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Abstract

In this paper we propose a model of random compositions of maps of a
cylinder, which in the simplified form is as follows: (0,7) € T xR = A and

(0 0+r+cusri(0,r).
Jer: < r > — ( r+evy1(0,7). ’
where u+ and v4 are smooth and vy are trigonometric polynomials in 6
such that [v4(0,r)df = 0 for each r. We study the random compositions

(0717 TTL) - fwn_1 0---0 fWO(GO)TO)

with wy € {—1,1} with equal probabilities. We show that under natural
non-degeneracy hypothesis for n ~ =2 the distributions of r,, — ro weakly
converge to a diffusion process with explicitly computable drift and vari-
ance.

In the case of random iteration of the standard maps

N 0+ r+cvii(0).
Jer: < r > — ( T+ evyi(0) >’
where vy are trigonometric polynomials such that [ v (6)df = 0 we prove
a vertical central limit theorem. Namely, for n ~ £72 the distributions
of 7, — rop weakly converge to a normal distribution N(0,c?) for o2 =
1 (i (0) —v_(0))% do.

Such random models arise as a restrictions to a Normally Hyperbolic
Invariant Lamination for a Hamiltonian flow of the generalized example of
Arnold. We hope that this mechanism of stochasticity sheds some light on
formation of diffusive behaviour at resonances of nearly integrable Hamil-
tonian systems.
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1 Introduction

1.1 Motivation: Arnold diffusion and instabilities

By Arnold-Louiville theorem a completely integrable Hamiltonian system can be
written in action-angle coordinates, namely, for action p in an open set U C R”
and angle # on an n-dimensional torus T" there is a function Hy(p) such that
equations of motion have the form

0 = w(p), p=0, where w(p) := 0,Hy(p).

The phase space is foliated by invariant n-dimensional tori {p = po} with either
periodic or quasi-periodic motions 0(t) = 6y + tw(py) (mod 1). There are many
different examples of integrable systems (see e.g. wikipedia).

It is natural to consider small Hamiltonian perturbations

Hs<e7p) = H()(p) + €H1(97p>7 e Tn? JAS U
where ¢ is small. The new equations of motion become
ézw(p)—i—eale, p: —869]"[1.

In the sixties, Arnold [1] (see also [2, 3]) conjectured that for a generic analytic
perturbation there are orbits (0,p)(t) for which the variation of the actions is of
order one, i.e. ||p(t) — p(0)|| that is bounded from below independently of € for all
e sufficiently small.

See [5, 10, 25, 26, 27] about recent progress proving this conjecture for convex
Hamiltonians.

1.2 KAM stability

Obstructions to Arnold diffusion, and to any form of instability in general, are
widely known, following the works of Kolmogorov, Arnold, and Moser called
nowadays KAM theory. The fundamental result says that for a properly non-
degenerate H, and for all sufficiently regular perturbations ¢ H;, the system de-
fined by H. still has many invariant n-dimensional tori. These tori are small
deformation of unperturbed tori and measure of the union of these invariant tori
tends to the full measure as € goes to zero.

One consequence of KAM theory is that for n = 2 there are no instabilities.
Indeed, generic energy surfaces Sp = {H. = E} are 3-dimensional manifolds,
KAM tori are 2-dimensional. Thus, KAM tori separate surfaces Sg and prevent
orbits from diffusing.



1.3 A priori unstable systems

As an interesting model [1] Arnold proposed to study the following example

I2
H€<p7Q717907t) = ? + HO(p7 Q) +€H1<p7q7[7gp7t) =

I? 2 1
= f +%+(COS(]—1>+8H1(p,q,[,(10,t), ( )
harmoni;roscillator pen(;'z:lum

where ¢, ,t € T are angles, p, I € R are actions (see Fig. 3) and H; = (cosq —
1)(cos ¢ + cost).

simple harmonic oscillator

Figure 1: The rotor times the pendulum

For ¢ = 0 the system is a direct product of the harmonic oscillator ¢ = 0 and
the pendulum ¢ = sin ¢g. Instabilities occur when the (p, ¢)-component follows the
separatrices Hy(p,q) = 0 and passes near the saddle (p,q) = (0,0). Equations
of motion for H. have a (normally hyperbolic) invariant cylinder A, which is C?
close to Ag = {p = ¢ = 0}. Systems having an invariant cylinder with a family
of separatrix loops are called an apriori unstable. Since they were introduced
by Arnold [1], they received a lot of attention both in mathematics and physics
community see e.g. [4, 9, 10, 11, 13, 21, 40, 41].

Chirikov [10] and his followers made extensive numerical studies for the Arnold
example. It indicates that the I-displacement behaves randomly, where random-
ness is due to choice of initial conditions near Hy(p,q) = 0.

More exactly, integration of solutions whose “initial conditions” randomly
chosen e-close to Hy(p,q) = 0 and integrated over time ~ —e~2Ine-time. This
leads to the I- displacement being of order of one and having some distribution.
This coined the name for this phenomenon: Arnold diffusion.

Let ¢ = 0.01 and 7' = —¢2Ine. On Fig. 1.3 we present several histograms
plotting displacement of the I-component after time 7', 27", 4T, 8T with 6 different
groups of initial conditions, and histograms of 10° points. In each group we start



with a large set of initial conditions close to p = ¢ = 0, I = I*.* One of the
distinct features is that only one distribution (a) is close symmetric, while in all
others have a drift.
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A similar stochastic behaviour was observed numerically in many other nearly
integrable problems ([10] pg. 370, [16, 28], see also [37]). To give another illus-
trative example consider motion of asteroids in the asteroid belt.

!These histograms are part of the forthcoming paper of the second author with P. Roldan
with extensive numerical analysis of dynamics of the Arnold’s example.



1.4 Random fluctuations of eccentricity in Kirkwood gaps
in the asteroid belt

The asteroid belt is located between orbits of Mars and Jupiter and has around
one million asteroids of diameter of at least one kilometer. When astronoters
build a histogram based on orbital period of asteroids there are well known gaps
in distribution called Kirkwood gaps (see Figure below).
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These gaps occur when ratio of of an asteroid and of Jupiter is a rational
with small denominator: 1/3,2/5,3/7. This correspond to so called mean motion
resonances for the three body problem. Wisdom [42] made a numerical analysis of
dynamics at mean motion resonance and observed random fluctuations of eccen-
tricity of asteroids. As these fluctuations grow and eccentricity reaches a certain
critical value an orbit of a hypothetic asteroid starts to cross the orbit of Mars.
This eventually leads either to a collision of the asteroid with Mars or a close
encounter. The latter changes the orbit so drastically that almost certainly it
disappears from the asteroid belt. In [17] we only managed to prove existence of
certain orbits whose eccentricity change by O(1) for the restricted planar three
body problem. Outside of these resonances one could argue that KAM theory
provides stability [33].

1.5 Random iteration of cylinder maps
Consider the time one map of H., denoted
Fe:(pg,lo) = (0.4, 1, ¢).

It turns out that for initial conditions e-close to Hy(p,q) = 0, except of a hy-
persurface, one can define a return map to an O(e)-neighborhood of (p,q) = 0.
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Often such a map is called a separatriz map and in the 2-dimensional case was
introduced by physicists Filonenko-Zaslavskii [18]. In multidimensional setting
such a map was defined and studied by Treschev [34, 39, 40, 41].

It turns starting near (p,q) = 0 and iterating F. until the orbit comes back
(p,q) = 0 leads to a family of maps of a cylinder

f57p,q:(1a90)—>([/,80’), (I,@)EAZRXT

which are close to integrable. Since at (p,q) = 0 the (p,q)-component has a
saddle, there is a sensitive dependence on initial condition in (p,q) and returns
do have some randomness in (p, ¢). The precise nature of this randomness at the
moment is not clear. There are several coexisting behaviours, including unstable
diffusive, stable quasi-periodic, orbits can stick to KAM tori, and which one is
dominant is to be understood. May be mechanism of capture into resonances [15]
is also relevant in this setting.

In [22] we construct a normally hyperbolic lamination (NHL) for an open class
of trigonometric perturbations of the form

Hy = (cosq — 1)P(exp(iyp), exp(it)).

Constructing unstable orbits along NHL is also discussed in [14]. In general, NHL
give rise to a skew shift. For example, let ¥ = {—1,1}% be the space of infinite
sequences of —1’s and 1’s and o : ¥ — X be the standard shift.

Consider a skew product of cylinder maps
F:AxY—AxY, F(r,0;w) = (fu(r,0),ow),
where each f,(r,0) is a nearly integrable cylinder maps, in the sense that it almost
preserves the r-component 2.

The goal of the present paper is to study a wide enough class of skew products
so that they arise in Arnold’s example with a trigonometric perturbation of the
above type (see [22]).

Now we formalize our model and present the main result.

1.6 Diffusion processes and infinitesimal generators

In order to formalise the statement about diffusive behaviour we need to recall
some basic probabilistic notions. Consider a Brownian motion {B;, ¢t > 0}.

2The reason we switch from the (I, p)-coordinates on the cylinder to (r,6) is because we
perform a coordinate change.



A Brownian motion is a properly chosen limit of the standard random walk.
A generalisation of a Brownian motion is a diffusion process or an Ito diffusion.
To define it let (€2, 3, P) be a probability space. Let R : [0, +00) x Q — R. It is
called an Ito diffusion if it satisfies a stochastic differential equation of the form

dR, = b(R,)dt + o(R,) dB,, (2)

where B is an Brownian motion, b: R — R and ¢ : R — R are Lipschitz functions
called the drift and the variance respectively. For a point r € R, let P, denote the
law of X given initial data Ry = r, and let [E, denote expectation with respect to
P,.

The infinitesimal generator of R is the operator A, which is defined to act on
suitable functions f : R — R by

St B = 10)

10 t

The set of all functions f for which this limit exists at a point 7 is denoted D 4(r),
while D4 denotes the set of all f’s for which the limit exists for all » € R. One
can show that any compactly-supported C? function f lies in D4 and that

of 1.,  0f
or * §UQ(T)8T0T' (3)

The distribution of a diffusion process is characterise by the drift b(r) and the
variance o2(r).

Af(r) =b(r)

2 The model and statement of the main result

Let ¢ > 0 be a small parameter and [ > 12, s > 0 be integers. Denote by
Os(e) a C* function whose C* norm is bounded by Ce with C' independent of
e. Similar definition applies for a power of . As before ¥ denotes {0,1}% and
w:(...,wg,...) €.

Consider two nearly integrable maps:

fo:TxR — TxR
1+a
I ( 9) . ( 0+ 1+ g, (0,7) + Oy(e1, w) > )

r T+ g4, (0,7) + 2wy, (0,7) + O,(e21%, w)

for wy € {—1,1}, where u,,, vy,, and w,, are bounded C' functions, 1-periodic in
0, Oy(e'™ w) and O,(e?T®, w) denote remainders depending on w and uniformly
C*® bounded in w, and a > 1/2. Assume

max |v;(0,7)] <1,

8



where maximum is taken over i = —1,1 and all (6, r) € A, otherwise, renormalize
€.

We study random iterations of the maps f; and f_;, such that at each step
the probability of performing either map is 1/2. Importance of understanding
iterations of several maps for problems of diffusion is well known (see e.g. [24, 33]).

Denote the expected potential and the difference of potentials by

Eu(6, r) %(ul(Q,T) Fuy(0.7)), Bu(d,r) = %(vl(ﬁ,r) Fo(0,1),

1 1
u(d,r) = §(u1(9,r) —u_1(0,7)), v(0,r):= 5(01(0,7") —v_1(0,1)).
Suppose the following assumptions hold:
[HO] (zero average) Let for each r € R and ¢ = 1 we have [ v;(0,7)df = 0.

[H1] (no common zeroes) For each integer n € Z potentials v;(0,n) and v_;(6,n)
have no common zeroes and, equivalently, f; and f_; have no fixed points;

[H2] for each r € R we have fol v2(0,7)d0 =: o(r) # 0;

[H3] The functions v;(#,r) are trigonometric polynomials in 6, i.e. for some
positive integer d we have

vi(0,r) = Z v® (1) exp 2miké.
keZ, k|<d

For w € {—1,1}% we can rewrite the maps f,, in the following form:

s 0 - 0+ 1+ eRu(0,7) + cwou(d, r) + O4(e'1*, w)
@\ r r+eBu(0, 1) + ewv(0, r) + 2wy, (0,7) + Os(eT w) |-

Let n be positive integer and wy € {—1,1}, Kk =0,...,n — 1, be independent
random variables with P{wy, = 1} = 1/2 and Q,, = {wo,...,w,_1}. Given an
initial condition (6y,ry) we denote:

(ena rn) = fgn(eo, TO) = fwn_l © fwn_z ©:+-0 wa(GOa 7GO)- (5)

[H4] (no common periodic orbits) Suppose for any rational r = p/q € Q with
p, q relatively prime, 1 < |¢| < 2d and any 6§ € T

q 2

Z |:U_1(9+ S,r) — (0 + S,T) # 0.

k=1

This prohibits f; and f_; to have common periodic orbits of period |q|.

9



[H5] (no degenerate periodic points) Suppose for any rational r = p/q € Q with
p, q relatively prime, 1 < |g| < d, the function:

Euv,,(6,7) E Eo*?(r)e2mikad

keZ
0<|kq|<d

has distinct non-degenerate zeroes, where Ev(r) denotes the j—th Fourier
coefficient of Ev(6,r).
A straightforward calculation shows that:

n—1

Hn = 60 +nrg + 52 (Eu(@k,rk) + EU(@k,rk))
k=0

n—1

+EZwk (u(Ok, %) + 0(Ok, 7x)) + Os(ne'™) (6)

n n—1
reo= ro+ey Bo(Or i) +e Y wiv(Op, i) + Os(ne®t?)
k=0 k=0

Even though these maps might not be area-preserving, using normal forms we
will simplify these maps significantly on a large domain of the cylinder.

Theorem 2.1. Assume that in the notations above conditions [HO-H5] hold.
Let n.e? — s >0 as e — 0 for some s > 0. Then as € — 0 the distribution of
Tn. — To converges weakly to Ry, where Ry is a diffusion process of the form (2),
with the drift and the variance

1 1
b(R) =/ Ey(0,R)dd,  o*(R) =/ v2(0, R) db.
0 0
for some function E,, defined in (11).

e In the case that uy; = vy; and they are independent of r we have two
area-preserving standard maps. In this case the assumptions become

— [HO] [v;(8)do = 0 for i = £1;

— [H1] v; and v_; have no common zeroes;

]

]
— [H2] v is not identically zero.
— [H3] the functions v; are trigonometric polynomials;
]

— [H4] the same condition as above without dependence on 7;

10



— [H5] the same condition as above without dependence on r;

A good example is uy(0) = v1(0) = cosf and u_1(0) = v_1(f) = sinf. In
this case

1 1
/ B(0,r)dh =0, o= / o2(6) db
0 0

and for n < €72 the distribution r,, —ry converges to the zero mean variance
en’0? normal distribution, denoted N(0,en?s?). More generally, we have
the following “vertical central limit theorem”:

Theorem 2.2. Assume that in the notations above conditions [HO-H5]
hold. Let n.e> — s > 0 as € — 0 for some s > 0. Then as € — 0
the distribution of r,, — ro converges weakly to a normal random variable

N0, s202).

Numerical experiments of Mockel [32] show that no common fixed points
[H1] (resp. [H4]) is not neccessary for Theorem 2.1 to hold. One could
probably replaced by a weaker non-degeneracy condition, e.g. that the
linearisation of maps fy; at the common fixed point (resp. periodic points)
are different.

In [35] Sauzin studies random iterations of the standard maps (6,r) — (0 +
r+Ao(0), 7+ Ap(0)), where A is chosen randomly from {—1,0, 1} and proves
the vertical central limit theorem; In [30, 36] Marco-Sauzin present examples
of nearly integrable systems having a set of initial conditions exhibiting the
vertical central limit theorem.

In [29] Marco derives a sufficient condition for a skew-shift to be a step
skew-shift.

The condition [H3] that the functions v; are trigonometric polynomials in 6
seems redundant too, however, removing it leads to considerable technical
difficulties (see Section 3.2 and Remark 3.1). In short, for perturbations
by a trigonometric polynomial there are finitely many resonant zones. This
finiteness considerably simplifies the analysis.

One can replace ¥ = {0,1}% with Xy = {0,1,..., N — 1}%, consider any
finite number of maps of the form (4) and a transitive Markov chain with
some transition probabilities. If conditions [H2-H4| are satisfied for the
proper averages Ev of v, then Theorem 2.1 holds.

11



3 Strategy of the proof

3.1 Strip decomposition

The main idea of the proof is to divide the cylinder A in strips T x Ié, where

Ié C R, j € Z are intervals of size °, for any 0 < 8 < 1/5. Then we will study
how the random variable r, —ry behaves in each strip. More precisely, decompose
the process r,(w),n € Z, into infinitely many time intervals defined by stopping
times

O<ng<ng<..., (7)

where

e 7,.(w) is e-close to the boundary between [ é and [é“ for some j € Z

® 7., (w) is e-close to the other boundary of either Ig or of ]gf”l and ;41 > n;
is the smallest integer with this property.

Since £ < €%, being e-close to the boundary of I é with a negligible error means

jump from [ é to the neighbour interval [ gil. In what follows for brevity we drop
dependence of 7,(w)’s on w.

3.2 Subdivision of the cylinder into domains with differ-
ent quantitative behaviour

Fix b > 0 such that 0 < § —2b < 0.04, small v > 0, and K; := K;(uy, vq, uz, v2),
¢ = 1,2, depending on functions u;,v;, j = 1,2, such that K; < K, and all are
independent of £. Consider the £°-grid in R. Denote by I3 a segment whose end
points are in the grid. We distinguish among three types of strips Iz. We will
have strips of three types as well as transition zones from one to another. We
define:

e The Real Rational (RR) case: A strip I is called real rational if there
exists a rational p/q € I, with ged(p,q) = 1 and |q| < d. Clearly, there
are just finitely many strips of this kind. However, this case is the most
complicated one and requires a detailed study.

e The Imaginary Rational (IR) case: A strip I3 is called imaginary
rational if there exists a rational p/q € Ig, with ged(p,q) = 1 with d <
gl <™.

12



The reason we call these strips are imaginary rational, because the leading
term of the angular dynamics is a rational rotation, however, averaged
systems appearing in the previous case are vanishing (see the next section).

We show that the imaginary rational strips occupy an O(e”)-fraction of the
cylinder (see Lm. A.1 in Sect. A). We can show that orbits spend small
fraction of the total time in these strips and global behaviour is determined
by behaviours in the complement, which we call totally irrational.

The Totally Irrational (TT) case: A strip I is called totally irrational
if r € Iy and |r — p/q| < €°, with ged(p, ¢) = 1, then |g| > e7°.

In this case, we show that there is a good “ergodization” and

n—1 n—1
Zwkv (6’0 + kz—9> ~ Zwkv (6o + k1) -
k=0 q k=0

Loosely speaking, any 75 € I3 N (R \ Q) can be treated as an irrational.
These strips cover most of the cylinder and give the dominant contribution
to the behaviour of r, — ro. Eventually it will lead to the desired weak
convergence to a diffusion process (Theorem 2.1).

Transition zones, type I: A zone is a transition zone if there is p/q such
that ged(p, q) = 1 and |¢q| < d and it is defined by the corresponding annuli
Kie¥? <|r —p/q| < Kqel/S.

Analysis in these zones needs to be adapted as “influence” of real resonances
is strong.

Transition zones, type II: A zone is a transition zone if there is p/q such
that ged(p,q) = 1 and |g| < d and it is defined by the corresponding annuli
Foe'/® < |r —p/q| <.

Analysis in these zones requires an adjusted coordinates, otherwise, we still
study the Totally Irrational and the Imaginary Rational strips inside of the
type II Transition Zones.

Remark 3.1. Notice that finiteness of Real Rational strips follows from assump-
tion [H3]. If the expected potential is not a trigonometric polynomial in € this is
not true.

3.3 The normal form

The first step is to find a normal form, so that the deterministic part of map
(6) is as simple as possible. In short, we shall see that the deterministic system

13



in both the Totally Irrational case and the Imaginary rational case are a small
perturbation of the perfect twist map:
0+r
, .

(7)=

On the contrary, in the Real Rational case, the deterministic system will be close
to a pendulum-like system:

(f)H<r+9€Zﬂ{9,T))’

for an “averaged” potential E(6,r) (see e.g. Thm. 4.2, (12)). We note that this
system has the following approximate first integral:

2

0
H(,r) = 5 — 5/ E(s,r)ds, (8)
0

so that indeed it is close to a pendulum-like system. This will lead to different

qualitative behaviours when considering the random system. Inside the Real

Rational strips as well as the transition zones we use H as one of the coordinates.
The rigorous statement of these results about the normal forms is given in

Theorem 4.2, Sect. 4.

3.4 Analysis of the Martingale problem in each kind of
strip

The next step is to study the behaviour of the random system respectively in
Totally Irrational, Imaginary Rational and Real Rational strips, as well as in the
Transition Zones. This is done in Sections 5.1-5.6. More precisely, we use a
discrete version of the scheme by Freidlin and Wentzell [20], giving a sufficient
condition to have weak convergence to a diffusion process as ¢ — 0 in terms of the
associated Martingale problem (see Lemma C.1). Now using the results proved
below we derive the main result — Theorem 2.1. This is done in two steps. First,
we describe local behaviour in each strip and then we combine the information.
Fix s > 0.

By the discrete version of Lemma C.1 is sufficient to prove that as ¢ — 0 any
time n < se~2 and any (6, o) we have

E (6_>‘€2"f(rn)+

52:2(1)6_)\62k [)\f(Tk) - <b(’f’k)f/(7‘k) + Uggk)f”(rk)ﬂ) o) =0, (9)

14



We define Markov times 0 = ng < ny < ng < +++ < Nyp—1 < Ny, < n for some
random m = m(w) such that each n; is the stopping time as in (7). Almost
surely m(w) is finite. We decompose the above sum

S B (e ) — S ()
k=0
Ngi1

5 - (s )

s=ny

and show that it converges to f(rg).

3.4.1 A Totally Irrational Strip
Let the drift and the variance be

b(r) = /0 1E2(9,r)d6 and  o%(r) = /0 1v2(9,r)d9,

where the function Fj is defined in (11). Let ry be e-close to the boundary of two
totally irrational strips and let ng be stopping of hitting e-neighbourhoods of the
adjacent boundaries. In Lemma 5.3 we prove that

E <e_’\62”5f(7“n5)+
ng—1

k=0

—f(ro) = O(*),

for some d > 0.

3.4.2 An Imaginary Rational Strip
Let the drift and the variance be

1 & 1
brr(0,1) = - Z Ey(0+kr,r) and  o7p(0,7) ==Y v*(0+kr,7).
7= 1=

Let 79 be e-close to the boundary of an imaginary rational strip and let ng be
stopping of hitting e-neighbourhoods of the adjacent boundaries. In Lemma 5.5
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we prove that

F (67)\5211,3 f(rn6)+
ng—1

- _ f(rg) = O(2+4),

As one can see, the limiting process does not take place on a line, since the drift
and diffusion coefficient depend also on the variable 6.

Notice that the drift b(f,r) and the variance o(#,r) both are #-dependent
functions. In Section 3.5 we show that time spent in these strips is too small to
affect the drift and the variance of the limiting process.

3.4.3 A Real Rational Strip

Let in the rescaled variable r — p/q = R+/e the drift and the variance be

-1
ban(0,R) = F(O,R),  o%a(0, R) = (Rp/a)2 > v(0 + kR, ),
0

=)

>
Il

where F' is some function to be defined in (102). Consider the Real Rational case
assuming that
Ir —p/q| < Ki'/? = |R| < K,

that is, that r is close to the “pendulum” domain. In this case, we study the
process (04, H,) with H,, := H”/‘?(an, R,,), where HP/9(0, R) is an approximate
first integral of the deterministic system (8). In the rescaled variables it has the
form
R2
Hp/q(aR) — - - vp/q(g)7

where ,
Vp/q(é’):/ Ev, ,(s,p/q) ds
0

for a properly defined averaged potential (see Thm. 4.2, (14)). In Lemma 5.11
we prove that, H, — H, converges weakly to a diffusion process R, with t = &2n.

Notice that the limiting process does not take place on a line. In this case it
takes place on a graph, similarly as in [20]. More precisely, consider the level sets
of the function H?/9(f, R). The critical points of the potential V?/7(f) give rise
to critical points of the associated Hamiltonian system. Moreover, if the critical
point is a local minimum of V', then it corresponds to a focus of the Hamiltonian
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system, while if it is a local maximum of V?/9, then it corresponds to a saddle
of the Hamiltonian system. Now, if for every value H € R we identify all the
points (#, R) in the same connected component of the curve {H?/9(, R) = H},
we obtain a graph I' (see Figure 2 for an example). The interior vertices of this
graph represent the saddle points of the underlying Hamiltonian system jointly
with their separatrices, while the exterior vertices represent the focuses of the
underlying Hamiltonian system. Finally, the edges of the graph represent the
domains that have the separatrices as boundaries. The process H,, takes places
on this graph, and so it is a diffusion process on a graph.

V(6,0)

[ C1

(a) (b)

Figure 2: (a) A potential and the phase portrait of its corresponding Hamiltonian
system. (b) The associated graph I'.

3.4.4 A transition zone

Finally, in Lemma 5.14 we deal with the Transition Zones of Type I and Type
I1, that is the zones in the Real Rational strips such that K; < |R| < Kye™'/3
and Kye 1/? < |R| < 42712, In these strips we study the process (0,q, Hpy) =
(0ng, H(Ogn, Ryn)). In this regime we fix small p > 0 and subdivide each zone in
sub-strips

IL(Ry) = {H € R : |H — Hy| < |Ry|"**}.

We prove that, inside each of one these sub-strips, as € — 0 the process H,, — Hy
converges weakly to a diffusion process R, with t = &%n, zero drift and the
variance:

077(0, R) = |R[*Y_v*(0+ kR, R).



3.5 From the local diffusion in the rational strips to the
global diffusion on the line

In this section we resolve the following problem. In order to combine all the
previous results, which characterise the local behaviour of the process inside of
infinitesimally small strips, to determine the global behaviour of the process in
a O(1)—strip. First, we prove that the Imaginary Rational and Real Rational
strips cover a negligibly small part of any O(1)—strip (see Section A). Then, one
can argue that the process is determined by the process in the Totally Irrational
strips.

Notice both the drift b;z(6,r) and the variance b;g(f,7) at any Imaginary
Rational strip is given by #-dependent functions. Our main result (Theorem
2.1), however, is a diffusion process on a line. To prove that this dependence
does not enter into the global diffusion process we show that the process spends
infinitesimal amount of time inside of those strips as follows.

Lemma 3.2. Let (O, 1%) = fg'gk(eo,ro),k > 1 be a random orbit defined by (5)
for some random sequence {wy}rez, . Letn < e ? and

Tr(n) = #{0 < k < n:ry belongs to either

an Imaginary Rational or a Real Rational strip}.

Then for any p > 0 and € > 0 small enough
P{Tr(n) = pn} < p.
Proof. Define

bir(r) := elg%(i)g) bir(0,7) and  ofgp(r) = 02%(%,1}) otr(0,7)

Consider the process R with the drift b;r(r) and the variance o?p(r). By
definition this process spends more time in Ig that the process with the drift
brr(#,r) and the variance o7,(6, r). Moreover, it is a diffusion process on a line.
Then, using a local time argument, it can be seen that the time spent on a
given domain is proportional to the size of this domain up to a uniform constant.
Hence, the time the original process spends in all the Imaginary Rational strips
is infinitesimally small compared to the time it spends on the Totally Irrational
ones. However, the time spent in the Imaginary Rational strip could be infinite
and the argument would not be valid. This cannot happen, since if r belongs
to an Imaginary Rational strip one has that o(6,7) # 0. Thus, it is enough to
prove that for all imaginary rational p/q one has o(6,p/q) # 0. Indeed, if this is
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true, then for |r — p/q| < & and ¢ is sufficiently small, one has that o2(6,7) # 0
by Lemma 3.3.

Finally, in the Real Rational case one can use a result from [19] that diffusion
processes on a graph have well-defined local time. Thus, the time spent in all the
Real Rational strips is infinitesimally small compared to the time spent in the
Totally Irrational ones. Now one can have 0%, = 0, but it happens just when
r = p/q, which follows directly from assumption [H2]. In this case, one can see
that brr(#,7) # 0, so that the process is non-degenerate and thus the fraction of
time spend in the Real Rational strips is less than any ahead given fraction. [J

Lemma 3.3. 0%(0,p/q) # 0 if p/q is any Imaginary Rational.

Proof. On the one hand, if d < |¢| < 2d this is ensured by hypothesis [H4]. On
the other hand, if |¢| > 2d then 02(0,p/q) = 0 implies:

v(0+kp/q,p/q) =0, k=0,---,q—1 (10)

Now, since v(6, p/q) is a trigonometric polynomial in 0 of degree d, it can have at
most 2d zeros, or else be identically equal to zero. The latter case cannot occur,
since by assumption [H2] we know that

1
/712(0,r)7é0 forall r € R,
0

so that v(6,p/q) # 0. Thus, v(0,p/q) has at most 2d zeros. Consequently equa-
tion (10) cannot be satisfied for all £ = 0,--- ,¢ — 1, since |q| > 2d, so that
02(0,p/q) # 0. The same argument applies to the Transition Zones. O]

Combining these facts one can apply the arguments from [20], sect. 8 and
prove that the limiting diffusion process has the drift b(r) and the variance o*(r)
corresponding to Totally Irrational strips.

3.6 Plan of the rest of the paper

In Section 4 we state and prove the normal form theorem for the expected cylinder
map Ef. Main difference with a typical normal form is that we need to have not
only the leading term in e, but also e2-terms. The latter terms give information
about the drift b(r) (see (11)).

In Section 5.1 we analyse the Totally Irrational case and prove approximation
for the expectation from Section 3.4.1.

In Section 5.2 we analyse the Imaginary Rational case and prove an analogous
formula from Section 3.4.2.
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In Section 5.3 we analyse the Real Rational case and prove an analogous
formula from Section 3.4.3.

In Section 5.6 we study the Transition Zones and prove an analogous formula
from Section 3.4.4.

In Section A we estimate measure of the complement to the Totally Irrational
strips and the Transition Zones of type II.

In Section C we present several auxiliary lemmas used in the proof.

4 The Normal Form Theorem

In this section we shall prove the Normal Form Theorem, which will allow us
to deal with the simplest possible deterministic system. To this end, we shall
enunciate a technical lemma which we will need in the proof of the theorem.
This is a simplified version (sufficient for our purposes) of Lemma 3.1 in [5].

Lemma 4.1. Let g(0,7) € C' (T x B), where B C R. Then:
L Iflo <landk #0, ||ge(r)e*™|lcie < [K["~|lgllcr-

2. Let gi(r) be some functions that satisfy ||Opegillco < M|k|7*72 for all a < I
and some M > 0. Then:

Z gk.(r)e%ike < CM,

kezZ
0<k<d clo

for some constant ¢ depending on l.

Let R be the finite set of resonances of maps (4), namely,

R={p/q€Q : ged(p,q) = 1,]q| < d}.

Denote by O(¢) a function whose C%-norm is bounded by Ce for some C' inde-

pendent of ¢.
Define

Ex(0,r) = Bo(0,7) 9,5:(0,7) + Bw(6,7), b(r) = / B0, (11)

where 5] is a certain generating function defined in (21-22).
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Theorem 4.2. Consider the expected map Ef of the map (4)

0 0+ 7+ cBu(f,r) + Oy(e'*%)
Ef < r ) — < r+eEv(0,r) + e*Fw(f,r) + Oy(e*™) > '

Assume that the functions Eu(0,r), Ev(0,r) and Ew(d,r) are C', | > 3 and
B >0 small. Let 0 < s <1[—2. Then there exists K > 0 independent of ¢ and a
canonical change of variables:

d:TxR — TxR,
@,7) = (@,r),
such that:
o If|F—p/q| > 5 for allp/q € R, then:
O oEfod(d,F) =

0+ 7+ eEu(f,r) + eE1(0,7) + Oy(e'4) 4 Oy (e2p~25+4) (12)
F 4 e2Fy(0,7) + Oy (e279) 4 O, (35~ Bs+9)) ’

where By and Fy are some C'~' functions. There exists a constant K such
that for any 0 < s <1l —1 one has:

”El s S K/B—(28+3).

Cs+1 3 ||E2
Moreover, Ey verifies:

b(r) == | Fy(0,7)df =
/0 (13)

1
/ [&Ev(@, )9S, (6, 7) — 025, (8, 7) (Eu(e, 7) — Eu(d, r))] dé.
0
In particular, b(r) satisfies ||b]|co < K and in the area-preserving case (when
Eu(f,r) = Ev(0,r) = Ev(#)), b(r) =0
o If|F—p/q| <28 for a given p/q € R, then:
L oRfo®(0,F) = (14)

0+7+e {Eu(é,p/q) —Ev(0,p/q) + Evyq(0,p/q) + Eg(é)} + O (e1H) + Oy (£33 (25F)

( 1
( 7+ eBuy o (0,7) + e2E4(0,7) + Oy(6279) + O, (35~ 65+5)

where Buv, , is the C' function defined as:

Ev, 4( 9 T) Z Ev 2”’k9

kERp.q
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and Es is the C'= function:

Es(0)=— > Mezmw

o2k ’
kZRp,q

where Ry, =1k €Z : k#0, |k| <d, kp/q € Z}.
Moreover, E, is a C'=! function and there exists a constant K such that for

all0 < s <[—1 one has:

HE4 s S Kﬂ_(25+3).

Also, ® is C%-close to the identity. More precisely, there exists a constant M
independent of € such that:

& — Td|j2 < Me. (15)

Proof. For each p/q € R we will perform a different change. Since the procedure
is the same for all p/q € R, from now on we fix p/q € R. The procedure for the
rest is analogous.

We will consider the canonical change defined implicitly by a given generating
function S(0,7) = 07 4+ €51(0,7), that is:

0 = 0;5(0,7) =0+ c0;5.(0,7)
ro= 0pS(0,7) =7+ 20pS)(6,7).

We shall start by writing explicitly the first orders of the e-series of O loEfod.

If (6,r) = ®(0,7) is the change given by the generating function S, then one has:
(0, 7) =

0 — £0:5,(0,7) + £2050:51 (0, 7)0:51 (0, 7) + O4(3(|0307.51(05:51)?

T+ 68951(0, f) — 82(99251(9, 7’)8;51(8, f) + 08(83H8351(6551)2

<) ) | (16)

)

Its inverse is given by:

1, r) =

0+ 68;81(9, 7") — 6287251(0, 7’)8931(97 7“) + 05(53”@351(8951)2 cs) (17)
r — 86951(9, ’I“) + 828987:51 (0, T)895’1 (9, T) + OS(€3||8987~2,S1 (8031)2 Cs) )

Now, first we compute Ef o @(é, 7). One can see that:

(04T +eA %A+ A,
Efoq)(e”“)_( F+eB+e?By+e’By )’
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Ay = Eu(f,7) — 0:5,(0,7) + 99510, 7)
Ay = —0Eu(0,7)0:51(0,7) + 0.Eu(0,7)0pS1(0, 7) 4+ 050551 (0, 79751 (6, 7)
—0251(0,7)0:5,(6,7),

As = Os(||8§8,:51(87:51)2 cs)—l—Os(H@g’Sl(&:Sl)Q )
+OS(||EU C5+1||8051 Cs+1||8,,:Sl Cs) +OS(”]EU Cs+2(||8951 Cs =+ ||(‘3,,:Sl Cs)2),
and:
Bl = E’U(é,f) +8051(é,?z),
BQ = —agEU(é, 7:)8;51(@, f) —f—@TE’U(é, 7:)8981(@, 7:)
_8351(57 f)afsl(éu f)? (18)
Bs = (’)8(||8§’S1(6r~51)2 cs)+08(||E’U CSHHaé‘Sl cs+1||8,:5'1 cs)
+OS(”]EU cs+2(||8951 Cs —+ ||87‘-'51 Cs>2).
Then, using (17) one can see that:
_ ~ L é+7:+€141+52/12
O loEfod = . R R 1
° fo (9’70) (f+€Bl+€2BQ+€3Bg)’ (9)
where:
Al = A +8:5.0+7,7),
Ay = Ay +eAs+ Oy(||0s0751Ax|cs) + Os(||02S1 By cs)
+0,([107519951 llcs),
and:

B, = By —85,(0+7,7)
By, = By— 328104 7,7)A, — 0:055:,(0 + 7,7) By

+090751 (0 + 7,7) 99 S1 (0 + 7, 7), (20)
Bs = Bs+ O,(||0s0251(551)*

cs)

+O,(||028,(Ag + eAs)|lcs + ||090551 By |+ )
+O,([10851 A% |[s + 11030551 Ay By ||cs + [|06025, B?
+04(]|05 0751410951 |cs + [|0902S1 B19pSh |c+)
+0.(1|0607.5187 S1 At|es + [1(960551)* By || cs).-

Now that we know the terms of order € and €2 of @ 'oEfo®, we shall proceed
to find a suitable S;(0,7) such that these terms are as simple as possible. More

c:)
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precisely, we want to simplify the second component of (19). Ideally we would
like that B; = 0. Namely, we want to solve the following equation whenever it is
possible:

9951(0,7) + Ev(0,7) — 0p5,(0 + 7, 7) = 0.

One can easily find a solution of this equation by solving the corresponding equa-
tion for the Fourier coefficients. To that aim, we write S; and Ev in their Fourier

series: ‘
Si1(0,7) = SF(F)e*™™ (21)
kez
Ev(0,r) = Z Evk(r)e2”k9.

keZ
0<|k|<d

It is obvious that for k > d and k = 0 we can take SF(7) = 0. For 0 < k < d we
obtain the following homological equation for S¥(7):

2mikSY(F) (1 — e*™) + Eo*(r) = 0. (22)

Clearly, this equation cannot be solved if €™ = 1, i.e. if k¥ € Z. We note
that there exists a constant L, independent of e, L < d~!, such that if 7 # p/q
satisfies:

0<|F—p/q| <L

then k7 &€ Z for all 0 < k < d. Thus, restricting ourselves to the domain
|7 —p/q| < L, we have that if kp/q & Z equation (22) always has a solution, and
if kp/q € Z this equation has a solution except at 7 = p/q. Moreover, in the case
that the solution exists, it is equal to:

o/~ iEv*(r)
SHr) = 27k (1 — e2mikr)’

We will modify this solution slightly to make it well defined also at 7 = p/q. To
this end, let us consider a C* function p(x) such that:

(z) = 1 if x| <1,
FE=00 if |2 >2
and 0 < pu(x) < 1if z € (1,2). Then we define:

~ 1 — 627rik77
pe(7) = p (W) )

IE0* (1) (1 — (7))
21k (1 — e?mikr)

and take:

Si(F) = (23)
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We note that this function is well defined since the numerator is identically zero
in a neighbourhood of 7 = p/q, the unique zero of the denominator (if it is a zero
indeed, that is, if £ € R, ). More precisely, we claim that:

1 if keR,,and|F—p/q < pB/2,

we(t) =< 0 if keR,,and|F—p/ql > 30, (24)
0 if EZ€R,,
Indeed if k € R, , there exists a constant M independent of 7 and € such that:
L~ p/al( = M7= pja) < [ < 2 p gl + M7 /)
ﬁr p/q r=Dp/4]) > 2k _ﬂr p/q r—=p/4])

Then, on the one hand, if k£ € R, and |7 — p/q| < /2 we have:
1— 627rik77 1 M
2k 2 4

for 8 sufficiently small, and thus p(7) = 1. On the other hand, if |7 — p/q| > 303

then: o
1— e27r7,k7‘

2k
for  sufficiently small, and thus p(7) = 0. Finally, if £ € R, , then:

1 _ 2mikF

2k

for £ sufficiently small and then we also have p(7) = 0.

Now we proceed to check that the first order terms of (19) take the form (12)
if |7 —p/q| > 36 and (14) if |7 — p/q| < /2. On the one hand, by definitions
(23) of the coefficients S¥(7) and (20) of By, we have:

Bi= 3" pu(F)EF(F)e*m .

0<|k|<d

>3—9MpG > 2,

> >2
p

Then, recalling (24) we obtain:

. 0 ) if |F—p/ql >33
Bi=9q Y B =B, (6,7)  if |F—p/ql <B/2. (25)

k€ERp,q

where we have used the definition (15) of Euv,4(f,7). On the other hand, from
the definition (23) of S¥(7) one can check that:

—0:51(0,7) 4 0:5,(0 + 7, 7)
_ o - Y B OUmE) + ECOUT) oo

2k
0<|k|<d
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Recalling definitions (20) of A; and (20) of By, this implies that:

Ay = Bu(B,7) — Bo(@,7) + B (26)
5 HED 0 - 2<7T ;>+ZEU ()i (7) amini (27)
0<|k|<d

Then we use (25) and (24) again, noting that ) (7) = 0 in both regions |7 —p/q| >
36 and |7 — p/q| < B/2. Moreover, we note that for |7 — p/q| < 8/2.

]Evp,q(a ) = Evpyq(é,p/q) +O(B),

(Ev*)'(7) = (Bv*) (p/q) + O(B).
Define B )
E@,7)=— Y %eme. (28)
0<|k|<d

Then the same holds for Eu(f,7) and Ev(,7): recalling definition (15) of Es,
equation (26) yields:

. { Eu(e~ 7) — Ev(0, 7) +E1(9 ) if |7 —p/ql > 3B, (29)

A=\ ARG, p/q) + Bupg(6) + Es(6) + OEY5) it |7~ p/g] < /2,

where Eu(0,p/q) — Euv(6, p/q) = AE(6, p/q). In conclusion, by (29) and (25) we
obtain that the first order terms of (17) coincide with the first order terms of
(12) and (14) in each region.

For the e2—terms we rename B, in the following way:

Ey(0,7) = Balgrpa=3}: (30)
Ey(0,7) = Balgip/q<p/oy- (31)

Now we shall see that Ey verifies (13). To avoid long notation, in the following
we do not write explicitly that expressions A;, B;, AZ and BZ are restricted to the
region {|7 — p/q| > 35}. We note that since in this region we have By = 0 by
(25), recalling the definition (20) of By it is clear that By = 855, (0 +7,7). Hence,
from definition (20) of B, it is straightforward to see that:

By = By — 925,(0 +7,7) Ay (32)

Now we recall that A} = Ay + 8;5, (0 + 7, 7). Then, using (29), for |7 —p/q| > 3
we obtain straightforwardly:

Ay = Eu(f,7) — Bu(d,7) + E1(0,7) — 0:51(0 + 7, 7). (33)
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Using this and the definition (18) of B in expression (32) one obtains:

Eg(@,f):Bg|{|;_p/q|Z3ﬁ} = —0pFv ,T) (34)

Now we show that this expression has the claimed average (~ 13). On the one hand,
it is clear that 9351(0,7)0:51(0,7) and 9251(0 + 7,7)0=S1 (0 + 7,7) have the same

average, So:
1
/ —0281(0,7)0:51(0,7) + 928,(0 + 7, 7)0:S1 (0 + 7, 7)df = 0.
0

On the other hand, writing explicitly the zeroth Fourier coefficient of the product,
one can see that:

1
/ —0pE0 (0, 7)0:51(0,7) — 0251(0 + 7, 7) E1 (0, 7)df = 0.
0

Thus, recalling (30) and using these two facts in equation (34) we obtain:
1 ~ ~
/ Es(0,7)df =
0

/01 [&Ev(é, 7)0p51(0,7) — 05.51(0,7) (Eu(é, ) — Eu(6, f))} do,

so that (13) is proved.

We note that, from the definition (23) of the Fourier coefficients of Sy, it is
clear that S; is C! with respect to 7. Since it just has a finite number of nonzero
coefficients, it is analytic with respect to . Then, from the definitions (30) of F
and (31) of E4 and the expression (20) of By, it is clear that both E, and Ej are
(s

Finally we shall bound the C%norms of the functions F,, b(r) and F,; and
also the error terms. To that aim, first let us bound the C' norms of S; and its
derivatives. We will use Lemma 4.1 and proceed similarly as in [5]. We note that:

L. If pi(7) # 1 we have |1 — e**7| > Mf|k|, and thus:

< M5k

1
1 — 627rikF
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2. Then, using that || f o gllet < C| fiy,ller (1 +[1gllea), we get that:

H 1 S MB—(Z+1)|]€|—(H-1)’

1— eZﬂikF ol

for some constant M, not the same as item 1.

3. Using the rule for the norm of the composition again and the fact that ||u||¢:
is bounded independently of £, we get:

e (F)ller < MB" ||,
for some constant M, and the same bound is obtained for ||1 — p(7)]|c:-

Using items 2 and 3 above and the fact that ||Ev¥||s are bounded, we get that:

o et |

1
1 _ 2mik7
1_e7rzk7‘ o2

IA

1 -
Mi Y ool = p(P)llee

co o1 +aa=a 27T‘k‘
Mgﬁ_(a+1)‘k|_a_2.

IN

Then, by item 2 of Lemma 4.1, we obtain:
I1Sifler < Mp=HD.

One can also see that ||0:S1||ct < M||S1]|ci+1 and ||0pS1||c: < M||Si||er. In general,
one has:
10507 S1 [lr < Mg~ (35)

Now, recalling definitions (30) of E5 and (31) of Ey, and using either expression
(34) or simply (20), bound (35) yields that for 0 < s <[ —1 there exists some K
such that:

1Balles < KB~ || Bylleo < KB™EF9.

To bound b(r) we use again (35) and . Then from its definition (13) it is clear
that for 0 <s<[—1:
16

Similarly, and taking into account that for n = 1,2 we have ||Eu||¢s+ ||, || Ev
because s < [ — 2, one can easily bound the error terms in the equation for 7:

o < KB—(S—H) ]

csin |

By = O,(°p~ 1), (36)
and the error terms for the equation of 6:

e2Ay = O, (23~ 35H), (37)
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This finishes the proof for the normal forms (12) and (14) (in the latter case, we
have to take into account the extra error term of order O(g!™®) caused by the 3
—error term in (29)).

To prove (15), we just need to recall (16) and use (35). Then one obtains:

|® —1d||ce < M'e||S1||es-
[l

From now on we will consider that our deterministic system is in the normal
form, and drop tildes.

5 Analysis of the Martingale problem in the
strips of each type

5.1 The Totally Irrational case

First of all we note that in this case, as in the IR case, after performing the change
to normal form, the n-th iteration of our map can be written as:

Hn = 90 + nrg + O(né),

n—1 n—1
Tm = Tot+e Zwk[v(ﬁk, Tk) + €U2(¢9k, T'k)] + g2 Z E2<9k7 T’k) + (’)(n&t%“),
k=0 k=0

(38)
where v9(0, ) is a given function which can be written explicitly in terms of v(6, r)
and S1(0,7).

Recall that I4 is a totally irrational segment if p/q € I3, then |g| > 7%, where
0<2b<p.

We recall that we define b = (8 — p)/2 for a certain 0 < p < . In the
following we shall assume that p satisfies an extra condition, which will ensure
that certain inequalities are satisfied. This inequalities involve the degree of
differentiability of certain C' functions. We assume that [ > 12. Then we have

that: 111_111 >0, limy_ o lli—lll = 1. Thus, there exists a constant R > 0 such that:

[—11
[—1

>R >0, for all [ > 12. (39)

Given 3, satisfying:
0<B<1/5, (40)

then we will take p satisfying:
0<p<Rp. (41)
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Lemma 5.1. Let g be a C' function, | > 12. Suppose r* satisfies the following
condition if for some rational p/q we have |r* — p/q| < €, then |q| > 7. Then
for any A such that

<A< (I-1)0b—-03, 0<7=1-2A<min{A-28,(l-1)b—A—p3,5}
and € small enough there is N < ¢4 such that for some K independent of ¢ and
any 0% we have:

N-1

1
‘N / g(0,7")df — Z g(0* + kr* r*)| < Ke™P.
0 k=0

In particular, one can choose any 0 < 5 < 1/5, A =78/3, T = A—28 =

Proof. Denote go(r) = fol g(0,r)df. Expand ¢(@,r) in its Fourier series, i.e.:

g(0,1) = go(r) + Z G ()20

meZ\{0}

for some g,,(r) : R — C. Then we have:

N—-1 N—-1
Z(g(@* + k’T*, ’T‘*) _ go(r*)) _ gm(r*)e%rim(@*—l—kr*,r*))
k=0 k=0 meZ\{0}
N-1 N
_ Z G (r*)e2ﬂ'im(9*+kr*) + Z Om (T*)€2ﬁim(9*+kr*)
k=0 1<|m|<[e—] k=0 m|>[—]
N-1 N-1
_ Z O (r*)e2m‘m0* Z e2m’mkr* + Z G (T*)€2m'm(6’*+kr*)
1<|m|<[e™?] k=0 k=0 |m|>[e~?]
) 627Tz'Nmr* -1 N-1 )
_ Z gm(r*)BZTrzmH* — + gm<r*)e2mm(9*+kr*)‘
1<pml<le?) = P st

(42)

To bound the first sum in (42) we distinguish into the following cases:

o If 7* is rational p/q, we know that |q| > 7.

— If |q| < &4, then pick N = |¢| and the first sum vanishes.

— If |g| > e, then by definition of r* for any s/m with |m| < 7°

we have or |mr* — s| > %, By the pigeon hole principle there exist
integers 0 < N = ¢ < e~ and p such that |gr* — p| < 2e4.
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e If r* is irrational, consider a continuous fraction expansion p,/q, — r* as
n — oo. Choose p'/¢' = pn/q, with n such that g,,; > ¢~ This implies
that |¢'r* — p'| < 1/|gny1] < €. The same argument as above shows that
for any |m| < e® we have |mr* — s| > 7.

Let N be as above. Then

2wiNmr*

* rimo* € —1 — *
Yo o) Y e | <2t > ()l

1<|m|<[e~"] 1<|m|<[e~"]

We point out that since g(6, r) is C', then its Fourier coefficients satisfy |g,,(r*)| <
C|m|=", m # 0. Thus we can bound the first sum in (42) by:

. i g e27riNm7'* -1
Z gm(r ) 62 ’ 627rim7’* (43)

-1
1<|m|<[e~?]

1
<D gl <GPy o <K

1<|m|<[e~?] 1<|m|<[e~?]

(44)

To bound the second sum we use again the bound for the Fourier coefficients
G (T7):

N
* mTim T 1
S I E D ”

k=0 |m|>[e~?] Im|>[e~"]
KNg(l_l)b S K&f(l_l)b_A,

Clearly, taking 7 = 1—2A < min{A—205, (I—1)b— A— 3, 8}, and substituting
(43) and (45) in (42) we obtain the claim of the lemma. O

Lemma 5.2. Let § satisfy (40), and b = (8 —p)/2 with p satisfying (41). Let ng
be an exit time of the process (0,,1,) defined by (38) from some bounded domain
Is. Let § > 0 be small enough. Suppose that ng > e >3=A+  For all | > 8 the
following holds:

1. Given two C' functions h : R — R and g : T x R — R, there exists a
constant d > 0 such that:

ng—1

g2 Z e R h(r1) (9 (O, 1) — go(ri)) = O(e%),
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2. Ifng < e 20=A%0 then given a C' function g : T x R — R and a collection
of functions hy : R — R, with ||hi]lco < M and ||hxi1 — hillco < Me? for
all k, there exists a constant d > 0 such that

ng—1

& 37 hi(r) (9(0, ) — g0(r)) = O(4+),

k=0
1
where go(r) = [, 9(6,r)do.

Proof. We shall prove both claims using Lemma 5.1. To that aim fix 28 <
A < min{(l — 1)b — 8,(1 — 5)/2}. We note that (40) and (41) ensure that
28 <min{(l —1)b — B, (1 — B)/2}, so there always exists such A.

Since we have ng > ¢~(1=9%9 and we have taken A < (1—-8)/2<1—-8-§
(the second inequality being satisfied because § is small), we have e~ < ng.
Choose N < =4 from Lemma 5.1 and write ng = P3N + Qg, for some integers
Pg and 0 < Q3 < N. Then:

nﬁfl
2y e B () (9O, m4) — go(rs))
k=0
Pg—1N-1 ) '
< &2 Z Z e CNED BN ) (9O Trn1i) — Go(Ten15)) (46)
k=0 j=0
Qp—1 , .
+ &2 Z e e (PﬁN+j)h(TPBN+j)(9(9P5N+j7TPBNJFJ) - QO(TPBNJrj)) :
=0

Let us prove item 1. We shall bound the two terms in the right hand side of
(46) in a different way. Recall that in the normal form (12) we have

0 0+ 1+ eBu(f,r) + cwu(,r) + Oy (e1T%)
fu ( r ) — < r+e2Fy(0, 1) + O4(e217). ’ (47)
On the one hand we have that for all k£ < Pg, and all j < N:
TkN+j = TkN T O(NEQ), (48)
and:
91@N+j = Qk]\[ +j7’k]\[ + O(N2€) (49)
Hence:

_)\EQ(kN—H)h(rkNJrj) (9(Oen+j> TiN+j) — Go(TrN+))

— N (9 Ok + GTrns Tin) — Go(ren)) + O(e N N2,

(&
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Then:

Pg—1N—-1

2 '
DY eIV () (9O v ) — Go(rens)
k=0 j—=0

Ps—1

=

-1

< gl Z e N ) > (gBkv + Jren, Ten) — Go(Ten))
k=0 J

Il
=)

Pg—1
22
HENP? Y " e,
k=0

Thus, using Lemma 5.1 we obtain:

Ps—1 N-1
_\e2 .
g2 Z e e th(rkN) (9(0kn + 37N, TEN) — Go(TRN))
k=0 Jj=0
Ps—1
< Ke2tm+8 j{: G_AgkNWh<TkN)|f§Z%ET+B,
k=0

for some constants K, K > 0. Moreover, we have:

Ps—1
3.3 —Xe2kN < K 1+,872A_
KN°¢ kZ:O e < Ke
Thus:
Pg—1N—-1
I3 eIy )9Ok g Ten ) — Go(Ten+5)) (50)
k=0 j=0

S;}(<€T+B +_€1+572A>.

On the other hand we have:

Qp—1
2| e EN D h(rp ) (9(Op,N+is TN+ — Go(TRsN45))
=0
<K sup |h(r)(g(6,7) — go(r))|Qs < K>, (51)
(9,7”)6]5

In conclusion, using (50) and (51) in equation (46) we obtain:

ng—1

g Z e”\g%h(m)(g(@k,rk) —go(ry))| < K (274 4 &MF724 1 71,
k=0
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Denoting d = min{2 — A, 1+ 3 — 2A, 7+ B}, and letting 1 —2A =7 > /3. The
proof of item 1 is complete.

Now let us prove item 2. The proof is very similar to item 1. We can use the
same formula (46) substituting e *<**h(r;,) by hy(ry). Again, using (48) and (49)
we can write:

Paen 45 (Ten+5) (9 (Okntj, TeN ) — Go(TEN+5))
= han(rin) (9O + 57n, Tan) — go(Tan)) + O(NZe).

Then:

P/Bfl N—-—1

£’ Z Z e+ (Ten-5) (9 Ok -4, Tin+5) — Go(Ten-+5))

k=0 j=0

P@ 1 N-—1
< ¢ Z hin (TeN) (9(Okn + jrin, en) — go(rin))| + K N2 Pg.
0

j:

Thus, using Lemma 5.1 we obtain:

P/@ 1 N-—1
Z hkN TkN Z( <9kN +j7”kN,7"kN)—go(7“kN)) <
7=0

K52+T+6Pﬁ < KET-FQB

where we have used that Py < ng < ¢ 22679 < ¢=2+5, For the same reason we
have Ke324P; < Ke!=24%8 Thus:

ngl N-—1

2 Z Z hkN+j(rkN+j)(g<9kN+ja 7"kN+j) - gO(TkNJrj)) <

k=0 j=0
K (728 4 g1-2448),

(52)

On the other hand we have:
Qp—1

> hpnsi(rean ) (9(Op,n-s TN +) = G0(TPsN-5))
=0

S €2KQﬁ S [~(827A. (53)
In conclusion, using (52) and (53) in equation (46) we obtain:

ng—1

62 Z 67)\82’6}%(7“]@)(9(9]@77%) _go(rk)) < K(€27A +€172A+[3 +€T+2,8>'
k=0
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Choosing 7 = 1 —2A > 0 the last two terms are the same. In particular, A < 1/2
and 2 — A > 3/2. Therefore, the first term is negligible. O]

Let ry belong to the TI case. Consider an interval Iz = {(6,r) € T x R :
Ir —ro| < €7}, for some 0 < 3 < 1/5. Denote ng € N the exit time from I, that
is the first number such that (6,,,,7,,) € Is.

Lemma 5.3. Let 8 satisfy (40), and b = (8 — p)/2 with p satisfying (41). Take
f:R =R be any C' function with | > 12. Then there exists d > 0 such that for
all A > 0 one has:

E (6/\82n6f(rn5) +

ng—1

where for Ey(0,7), defined in (11), we have

b(r) = /0 B0, o) = /0 L6, 1)d8.

Proof. Let us denote:

n= e ) 4 Z 2 gt = (007 + T 700 )|

(54)
First of all we shall use the law of total expectation. Fix a small enough 6 > 0.
Then we have:

+ E(n|ng < e 2T Py < g7 2170)10)
+ E(n|ng > 5_2(1_6)_5) P{ng > ¢ 21-A-3}

By Lemma C.2 for ¢ sufficiently small and ¢ > 0 independent of ¢ we have

P{ng < e 20} < exp (_5_25> : (55)
Now we write:
ng—1
) = Slr0) + 37 (S () e 1))
k=0
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Doing the Taylor expansion in each term inside the sum we get:

ng—l
e f(ry,) = flro)+ Y [_A*SQe‘AEQkf(Tk) + e () (P — 1)
k=0

1 2k 1 —Ae?
g ) )+ O )]

Substituting this in (54) we get:

ng—1
1 2
n o= [lro)+ Z { PR () (e — 1e) + 5645 “F () (P —Tk)zl
ity 2 0’2<7“k) jlainy 2
—& Z —Ae k{ (ri) f (ry) + 5 f”(rk)} + Z O(e™ k%), (56)
k=0

We note that using (38) we can write:
The1 — Tk — 5wk[v(9k, Tk;) + EUQ(Qk, ’I“k)] + € EQ(Qk, Tk) + O( 2+a)

and also:
(rkr1 — 1) = €200k, 1) + O(E7).
Thus we can rewrite (56) as

ng—1
n = f(ro) +¢ Z ek £ (1) wr [0(Ok, 1) + €03 (0k, 1))
ng—1 =
+e2 Y e () [Ba (0, i) — b(re)]
k=0
2 ng—1

530 ) [ 00,m) — o)

ng—1

+ ) O(e ke, (57)

k=0

Now we distinguish between the case e 2079+ < ny < e720-H=0 and ny >
e~21=A)=3_ Consider the former case. First, we show that the last term in (57) is
O(eP*4) for some d > 0. Indeed,

Z O(ef)\szngJra)

< Ke*ting < K2, (58)
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where d = a — ¢ > 0 due to smallness of §, and K is some positive constant. Now
we use item 2 of Lemma 5.2 in (57) twice. First we take hy(r) = e *** f/(r) and
g(0,7) = Ey(6,r), and after we take hy(r) = e % f”(r) and ¢(0), 1") = v%(0,r).
Then, recalling also (58), equation (57) for e 207943 < ny < e=21-A)=0 yields:

ng—1

n=f ro+eZ kL (i) [0(0, 1) + €02 (O, 7)) + O (59)

Now we focus on the case ng > ¢ 21=9=9  The last term in (57) can be

bounded by:

ng—1 ng—1 1 —Ae?ng

2 9 _
E O(e—)\s k€2+a> S K€2+CL E e—)\e k _ K€2+aW S K}\&,‘a, (60)
k=0 k=0

for some positive constants K and K. Similarly to the previous case, we use item
1 of Lemma 5.2 in (57) twice. First we take h(r) = f'(r) and g(0,r) = E2(0,7r),
and after we take h(r) = f”(r) and g(6,r) = v*(#,r). Using this and bound (60)
in equation (57), we obtain the following bound for ng > e=2(1=%)9:

ng—1

n=Ffo)+e Y e f r)wp [v(0r, i) + eva(B, )] + O(?). (61)

k=0
Now we just need to note that since wy is independent of r, and 6, we have
for all kK € N:
E(wkf’(rk) [U(ek, Tk) + €Ug<ek, Tk)])
E(wk)E(f/(Tk) [U(Qk, T’k) + Evg(ek, ’l“k)]) = O,

because E(w;) = 0. Thus, denoting n. = [¢720=9] if we take expectations in
(59) and (61) and use the total expectation formula, it is clear that:

E(n) = f(ro)
= £ Z E ( 67)\E2kf (rk)wk [ (Qk, T’k> + 5v2(0k, ’I’k])> P{n/g = n}

—2(1-B)+6 ng < e 2(1-8) 5} + O(gd)P{nﬁ > 872(175)75}
c201-P)+0 < ng < e —2(1-8) 5} + O(sd)P{ng > 6—2(1—5)—5}
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By Lemma C.2 there exists a constant a > 0 such that:

a

P{ns > e 201-9=%} = 0 (5?«3) . (63)

Clearly, if (63) is true then P{ng > ¢~20=9=%} is smaller than any order of ¢ and
then (62) finishes the proof of the lemma.

To prove (63), let us define ns := [¢720=9=9]. Define also n; := i[¢~21-9)],
i=0,...,[e7%. Cleatly, if ng > e 207979 then |r,,,, — ry| < 2¢° for all 4. In
other words, we have that:

P{ng > e 20797 < P{|r,,,, — 1| <2¢® foralli=0,...,[e°]}
e~
= H P{|rni+l - Tni| < 255}’ (64)
=0

where in the last equality we have used that 7, , —r, and 7, , — r, are
independent if i # 7.
Now, take any ¢. Then:

ni+1—1

Tnigpy —Tny =€ Z WkU(Qk,Tk) + 0(82(7% — n,;H)).

Note that 2(n; — ni1) = e2[e72(17F)] < 28, Thus:

m+1—1

Z wkv(ek, T’k)

i=n;

€ - O<62ﬂ) S |rni+1 - rni|’ (65)

As a consequence, if |1y, , —7y,| < 2¢” then e ‘Z?:“;l_l wiv(Or,7i)| < 3e”. Indeed,
if this latter inequality does not hold, then:

n¢+171

Z wkv(ek, Tk)

=n;

5 —0(%) > 36°(1 — O(e?)) > 27 > Trsiy — Tnals

§35’3}.

Now by Lemma C.2 that (n;., — n;)~'/? ernli_l wyv(Ok, i) converges in distri-
bution to & ~ N(0, ¢?) for some ¢ > 0.

which is a contraditciton with (65). In other words:

’I’Li+1—1

Z wkv(Hk, T‘k)

1=n;

P{|rp,,, — 7| < 255} <P {5
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Thus, using that n;.; —n; = [¢72079)] as ¢ — 0 we obtain:

p{g

for some constant p > 0. Then, using this in (64) we get:

ni+171

Z wkv(ﬁk, T’k)

i:ni

§3€5}=P{|£|§3}+0(1)§p<1,

P{ng > 8—2(1—5)—6} < pl/a‘s‘

Defining a = —log p > 0 (because p < 1) we obtain claim (63). O

5.2 The Imaginary Rational case

In this section we deal with the imaginary rational case. The ideas are basically
the same as in the TI case. Recall that after performing the change to normal
form the n-th iteration of our map can be written as:
0, = 0o+ nro+ O(ne),
n—1
ro= ro+e Y wi[v(Ok, k) + €va(Ok, 7)) (66)

=0
+€2 EZ;(I) E5(0k, 1) + O(ne*te),

where v5(6, 7) is a given function which can be written explicitly in terms of v (6, )
and S1(0,r).

We also recall that given an imaginary rational strip /g there exists a unique
r* € I, with 7* = p/q and |q| < £7°. Moreover, for all ry € Iz we have
Iro — r*| < €. Then by (66) for any n < ng we have:

0, = 0Oy+nr*+ (’)(n&tﬁ),

67
Tn = r* + O(P). (67)
Define
1
go(0,r) = p Z g(0 +ir,r). (68)
i=0

Lemma 5.4. Let (8 satisfy (40), and b = (8 — p)/2 with p satisfying (41). Let ng
be an exit time of the process (0,,,r,) defined by (38) from some bounded domain
Ig. For alll > 1 the following holds:

1. Given two C' functions h : R — R and g : T x R — R, there exists a
constant d > 0 such that:

ng—1

3 e () 900k ) = go(6k, 1)) = O(7).
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2. If ng < e %8 then given a C' function g : T x R — R and a collection of

functions hy : R — R, with ||hy|jco < M and ||hgr1 — hillco < Me? for all
k, there exists a constant d > 0 such that:

ng—1

£ 3 ()90 7) — gol0h, 74)) = ().

k=0

Proof. Let us start with item 1. Write ng = Pgq + (03, for some integers P and
0 < Qs < q. Then:

nﬁ—l
g2 Z e R h(re) (90, 1) — 9o (O, 7))
k=0
Pg—1g—1
g2 Z e katD p (Trqt5)(9(Orqrs> Thars) — 90 (Orgrsy Thari)) (69)
k=0 5=0
Qp—1
g2 ;
+ £ e (P6q+])h(rPﬁq+j>(g(estqﬂ"TPﬁq+j)_90(9P64+17TPBQ+j)) :
§=0

On the one hand, we note that by (67) and j < ¢ < e~° we have

Orgsj = Org + jr* + O(770),

Thgrs = 17"+ O(7).
Then for all & < Pg:
e D R (1 ) (9 Okgass Trars) — 90Orqsss Thats)
= eiAEquh(qu)(g(ekq + 77, T*) - go(ekq + 77, T*)) + O(ei)@%qglib)‘

Then:
Pg—1g—1
= e EHD Ry V(G Ohgrss Thats) — 90(Oraris Thass))
k=0 j=0
Pg—1 q—1
—\e2 <ok * 3 *
< 52 Z € A kqh<TkN) (g(ekq +gr,r ) _go(ekq +or,r ))
k=0 Jj=0
Ps—1

3 2b Z e*)\Equ (70)
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Now, recalling that r* = p/q, by the definition (68) of go(¢,r) for all k < Ps we
have:

[y

q—

q—1
(9(Org + 377, 77) — go(Okq + Jr*,77)) = Zg(ekqa ") = qgo(Okg, 1) = 0.
=0

Jj=0
Moreover:
Ps—1
_ _\e2 _
K€3 2b § e Ae‘kq S K)\ 51 2b'
k=0

Using these estimates (70) yields:

ngl q—l

9 Z Z e A (kq+3)h(7“kq+j)<g(6k(I+j’ qu+_j) - gO(ek(I‘i’ja qu+j)> S (71)
k=0 j=0

Kel=2,

Note that 1 —2b=1—-0+p > 0, since B <1 and §—2b=p > 0.
On the other hand, we have:

Qp—1
e | e ENIDh(rp e N (G(psnss TPoN+) — G0(TEN+5))
=0
< €2K( sup h(r)(9(0,7) — 9o(0,7))|Qs < Ke*". (72)
0,r EIB

Clearly, 2—b > 0. Substituting (71) and (72) in (69) yields item 1 of the Lemma.
Now let us consider item 2. If we take equation (70) and substitute e=*<**h ()
by hi(r%), we can write for all & < Pj:

Pg—1 g1
e’ Z Z Pt 5 (a5 (9 Okt Tha5) — 90(Okgss Tha+s)) (73)
k=0 j=0
Pﬁ 1 q—1
< & Z hig(Trg) Y (9(Okg + 377, 77) — go(Orq + jr*,77))| + K* Py
7=0
Again:
qg—1

(9(Orq +7%,77) = go(Okq + Jr7,77)) = 0,

<
Il
=)

and since Ps < ng < e 20709 and b = (8 — p)/2

K€3—26PIB < K€1+2ﬁ—2b < K€1+p+ﬁ'
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Then we have:

1YY e M (g ) (9Okgrs Thass) — 90Okgrss Thors))| < (74)
k=0 j=0

K eltrth,

On the other hand we have:

Qp—1

1Y hpnai (P41 (9(Panss TRsN+5) — G0(TPaN+5))
=0

<E2KQp < Ke*™. (75)
We note that 2 —b—28 > 0 for b= (f —p)/2 and § < 4/5 and that 1 — 3 > 0

if 8 < 1. Thus, taking 8 < 4/5 bounds (74) and (75) prove item 2 of the Lemma
with d = min{2 — b — 23,1 — 3, p} > 0. ]

Let ry belong to the IR case. Consider an interval Iz = {(6,r) € T x R :
Ir —ro| < &P}, for some 0 < 3 < 4/5. Denote ng € N the exit time from I, that
is the first number such that (6,,,,7,,) & Is.

Lemma 5.5. Let f : R — R be any C' function with | > 3. Then, there exists
d > 0 such that for all A > 0 one has:

B (¢ ()

ng—1

—f(ro) = O(*),

where:
1 1
b(0,r) = —ZEg(Q—I—z'T,T), a?(0,r) ==Y v*(0+ir,r).
§ — 175
Proof. Let us fix any 0 < 6 < 1/6. Again, denoting:
n= 67)\€2nﬁf(rn3)+
ng—1 9
(O, T (76)
g2 Z e~k {)\f(rk) — (b(Qk,Tk)f/(Tk) + %f”wk))]
k=0
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and using the law of total expectation, we have:
E(n) =E (77 \ g~ (=048 < ng < e2(1- )[[D{ —2(1-P)+8 < ng < e —2(1-8)— }
+E (n |ng < e*@*ﬁ)“) P{ng < e~ 21-A)+3} (77)
+IE< Ing > e 20-8)- )P{nﬁ S e 201-6)=d}

As in the proof of Lemma 5.3, for e sufficiently small by Lemma C.2 and some
C > 0 independent of € we have

C
—2(1—-p)+6 _
P{ns < e ( } <exp ( —525) ,

and, thus, (77) yields:

E(n) =E(n|e O < g < e 200-0ple0-040 < ) < 720200}
+E (1 |”6 > g 207P) )P{nﬁ > g 21=A)=0, (78)

Now, we can write:

ng—1
(1) = Fro)+ Y [ASE () e ) (s - )
k=0

]_ 2 2
3¢ ) s — P+ O,

and then (76) can be rewritten as:

n=f(ro)+
ng—1
kZ:O {eAEQkf/(rk)(rkH — 1) + %G’\EQkf//(Tk)(rkJrl - Tk)Z} (79)
e (O, 1) iy 2
—g? Z ek {b(&k,rk)f'(rk) + %f”(m)] + Z O(e™ke?).
k=0 k=0

Now, using (66) we have:
Thk4t1 — Tk = awk[v(ek, Tk) + 6U2(9k, Tk>] +ée Eg(@k, m) + O( 2+a)

and:
(Tk-f—l — Tk)Q = 821)2(0k, T’k) + 0(53).
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Thus, (79) writes out as:

ng—1

n = f(ro)+ Z €7A62kf/(7"k)€wk [0(Ok, 7)) + cv2(Ok, )]
k=0
nﬁfl

+e? Z 67}‘62’6]}/(7’1?) [Ea (O, 1) — b(Ok, 1)
k=0

2
—i—% ; e K (1) [02 (O, i) — 0 (O, 78)]

ng—1

+ ) O Rt (80)

k=0

Now we distinguish between the cases e 209+ < gy < e720-0=9 and ny >
e721=8)=9 e shall start assuming that e 2(1=A+ < ny < e720-A=9 Agin the
proof of Lemma 5.3 we have:

ng—1

Z O(e—A€2k62+a)

k=0

< Ke*fopg < Ke?ta=d, (81)

We note that 1/6 —d > 0 since we have taken 6 < 1/6. Now we use item 2 of
Lemma 5.4 in (80) twice, taking first hy(r) = e % f'(r) and g(0,r) = Ey(6,r),
and after hy(r) = e ¥ f”(r) and g(0,7) = v*(f,r). Then, using also (81),
equation (80) yields:

nﬁ—l
n=fro)+ > ek (r)ewp [v(0r, 1) + cv2(Oh, )] + O, (82)
k=0
for some suitable d > 0.

Now turn to the case ng > e~21=9=%  The last term in (80) can be bounded
by:

ng—1 ng—1 1 —)\EZTLB
Z O(e k)| < [elta Z ek = KSHaW < Kye",  (83)
k=0 k=0

for some positive constants K and K. Then, using item 1 of Lemma 5.4 twice
(first with A(r) = f'(r) and ¢g(0,7) = E5(0,r), and later with h(r) = f”(r) and
g(0,7) = v%(0,7)), we obtain the following bound for ng > e~21-#=9;

ng—1

n=flro)+e Y e r)w [v(0k, 1) + 2vs(0k, )] + O(7). (84)

k=0
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To finish the proof, we follow the same steps as in the proof of Lemma 5.3
and (78) yields:

E(n) — f(ro)
n—1
= D E (Z e f (i) [o(O, i) + v (O, rm) P{ns = n}
neN k=0
+ O(EQ,B—i-d)P{g—(l—ﬁ)—i-(S < ng < 6_2(1_’8)_6} + O(gd)]}p{nﬁ < 8—(1—6)-{-6}
= 0@,

where by Lemma C.2 for some C' > 0 independent of ¢

C
—2(1-8)—6\ _
P{ng > e 72079 Fexp(‘@)’

so that it is smaller than any power of ¢. [

5.3 The Real Rational case
Here we study the system in the RR case, which is defined by:

Ir—p/q| < C,eP.
In this subsection we focus in the subdomain:
lr—p/q| < Ce'/?.

The remaining part of the Real Rational strips are dealt with in Subsections 5.6
and 5.7.

= 2
&7 &

Figure 3: Level sets of the pendulum p/q = 1/3.
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From the Normal Form Theorem, in the Real Rational strips the system takes
the following form:

0 = 0o+ 10+ e [Eu(bo,p/q) — Ev(bo,p/q) + Ev, ,(00,p/q) + E3(60)]
+  ewou(by, p/q) + O(e'),

ry = 1o+ eBu,4(6o,70) + ewou (o, o)
+ & 2wgua(0y,70) + €2 E4(Bo, o) + O(79),

(85)

where v,(0,7) can be written explicitly in terms of v(f,r) and S;(6,r). The
function E, is such that || E4|lco < K. We point out that it is a rescaled version
of the function F, appearing in the Normal Form Theorem.

Recall also that:

max{|Eullco, [[Evico, [[Bvpglico, [|Esllco, [[ulleo, [[vlleo} < K.

Moreover, we have defined v, also in such a way that ||vs]|co < K.
First, we switch to the resonant variable:

r=r—p/q, 0 < |f| < Kye'/2.
With this new variable, system (85) writes out as:

01= 6o +p/q+e[Eu(fo,p/q) —Ev(fo,p/q) + Evpq(6o,p/q) + E5(60)]
+  fo+ ewou(fo, p/q) + O,
= 7o+ 51@1}},’(1(00, fo) + 63/2E4(90, fo) + EwO’[}(eo, fo)

+  32uwgia(8o, 7o) + O(219),
where:

A 0(6p,70) = v(bo, 70+ p/q), 1:12(90,720) = (6o, 70+ p/q),
Evp¢(00,70) = Evp (6o, 70 +p/q), Ey(6o,70) = Eu(bo,70 +p/q),

From now on, we will abuse notation and drop all hats. We are interested in the
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q—th iteration of map (86), which is given by:
0, = 0o+ qro+
-1

+ € Z [Eu(0;,p/q) — Ev(0i, p/q) + (q — 1)Ev,4(0i, p/q) + E3(0;)]

- ssz (0, p/a) + v(0:,p/q)] + O™,

q—1
r, = Tote Z [Evpq(0;,7:) + Y2 E,(6;, ri)]
i—0

+ EZwl [0(0;, 1) + ' u9(60;, )] + O(*F).

Taking into account that ¢ is bounded for 0 < i < g we have:
0; =00 +i(p/q+r0) + O(e), r; =10+ O(e).

Using this fact and that |r| < K,e'/2 we can rewrite the last system as:

0,= 0o+ qro+cEul?(0y) + cul? (0, wd) + O(3/?), (&7)
re = 70+ B0 (0y,70,€) + 0?8y, 7o, W) + 32087 (69, 1, wd) + O(£2).
where w} = (Wyk, - - -, Wyktq-1) and:
qg—1
Eu'?(0) = Z [Bu(6 + ip/q. p/q) — Ev(0 + ip/q. p/q)+
+ (g —9)Evy4(0 +ip/q,p/q) + E3(0 +ip/q)],
q—1
uD(0,0f) = Y (q— Dwgrss [uld +ip/q,p/q) + v(0 +ip/q,p/q)],
=0
q—1
Eo9(0,r,e) = Z [Evpq(0 + i(p/q+7), 1)+ V2B, 0 +i(p/qg+r), ],
=0
q—1
@ (‘97 r, W/Z) - Z qu—l-iU(e + Z(p/q + T), T)?
=0
q—1
0,100 = 3 wgea(0 +i(p/q+7),7).
i—0
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Introduce a rescaled variable r = Ry/e. Then (6, Ry) are defined using system
(87) with the corresponding rescaling. This can be rewritten in the following way,
where we just keep the necessary e-dependent terms:

Qq = 90 + qRo\/g + €Eu(q) (90) + 5u(q) (90, wg) + 0(53/2),

R, = Ro+ e ?Eo@(Gy, Rov/z, 0) + /200 (6, Rov/z, wil) (88)
+e0i? (6, 0, w) + O(3/2).
We note that the n—th iteration of map (88) is given by:
0ny = 6o+ qnRove+ O(ne),
n—1
an = Ro -+ 61/2 Z [Ev(q)(qu, qu\/g, O) + ’U(q) (Hkq, qu\/g, wg)] + O(ne)
k=0
(89)
Moreover, using that for all 0 < k& < n one has:
gkq = 90 + quo\/g + O(ns)
and:
qu = Ro + O(n51/2)
system (89) can be written as:
0y = 0o+ qnRove+ O(ne),
n—1
(90)

R, = Ro+e"?) [Ev (0 + qkRov/z, Rov/z, 0)
k=0
+0(@ (6y + gk Rov/€, Rov/, wi)] + O(n?e%?) + O(ne).

We shall subdivide the strip Irr in several regimes, which will be treated differ-
ently. Let (0*,0) € Irg be such that:

Ev'?(6*,0,0) = 0.
Fix some constants C; and vy < 1/12. We then define the following regimes:
e Regime 1:
Dy ={(0,R) € Ing : |0 — 0% < C1e®™, |R| < C1e77}.

e Regime 2:
Dy ={(0,R) € Ing : 10 — 0"] > C1e ¥, |R| < Cre vt}
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e Regime 3: 1
D3 ={(0,R) € Irg : Cret™" < |R| < C1e}.

e Regime 4:
Dy, = {(Q,R) € Ipgr : Olé’y} < |R| < Ol}

5.4 Regimes 1 and 2
We observe that by definition of 6%, there exists a constant A > 0 such that for
all (6, R) € D; one has:
[Eo (6, RyE,0)] < A,
and for all (6, R) € Da:
[Ev@ (9, Ry/Z,0)| > Aeit?, (91)

Moreover, we note Dy has a finite number of connected components Dj, j =

0,...,J, and that, for fixed j, Ev'@ (6, R\/z,0) does not change sign in Dj. Next
lemmas give the exit time of regimes D; and D3.

Lemma 5.6. Let (0y, Ry) € D1. Let n* denote the first exit time of the process
(Ogn, Ryn) of this regime. Let § > 0 be a sufficiently small constant. Then, there
exists a constant b > 0 such that:

P{n* > 8—1/2+2'yf§} < 675%.
Proof. Let us denote n., = [¢V/2*?] n; = in, and ns = [¢7°]. Then one has:
P{n* > e V00 < P{|R,,,.q — Ryl <2014 | for alli = 0,...,ns}

ng
< TIP{IRusa — Bul < 2CiV40), (92)
2=0

where in the last inequality we have used that R, , — Ry and R, ¢ — Ry
are independent for ¢ # j. Let us assume that (i, Rg,) € Dy for all k =

ni,...,nis1 — 1. Since in Dy one has |Ev@ (0, Ry/2,0)| < Aei™ | using (90) we
can write:

ny—1

Rni-ﬂq = Rniq + 51/2 Z U(q)(é’niq + quniq\/g’ Rniq & wgtﬂrk)

k=0
+O(n2e*?) + O(n,e*/*).
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Using that n, = [¢~Y/2%27] yields:

ny—1
RnH—lq = Rniq + 51/2 Z U(Q) (qu + qumq\/a Rniq & wzi—&-k) + O<81/4+37)‘ (93)
k=0
Let us define:
1 ny—1
§= 12 Z U(Q)(gniq + gk Ry Ve, Ry €, Wnytk)-
Y k=0

Then (93) yields:

P{| R,y 1g = Bugl <2017} < P{[e' 202 + O(/497)] < 204V/47}
P{|¢ +O(e™)] < 201} < P{[¢] < 3C1}

We note that for n., sufficiently large (i.e., ¢ sufficiently small), the random vari-
able & converges in distribution to a normal random variable, that is € ~ A(0, 0?),
with 02 # 0. Then, there exists some constant 0 < p < 1 such that:

P{|Rni+1q - Rniq| < 20151/4+7} < IP>{|§| < 301} < p.
This is valid for all i = 0, - - - , ng, so that using it in (92) we obtain:

P{n* > 6—1/2+2’y—5} S p[g*‘s] < pg*&

and then the lemma is proved with b = —log p > 0, since p < 0. [l

Lemma 5.7. Let (6y, Ry) € Dy. Let n* be the exit time of the process (6, R,) of
Dy. Let f :R — R be any C' function with | > 3. Then for all A > 0 one has:

E <€_)\€n*f(Hn*) X

M [Af(Hw — WOy ) ' (H) — Mﬂ'(fm] )
k=0
—f(Ho) = O("+7°),
where:
b(0,R) = F(0,R), o°(0,R)=Ry> v*(0+ip/q,0). (94)
=0
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Lemma 5.8. Let j be fived. Let (0o, Ro) € Dj. Let n* denote the first exit time
of the process (Ogn, Ryn) of D}. Let 0 > 0 be a sufficiently small constant. Then,
there exist constants M,b > 0 such that:

b

P{n* > /27270 < Me 372,

Proof. Recall that by (91) for all (0, R) € Dy we have:
[Ev@ (9, R,0)] > Aet, (95)
for some constant A > 0. Denote n, s = [¢~/27277°]. We note that:

P{TL* > 6—1/2—27—5}
< P{|R,,, — Ro| < 2C1&* | (1, Rig) € D} for all k =1,...,n,5—1}.

Assume that (0., Ry,) € Dj for k=1,...,n,5 — 1. Then, defining;

N~y s—1
1
=7 D 0l D(6 + qkRov/E, RovE, wf),
n'y,& k=0
and using (90) we obtain:
Ny s—1
Ro 0= Ro+e"? " Eo@(0gk, Ryv/z,0) + nY/ge + O(n? 4e°/%) + O(n, s¢).
k=0
Substituting n, s by its value, we obtain:
n,s—1
Ry ,q=Ro+e"” > Eol(0gk, Ry/2,0) + /7702 4 O('/774720),
k=0

Using the fact that Ev@ (6, R, 0) does not change sign in D} and bound (95) we
have:

Ny,5—1 Ny,5—1

elf? Z Ev@ (Ogp, Rx/2,0)| = elf? Z !Ev(q)(%m Ryev/z,0)]
k=0 k=0
> n%(;A53/4+7 — 51/4—7—6A'
Then we can write:

’anmé — R0| > 51/4—’7—5A _ 51/4—’7—5/25 + 0(81/2—47—26>‘ )
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Clearly, for sufficiently small € one has:
eV/A1=0 4 > 90 /A
If |R,, ;g — Ro| < €'/**7, then necessarily one has:
‘51/4—7—6/25_1_ 0(51/2—47—25)} > [Kel/Ar0,
for some constant K. In other words:

P{| Ry, , — Ro| < 2C1&"**7 | (01, Riy) € D} for all k =1,...,n,5 — 1}
P { ‘51/4*7*5/25 + (’)(51/2*47726” > 81/4—775[(}

— ]}D{‘§+ (9(81/4—37—36/2)| Z K€_5/2}

< P{l¢| > 2K,

IN

where we have used that 1/4 — 37 > 0 because 7 < 1/12. One can see that for
n.s sufficiently large (i.e., e sufficiently small), £ ~ N(0,0?). Moreover, since

|v|lco < k, one can see that 02 < K for some constant K independent of €. Using
that the tails of a normal random variable are exponentially small we then obtain:

P{|Rgn. ,—Ro| < 2C16"**7 | (O1g, Rig) € D} for all k =1,y g—1} < Me 572,
O

Lemma 5.9. Let (0, Ry) € DL. Let n* be the exit time of the process (0, Ry) of
D,y. Let f:R — R be any C' function with I > 3. Then for all A > 0 one has:

E (e_)\gn*f<Hn*) 4

£ 3 e () — 00, ) (1) — O g )
k=0
—f(Hop) = O('=27°),
where:
b(0,R)=F(0,R), o*(,R)=R2, Zzﬂ(e +1ip/q,0). (96)
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5.5 Regimes 3 and 4

Finally we deal with D3 and D4. Both of them can be treated in a similar way.
To study these regimes, we consider the Hamiltonian:

R2 1 0
H(0,R) = = - 5/0 Ev'? (s, Rv/z,0)ds. (97)

Let H,, := H (04, R;n). We study the process: (84n, Hy) := (0gns H(Ogn, Rgn)),

where (6,,, Ry,) is the process obtained iterating (88) n times. One can see that:

Hl - H0+ \/ERO U(Q) (007 RO\/Ea Wg)

4/ (98)
+ EF(QO, Ro) + €G(00, Ro, wg) + 0(8 / ),

where F and G are:
1
F(O,R) = —=Ev9(6,0,0) Eu'?(#)
q
1 9
— —Ev(q)(Q,0,0)/ 9, Ev'@ (5,0, 0)ds
q 0

1
. gRQGQEv(q)(H, 0,0) + 5 (Ev® (6,0, 0))”

-1

L~}

+ % v*(0 +ip/q,0),
1=0
GO, R,wf) = —éEv(Q)(Q, 0,0) u@ (6, )
) g P
— gv (Q,O,wk,O)/O 0, Ev'?(s,0,0)ds
1 L
+5 Z Wakti Wkt (0 +1ip/q,0)v(0 + jp/q,0)
i,j=0
i#]

+ Ev(q) (9, 07 O)U(q) (97 07 WZ)
+  RY(6,0,w0).

We note that since |R| < K we have:
[Flleo < K, [|Glleo < K.
Moreover, one has that for all £ > 0:

E(G(qua qu’v WZ)) = 0.
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In terms of the variable H, the {|R| < K} region can be written as:
Irgp :={H € R : |H| < K3}, (99)
for some constant K3. Now, given a; > ay > 0 we define:
Do, :={(0,R) € Igg : Ci1e™ < |R| < C1e*%}.

Note that D3 = Dg,q, with a; = 1/44y and as = v, and Dy = Dy, 4, with a; = 7,
a9 = 0.

Lemma 5.10. Let H*, 0 < a; < 1/2,0<ay < a; and 0 < a < 1/2 —ay be some
fized constants. Let (0o, Ro) € Dgyay, and consider the strip:

I={(0,R) € Dy, : |H(6,R) — H| < Cy"/*ra7e}

Let n* denote the first exit time of the process (04, Ryn) of the strip I. Let § > 0
be a sufficiently small constant. Then, there exists a constant b > 0 such that:

P{n* > 2270} < e
Proof. Let n, = [¢72%], ns = [¢°], and n; = in,. Clearly, one has:

P{n* > 2% < P{|H,,., — Hn| <20,e*™ ™ foralli=0,...,n5; — 1}

ns

= TTB{IHu, — Hy| <2000, (100)
=0
By (98) one has that:
Na—1
H,,. 6 =H, + 2172 Z R 09 (B, s, Rk g,wp ) + O(nqe).
k=0

Taking into account that:

Ry v = R, + O(nagl/Q)’
we can write:

na—1

H,.,, =H, +"Y " R, 00, + kqRo Ve Ry vE W )+ O(nke). (101)
k=0
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Let us define:

na—1
1 — R,
&= v i U(Q)(Qm + quni\/E, Rnl\/g, wfbﬁk).
"a/ = &

For n,, sufficiently large (i.e., for € sufficiently small), one has that £ converges in
distribution to a normal random variable N(0, 02(0,,., R,,)) with:

nalRQ q—1

0% (0, By,) = - Z Ty DV On + 5 (0/a + VERW), B,

k=0 7=0

Note that by assumption [H4] and the fact that R, /e > C; > 0 we have that
02(0p,, Rn,) > K > 0 for some constant K. Then (101) yields:

H

Ni+1

H +€1/2+a1 1/2§+O(ni )
_ H +€1/2+a1 a€+ O( Za)

Then:

P{|Hy,,, — Hy,| < 2C5e"/*7170} = P{|¢+ O(e!/*77%)| < 20y} < P{|¢] < 3Ch},

i+1
where we have used that 1/2 — a; — «a > 0. Since £ converges in distribution to
N(0,02%(0,,, Ry,,)) and 02(0,., R,,) > K > 0, one has:

P{|Hyoy — Hy,| < 2052070} < p,

i1

for some 0 < p < 1. Using this in (100) one obtains the claim of the lemma with
b= —logp>0. [

Lemma 5.11. Let H*, 0 < a1 < 1/2,0<as < a; and 0 < o < 1/2 —ay be some
fized constants. Let (6y, Ro) € Dqyyay, and consider the strip:

I={(0,R) € Dya, : |H(O,R) — H*| < Cye'/*Tu-2},

Let n* be the exit time of the process (0,, R,) of I. Let f : R — R be any C'
function with | > 3. Then for all A > 0 one has:

E (e—)\en*f<Hn*) i

n*—1 . . 02(9(1]“ qu> "
€ kZ:O € {)\f(Hk) - b(eqka qu)f (Hk) - Tf (Hk)} >

_f(HO) — 0(63/2—204—6)’
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where:
qg—1
b(6,R) = F(6,R), o°(0,R) =Ry > v*(0+ip/q,0). (102)
1=0

Proof. Denote:

n= e_kan*f(Hn*)—f_

iy 2 103
e e g a) = ot R ) — ) g 0
k=0

By the law of total expectation, one has:

E(n) = E(p|n* <e**°)P{n* <&}
+E(n|n* > 5_2a_5)IP’{n* > 5_20‘_6}.

Using Lemma 5.10, this writes out as:
E(n) = E(n|n* <e %) (1 —e =)+ E(p|n* > 20 0)e =, (104)

Now, writing:

3
*
|

—

e " f(H,) = f(Ho) + (e f(Hypr) — e F f(Hy))
k=0

and expanding each term in the sum in its Taylor series, we can write:

n*—1
e f(Hye) = f(Ho)+ Y. [—Ae_Agkf(Hk) +e M f(Hy,) (Hysr — Hi)
k=0

1
3¢ L) (i — HP + O 5he)|.

so that (103) writes out as:

n= f(Ho)+
n*—1
—Xek g1 1 —Xek p1 2
S [ i ) e s — ) o
n*—1 n*—1
— e~ ek I:b(eqkaqu)f/(Hk) + 02(9q/;a qu) f//<Hk):| + Z O(e—)\skg?)/Q).
k=0 k=0
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Now, using (98) it is clear that:
Hyp1 — Hi = VR0 (Ogr, Ry /2, wi)+

‘ 32 (106)
F (O, Rgr) + G (Ogk, Rgr, wi) + O(”7).
Moreover, we have:
(HkJrl - Hk>2 = 8R(21k<v(q)(9qk7 07 W}Z))Z + 0(63/2)
! (107)
= €R2k Zv g + 10/, 0) + €Go(Ogk, Ry, wi) + O(e 3/2),
1=0

where:

GO (eqka qua W]Z)
g—1 g¢—1

=2R% D Y woeriwerv(0 + Ip/q,0)v(0 + jp/q,0).
=0 j=l+1

We note that, since R, and 6, are independent of wg; for all ¢« > 0, one has
E(Go(Ogk, Ryr»wi)) = 0. Using (106) and (107), equation (105) writes out as:

n*—1

n = f(Ho) +\[Z€ Ak f1 () Rgpo qk;qukvwk)

k=0

+€Z AR F(Hy) [F(Ogrs Rare) — b(0gi, Rar)]

n*—1

€ —Nek o1

n*—1 1"
+e Y e [f/(Hk)G(qu,qu,wk) + / (2 )Go(equqk,wZ)]

q—1
R%> " v* (O +ip/q,0) — 0% (Ogk, Rgr,)
1=0

n*—1
4 Z O —Xek 3/2 (108)
Now, by definition of b(f, R) and o2(6, R) it is clear that:
F(Oqr; Rg) — b(0gr, Bge) = 0 (109)

RL> 0 (0g + ip/q,0) = 0* (Ogk, Re) = 0. (110)

On the one hand, if n* < e72479 the last term in (108) can be bounded by:

n*—1

Z 0(67)\5]683/2)

k=0

S K€3/2 * < K€3/2 20— 5 (111)
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for some positive constant K. Then, using (109), (110) and (111) in equation
(108) we obtain that for n* < 72979 one has:

n*—1

n = f(Ho)+ e Z e f'(Hy) Rypv @ (Ogk, v/ Ra, wi) (112)
k=0

n*—1

e e [f/(Hk)G(ququawZ) + L)
k=0

2

Go(Ogr, Ryr, WZ)

+O(€3/2_2a_6).

On the other hand, if n* > ¢7279 then:

n*—1

Z O(e—/\ak€3/2)

k=0

n*—1

1— e—Aen*
S K€3/2 Z e—)\ak’ _ K€3/2
k=0

1 —e

< Ky'? (113)

for some positive constants K, K,. Using (109), (110) and (113) in equation
(108) we have that for n* > g=2a79:

n*—1
n = f(Ho)+ e Z e f1(Hy) Ryev'? (Ogi, v/ Rary i) (114)
k=0
f"(Hy)
+ € Z 6_)\8k [f/(Hk)G(qu, quawZ) + 2 : Go(eqka qu’awg) + 0(51/2)‘
k=0

Thus, to finish the proof, we just need to use that:
E (v(q)(eqkﬂ \/ER(I/W wl?;)) =E (Gﬂ(eqlﬂ qu? wl?;)) =E (quk’ qu> w,Z)) =0,

and that R, and Hj are independent of w{. Recalling formula (104) of E(n) and
using these facts in (112) and (114), one obtains straightforwardly:

E(n) — f(Hy) = O(2070) (1 — ™) + O(e/?)e 5 = O(e¥/22279),
and the proof is finished. u
Remark 5.12. We note that there exist H* and K7, K5 such that:
Do, ={H €R: Ke?m < |H(0,R) — H*| < K2€2a2}‘
Thus there exist strips I; of the form:
I;={(0,R) € Daya, : |H(0,R) — H}| < Cyel/Fa—ay
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such that, defining N := [¢71/2-a1Fe+2a2] one has:

N
Daay, = J 1.

=0

Let us denote by F the error terms given Lemma 5.10, that is £ = O(3/272279),
Then the accumulated error along the domain D,,,, will be:

N2E _ 0(51/2—2(11—&-4112—6).
Tanking 6 > 0 sufficiently small, this error will be negligible if:
1/2 — 2@1 +4a2 > 0.

We note that both D3 and D, satisfy this condition, since in the first case one
has a; = 1/4+ v and ay = v, and:

1/2 =2(1/44+~)+4y =2y >0,
and in the second case one has a; = v and ay = 0, and:
1/2 —2v >0,

since v < 1/12.

5.6 Transition Zones type 1

Here we study the system in the RR case, in the subdomain:
Cie'? < |r —p/q| < Coe'/*T,

for certain constants C} and Cy and 7 < 1/4. Performing the same changes as in
Section 5.3, namely 7 = r — p/q and 7 = Ry/e. Then, this region is defined by:

Iz, ={(0,R) e T xR : C7 <|R| < (e}
As in Section 5.3, one has that:

0ny = 6o+ qnRove+ O(ne),

n—1

Ra = Ro+e'l? Z[EU(Q)<90+quD\/E, Rov/z, 0) (115)
k=0
+0(@ (0 + gk Rov/E, Rov/E, wi)] + O(n?e2) + O(ne).
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We consider the Hamiltonian H defined in (97), which is:

R 1 /?
H(0,R) = = - 5/0 Ev'? (s, Rv/z,0)ds.

Let H, := H(04n, Ryn). Then, the process (0gn, Hy) = (Ogn, H(04n, Ryn)), where
(O4n, Ryn) is the process obtained iterating (88) n times, is defined in the same
way as (98):

Hy = Ho+ /Ry v'(6y, Rov/z, wf)

- (116)
+ 5F(90,R0)+€G(60,R0,W8)+O(E / ),

where F' and G are:
1
F(O,R) = —=Ev9(6,0,0) Eu'?(0)
q
1 )
- —Ev(q)(Q,0,0)/ 9,Ev'?(s,0,0)ds
0

q
1
- 332391[4:@(4)(9, 0,0) + 5 (Bv(6,0, 0))*

—_

q—

1
+ 3 v?(0 +ip/q,0),
=0
1
GO, R,w)) = —=Ev9(0,0,0) u'?(f,w!)
q
1 (%
— —v(q)(Q,O,wg,O)/ @Ev(‘])(s,(),())ds
q 0
1
+5 D Wakri Wakes V(0 +1ip/g.0)0(0 + jp/q,0)
i,j=0
i

+  E09(6,0,0)0(6,0,wf)
+  RoY(6,0,w0).

Unlike Section (5.3), here we have |R| < K~ 7 so that:
| Fjeo < Ke™™, 1Glle0 < Ke™ ™.
Again, one has that for all £ > 0:

E(G(qu, qu, wg)) =0.
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Lemma 5.13. Let R* € Irz, 0 < 7 < 1/2 be fized constants. Define H =
H(R*,0), and let o be such that:

O<a<l/2-7, 0<a<1/6.
Let (0o, Ro) € Irz,, and consider the strip:
1={(6,R) € Iz, : |H(6,R) — H| < Ca|R*["/*°}.

Let n* denote the first exit time of the process (04, Ryn) of the strip I. Let § > 0
be a sufficiently small constant. Then, there exists a constant b > 0 such that:

P{n* > e 2%} < e
Proof. Let n, = [e7%¢], ns = [¢7°], and n; = in,. Clearly, one has:

P{n* > e 2%} < P{|H,,,, — H,| <2C,|R*[e"/*® foralli=0,...,n5 — 1}
ns

= [[P{lH..,, — Hi| < 20| R[>} (117)
=0

Since |R*| > Cy > 0, one can easily see that there exist two constants Ky, Ky > 0
such that:
Ki|R*(R—R")| <|H — H*| < K3|R*(R — R")|. (118)

This implies that there exists two constants K7, Ky > 0 (not necessarily the same)
such that:
K1 <|F(0,R)| < Ko|R'[, Ky <|G(0,R)| < K| R'). (119)

By (116) and (119) one has that:

Na—1

H”H—l = Hni + 51/2 Z Rnri-k U(q)(eni—l—k’ Rm-i—k angfrk) + O<na|R*|25)'
k=0

By (115) we have:
eni+k = em + qum\/g + O(?’LQE),

Rm-ﬁ-k’ = Rnl + O(nagl/Q)a
so that we can write:

Na—1

Hy\ ) = Hni+51/2 Z Ry, U(Q)(Qni"’qum\/ga Ry \e, wgi+k)+(9(ni€)+0(na|R*|26).
k=0
(120)
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Let us define:

Nag—1
1 «
€= 3 D (B, + kqRp/E, Ruv/2, 0 ).
@ k=0

We note that for R,, € I one has:

R,

for some constants Kj, K,. For n, sufficiently large (i.e., for ¢ sufficiently
small), one has that £ converges in distribution to a normal random variable

N(0,02(0,., R,,)) with:

Nag—1

1
02(0,,, Rp,) = Z 221)2 On, + j(p/qa+ VeRy,), Ry,).-

«

Note that by assumption [H4] and (121) we have that o2(6,,, R,,) > K > 0 for
some constant K. Then (120) yields:

Hyoy = Hy +e2RY2E 4+ O(nle) + O(ng|RY|%e)
_ Hnl+51/2 aR*§+O( 1— 4a) (|R*‘2 1— 2a)
Then:
P{|H,,,, — H,| < 20yR*e'/*™*}

P{I¢ + O(IR*[7'e"27) + O(IR*[7%)| < 2G5}
< P{lg] <3Gy},

where we have used that |R*|~1e!/273% << 1 because |R*| > C; > 0 and 1/2 —
3a > 0, and that |R*|¢'/?7 < /277" << 1 because 1/2 — 7 — o > 0. Since
¢ converges in distribution to N'(0,0%(0,,, R,,)) and ¢*(0,,, R,,) > K > 0, one
has:

B{|Ho,., — Ha| < 20|77} <

for some 0 < p < 1. Using this in (100) one obtains the claim of the lemma with
b= —logp>0. O

The proof of the following lemma is exactly the same as the proof of Lemma
5.11
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Lemma 5.14. Let R* € Irz, 0 < 7 < 1/2 be fized constants. Define H =
H(R*,0), and let o be such that:

0<a<l1/2—T1, 0<a<1/6.
Let (0, Ro) € Irz,, and consider the strip:
I={(0,R) €Ipz : |HO,R) — H*| < Cy|R*|eV/*7*}.
Let n* be the exit time of the process (0, R,) of I. Let f : R — R be any C!

function with | > 3. Then for all A > 0 one has:

E <6_)‘E"* F(Hp) +

n*—1 2
Y e AP = bt ) (11— T g )

k=0

_f(HO) — 0(63/2—2(1—6)’
where:

q—1

b(0,R) = F(6,R), o°(0,R) =Ry > v*(0+ip/q,0). (122)
=0

Remark 5.15. Consider strips I; of the form:
I;={(0,R) € Iz, : |[H(0, R) — H;| < K|R*[e"*"°}.
Recalling (118) one has:
I;={(0,R) € Iz, : |[R— R}| < Ke'/*™*}.

Then, defining N := [e7}/2%=7] one can find suitable strips I; such that:

N
Irz, = 1.
§=0

Let us denote by E the error terms given Lemma 5.13, that is £ = O(e
Then the accumulated error along Iz, will be:

3/2720176)‘

N?E = O(e'/?7779) << 1,

since 7 < 1/4.
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5.7 Transition Zones type 2

Here we study the system in the RR case, in the subdomain:
Irg, = {(0,7r) € T xR : K1e'/?77 < |r — p/q| < Ky},

for certain constants K; and K5. Similarly as in the Totally Irational case, after
performing the change to normal form, the n-th iteration of our map can be
written as:

Gn = 00 + nrg + O(TL&T),

n—1 n—1

™ = To+e€ Z wWr[v(Ok, %) + v (Ok, 71)] + € Z Ey(O, %) + O(ne®™®),
k=0 k=0

(123)
where vy(6, ) is a given function which can be written explicitly in terms of v(6, )
and S1(0, 7). We consider substrips of the following form:

I={(0,r) €Iy, : |r—r <e/?),
for some 0 < o < 1/2.
Lemma 5.16. Let r* be fized. Let (0y,70) € Irz,, and consider the strip:
I={(0,r) € Iz, : |r—1*| <eV/* e,

Let n* denote the first exit time of the process (0,,7,) of the strip I. Let § > 0
be a sufficiently small constant. Then, there exists a constant b > 0 such that:

P{n* > e 2%} < e

Lemma 5.17. Let f: R — R be any C' function with | > 3. Then for all A > 0
and 6 > 0 sufficiently small one has:

; (6%2“’7(%*) "
P 7:201 Ak |:)\f(rk) _ (EQ(ek, re) f'(rk) + Mf”(m))} )
) ~f(r0) = O,

Proof. Let us denote:

*

S (ORED W 20 = (s )+ #f())} .

3
|
—

e
Il

(124)
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First of all we shall use the law of total expectation. Fix a small enough § > 0.
Then we have:

]E(T]) - E (77|n* < 5_2a_6) P{n* < 6—204—6}
+ E(n|n* >e ) P{n" > e}

Now we write:

n*—1

e f () = [ (o) + Z ( AP £y ) — e—Aszkf(Tk)> '

Doing the Taylor expansion in each term inside the sum we get:

n*—1

N fr) = Fr0) + Y [ AS T () e () (i - 1)
k=
+%e_)\82kf//(rk)(7"k+l B Tk) + O( —e3k 3):| )

Substituting this in (124) we get:

n = f(ro)+ Z {€AE ") (P — i) + %€A€2kf//(7”k)(7’k+1 - Tk)z]
k=0
— ni: eAEQk{ f(r) + “2(2”) f”(rk>] £ 0@, (125)
k=0

We note that using (123) we can write:
Tkl — T = éka[U(@k, Tk) + 67)2(9k, Tk>] + & Eg(@k, Tk) -+ O( 2+a)

and also:
(Thg1 — Tk)2 = 5202(6% k) + 0(53)-

Thus we can rewrite (125) as

n*—1

n = f(ro)+e Z e =R 1 (ry)wi [0(Or, ) + V2 (0, 7))
k=0

n*—1

+ ) O(e et (126)

k=0

65



Now we distinguish between the case n* < 72070 and n* > ¢7229_ Consider the
former case. First, we show that the last term in (126) is O(g27%=227%). Indeed,

n*—1
Z O(e—)\e2k€2+a) < K€2+“n* < [{524-(1—20:—67 (127)
k=0
where K is some positive constant. Then, for n* < 7279 we obtain:
n*—1
2
n=f(ro)+e> e (ri)wp [v(0k, i) + eva(Ok, i) + O(7T727%). (128)
k=0

Now we focus on the case n* > ¢72¢79. The last term in (126) can be bounded
by:

n*—1 n*—1 1 _ —)\E2TL*
Z O(e_/\EQkE2+a) < K€2+a Z 6_>‘€2k _ K€2+QW < K,\&a, (129)
k=0 k=0

for some positive constants K and K. Using this bound in equation (126), we

obtain that for n* > ¢—22-9.
n*—1
n=f(ro) +e Z e (r)wi [V(0k, Tr) + €v2(Ok, m0)] + O(e7). (130)
=0

Now we just need to note that since wy, is independent of r, and 6, we have for
all £ € N:

E(wkf’(rk)[v(ﬁk, Tk) + €U2(¢9k, Tk)]) =
E(wk)]E(f’(rk) [U(Qk, Tk) + 51}2(«9k, Tk)]) = O,

because E(wg) = 0. Thus, if we take expectations in (128) and (130) and use
Lemma 5.16 it is clear that:

E(n)—f(ro) = O 22 ) P{n* < e 21+ 0(e")P{n* > e 227} = O(g¥r* 2279,
[l
5.8 An expextation lemma for a whole Real Rational Strip

Finally, we shall put all the information of the previous subsections toghether in
ordrer to obtain an expectation lemma valid in the whole strip.
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Lemma 5.18. Let B, 7,7 > 0 be such that:
26 <min{1/2 —7,1/2 — 2v,2v},

and let 6 > 0 be a sufficiently small constant. Let (6y, Ry) be such that |Ry| <
CocP. Let n* be the exit time of the process (0, R,,) of this domain. Let f : R — R
be any C' function with | > 3. Then for all X > 0 there exists d > 0 such that:

E <6—)\6n*f<Hn*) X

n*—1 2
£ e AP~ bt ) (11— O g )
k=0
—f(Ho) = O(¥+0),
where:
b(0,R) = F(0,R), o*(0,R) =R2, izﬂ(e +1ip/q,0). (131)
=0

Proof. We consider Markov times 0 < ny < ng, < --- < n,, = n* such that, for all
i, (0n,, Rn,) and (On,,,, Ry,.,) belong to different substrips of any of the domains
defined in the previous subsections. We define:

./\fj:{nl : (Gk,Rk) EDJ', k:ni,...,niﬂ—l},
NTZ1 = {nl : ((gk,Rk) < [TZU k= Mgy ooy N1 — 1},
NTZz ={n; : (Ox, Ry) € Irzy, k =mny,...,nipq — 1}.
Then if we define:

n=e " f(H,)

£ 3 e N = Wt R () — O ) ) - f(t)

k=0
and:
oy = € f(H,)
n;—1 2
e Y e {Af(Hw — b0y o) /() — Mf’(fm]) ~ f(Ha ),
k=n;_1
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we have that:

E(n)=E<Znni> = E(Z Moi F D Mot > M,

ni€N1 TLiENQ niGNg
ni €Ny ni€NTz, ni€NTz,

Using the bounds given by the expectation lemmas, we obtain:

E() = OE(ME%) + OE(NG)7) + O(B(NG])e¥> )
FOE(INE20) + O(B( N7z, )e2205) + O(B(| Nz )e¥2229),

One can easily see that, with probability exponentially small close to 1 as e — 0,
one has:

E(M|) <K, E(MN|) <K,  E(N|) <e /222

E(N|) < e 1-2+20 E(|Npg,|) < e 1727420 E(|Nipy,|) < e~ 1428420,
Then, using that 28 < min{1/2 — 7,1/2 — 27,27} one obtains:

E(n) = O(e*™*" - ),
with d = min{1/2 — 7,1/2 — 27,2y} — 25 > 0. O

A Measure of the domain covered by RR and
IR intervals

In this section we show that, with the right choice of b, the measure of the the
union of all strips of RR and IR type inside any compact set:
Ag=Upl; CTx B I strips of width 2¢”

goes to zero as € — 0.
In fact, we will do the proof for A = [0,1]. The general case is completely
analogous. Let us consider:

R={p/qeQ:p<q, gedp,q) =1, q¢<e "} =UlyR, C[0,1],

where ¢ = [¢7°] and:

Ry=1{p/q€Q : p<q, ged(p,q) = 1}.

Finally we denote:

Ir ={I; C[0,1] : 3p/q € RN Iz}.
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Lemma A.1. Let p be fizred, 0 < p < 3, and define b = (8 — p)/2. Then, for
each I such that there is at most one rational p/q satisfying |q| < e7° the union
Iz has the Lebesgue measure u(Ig) < € and, therefore, as e — 0:

n(Ir) — 0,
where p denotes the Lebesque measure.

Proof. On the one hand, suppose that p/q € I3, ¢ < 7. Then, for all p’ /¢’ € I,
with p’ and ¢’ relatively prime and p'/q # p/q, we have:

&> pla—p1d] > - > e
- Tq¢ T ¢

Therefore:

B+b —b—3p/2 b

g >e PP =c¢ >e7",
so the first part of the claim is proved.

On the other hand we note that, if ¢; # ¢a, then R, N R, = 0. Moreover, it
is clear that #R, < ¢—1 (and if ¢ is prime then #R, = ¢ — 1, so that the bound

is optimal). Therefore we have:

Gmax Gmax

2
4R < Z#Rq < Zq_ 1 = Tmax <2
q=1 q=1

2

Since u(Ig) = €°, one has:
0 < p(Ig) = P#R < P = ¢,

so that the second claim of the lemma is also clear. OJ

B A generalization of Theorem 2.1

Theorem 2.1 can be easily generalized in the following way.

Theorem 2.1°. Let 6;(¢) and d2(¢) be continuous functions such that for any

v > 0 one has:
Sl
— — 0
gi(e) 7

as e — 0. Then Theorem 2.1 applies to the random collection of maps f.,, where

fu is the same as f,, replacing the terms eEu(6) and cwov(0) by §1(e)Eu(f) and
da(e)wou(0) respectively.

Remark B.1. For instance, one can take 6;(¢) = elog" € for any n.
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C Sufficient condition for weak convergence and
auxiliary lemmas

In order to prove that the r-component exhibits a diffusion process we need to
adapt several lemmas from Ch. 8 sec. 3 [20]. We recall some terminology and
notations (see Ch. 1 sec. 1 [20] for more details).

In the notations of section 1.6 we have

Lemma C.1. (see Lm. 3.1, [20]) Let M be a metric space, Y a continuous map-
ping M — Y (M), Y (M) being a complete separable metric space. Let (X5, PZ) be
a family of Markov processes in M ; suppose that the process Y (X;) has continu-
ous trajectories. Let (yi, P,y) be a Markov process with continuous paths in'Y (M)
whose infinitesimal operator is A with domain of definition D 4. Suppose that the
space C[0,00) of continuous functions on [0, 00) with values in I' is taken as the
sample space, so that the distribution of the process in the space of continuous
functions is simply P,. Let U be a subset of the space C(Y(M)) such that for
measures p1, po on Y (M) the equality [ fdpy = [ fdus for all f € U implies
1 = po. Let D be a subset of Da such that for every f € W and A > 0 the
equation N\F' — AF = f has a solution F' € D.

Suppose that for every x € M the family of distributions Q5 of Y (XZ) in the
space C[0,00) corresponding to the probabilities PS for all € is tight; and that for
every compact K C Y (M), for every f € D and every A > 0,

E; /OOO exp(=At) Af(Y(XT)) — Af(Y(XP))] dt — f(Y(x))

as € — 0 uniformly in v € Y 1(K).
Then @, converges weakly as € — 0 to the probability measure Py (y).

In our case Y (M) is the real line. We use a discrete version of this lemma in
our proof.

Similarly, to Lemma 3.2 [20] one can show that the family of distributions
Q: (those of Y (X¢Z) with respect to the probability measures PZ in the space
C10,00)) with small nonzero ¢ is tight. Indeed, in our case speed of change of I
is bounded. Denote H(X) = H(r,0) = r?/2. Then

e for every T' > 0 and § > 0 there exists Hy such that

P°{max |H(X;)| > Hy} < 0.

0<t<T

e for every compact subset K C A and for every sufficiently small p > 0 there
exists a constant A, such that for every a € K there exists a function f7(y)
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on ¥ (A) such that f2(a) = 1, f2(y) = 0 for p(y,a) = p, 0 < fi(y) < 1
everywhere, and f5 (Y (X7)) + A,t is a submartingale for all ¢ (see Stroock
and Varadhan [38]).

In the proof we need an auxiliary lemmas. We study the random sums

Sp =Y vpwp, n>1, (132)

k=1

where {wy, }x>1 is a sequence of independent random variables with equal £1 with
equal probability 1/2 each and {v;}r>1 is a sequence such that

D hey VR
lim &=k=L"k _ 5
n—oo n

Here is a standard

Lemma C.2. {S,/n'/?},51 converges in distribution to the normal dirtribution

N(0,0?).

Recall that a characteristic function of a random variable X is a function
¢x : R — C given by ¢x(t) = Eexp(itX). Notice that it satisfies the following
two properties:

o If X YV are independent random variables, then px .y = ¢x - py.

* vax(t) = px(at).
A sufficient condition to prove convergence in distribution is as follows.

Theorem C.3 (Continuity theorem [6]). Let {X,},>1,Y be random variables.
If {ox, (t)}n>1 converges to py (t) for every t € R, then {X,},>1 converges in
distribution to Y.

A direct calculation shows that

: t?
nh—>nolo log ¢,/ m(t) = ~557 for all t e R.

This way of proof was communicated to the authors by Yuri Lima.
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