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Abstract The purpose of this paper is to suggest estimators for the parameters of
spatial models containing a spatially lagged dependent variable, as well as spatially
lagged independent variables, and an incomplete data set. The specifications allow for
nonstationarity, and the disturbance process of the model is specified non-paramet-
rically. We consider various scenarios concerning the pattern of missing data points.
One estimator we suggest is based on a smaller but complete subset of the sample;
another is based on a larger but incomplete subset of the sample. We give large sample
results for both of these cases.
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1 Introduction

Missing data problems often arise in the analysis of spatial models containing
spatial lags." In some cases, these data problems arise because of a lack of data on

! There is, of course, a large literature on missing data issues. Some important early studies are Anderson
(1957), Friedman (1962), Afifi and Elashoff (1966, 1967, 1969), Haitovsky (1968), and Kelejian (1969).
A nice, but short, review of some of these early studies is given in Maddala (1977, pp. 201-207); Kmenta
(1986, pp. 379-388) also discusses missing data problems, and highlights certain issues. An excellent
recent overview of models and procedures is given in Little and Rubin (2002); another interesting text, in
a spatial framework, which primarily focuses on the collection of spatial data is Miiller (2007). For a
review of studies which focus primarily on missing data issues in a spatial framework see Anselin (1988,
pp. 172-176) and the references cited there-in. A more extensive review of such studies can be found in
Cressie (1993) under the category edge effects in the index of that book.
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242 H. H. Kelejian, I. R. Prucha

some variables for units that are defined to be neighbors of other units for which
data are available.? In some, but not all of these cases, the missing data relate to
“edge units”—see e.g., Anselin (1988, pp. 172-173). In other cases, data
shortcomings may arise because of either the unavailability of data on certain
variables or the reluctance of the researcher to use data on certain variables because
of “quality of data” concerns. One example of this would be models that, among
other things, require data on the GDPs of the sampled countries, and GDP data are
either not available for some countries or are of “dubious” quality and so not
used—see e.g., Kelejian et al. (2008).

There are various ways researchers have confronted this problem. One approach
is to ignore it if the missing data relate to units that are involved as part of a spatial
lag. In this approach, the missing observations are implicitly replaced by zeroes and
so, e.g., the spatial lag would be constructed entirely in terms of the available data.
Another approach is to complete the sample using available data by estimating in
various ways, the observations that are missing. Still another approach is to rely on
maximum likelihood estimation.®> Of course, there are still other approaches, but
formal results concerning the distribution of the regression parameter estimators
based on incomplete data sets are not available in the framework of a non-stationary
spatial model that contains spatial lags in both the dependent and independent
variables, as well as a non-parametrically specified disturbance process.*

The purpose of this study is to fill this gap. For such non-stationary spatial
models, we discuss various scenarios relating to the missing data and the manner in
which the sample increases. We suggest regression parameter estimators that are
based on a complete subset of the sample, as well as on a larger but incomplete
subset of the sample. We give formal large sample results for our suggested
estimators in both of these cases. In the context of our model, we give conditions
under which the effects of missing observations in the estimation procedure are
asymptotically negligible, as well as when they are not! Our asymptotic results
account for both of these cases. Finally, we give user friendly suggestions
concerning small sample inferences for our suggested estimators.

We specify the model in Sect. 2. That section also contains a discussion of various
scenarios as to how the sample may increase. Our suggested estimators are given in
Sect. 3, along with theorems that describe their large sample distribution. These
theorems relate to the various scenarios concerning the manner in which the sample
increases. Conclusions are given in Sect. 4. Technical details are relegated to the
“Appendix”.

2 As one example, in hedonic models of housing prices involving a spatially lagged dependent variable,
the prices of unsold houses would not be known. In some of these cases, the problem would be to predict
the prices of the unsold homes given their attributes and the spatial interdependence described by the
weighting matrix—see e.g., LeSage and Pace (2004). See also Kelejian and Prucha (2007) for issues
relating to such prediction.

3 See e.g., the review in Anselin (1988, pp. 172-176), the discussions in Cressie (1993) under the category
“edge effects” in the index of that book, and the various procedures described by Haining (2003).

4 We note that the specification of the regression model is typically based on economic theoretical
reasoning; the disturbance process is the “residual” in the model, and typically theoretical reasoning does
not apply to it. Hence, a non-parametrically specified disturbance process should, perhaps, be considered
more often than it is!
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Spatial models with spatially lagged dependent variables and incomplete data 243

2 Model
2.1 Specification

In this section, we specify a model containing spatial lags in the dependent variable,
as well as in some of the independent variables. We describe this model in such a
way that for certain units, the dependent variable and all of the regressors
determining that dependent variable, including the spatially lagged variables, are
observed. For other units, observations on either the dependent variable and/or all of
the regressors determining those dependent variables are not available. More
specifically, we divide the units into three groups. For units in groups 1 and 2, the
data on the dependent and exogenous variables pertaining to those units are
observed. The distinction between units in group 1 and 2 is that for the former all
observations needed to formulate spatial lags are also observed, while for the latter,
this is not the case. The observations pertaining to units in group 3 are unobserved.
As in illustration of such a grouping of the data, consider Fig. 1.

If we assume that spatial interactions can be described by a rook design, then in
this illustration, units in group 1 and group 3 are not immediate neighbors, and thus
the corresponding block in the spatial weights matrix will be zero. Consequently, we
can compute spatial lags of the dependent and exogenous variables for all units in
group 1, despite that all variables pertaining to group 3 are unobserved. This is not
the case for units in group 2, since those units are immediate neighbors in both
groups 2 and 3, and thus spatial lags would depend on observations from units in
group 3.

Consistent with the above illustrative example, we assume in the following
discussion that the data are ordered such that the (1, 3)-block in the spatial weights
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Fig. 1 An exemplary grouping of data on a rectangular grid with neighbors defined by a rook design
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matrix corresponding to groups 1 and 3 is zero. Since it has no effect on the
derivations relating to our large sample results, we allow for the (3, 1)-block in the
spatial weights matrix to be non-zero for purposes of generality, although we expect
it to be zero in most applications. In particular, we consider the following model:

Yn,1 X1 Wott Waiz O Ju1
Va2 | = Xo2 |Bi+ | Wa2t Wiz Wins Jup | B2
Ynj3 X3 Wizt Wiz Wyss Ju3 ()
Wati Wiz O Y1 Up1
+ A Waor Wi Wi Yo | + | w2 |,
Wizt Wiz Wpiss Y3 Up3
and
U1 R.i1 Rupiz Rz €n,1
2 | = | Rupt Rnp2 Rups &2 |,
Un3 Ru31 Ru3 Ru33 &n3

where y,,; and X, ; are, respectively, the n; x 1 vectors of endogenous variables and
n; x s matrices of exogenous variables corresponding to group i for i = 1, 2, 3. The
researcher observes y, 1, ¥n2, Xu,1 and X,, », but not y, 3, and X,, 3. The matrices W, ;
i, j =1, 2, 3 are observed nonstochastic weighting matrices, where W,, ;3 = 0. The
matrices J,,; are of dimension n; x r with r < s and represent submatrices of X, ;.
Hence, the above specification allows for spatial lags in some, but not necessary all,
exogenous regressors. Of course, given that the matrices J,, ; are submatrices of X, ;,
it follows that J,; and J,, are observed, but not J, ;. We conditionalize on the
exogenous variables and so take the matrices X,; and J,; i=1,2,3 as
nonstochastic.

For future reference, letn = n; 4+ n, + n3,andlet W,,and R,,be the n x n matrices

Woit Waiz O Riii Ry Rz
Wo= 1 We21 Wpo Wy |, Ri=| Ri21 Ru2o Ru23 (2)
Wuzt Wiz Wiss Ru.31 Ruz Ru3s

Given the notation in (2), the model in (1) can be written more compactly as

Yn = Xnﬂl + Wn-]nﬁ2 + iWn}’n + up

W)+ U 3)
u, = Ry&,
where
¥y = (o dhadha)s X (x,zl,x:,z,x' s = (D ha i)
Z, = (Xn; Widn, Wnyn) ( 1n[)) )

! / / / Jo_ / /
un - (Mn,l7un‘27un‘3)7 ‘L’n - (6n17&n 2 n3>
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Spatial models with spatially lagged dependent variables and incomplete data 245

We will suggest two instrumental variable estimators for situations where some
of the data are missing. These estimators presume that the researcher is able to
arrange the data as specified in (1). One of them will be based on the complete
portion of the sample, i.e., the portion of the sample for which the dependent
variable, the exogenous variables and the spatial lags are observed. The dependent
variable corresponding to this estimator is the n; x 1 vector y,;. The other
estimator will be based on a larger but incomplete portion of the sample, where the
dependent and exogenous variables are observed, but where some of the data
needed to compute the spatial lags on the r.h.s. are unobserved. The dependent
variable corresponding to this estimator is the n; + ny x 1 vector [y, |, ¥, ,]-

For notational convenience, we define

!
In1+2 = |:y:1117y;,_,2} (4)
and correspondingly
!
Xn,1+2 = |: ;‘11X;721|

!
Jnjg42 = { > }{12:| (5)

/! / !
Un14+2 = |:un71 ’ unﬁ2:| .
We also define W, ; as that portion of the weighting matrix, which determines the
spatial lags in the sub-model for y, ; as implied by (1), namely
Woi = [Wn,ll Wn,lz]- (6)

In a similar way, W, |, is defined as that portion of the weighting matrix, which
determines the spatial lags in the sub-model for y, ;> as implied by (1), namely

Woit Wi 0
| )

Wyias =
. [an Wiz Wi

This notation is extended to submatrices of R, as defined in (2)—e.g.,
Rn,l = (Rn,ll Rn,lZ Rn,l3 )a (8)

R (Rn,n Rui2 Runz >
142 = .
e R.>1 Rupp Run

In terms of this notation, and borrowing other notation from Kelejian and Prucha
(1998) by letting

Jug = Wuiduisa  and 3,1 = Woiynis2,
the model in (1) implies that y, ; is determined as

Yn1 = Xn,lﬁ] + jn,lﬁz + )Lyn,l + Un,1
=41y + U1
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246 H. H. Kelejian, I. R. Prucha

where
Zny = Xt It 9n1); 7 = (Bl Py 2).
The model in (1) implies furthermore that y, 1., is determined as
Yua+2 = Xu112B1 + Wai2duBy + AW 11290 + U 142- (10)

Assuming W, 3 # 0, the regressors in the (10) are not all observed. Part of our
large sample results reported below relate to conditions under which the unobserved
parts of (10) are asymptotically negligible. That analysis is facilitated by separating
the observed portions of the regressors in (10) from the unobserved portions. Hence,
we define Wy, |, and Wy, |, as, respectively, those parts of W,, |, that relate to the
observable and unobservable regressors, namely

0 _ Wn,ll Wn,12 u _ O
m1+2 W2t Wiz |’ m1+2 Wa23

Given this notation, and again borrowing notation from Kelejian and Prucha (1998)
by letting

Juli2 = WZ.1+2Jn.1+2 and Yna4+2 = Wz’]+zyn,1+2
the model in (10) can be rewritten as

Yui4z = Xois2B1 + Tnis2Bs + Anisa + &,
=Zpi2y + &,

(11)

where
Zpt2 = (Xn,l+2a-]n,l+27yn,l+2)

én = {Wyl;,l.q_z.]njﬁz + iW;zl,l+2yn,3 -+ Up,142

and where £, in (11) can be viewed as a “contaminated” error vector.

Both (9) and (11) contain spatial lags in the dependent variable, and so our
suggested estimators will involve instrument matrices. Consistent with our earlier
notation, the instrument matrices for the estimation of (9) and (11) are, respectively,
the n; x gy and n; + n, x g, matrices H,; and H, ;... Ideally, we would like to
use the conditional means of y, ; and ¥, 14, as instruments. These conditional means
depend on X3, and are hence unobserved. Guided in part by suggestions in Kelejian
and Prucha (1998), our recommendation here is to take as instruments the linearly
independent columns of

Hn,l = |:Xn,17Wn,11Xn,la~'-W,illxn,lajn,laWn,lljn,la~-~W,§A’|]J_n,l ( )
12
Hyp0 = |:Xn,l+23 Wy 1o Xni42, - ~(WZ,1+2)SXn,1+2}

where typically s < 2. Note that since (9) contains the n; x 1 endogenous regressor
Vn1 = [Wu11Yn1 + W 12Yn2], one might also add W, 1,X,,, to the columns of the
instrument matrix H,, ; to help account for the mean of W, 1 y,». Because W,, ;5 is
an n; X np matrix and X, ; is an n; x s matrix, W, ;, is not conformable for
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Spatial models with spatially lagged dependent variables and incomplete data 247

postmultiplication by X,, ;. Typically, n, will be less than n;; we do not suggest
constructing further instruments by postmultiplying “augmented” versions of
W12 by X1

2.2 The sample configurations

Our large sample results below relate to the relative sample sizes n;, i = 1, 2, 3. We
consider three cases. Specifically, we assume the configuration of the space
containing the n units expands in such a way that

Case I: ny— o0

Case 2: ny — oo, and —=—> — 0
(m+p2)

Case 3: nj — 00, and ——» — ¢ > 0.
(n1+n2)

Case 1 relates to the use of y, ; as the dependent variable. In this case, there is no
assumption concerning the magnitudes of n, or n3 and, hence, they both could increase
of (any order) beyond limit! As a preview, the reason these magnitudes do not matter
relates to our assumptions below concerning the weighting matrix, W,,. Cases 2 and 3
relate to the use of y,, ;1 as the dependent variable. Note that case 2 does not rule out
n,— 00, n3— 00, or even n; /nj— oo, i = 2, 3. Case 3 differs from case 2 in that the
“missing” portion of the sample, referenced here by n3, increases in the same order as

the square root of the observed portion of the sample indexed here by n; + n,.
2.3 Assumptions

In this section, we state our assumptions; their interpretations are given in the
following section. Let

Dyt = (Xp1,Ju1) and  Dyiio = (Xui42,Jn112)-
Our assumptions are given below.

Assumption 1 The elements of ¢,, namely {¢;,,:1 <i < n, n > 1}, are identically
distributed. Further, {¢;,:1 < i < n} are for each n distributed (jointly) indepen-
dently with E(e;,) = 0, E(Siz,n) = 1. Additionally, the innovations are assumed to
possess a finite fourth moment.

Assumption 2 The elements of X,, H,, and H, ,, are uniformly bound in
absolute value; in addition, D,,; and D,, ;,, have full column rank for n; and n,
large enough.

In the limits below, no restrictions are placed on the magnitudes of n, and ns,
which may be related to n; and so may also increase beyond limit.

Assumption 3 We assume

(a) limm*}oo n?1D27]Dn,] = QD1D| )
(b) limy, oo ny 'Hy Hy = Omyy s
(c) lim,,ﬁoo(m + nz)_ D:,71+2Dm1+2 = QD1+2D1+2’
(d) limnlﬁx(nl + n2)_1H£,71+2Hn.l+2 = OH2Hy 0
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248 H. H. Kelejian, I. R. Prucha

where Op,p,,Op, ,0,.,> Omn, and Oy, g, ,, are finite nonsingular matrices.

Assumption 4 (a) |2l < 1 (b) The diagonal elements of W, are zero, and R,, and
(I, — AW,) are nonsingular (c). The row and column sums of R,, W, and (I, — 4
W,)~" are uniformly bound in absolute value.

Assumption 5 We assume

(@) plim, o ni'H), \Z,1 = On,z,

(b) lim,, oo ny'H), Rn AR 1 Hy1 = Opir Ry,

(C) phmnlﬂoo(nl + nZ) IH;,71+2Zn.1+2 = QH1+ZZI+2

(d) limﬂlﬂoo (I’l] + n2)71Htll,1+2R"-1+2R;,1+2H’1,1+2 = QH1+2R1+2R1+2H1+2

where O,z Om,r R Hy s OH,y 271125 A0 OH, R, Ry H, ., are finite matrices with full
column rank.

The next assumption is only maintained under Case 3.

Assumption 6 For n;— o0 and 7 — ¢, with 0 < ¢ < o0, we assume

)
(a) hmnl—>oo(”1 +l’12) 11/2H:, 1+2Wn 1+2Jn3 =Fip
() Limy, ooy +m2) " PHL W (L — AW,), f,X =Lis

(© limy, oo (1 +n2)" 1/2Hn<1+2W;?1+2(1 W)z Wadn = S142

where Fy,, L1,,, and S, are, respectively, g, X r, g» X s, and g, X r finite
matrices, and where (I, — )»Wn);é is the n3 X n matrix consisting of the last n3 rows
of (I, — AW,)™".

2.4 A brief discussion of the assumptions

First note from (3), Assumptions 1 and part (b) of Assumption 4 that

Eyn = (In - }an)il [Xnﬁl + Wn-]nﬂz} (13)

Assumption 2 and part (c) of Assumption 4 imply that the elements of Ey, are
uniformly bound in absolute value. Also note that Assumption 1 and part (c) of
Assumption 4 imply that the row and column sums of the variance—covariance
(henceforth, VC) matrix of y,, say VC,_,, are uniformly bound in absolute value,
where

VG, = (I, — 2W,) ' R.R, (I, — 2W!) ™. (14)

Assumptions 1, 2, 3(a), and 4 are standard-type conditions that have been
discussed elsewhere in the literature, see e.g., Kelejian and Prucha (1998, 2004).
Note also that the condition E(s,%,,) = 1 in Assumption 1 is not restrictive, since the
only assumption maintained for R, is that its row and column sums are uniformly
bounded. Thus, the variance of the ¢;, is a scale factor, which can be incorporated
into R,,. To see this, note that if E(s,—%,,) = ¢2, the disturbance vector u, in (3) could
be redefined as:
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Spatial models with spatially lagged dependent variables and incomplete data 249

u, = Rye, = [0.R,] [i ] =Re,
O

where the row and column sums of R, are again uniformly bounded, and the
elements of 9: would have a variance of 1.0.

Consider part (c) of Assumption 3. The assumption requires that (n; + nz)_1
X 12Xn 142, (n1 +n2)” 'x, X 1:2Wi12Xn142, and  (m +”2)71XZJ+2 W oW
X142 converge. These limit assumptions are standard-type conditions. Given part
(a) of Assumption 3, and if and if ny/n;—0, then QOp, .p,., = Op,p,. Similar
comments apply to parts (b) and (d) of Assumption 3.

Now consider part (a) of Assumption 5, and note that

nlilH:L’lZ 1= n] 1Hn 1(Xn.17 Wn,1]i1,1+27 Wn,lyn.,lJrZ)' (15)

Since assumptions concerning the limit of terms such as n;'H/ | X, are standard,
we will focus our attention on the other two components in (15) namely Yy =
nl’lHﬁlylW,,ﬁlJ,,ﬁHz and ¢, =ny H \Wh1yn1+2. Recalling that the columns of
Jn.14+2 are a subset of those in X,,,Hz, 1t follows from Assumption 2 and part (c) of
Assumption 4 that, regardless of the relative magnitudes of n, and n,, the elements
of ,, are uniformly bound in absolute value. Hence, at this point, part (a) of
Assumption 5 imposes the condition that the limits of the elements of 1, ; exist.
Now, consider ¢, ; and note

E(¢n,1) = nl_lHn IW 1E[yn~,1+2] (16)

where E[y, 1] represents the first n; 4 n, elements of Ey,,, which is given in (13).
Again, Assumption 2 and part (c) of Assumption 4 imply that the elements of
Ely,.142] are uniformly bound in absolute value. Now note, using evident notation,
that

_ 2y
VC¢n.1 =n Hil,l n,l

[WMVCM W ]H (17)

where VC,, ., is the upper n; + ny x n; + ny block of VC,,, which is given in
(14). Assumptlon 2 and part (c) of Assumption 4 imply that the elements of VCy |
are O(n~") and therefore VCy,, — 0, as nj—o0. Hence, part (a) of Assumption 5
imposes the condition that the limits of the elements of E¢, ; exist. Therefore, in
essence, part (a) of Assumption 5 requires that E(¢,, ;) converge to a limit, which is
linearly independent of the limit of nl’lH;h,X,m. Similar arguments suggest that the
other parts of Assumption 5 are reasonable.

Finally, consider Assumption 6, and recall that this assumption relates to the case in

which n;— o0 and W — ¢, where c is a finite non-zero constant. In reference to
n

part (a) of Assumption 6, note that Assumptlon 2 and part (c) of Assumption 4 imply
that the elements of the g, x r matrix H 1 +2W 1odn3 are 0(7’!2) or equivalently
O((ny + ny)""?). Therefore, the elements of (1) +ny)~ 12g H +2W 1i2dn3 are
O(1). Similarly, in parts (b) and (c) of Assumption 6, the elements of the g, X s

and ¢, X r matrices, namely (n +n2)71/2H,’1,1+2 wisa Iy — AW, ), 3X, and

@ Springer



250 H. H. Kelejian, 1. R. Prucha

(m +n2)71/2H,’171+2W,‘1“1+2(1,, — /IWH);éW,,Jn, respectively, are O(1). Given these
results, the assumed limits in Assumption 6 are reasonable.

3 Suggested estimators

In this section, we suggest two estimators. One is based on the complete subset of
the sample in which the dependent variable is y,, ;. In this case, the sample size is n,
and all observations on the regressors determining y, ; are available. The other
estimator is based on a larger subset of the sample, which involves missing data. In
this case, the sample size is n; + n,, and the dependent variable is y,, ;5.

3.1 The estimator based on y,,
71 .
n,]Hn,l Hn,l and val =

Py 1,Zy,1. Our suggested estimator of y, which is based on the’ complete portion of
the sample is

Consider the model in (9), and let P,u, = H, (H’

= (ZA:,,lZAml)ilZA;/q,lyn,l (18)
The proof of Theorem 1 is given in the “Appendix”.
Theorem 1 Given (9), and Assumptions 1, 2, 3(a), (b), 4, and 5(a), (b)
26y =) SN (0,051, 2105 ) (19)
as n;— oo where
Qz}z‘l = Q;{.z] QITIIIH] On,z,

and

_ —1 —1
@ = QHIZ] QHlHl QH1R1R1H1 QHIHI QleL

Small sample inferences could be based on
i NN(% VAC"A)
where
VG, = an;$1QH1R1R1H1 G, (20)
with

-1 N
Guy = (HyHoa ) HyZos (ZoiZan)

and where Qp g mr, 1S a consistent estimator of Qp g,m,g,- Note, given further
assumptions especially relating to distance measures, Qp g g, can be estimated
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Spatial models with spatially lagged dependent variables and incomplete data 251

non-parametrically as a SHAC estimator as considered in Kelejian and Prucha
(2007), because Rn‘lR:L1 is the n; x n; VC matrix of u, ;, and u,, ; can be estimated
via (9).” Of course, in the special case where the disturbances are not spatially

correlated and thus Qy g g 5, = 6°Qp 1, We can employ the estimator Oy, g,z 1, =
(nl’l ﬁ;}l ﬁml) (n’lHﬁthm), where 4, 1 denotes the estimated disturbances via (9).

Remark 1 Note that the result in (20) relates to the model in (9). The dependent
variable in that model is y, ;, which is an n; x 1 vector; on the other hand, the
endogenous spatial lag in that model, namely y,; = W, 1y, 142, involves the
(n; + ny) x 1 vector y, ;4. The result in (20) holds for all possible values of n,
including n,/n;— o0 — i.e., the incomplete portion of the sample can be infinitely
large relative to the complete portion. A crucial assumption underlying this result is
part (c) of Assumption 4, namely that the row and column sums of the weighting
matrix W, are uniformly bound in absolute value.

n

3.2 The estimator based on y, 2, and m

—c
If n, is “large”, a researcher might be tempted to estimate the parameters of the
model in terms of a sample that is larger than just the first n; observations. Given the
structure of the model, in such a case, the researcher might estimate the parameters
of the model in terms of (11) instead of (9). In this case, however, it is clear from
(11) that missing data problems arise if W, >3 # 0. In this section, we give results
that correspond to two cases. In the first case, the missing data are of no
consequence in the sense that they are asymptotically negligible. In this case, ¢ = 0.
In the second case, the missing data are of consequence. In this case, c¢ is a finite
non-zero constant.

3.2.1 The case c = 0

-1
Consider the model in (11), and let P, y,, = Hy 142 (H;z,1+2Hn,1+2> H;z,1+2 and

Zni+2 = Pup,.,Zn142. Our suggested estimator of y is the two-stage least squares
estimator

. . -1
P = (Z;,‘1+2Zn,1+2) Zrlz,1+2)’n,1+2 (21)
The proof of Theorem 2 is given in the “Appendix”.

Theorem 2 Given Assumptions 1, 2, 3(c), (d), 4 and 5(c), (d)

. D — -
(nl + nz)l/z(Vz - V) _>N(0’ QZII Q2Q211+221+2) (22)

22142

5 The proof of the consistency of the SHAC estimator in Kelejian and Prucha (2007) is based on the
assumption that the disturbance vector and the innovation vector are of the same dimension. The VC
matrix appearing in (22) relates to u,; which is n; x 1. However, from (1) it is clear that the innovation
vector defining u,; has dimension n; + n, + n3 x 1. This difference requires tedious, but straight
forward, adjustments of the formal proof of consistency of the SHAC estimator given in Kelejian and
Prucha (2007). Essentially, the reason for this is part (c) of Assumption 4.

@ Springer



252 H. H. Kelejian, 1. R. Prucha

as n,— oo where
_ —1 —1
Q= O 70y oty QiR R o Oty oty Oy Zi

and

L _ / -1
QZl+ZZl+2 - |:QH1+221+2QH1+2H1+2QHHZZI-Z}

Small sample inference can be based on
B2~ N (7, VCy,), (23)

where

V*?z = (nl +nz)G;,1+2QH1>2R1\2R|42H142Gn,1+2 (24)

with
—1
/ —1 5/ 5
Guiiz = (Hy 1ot 2) " Hy yoZaria (2 aZuri2)

and where O, ,r,.,R,.,H,,, 15 @ consistent estimator of Q4 2R 2R 12H )45,

Remark 2 Observe that the difference between the disturbance vector and the
residual vector in (11) is given by

én —Up142 = n 1+2 n, 3/32 + iW 142Yn3- (25)

We conjecture that given additional assumptions, we should again be able to
estimate the matrix Qy, g, .,r,.,H,,, Non-paramterically via the SHAC estimation
approach put forward in Kelejian and Prucha (2007).

3.2.2 The case ¢ # 0

In this case, the large sample distribution }, is the same as in (22) except that the
mean of that large sample distribution is not zero. In particular, the proof of
Theorem 3 is in the “Appendix”.

Theorem 3 Given that o )1/2 — ¢ # 0, and Assumptions 1, 2, 3(c), (d), 4,

5(¢c), (d), and Assumption 6

/25 D - _
(n1 +n2) / (72 —=7) HN(#» Qz*llﬁz*]+2 Qzszﬂzﬂ)

-1 -1
H= QZ1+221+2 |:Q,Zl+2H1-2 QH1+2H1+2F1+2B2 (26)

+}“Q/ZHZHHZ Q;111+2H1+2 (L1+2ﬁ1 + S1+2ﬂ2)}

Remark 3 Note that (26) implies that ), is consistent. However, the mean of the
large sample distribution involves limits that involve X, 3, which, if X, 3 is not
observed, suggests that the result in (26) is of limited use for making inferences
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concerning y. Of course, if (n; + ny) is “large”, small sample inferences can be

based on (23), which would be the approximation taken if m ﬁnz ~ 0.

4 Summary and suggestions for further research

In this paper, we suggest estimators for models that have a spatial lag in the
dependent variable, a non-parametrically specified disturbance term, and missing
observations. The specification of the disturbance term is such that it allows for both
spatial correlation and heteroskedasticity. We consider various configurations of the
missing observations. In one case, the missing observations are asymptotically
negligible; in another case, they are not asymptotically negligible. One of our
suggested estimators is based on a small but complete portion of the sample; our
other suggested estimator is based on a larger sample that includes both the
complete portion of the sample, as well as part of the incomplete portion. We give
formal large sample results for our suggested estimators and suggest small
distribution approximations that can be used for purposes of inference. Our large
sample results account for the various configurations of the missing observations.

Among other things, a Monte Carlo study that focuses on the small sample
properties of our suggested estimators would be of interest. Our results suggest that
such a study should consider various configurations of the missing observations, as
well as various specifications of the disturbance term. Specifically, small sample
results relating to our estimators for cases in which the complete portion of the
sample is large, but yet small relative to the incomplete portion should be of
particular interest. It should also be of interest to consider various specifications of
the disturbance term involving spatial correlation, etc. and corresponding hypothesis
tests relating to the regression parameters based on our small sample
approximations.

Acknowledgments We gratefully acknowledge financial support from the National Institute of Health
through the SBIR grants R43 AG027622 and R44 AG027622. We would like to thank two referees for
insightful comments on an earlier draft.

Appendix
Proof of Theorem 1

It follows from (18) and from (9) that

PN -1 R
”1/2(771 —y)=m (Zrlmzn,l) n_l/zzr/z‘lu"yl

(27)

Ay A -1 -1
= (m "2y Z0r) 172 Hu (0 Hy yH )0 P, R

SN -1
Observe that n;'Z) 7, = {n(lzj,’lH,,,l} {”TIH;,JHn,I} {nle,’,JZn,l}- Assump-
tions 3(a), (b) and 5(a) imply

@ Springer



254 H. H. Kelejian, 1. R. Prucha

15 5 P -1 _

ny Z,,Zn1 — QH,Z1 QH,H1 Onyz, = Qz}z}
1 P

Y Zat = Oz (28)
~1

n HI/‘I,IHH-,l - QH]HU

where Q; ; is a positive definite matrix.

Assumptions 2 and 4(c) imply that the elements of H, R, are uniformly bound.
Given this, and Assumptions 1 and 5(b), and the central limit theorem in Kelejian
and Prucha (1998), it follows that

_ D
n I/ZH;L,IR"JS" - N<07 QH1R1R1H1) (29)

The proof of Theorem 1 follows from (27)-(29).
Proof of Theorem 2

Recall that under Theorem 2, we have ¢ = 0. It follows from (11) and (21) that
1/2 /4 5 5 - —1/251
(1 +m)' 20y =) = | +m)(ZhZaria) | [+ m) 2 08 (30)

where it should be recalled that &, = [Wy, 1 40J,38 2 + 4 Wy 140Vn3 + U,142] and
Up1+2 = R, 142 &,. Consider the first bracketed term in (30). Assumptions 3(d) and
5(c) imply that

“15 ~ P / -1 —

(l’ll + ’12) Zn,1+ZZn,l+2 - QH] 1221 \2QH1 r2,H] 42QH1+221+2 = QZI+221+2’
—lgy P

(nl +n) Hn‘l+ZZn,1+2 = OH,.17.25 G
1y

(n1 + n2) Hn.1+2H"v1+2_> QH1+21"11+27

where QZ]+ZZ»]+2 is a finite and nonsingular matrix. Now, consider the second
bracketed term in (30). In light of (11),

(1 +12) 20 a8 = 1+ m2) 27 [ W s B+ AW avs + 2]
= (ny +m2) PZ} | ptniia + A, (32)
Av= (i +m) "2} [Wr'f,wzfnﬁﬁz + ;~W:f‘,1+2yna3]-
We show below that the term A, in (32) limits to zero in probability so that
(m +m) "2 58— (i +m) P2 12 50 (33)
and so, from (30) to (33)
(m +m) (5, =) — Q},l_zz, L+ "2)_1/22;/1,1+2“1171+2 ~0. (34)

Consequently, the two terms on the L.h.s. of (34) have the same limiting distribution.
In determining this distribution, note from Assumptions 3(d) and 5(c) that
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— —1/2 P
("I +n2) 12 Z A2Un 142 — Q;-1|+zz]72Q1-111+21-11+2(nl +n2) / H,/1‘1+2Rn,1+28n —0, (35)

provided the last term on the r.h.s. converges in distribution. To see this, observe
that Assumptions 2 and 4(c) imply that the elements of the g, X ny + ny + nj

matrix H, . ,R, 142 are uniformly bound. Therefore, Assumptions 1, 5(d), and the

central limit theorem in Kelejian and Prucha (1998) imply that

_ D
(nl + n2) 1/2H2,1+2R”s1+28" _)N(OJ QH1+2R1+2R1-2H1+2) (36)
Theorem 2 follows from (34) to (36).
Proof that A,,LO: We now show that indeed A, defined in (32) converges in
probability to zero as claimed. Recalling that Z, ;.» = P, y,.,Z, 142, Assumptions
3(d) and 5(c) imply
A, — A5 0
A=A+ AL
% - 1/2
Anl = QIZ]+2H]+2QH1]+2H1+2 (n] + n2) / Hlll 1+2 n, 1+2 " 352

* / -1 1/2
Aﬂz - )”QZHzHHz QH1+2H1+2 (I’l] + I’lz)

Recalling that the columns of J,, are a subset of those in X,,, Assumptions 2 and 4(c)
imply that the elements of g, x r nonstochastic matrix, Hn 12 Wi 1 odn3 are O(ns).

(37)

n1+2W 142Yn3

n,142
Therefore, if ﬁ — 0, it follows that
(ni+n2) "' °H), 1:2Wiii2/n3 — 0 (38)
and so
Ay, — 0. (39)

Now consider A},. From (13),

% 5 — 1/2
EAH2 = AQ,Z]+2H1+2QH11+2H1+2 (nl + nz) / Hlil 1+2W/I‘L 1+2 (y"s3)
E(yn.?)) = ([n - ;LWn);é [Xnﬁl + WanﬁZ]

where it should be recalled that (7, — ZWn);é is the last ns rows of (I, — AW,)™",
and E(y,3) is an n3 x 1 vector. Assumptions 2 and 4(c) imply that the elements of
E(y,3) are uniformly bound in absolute value; therefore, the elements of the g, x 1

vector (n; + ng)71/2H271+2W,;‘71+2E(y,173) are O(W) and hence,

lim EAS, =0 (41)

n;—oo

(40)

if (Jr”ﬁ — 0. Now consider the variance—covariance matrix of A, say VCa:,.
ny+ny

(BN, let M, = Q% .y, QHW . Hn142W, 112, and note that Assumptions 2 and part
(c) of 4 imply that the elements of the s + r + 1 x n3 matrix M/, are uniformly
bound in absolute value. It follows from (37) that

VCp:, = A*(ny +mp)~ 'M.vC, M, (42)
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where VC,, . is the lower n3 x n3 block of VC,, given in (15). Assumption 4(c)
implies that the row and column sums of VC,, , are uniformly bound in absolute
value. Therefore, the elements of M| VC, .M, are O(n3) and so

VCyp:, — 0 (43)
if ( +” i 0. The results in (41) and (43) imply, via Chebyshev’s inequality, that
nyr+ny

A:Z —> 0 (44)
It follows from (37), (39), and (44) that A,~>0. O]

Proof of Theorem 3

Recall that under Theorem 3, we have ¢ > 0. In light of (30)—(32), it should be clear
that the large sample distribution of (1; 4 n2)"/?(5, — ) differs when ¢ = 0 when
compared to when ¢ # 0 only because if ¢ # O the probability limit of A, is not
zero. In this case, the large sample distribution of (ny +m)"*(5, — y) has a non-
zero mean, which is the probability limit of Q3! A, but is otherwise the same as
in the case in which ¢ = 0.

To determine this probability limit, first note that the limits in (37) do not depend

upon the assumption that W — 0. Hence, we determine the probability limit of

A, in terms of those of A}, and A},
Consider A and note by Assumption 6(a) that

nl>

(n1 +ny) "2 H, oW 5Jn3By — Fiyaf,. Therefore, in light of (37),
Aot = Oty Qo Fr42Bs- (45)
Now consider A},. Assumption 6(b),(c) imply that
EA, =205 u, Q;JIIHHHZ (n1 +np)” l/an 12Waiia
X (Iy = AW,) 3 (X + Wil o] (46)
— 207 i1, Qi oty L1121 + S12Ba),

which is a finite (s + r) x 1 vector. The variance of A}, was computed in the proof
of Theorem 2. The expression for the variance of A, is given in (42) and was shown
to converge to zero since 0 % — (. Hence by Chebychev’s inequality,

Zii2Z1 42

nl-lll’lz)
« P —

Ay =205 ., QHIIHH,+2 [Li2f1 + S1128,] (47)

Pulling results together, it now follows from (37), (45), and (47) that

- Pl —1
Q Zi2Z1412 Ap— Z12Z112 [Q/ZMHMQH1+2H1+2F‘+2ﬁ2 (48)
+;LQ/ZH2H1+2Q;111+2H1+2 (L1+2ﬂ1 + S1+2ﬁ2)

Theorem 3 follows from (30)—(32), (34), (37), (45), (47), and (48). U
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