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Abstract

We consider the cubic defocusing nonlinear Schrédinger equation in the two dimensional
torus. Fix s > 1. Colliander, Keel, Staffilani, Tao and Takaoka proved in [CKST10] the
existence of solutions with s-Sobolev norm growing in time.

We establish the existence of solutions with polynomial time estimates. More exactly,
there is ¢ > 0 such that for any £ > 1 we find a solution u and a time T such that
lu(T)|| s > K||w(0)]| grs. Moreover, time T' satisfies polynomial bound 0 < 7' < K°.
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1 Introduction

Let us consider the periodic cubic defocusing nonlinear Schrodinger equation (NLS),

—i0pu + Au = |ul*u
u(0,z) = up(z)
where x € T? = R?/(27Z)?,t e Rand u: R x T? — C.
The solutions of equation (1) conserve two quantities: the Hamiltonian

Elu(t) = /T (% Vul? + i\u|4) d(t)

and mass

Mu(e) = [ | uPdott) = [ Pz, )

which is just the square of the L?-norm of the solution for any ¢ > 0. It is useful to study
solutions u(t) in a family of Sobolev spaces H® with the corresponding H*-norms

1/2

()| sy = It Y2y = | Do (™ lat )l |,

nez?

where (n) = (1 + |n|?)"/? and,
a(t,n) ::/ u(t, z)e” ™% dx.
T2

The local-in-time well-posedness for any uy € H*(T?), s > 0 was proven by Bourgain [Bou93].
This along with the two conservation laws, implies existence of a smooth solution (1) for all time.
It follows from conservation of energy E[u](t) that the H'-norm of any solution of (1) is uniformly
bounded. Our main goal is to look for solutions whose higher Sobolev norms |[u(t)| gs T2y, s > 1,
can grow wn time.

If the H*-norm can grow indefinitely for some given s > 1, while the H'-norm stays bounded,
then we have solutions which initially oscillate only on the scales comparable to the spatial period
and eventually oscillate on arbitrarily small scales. To see that compare these norms. The only
possibility for H* to grow indefinitely is that the energy of a solution of (1) can penetrate to
higher and higher Fourier modes.



On the one-dimensional torus, equation (1) is completely integrable due to the famous result
of Zakharov-Shabat [ZS71] (see also [GKP12]). Asa corollary [[u(t)| gs 1y < Cllu(0)[| s (q1), s >
1 for all t > 0. If one replaces the nonlinearity |u|?u = 9z P(|ul?) in (1) with a more general
polynomial, then Bourgain [Bou96] and Staffilani [Sta97a] proved at most polynomial growth of
Sobolev norms. Namely, for some C' > 0 we have

u@®)||zs < tCC D |u(0)|gs  for t = 00.

In [Bou00a] Bourgain applied a version of Nekhoroshev theory. He proved that for a 1-dimensional
NLS with a polynomial nonlinearity P(|u|?) satisfying P(0) = P'(0) = P"(0) = 0 for s large
and a typical initial data u(0) € H*(T) of small size ¢, i.e. ||u(0)| <& we have

sup [lu(t)||ns < Ce,
[t|<T

where T < e=4 with A = A(s) — 0 as s — 4o00. This is an indication of absence of a polynomial
growth and motivated Bourgain [Bou0Ob] to pose the following question:

Are there solutions in dimension 2 or higher with unbounded growth of H®-norm for s > 1%

Moreover, he conjectured, that in case this is true, the growth should be subpolynomial in
time, that is,
lu(®)|| s < t°||u(0)|| s  for t — oo, forall e > 0.

There are several papers obtaining improved polynomial upper bounds for the growth of Sobolev
norms for equation (1) and also generalizing these results to other nonlinear Schrédinger equa-
tions either on R, or R?, or on compact manifolds [Sta97b, CDKSO01, Bou04, Zho08, CW10,
Soh11l, CKO12]. Similar results have been obtained for the wave equation [Bou96] and for the
Hartree equation [Soh10b, Soh10a].

All of the cited above papers give upper bounds of the growth but do not obtain orbits which
undergo growth. Indeed, there are few results obtaining such orbits. In [Bou96], Bourgain
constructs orbits with unbounded growth of the Sobolev norms for the wave equation with a
cubic nonlinearity but with a spectrally defined Laplacian. In [GG10, Pocl11], it is shown growth
of Sobolev norms for the Szegd equation, and in [Pocl2] for certain nonlinear wave equation.

Concerning the nonlinear Schrodinger equation, Kuksin in [Kuk97b] (see related works
[Kuk95, Kuk96, Kuk97a, Kuk99]) studied the growth of Sobolev norms but for the equation

—ith = —06Aw + |w|/Pw, § <1, p>1.

He obtained solutions whose Sobolev norms grow by an inverse power of §. Note that us(t, x) =
57%w((5—1t, x) is a solution of (1). Therefore, the solutions that he obtains correspond to orbits
of equation (1) with large initial data. The present paper is closely related to [CKS™10]. In this
paper, it was shown that for any s > 1 the H*-norm can grow by any predetermined factor.
The initial data there are not required to be large as [Kuk97b], but rather have a small initial
H*-norm with s > 1. Essentially using construction from this paper [CKST10] we not only
construct solutions with similar properties, but also estimate their speed of diffusion.
The main result of this paper is

Theorem 1. Let s > 1. Then there exists ¢ > 0 with the following property: for any large
K > 1 there exists a a global solution u(t,x) of (1) and a time T satisfying

0<T<K*



such that
(D) zs > K |[u(0)]] -

Moreover, this solution can be chosen to satisfy
HU(O)HLQ < ]C_(S_l)c/4+2/(s—1).

Note that Theorem 1 does not contradict Bourgain conjecture about the subpolynomial
growth. Indeed, Theorem 1 only obtains solutions with arbitrarily large but finite growth in the
Sobolev norms whereas Bourgain conjecture refers to unbounded growth.

Remark 1.1. Even if Theorem 1 is stated for (1) in the two torus, it can be applied to the d
dimensional torus with d > 2, since the solution we obtain is also a solution for equation (1) in
the T setting all the other harmonics to zero.

Remark 1.2. In fact, we can obtain more detailed information about the distribution of the
Sobolev norm of the solution uw(T) from Theorem 1 among its Fourier modes. More precisely,
we can ensure that there exist ni,ny € Z> such that

[a(T) s = [y (T)1? + [n2]** [un, (T)? = K.
That is, when t =T the Sobolev norm is essentially localized on two Fourier coefficients.

Remark 1.3. Using more careful analysis of the proof we can establish existence of solutions
whose Sobolev norms are lower bounded for each time t € [1,T]. Namely,

tInKC

In u(®)l e >

+ In ||u(0)| s

Remark 1.4. Our solutions differ from solutions studied in [CKST10] in a substantial way. If
one applies to information about dynamics contained in [CKST10] supplied with the theory of
normal forms and a beautiful trick of Shilnikov [Sil67], then it is possible to compute certain
“local maps” and diffusion time. It turns out to be super-exponential in K, namely, it grows
as C*° for some C > 0 and o > 2 (see Section 2.2 for more details). Even equipped with
the aforementioned dynamical technique in order to obtain polynomial diffusion time we need to
achieve ~ In K cancelations. These cancellations are spilled out in Section 2.2 on an heuristic
level and then worked out in Sections 5 and 6.

In [CKS™10] initial conditions of solutions with growth of Sobolev norms can be chosen with
small [|u(0)||gs3. In our case it is also possible, but leads to slowing down of time of growth.
This fact is explained in Appendix C.

The present paper deals with growth of Sobolev norms for a Hamiltonian partial differential
equation. We show the existence of unstable solutions. As we have explained, there have not
been many results showing the existence of these instabilities. In [CE10] a solution of (1)
with spreading of mass among modes is constructed. Nevertheless the spreading does not lead
to growth of Sobolev norms. In [Hanll] a progress toward infinite growth of Sobolev norms is
made. Let us say also that in the past decades there has been a considerable progress in the study
of other types of dynamics for Hamiltonian partial differential equations. For instance, in the
existence of periodic, quasi-periodic or almost-periodic solutions (see e.g. [Rab78, Way90, CW93,

3As Terence Tao pointed to us, our solutions have small L?-norm, but not H°-norm



KP03, Kuk93, KP96, Ber07, BB11]), in Nekhoroshev type results (see e.g. [Bam97, Bam99))
and normal forms (see e.g. [Bam03, BG06, GIP09, GKP12, PP12]). Of particular interest for
the present paper are [Bou98, EK10] since, in these papers, the authors study the existence
of quasi-periodic solutions for the nonlinear Schrédinger equation in the 2-dimensional torus
[Bou98] and in a torus of any dimension [EK10]. Nevertheless, they consider slightly different
equations containing a convolution potential.

2 Main ideas and structure of the proof

One of remarkable contributions in [CKST10] is the formulation of a finite-dimensional toy
model, which after a certain lift approximates solutions of (1). The Hamiltonian of the toy model
from [CKS™10] has a specific form. It has a nearest neighbors interaction and is integrable inside
a certain family of 4-dimensional planes. In this section we present a class of Hamiltonians with
a nearest neighbors interaction for which our method applies. It is specified at the end of Section
2.1.

2.1 Features of the model

e Write (1) as infinitely ODE’s for Fourier coefficients of solutions. It is a Hamiltonian
system with Hamiltonian # (see (9)).
e (Two step reduction)

— Obtain a Normal Form of the original Hamiltonian near the origin by removing non-
resonant terms (see Theorem 2).

— Use gauge freedom to remove linear and some non-linear terms (see (13)).

e (The Toy Model)
Select a finite subset of Fourier coefficients A in Z? so that they can be split into pairwise
disjoint generations A = U;-VzlAj and only neighboring generations A; and Aj;q interact.

This can be done so that dynamics of each element in each generation has exactly the
same as dynamics of any other member of this generation (see Corollary 3.2). Truncating
we are reduced to a complex N-dimensional system given by a Hamiltonian

1L 12 2,
ho) = 7 Il =5 D (B3 + B
= =

where each b; is complex valued, and the symplectic form 0 = %dbj A 5]-. The system
conserves mass M(b) = Zjvzl |b;|%. We study the dynamics restricted to mass M (b) = 1.
Dynamics of this Hamiltonian is called in [CKST10] the Toy Model and is the focal point
of analysis. It is convenient to study this system in real coordinates and identify C = R2.

Notice also that the Hamiltonian h(b) can be viewed as a Hamiltonian on a lattice Z with
nearest neighbor interactions. Our main result relies on the construction of energy transfer
from b3 ~ 1,b; = 0, j # 3 to by_2 ~ 1, j # N — 1 for this Hamiltonian. Construction of
a somewhat similar energy transfer for the pendulum lattice is done in [KLS11].



Figure 1: Planes approximating solutions

e (Invariant low-dimensional subspaces)

Notice that each 4-dimensional plane

is invariant. Moreover, dynamics in L; is given by a simple Hamiltonian
_ Ll oy L2 720
hy by bjn) = 7 (1051 + [bal") — 5 (bjbj+1 + jij) :

Denote M(bj,bj+1) = |bj|* + |bj+1]?. Both h; and M, are conserved. The mass M; is
assumed to be 1.
The solutions constructed stays close to the planes {L; ;\/:—21
and go from one intersection l; = L; N L1 to the next one
lit1 = Lj41 N Ljyo consequently for j =3,...,N —2 (see Figure 1).

To make a closer look at solutions we need to understand dynamics in the planes L;’s.

e (Integrable dynamics in each plane L;)

Dynamics in each 2-dimensional plane L; is integrable. Indeed, there are two first integrals
hj and Mj; in involution. By Arnold-Liouville theorem away from degeneracies the 4-
dimensional plane L; is foliated by 2-dimensional invariant tori with dynamics smoothly
conjugated to a constant flow.

We are interested in two specific periodic orbits: 6;-direction {|b;| = 1, bj41 = 0} and
6 41-direction {|bj+1| =1, b; = 0} and in a family of heteroclinic orbits {v;} connecting
the former with the later. All these orbits can be found explicitly, but their existence can
be predicted having h; and M; satisfying some properties.

— Having the mass M; = |bj|* + |bj+1]* conserved it is natural to expect that the
boundary is invariant. The boundary consists of b; = 0 and b;4; = 0 (both periodic
orbits) and belong to the same h;-energy surface.

— It is a straightforward calculation to check that both orbits are hyperbolic, i.e. of
saddle type.



T shifted

Figure 2: Heteroclinic orbits

— Notice that {h; = i, M; = 1} is a 2-dimensional surface with the boundary given
by periodic orbits b; = 0 and bj;1 = 0. Away from these periodic orbits it is a locally
analytic surface, i.e. gradients Vh; and V.M; are linearly independent.

— Away from the periodic orbits b; = 0 and b;j;1 = 0 the surface {h; = %, M; =1}
consists of stable and unstable 2-dimensional manifolds. Unless the periodic orbits
bj =0 and bj41 = 0 on {h; = %, M; = 1} are separated by a degenerate periodic
orbit, they have to be connected by these manifolds.

— Now we verify that there is no such a degenerate periodic orbit. Moreover, we find
explicitly the family of connecting heteroclinic orbits. Even though these explicit
formulas is not used in our proof.

Write in polar coordinates by, = \/r} e k= 4,7+ 1. The mass conservation becomes

1
M;(b) = rj + rj41, the symplectic form Q = §d7“j A df; and the Hamiltonian

0. i0. 1
h; <\/r_ﬂ e, Jriii e 93“) =1 [7“]2 + 7“]2»+1 +4rjrj1 cos2(0; — 041))] -
Then the equation of motion are

041 =111 — 2rjcos2(0; — 0;11)
iy = 4rjrj1sin2(0; — 0j41)

f’jJrl = —4T‘j Tj+1 sin Q(HJ — 9j+1)~

1
For the energy surface h; = 1 Ve have

— Two families of periodic solutions
{(05,0541,75,7541) = 5 = 0} and {(6;, 051,75, 7541) = 741 = O}

— Bach family has two special solutions: 2(6; — 6;41) equals either %” and %r. Both
planes are invariant: %(Hj —041) =—(rj+7rj41)(1 +2cos2(d; —611)) = 0. Denote
’]Tj = {2(9j — 9j.|_1) = % ( mod 27T), Ty = 0}.



— On Mj = 1, hj = %, 9]' - 9j+1 = 2% we have T"j =TiTj41 = —f‘j+1. Thus, there is a
heteroclinic orbit 7; connecting T; with the second family r;,1 = 0.

Now we can be more specific in location of orbits:

The solutions constructed go from one periodic orbit To to the next Tj

3
along v2, then from Tsg to T4 along v3 and so on for j =4,..., N — 2. ®)

In a view of the above discussion we have the following description:

~ «»—)Tj s ~yf «»—)TjJrl s
9.7;%0, i —j] >1 Hj—0j+1%g 9.71507 li—j—1>1 (4)
lbi| ~ 0, i £j,j+1 6| ~ |bj11] bi| =0, i #j+1,7+2

e (Local behavior of periodic orbits T;) Due to the above analysis, the periodic orbits T}
viewed in R?Y have at least two expanding and two contracting directions: one pair
from L;_;-plane and the other from L;-pane. Due to symmetry of the restricted systems
in L;_i-plane and Lj-plane these periodic orbits have multiple hyperbolic eigenvalues.
Multiplicity turns out to be exactly 2.

e (Resonant normal forms near T;) Presence of resonance complicated analysis and as for-
mulas (67) show resonance changes local behavior compare to the linear case. To resolve
it we use a beautiful trick of Shilnikov [Sil67] and obtain precise information about local
behavior, which is explained in Section 2.2.

e (Connecting heteroclinic orbits) As we showed above there are orbits v; connecting T; with
T;41 for each j = 3,...,n—2. We need to analyze dynamics near these heteroclinic orbits.

e (Local almost product structure) Once we obtain information about behavior near T;’s and
near connecting orbits vy;, we can describe dynamics of the Toy Model as if it close to the
direct product of (N — 3) planes Lj, j=3,...,N — 1.

Properties of the Hamiltonian h(b) used in the proof.

As we mentioned in the introduction to this section we do not use a specific form of h. Here is
the list of properties that we need.

e h has nearest neighbors interaction;
e h has 2-dimensional (complex) invariant planes intersecting transversally;
e there are two first integrals (coming from two conserved quantities: energy and mass);

e some generic properties of h and M.



Figure 3: Local map

2.2 The dynamics close to the periodic orbits: a heuristic model

One of the crucial steps in analyzing the toy model h(b) is the study of the dynamics in a
neighborhood of the periodic orbits T;. Namely, we want to analyze how points which lie
close their stable invariant manifold evolve under the flow until reaching points close to their
unstable one (see Figure 3). As we have explained, these periodic orbits are of mixed type
(four eigenvalues are hyperbolic and the rest are elliptic). Since in each plane L; dynamics is
the same explained in the previous section, the hyperbolic eigenvalues have multiplicity two
and, therefore, are equal to A\, A\, =\, —\ for some A > 0. Since in this section serves exposition
purposes we let A = 1 and set the elliptic modes to zero. *
Essentially the study has three steps:

e Using conservation of M, make a simplectic reduction so the periodic orbit T; becomes a
fixed point.

e Perform a normal form procedure to reduce the size of the higher order non-resonant terms.
e Analyze the dynamics of the new vector field and achieve a cancelation for a local map.

The first step is performed in Section 4.1. It leads to a Hamiltonian of two degrees of freedom
of the form

H(p,q) = prq1 + p2g2 + Ha(q, p),

where Hy is a homogeneous polynomial of degree four. The variables (p1,¢q1) correspond to the
variable b;_; after diagonalizing the saddle and the variables (g2, p2) correspond to bj1.

Fix a small o > 0. To study the local dynamics, it suffices to analyze a map from a section
Y. ={q = o, |p1l,|q2|, |p2| < o}, to a section Xy = {pa = o, |p1],|q1l, 2] < o} (see Figure
3). Using rescaling assume o = 1. This can change time by a fixed factor.

Since we are in a neighborhood of the origin, one would expect that the dynamics of the
system associated to this Hamiltonian is well approximated by its first order, that is, by a linear

4To be more precise near each saddle, the elliptic directions remain almost constant and, since they will be
taken small enough, it turns out they do not make much influence in the dynamics of hyperbolic components.
Thus, to simplify the exposition, we set the elliptic modes to zero and study how the hyperbolic ones evolve. This
implies that we only need to study three modes bj_1, b; and b;j11. This analysis is performed in Section 5 in great
detail.



equation. Then, the solutions are just given by

and then the local map By from U C ¥_ to ¥4 for this system sends points

(r%, 47,09, 49) ~ (5,1,\/5, \/5)

to
By (P}, 47,93, 49) ~ (\/5, \/5,175) :

where 0 < § < 1. Moreover, the travel time of orbits by this map is always T = —In /0 + O(1).

We will see that the image point changes substantially when we add H,4 to the system, due to
both resonant and nonresonant terms. To exemplify this, we consider a simplified model which
in fact contains all the difficulties that the true model has,

H(p,q) = p1a1 + paga + @303 + pips. (5)

Since the term p?p3 is nonresonant, we first perform one step of normal form (z,y) = ¥(p, q)
(see Section 5 for details). It can be easily seen that the change ¥ is of the form

U(p,q) = (p1.q1 + O(p1p3), P2, @2 + O(pip2)) (6)
and, therefore, keeps the size of initial points of the form
(o0, 0805, 9) ~ (6,1,V5,3).
That is, (2°,9°) = ¥(p°, ¢°) satisfies
(x(l),y?,a:g,yg) ~ ((5, 1,\/5, \/5) .
The change to normal form leads to a Hamiltonian system of the form
H'(z,y) = x1q1 + x2y2 + y725 + higher order terms.

Drop the higher order terms. Then, the solutions of the system associated to this Hamiltonian
can be computed explicitly and are given by

x1 = 2le’ + 2yf (29)%te’ = (2§ + 240 (29)%t) €'

_ .0 —t
Y1 = Yy1€
T = xget

y2 = yge " —2(1)) e’

Thus, since the travel time is t = —In v/d + O(1), it is clear that the nonlinear terms are bigger
than the linear ones, leading to an image point of the form

(x{,y{,xg,yg) ~ (\/Sln(1/5),\/3,1,51n(1/5)) .

10



Using (6), in the original variables the image point of the map B associated to Hamiltonian H
is of the form

Br (pa.3.48) ~ (VBIn(1/6),V5,1,610%(1/6) ) .

We want to emphasize that the presence of these logarithmic terms is a serious problem we need
to deal with. Recall that we need to travel through N — 3 saddles (T3 ~» Ty ~ ... ~ Ty_1).
Roughly speaking, this implies that we need to compose N — 4 local maps. Thanks to the
symmetries, at each saddle we can consider a system of coordinates such that the dynamics is
essentially given by a Hamiltonian of the form (5). Moreover, since at each local map we gain
some logarithms, the initial points of the local map associated to the j saddle are of the form

- _

(1,47, 03, 49) ~ (51112] (1/3),1,V3, \/5),
which, thanks to (6), in the normal form variables satisfy

(2%, 1, 29, y5) ~ (5ln2j71(1/5),1,\/3, \/5) :
Then, proceeding as before, these points are mapped to points of the form

(J:{,y{,xg,yg) ~ (\/gln2j_l(1/5),51/2, 1,5111(1/(5))
which in the original variables read
By (1}, 41,19, 95) ~ (\/51n2j71(1/5),\/5,1,51n2j(1/5)) :

That is, the amount of logarithms doubles at each step and thus grows exponentially. This
accumulation of logarithmic terms leads to wvery bad estimates. Indeed, to keep track of the
orbit after N — 4 local maps, we would need that

52" (1/8) < 1.

Therefore, we would need to choose d extremely small with respect to V.

For example, if § = C-K* ~ 02" for some C' > 0 independent of N, then the above
expression gives

Cc~ 2aN(2aN In C)2N74 > 1fora<1.

In this case, the constant A appearing in Theorem 4 would need to satisfy A ~ §~° for some b > 0
and independent of N. As a result, Theorem 3 gives a diffusion time 7'~ N2KyNIn1/§ > oK
(see formula (22)). Thus, choosing such a small § would lead to very bad estimates for the
diffusion time of Sobolev norms as we pointed out in Remark 1.4.

To overcome this problem, we modify slightly the initial conditions. Notice that if we choose
29 such that

29 — 200 (29)%In V6 = 0,

we obtain that at the end :1:{ ~ /8 and thus we avoid the logarithmic term. This cancelation will
be crucial in our proof. If we restrict z{ to this set, we are taking 29 ~ §1n(1/8) and therefore
we will be sending points

(28,98, 25,48) ~ (91n(1/3), 1,V3,V5)

to points
(x{,y{,xg,yg) ~ (\/?S, \/3,1,51n(1/5)) .
The map will keep the same form expressed in the original variables, and, therefore, we will

avoid having increasing separation from the invariant manifolds.

11



2.3

Outline of the Proof

Find symplectic coordinates near the origin in~€1, where the original Hamiltonian H sim-
plifies (see Theorem 2). Namely, Hol' = D+ G+ R, where D is a quadratic Hamiltonian,
G is of degree four and only contains resonant terms, and R is smaller.

Dynamics of D + G has invariant finite-dimensional subspaces, which give rise to a sim-
pler (no simple!) finite-dimensional Hamiltonian A(b) given by (19). In terminology of
[CKS™10] this Hamiltonian defines the Toy Model. In Theorem 3 we obtain orbits of the
toy model which have transfer of energy.

We show that are solutions of the system associated to H which are close to those of the
toy model for long enough time (Theorem 4). These orbits undergo the wanted growth of
the Sobolev norm.

The proof of Theorem 3 occupies most of the paper. Theorems 2 and 4 are deferred to
Appendices A and B respectively. Now we describe the plan of the proof of Theorem 3.

Following [CKS*10] we detect a collection of periodic orbits {’]I‘j}jy: 7! of h(b), defined in
(32), and heteroclinic orbits {'yj};v: % connecting them (see (33)).

The whole proof consists in a careful analysis of dynamics near the union of these periodic
orbits and their connecting orbits. Our analysis naturally splits into

— local dynamics near periodic orbits {T) ;V: _11 and

— global dynamics near heteroclinic orbits {v; ;V: ]2.
More formally, Theorem 3 follows from Theorem 5. The latter Theorem in turn follows

from Lemmas 4.7 and 4.8.

The Local Lemma 4.7 provides refined information about local behavior near periodic
orbits {T;}; with quantitative estimates.

Global Lemma 4.8 provides refined information about local behavior near heteroclinic
orbits from (33) with quantitative estimates.

The proof of Local Lemma 4.7 consists of several steps. As we have explained in Section
2.1, the periodic orbits {T,}; have mixed type. Namely, in some directions the local
behavior is hyperbolic, while in others it is elliptic. It turns out that the closer orbits
under investigation pass to the periodic orbits {T;};, the more decoupled (direct product-
like) behavior they have.

In Section 5 we set all the elliptic variables zero and study the (4-dimensional) hyperbolic
Toy Model.

In Section 6 we use these results to deal with the full hyperbolic-elliptic system and prove
Lemma 4.7.

In Section 7 we prove Global Lemma 4.8. As we pointed out, this implies Theorem 5,
which in turn, implies Theorem 3.

Combining this result with Theorem 2, proved in Appendix A, and Theorem 4 proved in
Appendix B, we complete the proof of the main result (Theorem 1).

12



We summarize this in the following diagram:

f

‘ Theorem 2‘4— ‘ Theorem 3 ‘ +‘ Theorem 4
_
1 (7)

f

‘ Local Lemma 4.7‘ + ‘ Global Lemma 4.8 ‘

2.4 Major ingredients of the proof

We summarize here the new set of tools that we apply to the problem compared to [CKS*10].
e In Theorem 2, we use a standard normal form (e.g. see [KP96]).
e Theorem 3 requires several new ideas:

— Finitely smooth resonant normal form for hyperbolic saddles [BK94].

— Shilnikov boundary value problem [Sil67] to study the local behavior close to the
periodic orbits T;.

— As we explained for the model case in Section 2.2, to control the dynamics of the toy
model we need a peculiar cancellation (see Section 5).

— To have cancellations at each stage, we need to establish local product structure for
the orbits we are interested in (see Definition 4.3).

e Due to the good control of the solutions of the toy model, we are able to approximate the
solutions of the original systems with the ones of the toy model for longer time compared
with [CKST10] (see Theorem 4). To achieve this, we also modify the set A (see condition
64). This modification allows to slow down spreading outside A.

3 The three key theorems

We start the proof analyzing the infinite system of equations which describe the behavior of
Fourier coefficients. Namely, consider the Fourier series of u,

u(t,z) = > an(t)e™,  an(t) :=a(t,n).

nez?
Therefore, the equation (1) becomes an infinite system of equations for {ay,},cz2, which are
given by
—ia, = |n|a, + Z Ay gy Qg - (8)

nl,ng,n3€Z2
ni1—ng+n3=n
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Note that this equation is Hamiltonian. Indeed, it can be written as
ap, = 210 g H(a,a),
where
H(a,a) = D(a,a) + G(a,a) (9)
with

1
D(a,a) =5 3 nflanf?

nez?

1 .
g(a7 a) = Z Z anlangangan4-

n1,n2,n3,n4 €L
n1—n2+n3=ng

We will study equation (8) in a family of Banach spaces: all H*-Sobolev spaces with s > 1 as
well as in the ¢'-space. The ¢! space is defined as

' =S0a:7* 5 C:allp = Y |an| < o0

nez?

Note that, ¢! is a Banach algebra with respect to the convolution product. Namely, if a,b € ¢
its convolution product a * b, which is defined by

(axb)p = Z any bn,
ni+n2=n
satisfies
|a bl < llalle (bl

Finally, let us point out that the L2-norm conservation of (1), becomes now conservation of
the £2-norm of a, defined as above. Namely, we have that ||a(t)| 2 = ||a(0)||,2 for all t € R.

We want to study the evolution of certain solutions of equation (8), which will be small in
the ¢! norm. Now we make an outline of the proof.

The first step is to find out which terms make the biggest contribution to this evolution. To
this end, we perform one step of normal form and bound the remainder in the ¢/!-norm.

Theorem 2. For the Hamiltonian H in (9) there exists a symplectic change of coordinates
a = I'(a) in a neighborhood of 0 in £* which takes it into its Birkhoff normal form up to order
four, that is, N

Hol'=D+G+ R,

where G only contains resonant terms, namely

~ N 1 _ _
g(Oé,Oé) = Z Z Qi Oy Q3 Oy

n1,n2,n3,n4€EZ>
ni—n2+n3=n4g
[n1]2=|n2|?+[n3|>=|na|?

and X, the vector field associated to the Hamiltonian R, satisfies
5
¥Rl < O (lallpn) -
Moreover, the change I satisfies

P —1dlx < O (llellf) -

14



The proof of this theorem is postponed to Appendix A.
Once we perform one step of normal form, we have a new vector field

—icy, = |n|2an + Z Oy Oy Oty + 07, R, (10)
(n1,n2,n3)€Ao(n)
where
Ao(n) = {(nlunQunS) € (22)3 tnp—n2+n3=n,

(1)
12 = naf? + Ins? = Inf? }.

As a first step, we focus our attention to the degree 4 truncation of it, which will give the main
contribution to the dynamics. Namely, we consider the Hamiltonian

H =D+G,
which has associated equations

—idy, = [nfay, + Z Oy Oy Qg - (12)
(n1,n2,n3)€Ao(n)

Note that the ¢?>-norm of « is a first integral of this system as well as for (8) and (10).

Namely,
ll(t)]]2 = ||x(0)]|p2 for all t € R.

Then, to study the dynamics of a close to the origin (in the £!-norm) we remove its linear
terms using the variation of constants formula. Moreover, following [CKS*10], we also remove
certain cubic terms using the gauge freedom of equation (1). To this end, we make the change
of coordinates

= ﬁnei(G+\n|2)t7 (13)

where G > 0 is a constant to be determined. The equations for /3 read
—ifn =GBt D BniBrabBns
(nl,ng,ng)er(n)
Choosing G properly we can remove certain terms in the sum. Indeed, we split the sum as

P S D D D D DD

(n1,n2,n3)€Ag(n)  (n1,n2,n3)€A0(n) (n1,n2,n3)€A0(n) (n1,n2,n3)€A9(n) (ni,n2,n3)€A0(n)
n17n3¢n ni=n n3=n ni=ns=n

The last sum is just one term, which is given by —f,|3,|>. The second and third sums, are in
fact single sums and each of them is given by

keZ?

Recall that both (12) and (13) preserve the /2-norm. Therefore, taking G = —2||al|% = —2(|3]%,
we can remove these two terms. Thus, with this choice, we obtain the equation for 8, which
reads

_i/Bn = _5n|/8n|2 + Z /87115—712/8713 (14)

ni,n2,n3€A(n)
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where
A(n) = {(nl,ng,ng) € (Z2)3 imy—ng+ng=mn
In1)? = [nal?® + |n3|® = [n|?, ny # n,ng # n}
We define also the set of all resonant frequencies as

A= {(nl,ng,ng,n4) c (Z2)4 : (nl,ng,n;),) S A(TM)}

Note that if (n1,n2,n3,n4) € A, then the four points form a rectangle in Z2.

We reduce this system to a finite-dimensional one, which corresponds to an invariant finite-
dimensional plane. To this end, we consider a set A C Z? such that the corresponding harmonics
do not interact to the harmonics outside of A. Moreover, we obtain a set A such that the
harmonics in A interact in a very particular way. This set was constructed in [CKST10]. We
explain now its construction and impose an additional condition on A from [CKS'10].

Fix N > 1. Following [CKS'10] we define a set A C Z? consisting of N pairwise disjoint
generations:

A=MANU...UAN.

Define a nuclear family to be a rectangle (ni,ng,n3,n4) € A, such that n; and n3 (known as
the parents) belong to a generation A; and ny and ny (known as the children) live in the next
generation Aj ;. Note that if (n1,n2,n3,n4) is a nuclear family, then so are (ng,n4,ns,n2),
(ng,n2,n1,nq) and (ns,ng,n1,n2). These families are called trivial permutations of the family
(?7,1, ng,n3, TL4).

The conditions to impose to the set A are

1o Closure 1If ny,ng,ng € A and (ni,n9,n3) € A(n), then n € A. In other words, if three
vertices of a rectangle are in A so is the last fourth one.

2\ Ezistence and uniqueness of spouse and children For any 1 < j < N and any n; € Aj, there
exists a unique nuclear family (nq,n2,ns3,n4) (up to trivial permutations) such that n; is
a parent of this family. In particular, each n; € A; has a unique spouse n3 € A; and has
two unique children ns,ng € Aj11 (up to permutation).

3a Ewistence and uniqueness of sibling and parents For any 1 < j < N and any no € Ajyq,
there exists a unique nuclear family (n1,n2,n3,n4) (up to trivial permutations) such that
ng is a child of this family. In particular each no € A1 has a unique sibling ny € Aj4q
and two unique parents ni,n3 € A; (up to permutation).

45 Nondegeneracy The sibling of a frequency n never equal to its spouse.
5p Faithfulness Apart from the nuclear families, A does not contain any other rectangle.
These are the conditions imposed on A in [CKST10]. We will impose an additional condition:

6A No spreading condition Let us consider n € A. Then, n is vertex of at most two rectangles
having two vertices in A and two vertices out of A.
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Proposition 3.1. Let K > 1. Then, there exists N > 1 large and a set A C 72, with
A=A U...UApN,

which satisfies conditions 15 — 65 and also

Dneny_ M

ZnEAg |n | 2s

Moreover, given any R > 0 (which may depend on IC), we can ensure that each generation A;
has 2N~ disjoint frequencies n satisfying |n| > R.

> 2(5—1)(N—4) > IC2. (15)

1
2

The proof of Proposition 2.1 from [CKS*10] applies. We prove a quantitative version of this
proposition in Appendix C.

We use the set A to obtain a finite dimensional dynamical system (of high dimension) ap-
proximating (14). To this end, let us first note that, by Property 15, the manifold

M:{ﬁECz2:ﬁn:0foralln¢A}

is invariant by the flow associated to (14) and is finite dimensional. Indeed, by Proposition 3.1
its dimension is N2V~!. Equation (14) restricted to M reads as follows. For each n € A we
have

_Zﬁn = _,Bn‘ﬁn|2 + 2/Bnchildl /BnchildQ ﬁnspouse + 2ﬁnparent1 /BnparentQ /anibling (16)

Indeed, presence of parents, children, and the sibling are guaranteed by 2, and 3,. Note, that
in the first and last generations, the parents and children are set to zero respectively. In fact,
M has a submanifold of considerably lower dimension which is also invariant.

Corollary 3.2. (c¢f. [CKST10]) Consider the subspace
M = {B€M: By = Bn, for all ny,ny € A; for some j},

where all the members of a generation take the same value. Then, M is invariant under the flow
associated to (16).

The dimension of M is equal to the number of generations, namely N. To define equation
(16) restricted to M, let us define

bj = B, forany n € A;. (17)
Then, (16) restricted to M becomes
bj = —ib%b; + 2ib; (b2 +b?,), j=0,... N, (18)

which is a Hamiltonian system with respect to the Hamiltonian
1 1 -2 =2
LOEEDIIUEEDS (bjbg,1 + b?bj,l) (19)
J J
and the symplectic form 2 = %dbj A dgj.
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Theorem 3. Fiz a large v > 1. Then for any large enough N and 6 = e~ "N, there exists an
orbit of system (18), v > 0 and Ty > 0 such that
|b3(0)] > 1 — ¢ p lby—1(Tp)| > 1 —9"
an
biO)] <& forj#3 b (T0) < Jorj £N -1

Moreover, there exists a constant K > 0 independent of N such that Ty satisfies

1
0<Ty<KNIn <5> =K~y N2 (20)

Remark 3.3. An analog of this proposition also holds for some smaller 6, e.g. 6 = C~K*. This
1s related to Remark 1.4 about time of diffusion without cancelations.

Using (17), Theorem 3 gives an orbit for equation (14). Moreover, both equations (14) and
(18) are invariant under certain rescaling. Indeed if b(¢) is a solution of (18),

bMt) = A1 (M%) (21)
is a solution of the same equation. By Theorem 3 duration of this solution in time is
T = NTy < N> Ky N2, (22)

where Tj is the time obtained in Theorem 3, which satisfies (20).
We will see that, modulo a rotation of the modes (see (13)), there is a solution of equation
(10) which is close to the orbit 8* of (14) defined as

Br(t) = A"'b; (A\7%t) for each n € A;

52(15) =0 for each n ¢ A. (23)

To have the original system being well approximated by the truncated system, we need that
A is large enough. Then the cubic terms in (10) dominate over the quintic ones. Nevertheless,
the bigger A is, the slower the instability time by (22). Thus, we look for the smallest A (with
respect to N) for which the following approximation theorem applies.

Theorem 4. Let a(t) = {a,(t)}nezz be the solution of (10), BMt) = {B)(t)}nez2 be the
solution of (14) given by (23) and T be the time defined in (22). Suppose suppa(0) C A and
a(0) = p(0). Then, there exist a constant k > 0 independent of N and ~ such that, for

A =N, (24)

and 0 <t <T we have ' ,
S Jan(t) - @G| <272, (25)

nez?

where G = —2a(0)[|%.

Using the three key theorems: Theorems 2, 3 and 4 we complete the proof of Theorem 1.
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Proof of Theorem 1. Using the change of variables I' obtained in Theorem 2, from the solution
« obtained in Theorem 4 we define a = I'(«), which is a solution of system (8). We show that
this orbit has the properties stated in Theorem 1.

To compute the growth of Sobolev norm of this orbit a, we use the notation

Si=3 Inf*forj=1,... . N-1 (26)
nGAj

To estimate the mass of our solution recall that 2V~ =3~ A 1= |Aj|. We want to prove that

Ja(T)|l -
fa@] - ~©

and estimate the mass ||a(0)| ;2 of the solution. To this end, we start by bounding ||a(T)| s in
terms of Sy_1. Since

o)z = Y- Inf* lan(T) = Sy-1_inf Jan(T)[,

nGAN71
TZGAN,1

it is enough to obtain a lower bound for |a,(T")| with n € Ay_;. Using the results of Theorems
2 and 4, we obtain

|an(T)| = |an(T)| = [Tn()(T) — an(T))|
> [B(T)e (O] — | (T) — BA(T)EM+OT (27)
— [Tn()(T) = an(T)| .

We need to obtain a lower bound for the first term of the right hand side and upper bounds for
the second and third ones. Indeed, using the definition of 3* in (23) and the results in Theorem
3 we have that for n € Ay_1,

2
AT =27 by T > 2a2

(the relation between T" and Tj is established in (22)).
For the second term in the right hand side of (27), it is enough to use Theorem 4 to obtain,

2

-2
an(T) = )PP < [ S |an(r) - gy | < 2

nez?

For the lower bound of the third term, we use the bound for I' — Id given in Theorem 2. Then,
2 s AT
In(@)(T) = en(T)” < [IF(0) — alfpn < —~

Thus, we can conclude that

T e = S5~ Sn—1- (28)

)\72
2
Now we prove that

la(0)| 7. SA2S3  and la(0)][72 S A722". (29)

~

19



By the definition of A in (24), the second inequality implies that the mass of a(0) is small. On
the contrary, the first inequality does not imply that the H*-norm of a(0) is small. As a matter
of fact Sy is large®.

To prove the first inequality of (29), let us point out that

1a(0)[7r < > In** [om(0) + (Tn(a(0) — e (0)) [

nez?

We first bound Ha(O)H%IS. To this end, let us recall that supp @ = A. Then,

(O) 7+ = > Inf** Jn (0)]*.
neA
Using Theorem 4, we have that

la@)17- < 3 Inf> (

nen

5M0) —an(0)]) (30)

Br(0)| +

Recalling the definition of 8* in (23) and the results in Theorem 3,

S |Bof -5+ Y,

neA J#3

S.
<S3 | 1—=6"+0 i
< 93 + Z S

J#3
From Proposition 3.1 we know that j # 3,

§<63N
S3 ™

Therefore, to bound these terms we use the definition of § from Theorem 3 taking v = J(s — 1).
Since s — 1 > sg — 1 > 0 is fixed, we can choose such 7 > 1. Then, we have that

D Inf*

neA

2
B0 S A28,

From this statement, (30) and Theorem 4, we can conclude that
lo(0)]. £ A28,
To complete the proof of statement (29) recall that the support of I'(a) — o is
A3 = {n €7Z%:n=mny —ng+ng,ni,ng,n3 € A}

and apply Theorem 2.
Using inequalities (28) and (29), we have that

Ja(T)3 ~ Sy
la(Q)[3. ~ S

i

5As pointed out to us by Terence Tao.
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and then, applying Proposition 3.1, we obtain

la(T) 1% >

1
Nald )Wae > Zo(s=n(V-1) > g2,
la(0)][Fs ™ 2

It is left to estimate diffusion time T. Use Proposition 3.1 to set K ~ 206=DN/2 apd ¢ =
4k7y/(s — 1), definition (24) to set A = e®"N ~ K¢/(I02) " For time of diffusion we obtain
41n% K

T <K~y MN2<K~y /227 7 < ke
TI<Kv =07 In?2 (s —1)2 ~

for large K. This completes the proof of Theorem 1. O

4 The finite dimensional model: proof of Theorem 3

We devote this section to describe the proof of Theorem 3. The proofs of the partial results
stated in this section are deferred to Sections 5-7.

To prove Theorem 3 we need to analyze certain orbits of system (18) given by Hamiltonian
h(b) in (19). Moreover, there is another conserved quantity: the mass

M) = b, (31)

We obtain orbits given in Theorem 3 on the manifold M(b) = 1.
It can be easily seen that on M(b) = 1 there are periodic orbits T; given by

bi(t) = e ™, bp(t) = 0 for k # j, (32)

which in normally directions have mixed type: hyperbolic in some directions and elliptic others.
Moreover, there exist two families of heteroclinic orbits, which connect consecutive periodic or-
bits. Consider the 2-dimensional complex plane L; = {Vk # j,j+1: by = 0}. In Section 2.1 we
show that they are invariant and dynamics inside are integrable. Then, the (two dimensional)
unstable manifold of the periodic orbit (b;(¢),b;+1(t)) = (%, 0) coincides with the (two dimen-
sional) stable manifold of (b;(t),b;41(t)) = (0,e~") and it is foliated by heteroclinic orbits. As
usual, the stable and unstable invariant manifolds have two branches and, therefore, we have two
families of heteroclinic connections. It turns out that they can be explicitly computed [CKST10]
and are given by

v () = (0,...,0,b;(t), b5 (£),0,...,0) (33)

with i(t+10) i(t+9), 2
b;(t) = £ v bE (1) = 4+ & Y 9eT.

Vigevs T V1 e 2vBt

To prove Theorem 3 we look for an orbit which shadows the sequence of separatrices, as follows
e it starts close to the periodic orbit Tj
e later it passes close to the periodic orbit Ty
e later it passes close to the periodic orbit Ty and so on

e finally it arrives to a neighborhood the periodic orbit T _1.
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Our main goal is to prove

existence of such orbits and estimate the transition time in terms of N.

In making these transition we have the freedom of whether to travel close to 'y;f or 7v; . We
will choose always W;L The procedure for 7; is analogous.

We believe it is helpful to the reader to have the following information about transition of
energy. We have a solution b(t) = {b;(t)}=o,...n to the system (18). We fix o > 0 small, but
independent of N, and § = e~ "V, For each j = 2,..., N —1 near the periodic orbit T; and later
near T;11 we have the following table of orders of magnitude of distribution of energy

near T} — near T;q
b ol — [bjal (1+0(5))
|bj 2| — K|bj_o|
[bj—1| = O(0) — (CVs)1/? (34)
;] =1 — O(c?) (mass conservation) — O(o)
bj1] = (CU)G)L/2 — 1 — O(0?) (mass conservation)
[bj+2 — Kb
bl — byl (14 0(6)).

We decompose a diffusing orbit into /N —5 parts: near each periodic orbit T;, j =3,...,N—1
we construct sections transversal to the flow so that they divide the orbit appropriately. For
each transition from one section to the next one we associate a map B? which sends points close
to T; to points close to T;41. This leads to analysis of the composition of all these maps

B*=BN"1o.. . 0B85

To study these maps we will consider different systems of coordinates which, on one hand, will
take advantage of the fact that mass (31) is a conserved quantity, and on the other hand, will
be adapted to the linear normal behavior of the periodic orbits. These systems of coordinates
are specified in Section 4.1.

4.1 Symplectic reduction and diagonalization

To study the different transition maps we use a system of coordinates defined in [CKS™10]. Tt
consists of two steps:

e A symplectic reduction uses that mass (31) is conserved and sends the periodic orbit T}
into a critical point.

e A linear transformation diagonalizes the linearization of dynamics near this critical point.

We perform the change corresponding to the traveling close to the j periodic orbit T;. We
restrict ourselves to M(b) = 1 and we take

bj = rDe® by = P forall k#j, (35)

where 6U) is a variable on T;. From now on in this section we omit the superscripts (j). It can
be seen that after eliminating r using that M(b) = 1 and omitting the equation for the variable
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0, one obtain a new set of equations whose ¢, components form a Hamiltonian system with the
Hamiltonian

b1 1 1
HO(Q) =3 lel' + 7 | 1= 2 lal | =5 D @i+
k#j k#j k#j,5+1

1 _ _
3|t D el | (G470 + G +T4)
k#j

and the symplectic form Q = Zdcy, A de. The Hamiltonian H ()(c) can be written as
HO(e) = 1 (¢) + H}(¢) (36)

with

| —

HY(e) == 53 |l = 5 (G + 81+ G +84)

k#j k#j,5+1

2
; 1 1 1 _ _
HY(¢) =3 > el + (Zcﬁ —3 Y @bt
+ 5 Z ‘Ck|2 (C?fl + E?*l + C?+1 + E?+1) . (37)

Since we are omitting the evolution of the variable 6, the periodic orbit T; has become now a
critical point for the equation associated to this Hamiltonian, which is defined as ¢ = 0. For the
same reason, the two families of heteroclinic connections defined in (33), now have become just
two one dimensional heteroclinic connections.

The second step is to look for a change of variables which diagonalizes the vector field around
this critical point. This change only modifies the coordinates (c¢;_1,c¢j41) and is given by

2
Cj—1 wp1 + wq1
= 38
( Cjt1 > < w?ps + wqs > (38)
where w = €2™/3 (see [CKST10]). Note that this change is conformal and leads to the symplectic
form

Q= %dck A decy, + dp1 A dqr + dpa A dgo. (39)

To study the Hamiltonian expressed in the new variables let us introduce some notation. We
define
P]:{lngNak#]_L]vj"i_l}v (40)

which is the set of subindexes of the elliptic modes. From now on we will denote by ¢ and p all
the stable and unstable coordinates ¢ = (q1,¢2) and p = (p1,p2) respectively and by ¢ all the
elliptic modes, namely ¢, with k& € P;.

Lemma 4.1. The change (38) transforms the Hamiltonian (36) into the Hamiltonian

H9 (p,q,¢) = HY (p,q,¢) + Hi(p, g, ) (41)
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with homogeneous polynomials

~ (2 1
H (p,g.0) = =5 > |l + VB (pra1 + p2ce)
keP;

and

B (p,q,¢) = HY) (p,q) + HS () + HI) (0,4, )

mix

where

k k¢ l
hyp (p,q ZVkpquL +ZVkPQQZ + Z VkéPlQ% PQQS

k=0
2
ell Z |Ck\4+ T Z lex? (42)
kePJ keP;
1 o
~ (s V3
ngi)x(pu g,¢) =— N Z lekl? (@101 + g2p2) (43)
keP;
]- 2 2 ]. 2 2
) (W b1 +WQ1) Cj—2 3 (w Q1+ wpl) Ci_o
! 2 Ly 2 2
) (W D2 +WQ2) G+2 73 (w q2 + wpg) Cit

for certain constants and vy, vy € R.

Remark 4.2. Even though the proof of this lemma is a simple substitution of (p,q) we do need
specifics of the form of the decomposition into Hamiltonians:

° ﬁéj) is the direct product of two linear saddles (p;,q;), i = 1,2 and N — 2 linear elliptic
points {cy}i, k € P;j.

° f]l(l;)p consists of some only saddle terms. In particular, it does not contain terms p$,q}, i =
1,2 so {¢ = 0} and {p = 0} are invariant manifolds ofﬁ if we set ¢ = 0. This implies
that the two heteroclinic orbits which connect the critical point (p,q,c) = (0,0,0) to the
next periodic orbit T;11 are just defined as

(0.2 055 0,430, 5(0) = (0.0, 2.0.0)

Moreover, Tji1 is now defined as |cj+1| = 1. Due to (38) it is equivalent to p3+q3 —p2qz =
1.
e Near p = q = 0, which corresponds to the periodic orbit T; Hamiltonians H (11) and Hr(gl)x

are almost integrable. The only source of non- mtegmbzlzty comes from the second line of
(42) for Héﬂ) and from the second and third line of (43) for HY)

mix’

e Later we select regions with ¢’s being exponentially small in N. As the result coupling
between hyperbolic variables — (p,q) and elliptic ones ¢’s is exponentially small in N. This
decoupling at the leading order is crucial for our analysis.
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e Among all the constants vy which appear in the definition of Hamiltonian (41), voa # 0
is the only one which plays a significant role in the proof of Theorem 3. Indeed, the
corresponding term is resonant and will be the leading term in studying the transition
close to the saddle. We assume, without loss of gemerality that vgo > 0 since the case
o2 < 0 can be done analogously.

Proof. To obtain the explicit form of H. ij ), note that H ij )(c) in (37) can be rewritten as

2
4
a2 (c) Z|Ck\ +— Dl + & +8 1+ G+
k;éj k#£j
1 —2 2 2-2 Ly -2 2 -2 \2
3 Z B R (Gt +c+5)
k41

Written in this way, the second term in the first row is just a constant times fféj ) squared.

Then, the particular form of Hﬁy)p7 H e(fl), and I;Tr(gi)x can be obtained just performing the change
of coordinates. 0

Since the symplectic form is given by (39), equations associated to the Hamiltonian (41) are

P1= V314 Znyppy + Zmixy = V3p1+0 hy)p Oy, HY,
g1 = —V3aq1 + Znypg + Zmixg = —V3a1 - hy)p — O HY,
P2 = \/§p2 + Zhyp,po + Zmixps = \/7172 + 8112 H1(1 ) + Og, Hrgl)x (49)
o= —V3q2+ Zypgo + Zmivgs = —V3¢2 — hy)p — 0y, H),
e = ich + Zelle, + Zmixe, = ik — 2i8€kHél) — 20, HY) .
where
3
Zhyp = O (4 — k)upia; " + viopip3 + vipipage + viopra; (45)
k=1

+ 2V02Q1p% + 2v91q1p292 + 2VO0Q1Q%
Zhyp,q1 = Z kvrph i " — 2wa0p1p5 — 2vm1p1p2g2 — 2v20p165 (46)
- V12Q1p2 — V1191P292 — V10Q1qg

1
Zhypps = O (4 = B)ep§ad " + varpipe + vipraipe + vordip (47)

k=1
+ 21/2017%@ + 2u10P1G1G2 + 2100412
Zhvo gy = Zku M lga=k — Qunopipy — 2v — w0} (48)
yP,q2 keDo 4o 22P1P2 12P141P2 0291 P2

— 121P1g2 — V1IP1G192 — V014192

Zelle, = — ilex|er — Z el | ex + 2ick (G_q + Ciyr) (49)
LEP;
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V3
Znixg =’ (Wp1 +wq) G2 + wl(wpr + wiq)ejo” + > Z led®qn (50)

LeP;
V3
Znixg = — w(W’p1 + wq1)Goa — w(wpr + wiqr)ej—o” — 5 Z lcel*p1 (51)
LeP;
20 2 2 2 > V3 2
Zimix,gy =W (W P2 + wg2)Cjp2” + wlwps + wg2)cj12” + - Z |ce| g2 (52)
LeP;
2 —2 2 2 > V3 2
Zmixpy, = — W(W P2 + wga)Cj2” — w(wps + wig2)cjit2” — 5 Z |cel"p2 (53)
LeP;
Znixer, =1V 3ck(q1p1 + qop2) for k€ P;\ {j +2} (54)
Zimixse;—o =1V3¢i_a2(qp1 + qop2) — 2i(w?p1 + wq1)*E 3 (55)

Zixeje =1V3i12(q1p1 + @2p2) — 2i(Wp2 + wa2) T3

4.2 The iterative Theorem

Now that we have obtained the adapted coordinates for each saddle we are ready to explain the
strategy to prove Theorem 3. To obtain the orbit given in Theorem 3, we will consider several
co-dimension one sections {Zij“}é-v:l and transition maps B’ from one section Zij“ to the next
one Zijer. Then, we will detect a class of open sets {V;};, V; C Zij“, j=1,...,N — 1, which
have a certain almost product structure (see Definition 4.3) such that V; 11 C B’ (V;) and none
of them is empty. Each set V; is located close to the stable manifold of the periodic orbit T;.
Composing all these maps we will be able to find orbits claimed to exist in Theorem 3.

We start by defining these maps. The first step is to define certain transversal sections to the
flow. We use the coordinates adapted to the saddle j, (p(j ), ¢, el )), which have been introduced
in Section 4.1, to define these sections. Indeed, in these coordinates, it can be easily seen that
the heteroclinic connections (33), which connect (pU), qU), ¢\9)) = (0,0, 0) with the previous and
next saddles are defined by (q%ﬂ),pgj),qé]),c(j)) = (0,0,0,0) and (pgj),q§J),p§]),c(j)) = (0,0,0,0)
respectively. Thus, we define the map B7 from the section

si={g) = o} (56)

to the section
i j+1
i = {qij : ZU}'
Here o > 0 is a small parameter that will be determined later on. In fact, we do not define the

map B’ in the whole section but in an open set W/ C Zijn, which lies close to the heteroclinic
that connects the saddle 7 — 1 to the saddle j. Then, we will consider maps

By, ¥ — X
and we will choose the sets V7 recursively in such a way that
Vi € B (V). (57)

This condition will allow us to compose all the maps B7. Indeed, the domain of definition of the
map B/ will intersect the image of the map 7 in an open set.
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The sets V; will have a product-like structure as is stated in the next definition. Before
stating it, we introduce some notation. We define the subsets of indices P; in (40),

Pr={k=1,...,j-3}

(58)
+ _ _
Pf={k=j+3,...,N}

The first set consists of preceding non-neighbor modes to j — 1, the second — of foreseeing
non-neighbor modes to 5 + 1. The modes k = j + 2 are called adjacent. These modes have a
stronger interaction with the hyperbolic modes.

Note that we split the non-neighbor elliptic modes in two sets: the + stands for future —
stands for past. Indeed, along orbits we study future modes will eventually become hyperbolic
in the future, past have already been hyperbolic. Analogously, we call future adjacent — the

(_22 and past adjacent — 053)2

For a point (p\¥), ¢l9), ) e Z}n, we define ) = (cgj),..., 53)2) and CS—) = ( ;22,.. c%))
)

We define also the projections 7 (p¥), ¢), c9)) = ct’ and Thyp 4 = (p), 1), cg)).

mode ¢

Definition 4.3. Fiz positive constants r € (0,1), § and o and define a multi-parameter set of
positive constants

. {C(j)’ m, MY, m), Mégji,mffy)p,Mﬁﬁ,} (59)

Then, we say that a (non-empty) set U C Zij“ has an I;-product-like structure if it satisfies the
following two conditions:

C1
UCD}x...xﬂ);*ZxN’fngHx...><]D§V,

where
_ {‘ ‘<Me11:t 5= r)/2} for k € PF
Diﬂ - {‘%‘]ﬂ‘ < Mgjs <C(j)5>1/2}
and
N ={ (070”08 ) e R
ey (m (1/8) + MO ) P9 < _cls (1n<1/5) Mﬁﬁa) (60)
o) =0, g1,(p2,42,0,0) = 0, |pY], |5 < M) (C(M)l/z}'

C2 '
N7 x D2 x DY C gy iU,

where

c](cj)‘ < mgl)é(l*r)m} fork € 77;
‘ <m )J (C(3)5>1/2}
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and
N7 ={ (07”08 ) e
—_cWygs (111(1/5) +m}(1y)p> < p(J) < —cUs (ln(l/é) ml(ly)p) (61)

. 1/2
q%”—a 91;(p2, @2, 0,9) = 0, \pz B \qg |<m ) (C(’)5> }

The function gz,(p2,qa,0,9) is a smooth function defined in (94).

Remark 4.4. Note that for this product-like sets the variable p(J) 1s selected negative. This is

related to the fact that vye > 0 (see Remark 4.2). The reason of the choice of the sign of pgj)
will be clear in Section 5. In particular, see Remark 5.3.

The domains V; of the maps B’ will have Z;-product-like structure as defined in Definition
4.3. Thus, we need to obtain the multi-parameter sets Z;. They will be defined recursively.
Recall that, to prove Theorem 3, we want to obtain an orbit which starts close to the periodic
orbit T3. Thus, the recursively defined multi-parameter sets Z; will start with a set Zs.

Definition 4.5. Fiz any constants r,r’ € (0,1) satisfying 0 <1’ < 1/2 —2r, K > 0 and small
0,0 > 0. We say that a collection of multi-parameter sets {Z;}j=3,.. n—1 defined in (59) is
(0,6, K)-recursive if for j =3,...,N —1 the constants CU) satisfy

cV/K < cUth < kcU)

(G+1) ()

0< Mhyp hyp

<m
and all the other parameters should be strictly positive and are defined recursively as
U+ _ 3 r0)
Mg = Mgy + Ko

mglﬂ) = gl) Kd"

MUY <aMg) 4
MY st
G = ) - s
My = Y

The next Theorem defines recursively the product-like sets V;, so that condition (57) is
satisfied.

Theorem 5 (Iterative Theorem). Fix large v > 0, small o > 0, and any constants r,r’ € (0,1)
satisfying 0 < r' < 1/2 — 2r. Then, if we set 6 = e~V there exist strictly positive constants K
and C'®) independent of N satisfying

C® <5 KN, (62)

and a multi-parameter set Is (as defined in (59)) with the following property: there ezists a
(0,6, K)-recursive collection of multi-parameter sets collection of multi-parameter sets {Z;};—3 . N—1
and Z;-product-like sets V; C Eijn such that for each 7 =3,...,N — 1 we have

Vg1 C B(V;).
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Moreover, the time spent to reach the section Ziﬁrl can be bounded by
Tys| < K n(1/3)
for any (p,q,c) € Vj and any j =3,...,N — 2.

Note that the condition
CYV/K < cUth <« kcU)
implies
K-0-20c0B) < U+ < Kit20®)
Namely, at each saddle, the orbits we are studying may lie further from the heteroclinic orbit.

Nevertheless, by the condition on ¢ from Theorem 3 and (62), these constant does not grow too
much. Indeed,

§r <oV <o, (63)

where r > 0 can be taken as small as desired. We will use the bound (63) throughout the proof
of Theorem 5.

Theorem 3 is a straightforward consequence of Theorem 5. In fact, we need more precise
information than the one stated in Theorem 3. This more precise information will be used in
the proof of Theorem 4. We state it in the following theorem. Theorem 3 is a straightforward
consequence of it.

Theorem 3—bis Assume that the conditions of Theorem & hold. Then, there exists an
orbit b(t) of equations (18), constants K > 0 and v > 0, independent of N and 6, and Ty > 0
satisfying

To < KNlIn(1/6),

such that
|b3(0)] > 1 — ¢ und lbn—2(Tp)| > 1 — 0"
b;(0)| <6”  forj#3 b;(To)| < 6" forj# N —2
Moreover, call t;j € [0,To] the times for which b(t;) € X, Then,
tit1 —t; <Kln(1/9)
and for any t € [tj,tjp1] and k#j—1,5,7+1,

b (t)] < 6"

Proof of Theorem 3-bis. It is enough to take as a initial condition b° a point in the set V3 C Zgn
obtained in Theorem 5. Then, thanks to this theorem we know that there exists a time Tj
satisfying

To ~ N In(1/9),
such that the corresponding orbit satisfies that b(Tp) € Vn_1 C Ziﬁfl. Note that in this
section there are two components of b with size independent of §. Nevertheless, from the proof
of Theorem 5 in Section 6 it can be easily seen that if we shift the time interval [0,7p] to

[pIn(1/6), pIn(1/68) + Tp], for any p < /3, there exists v > 0 such that the orbit b(t) satisfies
the statements given in Theorem 3-bis. U
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4.3 Structure of the proof of the Iterative Theorem 5

To prove Theorem 5 we split it into two inductive lemmas. The first part analyzes the evolution
of the trajectories close to the saddle j and the second one the travel along the heteroclinic
orbit. Thus, we study B7 as a composition of two maps.

We consider an intermediate section transversal to the flow

=) = o} (64

and then we consider two maps. First the local map

B]

loc *

1V, C B — 2o (65)
which studies the trajectories locally close to the saddle. Then, we consider a second map,

Bj

o P U C I — B (66)

which we call global map, that studies how the trajectories behave close to the heteroclinic orbit.
Then, the map B’ considered in Theorem 5 is just B/ = Bélob o BIJOC
Before we go into technicalities we write a table analogous to (34) of the properties of the

local and global maps. The local map Blj;)c, projected onto hyperbolic variables, has the form

W~ €O 6 s — | S (COa)2
o) =o —  alg(C (j)5)1/2
pg| < (CV8)? — = (67)
49| S (CO9)2 — 1S9 5
The global map Bél ob» Projected onto hyperbolic variables of the corresponding saddles, has the
form
) S (CD)1 — IS0
\qy)\ < (CWg)1/2 N q§]+1) -
) =0 — S99 (68)
1 SC9 6 In — s 9

To compose the two maps we need that the set U7, introduced in (66), has a modified
product-like structure. To define its properties, we consider the projection

# (99,80, ) = (., ).

Definition 4.6. Fiz constants r € (0,1), § > 0 and o > 0 and define a multi-parameter set of
positive constants

5 = {60 A T 7 T ) L)

Then, we say that a (non-empty) setU C Z‘;ut has a fj -product-like structure provided it satisfies
the following two conditions:

30



C1
Z/{C]ﬁ)}-x...xﬁg_Qxﬁfj,_xﬁg+2x...xf))év

where
D¥ = { c}g’)‘ < Méﬁ?iaﬂﬂ“)/?} for k € PF
By c {|e] < W% (699)"").
and

A = {6 o) e 0] || < 11, (695)

pg):m_@(a’)(g(ln(l/(;)ﬂ\j}g;) < < U ( n(1/8) — (->)}7

hyp

C2

{0} x [ cu)s (1n(1/5) (;) O (111(1/(5) +mfj’y>p)] x DI x DY C 7(U)

where

]D)?” {‘Ck ‘ = mgl)d(l r)/Z} for ke P;r
D;:f = { ‘ <m ) (C(J)5> 1/2}.

With this definition, we can state the following two lemmas. Combining these two lemmas
we deduce Theorem 5.

Lemma 4.7. Fiz any natural j with 3 < j < N — 2, constants r,r" € (0,1) satisfying 0 <1’ <
1/2 —2r and o > 0 small enough. Take § = e™ "N, v = y(c) > 1, depending on o, and consider

a parameter set I; with M}(l;)p > 1 and a Zj-product-like set V; C Z;n Then, f or N big enough,
there exists:

e A constant K > 0 independent of N and j but which might depend on o.

e A parameter set fj whose constants satisfy

C0) 2 < 3U) < 200

() ()

<
hyp = Mhyp

0<m
and

i,

@) o) !
Meljli Meljli—i_Kdr

=K

ﬁlgl) = mgu) Ko
Miﬁﬁ + = Médg +(1+40)
;Jd)J = m;d)J (1 —4o),
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o A fj—pmduct—like set U; for which the map Blj;)c satisfies

U; C BloC V). (69)

Moreover, the time to reach the section Z?ut can be bounded as

‘ 5 | < KIn(1/6).

The proof of this lemma is the most delicate part in the proof of the Iterative Theorem 5,
since we are passing close to a hyperbolic fixed point, which implies big deviations. It is split
in several parts in the forthcoming sections to simplify the exposition. First, in Section 5, we
set the elliptic modes ¢ to zero, and we study the saddle map associated to the corresponding
system. We call to this system hyperbolic toy model. 1t has two degrees of freedom. Then, in
Section 6 we use the results obtained for the hyperbolic toy model to deal with the full system
and prove Lemma 4.7.

Now we state the iterative lemma for the global maps Bglob

Lemma 4.8. Fiz any natural j with 3 < j < N — 2, constants r,r" € (0,1) satisfying 0 <1’ <
1/2—=2r and o > 0 small enough. Take 6 = e N~ =~(0) > 1, depending on o, and consider
a parameter set I and a L;-product-like set U; C Eout. Then, for N large enough, there exists:

o A constant K depending on o, but independent of N and j.
o A parameter set T; 1 whose constants satisfy
6(]’)/[} <cUt) < gcU)
U+1) o~ =)
0 <my hyp < mhyp

and

MG = max {1+ Ko KM}

G+1) _ 770) 7 s
Mg = Mg, + Ko
mglﬂ) = Ngl) Ko"
U+ _ 770) 7 s
Maéj + Meljl + + K4
U+ _ )
MY = Ky
it =l K
(+1) _ U)
MY = max {KMY) | K}
o A T;q-product-like set Vji1 C Ei "1 for which the map Bglob satisfies
Vi1 C Bglob Uj) . (70)

Moreover, the time spent to reach the section Zijrjrl can be bounded as




The proofs of this lemma is postponed to Section 7.
Now it only remains to deduce from Lemmas 4.7 and 4.8 the Iterative Theorem 5.

Proof of Theorem 5. We choose the multiindex Z3 so that we can apply iteratively the Lemmas
4.7 and 4.8. Indeed, from the recursive formulas in Lemma 4.7 and 4.8 it is clear that it is
enough to chose a parameter set Z3 satisfying

1< M, < Mf) < MP) < ME)

(3)
ell,+ adj + b adj— K< Mgy

and

®3)

3
0<m® < 3m?

adj"

From the choice of the constants in Z3 and the recursion formulas in Lemmas 4.7 and 4.8, we
have that M}g L > 1 forany j = 3,... N —1. This fact along with conditions (69) and (70), allow
us to apply Lemmas 4.7 and 4.8 iteratively so that we obtain the (9, 0, K)-recursive collection
of multi-parameter sets {Z;};—3 .. n—1 and the Z;-product-like sets V; C Z;n In particular,
note that the recursion formulas stated in Theorem 5 can be easily deduced from the recursion
formulas given in Lemmas 4.7 and 4.8 and the choice of Z3.

Finally, we bound the time

Tgi| < ‘Tgfoc < (K + K)In(1/9).

+ ‘T -
Bélob

This completes the proof of Theorem 5. U

5 The hyperbolic toy model
In this section we set the elliptic modes to zero, namely, we deal with the system

P1 = V3p1 + Zhypp
G =—V3q + Zuyp.ar
P2 = V3p2 + Zhypps
G2 = —V3q2 + Zhyp.go;

where the functions Zy,, « are defined in (45), (46), (47) and (48).
We start by setting some notation. We call

z = ($1,y1,332,y2)

the new set of coordinates, whose components are also denoted by z; = (z;,y;). We also use the
notation x = (z1,z2) and y = (y1, y2).

Moreover, we call K to any positive constant independent of §, N, j, and o and we call
K, to any positive constant depending on o, but independent of §, N and j Analogously, we
say that a = O(b) if |a] < K|b| and that a = O, (b) if |a] < K,|b|. We will also use all these
notations in Section 6 and Section 7.

The first step is to perform a resonant C* normal form in a neighborhood of size o of the
saddle. Note that we do not need much regularity for the normal form since all our study will
be done in the C° norm. It turns out it is enough to consider a C' normal form. Before we state
our next claim about the normal form we formulate a well known result of Bronstein-Kopanskii
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[BK92] about finitely smooth normal forms of vector fields near a critical point. We are unable
to use classical results about linearizability, because our saddle is resonant.

The main result of Bronstein-Kopanskii [BK92] is that near a saddle point a vector field
can be transformed into a polynomial one by a finitely smooth change of coordinates with only
certain (resonant) monomials present. For convenience of the reader we use notations of this

paper.

5.1 Finitely smooth polynomial normal forms of vector fields in near a saddle
point

Let & = F(x) be a vector with the origin being a critical point, i.e. F(0) =0, = € R? for some
d € 7. Assume that F'is C¥ for some positive integer K € Z_, i.e. F has all partial derivatives
of order up to K uniformly bounded. Denote the linearization of F' at 0 by A := DF(0) and
f(x) = F(z) — A(z). Then, the equation becomes

& = Az + f(x), f(0)=0, Df(0) = 0.

Let vq,...,vq denote the eigenvalues of A and 64, ...,60, be all distinct numbers contained in
the set {Rev; : i =1,...,d}. Assume that none of ;s is zero or, in other words, the rest point
being hyperbolic.

The space R% can be represented as a direct sum of A-invariant subspaces Ei, ..., E, such
that the eigenvalues of the operator A|g, satisfy the condition Rev; = 6;.

Theorem 6. [BK92] Let k be positive integer. Assume that the vector field & = F(x) is of class
CK, o =0 is a hyperbolic saddle point and A = DF(0). If K > Q(k) for some computable
function Q(-), then, for some positive integer N, this vector field near the point x = 0 can be
reduced by a transformation y = ®(z),® € C*, to the polynomial resonant normal form

N
J=Ay+ > ey,
IT|=2

where T € Zi and p; denotes a multi-homogeneous polynomial p,(E1, ..., E,; E1®---®FE,), pr =
(pt,....p%) and pi # 0 implies v; = 7'y + - - - + 79y (by the resonant condition).

In Theorem 3 [BK92] the authors give an upper boundon N. Inourcased =4, n =2, k = 1.
A direct application of this Theorem is the following

Lemma 5.1. There exists a C' change of coordinates
(P1,q1,p2, 42) = ‘Ifhyp(fb‘1,y1,fb‘2,y2) = (w1,y1,72,Y2) + ‘Tfhyp(fb‘1,y1,$2,y2)
which transforms the vector field (71) into the vector field
Xhyp(2) = Dz + Ruyp, (72)

where D is the diagonal matriz D = diag(v/3, —v/3,v/3, —/3) and Ryyp is a polynomial, which
only contains resonant monomials 5. It can be split as

Rhyp = Rﬂyp + R111yp7 (73)

50ne can even estimate degree of this polynomial using [BK92]

34



where Rﬂyp is the first order, which is given by

(2) 2us Y1 + 20029175 + V11T1T2Y2

0 . (2) —2upT1Y3 — 2090T1Y5 — V11Y1T2Y2
Rh}’p(z) = oyp’y1 = 9 5! 9 5 2 (74)

(2) VY2 + 2v20T1Y2 + V11T1Y 102

(2) —2UsToY3 — VayiTe — V11T1Y1Y2

and Rlllyp is the remainder and satisfies
Rlljypwi =0 (m3y2) and Rhyp s =0 (ac Yy ) (75)

Moreover, the function Wiy, = (Whyp 21 Vhyp,yis \I/hyp 2o \Ifhyp,yQ) satisfies

Uhypar (2) = O (a1, 21y1, 21 (25 + 43), 12 (w2 + v2))
‘I'hypm(z) = O (4, 2191, 11 (25 + 3), 2122 (22 + U2))
‘I’hyp,xz () =0 (33%’@92’ zo (23 + Y1), y1ye(z1 + yl))
‘T’hyp,yz(z) =0 (93’33292,92(331 + 1), m13a(m + y1))

5.2 The local map for the hyperbolic toy model in the normal form variables

Recall that our goal in this step of the proof is to study the evolution of points with initial
conditions inside of a certain set near the section Z;n More specifically, in formulas (60) and

(61) we define sets N~ C /\/'j+. We set elliptic modes ¢ = 0 and shall study the set N satisfying
Ny n{e=0} C N C N n{c=0}.

Since the analysis is done in normal coordinates Wy, @ (2,y) — (p,q), we study the a set /\A/]
such that \Il}:ylp (J\/’; ) C J\AG To define this set we need to fix several parameters and define several
objects.

Let CU)’s be the constant from Lemma 4.7. Recall that in Definition 4.5 we define a (o, §, K)-
recursive multiparameter set Z;. Its description includes parameters M}E;i) used below. The
parameter K depends on o and we keep this dependence in the notation: K,. Denote the
inverse of the map ¥ from Lemma 5.1, by

T:=I1d+ 7 := U,

hyp =:1d + (Téﬂl y Ty1 ) TCC27 T?/Q)'
Define

)= 0 (140, 74,(0,0,0,0)) . (76)
Notice that C) = C'0) (14 O(0)) . Define f1(o) b

fl( ) y1(0 0,0, 0) (77)

Observe that it satisfies f1(0) = 0+ O(03) and the section {y; = f1(o)} approximates the image
of the section T(X}'). Now we can define the set of points whose evolution under the local map
we shall analyze

o N1/2
\ () () (7) (C(J)5>
— J < 7 - <
Ny ={lo+CV8n(1/0)] < COo Ky, oo =i S2MG AT,
ly1 — f1(0)] < K,CW1n(1/6), lya| < QM}EQ) (C(J)5> }’
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where the constant x5 will be defined later in this section. It turns out a proper choice of x5
leads to a cancelation in the evolution of the z; coordinate (described in Section 2.2 for the
simplified model). This cancelation is crucial to obtain good estimates for the map Bljoc.

We also define the function f(o) as

fa(o) = 14,(0,0,0,0). (79)

By analogy with fi(o) notice that the section {xy = f2(0)} approximates the image of the
section T(X9") with X9" = {py = o}. Later we need to compute an approximate transition

time T} (z2) from near T(Zij“) to T(X9"). We use fa to do that. Notice that the 3 coordinate
behaves almost linearly as
V3t

Se

Trog ~ T
Therefore, for an orbit to reach {z9 = f2(0)} it takes an approximate time

T; (29) :%m <f2$((2j')> (80)

Note that this time is defined for any 29 > 0. We will see that the 23 coordinate behaves as
29 ~ (C§)1/2 and, therefore, T; behaves as

T; ~In ,\L

cW§
Even if z9 behaves approximately as for a linear system, this is not the case for the other
variables, as we have explained in Section 2.2 with a simplified model. Indeed, if one first
considers the linear part of the vector field (71), omiting the dependence on cu ), the transition
map sends points

(z1,y1,T2,y2) ~ (O(dln(l/d)% O(0), 0 (51/2> No) (51/2»

* (1,1, T2, ya) ~ (0 (51/2 1n(1/5)) Ne) (51/2) ,0(0),0(5)) .

However, the resonance implies a certain deviation from the heteroclinic orbits. Indeed, one can
see that tipically, the image point is of the form

(1, Y1, T2, y2) ~ (0 (51/2 1n(1/5)) NG, (51/2) LO(0), 0(51n(1/5)) .

This apparently small deviation, after undoing the normal form, would imply a considerably big
deviation from the heteroclinic orbit and would lead to very bad estimates. Nevertheless, if one
chooses carefully xo in terms of 1 and ¥y, one can obtain a cancelation that leads to an image
point of the form

(21, Y1, T2, Y2) ~ (0 (51/2) NG, (51/2) LO(0), 0(51n(1/5)) .

Since the points we are dealing with belong to the set /\7] defined in (78), this cancellation boils
down to choosing a suitable constant 3. Next lemma shows that a particular choice of z3
leads to a cancellation that allow us to obtain good estimates for the saddle map in spite of the
resonance. The choice we do is essentially the same as the one choosen in Section 2.2 for the
simplified model that has been considered in that section.
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Lemma 5.2. Let us consider the flow @?yp associated to (72) and a point 2° € ./{\/'J Then, if we
choose x5 as the unique positive solution of

CU) § In(1/6)

2102 f1(o) (81)

(a3)" Tj(a3) =

and we take § and o small enough, the point

h
o= ‘I)T}-/p(zo)

)
J

where Tj = T;(29) is the time defined in (80), satisfies

—~ . 1/2
~ N\ 1/2
T < K, (CV5)
~ N\ 1/2
o~ fo)l < K, (CD8) " w(1/9)
f1( ) A

(9) A()
3/2 alo )C d1n (1/5)‘ < K,CV4.

Remark 5.3. The particular choice of x% being a solution (81) will ensure a cancellation. This
cancellation is crucial to obtain good estimates for the local map.

Equation (81) has real solutions because vo2 > 0 (see Remark 4.2) and x1 <0 (and p; <0
in the original variables, see Remark 4.4). Indeed, if x1 > 0 and x1 ~ CY§1n(1/5) we have

CY 6 1n(1/6)
22 f1(0)

If there is no solution to this equation, we cannot attain the desired cancellation.

(3)" Ty(3) = —

Let us point out that taking into account the estimates for the points in NG ), the definition
of T in (80) and condition (63), one can deduce that condition (81) implies

o N1/2
25| < K, (0(9)6) < K,80-1/2,

and then,
T)(a3) < K, In(1/3). (82)
We use this estimate throughout the proof of Lemma 5.2. Note also that for the modes (;1:{c , y{ )

we just need upper bounds, since after the passage of the saddle j, the associated mode will
become elliptic and therefore we will not need accurate estimates anymore.

Proof of Lemma 5.2. We prove the lemma using a fixed point argument. We look for a con-
tractive operator using the variation of constants formula. Namely, we perform the change of

coordinates

T = Gﬁtui, Yi = 67\/&% (83)

and then we obtain the integral equations

T

u; = a0 + / e_‘/gtRhyp,m (ue\/gt,ve_‘/gt) dt
0
T

V; = y? +/ 6\/§tRhyp7yi (U \f 7ft) dt.
0
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In the linear case w;’s and v;’s are fixed. We use these variables to find a fixed point argument.
We define the contractive operator in two steps. This approach is inspired by Shilnikov [Sil67].
First we define an auxiliary (non-contractive) operator we follows

Fhyp = (]:hyp,uufhyp,vu]:hyp,uw]:hyp,vz)

as

T

Frypyu, (1, 0) = 23 +/ eiﬁtRhyp,xi (ue\/gt,ve"/gt) dt

i (85)
0

One can easily see that in the u; and v components the main terms are not given by the initial
condition but by the integral terms. This indicates that the dynamics near the saddle is not well
approximated by the linearized dynamics and the operator is not contractive.

We modify slightly two of the components of Fj,, and obtain a contractive operator. We
define a new operator

Fhyp = (}_hyp,upfhyp,vvfhyp,uwfhyp,vz)

as

Fhypuy (U1, 01, 62,02) = Fhyp uy (W1, Fhyp.o, (W1, 01,02, 02), Fhypus (U1, 01, U2, 2), 12)

) (

2) = thp,m (w1, v1,u2,v2)
)
)

(
fhyp,vl (U , U1, U2, (86)
(

1 v
Fhyp,us (U1, 01, U2,V2) = Fhyp us (U1, V1, U2, v2)

Fhyp,oe (U1, 01, U2, V2) = Fhiyp,vs (U1, Fhyp,or (U1, V1, U2, V2), Fhyp.us (U1, V1, U2, V2), V2)
Note that the fixed points of these operators are exactly the same as the fixed points of Fyp.

Thus, the fixed points of the operator fhyp are solutions of equation (84).
It turns out the operator Jy,, is contractive in a suitable Banach space. We define the

following weighted norms. To fix notation, we denote by || - || the standard supremum norm.
Then define
s 1
1lhpa = sup | (=CP6(1/6) +20021(0) (23)° t + CDs) h(t)‘
tE[O,Tj}
Flhgpon = 1) s -

1llbyp,ue = (23) " 1Al

2 71
1l = ((09)"2375) Il
and the norm
([ (w, )|l = 45111)2 {llwillnyp,u;» [[villnyp,; } - (88)
=1,
This gives rise to the following Banach space

Yoy = {(u,0) : [0,T] = R [|(w, v)[|. < oo}

The contractivity of fhyp is a consequence of the following two auxiliary propositions.
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Proposition 5.4. Assume (81), then there exists a constant ko > 0 independent of o, § and j
such that for 6 and o small enough, the operator Fiy, satisfies

IF(0)]+ < ro.

Proposition 5.5. Consider w,w' € B(2ko) C Yoyp and let us assume (81), then taking 6 < o,
the operator Fiyp satisfies

~ ~ ~ N\ 1/2
[Py (@) = Frap (@)l < Ko (CD8) " (1/8) fwr = ..

These two propositions show that ]?hyp is contractive from B(2k0) C Vhyp to itself. Moreover,
using them we can deduce accurate estimates for the image point. We prove here Proposition
5.4. The proof of Proposition 5.5 is deferred to the end of the section.

Proof of Proposition 5.4. We bound each mode separately. For fhyp,m and ]?hyp,ug, we have
that N N
]:hYP,Ul (O) = y? and ]:hyp,w (0) = .’Eg

and therefore, they satisfy the desired bounds. Now we bound the first iteration for u;. Here we
use the particular choice of 3 in terms of (z9,4?) done in (81) to obtain the desired cancellations
(see Remark 5.3). Indeed, taking into account the properties of Ryyp », given in Lemma 5.1, the
first iteration is just

FrapanO)0) =28+ [ (uaa)? + 0L ) a
2} + 20291 (3)°t + O (1) (25)°) -
Therefore, taking into account that 2" € /\7] (see (78)) and also (82), we have that
Py (0)(8) = =CP61n(1/9) + 200 f1(0)(w3)% + O (CD5) .
Thus, applying the norm given in (87), we have that there exists a constant kg > 0 such that
Hj':hyp,ul (O)H < Ko.

hyp7ul

To bound the first iteration for ve, we just have to take into account that it is given by
t
~ 3 2
Fronan() =08 = [ (202 + 0 (()° (o9)%) ) a.
0
Then, recalling that 2V € J\A/},

[P 0)(0)] < dr208(s)°T,

which gives

H}_hyp,vz(o)H < 4vpa.
hyp,v2
Therefore, we can conclude that
| 7o) < xo
&
for certain constant xg > 0 independent of d, o and j. U
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The previous two Propositions show that ]?hyp is contractive from B(2kg) C Vhyp to itself.
Therefore, it has a unique fixed point in B(2k¢) C Vhyp which we denote by w*. Now it only
remains to deduce the bounds for zf stated in Lemma 5.2. To this end, we use the contractivity
of the operator fhyp and we undo the change (83). Using the definition of T} in (80), we obtain

xg =¥y (T))
fa(o)

- (8 + Fiyps (0)(T3) = Py (0)(T5))

1o (60 "wt00)

Analgously, one can see that

il < K, (695)"".

To obtain the estimates for x{ , note that the particular choice that we have done for 3 in (81)
implies that

01 (T)] <[ Fypan (O)(T5)] + [ Frypan (0)(T3) = Frgpoan (0)(T3)|
<K,C0s (1 1o, <(6<J’>5) i ln2(1/5)>> .
Then, undoing the change of coordinates (83) and using the definition of 7} in (80), one obtains
o] < K, (6*(3')5)1/2.
Finally, proceeding analogously, and taking into account (81) again, one can see that

i oo )

which completes the proof of Proposition 5.2. ]

Now, it only remains to prove Proposition 5.5.

Proof of Proposition 5.5. To compute the Lipschitz constant we need first upper bounds for
w € B(2kKp) C Vhyp in the classical supremmum norm || - ||oo. They can be deduced from the
definition of the norms || - [[hyp« in (87) and the fact that 2° € AU (see (78)). Then, we have
that

lui| < K,C951In(1/6)
|v1] < Ko

o N\ 1/2
s < K, (Co)(g) / (89)
o N\ 1/2
o) < K, (C(J)é) In(1/5).
where K > 0 is a constant independent of o.

We use these bounds to obtain the Lipschitz constant. We start by computing the Lipschitz
constant of Fiyp vy = Fhyp,o; and Fhyp us = Fhyp,u, and then we will compute the other two.
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Using the properties of Ryyp ., given in Lemma 5.1, (82) and the just obtained bounds, one
can easily see that

‘fhypm(u,’u) Fhyp,or ( u', ') / O (uwv Z |v; — |dt—|—/ (UQ) Z |u; — u|dt

<K, (€U ) n(1/4) Zmnvz Voo
+ K, In(1/5) Z IIuiZ—ué\loo
<K, ( ) In(1/5) 21:2||vz—v2\|hyp,vi
K, (60 ) n(1/6) Zwuuz Iy,

Note that we are abusing notation since inside the O(-) the dependence of the size on (u,v)
means both dependence on (u,v) and (v/,v"). We do not write the full dependence since both
terms have the same size. Applying the norms defined in (87), we get

1/2
[ Fipnen (50) = Py (0,01 < Ko (CV8) 7 m(1/0)(11,0) = (0,0

Now we bound the Lipschitz constant of Fy,yp 4,. Proceeding as in the previous case one obtains
T;
| Fyp s (1, V) = Fhypous (1, 0) / O (uv) \uz —u;|dt—|—/ O (u?) Z |v; — vl|dt
i=1,2 0

i=1,2
<t (698) " m(1/5) 3 e —

1=1,2
+ K,CD51n(1/8) > [lvi — v|oo-
i=1,2
<K, ol (5111(1/5) [[u; — || nyp s
1=1,2
+ K, CU 5ln (1/0) Z H’Uz‘_’U;thp,vi
1=1,2
and thus
! (4) 1/2 "
H.thp,ug (u,v) - fhyp,UQ(u 7U thpu - (C 5) ln(l/(S)H(U,U) B (U v )H*

To bound the Lipschitz constant of ]?hyp,u1 we use its definition in (86). First we study
Fhypur (W) — Fhypuy (W'). We proceed as for Fyypu, but we have to be more accurate. We
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obtain

!fhyp,ul(u,v) Fhypoug (W, 0") / O (uv) Z ‘ul_ul|dt—|—/ j (u2) Z lv; — vi|dt
1=1,2

i—1,2 =1,
<16, (€98) " m(1/8) 3 o~ il
1=1,2
+ K,CO81(1/8) Y [lvi — vl
i=1,2

N2

<K, (C(J)(s) C(J)éln2(1/5)\|u1 — U1 ||nyp,us
+ K, cu 5ln(1/5)\|u2 U [y p,us
+ K, cu 5111(1/5)“’01 1 |hyp,vn

N1/2
K, (CDs) " EDSw(1/8)l|v2 = llnyp.va-
Thus, taking into account that for ¢ small enough,

1
—CD§(1/8) 4 2w f1 () (a5)* t + CU)S

sup
te[0,T;(x3)]

one can deduce that

o N1/2
Py (1, 0) = Fragp (', )|y <Ko (C“’é) n*(1/6)[lur = w1 [hyp,us
+ Ko In(1/0)|lug — u/2||hyp,u2
+ Ko In(1/6) ||y — U/1||hyp,v1

N 1/2
K, (Co>5> In%(1/6)[|va — V5 lhyp,vs -

Therefore, to obtain the Lipschitz constant for }N_hyp,un it only remains to use its definition in
(86) and the Lipschitz constants already obtained for Fpyp, , and Fiyp 4, to obtain

| (:0) = B )], < 10 (€98) w210 0) - ()

hyp,u1

Proceeding analogously, one can see also that

< £, (€8) " n(1/3)] ) = ).

H}_hyp,vz (u,v) — Fhyp,vo (ulv ’U/)
hyp,v2

This completes the proof. ]

6 The local map: proof of Lemma 4.7

Analysis of Section 5 describes dynamics of the hyperbolic toy model (71). Now we add the
elliptic modes and consider the whole vector field (44). Our goal is to study the map Bfoc. The
key point of this study is that the elliptic modes remain almost constant through the saddle
map and do not make much influence on the hyperbolic ones. In other words, there is an almost
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product structure. This allows us to extend the results obtained for the hyperbolic toy model
(71) in Section 5 to the general system.

As a first step we perform the change obtained in Lemma 5.1 by means of a normal form
procedure for the hyperbolic toy model (71). The proof of this lemma is straightforward taking
into account the form of the vector field (44) and the properties of Wy, given in Lemma 5.1.

Lemma 6.1. Let Wy, be the map defined in Lemma 5.1. Then an application of the change of
coordinates

(P1, 41, P2, G2: ¢) = (Vnyp(21, Y1, 22, 42), ¢) (90)
to the vector field (44) leads to a vector field of the form

z=Dz+ Rhyp(z) + Rmix,z(zu C)
ék = iCk + Zell,ck (C) + RmiX,C(Z7 C),

where z denotes z = (x1,y1,22,92), D = diag(v/3, —v3,v/3, —V/3), Ryyp has been given in
Lemma 5.1, Zq ., ts defined in (49), and Ruyix,. and Ruyix ., are defined as

T V3
Rmix,xl = Axl (Z)CJ;QQ + Axl (Z)C];QQ + 7 Z |ck|2\11x1 (Z)
keP

S V3
R = Ay (572" + A (2)ej2 + 75 3 lex" 0y, (2)
keP

I Y V3
Ruixey = Aay (2)G42° + Ay (2)cj42” + > > lekTay (2)
keP
— V3
Runixn = Ay (2)T752° + A (R)ejan® + 5= 3l ¥, 2)
keP
Rumix,c,, = i\/gckP(z) form #£j+2

Ruix.ejun = 1V3¢j42P(2) — i€j20Q+ ()
where Wy, - are the functions defined in Lemma 5.1, A, satisfy
Az, = O(xi,y;) and Ay, = O(zi,v:)
and P and Q+ satisfy

P(z) = O (z1y1, 222, 21%5) , Q—(2) = O (x1,51) and Q(2) = O (22,9s) .

One can easily see that for this system there is a rather strong interaction between the
hyperbolic and the elliptic modes due to the terms Ryix gz, and Rmixy,.- The importance of
these terms can be seen as follows. The manifold {z = 0,y = 0} is normally hyperbolic [Fen74,
Fen77, HPS77] for the linear truncation of the vector field obtained in Lemma 6.1 and its
stable and unstable manifolds are defined as {z = 0} and {y = 0}. For the full vector field,
the manifold {x = 0,y = 0} is persistent. Moreover it is still normally hyperbolic thanks to
[Fen74, Fen77, HPS77]. Nevertheless, the associated invariant manifolds deviate from {z = 0}
and {y = 0} due to the terms Ryix o, and Riix,y;- To overcome this problem, we slightly modify
the change (90) to straighten these invariant manifolds completely.
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Lemma 6.2. There exist a change of coordinates of the form
(pla q1,pP2,q2, C) = (\Ij(wla Y1, 22, Y2, C)v C) = (mlv Y1,22,Y2, C) + (‘Alll(xh Y1, 22, Y2, C)> 0) (91)
which transforms the vector field (44) into a vector field of the form

z=Dz+ Rhyp(z) + Rmix,z(% C)
. = icp + Zell,ck (C) + Rmix,ck (Z, C)v
where Ry, and Ze are the functions defined in (73) and (49) respectively, and

" ., 3

Ruixes = Buy (2,0)62% + By, (2,0)cj 2% + 5 Z |ck|*Ca, (2, )
keP

~ — V3

Rmix,y1 = By1 (Zac)cj—QZ + By1 (Zac)cj—QZ + 7 Z |Ck‘20y1 (Z,C)
keP

- - V3

RmiX@Q = BLBQ (Z, C)Cj+22 + B:B2 (Z> C)Cj+22 + 7 Z |Ck‘20$2 (Z’ C)
keP

- — V3

Ruix,yo = By, (2, C)cj+22 + By, (2, C)cj+22 + o5 Z |Ck‘20y2 (2,0)
keP

Ruix.c, = iV3c,P(2,¢) fork#j+2

Rmix,c]-ig = 2.\/§Cj:|:2ﬁ(2, C) - ZEin@i(Z, C)a

where the functions B, and C, satisfy

By, (z,¢) = O (z1 + y12222) By, (z,¢) = O (z2 + yo2x121)
By, (z,¢) = O (y1 + z1y222) By, (z,¢) = O (y2 + z2y121)
Cry(z,¢) = O (21 + y17222) Cry(2,¢) = O (22 + y2z121)
Cy, (2,¢) = O (y1 + z1y222) Cyy(z,¢) = O (y2 + m29121)

and P and @i satisfy
P(z,¢) = O (x1y1, 2292, 2723) , Q—(2,¢) = O (z1,91) and Q4(2) = O (x2,y2) .

Moreover, the function U satisfies

Uy =0 (9317931%501(932 +43), y1v2(m2 + Y2), & o1, Y ek y1v3
keP

= O | yi, 2191, 91 (25 + 93), 129(22 + y2), €5 21‘1,2 |ck | 331332)
keP

| |
G

keP

( 23, woy2, 22(27 + u1), yrya (@1 + 11), G hoyr, D ekl Z/2Z/1>

= O | y3, way2.y2(a1 + i), wrx2(21 + 91), 01, ) \%\23«“29«“1)
keP
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Proof. 1t is enough to compose two change of coordinates. The first change is the change (91)
considered in Lemma 6.1. The second one is the one which straightens the invariant manifolds of
a normally hyperbolic invariant manifold [Fen74, Fen77, HPS77]. Then, to obtain the required
estimates, it suffices to combine Lemmas 5.1 and 6.1 with the standard results about normally
hyperbolic invariant manifolds. O

After performing this change of coordinates, the stable and unstable invariant manifolds of
{z =0,y = 0} are straightened. This will facilitate the study of the transition map close to the
saddle. R

As we have done in Section 5, we define a set V; such that

T (V) CV;, (93)

where V; is the set defined in Lemma 4.7 and Y is the inverse of the coordinate change ¥ given
in Lemma 6.2. Then, we will apply the flow ®! associated to the vector field (92) to points in
V;. To obtain the inclusion (93) we define the function gz, (p2, g2, 0, d) involved in the definition
of Vj.
Define the set ' '
V=Dl x... ><]D>;.72 x N ><]D);.Jr2 x ... x DY,

where /\A/'J is the set defined in (78) and ]D;? are defined as
D? = {|Ck\ < Mell,:tfs(l_r)/Q} for k € P]i
DiiZ = {\Cjizl < Mogj + (CA’U)5>1/2} ,
Define the function gz, (p2, g2, 0, ) involved in the definition of the set V; as

9z;(p2, 42,0, 0) = pa + ap(0)p2 + ag(0)q2 — 5 (94)

where x5 is the constant defined in (81) and

ap(0) = 3y, Tp, (0,5,0,0,0)

aq(0) = 04, Yp,(0,0,0,0,0),

where T = Id + T is the inverse of the change ¥ given in Lemma 6.2.
Lemma 6.3. With the above notations for § small enough condition (93) is satisfied.
Proof. 1t is a straightforward consequence of Lemmas 5.1 and 6.2. O

After straightening the invariant manifold, next lemma studies the saddle map in the trans-
formed variables for points belonging to V;.

Lemma 6.4. Let us consider the flow ®, associated to (92) and a point (2°,°) € ]7j. Then for
6 and o small enough, the point

(+9.¢7) = Bry (°,°).
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where Tj = T;(29) is the time defined in (80), satisfies
oo\ 1/2
2| < K, (c<ﬂ>5)

I < K, (5(”5)1/2

lzf — fa(0)] < K,8"

s, [100) 50 fi(o)
y2+f2( )C' dln (1/5)‘ f2(0)5.

and

f 0T
C]C cpe

LU for ke P

adj,+0 (C(3)5> 2 .

f
Cita — ]ﬂ@

We postpone the proof of this lemma to Section 6.1.

Now, to complete the proof of Lemma 4.7 we need two steps.

The first is to undo the change of coordinates performed in Lemma 6.2 to express the
estimates of the saddle map in the original variables.

The second step is to adjust the time so that the image belongs to the section Z;-’“t. These
two final steps are done in the next two following lemmas.

Concerning the first step, recall that the change of variables ¥ defined in Lemma 6.2 does
not change the elliptic variables, and therefore it only affects the hyperbolic ones.

Lemma 6.5. Let us consider the flow ®; associated to (44) and a point (p°,q°, ) € 1/}]-. Then
for 6 and o small enough, the point

(pf q’, cf) = o7, (9°,¢", ),

where Tj is the time defined in (80), satisfies

]| < K, (00s)"”*
o | < K, (5(”5)1/2
|p2 — 0] < KU(ST/

l¢f + CDsn(1/6)] < CV) § K,.
for certain constant c satisfying C'(j)/2 < CW <200 and

S _ czeiTj <

Cjp ST/ 24 for m € PE

o N1/2
adj, +0 (C(])é) .
Proof. In Lemma 6.2 we have defined the change W which relates the two sets of coordinates by
(p{,qf,pé,qg,cf) = (‘If (x{y{fvgy{cf) ,cf)-
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Then, taking into account the properties of the change ¥ stated in this lemma, one can easily
see that from the estimates obtained in Lemma 6.4, one can deduce the estimates stated in
Lemma 6.5. First recall that the change ¥ does not modify the elliptic modes and therefore we
only need to deal with the hyperbolic ones.

Using the properties of ¥ and modifying slightly K, it is easy to see that for § small enough,

o\ 1/2
pf| <K, (C0)
o\ 1/2
af| <K, (CD6) .
To obtain the estimates for po it is enough to recall the definition of fo(o) in (79). For the

estimates for go, it is enough to see that from the properties of ¥ and the estimates for z/ one
can deduce that

~/ .

@ = 0, 94,(0,0,0,0)z3 + Of (Cm(;) .
Therefore, we can define a constant CJ such that the estimate for q2 is satisfied. O

Once we have obtained good estimates for the approximate time map in the original variables,
we adjust it to obtain image points belonging to the section Z;’“t.

Lemma 6.6. Let us consider a point (pf,qf, cf) € ®11(V;), where ®! is the flow of (44), Tj is
the time defined in (80) and V; is the set considered in Theorem 5.
Then, there exists a time T', which depends on the point (pf, qf, cf), such that

(0%, ¢, ) = o7’ <pf’qf’cf) c Z;)ut'
Moreover, there exists a constant K, such that
IT'| < K0 (95)
and
e — c£ < K, 6" formeP
P} —p]| < K, (0@5)1/ ‘gl
¢ —df| < K, (C’(j)5>l/ S

P2 =0
@ — ¢ | < K,CU6% " n(1/6).

Proof. The proof of this Lemma follows the same lines as the proof of Proposition 7.3. Namely,
first we obtain a priori bounds for each variable, which then allow us to obtain more refined
estimates. U

To finish the proof of Lemma 4.7, we define U; = Blj;)c(Vj) and we check that this set has a

Z;-product-like structure for a multiindex Z; satisfying the properties stated in Lemma 4.7 (see
Definition 4.6). Indeed, from the results obtained in Lemmas 6.5 and 6.6 and recalling that by

the hypotheses of Lemma 4.7 we have that M}E;)p > 1, it is easy to see that one can define a
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constant K, so that if we consider the constants M e(ﬂ) 1 M éé) + and JTJJ}EQ) defined in Lemma 4.7

and the constant C'7) given in Lemma 6.5, the set U; BlOC(Vj) satisfies condition C1 stated
in Definition 4.6.

Thus, it only remains to check that the set Uf; also satisfies condition C2 of Definition 4.6.
First we check the part of the condition C2 concerning the elliptic modes. Indeed, from the
estimates for the non-neighbor and adjacent elliptic modes given in Lemma 6.5 and 6.6, one can

easily see that for any fixed values for the hyperbolic modes, if one takes the constants ml)

ell »
ﬁzgd)j given in Lemma 4.7, the image of the elliptic modes contains disks as stated in Definition

4.6. Then, it only remains to check that the inclusion condition is also satisfied for the variable
q2. From the proof of Lemma 6.4 given in Section 6.1, one can easily deduce that the image
in the yg variable contains an interval of length O(CU)§) and whose points are of size smaller
than 200§ In(1/6). Then, when we undo the normal form change of coordinates (Lemma 6.5),
this interval is only modified slightly but keeping still a length of order O(CD§). Thus taking
into account the constant CU) given Lemma 6.5 and the results of Lemma 6.6, we can obtain a
constant m(J ) 0 that condition C2 is satisfied.

Finally, 1t only remains to obtain upper bounds for the time spent by the map Blo .- To this
end it is enough to recall that the time spent is the sum of the time 7} defined in (80), which
has been bounded in (82), and the time 7" given in Lemma 6.6, which has been bounded in
(95). Thus, taking into accounts these two bounds we obtain the bound for the time spent by
Bl given in Lemma 4.7. This finishes the proof of Lemma 4.7.

loc

6.1 Proof of Lemma 6.4

As we have done in the Section 5, we make variation of constants to set up a fixed point argument.

Namely, we consider

2 = eV, i = eV, ¢, = éldy

and then we obtain the integral equation

u; = ) —|—/ e V3 (Rhyp o (ue\[t,vefﬁﬁ + Ruix xz (ue\[t ve 7\/&, deit>> dt
0
v; =y —l—/o eV3t (Rhyp i (ue‘/_t ve _‘/gt> + Rmix,yi (ue‘/gt,ve_‘/gt,deit)> dt (96)
demd i [ et de™) + Ry V3 pem V3 det) ) dt
k Ck+/0 e ( Zell,e, (de ) mix, g (ue ,ve ,de )) .

Note that the terms Ry, . are the ones considered in Section 5, and, therefore, we will use the
properties of these functions obtained in that section. We use the same integration time 77} in
(80).

As before, we use (96) to set up a fixed point argument in two steps. First we define
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G = (Guyp, Gen) as
T; N |
Ohyp,u: (us v, d) = 95? +/ eV (Rhyp,xi (Ue\/gt,ve_‘/gt) + Rumix.z; (ue‘/gt,ve_\/gt,de”» dt
0

T; _ 4
= fhyp,ui (U, ’U) + / ] eiﬁtRmix,;ri (Ue\/gt, ’Uei\/gt, d€Zt> dt
0
TV =~ .
ghypﬂ’i (u7v’ d) = y? _/ ] eﬁt (Rhypﬂli (ue\/gtﬂ)ei\/gt) + RmiX,Ii (Ue\/gt,vei\/gtydelt)) dt
0

T' s .
= Fhyp,v; (1, v) + / ] V¥ Runix.z, (ue\/gt,ve*‘/gt,de’t) dt,
0
where Fjy;, is the operator defined in (85), and

T ~ .
Gelle, (u, v, d) = ¢ + / ! it ( Zalle, (deit) + Ry, (ue\/gt’ve_\/gt7dezt>) gt
0

We modify this operator slightly as we have done for Fj,y;, in Section 5 to make it contractive.
We define

ghyp,m (u,v,d) = Ohyp,ur (u1, Ohyp,v1 (u,v,d), Ohyp,uz (u,v,d),v2,d)
ghyp,vg (u’ v, d) = ghyp,UQ (Ul, ghyp,vl (u, v, d), ghyp,uz (U, v, d)’ V2, d)

We denote the new operator by

g - (ghyp,ul 5 ghyp,u27 ghyp,vl 5 ghyp,vga gell) ) (97)

whose fixed points coincide with those of G.
We extend the norm defined in (87) to incorporate the elliptic modes. To this end, we define

-1

1Pllens = (M 60=772) ™ il
_ Aoy O\ —1/2

o, = Mgt o (C98) " o

and

w0, )l = 50D { ety [oillngps ke, e s+ }
kePE
J
i=1,2

which, abusing notation, is denoted as the norm in (88). We also define the Banach space
Y ={(u,v,d): [0, T] — CN=3 X R ||(u, v, d) ||+ < 0o} .

Proceeding as in Section 5, we state the two following propositions, from which one can easily
deduce the contractivity of G. The proof of the first one is straightforward taking into account
the definition of G and Lemma 5.4 and the proof of the second one is deferred to end of the
section.
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Proposition 6.7. Let us consider the operator G defined in (97). Then, the components of 5(0)
are given by

Ghyp,ui (0) = Fhyp,u; (0)
ghyp,vl(o) = ?J?
ghyp,'ua(o) = 23
Giyp,v2(0) = Fhyp.va (0)
Gell ey, (0) = ¢
Thus, there exists a constant k1 > 0 independent of o, § and j such that the operator G satisfies
HQN(O) . < K1.

Proposition 6.8. Let us consider wi,wy € B(2k1) C Y, a constant v’ satisfying 0 < v’ <
1/2 —2r and 6 as defined in Theorem 3. Then taking o small enough and N big enough such
that 0 < 6 = e "N <« 1, there exist a constant K, > 0 which is independent of j and N, but
might depend on o, and a constant K independent of j, N and o, such that the operator G
satisfies

<

ghyp,ui (U, v, d) - ghyp,ui (u/, UI, d/)
hyp,ui,vi
< Kb |(u,0.) — (s )
ghyp,vi (u) U) d) - ghyp,yi (ul, 'U/, d/) S
hyp,u;,v;
< Kot () — a0 )|
Gell.ey, (U, 0, d) — Geppep, (W', 0, d) - <
S KO-(STI H(U,U,d) - (ulavl,d/)H*, form c Pi
gadj,i(u, v,d) — gadLi(U,, oA <
adj,+

< Ko ||(u,v,d) — (u, 0", d)||, -

*

*

Thus, since 0 < § < o,
|G(w2) = Glw)|| < 2Kows — will.
and therefore, for o small enough, it is contractive.

The previous two propositions show that the operator G is contractive. Let us denote by
(u*,v*,d*) its unique fixed point in the ball B(2k1) C ). Now, it only remains to obtain the
estimates stated in Lemma 6.4. The estimates for the hyperbolic variables are obtained as in
the proof of Lemma 5.2. For the elliptic ones it is enough to take into account that

of = en(Ty) = di(Ty)e'™
= Getle, (0)(T))e™7 + (Gene,, (u*, 0%, d*)(T}) = Gene, (0)(T5)) €'
= cgeiTj + (gell,ck (U*a U*a d*)(T’]) - gell,ck (0)(7})) eiTj
and bound the second term using the Lipschitz constant obtained in Proposition 6.8.
We finish the section by proving Proposition 6.8, which completes the proof of Lemma 6.4.
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Proof of Proposition 6.8. As we have done in the proof of Proposition 5.5, first, we stablish
bounds for any (u,v,d) € B(2x1) C Y in the supremmum norm, which will be used to bound
the Lipschitz constant of each component of G. Indeed, if (u,v,d) € B(2k1) C ), it satisfies
(89) and

|di| < K072 for ke Pf

~ 1/2
djsal < K, (CV)5) " < K80,

We bound the Lipschitz constant for each component of QNQH. We split each component of the
operator between the elliptic, hyperbolic and mixed part. We deal first with the elliptic part.
It can be seen that for k € P;E,

| Zeter, (d'€) = Zane, (de™)| <Ko0"""N(dy — dy,)

+ K6 Z

LeP;\{k}

Therefore,

T‘ .
e (B, (1) = Zan, ("))
0

< KaélirNCTjH(uu U, d) - (ulv 7/7 dl)”*
ell,+

Proceeding analogously, one can see also that

< Ky 6" " NTj||(u,0,d) = (u', 0, d)|..

L
| e (B (06) = Zang, o (@)
0 adj, £

Now we bound the mixed terms. Proceeding analogously and considering the properties of
Rpix ¢, stated in Lemma 6.2, we can see that for m # j + 2,

o — i 53 / /- ! g
HRmi&Ck (ue\/gt,ve ﬁt,de”) — Ruix,c, (u e\/gt,v e ‘/gt,d elt)

<Ko, ¢ 51“ (1/6) Z i — gl nyp,u; + [lvi — Uthyp,vi)

ell,+

+ Ko COSI(1/6) | |di — di| o + Ko0 72> |lde — |,
tepi

OO 020175) (2 by dren = ol

< K,CD§1n%(1/6) (1 + K, N§1=D /2) [(u,v,d) — (0, )| .
Therefore, using that § = e™ "V and (82),
TA ~ . ~ .
/ ’ e (Rmix,ck (ue\/gt, vef\/gt, de™) — Riix,c, (u’e\/gt, v/ef‘/gt, d/elt)> dt
0 ell, 4+

< K,CYU510%(1/6)| (u, v,d) — (o, ).
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So, we can conclude that for m € PE,
ngll,ck (U, v, d) - gell,ck (’LL/7 vla d/)Hell,i S KU'(slir 1113(1/5)H(u7 v, d) - (u/7 ’U/, d/)H*

Proceeding analogously we can bound the Lipschitz constant for Geyc,,,. We bound it for m =
J — 2, the other case can be done analogously. Here K denotes a generic constant independent
of . Note that now there is an additional term in Rmix,cj_g- This implies that

D 3t —/3t it D 1 N3t 1 —/3t g it
‘Rmix,cj_Q(ue‘/_ ,ve V3 ;de"™) — Ruix,e;_o (U eV3 ,v'e V3 ,d'e’ )‘

a2
< KoMy~ (CV8) e 37 (llus = wflluypus + 106 = 0 lhypo)
i=1,2

P 1/2
+ KUMadj,f (C(])(S) 67\/§t de—Q - d;'*QHadj,—

Sy N2
+ Ky Mg (C(J)d) 52~ VBE| (1 d,y — Dol g+ D (e = difl] o
Zeri

< KoMygj,— (6(j)(5) V2 e V3t H(u,v, d) — (u',’u',d')H* )

Therefore, integrating and applying norms, we obtain
L , ~ ,
‘ / et (Rmix,c]._2 (ue\/gt,ve*\/gt,delﬂ — Ruix,e;_» (u/e\/gt,v/e*\/gt,d/e”)) dt
0

S KJH(“? v, d) - (U/, 'U/, dl)”*a
which leads to

ngll,c]',g (Ua v, d) - gell,c]',g (ula Ula d/) Hadj,f < KUH(“) v, d) - (ulv ’U,, d/)H*

adJ T

Now we bound the Lipschitz constant for the hyperbolic components of the operator. Note that
we only need to bound the terms involving Ry, . since the other terms of the operator have
been bounded in Proposition 5.5. We start with the Lipschitz constants of Gy, ,,. To this end
we bound

T‘ ~ . ~ .
/ ’ V3t (Rmix,yi (ue‘/gt, ve*‘/gt, de™) — Runixy: (ue‘/gt, ve*‘/gt, de”)) dt‘
0

T.
</] @ Z ‘dk|2(2}1+’02) e\/gt|ui—u;|+(9 Z ‘dk|2 Z|'Ui_'l},;‘ dt
0

kEP; kEP;

Tj
+/ E O(dk(vl—i—vg))\dk— §C|dt,
0

kEP;

where we abuse notation concerning the O(-) as before. Thus, integrating the exponentials and
applying norms, one can easily see that

T‘ ~ . ~ .
/ ’ eV3t (Rmix,yi(ue\/gt, vef\/gt, de™) — Rmix,yi(ue\/gt, vef\/gt, de”)) dt‘
0

< K,N§'"" In(1/0)||(u, v, d) — (', 0, d)|«.
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Therefore, applying norms and using condition on ¢ from Theorem 3, we obtain

T; ~ . ~ A
/ V3t (Rmix,yi (ue‘/gt,ve_‘/gt, de”’) — Ruix,y; (ue‘/gt,ve_‘/gt,de”)) dt
0 hyp,v1
< K 6" In*(1/6)||(u, v, d) — (u'v,d") ||+
/ ’ V3t (Rmix,yi (ue\/gt,ve*‘/gt, de’t> — Ruix,y; (ueﬁt,ve*\/ﬁt,de’t)) dt
0

< K, 022 In(1/6)|(u, v,d) — (W', ')

hyp,v2

Then, taking into account the results of Lemma 5.5, one can conclude that

HgNhyp’Ul (u,v,d) — g~hyp,v1 (u', 0", d’)

hyp,v1

<K, ((@(j)(;) 12 In(1/9) + 617 In?( (1/0) > H u,v,d) — (u/,v’,d/)H*

A

hyp,va

HQNhyp,vz (U’ v, d) - thypﬂ)Q ('U/, UI, d/)

< K, ((6’0)5>1/21n(1/5) 4 gL/ In(1/4) > H u,v,d) — (u',v',d')H*.

Proceeding in the same way, one can obtain that

IN

“ghyp,ul (U’ v, d) - ghyp,ul (U/, 'U/, d/)

hyp,u1

<K, <<@(j)5> i In(1/8) 4+ 6" 1n?(1/6) > H u,v,d) — (u',v',d')H*
<
hyp,uz

thyp,uz (U’ v, d) - ghyp,uQ (U,, 'U,, d/)

< K, <(6<ﬂ'>5) V2 In(1/8) + 62727 In?(1/6) > | (u,v,d) — (0, )|, -

This completes the proof. ]

7 The global map: proof of Lemma 4.8

We devote this section to prove Lemma 4.8. The continuous dependence with respect to initial
conditions of ordinary differential equations gives for free that the map Bél ob» defined in (66), is
well defined for points close enough to the heteroclinic connection defined in (33). Nevertheless,

to prove Lemma 4.8, we need more accurate estimates.
Recall that the map B}, is defined in X", which is contained in M(b) =1 (see (31)). So,

as we have done for B] _, we use the system of coordinates defined in Section 4.1. Recall that
the initial section X9, defined in (64), and the final section E}?H, defined in (56), are expressed
in the variables adapted to the j* and (j +1)** saddles respectively. Namely, in the coordinates
(pj(f),q](L ),pg ),qé ), c9)) and (pgjﬂ),qgjﬂ),pgjﬂ),qéjﬂ),c(j“)) (see Section 7). To simplify the
exposition, first we will study the map Bj lob €xpressing both the domain and the image in the

variables (pg ), qgj ), pgj ), q(J ) U )) Then we will express the image of B

2lob in the new variables.
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To simplify notation we denote the variables adapted to the 5% and (5 + 1)** saddles by

(plyqup27(127 ) (pgj)7Q§ )7pgj)7qgj)7 ())

and

(ﬁh E]Vlaﬁ% 627 ~) <p§J+1), q§J+1)7p§]+1)7 q(]+1) C(j+1)>

and we denote by ©7 the change of coordinates that relates them, namely
(ﬁlu ahﬁQ: 527 E) - @](ph q1,P2,492, C)'
Lemma 7.1. The change of coordinates ©7 is given by

wp2 + WQ(D

——=—C,
T

wp2 + WQ(D (

@%k(plaQDPZaQZaC): fOT’kEP+1U{]+3}

6%]-, (plaQIaP%QQaC) — w2p1 +WQ1)

r
@ (p17q17p27q27 )_ ?QQ
T
@ (p17q17p27q27 )_ ?pQ
- V3
©2, (1, q1,p2,42,¢) = Re z + —5 m2z

] V3
@;*2(]01:%:]02:@:0) =Rez — ?Imz,

where w = e2™/3 and
rP=l— Y ol = 0l + - pa) — (05 + @ — paa2) (98)
kA i1, +1
7 =p5 + ¢ — pago
s (wp2 +w Q2)

Proof. We consider a point (p, ¢, c) and we express it in the new variables. We have to undo
the changes (38) and (35) referred to the saddle j and then apply them again but referred to
the saddle j + 1. The point (p, ¢, c) has associated variables r (as defined in (98)) and #. We do
not need to know the value of 6 to deduce the form of the change ©7. Indeed, note that if we
consider the changes (35) and (38) for the mode b;; we have
e’ = i+1 = chew = (w2p2 + WQ2) €i6,
which implies

(i(0—0) _ “P2 + we (99)

7? .
Using this formula and recalling that ¢ cke = by, = cet? , it is straightforward to deduce the form
of G)J for k € Pi +1 U {j+3}. To deduce the form of @%1 and @ngl it is enough to consider the
changes (35) and (38) for the mode b; to obtain
re =b; = Ejeia = (w?p1 + wiy) €

Then, it is enough to use formula (99) to obtain @%1 and @él. The others components can be
obtained proceeding in the same way. O
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The next step of the proof of Lemma 4.8 is to express the section ZijI}H in the variables
(p1,q1, P2, g2, ¢) using the change ©7 obtained in Lemma 7.1. This is done in the next corollary,
which is a straightforward consequence of Lemma 7.1.

Corollary 7.2. Fix o > 0 and define the set
~ . . 71 .
i =(07)  (ZFnWia),

where Zijﬁ_l is the section defined in (56) and

Wist = {Ipil < n.larl <, lao] < mlegl < for k€ PF and k= j+2},
Then, for n > 0 small enough, Wji1 can be expressed as a graph as

p2 = w(planv q2, C)'

Moreover, there exist constants k', k" independent of n satisfying

0<k <V1-02<k' <1

such that, for any (p1,q1,q2,c) € Wji1, the function w satisfies

H/ < w(plaQI>Q2>C) < H”'

Once we have defined the section S

41, we can define the map

127 . . out Sin
By i Uj C X5 — ¥

(p1>QI7q27C) = Bélob(pDQquch)

as
R _ -1 J
Bglob =0; o Bglob‘
We want upper bounds independent of § and j for the transition time of the correponding orbits
for this map. In the variables (p1,q1,p2, g2, ¢) the heteroclinic connection (33) is simply given

by

1
(st at oo b 0. 0) = (00— 0.0) (100)
(see [CKS'10]). Taking to such that
1 j—
14 e2V3t0 7

one can easily see that pi(2tg) = V1 — 02 and 2tg ~ In(1/0). In the new coordinates this

point is (p1,q1,P2,G2,¢) = (0,0,0,0,0) and thus belongs to the section g; = o. Then, thanks to

Corollary 7.2, one can easily deduce that the time Tp; = ngl b(ql, P1,D2,¢) spent by the map
glo

glob

f)’glob for any point (g1, p1,p2,¢) € Uj C Z;’Ut is also independent of § and j. Recall that the

difference between l?élob and Bélob is just a change of coordinates and therefore the time Tle )
glo

spent by Bélob is the same as Tj;

. Thus, from know on we will only refer to T,
glob

glob

Next step is to study the behavior of the map B’

alob- In particular, we want to know the

properties of the image set gélob Uj).
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Proposition 7.3. Let us consider a parameter set fj (as defined in Definition 4.6) and a ij—

product-like set U;. Then, there exists a constant IN(U independent of j, N and § and a constant
DY) satisfying o ' o
CY /K, < DY) < K,CVU),

such that the set Eélob(uj) C f];“ satisfies the following conditions:

- gélob(uj)Cﬁ}x...x]]/]\);:_Qijx]/I\));”x...x]IA))jy
where
B4 = {leel < (M9, + Kot ) 6072} for ke P2
B/*2 {‘c o < Ko MY) (C(g)5> / }
and

(i [~ N\ 1/2
S = {(p1>Q1,p2>Q2) eRY: ;) || < KC,M}E;)p (C(J)5> ’

pp=0,—DU)§ (ln(l/é) - IN(U> < qéj) <-DWs§ (ln(l/é) + IN(U> },
C2 Let us define the projection 7(p,q,c) = (p2,q2,¢j—2,...,¢cn). Then,
[—D(j) 5 (In(1/6) —1/K,),—DY § (In(1/5) + 1/1?0)] x{o}xDIt2x. . xDY_ C 7 (z’sglob(uj))

where

D¢ _ {(cg" < (mg{? _ f(c,a?"’) 5<H>/2} fork € P}

it = (|| < ) (o) " /R,

The proof of this proposition is postponed to Section 7.1.
Once we know the properties of the set Bélob(l/{j), there only remain two final steps. First

to deduce analogous properties for the set Bél bUj) C Zijer. Second, to obtain a parameter set

711 and Zjq-product like set V; C Zijr}H which satisfies condition (70). These two last steps
are summarized in the next lemma. Lemma 4.8 follows easily from it.

Lemma 7.4. Let us consider a parameter set I; 1 whose constants satisfy

D(j)/g < U+t < 9pl)

0< Mpyp = Mpyp
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and

Méﬂil) = max {Méﬂ)_ + K, K Még }
" _
MU ST+ Kot

mglﬂ) = gl) K,6"

MG ), 4 Bt
i < R

m%” = i) + K,0"

MY = max { K, MY) Ko |

Then, the set '
Vj+1 = Bélob(u]') N {ng+1 (p27 q2,0, 5) = O} )

where gz, is the function defined in (94), is a T;1-product-like set and satisfies condition (70)

Proof. It is enough to apply the change of coordinates ©7 given in Lemma 7.1. U

7.1 Proof of Proposition 7.3

We split the proof of Proposition 7.3 in several lemmas, which will give the needed estimates for
the different modes. First, let us obtain rough bounds for all the variables, which will be used
in the proofs of the forthcoming lemmas. Indeed, since we are restricted to M(b) =1 (see (31))

we know that
lem| < 1. (101)

Analogously, using the change (38), one can see that
Ipil <2, |gi|l <2 fori=1,2. (102)
Now, we start by obtaining more accurate upper bounds for each mode.

Lemma 7.5. Consider the flow ®¢ associated to the vector field in (44) and a point (p1,q1,q2,0,¢) €
U; C Z‘]?“t. Then, there exists a constant K, > 0 such that fort € [O,TBj 1, @t(pl,ql,a, q2,¢)
glob

satisfies
@, (1,41, 0,42, ¢)| < ]?U]Tjéﬂ?ig(lfr)ﬂ form € P]i
“I’c]ﬂ P1,41,0, G2, C )‘ < I?gﬂiigi (é(j)5>1/2
and
@}, (p1,41,0,q2,¢)| < K;M}g; (6’(j)5>1/2
1/2

t
|5,
(‘I’ZQ(phqm, q2;C) —pg<t>( < K,6"

|®L (p1,01,0,42,¢)] < K,CY§1n(1/9).

(p1,q1,0,q2,0)| < I?UM}EQ) (6(3‘)5)
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We defer the proof of this lemma to the end of the section.

The bounds obtained in Lemma 7.5 are not enough to prove Proposition 7.3 since we need
more accurate estimates for the elliptic modes, the future adjacent modes and ¢go». We obtain
them in the following three lemmas.

Lemma 7.6. Consider the flow ®¢ associated to the vector field in (44) and a point (pl, q1,0,q2,C) €
Eout. Then, there exists a constant K, > 0 such that for t € 0, Ty ] and k€ 73
glob

t % - s(1—r)/2+7
(I)ck(p1>QI>U> Q2aC) —cpe Eeb | < KU(S .

Proof. Tt is enough to point out that, using the bounds obtained in Lemma 7.5, the equation
for ¢ in (44) can be written as

¢ = ic + V(1)
where 7 satisfies |[7]joc < Kg0' """, Then, to finish the proof of the lemma it is enough to

apply the variation of constants formula and take into account that the time T);;  has an upper
glob

bound independent of 4. O

Lemma 7.7. Fix values p1,q1,q2,cj—2 and ¢, for k € Pji such that the set

D={c1,...,¢j—2,D1,q1,0,q2} X ]]3)]:74;2 X {Cj43,. .5 Cints
where
]D)ﬂ'2 {\c 1o < mgjd)J (C(])(S)l/z}a
satisfies

D C Uj.
Consider the flow ®' associated to the vector field in (44) and define the following map for points
mn D
T
glob

Faaj(p1, 1, 0,q2,¢) = @, 57 (P1,q1, 0, q2, )
Then, there exists I?c, > 0 such that

/2 -
{|c Lo < @) (CO ) /Kg} C Fogi(D).

Proof. Taking into account the estimates obtained in Lemma 7.5, the equation for ¢; o in (44)
can be written as

a ( Cj+2 > _ ( Z'Cj+2—’iw2(22 3(1) )203+2 +7j+2(t) )7
t)

dt \ 2 —iCj12 + w p% ) Cj+2 t 7j+2(t)

where p? has been defined in (100) and 7 satisfies ||7]c0 < Ko (C1)§)L/26™" . Then, to finish the
proof it is enough to apply the variation of constants formula. O

Now we obtain the refined estimates for go.
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Lemma 7.8. Fix values p1,qi1,cj+2 and cj, for k € Pj-i such that

Q:{Cl,...,Cj_Q,pl,ql,O'}X|:—C(J (111(1/5) ml(ly) ) —6(])(5 (111(1/(5)+m£§)p)]X{Cj+2,...,CjN}
satisfies

QC Uj.
Consider the flow ®' associated to the vector field in (44) and define the following map for points
in Q

TBélob

thp(QQ) = (DQQ (pluqluau q27c)

Then, there exists IN(U > 0 and DY) satisfying

C’(J')/f(a < DU < Kac(j)

such that ~D96 (1(1/8) - 1/, ), ~DDs (1n(1/8) + 1/, )] € Fip(©)

Proof. Taking into account the estimates obtained in Lemma 7.5, we write the equation for ¢
n (44) as
d2 = Co(t)g2 + i (1),

where (p only depends on pf in (100) and (; satisfies
I¢1]loe < KoCY.
Thus, the proof of the lemma follows from the variation of constants formula. O
We devote the rest of the section to prove Lemma 7.5.

Proof of Lemma 7.5. During the proof of this lemma the time ¢ will always satisfy ¢ € [0,Ty; |

glob
and the norm || - || will always refer to the supremmum taken over this time interval .

We start by obtaining the bounds for the non-neighbor elliptic modes. By (44), one can
easily see that for k € P;E

d 1 1
@|Ck‘2 = 5 (Ci_l + 024-1) @2 — 5 (Ck_12 + Ck+12) Ck2.

Then, using (101), we have that

2
@\CMZ < ekl

and therefore, applying Gronwall estimates we obtain that for ¢ € [0, Tgl obl>

T .
2 J ~ _
|@Ck Pp1,41,0 aQ270)‘ <e ngb ‘Ck‘2 < KUMe(ﬂ?ié(l T).

Proceeding analogously we deal with the adjacent elliptic mode c;_». Its associated equation is

d 1
‘] 2| 2?3% 2 +20J 3263 22
]. ) ]. 2 2 2
3 (W D1 +WQ1) Cj—2" — 3 (wpl +w Q1) Cj—2".
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Taking into account the bounds in (101) and also (102), to obtain
d
—lej—af* <5lej ol

which, applying Gronwall lemma, gives

P! ( )2 < 5T6é10b| . ‘2 <K M(j) CU)s
cj_2 b1,41,0,q92,C x € Ci—2|” S Ko adj,— .

Analogously, one can obtain

2 J ~ o~ ~, .
“I’t (p1,q1,0, GI27C)‘ < €5Tg10b\cj+2|2 < KaMiéJ?,JrC(J)(S.

Cj+2
Now we obtain the bounds for the hyperbolic modes. We define
pl(t) = (@;1 (ph q1,0,q2, C)a @Zl (plu q1,0,42, C))

From (41), one can see that p; satisfies an equation of the form p; = A;(t)p1 where Aq(¢) is a
time dependent matrix (which of course depends on @), (p1,q1,0,¢2,¢) itself). Using (101) and
(102), one can deduce that N

HA1||oo S Ka-

Then, the fundamental matrix W satisfying W(0) = Id associated to this system satisfies || V|| <
K,. Since p; can be just written

p1(t) = V(t)p1(0),
iy S N\ 1)2
using that by hypothesis |p1(0)[, |q1(0)] < M}E;) (0(3)5) , we have that for t € [0, T |,

P glob
(0] < KM, (CVs)
We finish the proof of the lemma obtaining the estimates for the (p2,g2) components. To this
end, let us point out that the equation for ¢o can be written as
G2 = a1(t)gz + b1(t)

where a1 (t) and by (t) are functions which depend on <I>§)1 (p1,q1,0,q2,c). Using (102) and the just
obtained bounds for the non-neighbor and adjacent elliptic modes and for (p1,q;) components,
one can casily see that

~ ~ s~ N1/2
lai]lo < Ky and [|by]joe < Ky <C<J>5> .
Therefore, applying Gronwall lemma, we can deduce that
|®F (p1.q1.0,q2,0)| < K,CP5In(1/9).

To obtain the bounds for py we define & = py — p, where p is the function defined in (100).
Using (102) and (100) we have the a priori bound ||{||~ < 3. Therefore, from (44) we can deduce
an equation for £ of the form

£ = as(t)é + ba(t),

where the functions as and bo satisfy
Jaz]loo < Ky and [[bo]lsc < K,0" .
Then, applying Gronwall’s lemma, we obtain
I€]lo0 < Kod™
which implies the estimate for <I>§)2 (p1,q1,0,q2,¢) — pg . This finishes the proof of the lemma. [
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A Proof of Normal Form Theorem 2

To proof of Theorem 2, we consider as a change of variables I' the time one map of a Hamiltonian
vector field Xz, where F' is the Hamiltonian

1
F - Z E Fn1n2n3n4an1an27 angan4

ni,n2,n3,n4€7Z>

with
Frinonsng = ! if ny —no +n3 —nyg =0,
[n1? = n2|? + [ngl? — n4l?
In1|* = [nal® + [nsl® — [naf® # 0
Frinonzng =0 otherwise.

If we define <I>tF the flow of the vector field associated to the Hamiltonian F', we have that

Hol = Ho®%|,_,
=H+{H,F}+ /01(1 —t){{H,F},F} o ®Ldt
=D+G+{D,F}

+{G,F} + /01(1 —t){{H, F},F} o ®Ldt,

where {-, -} denotes the Poisson bracket with respect to the symplectic form 2 = % Y nez2 On/\Oiy.
We define

R=1{G,F}+ /01(1 —t){{H,F},F} o dLdt.

Then, it only remains to obtain the desired bounds for X% and I' and to see that

G+{D,F}=G.
To obtain, this last equality, it is enough to use the definition for F' to see that
1 . .
g+ {D7 F} :Z Z (1 - Z(‘nl‘Q - ‘7’L2|2 + |n3‘2 - ‘7’L4|2)Fn1n2n3n4) Qg Oy Qlpz Oy

n1—n2+n3=ng

E Qlpy Ay Oz Qpy

n1—n2+n3=ng
[n1|? = n2|*+|n3|*=|na|?

>~ =

Now we obtain the bounds for Xz. We start by bounding X(g ry, the vector field associated to
the Hamiltonian {G, F'}. We have to bound

[ Xg.ryllp =2 100,49, F} -

nez?
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Then,
[Xg.mlln <2 D 10m (055G0an ) +2 Y 10w (D0, GOm F)]

n,mez? n,me7z?

<2 > 0man G100, Fl+2 Y 056 |0xa,, F

n,mez? n,me7Z?

+2 Y 0570, G0 F | +2 ) 10,6 O F

n,me7z? n,mez?

All the terms can be bounded analogously. As an example, we bound the first one,

E Ay Oy E Ay Oy Qg

D 10w G |0, F| <4 )

n,me7Z? n,meZ? Ini+nz=m+n ni—nz2+n3=m
<A T amllans] Yo DT ey lloms |lamg]
nezZ2 nitnz2=n meZ2 ni—n2+ng=m
<O (llallz)

where, in the first line we have taken into account that |Fj, nongn,| < 1, and to obtain the last
line we have used that each sum in the previous line is a convolution product. The other term
in the reminder can be bounded analogously taking into account that

/01(1 — ) {{H,F},F}odLdt :/01(1 — 1) {(’j—g,F} o BLdt

1
+/ (1—t){{G,F},F}o®L.dt.
0

Analogously, one can obtain bounds for I' — Id recalling that

1
F:Id+/ Xp o ®l.dt.
0

B Proof of Approximation Theorem 4

We devote this section to proof the Approximation Theorem 4. Throughout this section C
denotes any positive constant independent of N and A.

The solution 3* is expressed in rotating coordinates (see change (13)) and « is not. To
compare them in a simpler way, we consider the equation (12) in rotating coordinates. To this
end, we use that equation (10) also preserves the £2 norm and therefore we perform the change

of coordinates
= gne'(GHIP)E (103)

with G = —2||a||%,. Then, the equation for g = {gn },cz2 reads

—ign = En(g) + Tn(9), (104)
where & : #1 — ¢! is the function defined as
gn(g) = _|9n|29n + Z 9n1Gny Gns (105)

(n1,n2,n3)EA(n)
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with A(n) C (Z?)3 defined in (14), and J : ¢* — ¢! is the vector field associated to the

Hamiltonian
Rl (g) - R ({gnei(GJr\nP)t} ) ’
nez?2
where R is the Hamiltonian introduced in Theorem 2. Therefore, 7 satisfies

17 ()l = O (llgllzn) - (106)

Note that equation (104) and equation (14) only differ by 7, that is, in the fifth degree terms of
the equation. Moreover, note that g(0) = «(0) and therefore, by the hypotheses of Theorem 4,

9(0) = B0). (107)
To prove that g and 3 are close we define the function £ as
€n = gn — Bn (108)

and we apply refined Gronwall-like estimates to bound its ¢! norm. Thanks to (107), we have
that £(0) = 0. Moreover, from equations (14) and (104), one can deduce the equation for £. It
can be written as

€ =Z%) 4+ 2 (1) + Z2(&,t) (109)
where
20t) =g (BA) (110)
Z\(t) =DE (W) (111)
Z3(1) =€ (BA + 6) - & (BA) - D¢ (BA) E+J (BA - §) -J (BA) : (112)

Applying the ¢! norm to equation (109), we obtain

Zlelle < [2°0)]s + 12' O] + 11226 )l (13)

The next three lemmas give estimates for each term in the right hand side of this equation.
Their proofs are deferred to the end of this appendix.

Lemma B.1. The function Z° defined in (110) satisfies HZOHel < CNT525N,

Lemma B.2. The linear operator Z*(t) satisfies HZl(t)sz1 <Y oneze fo(t)|&nl, where fr(t) are
positive functions satisfying

T
/ fa(t)dt < CyN, (114)
0
where T is the time given in (22) and vy is the constant given in Theorem 3.

To obtain estimates for Z2(¢,t) defined in (112), we apply bootstrap.
Assume that for 0 < ¢t < T™ we have

IEE) [0 < CAT3/227N, (115)

A posteriori we will show that the time (22) satisfies 0 < T' < T™ and therefore the bootstrap
assumption holds.
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Lemma B.3. Assume that condition (115) is satisfied. Then the operator Z%(&,t) satisfies
122 )]l < CA2 )10

Combining Lemmas B.1, B.2, B.3, equation (113) implies

d
Sl < 3 (falt) + OV o] + CA 52N

nez?

To obtain bounds for ||£]|,1 we write this equation as

> %\fn\ <y (fn(t) +cx5/2) |En] + CATO2PN

nez? nez?

and we apply a Gronwall-like argument for each harmonic of £&. Namely, we consider the following
change of coordinates,
£, = (pedo (Fn(&)+CA=/2)ds (116)

Then, we obtain
- d
Z €f0t(fn(s)+C)\ 5/2)dsﬁ‘<~n‘ < C)\7525N
nez?

From this equation and taking into account that
Falt) +CAT2 > 0,

we obtain that p p
a _ Ll < 595N
Il =D il <C

nez?

Therefore, integrating this equation, taking into account that ((0) = £(0) = 0 and using the
bound for 7" in (22) we obtain that

¢l < CAT325N N2

To deduce from this bound, the corresponding bound for ||£]|,: it is enough to use the change
(116), the estimate (114) from B.2 and the definition of 7" in (22). Then, we obtain

6] < TN TG < 29N,
which implies
€l < 265N ¢l < 20TV AN N2

Therefore, using the condition on A from Theorem 4 with any £ > C' and taking N big enough,
we obtain that for t € [0, T
€l < A2

and therefore we can drop the bootstrap assumption (115).
Finally, taking into account (108) and (103) we obtain

> |ane (G — g, | < oA,
nez?

which is equivalent to statement (25) in Theorem 4.
It only remains to prove Lemmas B.1, B.2 and B.3.

64



Proof of Lemma B.1. Taking into account (106), we have that

|2, <&

Therefore it only remains to obtain an upper bound for H B’\H ;- Taking into account that
supp{f*} C A, the definition of * in (23) and Theorem 3, we have that

n <2

neA

|8 @

N
] <203 Iy (0]
j=1

Now it only remains to point out that from the results obtained in Theorem 3-bis, we know
that at each time all but three components of b are of size |b;| S 6 for certain v > 0 whereas
the other two satisfy [b;| < 1. Then, using the definition of § in Theorem 3, we obtain that

N
> b (A < C(1+ N&Y) < C,
j=1
which implies
HB’\(t)Hgl < C2VA L, (117)

This finishes the proof of the lemma. U

Proof of Lemma B.2. To proof Lemma B.2 we start by analyzing each component of Z!(¢)¢. To
this end, we use the function £ defined in (105) to obtain

(Z'(0€), = Y 9l (8Y) &+ D 0 &0 () &

kez? kez?
We define the functions f,, as
faty=3" ‘agnek (ﬁk)\ + Y (agksn (@)‘. (118)
kez? kez?

We analyze them differently whether n € A or n &€ A. We start with the first case.

We fix n € A and we want to study which terms in the right hand side of (118) are non
zero. Indeed, each of the terms ‘8§n5k (5)‘” is of the form 5{1\152‘2 with (ny,n9,n) € A(k),
(n,na,n1) € A(k) or n; = ny = n = k (the last case arising due to the term —|g,|>g, in (105)).
Then, these terms are non-zero provided 57/1\1 # 0 and 5{1\2 # 0. This condition is satisfied
provided ny,n9 € A (see (23)). Thus, we have that n,ny,no € A. Then, property 15 of the set A
guarantees that k € A. Properties 2 and 35 imply that n only belongs to two nuclear families.
Therefore, it only interacts with seven vertices (recall that it can interact with itself through
the term —|g,,|%g,, in (105)). This implies that for a fixed n,

06,8k () =0

except for seven values of k, which correspond to the parents, children, spouse and sibling of
n and n itself. Moreover, for the same reason, each term 0O, & (B)‘) which is non-zero, only
contains a finite and independent of N and n number of summands of the form S, 3,, with
(n1,n2,n) € A(k), (n,n2,n1) € A(k) or ng =ng =n==k.
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Reasoning in the same way, we can obtain analogous results for the terms ‘8& En(BN)].

From these facts, we can deduce formula (114) for n € A. Indeed, we have seen that f,, only
involves seven harmonics of * and that it is quadratic in them. Then, recalling the definition
of A" in (23), Theorem 3-bis ensures that f,(t) has size f, ~ A~2 for a time interval of order
A2 1n(1/8) ~ A2yN (recall that 6 = ¢™") and has size f, ~ A726" ~ A~2e="N for the rest of
the time, that is, for a time interval of order A2 N In(1/3) ~ A2yN?2. Therefore,

T
/ fa(t)dt < C (N + N?e V) < CyN.
0

This finishes the proof for n € A.

Now we need analgous results for n € A. We need to see which terms of |8§n Er (ﬂ’\) , that are
of the form ﬁfl‘l 57)1‘2, are non-zero. We know that they are non-zero provided (ni,ns,n) € A(k)
or (n,ng,ny) € A(k) and n1,ne € A. Note that know the case ny = ng = n = k is excluded
since n € A and ni,ne € A. Since n € A and ny,no € A, property 15 implies that k ¢ A. Then,
property 65 guarantees that there are at most two rectangles with two vertices in A and two
out of A. Therefore, we have that

de, & (ﬁ*) —0

except for three values of k, which correspond to n itself and the other vertex not belonging to
A of each of these two rectangles. Reasoning as before each term 9, &, (ﬂ)‘) which is non-zero,

only contains a finite and independent of N and n number of summands of the form S, 3,
with ni,ns € A. Then, reasoning as in the previous case, we obtain

T
/ fa(t)dt < CyN.
0
This finishes the proof of the lemma. O

Proof of Lemma B.3. To prove Lemma B.3, we split 22 in (112) as 22 = Z? + Z2 with
23(t) =< (B2 +¢) - £ (8*) - De () ¢
23(t) =7 (8> +¢) -7 (8).

Using the definition of £ in (105), it can be easily seen that

12200 < € (18Men 0 + el ) -

Then, using the bound for [|3*||,1 obtained in (117) and the bootstrap assumption (115), we
obtain

[22]],0 < CX2lg]l

We proceed analogously for Z3. Indeed, it satisfies

5
1250 < D IBMETF 1€l
k=1

and applying (117) and (115) again, we obtain

23], < A€l
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Figure 4: Rectangles

Thus, we can conclude that

122, < CAT2 €]l -

C A result for small initial Sobolev norm

In Theorem 1 we cannot ensure that the initial Sobolev norm |[|u(0)|| s is arbitrarily small as is
done in [CKST10]. One could impose this condition at the expense of obtaining a worse estimate
for the time 7. In this appendix we state an analog of Theorem 1 under assuming that ||u(0)|| g
is arbitrarily small.

Theorem 7. Let s > 1. Then there exists ¢ > 0 with the following property: for any small
u < 1 and large A > 1 there exists a a global solution u(t,x) of (1) and a time T satisfying

eIn(A/p)
0<T< <4>
I

such that
lu(@)ll > A and [|u(O)|z- < p.

Remark C.1. Combination of Theorems 1 and 7 covers all regimes studied in [CKSt 10].

The proof of this theorem follows along the same lines as the proof of Theorem 1 explained
in Section 3 taking K = A/u. The only difference is the choice of the parameter A to ensure

[w(O)][ s < .
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Indeed, as it is explained in Section 3, we have that
lu(0)|| 7= S A2S3

and, therefore, one needs to choose A such that A=2S3 ~ u. By Proposition 3.1, the constant S3,
defined in (26), depends on N. Nevertheless, in that theorem there is no quantitative estimate of
this dependence. We will compute it here and show how it affects the estimates for the diffusion
time T'.

We will show that there is a choice of the set A with S5 from (26) satisfying

Sy < BN, (119)

for certain B > 0 independent of N, e.g. B = 60* applies.
First, using this estimate we derive the time estimate in Theorem 7 from (119). Later we

prove (119). We choose
A~ 1N
1
so that A™2S3 ~ p. Then, by Proposition 3.1 we have N ~ In K. Taking K = A/u, we know

that there exists a constant ¢ > 0 such that
cln(A/p)
As<4) |
1

and therefore, using formula (22) we obtain the estimate for the time.

Now we prove (119). To this end we use the construction of the set A done in [CKST10].
Recall that the authors first construct the set A inside the Gaussian rationals Q[i] and then
multiplying by the least common multiple they map it to the Gaussian integers Z[i], which is
identified with Z2. Now, we want to place the points in Q[i] keeping track of the denominators.
This gives us the size of the harmonics we are dealing with and, therefore, the size of S3.

The placement of the modes in Q[i] is done inductively generation by generation. Namely,
we first place A1, then place Ag checking that the conditions 15 — 6, are satisfied, then place Aj
and so on. Note that the modes have to be close to the configuration called prototype embedding
in [CKS™10], Sect. 4, since then we can ensure that (15) is satisfied.

First generation: To place the first generation we consider a grid of points in Q[i] with
denominator 60". It is clear that we can place A; in this grid with the points close to the first
generation of the prototype embedding in [CKST10]. It can be done so that (co)tangent of a
slope between any two points in A; has numerator and denominator bounded by @ := 60%.

Second generation: The set Aj is divided in pairs of modes which are the parents of different
nuclear families. For each of these pairs, we need to place a pair of points of Ay forming a
rectangle with the other pair. These new pair is going to be the children of the nuclear family.
To place it we consider the circle C' having as a diameter the segment between the considered
pair in A;. Then, the children have to be placed

e at the endpoints of a different diameter of C.
e they should belong to Q[i] and

e the conditions 15 — 6, are satisfied.
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Figure 5: Proper children’s choice

To see that the children belong to Q[i], we have to consider a diameter making a Pythagorean
angle with the previous diameter, that is an angle 6 such that ¢ € Q[i] (see Figure 5).

Let n = [y/R/2] be the integer part of \/R/2. We lower bound the number of §’s whose
tangent is rational with numerator and denominator bounded by R as y/R/2. To see that notice
that any triple of the form a = m? —n?, b = 2mn, ¢ = m? + n? with m < n is Pythagorean.
Then there are n — 1 values for m giving a Pythagorean triple.

Conditions 15 — 65 are satisfied provided the modes in As are not placed in certain points
of the circle C. The number of these points is of order smaller than 60". Indeed, we have to
exclude:

e The points of the previous generation (2VV points).
e The points of Ay which have already been placed (at most 21V).

e To avoid the existence of more rectangles besides the nuclear families, we proceed as
follows. We consider

— all the already placed points,

— all the lines perpendicular to lines containing two of these points and passing through
one of them,

— all the circles having as a diameter the segment between two of the already placed
points (see Figure 5).

Call £ the set of these lines and C the set of these circles. The cardinality |£ UC]| is at
most of order 5. Then, we have to exclude all the intersections between any object in
L U C with the circle C.

e To ensure that condition 6, is satisfied, we consider the set P of the points which are the
intersection between any two objects in LUC. It is easy to see that |P| is of order at most
25N . Consider the sets

— L’ containing the lines which are perpendicular to a line containing a point in P and
an already placed point of A, and contain one of these two points,

69



— (' containing the circles having as a diameter a segment whose endpoints are a point
in P and an already placed point of A.

The cardinality |£' U C’| is at most of order 60Y. Then, we have to exclude also the
intersections between an element in LU C and C.

We can place the children of the nuclear family at rational points of the circle C away from the
ones just mentioned. To estimate its denominator we apply our estimate on the number of the
Pythagorean triples. We have that the number of 8’s with slopes whose tangent is given by a
rational whose numerator and denominator is bounded by R lower bounded by /R/2—1. Thus,
we can choose R = 60?". Formula tan(a + ) = (tan« + tan 3)/(1 + tan a tan 3) implies that
Q2 < 2602N Q. Thus, denominators and numerators in A; UAy are upper bounded by Qo. This
grid is accurate enough to place the pairs of Ay in the corresponding circles. Iteratively, we can
place the following generations refining the grid at each step by dealing with Gaussian rationals
whose (co)tangent has numerator and denominator bounded by 603" at the j generation.
Therefore, after placing the N generations and mapping the set A from Q[é] to Z[i] we obtain
that all the modes n € A satisfy
In| < 603N

This procedure can be done so that the final configuration of modes is close to the prototype
embedding in [CKS'10] to ensure that condition (15) is satisfied. Finally, to obtain the estimate
(119), it is enough to take any B > 60*.

D Notations

e K — growth of the Sobolev norm of the solution ||u(t)||zs from Theorem 1;
e s — index of the Sobolev space.

e 7 — the Hamiltonian of (1), defined in (9);

D — quadratic part of the Hamiltonian H defined in (9);
e G — quartic part of the Hamiltonian H defined in (9);

e M — abusing notation, mass of both the solutions of the equation (1) and of the toy
model (18)

{an(t) }nez2 — Fourier coefficients of the solutions of (1) or, equivalently, solution of system
an = 2105, M;

e I' — normal form change for the Hamiltonian (9). It is given in Theorem 2.
° QN — resonant terms of G.

e R — remainder (of degree 5) of the Hamiltonian H after performing one step of normal
form, that is remainder of the Hamiltonian H o I'.

o {a,(t)}nezz — Solutions of the normalized Hamiltonian H o I', given in Theorem 2;

e Ao(n) C (Z*)? — collection of the resonance convolutions defined in (11);

70



{Bn(t)}neze — rotated fourier coefficients, 5, = e GHRM)E They satisfy (14).
A(n) C (Z*)? — collection of reduced resonance convolutions defined after (14);
N — 4 — number of energy cascades;

A C Z? essential Fourier coefficients given as a disjoint union of N pairwise disjoint gen-
erations: A = A; U--- Ay. See Proposition 3.1 and preceding discussion.

{bj(t)}év:l solution to the Toy Model (18);
h(b) — Hamiltonian of the Toy Model, given in (19);

T; — periodic orbits of the Toy Model (18)

Y ki — coordinates adapted to the periodic orbit T, after symplectic reduction, given
2 dinates adapted to th dic orbit T aft lectic reduct
in Section 4.1.

1,41, D2, q2) — hyperbolic variables adapted to the periodic orbit T; after diagonalization,
P1,41,P2,94 yp P b J g
given in Section 4.1.

Zhyp,#s 24,5, Zmix,« — types of remainder terms of the original Hamiltonian H after sym-
plectic reduction and diagonalization near the periodic orbit T;. Subscript means hyper-
bolic, elliptic and mixed remainder respectively (see Lemma 4.1).

Zijn — transversal section to the stable manifold of T;, defined in (56)

Z;’Ut — transversal section to the unstable manifold of T, defined in (64)

BJ — map from Zijn to Zijﬁ_l given by the flow of the Toy Model (18) (see Section 4).

B!  — local map from Zij“ to Z‘J?ut given by the flow of (18), defined in (65).

loc
Bélob — global map from %9 to Zijrjrl given by the flow (18), defined in (66).
a = O(b) means |b| < Ka for some K independent of 6,0, N, j.

a = Oy (b) means |b| < Ka for some K independent of §, IV, j.
Uhyp — the change of coordinates for the hyperbolic toy model (see Lemma 5.1).
U — the change of coordinates for the full toy model (see Lemma 6.1).

Ryyp «, Bmix s, , 20+ — collection of remainder terms for the Full Toy Model after normal
form transformation ¥ (see Lemma 6.1).

V; C Zijn — an open subset contained in the domain of definition of Bfo . So that Bf;)c (V) C
U;j.

U; C Z;’Ut — an open subset contained in the domain of definition of Bélob so that
/\/'jjE — initial conditions inside Zijn whose orbits under the flow ®! have cancellation prop-

erty (see Lemma 5.2)
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e W, — an auxiliary set in the (p, ¢, c)-space (see Corollary 7.2)

® g1,(p2,q2,0,0) — the cancellation function, defined in (94) and used in the definition of

NE.

e Ty — time of evolution of the Toy Model in Theorem 3.
e v — constant which gives the relation between ¢ and N.
e K — constant from upper bound on time in Theorem 3.
e )\ — rescaling parameter see (21);

e x — constant wich gives the relation between A and N.

e T — time of evolution after rescaling, see (22);

{b? (t) ;\[21 rescaled solution to the Toy Model, given in (21);
o {B)(t)}neze the lift of the above solution to the Toy Model to approximate solution to
(14);
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