‘é())) <
#*y(s), therefore the solution of the equation % = —b(s), |(8)] < p*, can be estimated
To C* To C*
a(To)| < *—l—/ —————ds = *+/ ——ds <
|/’L( 0)| H o .I(S) 4 y(s) H 0 6572T0 +e—s
* * To dS * * ¢ T * * T
<M +C ;:M +C(60—1)<M +C€0.
0

Hence, if T is large enough, |u(Tp)| < p* + C*eTo < 2C*eT0. O

Lemma 4.18. There are constants Cy > Cy > 0 such that for s € [Ty, 2T0] (i.e. for 7 < 1) we
have
—01€4T0735 S b(S) S _0264T073s'

Proof of Lemma 4.18. Notice first that if 7 <1 then A\g(7) € %, 0). Indeed,

Sy 5 b 1
)\0|7- 1——— 2+ 22—14 7—5 6 .6:——
9

37

and Ao(1) < Ao(7) < 0 if 7 < 1. This implies that if XA € [2Xo, 75A0] then A € [—%,0). Therefore

for 7 <1 we have ,
1 1-2
A 51)=|ta).
147 2 3

Proposition 4.13 implies now that for 7 < 1 we have —427 < B(\,7) < —i7. Since z(s) =

e’ 2T y(s)=e %, and 7 = Ezg e?T0=25 " we have b(s) = z(s)(j\r;()s) esféﬁ’jlm and therefore
€2T072s 1 62T072s
_4265_2T0 +e—s S b(S) S _5 es—2T0 +e—s :
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Since 7 < 1, we have s € [Tp, 2Tp], and e¥=270 > =5, Hence

62T()72S 62T()72S
A |, J— < 42— < b(s) <
68—2T0 68—2T0 +e—s
2Th—2 2Th—2
D N N ' T
— 2357 2To fg=s = 22e572T0 4 '

O

Lemma 4.19. Given constants C*,C1,Cy, there is a constant C > 0 such that for all large
enough Ty the following holds. Suppose p(s), s € [Ty, 270 is a solution of the equation

du

L~ —d(s)u—b(s), [u(To)| < 207, (39)

and the coefficients d(s),b(s) satisfy the following estimates for s € [Ty, 2Tp) -
4<d(s) <9, and b(s) € [~Cre*T0735 —ChetTo=39],

Then p(2Tp) € (0, Ce=270).

Proof of Lemma 4.19. First of all, notice that if C' = max(Cy,Cs,2C*) then [0, Ce*T0=3%] is an
absorbing interval. Indeed,

(—dp —b)|u—o = —=b>0, and (—du—b)|,—ceiro-s. = —dCe*™ 3 —b <

d
S _dce4T073s 4 Cle4T073s S (—4C—|— Cl)e4T073s S _3dce4T073s — d—(dCG4T0735).
S

Let us show that if |u(Tp)| < 2C*e™® then p(s) will enter he absorbing interval [0, CeTo=35]. If
1(To) > 0 then there is nothing to prove, so let us assume that u(7p) < 0. In order to do so
in the following statement we will compare the behavior of u(s) with solution of a differential
equation that represents a “worst case scenario”.

Lemma 4.20. Consider u(s) - the solution of the equation (51), and fi(s) - the solution of the
equation

di
d—M = —4fi + Coe™073% with the same initial condition i(To) = u(To). (40)
s

If for each s € [Ty, s*] we have p(s) < 0 then f(s) < p(s) <0 for s € [Ty, s*].

Proof of Lemma 4.20. Set v(s) = u(s) — fi(s). Then v(Tp) =0, and

& (s —bls)) — (41— Coe™ %) = 4 (4= d(s))pu+ (~b(s) — Coe* ),

Therefore, 2£|,_o = (4—d(s))p+ (—b(s) — C2e*T0=3%) > 0 if u(s) < 0. This implies that v(s) > 0
for s € [To, s*], which proves Lemma 4.20. O
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But the equation (40) can be solved explicitly. Namely, we have

[L(S) _ ILL(TO)64T0—4S + CQ (€4T0_3S _ e5T0—4s) _ e4T0—4.9 (/L(To) + CQ(GS _ eTU)) )

If 4(To) = u(To) < 0 then fi(sg) = 0 at sp = In (eTO — %1;0)) Since |u(To)| < 2C*eT0, we
have so < Tp + In (1 + %) . Together with Lemma 4.20 this implies that if Tj is large enough,
u(s) will enter the absorbing interval [0, Ce??0=34] at some moment s; > Ty where Ty < s1 <
s < Tp+In (1 + %) < 2Ty. For all s > s; we have u(s) € [0,Ce*T=3%] and, in particular,
w(2Tp) € (0,Ce=210). Proof of Lemma 4.19 is complete. O

5 Evolution of curves in the general case

Here we study the general case, without the simplifying assumptions made in Section 4. Namely,
we describe the system

i= z(z+y)? 13
g=-yle+y)’ 1
A= —(z+y)?*[33y + b3(x + y)A + 332)? (41)
= —=3(x + y)[23y + (632 + 83y)\ + (83% + 63y)A* + 232 A3+
+ (332 + 23y + 332) (x 4+ y) ]

and prove Theorems 6 and 7 in this general case.

5.1 Construction of globally absorbing intervals of \’s and dynamics
of slopes in the general case.

Let us start with the system that describe the dynamics of 1-jets (i.e. of the slopes of evolving
curves). After time change the first three equations of (41) turn into the following system:

d—z = T 13
% =y (42)
& = — 51533y + 53z + y)A + 33207

The last equation can be represented as

d\ 1 ,
I ———w+y[33y+53($+y)/\+33$/\ =

S B Py (L+7)A+1a7| = — 33 A2 4+b(1+7)A+cT]

147 3/4 1+7 ’

where b = b(z,y) = (%)3 and ¢ = ¢(z,y) = 1s.
Therefore we can rewrite it as

3

ds 1+7

(A=A = A,
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where

1 b der
N = —§b(1+7') 3 (1+7)2— 5
1 b der
A‘{z—ib(l—i—T) 3 (1—i-T)2——b2 .

It will be convenient to denote Py = Py(z,y,7) = (1+7)% — 2.
A family of absorbing 1nterva1s for the system (42) can be defined exactly in the same way it
was given by Definition 4.1 for the system (29).

Lemma 5.1. The family of intervals

9
A 0). A )] = (2 (), 2 N ()
is an absorbing family for the system (42).
Proof of Lemma 5.1. We need to show that
d\
D () rang > 20 Ng(a(s), () (43)
and
dX d (9.,
T Ohep < 5 (56 ) (44)

We will need the following statement.

Lemma 5.2. We have

d g_23CT Py —14+1 T

2\ = + @)
ds™® " b\ /Py Py+T+1 THL "

Proof of Lemma 5.2. Indeed,

where

g ONgdr  OAGdb 9N de
ds”° " 97 ds ob ds dc ds’

= —237, % = O3, and % = 0O3. We have

b VPi—1-7+%

21 +7) — % bll 147 —2%

2/, 2 N 2 VP,
1 P- (1—|—7’) 2 | ¢ B 27 VP —71+1
2|\ /Py VP t+7+1 b2\/179 b/P, \/179+T+1 b\/—\/—+7+1
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Also we have

N 1 b 2.4

== 21—1—7’—!—\/ +22_f

1 2er 1 Py—(r+1)? 2er 2cr 1 1
:——1/P— —1 —

VT )+52\/Pq Bl BB (\/ 1

and

oy, b Fm T

9e = 2 3 B byD,

Combining these formulas together we get

dyg_ 23c7.\/?g—7+1+2£ 1 P
ds™" " b /B, \[Patr+1 B\ P AT+l /B  b/P,
723c7' \/?—T-l-l T

O
by/Py \/—+T+1 T+1 7

POYASNIT”!I! Nuzhen analog Proposition 4.6.

Let us now show that

T Ohe g < 5 (M) )

We have

dA 35 (9 9
ey =~ (154 %) (552 -

35 A 1 b 1 b B
=1 1—0 (1—0 [—ib(l—%ﬂ + 5\/1_3] + b+ 7) + 5\/139) =

33b A

= sar 10<10 (1+7)++/P,) + 1+7)+\/E>—

33b)\0 1 19 33b/\0
=200 (g P (1 19/P,
20(1+ 1) (10( MR ) 2001+ T

Notice that
b b P,—(1 2 _dr 9
Ao =—g(l+7— VP =5 o Urf 0 b2 - T

VPi+1+1 2 /Pi+1l+7 b(/Py+1+7)

therefore we have
d/\( ) 33cT 19/P; +1+71
—IS _ g = — .
ds =BT 1000+ 1) P+ 147
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On the other hand, we have

d (9 g> 9 25¢ \/Pg+1_7—+ o
ds \10™°) 10 b /B, /P, +1+7 1+7
so we need to show that

. 33CT 19\/Pq+1+7—< 23C \/—Pg—i_l_T—i_ T
100(1+7) /P,+1+7  b/PyJ/Py+1+7 1+7

which is equivalent to

Os (46)

_<i> 1 19\/Pg+1+7<<9> (%) 1 \/«Pg+1_7—+ 1 0
100/, 1+7 /Py+1+7 5)5\5) 3 /Py \/Po+1+7 147 °
or to
1 1 VPy+1—17 JPy+1+7
(-] —(19/P, +1 9 . . (@)
Since functions 19\/E+1+T, \/P_fTH, and \/P—lgHJrT are bounded, this follows from
T \/P_g +7
1 19/P,+1+ Py +1—
. g T o gVs T L0, (47)
4 1+7 Py
In order to prove this let us consider the difference
Py +1— 1 19/P,+1+ 9 1 19./P, 1
OAVAC M (B VB I |y S N S 44>
Py 4 1+7 P, /P, 4 147 4
T 9 1 19v/1+72+0557 1
>9-9 + + - + - >
VI+72+055r  VI+72+057r 4 17 4
- 9 +1 19\/1+72+O.557+1>1>O
VI+72+057r 4 17 47477
This proves (47) and hence (46) and (45).
Now let us show that
dA d g4
E(S)h:z,\g > 2@)\0(17(5)719(5))
We have:
dA 33
E(S)h:mg = _14——7(2/\8 = A2 = A) =
33A] 1 b 1 b 33A] b
_ 2 (b1 2P, ) + (1 2B | = - —{—1 3«/P}:
147 AT+ ovEy |+ 2L+ T)+ 5V T Trr2 [ AT E3VE

b 2 3P, —1—
__ 3 .5(31/139—1—7)( CT ) 3cT g T

1+ WP, +1+7)) 147 P 4l+7
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At the same time we have

d
2—\ =4
ds™

So we need to show that

3\/F_’g—1—7'

33cT

CT
_|_
Sb/Py /Py + 147

VP +1—7 T
O3

1+7

1—
\/_—i- T T 05

1+7

This follows from

33 _3\/]79_1_

N EIEE

b\/_\/_+1—|—7'+1+7'

T 43 VP +1—71 1 05

1+7

which is equivalent to
35 (3 /P -1
1+7 g

Py—1-7

\/E"’l‘i_T

Py+1—

b\/_ \/_+1+T+1+T

\/f_’g—i-l—i—TO

4
147 s (49)

\/_\/_+1

. . 3
Since the functions T P

3
— (3P, — 1
1+7 ( g
Let us estimate the difference

3
— (3P, — 1
1+T( g

27 1
5 5

(1+7)/Py

27 1 5712 +25.237 + 33

T)— \/_\/_—1-1—7'

45P, +12(r2 —1)

T \/ Pg+1+4+7
, and R e

are bounded, (49) is equivalent to

7)+ O3

\/_\/_+1

9\/17g_3_1_2 127 -1 _

1+7 5 P,

27 1 45(7% +0.5637 + 1) +12(72 — 1)
5 "5 (1+7)/P, -
1 5772 4+257+33 27

TRV

(57T 4257 +33) — 271+ 1) /P,

+nVP 5

(5772 4 257 + 33)% — 27%(1 + 7)2P,

5(1+7)\/P,

© 5(1+7)/Py((5772 + 257 + 33) + 27(1 + 7)/Py) -

_ 5Tt 42240 5700 4 (247 4257 33)r 4233 247 4 337 - 27°(1 4 27+ 7°)(1 + 0.577 + 7°)

5(147)y/Py((5772 + 257 + 33) + 27(1 + 7)/P,)

_32497% + 27367° 4 433872 4 15847 + 1089 — 729(7* + 2.577% 4+ 3.1472 + 2.577 +1)

5(1 4 7)/P, (5772 + 257 + 33) + 27(1 + 7)/P,)
25207 + 862.477% + 2048.9472 — 289.537 + 360

— >
5(1+7)\/Py((5772 + 257 + 33) + 27(1 + 1)/ Py)
252074 + 862.4773 + 2048.9472 — 289.537 + 360

>
5(14+ 7)vV72 + 0577 + 1((5772 + 257 4+ 33) + 27(1 + 7))V 72 + 0.577 + 1)
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since the polynomial in the numerator does not have any positive zeros and the function has
finite positive limits as 7 — 0 and as 7 — oco. This proves (49) and hence (48) and (43).
This completes the proof of Lemma 5.1. O

The following statement is the general case analog of Lemma 4.3.

Lemma 5.3. (A-absorbing interval) For any N\* > 0 there is so = so(A\*) > 0 such that for
any Cl-smooth curve ¥ = {(x,y(z),\(z) = y'(z)), = € [0,6]},y C U with small 6 > 0 and
max [A(z)] < A* we have the following. Let {(x(s),y(s),\(s))} be the image of some point
{(z,y,\)} €7 under the flow (42). Then for any s > so

A(s) € |2X0(7(s)), 1—90/\0(7(8)) = [A-(2(s),5(5)), At (2(5), y(s))]

The proof of Lemma 5.3 is almost verbatim repetition of the proof of Lemma 4.3 and is left
to the reader.
We will also need the analog of Lemma 4.4.

Lemma 5.4. (A-absorbing interval for the diagonal) There are s > 0 and small § > 0 such that
for any point (x,y, \),x =y, A =1, for any s > sqo the image {(x(s),y(s), A(s))} under the flow
(42) is such that

9

A(s) € |2X0(7(s)), 10

Ao(7(8))| =2 [A=(2(5), y(s)), Ay (2(s), y(5))]

Before to proceed with proofs of Lemma 5.4 let us establish some basic properties of the
function AJ.

Lemma 5.5. The following properties hold:

. 9 _ _ 2cT .
(i) Ag = b(\/Pat7+1)’

(i) Mlr=1=—(3) 4
iii) If 7 <1 then /B, — 7+ 1> 2.563 > 2.55;
(iti) 9
w) If 7 < 1 then 28 > 24837 > 2.477 > 0.
ds

Proof of Lemma 5.5. The first two items follow from straightforward calculations. If 7 <1 then

2 4 05657 + 1 — 72 0.5657 + 1 1.56
/By —ra1 =14 OO T U0 100 56 s 05
P+ T Py +T 1

Also, if 7 <1 then we have
ANy 23cr Py —T+1 T 6 1 /P, —7+1
— . =+ 03:7’ : : +O3 2
ds  by/Py J/Pj+7+1 1+7 )5 VB Pt T+1

6 2.56
ZT|:<—) -1 5 3+03] = 24837 > 2471 >0
3

O
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Let us now prove Lemma 5.4.

Proof of Lemma 5.4. The proof is quite similar to the proof of Lemma 4.4. Notice that for 7 <1

we have . . 19
Ag—Alzb\/qu(—> 1+o.5637+722(—> > —.
- 3/, 3),7 30

This implies that if A > Ag then A — Ay > 33, and (since % > 0)
dN= X)) 33 N} 3\ 49
=— A=A =XN) - =LL<— (2] =(A=A —2.4(A =\
ds T3 AT X = gr <= (3 ) 5ot M) <2400 = R),

and [A(s) — Ao(s)] < [A(0) = Xo(0)[e™2% = [1 = Af |,=1]e 2% = (3),e7 2% < e 2. On the
other hand for 7 < 1 we also have (since Z—: = —237, and the value of 7 on the diagonal is equal
to 1)

1 1 2ct 1 1

M| === @@ > (= > (= *2»15,

‘10 | T 106( /P +7+1) (30>3T = (30>3e

hence in a finite time the distance between A(s) and A} (s) becomes smaller than |5AJ|, and A(s)
enters the absorbing interval. This proves Lemma 5.4.

The next lemma is an analog of Lemma 4.7 for the general case.

Lemma 5.6. (stretching lemma, general case) For any \* > 0 there exist 0 < ¢ = ¢(A*) < 1 and
d = 6(N\*) > 0 with the following property.

a) Let X = (x,y, ') and X' = (x,y, ), [N, IN| < A%, be two initial conditions with
X =(z,y) €U and 0 < x < §. Then at any moment of time s such that X5 € U" we have

0

cx® < |N(s) = N'(s)] <

o
b) Let (z,y) € U and v = (vy,vy) satisfy 0 < & < ¢ and |vg| > X\*|vy|. Let N(x,y) be the
number of iterates of the Poincare map f to get to U’, i.e. fN(x,y) € U'. Then

=25
cx ™25 < |dfN (z)v| <
c
Proof of Lemma 5.6. First of all, notice that since % = —y and Z—i = —13z, we have that

y(s) = y(0)e~ s and 2 _is yniformly bounded (and separated from zero), s € [0, 27T].

z(0)e®
Since both functions X' (s) and N\’ (s) satisfy the same equation

A _ N g T
ds 1+7 1+7

04233, ﬁ:537 ’7:337

but have different initial conditions A’(0) and A”(0). Denote A(s) = N (s) — \’(s). Then

«
1+7

dA «

ds 1+t

((}\/)2 _ (}\//)2) _B()\/ _ )\//) I (B+ ()\/ +)\//)) A
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- dA ~ ~
Let A(s) be a solution of the equation o = —BA with the initial condition A(0) = A(0). Then
s

A(2Tp) ~ exp(—10Tp) A(0) = (exp(—2Tp))°A(0) ~ (z(0))*A(0). (50)
d [AGs)) _ a4\ [Als) A(0) _ 1
ds \ A(s) I+r As)) A)

A2T, 2Ty l "
ART) _ o _/ NN
A(2Tp) 0 L+7
The integral |, 2o X" g i uniformly bounded (due to the arguments similar to those in the

0 1+7
proof of Lemma 4.7). This implies that the ratio gg?;
0

(50) this proves the part a) of Lemma 5.6.
The part b) of Lemma 5.6 follows from exactly the same arguments as the part b) of Lemma
4.7. O

On the other hand

Therefore

is uniformly bounded, and together with

6 Melnikov function for the RPC3BP

In this section we extract the form of Melnikov function for the RPC3BP from the calculations
of Martinez-Pinyol [MP] paper. Unfortunately, we can’t give a direct reference as the authors
consider the Restricted Planar Elliptic 3 Body Problem with the following additional restriction.
If e is eccentricity of the primaries and Py is the angular momentum, then the main result
(Theorem A, pg. 300) valid is ePy is sufficiently large. The RPC3BP, however, requires e = 0.
This forces us to petentrate into details of the proof of Theorem A.

Recall that p € (0, 1) denotes mass ratio. Let a € [0, 27) be angle of direction of the symmetry
axis of a parabola of a parabolic motion with the OX axis, t — time so that ¢( mod 27) = 0 the
smaller primary is at (1 — u,0) Denote by G the angular momentum.

Theorem 8. [MP] The Melnikov function M (G, a,t) has the following form

@) [

5 ) 32 ( sin(a — 1) + O(1/G) + O(1/G*?) + O(exp(—G/g))) ,

M(G,a,t) = —\/T exp (—

Proof To simplify life of the reader we first switch to the notations of [MP] and then extract
a proof from [MP] and switch back to our notations.

In notations of [MP] we have G — py — angular momentum, o — «y — direction of the
symmetry axis of a parabola of a parabolic motion, ¢ — w — angle giving position of primaries
(for e = 0 this is just the angle of the smaller primary with the OX axis). Then D(pg, g, w)
denotes the Melnikov function.

To see relation between notations compare formula (5), pg. 304 with our formula (12). Notice
that u = x/ﬁ and G = p.
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After a long series of expansions and manipulations (see formula before (27), pg 316) the
authors expand the Melnikov function D(¢g, ap,w) into an infinite sum of simpler functions:

(bo,O[(), Z T( (bo,O[(), )

m>0

where functions T(™)’s are given by formulas (41,42) pg. 233

o) <o () 2 (64 5) () gt e

T(m)(¢0,a0,w) = (—1)"ymexp (—%8) X

m n+1/2

@2n)yPo Po _ m-+2n,m gk )
x ) AR Tomt1/2 {Sm(mo‘o w)er’ Z 3k/2

n>ny

3k/2
k=0 Po

+ sin(mag + w)c” m+2" m Z 75 (m, n) } ,

where ny = 1 if m = 1, and n; = 0 if m > 2, and the & coefficients are defined by formulas

(43,44) pg. 323 )
(1,2) - tz(:l:l + 1)

S man) = G

while for 1 < k < m we have

tm_2kL,
2m+2n—k+ 1)

& (m,n) =

2 B ) -
{i(2m+2n—k+1)+m(2m 2k+1)+ (m+2n+1)(2m*+m k)},

m(2m — 2k + 1)

Ly is 1if ki even and y/7/2 if k is odd. Notice that compare to expanstions (27), pg 317, terms
exp(—sp?/3) with s > 1 have been neglected. This is the meaning of the commetary after (44),
pg. 323.

By Lemma 2, pg. 314 if eccentricity of primaries e = 0 (our circular case), then ¢»™ =1 for
ne€Zy, n>0and cp™ =0forn € Zy, n >0,k # m. This implies that ¢7%° = 0 and T = 0.
Similarly, ¢}5*™"™ = 0. Thus, 7™ = 0 for m > 1. We have that

D(¢07 @, W) = T(l)((bO? Qo, W) + O(exp(_2p3/3))

2n+1,1

By Lemma 2, pg. 314 we have ¢} =1 and ™! = 0. Thus,

3 —n+3/2 1
T(l)(¢07a0,w) = —/mexp <—%) Z Ag%)pOZT sin(ag — w Z 3k/2

n>ni =0 Po
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At this point we need to extract 56711) (m,n) from section 7 [MP]. Coefficients fg-m) are related to
coefficients of the Chebyshev polynomials. See top of page 312 before formula (21). We have

N » o (m+j—1) . , 71 i1
m—(—1)m—J J < = = = = —
7 = (-1) m 4 2m =)0 Plugin m=1,7=0,1 and get t; =2 and {; 1. Thus,
(1,2) 4 (1,2) vV 2 2n + 2 2\/ 2
= = - 2 2 = — .
b (m.n) (2n + 1) & (mon) @nron T (2n)!!

We also need the last formula on pg 312

() (2n =D 2m+ 2n— 1)l

An" = (2n)!! (2m + 2n)!!

Notice that for n > 1 there is an additional factor 1/pg and for k = 1 such a factor 1/ pg/ ®. Thus,
the leading contribution comes from n = 1, k — 0. Combining all of the above parameters we
have

3
VA exp (<50) S (sin(an —w) 35+ O /) + 00 /) + Otespl-pn/3) ).

6.0.1 Evolution of 2-jets: general case

In the following statement we show that solutions of the equation Z—‘SL = —d9(s)p — b9(s) cannot

grow above a uniform upper bound on solutions of the equation % = —b9(s). Recall that after
time proper rescaling in (42) the function p(s) obeys the following equation:

1 637‘ 183 + 2437' + (243 + 1837’)/\ 123)\3 93 + 637’ 93/\
- A+ .
r+y [1+7 1+7 14+ A 1+7 1+7

/‘L =
We have the following analog of Lemma 4.10.

Lemma 6.1. The function u(s) along a solution satisfies the equation

du BI(7(s), \;2(s),y(s))
g A _
dS (T(S)5 7x(s)5y(s)):u’ ZC(S) +y(8) )
where A A \ \8
6 18 2 2 18 6
BI(r, N, y) = -3 4 Mo T 2T+ (2 F18TIA | Gy
1+7 1+7 1+
ond 95+ 657 95\
a9(r, X, y) = 2Ty 0%
147 1+7
By analogy with the model case denote b9 (7, \; z,y) = %Ty)‘) Namely,
137’ 33 + 437' + (43 + 337’)/\ 13)\3
bI(1, \; =06 A
(rX2,9) <(1 1) (1 +7)2a(s) 1+

We shall follow the same strategy as in the model case.
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Lemma 4.8 and Lemma 4.9 will be proven in the general case. Namely, we prove analogs of
Lemma 4.17 and Lemma 4.19 to prove the former and an analog of Lemma 4.19 for the latter
one.

Now we obtain upper and lower bounds for d9(r, \; x, y).
We have the following Lemmas analogous to Lemmas 4.11 and 4.12:
Lemma 6.2. If X belongs to the absorbing interval [2Xo(7), 15 Xo(7)], then
33 < dI(m, A\ x,y) < 9s.
Lemma 6.3. If A belongs to the absorbing interval [2Xo(T), 55 Xo(7)] and T € (0,1), then
4<dI(t, \z,y) <9.

The proof of both lemmas is a repetition of the proofs of Lemmas 4.11 and 4.12.
Now we obtain upper and lower bounds for BY(7; z,y).

We need the following auxiliary

v/ Pg(T32,9) 1

Proposition 6.4. For any 7 > 0 we have 0.83 <

1+7 ’
Proof. We have
VP(rmy) (YO +7)? wT
147 N 1+7 1 +7)

On the other hand, max,~g ﬁ = %, hence

v P, Txy ———08
1+r 1+T = 3

Lemma 6.5. If A belongs to the absorbing interval [2X3(7; 2, y), 10)\ (r;2,9)], then
—71 < 7(13 + 33)\) + )\(33 + 13)\) < —0.57.

The proof follows the proof of Lemma 4.15 replacing application of Proposition 4.6 (i) with

Proposition above. Notice that A\g = —ﬁ and P(7) = (1 + 7)? — 1.447 in the general
case becomes \j = — Zer and P(r) = (14 7)% — %7

b(\/Pg(T;w,y)+1+T)

Proposition 4.13 applies to the general case. The proof is exactly the same.
Corollary 4.14 also applies to the general case, namely, |BY(7, A(7); ,y)| < C* with the same
proof.

Lemma 4.16 in the general case becomes
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Lemma 6.6. For any p > 0 and Ty large enough we have M < 20*e+P)T0 ywhere C* is an
upper bound on |B(t, \;x,y)| provided by Corollary 4.14.

The difference in the proof is that y(s) = exp(—s) and x(s) = [, 132(t)dt. Since |13 — 1] =
|O3| can be chosen arbitrary small, it can be upper bounded by any predetermined p > 0. We
have that

eU=P2(0) < a(t) < e FPe(0) for any 0 <t < 7.
Plugging in this bound in the formula for some C' > 0 independent of T, we get that in the
domain of definition - -
Cte'z(0) < a(t) < Ce' x(0).
This implies that if 27y is time of travel from U(q) to U’(¢’), then there is p > 0 independent of
To such that (z(t),y(t)) crosses the diagonal x = y at time ¢* such that [Ty — t*| < p.

Notice that Lemma 4.16 works in the general case. Namely, to any solution of the equation
Gt = —d9(s)p— b9(s) and |u(0)] < p*.

Lemma 4.17 also applies to the general case.

Here is an analog of Lemma 4.18.

Lemma 6.7. There are constants Cy > Coy > 0 such that for s satisfying 7(s) = y(s)/x(s) < 1,
i.e. s € [Ty — p,2Ty] for some p independent of Ty, we have

—Cy o735 < p9(1(s); 2(s),y(s)) < —CypetTo3s,

We follow the proof of Lemma 4.18. Here are the andjustment we need to take.
We have Aj|;—1 = —(3)s. This implies that if A € [2A], 5AJ], then A € [(—3)3,03).

Therefore, for 7 < 1 we have
1 1-2
+A€ —3, — 1,1 .
1+7 2 3

Proposition 4.13 implies now that for 7 < 1 we have —427 < B(\, 75 2,y) < —

%7’. Since

C™! exp(s — 2Ty) < x(s) < C exp(s — 2Tp), y(s) =e™ %,

and
C1e2T0=25 < 1(5) = y(s) < C2To=2s,
(s)
we have BY(A ) BI(A )
) y T34, Y g X ) y T3, Y
o <P y) < g
and, therefore,
e2To—2s e2To—2s
-, <b(s) < —C

6572T[) +e—s 1 6572TO +e—s

for some O} and Cj. Since 7 < 1, we have s € [Ty — p, 270, and e*~270 > €27~ Hence

2T()72S 2T()72S
— O = —Cp——— < —Cy=————— < b(s) <
2 2 6572TO — 206572TO +ems T ( )_
, 62T()72S €2T0725 AT, 3
< - — —C— < — 0—3s
=-G O-les2To 4 o5 = ~Vies—2Tp = Cie

We need to modify Lemma 4.19 as follows.
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Lemma 6.8. For any p > 0, given constants C*, there is a constant C' > 0 such that for all
large enough Ty the following holds. Suppose ju(s), s € [To — p,2To] is a solution of the equation
dp

= A= b(s), [n(Th - p)| < 2C7E™, (51)

and the coefficients d9(s), bI(s) satisfy the following estimates for s € [Ty — p, 2Ty] :
4<ds) <9, and b(s) € [~CqetTom3s —Cy MTo39],
Then p(2Tp) € (0, Ce=270).
The proof of Lemma 4.19 applies.

In the next two sections we use the properties of the local dynamics obtained above to
construct a set of oscillatory motions of Hausdorfl dimension close to two for an open set of
parameters and to complete the proof of our main results.

7 Oscillatory motions born by hyperbolic dynamics

Existence of a hyperbolic set homoclinically, denoted A, related to O, implies existence of
oscillatory motions. Here we show that the Hausdorff dimension of the set of oscillatory motions
in this case is not less than the Hausdorff dimension of the hyperbolic set A. Namely, we prove
the following result.

Theorem 9. Suppose that stable (unstable) manifold of O has a point of transverse intersection
with an unstable (stable) manifold of some saddle periodic point of a zero-dimensional hyperbolic
set A. Then

dimpy {g € R? | Ox € w(q) Na(q)} > dimpyA.

Here is the structure of this section (and the plan of proof of Theorem 9). In Subsection 7.1 we
construct a locally maximal invariant transitive subset A# that contains both the hyperbolic set
A and the degenerate saddle O . In Subsection 7.2 we prove that the classical result from [Ma]
that relates entropy of a Borel measure supported on a hyperbolic set with Lyapunov exponent
and Hausdorff dimension of a set of generic points can actually be applied to the constructed set
A# too. Then in Subsection 7.3 we use the results from [MT] to construct a measure supported
on A% that is weak close to an equilibrium measure supported on A (and has almost the same
entropy and Lyapunov exponent). Application of results from [MM] and from Subsection 7.2
proves a “l-dimensional” version of Theorem 9. In order to get a “2-dimensional” result we
follow the approach from [PV] and in Subsection 7.4 prove that the holonomy maps in A% away
from O, are Holder continuous with Holder exponent arbitrary close to one. And, as we show in
Subsection 7.5, together with “l-dimensional” result from Subsection 7.3 this implies Theorem
9.

7.1 Enlargement of a hyperbolic set homoclinically related to O, to
include O

Suppose that A is an invariant compact set of f : M? — M?2. Denote

Wi(z) = {y € M? | dist(f*(x), f*(y)) < B for all k >0},
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Wg(r) ={y € M? | dist(f~*(x), f*(y)) < B for all k>0}.

Definition 7.1. The set A has a local product structure if for any sufficiently small 8 > 0 there
exists 6 > 0 such that the following holds. If dist(z,y) < & then Wj(x) N Wg(y) consists of
exactly one point z = [z,y] € A, and the map (x,y) = [z,y] is continuous.

If the points x,y € A are close enough, then for all points ' € WY that are close enough to
z a local holonomy map h along stable leaves is defined as h(z') = W5 (') "W (y). Similarly a
local holonomy map along unstable leaves can be defined.

Suppose that A is a topologically zero-dimensional locally maximal transitive hyperbolic set
appearing for the Poincare map f. and pj,ps € A. Assume that W%(p;) has a point Y of
transverse intersection with W#*(O ), and W?(p3) has a point X of transverse intersection with
W"(Ox). Fix a small neighborhood U(A). Denote by O(X) the whole orbit of a point X.

Denote S = AU O, UO(X)UO(Y).

Theorem 10. There exist > 0 and a neighborhood U(S) such that the following holds.

1. The set A* = Nuezf™(U(S)) is a compact zero-dimensional transitive locally mazimal
invariant set with a local product structure;

2. The set A is homeomorphic to a Cantor set and the restriction of f. to A* is topologically
conjugate to a topologically mixing subshift of finite type;

3. For each x € A# local stable and unstable sets are smooth curves;

4. Fory € A* NU(A) the local invariant manifold Wg(x) (respectively, W5(z)) converges in

C* topology to W (y) (respectively, Wiy)) as x — y.

Proof of Theorem 10. Tt is a fairly standard fact (e.g. see [Mo]) that for small enough U (S) the set
A# = Npezfr(U(S)) is a compact zero-dimensional transitive locally maximal invariant Cantor
set with a local product structure, and the restriction of f. to A# is topologically conjugate to
a topological Markov chain, so we do not elaborate on that here. Any transitive topological
Markov chain that has a fixed point must be topologically mixing. Indeed, due to the Spectral
Decomposition Theorem some power of a transitive topological Markov chain is a disjoint union
of several topologically mixing basic sets, and the original map permutes these sets cyclically.
Hence if the original map is not topologically transitive, it cannot have any fixed points. This
justifies the second claim in Theorem 10.

In order to show that local stable and unstable sets of A# are smooth, let us first recall how
a similar statement can be proved for a locally maximal hyperbolic set A (see [HP]; we follow
the exposition presented in Section 6 of [KaH]). One can choose a system of charts of uniform
size centered at each point of A in such a way that the map in each chart can be represented
as a C'' small perturbation of a hyperbolic linear map with one contracting and one expanding
direction (that correspond to stable and unstable subspaces in the hyperbolic splitting). These
restrictions can be extended to the maps of the plane that coincide with the restrictions in some
neighborhood of the origin, and are linear hyperbolic maps away from some larger neighborhood
of the origin, see Lemma 6.2.7 in [KaH]. Now in order to study the behavior of the map along
a given orbit inside of the hyperbolic set one can consider a bi-infinite sequence of maps of the
plane, and the usual graph transform technics imply existence of the sequence of local invariant
manifolds, and their continuous (with respect to C'!' metric) dependence on initial point, see
Theorems 6.2.8 and 6.4.9 from [KaH].

Now we will do the same for orbits of the set A%, but as soon as the orbit enters the rectangle
o, we will apply f*No_ see Figure 5, where k is chosen in such a way that f5Vo sends our orbit to
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a neighborhood of the point X. Due to Theorem 6 conditions (20, 21) the map f*° in this case
satisfies the cone condition (sends horizontal cones to horizontal cones, and stretches the vectors
within the cones, possibly very strongly), and therefore the corresponding graph transform must
be contracting. This implies last two claims of the statement of Theorem 10 for the points
of A#* NU(A) that do not belong to W*(Oy) (for the points in A% N U(A) N W*(Oy) these
statements follow directly from Theorem 6).

X

Figure 5: Construction of the set A%,

O

Remark 7.2. Notice that in the last claim we cannot replace U(A) by U(S). In fact, an analog
of C* Inclination Lemma does not hold in a neighborhood of the degenerate saddle in our system,
as one can see from Lemma 4.3 and Proposition 4.6, (ii). This shows that technical difficulties
we experience in the present proof of the main result are not superficial.

7.2 Manning’s Hausdorff dimension formula

The classical result by Manning states the following.

Theorem 11 ([Ma]). Let f : M — M be a C* Aziom A diffeomorphism of a surface M?
preserving an ergodic Borel probability measure p. Denote G, to be the set of future generic
points for . Let Q1 be the basic set of f for which G, C W*(Q4). Then the Hausdorff dimension,
denoted by 6, of G, N W} (z) is independent of x € Qy. If x, denotes the positive Lyapunov
exponent corresponding to h,, of f is given by the formula h, = 0, X -
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In this section we prove the following generalization.

Theorem 12. Suppose f € Diff" (M?) has a locally mazimal set A# such that local stable and
unstable manifolds of points in A* are smooth curves, and f|y# is topologically conjugate to a
subshift of finite type. Suppose that u is a Borel ergodic probability measure whose supp = A%,
Suppose also that the function ¢"(x) = —log||D fz|gu| is continuous. Then h, = d\, where 0 is
a Hausdorff dimension of the set of future generic points of u on a local unstable manifold, and
A is a positive Lyapunov exponent of .

The proof is an almost verbatim repetition of the proof from [Ma], and we provide it here for
completeness.

Proof of Theorem 12. We will need the following definition of a topological entropy h(F,Y") for
a possibly non-compact subset Y of a compact space X and a continuous map F : X — X due
to Bowen [Bol]. Let A be a finite cover of X and write £ < A is contained in some member of
A. Write n4(FE), or simply n(E), for the largest non-negative integer such that

FEE <A for 0 <k < ny(E).

If £ = {F1, Fs, ...} has union containing Y, set
Da(€,0) = exp(—Ana(E)).
i=1

Define m 4,5 by

max = lirnoinf {DAE,N): E={E1,Es,...}, U2 E; DY and exp(—na(E;)) < ¢ for each i}.
E—r
Then define
ha(F,Y)=inf{\: mar(Y) =0}
and

hMF,Y)=supha(F,Y).
A

With this definition topological entropy resembles Hausdorff dimension, where the diameter of a
set replaced by the length of time for which images remain finer than a given cover. Hausdorff
dimension HD(Y') is defined, for example by

HD(Y) =inf{A: mx(Y) = 0},

where

mx(Y) = lim inf {Z(diamEi)’\ U2 B DY and diam E; < e for each z} .

e—0 ‘
i=1

Let W be any closed interval on any W*(X) so W is compact. Provided ¢ is small, A is so
fine that W crosses each A from A at most once. Define

m—1
S 6 (fa) + A

=0

Gur={zeG,: <e Vm>r}

1
m
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and note that G, = U2 (G, ., since p is ergodic and A = — (o).

Given € > 0 let A be covering of A# by open rectangles on each of which ¢(*) varies at most
by . Let [ > 0 be such that for any subset of A¥ is contained in the set of A if it is small
enough of its intersection with any local stable or unstable manifold to be less that [. Consider
an interval W in any unstable manifold and choose m so large that

W NWE(x,1/2) # 0 for every x € A¥.

For each r the Hausdorfl dimension of f™W NG, is at most § so we can take a fine cover U,
of f™W NG, by open intervals in f™W satisfying

> (diam U)°F <277
Ueld,

For each U € U, define U* as Uycpynax Wo(x,1/2). Then f"U* is contained in some element of
A so long as diam f"U < I. The ratio of diam f"U and diam U is ||Df}|gu|| for some y € U
and, since the orbit of y from time 0 to n(U*) is close to that of a point in U NG, and U, can
be chosen fine enough so that n(U*) > r, we have

D1y 5y

< exp[(A+ 2e)n(U"))].
Thus,

I < diam U - exp[(A + 2&)n(U™)].
This implies

D expl=(A+e)(d + 2e)n(U)] <17 "(diam U)*Fe < 17O

Every point of G, N A# is in W*(z,1/2) for some z € f™W NG, for all sufficiently large . By
combining all U* obtained from the covers U, for all r > g we obtain a cover Uy of G, N A# with

Zexp (A 4e)(0 + 2e)n(U*)] < 17O+,

Therefore,
ha<(A+¢e)(d+ 2e).
For open covers h 4 > hp when A refines B so that h = sup 4 h 4 is actually a limit of h4 as the

mesh of A tends to zero. Thus,
h<(A+e)(d+2e).

Since € could be taken arbitrary small, this implies that h < A\J.

On the other hand, given € > 0 an open cover A of A# by rectangles small enough so that
#) | which is continuous on the compact set A#, varies by at most € on the region enclosed by
each rectangle. Here

WEH(A) = Upers W (2,€"),
where W¥(z,¢') = {y € M | d(f'y, fiz) < &’ for j < 0}. Then for any « > 0 there is a finite
open cover U of G, with

AU h+¢€) = Zexp —nA(U))(h+¢) < a
veu
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Fix r. Provided « is small enough we have n(U) > r for each U in Y. The mean value theorem
gives

diam(W N Gy NU) = diam " (W NG, N U)/|IDf; | gy || < meshy A/[|Df )| g

for some y in the convex hull in W of (W NG, NU). Here mesh,.A denotes the longest interval
of an unstable manifold in an element of 4. Since the orbit of y from time 0 to n keeps the same
element of A as that of some point of G, , we have

IDf | gyl > exp[(A — 2¢)n(U)].

Thus the cover
U ={WnG,,NU; UelU}

has
> (diam U) "=/ 729) < (mesh,, A) ")/ (A22) N " exp[— (b + e)n(U)] <
ureud’ veu

< a(mesh,, A)(h+e)/(A=22),

Now U’ can be made as fine as required by making ¢/ fine. Thus the Hausdorff dimension of
W NG, is at most (h+¢)/(A— 2¢). By taking a countable union over r and then letting ¢ — 0
we obtain

dw < h/\

as required, where dyy is the Hausdorff dimension of W N G,. O

7.3 Thermodynamic formalism and equilibrium measures

We shall use the following result due to Morita and Tanaka [MT].

Let d > 2 be a positive integer and let S = {1,2,...,d} be a finite set endowed with the
discrete topology. Let M be d x d zero-one matrix. Consider a subshift of finite type (EL, oM )-
Given 6 € (0,1), we define a metric dg : X}, — R such that for distinct elements w and w’ in
Si/, do(w,w’) = 6™, where n is the smallest non-negative integer such that w,, # w,.

Let Fp(X}, — R) be the Banach space consisting of all R-valued Lipschitz-continuous func-
tions with respect to the metric dp, endowed with the norm defined by || fllo = ||flle + [f]6,
where || f|loo is the supremum norm SUP,ext |f(w)] and [fle = max;es[f]o,i, with

[f1o.i = sup{|f(w) — f(wo)l/do(w,wo0) : wo = wp = 4, w # w'}.

Now let us formulate our problem. Let A = (A(ij)) and B = (B(ij)) be d x d zero-one
matrices that satisfy the following conditions.

(A.1) There exists a positive integer ng such that A" > 0, i.e. the subshift (X}, 04) is
topologically mixing.

(A.2) B(ij) = 1 implies A(ij) = 1.

(A.3) The set X}, is not empty and, if £* is the maximal o—invariant subset of X}, then the
subshift (X1, 0|s+) is topologically mixing.

Note that there exists a subset So = {k1,ka,...,ka} of S such that T = X, where C is a
d' x d' zero-one matrix indexed by the set Sy, given by C' = (B(ij)), i,j € So. Thus, in what
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follows, we may assume without loss of generality that Sy = {1,2,...,d'} and C' = (C(ij))1<i,j<ar
with C'(ij) = B(ij). It is obvious that the mixing condition (A.3) is equivalent to the existence
of a positive integer ny such that C™ > 0. Next, we introduce a family {®(«,-)} of potential
functions on Ejg parameterized by « > 0, which enables us to formulate both the potential
perturbation and the spatial one simultaneously. Let N = N;;. B(ij):o[ij]A. We consider a
family {®(«, ) = é(a,-) + (o, )xn : @ > 0} of potential functions that satisfy the following
conditions, where y denotes the indicator of the set V.

(B.1) For each a > 0,¢(a,-) € Fy(X4 — R). Moreover, there exists a positive number C
and a function ¢ € Fy(¥} — R) such that sup,-[¢(a, )]s < C1 and [|¢(a, ) — ¢llec — O as
a — 0.

(B.2) For each w € N, 9(a,w) — —o0 as a — 0.

(B.3) For each a > 0, ¥(a, ) € Fp(X} — R) and there exists a positive number Cs such that

sup,o[th(a; )]s < Ca.

Theorem 13 (Theorem 1.1 from [MT]). Assume that the conditions (A.1)-(A.3) and (B.1)-
(B.3) are satised. Then, as o — oo, the Gibbs measure of the potential ¢(c,) on (X}, 04)
converges weakly to a Borel probability measure supported on Zg and, if we regard the limit
measure as the measure on Eg, it coincides with the Gibbs measure [is, of the potential ¢c
on Eg, where ¢ = ¢|Zé. In particular, we obtain limg o0 P(0A, fla(a,)) = Ploc, ¢c) and

lima— oo h(UAu N@(a,-)) = h(007 N(i?c)

We use this result to construct a measure supported on A# that is weak-* close to an equi-
librium measure supported on A, and has almost the same entropy and Lyapunov exponent.

Proposition 7.3. Suppose we are in the setting of Theorem 10. Let u be the equilibrium measure
on the hyperbolic set A that corresponds to the potential ¢* = —log || D f|gu||. For arbitrary small
e > 0 there exists an ergodic Borel invariant measure v of f|a# such that

1) supp v = A%,

2) [ho (fla#) = hu(f|a#)l <e,

3) A (fla#) = Au(flax)l <e.

Proof of Proposition 7.3. Theorem 13 is formulated for one-sided shifts, but the same statement
holds for two-sided shifts as well, as can be established using standard technics. Namely, for
any potential ¢ there exists a homologous potential ¢ such that ¢(w) depends only on {w;}5°,

and equilibrium measures for ¢ and for ¢ coincide (e.g. see Lemmas 1.5 and 1.6 from [Bo2]).
Therefore we can apply it to the family of potentials

@(a,x) = ¢(a,x) — X A#NII, (x)u

where Iy is an additional element for the Markov partition (see Figure 5) that was used in the
proof of Theorem 10 to construct A#. This gives a family of measures v, on A# that weak-x
converges to the equilibrium measure p and such that h, (f|a#) = hu(f|a#) as o — oo. Since

Moo (flaz) = = [ @"dva, \u(flax) = — [ ¢“dp, va — p as a — 0o, and ¢ is continuous, we also
have that A, (fla#) = Au(fla#). Therefore one can take v, for large enough « as a required
measure. |

Now we are ready to prove the following “1-dimensional” version of Theorem 9.
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Proposition 7.4. Suppose that stable (unstable) manifold of O has a point of transverse in-
tersection with an unstable (stable) manifold of some saddle periodic point of a hyperbolic set A.
Then

dimpy {z € W*(Ou) | Ox € w(x)} > hY, and dimpy {z € W*(Ou) | Ox € a(x)} > hi.

Proof of Proposition 7.4. It is enough to prove the first inequality. For any ergodic measure v,
suppr = A#, we have

{z € W2.(Oc) | x is future generic for v} C {x € W*(Ox) | Ox € w(x)}. (52)
The classical result by McCluskey-Manning states the following.
Theorem 14 ([MM]). Let A be a basic set of a C* Aziom A diffeomorphism f: M? — M? with

TAM = E* @ E*®
is a splitting into 1-dimensional bundles and ¢*(x) : W*(A) = R given by
¢" = —log||Dfzley|-
The Hausdorff dimension of W*(x) N A is given by the unique § for which
P, (00%) =0,
is independent of v € A, and 0 < § < 1.

Consider the unique equilibrium measure p on A with respect to the potential J¢", where

§ = dimypW"(xz) N A. Then by definition of the equilibrium measure h, + dp(¢*) = 0. Since
A = —p(@") is the positive Lyapunov exponent of f with respect to measure i, we have b} = i—i

Fix arbitrarily small g > 0. Apply Proposition 7.3 with € = m‘i_hgm This gives an ergodic

measure v, suppr = A%, such that

hy, _ h,—
dimgy {z € W".(O) | z is future generic for v} = = > £ c > L(1-8)=hi(1-p).
P WL

>

Since 8 could be taken arbitrarily small, together with (52) this implies that
dimpy {x € W"(Ox) | Ox € w(z)} > h}.

7.4 Holder continuity of the holonomy maps

Here we prove the following addendum to Theorem 10. Recall that f. denotes the Poincare map
of the Sitnikov problem defined in (3).

Proposition 7.5. Given v € (0,1), there exist § > 0,0 > 0,C, > 0, and a neighborhood U (S)
such that the following holds. Let A* = N,z f™(U(S)) be a mazimal invariant set in U(S) (whose
properties were described in Theorem 10). Then for any x,y € A¥ NU(A) with dist(x,y) < &
the local holonomy maps W (z) — Wg(y) and W§(z) — Wi(y) are Hélder continuous with
exponent v and constant C,.
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In the proof we will use the following statements.

Let Oy be the saddle at infinity. Let A be a locally maximal uniformly hyperbolic set
homoclinically related to Os. Let X € W"(Ooo) NW?*(A) and Y € W¥(Ouso) N W¥(A). Let Uy
and Uy be neighborhoods of Y and X resp. Let v/, 7" be two curves in W*(A) near X transversal
to W*(O). Let Ny be such that for each N > Ny both sets vy, = f~V(v/) and 7% = f N (y")
intersects the neighborhood Uy . Denote by Il curvilinear rectangle formed by the boundary of
Uy and curves vy and v (see Figures 5, ?7). Let A¥ be as in Theorem 10.

Lemma 7.6. For any n € (0,1) there are neighborhoods Ux and Uy such that the following
holds. For any N such that Ly C Uy and any curves v/ C W*(p')NUy and v" C W"(p")NUy
that belong to the same rectangle I (see Figure new-one) denote

L )
W7 W
Then

A>B" B> A"

‘1—6 X 1+§‘

Figure 6: Curves v’ and v” in Lemma 7.6.

Proof of Lemma 7.6. Right and left boundary of Iy can be considered as graphs of some func-
tions 63 and 8y : [1 — &, 1+ £] — R,. Consider integral curves x1(y) and x2(y) of the direction
fields given by 4% = Cz and 4% = —Cz with the initial condition 21,5(1—&) = 65 (1—¢€). Due to

Theorem 6 condition (20) the graph of the function J7 is located between these integral curves,
and since

1(y) = 55 (1= eI ay(y) = 65 (1 = €)Y for ye 1€ 1+¢]
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P +
we have that 1 < % < €2%¢. The same construction can be applied to Oyn-
N

On the other hand, Theorem 6 condition (21) also implies that

26505 (1= €)* <051 =€) = dy(1 = &) < 3¢C(Oy(1-€))*?, and hence
1 55(1—¢)
142601 =) < D22 <1 4 3¢0(65 (1 — €)'P.
€GN - )" < P S 1436000~ 0)
This implies that 1 < méxgg is bounded by some constant independent of N. Theorem 6
min N

condition (21) implies in this case that f¥ must expand the curves with asymptotically the same

rate, namely,
N/ I\ |V/| N I\ |VN|
=0 (B xeni-o ().

where x is an x-coordinate of an arbitrary point in IIy. For a given n € (0,1) one can choose
Ux and Uy small enough (which implies that the expansion ~ x~% is large enough) to guarantee

that TN <|feN(u”)l)” and e @I <|feN(z/)l)”.

V| V"] v V|

o, 1L, 4 0,

Figure 7: Curves v/ and v/ in Lemma 7.7.

Lemma 7.7. There is a constant C' > 1 such that the following holds. Let p' and p'" belong to
A# and such that W*(p') and W"(p") intersect W*(O) in Uy. Let v/ C W*(p') N Uy and
VI CcWH(p")NUy. For any i # j and curves v' and V" such that their endpoints belong to 11;
and I1; (see Figure new-two) one has

1<Vl oo

=) =
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Proof of Lemma 7.7. Assume first that ¢ = j+ 1. Then using the same arguments as in the proof
of the previous lemma one can show that the distance between II; and II; is of order O(z§'), where
x; is an x-coordinate of an arbitrary point from II;, and the horizontal size of these rectangles
is also of order O(x?‘) This implies that [/| = O(x?‘) and || = O(:z:?‘), and therefore there is
V]
V|

Now let us consider the case when ¢ > j 4 1. Split the curve v/ into the disjoint union of
curves ' = v Uv/_; U...Uv},, in such a way that v} connects a point from Il with a point
from Il41. Consider a similar splitting v” = v Uv;” ; U... U7, for v”. Then the argument

a constant C' independent of j such that C~! < <.

/
above shows that C~! < ||Vf,|| <Cfork=14,i—1,...,7+ 1. Hence
Vi
e L]
1 k=j+1 1"kl
e < i V| <C.
Ek:jﬂ |Vk

O

Proof of Proposition 7.5. We will prove that the holonomy along stable leaves is Holder con-
tinuous with exponent v. One gets the proof for the holonomy along unstable leaves by time
reversing.

We need to find € > 0 and C, > 0 such that if

ry € Wi(wy) NWi(y1) and  yo € W(yr) N WE(z1)

then
dist(xl, .IQ) S C’Y (d1st(y1, yg))’y.

Lemma 7.8. Suppose that for some positive numbers dy,d,, Ky, K,,3,C, A, B,and v € (0,1)
the following inequalities hold:

K,d,B<B, A>B', K,Ad,<CK,Bd,.

K)pt—
dy < <O‘7’K7m> dy) .-

Then

Proof of Lemma 7.8.

dy = d, AA™! < KQKydyBB*V = KQKydyB(dedljl)*’Y =
K B K'vﬂl*'v
- (CK_y) (dyB)'~7dy = <OT> 4

Theorem 10 also implies the following lemma.
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Lemma 7.9. Suppose the neighborhood U(A) is small enough. Then there are \* > 1 and
N* € N such that for every x € A* NU(A)

IDfN"

Eu(fl;)” 2 )\* > 1.

Moreover, for a given v € (0,1) there exists 8 > 0 such that for any x,y € A*NU(A), dist(z,y) <
B we have

1D g @) > DS eIy IDFY e @) > IDFY | (@),

We will also need the following statement.

Lemma 7.10. For any 8 > 0 and 8’ € (0,53) there are C > 0 and £ > 0 such that the following
holds. Suppose x1,x2,y1,y2 € A are such that

vy € Wg(w2), y1 € Wg(y2), y1 € Wi(w1), yo € Wi(x2),

and
dist(z1,y1) < &, dist(wa,y2) < e, dist(y1,y2) > 5.
Then
C~tdist(y1, y2) < dist(z1,22) < Cdist(y1, y2).

Proof of Lemma 7.10. Indeed, if € is small enough, we have (here d, = dist(y1,y2), dy =
dist(z2, y2))

2e 2e 2¢e 2e
(1_E>dy§ (1—d—y>dy_dy—2a§dz§dy+25—<1+d—y>dy§ (1+F)dy.

O

Let the neighborhood U(A) be as small as needed for Lemma 7.9. Suppose that N € N is
such that fN(X) € U(A) and f-N(Y) € U(A). Set L = max(||fellc, £ |c1) and denote
K = L4(1\7+N*), where N* is the same as in Lemma 7.9. Let us choose A* > 1 so large that
(A*)PTV > K.

Choose neighborhoods U(X) and U(Y") so small that the following holds:

a) [Y(U(X)) C UA), and [N (U(Y)) € UA);

b) If p € YY), f(p) € U(X), and v € K"(p) is a vector from unstable cone, then
[DfE )] > A*|[o].

c) Set n = L2, If Uy and Ux are neighborhoods for which Lemma 7.6 holds, then U(X) C Ux
and U(Y) C Uy.

Denote F' = {x1,22,y1,y2}. Let k* be the smallest iterate such that one of the following
cases holds:

H1. dist(f} (21), £ (2)) > B/, dist(f8 (1), £E (y2)) > B, and fE(F) € U(A);

H2. fF'(F) cUY), and f¥ (1), f5 (y1) € Ty, £ (22), f¥" (y2) € T1; where i # j.
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Consider the case H1 first.

Suppose that the image of F' comes [ times near the degenerate saddle O,. Then for some

- o+l Fyi .
numbers {n; ,n; };_,, {m; ,m; };7; we have:

LO0=my <mi <ny <nf <my <mj <...<n] <nl+<mf+1<m;;1:k*,

2. n; —mj <N, m;rl—n;r§]\~]foranyi€{1,...,l},
3. If m; <n <mj then f*(F) C U(A);

4. f:;( F)cUY )fen (F) C U(X), and for n; <n < nj theset f*(F) isin a neighborhood
of Oco U{fE(Y)}ez0 U{S (X)}ez0.

Suppose for a moment that [ = 0. If £* = sN* +r, r < N*, then
dist(fF" (1), £ (22)) = Ko Adist (w1, 22), dist(f¥ (1), fF (y2)) = K, Bdist(y1, y2)

where
dist(f2N" (1), f3N (22)) B dist(f2N (y1), £2N (y2))
dist(z1, z2) ’ dist(y1,y2)

and L™V < K,,K, <LV,
Now we can apply Lemmas 7.8, 7.9, and 7.10 to d, = dist(z1,2z2) and d, = dist(y1,y2). We
get

A:

)

dist(z1, 32) < Cy(dist(y1,12))7, Cy = cLN ) (diam A#)' 7.

Now suppose that I > 0. Set M; = mj —m;, i = 1,...,0+1. Then M; = s;N* + r;,
r; < N*. To shorten notations denote d, = dist(z1,x2), dy(n) = dist(f2(z1), f2'(x2)), and
dy - diSt(y17y2)7 du(n) = dlSt(fen(yl)u fen(y2))

Then
dz(mj) = Ki oA nds(m; ), dy(mj) = KiyAiady(m; ),
where B B
A@A _ dI(SiN* _L_mz )7 Bi)A _ d/y(SiN* _;L_ml ),
de(m;) dy(m;)
and L™V < K; ., K;, <LV
Also, set
dy(ni d (nt
Ao =2) g, B
de(n; ) dy(n;)
By the choice of the neighborhoods U( ), U(Y) above we have A; o__, Bi.o.. > A*, and due to
Hi’Y
Lemma 7.6 we also have 4; o > BZ 0o Biow > Az,O

Now we can write




”z_) dr(mi_+1)
=Ki,A14 I I l (m¥) “Ai oo R ) cKip1 a2 Aivia
i=1 m i x\1bg

- <(:1+)> <IN andL N <& (’(%)1’ < LN, Set

Notice that L‘N <

)

l _ _
(n; dz(mi )
| | Aoy Kivia Ai
palet l mj— 1,000 dm (n;,-) +1, +1L,A

)

then d, (k*) = K1 4 Ad,, d,(k*) = K4 ,Bd,, and due to Lemma 7.10 and our choice of k* we have

! _ -
d (nl) d (mz )
=Bia]] ldj(m*) Bion -~ - Kiv1yBisia
i=1 : ¢

Cld, (k") < dy(k*) < Cdy (k*).

In order to apply Lemma 7.8 we need to check that A > B7. We have A4; A > BZ A from Lemma
7.9, and for each ¢ = 1,2,...,1 we also have

dz(n;) d1(mi_+1) dz(n; ) d1(mi_+1) LSl
Ao ——  Kiv1e > Ene Kit12 | B b, =
do(m) O () T \da(m)  da(nf) T ) RO
1—y dy(n;) dy(my, 1)
— B B2 |2/, T Kl |-
1,000 1,000 (dx(m:r) dx(n:r) +1,
1—y

Since B; 5 _ > (A7 > K = LANENY) this implies that

B - B _ vy
ds(n;) Ao da(myy ) Kit1. > B), LXNN) 5 B (dy(ni ) dulmiy) - Kin u) :

dz(m]) dz(nf) dy(m)  dy(n)
Taking product of these inequalities over i = 1,...,l we get A > B7Y. Now application of Lemma
7.8 gives

dy < Cyd),  Cy=CLN () (diam A#)1 7.

Remark 7.11. It looks like we could take C., independent of v: Cy < CL*N" diam A#. But the
value of B in Lemma 7.9 depends on vy, and therefore our estimates work for holonomy maps on
a smaller interval as 7y increases. In particular, if one needs to fix B and vary -y, then the local
holonomy map is still Hélder continuous for any v € (0,1) but C,, will grow as v approaches 1.

Case H2 is completely similar, one just need to use Lemma 7.7 instead of Lemma 7.10.
O
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7.5 Obtaining a low bound on the Hausdorff dimension of oscillatory
motions

Here we adapt some ideas from [PV] to our case and use Holder continuity of holonomy maps
and Theorem 7.4 to estimate the Hausdorff dimension of oscillatory motions.

Proof of Theorem 9. Fix any v € (0,1). Pick any point p € A, and consider the product space
A = (Wg(p) N AT) x (W5(p) NAF).
Set
G ={xeWi({p) | Ox cw(x)} and G° = {z € Wi(p) | Ox € a(x)} .
Theorem 7.4 claims that dimy(G") > h} and dimg(G®) > h}. Due to [Mar],
dimy (G° x G") > dimy (G*®) + dimg (G").

Define the map ® : A — A% by ®(z,y) = Wi _(x) N W _(y). Then @ is a homeomorphism
onto a neighborhood of the point p in A#.

Proposition 7.12. Both ® and ®~' are Hélder continuous with exponent .

Proof of Proposition 7.12. Let wi,ws € A, w1 = (x1,y1), w2 = (x2,y2). By Proposition 7.5 we
have
dist(®(wy), P(ws)) < dist(P(z1, y1), P(x1,y2)) + dist(P(x1,y2), P(x2,y2)) <

< O, (dist(z1, 22))"+C5 (dist(y1, y2))” < 20, (max(dist(z1, z2), dist(y1,y2)))” < 2C, (dist(wy, w2))”.

On the other hand, from uniform transversality of local stable and unstable manifolds of points
from A# NU(A) it follows that for some & > 0

dist(p1, p2) > kmax(dist(p1, Wig.(p1) N Wi, (p2)), dist(Wig.(p1) N Wi (p2), p2))
for all py,pa € A# NU(A) that are close enough. From here and from Proposition 7.5 we have
dist(w, wa) < 2max(dist(z1, 22), dist(y1,y2)) <
< 2max(C,dist((z1,y1), P(22,91))7, Cydist(P(z2,y1), P(22,92))7) <

< 20, max(dist(®(z1,y1), ®(x2,y1)), dist(®(z2,y1), P(x2,y2)))” <20,k dist(P(w1), P(w2))”.

O
In particular, Proposition 7.12 implies that
ydimy (G* x G*) < dimy (®(G* x G*)) < v dimy (G* x GY).

Notice that if z € G* and y € G* then ®(z,y) € {g € A* | Ox € w(q) Na(q)}. Therefore
B(G* x G*) C {g € A" | O € w(q) Na(q)}, and we have

dimp{q € A" | O € w(q) Na(q) } = dimpy (P(G° x G*)) >
> vdimpy (G® x G*) > v (b} + h}) = ydimgA.
Since v could be chosen arbitrary close to one, this implies that
dimg{q € A" | Ox € w(q) Na(g) } > dimgA.

This completes the proof of Theorem 9. O
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8 Newhouse domains in the Sitnikov problem and con-
struction of a thick hyperbolic set

Here we show that for an open set of parameters f. has a locally maximal hyperbolic set with
persistent tangencies, homoclinically related to Oy, of Hausdorff dimension close to two, and
use it to complete the proof of the main results of the paper. In order to do so, we first use
C?-lambda lemma for dynamics near O, (i.e. Theorem 7) and the explicit form of the Melnikov
function for the Sitnikov problem from [GP] to prove (in Subsection 8.1) that there are arbitrary
small values of the parameter e that correspond to a quadratic tangency between W#(O,) and
W¥(Os) that unfolds generically with e. Then in Subsection 8.2 we show that there are small
values of e such that f. has a hyperbolic saddle close to a homoclinic orbit of O, whose certain
finite parts of stable and unstable manifolds are C?-close to the stable and unstable manifolds of
O« . Unfolding of quadratic tangencies in two-dimensional conservative case leads to appearance
of hyperbolic sets of Hausdorff dimension close to 2, see [Go], and we apply this fact to these
saddles in Subsection 8.3. Finally, in Subsection 8.4 we apply the standard genericity arguments
and the results of Section 7 to these hyperbolic sets of large Hausdorff dimension and prove the
main results of the paper, Theorems 2 and 4.

8.1 Existence of quadratic tangencies between W"(O.,) and W*(O,)

Theorem 15. (quadratic tangency) There exists a sequence e, — 0 as n — oo such that
W¥(Oux) and W*(Ou) have a point of quadratic tangency at some q, that unfolds generically
as e changes, i.e. locally the hook of one separatriz moves with nonzero e-speed with respect to
the other.

Proof of Theorem 15. Due to Theorem 7 condition (24) for large N the image of the diagonal
{z = y} under £~ in the neighborhood Ux can be considered as a graph of some function
An:[1-¢14¢€ — R}, and this function satisfies

—CA(z) < Aly(z) <0, 0<AY(z) < CAn(2).

On the other hand, the explicit form of the Melnikov function for the Sitnikov problem was
derived in [GP]. Set T so that (T,0) = f.(1,0), T = Ty + O(e), and denote by W,(z) the
function whose graph in Ux represents a piece of stable manifold W*(O) in Ux. The results
from [GP] claims that

W,(z) = Aesin (2%(;5 _ 1)) +L0(2), A>o0.

Suppose for a moment that Ay (x) and W (z) have a point of tangency, and let us show that this
tangency must be quadratic. Denote by z* the x-coordinate of the point of tangency between
We(z) and An(z). Then 2* is a solution of the system

{ An(z) = We(z) = Aesin (3£ (z — 1)) + O(e?)
Aly(z) = W/(z) = AeZZE cos (Z(z — 1)) + O(e?)

This long with Theorem 7 conditions (24) implies that

_CAesin (2%(95 _ 1)) +0(e2) = —~CAN(z) < A () = Ae%” cos (2%@ - 1)) +0(e),
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and, therefore,

2 2m T 2w
I *_ R — - *_ <
tan(T(x 1)>< CT+O() and 2<T(:v 1)<¢<m

for some (¢ independent of e. Then

472

2
W/ (x*) = —Aﬁe sin (%(I* - 1)> +0(e?) < 0,

but A% (2*) > 0, and therefore the tangency at (z*, Ay (z*)) is quadratic. This implies that the
tangency between W?*(Os) and the diagonal {x = y} is quadratic, and due to the symmetry of
Sitnikov problem W?*(Os) and W*(Ox) also have a point of quadratic tangency.

Let us now show that graphs of W, (z) and Ay(x) indeed have a point of tangency and that
this tangency unfolds generically. We have

%(We( ) = As1n(2T(:v—1)>+O(e), A0,

and due to Theorem 7

L (Ax(@)) < CAx(r,€) = Ofe).

For e = 0 we have W,(z) = 0, and Ax(z) > 0. Therefore if N is large enough for some ey,
ey — 0 as N — oo, graphs of We(x) and An(z) must have a point of tangency and that this
tangency unfolds generically. O

8.2 Construction of a hyperbolic periodic saddle with a quadratic ho-
moclinic tangency

Consider the part of W (O ) located between gy, and ¢¢, denoted W ! lan.q+)- Consider anonself-
intersecting tubular nelghborhoods of W[ -y denoted T[ PP Denote by g} the smooth defor-
mation of the transverse homoclinic pomt q* with respect to e, and by We)[qw . the connected
component of the intersection of the unstable manifold of O, with qu g containing ¢¢.

nodx

Proposition 8.1. For any e sufficiently close to e, there is a sequence of hyperbolic periodic
saddles sc; — q5 as | — oo with the following property. Denote by W[q @, 1(Se,1) the connected
component of the intersection of the unstable manifolds of s.; with T[qmq*] containing se;. Then
saddles s.; and its manifolds W[q e, l(se 1) and we '[as ac] depend analytically on e, moreover,

W[Ziwqi]-,l(sﬁl) 2 Wg[qmi] as | — oo. (53)

Similar statement holds for stable parts.

Before we start the proof of Proposition 8.1, notice that it is in a sense an analog of Birkhoff-
Smale Theorem on existence of infinitely many periodic orbits near transverse homoclinic point
of a hyperbolic saddle, where we replace a hyperbolic saddle by our degenerate saddle at O,
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Figure 8: Creation of hyperbolic saddles near the homoclinic point of O.

Proof of Proposition 8.1. Let us extend the neighborhood of the degenerate saddle where the flow
has the form (10) along the unstable manifold of Q~ until it contains both ¢¢ and ¢%. Suppose
that N’ € N is such that fN'(¢¢) again belongs to the neighborhood of O where invariant
manifolds are rectified. Fix a rectangle II of a small height as shown on Fig.8.2.

Consider a horizontal cone field in II,

Kiay = {0 € Tu )R | |vy| < Mlvg| } for some M > 0.

Take any curve y € II tangent to this cone field. Since ¢¢ (and, hence, feN/(qf)) is a point of
transversal intersection of W*(Os) and W*(Os ), M and the hight of IT are taken small enough,
then the image fN'(y) is transversal to W*(O). Moreover, for some A* > 0 independent of
~ the image fN'(v) is a graph of a function y(z) with |y/(z)] < A*. Therefore we can apply
Theorem 6 to feN/(v). This imply that for a large enough N” € N the image feNN(feN/ (v))NII
is again a curve tangent to to the cone field {K(, )}, see (20), and every vector tangent to + is
expanding, see (21). Moreover, the curve fN"(fN'(y)) N1 is C2-close to W*(Ou) if N is large
enough, see Theorem 6 conditions (20) and (23). Therefore, the map f : f-N(fN(II)N1II) —
fN(M) NI, where N = N’ + N”, is a non-linear hyperbolic rotation, and standard techniques
of hyperbolic theory (see, for example, [IL]) imply that there exists a hyperbolic saddle point in
NN N ) N (N () NID). Denote that saddle by s, . The sequence of saddles {se v}
satisfies the requirements of Proposition 8.1. O

Fix n and parameter e,, from Proposition 8.1. Theorem 15 and Proposition 8.1 imply the
following statement.

Proposition 8.2. There exists a sequence ey, — €, as k — oo such that the map f, , has a
saddle periodic point sg with the following properties:

1) sy is homoclinically related to O (i.e. W"(Ox) has a transversal intersection with
W4 (sg), and W?*(Oso) has a transversal intersection with W*(sy));
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2) W3(sg) and W¥(sy) have a point of quadratic tangency that unfolds generically as e changes
near ey, .

Proof of Proposition 8.2. Notice that for a given e, there exists a small enough § > 0 such that
the limit (53) is uniform in e € [e, — d, e, + §]. Theorem 15 claims that the tangency between
stable and unstable manifolds of O, at g, is quadratic. This implies that arbitrarily close to e,
there are parameter values ey, such that stable and unstable manifolds of the saddles s, jm,l DAVE
a point of quadratic tangency. Theorem 15 also claims that the quadratic tangency at ¢, unfolds
generically with e. Since the derivative (in e) of the distance between Wige e, 1(Se,1) and W2 g
is of order of that distance (this follows from the same arguments that prove inequality (25) in
Theorem 7), the quadratic tangency between W (s, ;) and W¥(s.,;) also unfolds generically. O

8.3 Conservative homoclinic bifurcations and hyperbolic sets of large
Hausdorff dimension

In order to construct transitive invariant sets of full Hausdorff dimension we use the notion of a
homoclinic class.

Let P be a hyperbolic saddle of a diffeomorphism f. A it homoclinic class H(P, f) is a
closure of the union of all the transversal homoclinic points of P.

It is known that H(P, f) is a transitive invariant set of f, see [N5]. Moreover, consider all
basic sets (locally maximal transitive hyperbolic sets) that contain the saddle P. A homoclinic
class H(P, f) is a smallest closed invariant set that contains all of them.

Theorem 16 ([Go]). Let fo € Diff*(M?, Leb) have an orbit O of quadratic homoclinic tan-
gencies associated to some hyperbolic fized point so, and {f.} be a generic unfolding of fo in
Diff > (M?, Leb). Then for any 6 > 0 there is an open set Y C RY, 0 € U, such that the following
holds:

(1) for every p € U the map f,, has a basic set A, that contains the unique fized point s,
near Sg, erhibits persistent homoclinic tangencies, and Hausdorff dimension

dimHAM >2—0;

(2) there is a dense subset D C U such that for every pu € D the map f,, has a homoclinic
tangency of the fized point s,;

(3) there is a residual subset R C U such that for every p € R

(3.1) the homoclinic class H(P,, f,) is accumulated by f,’s generic elliptic points,

(3.2) the homoclinic class H(P,, f,) contains hyperbolic sets of Hausdorff dimension
arbitrary close to 2; in particular, dimg H (P, f.) = 2,

(3.3) dimp{z € M|s, € w(z) Na(z)} = 2.

In dissipative case Newhouse [N1] showed that near every surface diffeomorphism with a
homoclinic tangency there are open sets (nowadays called Newhouse domains) of maps with
persistence homoclinic tangencies. Moreover, in these open sets there are residual subsets of
maps with infinitely many attracting periodic orbits. Later Robinson [R2] showed that this
result can be formulated in terms of generic one parameter unfolding of a homoclinic tangency.

In area preserving case Duarte [Dul], [Du2], [Dud]| showed that homoclinic tangencies also
lead to similar phenomena, the role of sinks is played by elliptic points. Theorem 16 is a stronger
version of the Duarte’s result: we can control the Hausdorff dimension of the hyperbolic sets and
homoclinic classes that appear in the construction.
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8.4 Summing up

Let {f.} be the 27-shift along the orbits of the Sitnikov problem (6). Denote by OS(e) C R? the
set of oscillatory motions of the Sitnikov problem (i.e. the set of initial conditions (z, %) C R?
that correspond to an oscillatory motion of the Sitnikov problem). Here we construct an open
set N C [0,1],0 € U, and a residual subset R C A such that for e € R we have dimpy OS(e) = 2.
Notice that this implies Theorem 2.

Due to Proposition 8.2 there exists a sequence of parameters {e,}nen C [0,1], e, — 0 as
n — 00, such that f. has a hyperbolic periodic saddle s,, that satisfies the following properties:

a) in McGehee coordinates s,, is homoclinically related to O;
b) s, has a quadratic homoclinic tangency that unfolds monotonically with e.

Theorem 16 implies that for each n € N there exists an open set N,, C (%en, 2e,) and a dense
in NV, countable subset D,, C N,, such that for e € D,, the continuation of the saddle s,, has
a quadratic homoclinic tangency that unfolds generically. Therefore N' = U,N,, is a Newhouse
domain for {f.}. This proves Theorem 4.

Once again, Theorem 16 implies that for every n,k € N there exists an open dense subset
Vien C N, such that for each e € V,,, the map f. has a hyperbolic set Ay ,(€), sp(e) € Akn(e),
with dimg Ay ,(e) > 2— % Set Vi = Uy, Vi, Vi is open and dense in M. Theorem 9 implies that
for e € Vi, we have dimy OS(e) > 2— % Therefore for e € R = NgenVi we have dimy OS(e) = 2.
This proves Theorem 2.

9 Variation with respect to parameters

We start with the equations of motion (9). Then we need to perform a change of coordinates:
r=(p+q)/d+asp’/d+ - and y = (¢ — p)/4 — asp®/4 + ---. We get equation (10) which we
reproduce here

dx

gt

i

gt

S

dt

where Rf € Os and Q§ € O4 and both depend smoothly on e. Consider the equation in

variations with respect to e

= 2z(z+y+ RE(1+ Q%)
= —2y(x +y+ REP(1+ Q) (54)

1
= §(x+y+R§)3,

d
de g—f = 22(z+y—+ RE? B(1+ Q)R + 0.Q5(x +y + RE)) = 2a(x +y+ REPOF (55)
de =0 = —2y(w +y + RS)? (3(1+ Q5)0R5 + 0.Q5 (v +y + RS)) = —2y(w +y + R5)0%.

After rescaling time we obtain the following system

d dx
g
d. —= = —y0Y.
ds Yt

= 207
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Now we need to upper estimate variation of the y-component. We know that zy(s) being
constant in the model case. Denote h3 = xy(0) and start with initial conditions 2(0) = y(0) = hy.
Then for some C' > 0 we have that

d. Y| < ongys.

ed_s_

d
Substituting solution y(s) = y(0)exp(—s) = hgexp(—s) we get |d€d—y| < Chjexp(3s) and
s

d
|de yr(x)] < 2Chg. Denote by g(s) a solution of d_g = Choexp(3s). Integrating this equa-
s
tion we have

1 1
9(s) = 3 Chg (exp(3s) = 1) < 2 C'hg < 5 Cy(T).

for any s with h% > exp(—s).
Let (0) = y(0) = hp > 0 and be small. In order to extend these arguments to the general
case it suffices to prove that for some C' > 0

|(s) exp(=s)|, |y(s)exp(s)| < C
for all s > 0 such that 0 < z(s) < 1. Prove it for z(s). For y(s) the proof is similar. Define an

d
auxiliary function ¢(s) = z(s)exp(—s). It satisfies the equation @ _ exp(—s)Of. Since z = 0

ds
is invariant, so is ¢ = 0. Thus, Of = xOg? and the above equation becomes
do p
— = ¢05.
ds 005

Recall that we study the region y > x > 0. So we can bound the right hand-side by qSOg? < Coad.

d
Rescaling if necessary wlog we can assume that C' < 0.5. Then d_:v > /2. Since z(s) is positive

and grows monotonically, there is a unique 7' > 0 such that z(T) = 1. For all s € [0,T] we have
z(s) > exp (T — s). This implies that |O§’| < Cexp 2(T — s). Using a formula for solutions we
have

o(6) = o) exp ([ O3a(o) st o) < o0 exp (1501 -0 ST -9

This section should go after Theorem 15.

10 Construction of quadratic tangency
In this section we modify the proof of Theorem 15 to class of problems with the Melnikov function,

denoted M (z), satisfying the following condition:

For some ¢, > 0 if M(x) > ¢ and M'(z) < —c, then we have M"(z) > 0. (56)
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Recall that we denote absorbing intervals for slopes A by [A_(s), A1 (s)] and for second deriva-
tive by [—(s), pit(s)]. In Theorem 7 condition 24 we have that A\;(s) < A_(s) <0< u_(s) <
i1 (s) and A (s) ~ p (5) ~ y(s).

The Melnikov integral describe the shape of graphs of stable W* (O, ) and unstable W#(Ox)
manifolds. Namely, the graph of W*(Oy,) in Ux is given by W¢(x) = eM(z) + O(e?) for some
analytic function M. The graph of W%(O4,) in Uy is given by W¥(y) = eM (y) + O(e?), where
for some constant C' > 0 we have M (z) = CM(z).

Consider an initial condition on the diagonal x = y = h, A*. Suppose that this initial
condition is a point of primary tangency of W*(Os) and W*(Os ). Namely, we start with two
curves: v° being intersection of initial part of stable W*(O4) with Uy and * being intersection
of initial part of stable W*(O ) with Uy. Then we flow both of them to the diagonal. Varying
parameter e of the problem we create tangency and adjusting time pick it on the diagonal. Denote
small parts of these curves near the tangency by 77 and . Since the problem is reversible, i.e.
reversing time does not change the class of differential equation we study, wlog assume that
A* < 1. Due to Lemma 4.3 we have \* > 2)\g(1) = —2/3. Let u? (resp. p¥) be second derivative
of 5 (resp. v¥) at the tangency. The fact that tangency is quadratic implied by the following
separation lemma.

Lemma 10.1. With the above notations start with a curve 7. having two jet (h,h, \*, —h=2)
with small h > 0, then image of this curve

— under the forward flow to Ux has a quadratic tangent to v* and stays above it and

— under the backward flow to Uy has a quadratic tangent to v° and stays strictly to the right
of this curve.

Indeed, it shows that second derivatives of 75 and ~,, at tangency are distinct due to quadratic
separation by 7.

Proof of Lemma 10.1: Consider the equation for p:

B(1,s,))
(AN R KAV NI
% P (7,8, A\

We separately study forward and backward evolution of pu. Denote by T time y(7T) = 1 or
T=—Inh.

Backward evolution: We divide backward evolution into two stages: —2/3 < A(s) < 1 and
1 < A(s). The second case does not exclude possibility of A(s) passing through infinity. Since
dx/dy = M-slopes of v* are small, slope A\ = dy/dz should cross 1. Denote t* < 0 the time
A(t*) = 1.

Consider the first time interval [t*,0]. For A € [-2/3,1] and 7 > 1 we have

B=6(1+N(7(1+3X)+ A3+ X)) <2(—27—14/9)

and 046 o) 6
d— + 67 + S 7'+3>3.
1+71 I e

We also know that for some C > 1 we have

@ < 2(s) exp(s) < Cz(0) and &c?) < y(s) exp(—s) < Cy(0).
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This implies that u(s) with x(0) = —h~2 < B(1,0,1) is monotonically increasing for s € [t*,0].
Thus, p(t*) < —h=2.

In order to study the second interval we need to change coordinates and study evolution
of curves {z = z(y) : y € [y—,y+|} with slope denoted A = dz/dy and second derivative i =
d*x/dy®. Since the system of equation is reversible, backward evolution of A and i1 obeys an
ODE in the same class as evolution of A and pu.

In order to switch from p to [ recall that curvature of a parametrized curve v = {(x(h), y(h)) :
h € [h_,h4]} is given by
'y —y' !

k(h) - ((I/)z 4 @/)2)3/2'

Compute it using z-parametrization h = z. We have

Y’ (z
(14 (42)2)3/2

Compute it using y-parametrization h = y. We have

2" (y)
(1 + (227
In the case dy/dxz =1 we have y” () = —a” (y). Thus, at A =1 we get p = —[.

Notice now that i(t*) > h~2 is above the absorbing interval [fi_, iy ]. Thus, at the time our
orbit reaches Uy we have that i exceeds the lower bound of the corresponding absorbing interval.
Due to the sign condition (56) on the Melnikov function we have fi_ > 0 > e¢(M'(z) 4+ O(e)) and,
as the result, the backward image of 7, in Uy is strictly to the right.

Forward evolution: It suffices to prove that after a certain time both A and p belong to their
corresponding absorbing intervals [A_(s), A4 (s)] and [p—(s), u+(s)]. Due tothe sign condition
(56) on the Melnikov function we have that the forward image of ~, in Ux is strictly higher v*
and has a quadratic tangency with it.

By Lemma 4.13 we have

1+ A 14+ A
—37 i > B(\, 1) — 427 i
147 147

and by Lemma 4.10 the equation of evolution of i has the form

dp _ B(7(s), A)
ds —d((s), \)p — Tzty

In Lemma ?? we know that for some so > 0 we have A(sg) gets into the absorbing interval

[A—(s0), A+ (s0)]-
For 0 < 7 < 0.01 we have —0.03 < A\o(7) < 0. Thus, for s > s we have —0.06 < A(s) < 0
and

8.4 >d(1(s),A) > 9.

Using these estimates we also have

—3.957 > B(\, 1) — 4271,
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Since B < 0 and B < —u, at time so we have u(0) < u(so) < exp(10s0)po-

Increasing s¢ if necessary assume 7(sp) < 0.01. Then for s > sy we have that A(s) €
[A=(S0), Ax(s0)] and p(s) > exp(—8.4(s — sg))u(so). Since B> 7(s) = exp(—2s) and u(s) <
exp(2T )exp(—8.4s), there is s* < T/3 = —Inh/3 with u(s) > B(s). Then using arguments
similar to the proof of Lemma ?? we show that u(s* +s') € [u_(s* +s'), ui(s* + s')| for some
uniformly bounded s’. O
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11 Notations

fe — the Poincare map of the Sitnikov problem (3);
fu = fu,c — the Poincare map of the restricted planar circular 3-body problem (5);

(p,q) = (-2, \/g ) — simplifying coordinates at “parabolic” infinity for the Sitnikov problem;

(Pr,u) = (PT, \/;) — simplifying coordinates at “parabolic” infinity for the restricted planar
circular 3-body problem;

(z,y) = (3(p+¢q) + ---,3(q — p) + ---)— coordinates straightening invariant manifolds
W#(Oux) and W*(Os) of O;
A= Z—Z — slope and p = % — second derivative of curves, which are graphs of y = f(x);

X = (1,0) and Y = (0,1) — points on the invariant manifolds W*(O) and W*(O ) and
O(X) and O(Y) their orbits;

Ux (resp. Uy) — a rectangular neighborhood of X (resp. Y) such that for some £ > 0 its
size in x (resp. y) direction is [1 — &, 1+ &];

A= Z—z — slope and 1 = ZQT;”— second derivative of curves, which are graphs of z = f(y);

[A_(s), Ay (s)] — absorbing intervals of slopes or C*~dynamics;

[—(8), pi4(s)] — absorbing intervals of second derivatives or C?~dynamics;

{en}n — a sequence of parameters e, — 0 such that f. has a quadratic tangency at some
q;, and ¢} is a transverse homoclinic point;

For each e, there is a sequence a saddle periodic points {se;}; converging to ¢:;

A — a locally maximal transitive hyperbolic set arising after an unfolding of a quadratic
homoclinic tangency associated to a saddle sy;

A# — a locally maximal transitive set containing both A and O. This is the set which
contains oscillatory motions we study!

S=AUO,UO(X)UO(Y) — a set whose neighborhood contains A# as a locally maximal
transitive set;

U(A) (resp. U(S)) — a neighborhood of A (resp. S);

[ — size of local product structure of A#;

1 — invariant Borel probability measure supported on A;

v — invariant Borel probability measure supported on A#:;

h, and h, — entropies of u and v resp.

Ay and A, — positive Lyapunov exponents of ;1 and v resp.

d > 2 — positive integer, A, B are d X d matrices with 0 or 1 entries;

For a C' map f having a locally maximal set A# with a local product structure we define
6*(z) = log || D ol o

(Xh,04) and (X5, 0p5) — topologically mixing sub-shifts of finite type;

(4 — an invariant measure supported on A, which is Gibbs for the potential ¢*(x);

o — parameter going to infinity used to construct a new invariant measure v,/ supported on
A# and in a weak™ topology close to u;

v > 0 — exponent of Holder regularity of holonomy of invariant manifolds of A#;

[T — a curvilinear rectangle having O, as a vertex and initial parts of W* (O ) and W*(Ox)
as sides;

H? — a curvilinear rectangle of a Markov partition of A;

)
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IIy — a curvilinear rectangle in Uy such that after IV iterates of f. it is contained in Ux;
Ax — N-th image of the diagonal under f., i.e. under fV.

0OS(e) — oscillatory motions of f. of the Sitnikov problem with parameter e (see (1));

C — plays diverse roles as an internal variable to denote a constant in a proof.
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