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The criterion proved in this paper was stated by Thurston in November 1982. Thurston
lectured on its proof on several occasions, notably at the NSF summer conference in
Duluth, 1983, where one of the authors (JHH) was present. Using the notes of various
attendants at these lectures, we have reconstructed a proof that we have made as precise
as we could. Since this required a certain amount of work on our part, we thought it
might be of some use to present this proof to the reader.

We thank Dennis Sullivan for useful conversations, and Fritz von Haesseler and
especially Ben Wittner for help with the writing and valuable suggestions.

After the first version was written, Clifford Earle pointed out that better estimates
than what we had were to be found in [B].

Notations. #P= cardinality of P; N={0,1,2,...}; N*={1,2,...}; P'=the Riemann
sphere CU{o0}, i.e., the complex projective line.

1. Statement and definitions

Let f: 82— $? be an orientation-preserving branched covering map. We denote by deg,, f
the local degree of f at z. We will call

O ={z|deg, f>1}

the critical set of f, and
Pr= ) f*(Qy)
n>0

(1) We thank the NSF for support under grant DMS 83-01564, and the Mittag-Leffler Institute for
hospitality during the preparation of this paper
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the post-critical set.

The mapping f will be called critically finite if Py is a finite set. We will give in the
appendix some examples of critically finite branched mappings, which bring out some of
the difficulties in the proof of Thurston’s Theorem.

We will assume throughout this paper that f is a critically finite branched mapping,
of degree d>1, and we set p=#PFPs.

Remark. The critical set of f™ is usually larger than Q; for n>1. This is not true
of Ps: we have Py=Pyn for any n>1.

Clearly there exists a smallest function v; among functions v: §? —N*U{oco} such
that

(1) v(z)=1 when z¢ Py, and

(2) v(z) is a multiple of v(y) deg, f for each ye f~1(z).

We will say that the orbifold Of=(S%,v;) of f is hyperbolic if its Euler characteristic

x0)=2- ¥ (1- 45

z€Ps

satisfies x(Oy)<O0.

Remark. We will see in Section 9 that x(O;)<0 for any critically finite branched
mapping. Such orbifolds are usually hyperbolic: for instance, if p>5, Oy will clearly be
hyperbolic. We will completely classify branched mappings with non-hyperbolic orbifold
orbifold in Section 9.

The theory of orbifolds is covered in [T1] and [T2]: we will not require any of this
theory until Section 9. There is a natural definition of the universal covering space of
an orbifold, and with this definition Oy is hyperbolic if for any complex structure on Oy
(i-e., on §?), the universal covering space 0] ¢ is isomorphic to the disc.

Two branched mappings f, g: S*— S? are equivalent iff there exist homeomorphisms
6,0":(S?, Ps)—(S2, Py) such that the diagram

(SZ’Pf) _"L’(‘SQ’PQ)
ok
(Szapf) i (Sszg)
commutes, and 6 is isotopic to 6 rel Py.

If v is a simple closed curve on S%— Py, then the set f~(v) is a union of disjoint
simple closed curves. If ¥ moves continuously, then so does each component of f~1(v).
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We will need to consider systems

T={v,-, Y}

of simple, closed, disjoint, non-homotopic, non-peripheral curves on S2— P (7 is non-
peripheral if each component of S2—+ contains at least 2 points of Pf). Such a system
will be called a multicurve on S — Py.

A multicurve T will be called f-stable if for any yeT, all the non-peripheral compo-
nents of f~!(v) are homotopic in $2— P to elements of T.

To each f-stable multi-curve I' we can associate the Thurston linear transformation

fp:RF—»RF

as follows: Let 7;, ;o be the components of f~1(7y;) homotopic to 7; in S%— Py. Define
1
)=, %
fa P
where
di,j,0 = deg fly, ; .0t Vi g0 =)0

LEMMA 1.1. The Thurston transformation commutes with iteration:

(f")r=(fo)™

The proof is left to the reader.
The following lemma, even though it is but a trivial remark, will be essential to the
analysis in Section 8.

LEMMA 1.2. There are only finitely many possible matrices of Thurston transfor-
mations for a given degree d of f and a given cardinal p of Py.

Proof. A multicurve I has at most p—3 elements, so the matrix has at most (p—3)?

entries. Each entry is of the form
1

di, j,o

bl
a

where a runs through the components of f~1(7;) homotopic to ;. So there are at most
d terms in the sum, each of which is of the form 1/d, with d,<d. (o

Since fr has a matrix with non-negative entries, there exists a largest eigenvalue
AT, f)eR,; the corresponding eigenvector has non-negative entries.
Thurston’s criterion is the following:
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THEOREM 1. A critically finite branched map f: S®>— S? with hyperbolic orbifold is
equivalent to a rational function if and only if for any f-stable multicurve T' we have
AT, f)<1.

In that case the rational function is unique up to conjugation by an automorphism
of the Riemann sphere P'.

Remarks. (a) In principle, this reduces the problem of classifying critically finite
rational functions to a purely topological problem.

In practice, it is not clear how to label branched mappings, or how to verify that
the criterion is satisfied.

(b) It is not clear how to introduce parameters in the statement. Rational maps,
even critically finite ones, can be “close”. We know of no notion of “close” critically finite
branched maps which would lead to close rational functions.

(c) One may hope that the theorem can be extended to branched mappings which are
not critically finite by considering infinite dimensional Teichmiiller spaces, laminations,
etc.

Conventions. (a) The Poincaré metric on the unit disc D is given by

|dz|

dz|p=——.
o=

For any Riemann surface X which admits a map #: D— X as a universal covering, define
the Poincaré metric on X so that 7 is a local isometry.

For any closed curve v on X, we denote [ x(-y) the length of the geodesic homotopic
to 7.
(b) Modulus of an annulus. Let

Br={z=z+iy|0<y<h}.

The modulus of the cylinder By, /Z! is h/l. In particular,

mod {z|1<|z|<R}=102gﬂR.

(c) The measure induced by a quadratic form. If g(z)=u(z) dz? then |q| is the measure
|u(z+iy)| dz dy.

2. The mapping oy

To prove the theorem, the basic construction is a mapping oy from an appropriate
Teichmiiller space to itself.
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Definition. The Teichmiiller space 7 is the Teichmiiller space modelled on (S, P).

Remarks. (a) Of course, T; could be identified with Tg p, but we will need functorial
properties of 7y, and 7y, is only defined up to non-unique isomorphism.

(b) The space Ty can be constructed either as:

(i) The space of smooth almost-complex structures on S?, two such structures p,
and pp being identified if ui=h"us for some diffeomorphism h: $2—S? with h|p,=id
and h isotopic to the identity rel Py,
or as:

(ii) The space of diffeomorphisms ¢: (S2, P;)—P1, with ¢, and ¢, identified if and
only if there exists an analytic isomorphism h: P! —P! such that the diagram

Pl
1

(S2,Pf) h
¢2

Pl

commutes on Py, and commutes up to isotopy mod Ps.

The correspondence between these points of view is as follows:

(i) To ¢ one can associate ¢* g, where pg is the standard complex structure on P;

(ii) Since any smooth almost-complex structure u induces a complex structure, the
sphere S with the structure p is a Riemann surface homeomorphic to 52, hence isomor-
phic to P1; take ¢ to be such an isomorphism.

PROPOSITION 2.1 AND DEFINITION. (a) The mapping p— f*u on almost complex
structures induces an analytic mapping o;: Tp—T;.
(b) If f and g are equivalent and 6,6: (S2, P;)—(S?, P;) realize an equivalence, then

9* — ol*: 7:’9 — T—f
is an isomorphism such that 6*cog=0;00*.

The proof is routine and left to the reader.
In terms of the second description of 7y, this gives the following description of ;.

PROPOSITION 2.2. If T€T; is represented by ¢:(S%, Py)—P?, then v'=04(7) can
be represented by ¢': (S%, Py)—P?! such that

fr=¢efo(¢') 1P - P!
is analytic.

Proof. The point 7’ is represented by p’'=f*¢* 1o, so take ¢’ to be an isomorphism
of (82, ') with PL.

18 —-935204 Acta Mathematica 171. Imprimé le 2 février 1994
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PROPOSITION 2.3. The mapping f is equivalent to a rational function if and only
if oy has a fixed point.

Proof. (=) If f is equivalent to a rational function g, then there exist ¢,¢"
(52, Py)—(P?, P,) isotopic rel P; and such that the diagram

(SZan)l)(Plypg)
)
(82, Py) —5 (P1, P,)
commutes. This means that if 7€7; is the point represented by ¢, then of(7) is the

point represented by ¢'.
(«=) Consider the diagram

(52,pf)_¢.,_)P1

il

of Proposition 2.2. If ¢’ represents the same point of 7} as ¢, there exists an isomorphism
h: P! —P?! such that the diagram

5 il
(Sz, P_f) h
¢’ pl

commutes on Py, and commutes up to isotopy rel P;. Then f,ch is a rational map

equivalent to f, as we see by considering the following diagram:

-1 12
(S2, Py) Tt L pr

fl lffoh g

(8%, Py) —5—P*

Remark. The above proof produces a map of the set of fixed points of g onto the
set of conjugacy classes of rational functions equivalent to f under Aut P!.
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COROLLARY 2.4. If P; has ot most 3 elements, then f is equivalent to a rational
mapping, unique up to conjugacy by Aut PL.

Proof. In that case 7; has one point.

Remark. According to Royden [R], all analytic mappings 75 —7; are weakly con-
tracting for the Teichmiiller metric. We will not need this result, since we will compute
the derivative of o4 and verify it directly. Still, it does justify the feeling that something
has been accomplished when a question has been reduced to whether a map 75 —7; has
a fixed point.

3. The derivative of o
In addition to 7y we will need the moduli space M.

Definition. The space M is the space of injections i: P—P?', quotiented by the
equivalence relation identifying i; and i3 if ; =hoi, for some automorphism A of P!.

Especially using the second description of 7y, there is an obvious forgetful map
m: Tg— My, which is in fact a universal covering space. So the tangent 1,77 is the same
as Tr(r)Mj.

Let i: P;—P? represent a point of My, and set P=i(P).

Define Q(P) to be the space of holomorphic quadratic forms on P! — P with at most
simple poles on P.

PROPOSITION 3.1. The cotangent space T} My is canonically isomorphic to Q(P).

Proof. This result is standard, using Kodaira-Spencer deformation theory and Serre
duality. The precise statement we require is in [H], [A], so we will just sketch the proof.

An infinitesimal variation of the complex structure on P! is a Beltrami form
p€AL1 ie., an object which in a local coordinate z can be written u(z)dz/dz. In
fact, the space of complex structures is the unit ball in A~! for the sup norm.

We will use smooth Beltrami forms, which are sufficient for our purposes. The tradi-
tional treatment as in [A] uses L*° Beltrami forms, and Gunning [G] uses an appropriate
Sobolev space. All these methods lead to the same results when the Teichmiiller spaces
involved are finite dimensional.

An infinitesimal diffeomorphism which is the identity on P is a vector-field which
vanishes on P; we will denote the space of such vector-fields A%~1(—P). If ¢ is such a
vector-field, the Lie derivative L¢(puo) of the standard complex structure is 55. Thus, the
tangent space to Teichmiiller space is

AL=1/5(A%1 (- P)).
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Now the dual of the space of C™ Beltrami forms is the space D(Q) of distribution
quadratic forms, since the product

b(e) 2 a(2) de? = p(2)a(z) d7 dz

is naturally a measure.
The cotangent space is the subspace of D(Q) orthogonal to 8(A%~1(—P)). At points
not in P it is easy to show by a bump function argument and Weyl’s lemma that in order

for g to satisfy
/ qot=0

for all ¢€ A%~1(—P) it is necessary that g be holomorphic on P1—P.

For pe P, consider a coordinate z defined on a domain U with z(p)=0. We must
have [2q8¢=[q8(2¢)=0 for ¢ with support in U, so that zq is holomorphic, and g can
have at worst a simple pole at p, O

If U and V are Riemann surfaces, g: U —V is a proper analytic mapping and ¢ is a
quadratic form on U, then let g,q be the quadratic form on V defined by

(Q*Q)v(§)= Z Q((dug)—lg)
neg=1(v)
for all veV and £€T,V.

Note that this definition does not require that ¢ be analytic; in fact, even if ¢ is
analytic on U, g.q may acquire poles on V at the critical values of g. However, if g is
integrable on U then g.q is integrable on V.

To see exactly how this may occur, let U=V =D and suppose w=g(z)=z*. Then

Gx (z a;iz' dz2) = Z bjwjdwz,

we have the formula

with
b= lalc i+2k—2-
T Oki
In particular, if 3 a;2°dz? has at worst a simple pole at 0 then so does Y. b;w’dw?.
Let 7€T;, 7'=04(7), and let ¢,¢' and f, be as in Proposition 2.2. Set P=¢(FPs),

P'=¢/(Py). Then (£,).Q(P")CQ(P).
PROPOSITION 3.2. The transpose (d.05)*: Q(P')—Q(P) is (fr)«-

Proof. Recall that oy was induced by p— f*u, for 4 a complex structure on S2.
Clearly then if p€ Av~! is an infinitesimal deformation of a complex structure at 7, then
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f* is the corresponding deformation of 7/. The proposition follows from the observation
that
(fr): AL™1 — AL

is the transpose of

() D(Q)—>D(Q). u

The space Q(P) carries the natural norm

lai=2 [ lal

The metric on Teichmiiller space induced by the dual norm on each tangent space is
called the Teichmiiller metric, [A], [H]; it has the following two properties which we will
use in an essential way:
(i) The space Ty equipped with the Teichmiiller metric is a complete metric space.
(i) If d(r,7")=6, then there exists a K-quasi-conformal mapping h such that the
diagram

Pl

2
(8%, Py) h
¢’ p!

commutes on Py, and commutes up to isotopy mod Py, if and only if K >e%.

PROPOSITION 3.3. (a) ||(f+)«|I<1.
(b) If Of is hyperbolic, then ||(f2).||<1.

Comment. Part (b) is concerned with f2=f.of,, in a diagram

(82, Py) =~ (P, P)
i It

(52, ;) =L~ (P, P')
3 lf,

(Sz,Pf)_?(Pl:P)

where the pairs (¢, ¢’) and (¢, ¢") are as in Proposition 2.2. The map considered is
(F2)s =)o (fr)a: Q(P") = Q(P).

Part (a) of the proposition is obvious. The proof of part (b) uses the following two
lemmas.
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LEMMA 1. Let F:P'—P! be a rational map of degree d and q a meromorphic
quadratic form with simple poles on P*. Let Z be the set of poles of q. Suppose || Fuq||=
lqll#0. Then

(a) ¢=(1/d)F"F.q,

(b) F~Y(F(2))CZUQF.

Proof. At the neighborhood of a non-critical value, the terms in F.g coming from
the different sheets of the covering must have the same argument. F*F,q is a multiple of

g by a function which is meromorphic and real, hence constant, and its value must be d.
This proves part (a). Part (b) follows. ]

LEMMA 2. Let f:S2— 52 be a critically finite branched mapping, and suppose that
Z C Py satisfies f~H(Z)CPsUQ;.

(a) We have that #Z<A4.

(b) If #Z=4, then all critical points are ordinary, Z contains the set of critical
values, and ZNQy=2.

(c) Case (b) above can occur in two ways: either f(Z)CZ in which case Z=Py and
Oy is not hyperbolic, or Z'=f~1(Z)—Q; does not satisfy f~1(Z')CPyUQ;.

Proof. Write f~}(Z)=X,UXj,, where
X1={z€f1(Z)|3k>0 and w € Q; with f**(w)== and f*™(w) not in Z for m < k}

and X;=f"%(Z)~X;. In words, X; is the set of points in f~1(Z) which can be reached
from Q; without passing through Z, and X is the set where you must pass through Z.
Associate to each £€ X, the subset Q,CQ; defined by

Q= {w € Q| 3k >0 with f*(w)=z and f*™(w) not in Z for m < k}.

Clearly the 2, are disjoint or identical.
Similarly, associate to each £€ X5 the subset Z,CZ defined by

Zy={2€Z| k>0 such that f**(z) =z and k is minimal for this property}.

Again the Z_ are disjoint or identical.
Putting these decompositions together, we find

#17HZ) = # X1+ # X2 SHQU+H#Z < (24-2)+#2. (1)

On the other hand, Z has d#Z elements in its inverse, counted with multiplicity,
where the multiplicity at an inverse image is the local degree there. Since there are
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precisely 2d—2 critical points, counting each with multiplicity the local degree minus 1,
we see that
d#2)= Y, deg, f=#f"'(Z)+ D, (deg,f-1)
z€f-1(2) zef-1(2) (2)
<H#FUZ)+2d-2.

Putting (1) and (2) together, we find
(#2)(d—1) < 4(d-1)

and since d>>1 this proves (a).

If #Z =4, then all the inequalities above must be equalities. In particular, #§;=
2d—2, so that sll the critical points are ordinary. If a point of Z is critical, the first
inequality in (1) cannot be an equality. Moreover, in order for the inequality in (2) to
be an equality, all the critical points must be in f~1(Z), so that Z contains the critical
values. This proves (b).

In this case, moreover, we have, by (2), 4dd=#f"1(Z)+2d—2=#2Z’+4d—4, hence
#7'=A=H#Z7. Set Y1=Z—7', Y2=2'—Z and YJ=F~}(Y2). We have #Y,=#Y>, and
since Y, contains no critical value #Y; —d#VYa.

Suppose now that f~1(Z’)CP;UQs. Then Y] C Ps. For each ycYy, one can choose
an ¢ in f(Q;) and a k>0 such that f*(z)=y. Take the last j in {0,...,k} such that
fi(z)eZ, set y'=F7(x) and i=k—j. Then y’€Y;, fi(y')€Yy, and fi(y')¢Y; for i’ <i.
It follows that the assignment y—y’ is injective, and #Y1>#Y) =d#Y>. This implies
#Y1=#Y>=0, Z=2'=Pj, #P;=4 and thus f is not hyperbolic. O

Proof of Proposition 3.3, part (b). Let ¢"cQ(P") satisfy [|(f-)2¢"||=]l¢"]|#0, and
denote by Z”, Z’ and Z the set of poles of ¢”, ¢’ and ¢ where ¢’ =(f).¢" and ¢=(f2).¢"=
(f ‘r’)*qi-

Then by Lemma 1 the subsets ¢$~1(Z) and (¢')~1(Z’) of Py satisfy the hypothesis
of Lemma 2.

By part (c) of Lemma 2, this is impossible if Oy is hyperbolic. O

Remark. The above proof can be simplified when d#2, 4. Indeed, in this case, if Oy
is hyperbolic, f(Q2y) has at least 4 elements.

COROLLARY 3.4. Suppose the orbifold Oy is hyperbolic, then:
(a) 02} is strictly contracting, i.e., for all 7,7’ €T}, we have

d(a?(r), O'J%(T’)) <d(r, 7).

(b) If f and g are equivalent rational functions, then they are conjugate by an auto-
morphism of PL.
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Remarks. (a) Even though the Teichmiiller space is complete, part (a) does not
imply the existence of a fixed point.

(b) The case #Pr=4, vy(z)=2 if zEPf does in fact occur; we will examine it in
detail in Section 9.

4. The necessity of the criterion

THEOREM 4.1. Let f be a critically finite rational function, P its post-critical set, and
I={v1,...,7n} an f-stable multicurve. Then AT, f)<1, and if Oy is hyperbolic then
AT, H<1.

The proof will require a theorem of Jenkins and Strebel [J], [S], [H-M], and an
inequality analogous to one due to Grotzsch [A]; this precise form can be found in [S],
[H-M]. These results are stated as Propositions 4.2 and 4.3 below.

PROPOSITION 4.2. For any vector vERT with positive entries, there exists a unique
q€Q(P) with fPl |gl=1, having closed trajectories, with annuli A, ..., A, homotopic to
Y1y -y Yn and with vector of moduli

(mod(Ay),...,mod(Ar))

a multiple of v.

PROPOSITION 4.3. Let geQ(P) be a quadratic form with closed horizontal trajec-
tories, A an annulus of ¢ with equator v, with height h and circumference c. Let A’ be
a straight cylinder with height h' and circumference ¢/, and g: A’—P!—P an analytic
injection with g(A’) homotopic to v. Then

h/
lq] = —
/g(A') 123

Equality is realized only if g is the inclusion of a straight subcylinder.

Proof of Theorem 4.1. Without loss of generality we may assume that I" is minimal,
so that every v€T is homotopic to some component of f~1(v;), for some v;€T.
Let ¢ be the quadratic form given by Proposition 4.2, with the vector of moduli

(ml, ooy mn)

an eigenvector for fr with eigenvalue A(T, f). Denote by h;,¢; the height and the cir-
cumference of A;, so that m;=h;/c;, and let ¢'= f*q.
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Since I' is f-stable, we may label A; ; o the cylinders of ¢’ which are inverse images
of A;, homotopic in P!~ P to Aj; set do=deg f|4, , .. The the height of A4; ;o is h;, and
its circumference is dqc;.

Now apply Proposition 4.3. We find

h.
= [zY W ETY g%

= Z (Z(fr)i,jm,-> c? =Z AT, f)% ¢ =XT, f).

So we see that A(T, f)<1, and that equality is realized only if the cylinders of ¢
are straight subcylinders of those of ¢. This can happen only if ¢’ is a real multiple of
g, s0 f.g==q. Then f2q=q and | f2g]|=||g|]- In Proposition 3.3 we see that this cannot
happen if Oy is hyperbolic. O

5. Convergence in Ty and My,

Generally speaking, given a sequence (7;) in Teichmiiller space, it is much easier for the
images 7(r;) to converge in M than for the original sequence to converge in 7.

Pick 79€7; and define 7;41=07(7;). In this section we will see that it is equivalent
for (7;) and for 7(7;) to converge and even for the set {n(;)} to have compact closure in

M;.

PROPOSITION 5.1. If the orbifold O is hyperbolic, then (1;) converges if and only
if the closure of the sequence {n(7;)} in My is compact.
In that case, T=lim;_,, 7; 18 the unique fixed point of 0.

Proof. We will show that the amount by which oy contracts at 7 depends only on
m(7) and a finite amount of extra information.

LEMMA 5.2. There exists a tower 7}—7?»;/{ § LM s of covering spaces with T finite
and a map 65: Mj— M;y such that the diagram

T; _% T;
M f e I Mf
commules.

Proof of Lemma 5.2. Given a point in M represented by an inclusion i: Pf—P?,
there exist only finitely many isomorphism classes of covering maps g: X' —P? of degree d,
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ramified only over i(Ps). Indeed, pick z€P!—i(Ps); such a class is determined by the
action of the generators of w1 (P! —i(Ps), ) on the fiber g~!(z). For each such covering,
there are finitely many injections ': Ps—g~1(i(Ps)).

The pairs (g,i’) for which there exists homeomorphisms ¢ and ¢’ such that the
diagram

S2 “LX/

1)

commutes and ¢| p; =1, ¢'| Py =4’ form a finite set. This is the fiber of T over ¢ and we
can define G5 by

¢((g:4)) =7 g

Proof of Proposition 5.1. By Proposition 3.2, the norm of d,oy or d.,afc depends
only on 7 (7).

Let 8o be a C*-curve from 7o to 71, with length lo; let §;=0%(6o), and seti:UiZO 8;.
If the 7(7;) have compact closure in My, then 7#() has compact closure in Mj.

By Proposition 3.3, we see that K=sup,; |dTaJ2c| <1, and since

length(6;) < K - length(6;—2),

the 7; form a Cauchy sequence, and converge since Teichmiiller space is complete.
Clearly 7=lim;_, 7; is a fixed point of oy. O

6. Annuli in Riemann surfaces

Let X be a Reimann surface with its Poincaré metric. If some curves on X are very
short, then in some sense the geometry of X breaks up into “thin parts” which are annuli
isomorphic to a standard model, and “thick parts” whose geometry remains bounded.
Theorem 6.3 makes this idea precise; Proposition 6.1 is a study of the standard
model. Our proof of Theorem 6.3 is borrowed from Beardon [B, Theorem 11.7.1}.
Let A; be an annulus of modulus 7/2l, so that in its Poincaré metric the length of
the unique simple closed geodesic v is I. For n>0, set

Az(’?) :{z € A 'dAz(Z77) ST]}
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b in/4 by
r
b1 ~

~ b2 n(l)

Y= l
r: Euclidean length
I: hyperbolic length

—im/4
Fig. 1

PROPOSITION 6.1. (a) There is a largest number n(1)>0 such that no geodesic v’
on A; with ¥Y'Ny=@ and d(v,v")<n{l) is simple.
(b) The function n(l) is strictly decreasing.
(c) Set A;=A;(n(1)), and m(l)=mod A4;. Then
m ™
5 1<m(l) < %

Proof. Let B={z||Im z|<n/4}. Since

1
tanh™(2) = = log —
z+—tanh™ (2) 5108 T
is an isomorphism of D onto B, the Poincaré metric of B is |dz|/cos2y and so if we
choose an isomorphism Zl—»B sending 7 to R, we find

A =B/IZ.

Let 6 be a geodesic in A; perpendicular to 7, and 61,62 be two successive lifts of §
in B intersecting the line Im(z)=7/4 in b; and b,. Consider the geodesic « joining b; to
by; aNR =4 since geodesics can intersect at most in one point, and the image of a in A,
is simple.

To prove (a), we claim n(l)=d(a, 7). Indeed, if 3 is a geodesic of B coming closer
to R than 7 and disjoint from R, then its endpoints are a Euclidean distance > apart,
80 it cannot be disjoint from its translate by [/, and its image in A; is not simple.

Clearly as [ increases, 77(l) decreases.
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Let r be the Euclidean length indicated on Figure 1.
LEMMA 6.2. We have r<3l.

Proof of Lemma 6.2. Consider the bounded harmonic functions hy on
U={z|Imz<x/4}

with boundary value

0 on [by, bs]
1 on OU —[by, bs},

and h on B with boundary value

0 on [by, bs)
1 on 8B—|b1,bs].

We have h>ho on 8B, thus h>hg in B. Now a=h"1(1), and k5" (1) is the geodesic
of U joining by to bs, i.e., the semi-circle of radius %l centered at %(bl +b2). So a is within
this circle. (W

End of proof of Proposition 6.1. (c) We have

T 2r T«
mod(4;(n(1))) = 5T -27—1. O

THEOREM 6.3. Let X be a Riemann surface with its Poincaré metric, and v1,...,Yn
disjoint simple closed geodesics of length ly,...,1,. Then there exist in X disjoint annuli
C1,...,Ch, isometric to Ai,(n(l;)) with equators the ;.

Proof. The annulus A;; is isomorphic to the covering space X , in which a lift 4; of
7i is the only closed curve. The restrictions of the projections

Toy; Al.’ = X‘Yi —-X

to the Ay, (n(l;)) give a map 7:11; A;,(n(l;))— X; we need to show that 7 is injective.
By contradiction, let z€ X be a point which has two distinct inverse images y,y’

in II; Ay, (n(L:)), say yeA(n(l)) and y'€ A’'(n(l')). The case A=A’ corresponds to that

annulus injecting into X and the case A# A’ corresponds to the two annuli being disjoint.

Let 6 and é' be the geodesics joining y and y’ to their respective equators; then
la(6)<n(l) and L4 (8")<n(l').
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Choose an isomorphism of the universal covering surface X with the unit disc and
let £ be an inverse image of z. The lifts of m(§) and 7(§’) starting at & lead to lifts ¥
and ¥’ of the equators vy and 7' of A and A’. The distance between ¥ and 7’ is less than
n(l)+n(!'). Lemma 6.4 below says that this is impossible.

Since ¥ and ¥’ are lifts of disjoint curves or 2 lifts of 1 simple curve, they are disjoint.
Let o be their common perpendicular. Let fy, 82 be the perpendicular to ¥ at distance
3! from o, and 3}, 8} the perpendicular to 7' at distance 1/’ from a, labelled so that 3
and (3] are on the same side of . In view of the symmetry with respect to a, there are
a priori 4 possible configurations as shown in Figure 2.

LEMMA 6.4. Only Configuration 1 can occur.

Proof. For any geodesic 8, call gy the reflexion with respect to 8. The automorphisms
9=04,°0a and g'=gﬂi °ga of D are replaced by elements of w1(X), and so is h=¢'og™1=
0;°08,- In Case II, h has a fixed point, which is impossible. In Case III, g(7') is a
geodesic which intersects ¥’ transversally, which is impossible since 5’ is a lift of a simple
geodesic. Case IV is excluded similarly. O

Theorem 6.3 follows. 0

COROLLARY 6.5. Let X be a hyperbolic Riemann surface and v1,vy2 simple closed
geodesics of lengths Iy and ly. If la<2n(ly), then either yy=22 or N1NY2=2.

Proof. If v1#%, and y1Ny2#9, then in X.h a lift 45 of v, intersects the equator.
Since the projection X,,, —» X is injective on the part of 7, which is within n({;) of the
equator, we see that I >2n(l;). O

Remark. This bound is sharp, in the sense that for any >0, there exists a Riemann
surface X and two geodesics +; and 42 on X which intersect, with lengths [ and 2n({).
In fact, take X to be the once punctured torus quotient of D by hyperbolic translations
by ! and 2n(l) with perpendicular axes. A fundamental domain is the ideal quadrilateral
in Figure 3.

In higher genera, you probably cannot realize the bound exactly, but you can ap-
proximate it as closely as you like by squeezing off a handle.

COROLLARY 6.6. Let X be a Riemann surface and 1,2 be two geodesics of length
<log(V2+1). Then either y1=7; or y.NYa=@. Moreover, log(v/2+1) is the largest
constant for which this is true.

Proof. First we need to solve [=2n(l). Clearly, the length of the common perpen-
diculars in the regular ideal quadrilateral solves this equation (see Figure 4).
An easy integral shows that this length is log(v/2+1).
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III: B/iNBi=2 but /NY 42 IV: /1NB =2 but fiNY#2

Fig. 2
If v; is not longer than s, then since 7 is decreasing, we have

Ix (1) <lx(72) < 2n(l(12)),

so by Corollary 6.5, v1 and v are equal or disjoint.
The same example as in the remark above, in the case [=27(l) shows that on
the appropriate punctured torus, there exist intersecting geodesics both. with length

log(v/2+1). a

We will need one more result from hyperbolic geometry.
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PROPOSITION 6.7. Let X be a hyperbolic Riemann surface and v be a geodesic on
X which intersects itself tranversally at least once. Then Ix(v)>2log(v/2+1).

Again the bound is sharp.

Proof. We can suppose without loss of generality that v has a unique point of self-
intersection ¢ and thus consists of two loops v; and ~y; of lengths [; and I5 respectively.
Since y; and -y, are simple closed curves, their lifts to the universal covering space D
through a lift  of = look like Figure 5.

Let v be the indicated bisector of the angle at Z, and let 31,32 be the indicated
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Fig. 5

perpendiculars. Then as in Theorem 6.3, the products of reflections

0,°0y and  0p,°0,
are both in 71(X), and so 1 and 3, do not intersect.

We see the following configuration in D: three disjoint geodesics «, 5, and (3, with
B1 and (B on the same side of 7, a point Z on v and geodesics from  to 8, and §; of
lengths %ll and %12 respectively. It is easy to show that the minimum of /541 in this
situation is realized when v,8; and 3; bound an ideal triangle, and Z is the projection
of the point at infinity where 8, and 83 meet onto ~.

This minimum is realized on the sphere with three points removed, say —1,1 and
00, by the figure eight curve as in Figure 6(a), whose length can be computed to be
2log(v/2+1) from Figure 6(b).
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7. Asymptotic geometry of Riemann surfaces

If X’cX and « is a curve on X', then

Lo (v) 2 1x(v),

since the injection X’ — X is analytic, hence length decreasing for the Poincaré metric.
If 7 is a short curve on X, and X' is obtained from X by deleting a finite number
of points, then this inequality can be sharpened.

THEOREM 7.1. Let X be a Riemann surface, PCX a finite set, with #P=p>0.
Set X'=X—P, and choose L<log(v/2+1). Let vy be a simple closed curved geodesic on
X, and {¥},...,v.} be the closed geodesics of X' homotopic to v in X and of length <L.
Set I=Ix(7), =Ix:(v}). Then

(a) s<p+1;

(b) for all i, I>1;

(c) 1/1-2/m—(p+1)/L < 37 1/l <1/14+2(p+1)/7.

Proof. (a) By Corollary 6.6, the v/ are disjoint since L<log(v/2+1). Then s—1 of

the components of X —{{J;_, v} are annuli, and at least one point of P must belong to
each, so p>s—1.

(b) The inclusion X’ — X is analytic hence length decreasing.

19-935204 Acta Mathematica 171. Imprimé le 2 février 1994
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(c) First let us verify the right-hand inequality. According to Theorem 6.3 and
Proposition 6.1, there exist disjoint cylinders C;C X' with equators v, and moduli

X1

mod(C}) > T

These cylinders lift to disjoint cylinders in )?., homotopic to the equator 5. When-
ever an annulus A contains disjoint annuli A; homotopic to the equator of A, we have,
[O, Theorem 2.44], mod(A)>Y" mod(A4;). Therefore

T = T 1 T 1 2(p+1)
— = > N> — - — = — ),
5i mod(X,) > E mod(C;) > 5 E ] s> 2( 7 -
Now for the left-hand inequality. According to Theorem 6.3 and Proposition 6.1,
there is a cylinder C'C X with equator v and
™
dC > —-1.
mod C > o

The parallels (curves at constant distance from the equator) of C passing through
the points of CNP cut C into s’ annuli C;, j=1,...,s’ with s'<p+1.
For each j let ; be the geodesic of X’ homotopic to C; and l;=Ix/(7;). Then

mf1l 2 s l 7r
5(7—;)<modC—Zmode<z;éTj-,

S0 ,
1 2 &1
2t
l = =1 lj
Let J_={j|l;<L} and Jy={j|l;>L}. The v, for j€J_ are among the v} so
1 1
JEJ_

On the other hand, Zj€J+1/lj<(p+1)/L. So
1 2 1 p+l
-2y S+ 0
RSl T

Let PCS? be a finite set. For any closed curve yC S%— P, and any T€T(52 py=T (P),
represented by
m: (52, P) - P!,
we can define () to be the length of the geodesic homotopic to ¢(y) on P —¢(P);
define w(y, 7)=—logl (7).
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PROPOSITION 7.2. The function T(P)—R given by m—w(v, ) is Lipshitz, with
Lipshitz constant 2.

Proof. Let T and 7' be represented respectively by ¢,¢': (S?, P)—P?, and set P,=
¢(P), Pr=¢'(P).
If d(r,7')=6, then there exists a K-quasiconformal map : P! > P! with ¢(P,)=P.
and K=e?.
The mapping ¢ lifts to the covering spaces:
¢: (P1=P,)y — (P1~P,).,
which are annuli of moduli m=7/2l,(v) and m’=7/2l,(-y) respectively, and this is pos-
sible only if
1 m .
—}:{- é _Tl’? S K, 1.e.,
lw(y, 7)—w(v,7")] < log K = 26. 0

For 7€T(P) set w(r)=sup,, w(y,7); this sup is finite since there is only a finite
number of curves of length <log(v/2+1).

PROPOSITION 7.3. (a) The function T—w(7) has Lipshitz constant 2.
(b) For any MeR,
{reT(P)|w(r)< M}

is the inverse image of a compact subset of M(P).

Proof. (a) Comes from Proposition 7.2.

(b) Let (74) be a sequence in 7(P), and suppose that the images w(r,) in M(P)
are represented by injections i,: P—P?, normalized so that for some 3 points z1,z2, 3
of p we have i,(z1)=0, in(22)=1 and i,(x3)=00 for all n. Since P! is compact, we can
extract a subsequence, say j, such that j=lim,, . j, exists.

If j is injective, the subsequence converges in M(P).

If j is not injective, there exists y; Zy» in P with j(y1)=7(y2)=Y; we may assume
Y #o0. Let

R= inf [j(z)-Y]<o0.
it 17(z)=Y|

Then for any &, there exists N such that for n> N, there are no points of j,(P) in
{z|e<|z-Y|< R—¢},

but at least two points inside and outside.
Then the curve [z—Y|=1R has length less than 7?/(log R—loge), which goes to 0
with &. a
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8. Sufficiency of the criterion
For any T7€Tj, let
L, ={w(v,7) |~ a closed curve on S*— P},

so that w(7r)=sup(L,). Also, if ' is a multicurve, let
w(T, 7) =supw(y, 7).
~yel
For any J>0, let ]a, b be the lowest interval in R~ L, of length J, with

az —10g10g(\/§+1) =A,

Lo ={y|wly,7) 20}
Let 7'=0¢(7), and ¢, ¢’ and f, be as in Proposition 2.2. Let P=¢(Ps), P'=¢'(Ps)
and P"=f71(P).
ProposITION 8.1. (a) If J>2logd+2d(r, ') and if L5, #2, then T ;. is an f-stable
multicurve.

(b) The simple closed geodesics on P! —P" of length less than de® are the compo-
nents of f71(y) for yel'y ..

Proof. Since e~®<log(v/2+1), all the curves of T';, are disjoint by Corollary 6.6.
If yeI'y, and 4’ is a component of f~1(7) then

lpi_pr (") = dal-(7),
where do =deg f.|,:y'—7 and so d,<d, so
w(t',v") > w(r,v)—logd > b—logd.

On the other hand, if v"€T'; ,, then w(y”,7)<a and so w(y”,7)<a+2d(r,7'), by
Proposition 7.2.

Since b—a=J>logd+2d(r,7’), we see that v'#~", so v'€l';,. This proves (a) and
half of (b).

For the other half of (b), let 7' be any simple closed geodesic on P!=P" of length
<de=®. Then f.(v') is a geodesic on P!—P of the same length, which may fail to
be simple. It cannot have any transverse self-intersections by Proposition 6.7, since
de<2log(v2+ 1). So it must cover some simple closed geodesic ¥ on P!—P with
degree <d, so I (7)<Ipi_pn(¥'), i-e., w(r,v)2b—logd.

Since there is a gap of length J in L., this shows that y€T', .. O

The theorem will now follow easily from the following proposition.
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PROPOSITION 8.2. There exists an integer m>1 depending only on the degree d of f
and the cardinality p of Py, and a constant C depending only on p,d, and D=d(7,05(7)),
such that if J=m(logd+2D) and I'=T;, then whenever w(r)>C, T is non-empty and
w(T, o7 (7)) <w(T, 7).

Proof. 1t is here that we use Lemma 1.2 in an essential way. Let I' be a multicurve
with A(T, f)<1. Give R the sup norm, and Hom(R',RT') the corresponding norm.

Since there are only finitely many possible matrices for fr, we can choose m such
that

I < 3
independent of the multicurve I'.

Now let ]a, b[ be the lowest gap in L, of length J with a> A as before. Since there
are at most p—3 elements of L, greater than A, we see that if w(t)>(p-3)J+A=B
then b< B. Let Lo=d™e™ &, note that Ly depends only on p,d and D.

Clearly if w(7)>B then I'=T";,#@, and T is an f-stable multicurve by Proposition
8.1(a).

Let T’=U}"(T), and let ¢, ¢' and f™ be as in Proposition 2.2 applied to f™, so that
f™ is analytic and the diagram

(52,pf) J"_,P1

f’"l lﬂ"

(%, Ps) —5— P!

commutes.
Let P=¢(Py), P'=¢'(Ps) and P"=(f™)~1(P). Define v,v'€RT by
1/l'r('71) 1/l-r’ (71)
v= : , v = :
1/1:{ ) 1/ (ym)

Consider a curve ;€T and the components ¥; j,o of (f™)~*(v;) homotopic to ; in
P! —P’. We wish to apply the left-hand inequality of Theorem 7.1(c) to the geodesic on
P! — P’ (the X of Proposition 7.1) in the homotopy class of 7;, and the geodesics in the
classes of ; j .o on X"=P1—P" (the X’ of Theorem 7.1). Using Proposition 8.1(b), we
see that the hypothesis of Theorem 7.1 is satisfied with L=dme ?>dme~B=1L,.
Moreover, since fI*|p:_p~ is a covering map, we have

1 m
; oo = [(fr)™v)s.

,j,a)
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Define r by v'=(fr)™v+r; by Theorem 7.1 we have

SO 9 dm
1 Yy
[’U'l < §|U|+;+L—O.

Now if z and y are any two numbers such that
< %y+K and y>2K,

we have x<y.
So if

2 pd™
22 —+— ’
ol (W+ I )

we have

'l <ol.

We see that if we choose

2 pd™
C=sup(log2(—+p—>,B),
w L()

the proposition is proved. 0

Proof of the theorem. Suppose that f is not equivalent to a rational function. Choose
10€T;, set ;=0 f(7;—1) and let C and m be as in Proposition 8.2 with D=d(r,71). Raise
C if necessary so that w(mp)<C.

By Propositions 2.3, 5.1 and 7.3, the sequence w('ri) is unbounded. Consider the
first ¢ for which w(r;) is unbounded. Consider the first i for which w(r;)>C+2mD, and
let I'=T'; -, as in Proposition 8.2.

By Proposition 7.2, w(T', 7;,_,)>C, so that if A(f,T')<1, we find that

TU(F, T1) < W(P, Ti—m) <C+2mD,

a contradiction. So A(f,T")>1. O

9. The non-hyperbolic case

ProposiTION 9.1. (a) If f:5%2—82% is a critically finite branched mapping, then

x(0s)< 0.
(b) If x(O5)=0, then f: Oy — Oy is a covering map of orbifolds.
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Proof. Let O}=(S5%,v}) where

Vi(z) = —-._”(fii{; i”’}))

Then v} >vy everywhere (recall that vs(x)=1if x&Py), so
x(0%) <x(0y).
However, f:0%— Oy is a covering map of orbifolds of degree d, so

x(0%) = dx(0y).

Thus (d—1)x(0f)<0 and (a) follows since d>1.
Moreover, to get equality we must have O, =0y. O

There are precisely six orbifolds homeomorphic to §? with Euler characteristic 0.
They are given by the following weights at the weighted points:

(1) (00, 00),

(2) (2,2,00),

(3) (2,4,4),

(4) (2,3,6),

(5) (3,3,3),

6) (2,2,2,2).

In cases (1)—(5), the orbifolds have a unique complex structure, since there are at
most 3 marked points, and any three distinct points can be moved to any other by an
automorphism of P!, They can be realized as C/I" where I is a discrete subgroup of
Aut(C), as follows.

(1) I'=1Z, acting by translations;

(2) T generated by Z as above, and z+»>—z;

(3) T generated by z+z+a, a€Zli]; ziz;

(4) T generated by z2+a, a€Zw], w=€"/3; zswz;

(5) T generated by z—z+a, a€Zw); zw?z.

By Corollary 2.4, any branched map f with Py=3 is equivalent to one which pre-
serves the unique complex structure of Oy, so using the identifications (1) through (5)
above, we see that f:O L -0 ¢ can be taken to be an automorphism z++az+b of C with
deg f=|al*.

It is now routine (rather tedious) to write down the maps f which induce a map on
C/T.
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PROPOSITION 9.2. The critically finite branched maps with x(Of)=0 and #P;<3
are all equivalent to one of the maps f induced on C/T by:

(1) z+—nz, n€Z, [n|>1;

(2) z+—nz, n as above; z»—»nz+%, n as above;

(3) z—az, a€Zli], |a|>2; z—az+1(1+1), a as above;

(4) z—az, a€Zlw], lal>3;

(5) z+—az, a as above; zr—>az+%(w+1), a as above; zHaz+§i\/§, a as above.

Proof. The verification is left to the assiduous reader.

Remarks. (i) The maps above are not all inequivalent.
(ii) In case (1) above, the associated rational functions are

22" |n|>1,

since z+—€%"%* is the universal covering map of Oy.
In case (2), they are (up to sign) the Tchebycheff polynomials P,(z), i.e., the poly-
nomials such that

P,(cosz) =cosnz,

since z+—cos 2wz is the universal covering map of Oy.

Note that in both of these cases, the rational functions are related to the addition
formula for the exponential function. In cases (3)-(5) (and (6) below), the rational
functions are related to the addition formulae for elliptic functions.

(iii) Cases (1) and (2) are precisely the rational functions we know for which the
Julia set is not P! and is not “fractal”. Is this indeed the complete list?

Finally we come to (6), the most interesting case. In this case, the possible complex
structures on Oy are given by C/T';, where 7 is in the upper half plane H and I'; is the
subgroup of Aut{C) generated by z—2+1, z—z+7 and z——2z.

PROPOSITION 9.3. The rational maps f: S%2— 5% with orbifold (2,2,2,2) are induced
on P! by an isomorphism P! —=C/T, and a map f: C—C, z—za+0, where

(a) a is an integer in an imaginary quadratic field K;

(b) 28€T,;

(c) if « is not real, then T, is a module over the subring of K generated by 1 and
a, two such modules giving the same mapping if they are isomorphic.

Proof. Let 7: C—P? be the universal covering of Oy. Such a rational mapping must
lift to an automorphism f: C—C of the form z—az+8.
Since 7(0)€ Ps, we must have 7(f(0))€ Py so

B=f(0) € ir,.
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Moreover, (f—7(0))[.CI;, so al',CI,. Therefore there exist integers a,b,c,d,
such that

a=a+br, ar=c+dr,

which gives
o —(a+d)a+ad—bc=0.

So a is a quadratic integer, necessarily either a rational integer or an integer in an
imaginary quadratic field.
Part (2) was done above, and (3) is obvious. O

Remark. This proposition implies that there are only finitely many rational functions
of given degree (up to conjugation by automorphisms of P!) with orbifold (2,2,2,2) and
induced by multiplication by a non-real quadratic integer @. Indeed, there are only
finitely many such o with given |a|?=deg f, and the class group of « is finite.

On the other hand, in degrees which are squares, there are one-parameter families
of critically finite rational functions all of which are equivalent as branched mappings,
but which are not conjugate by automorphisms of P!.

Proposition 9.3 does not solve our problem; we still need a topological criterion to
decide if a branched map f:52—S? with orbifold (2,2,2,2) is equivalent to a rational
function. We will do this by finding an isomorphism of 7; with the upper half plane H,
and identify oy as a fractional linear transformation.

The (differentiable) orbifold O can be identified with R%/T', where T" is the group
of isometries of R? generated by

zr—z4+a, a€Z? and -z

Let Ty=R? Z?; T} is a torus and the canonical map m: T;— S? is a double cover ramified
above Ps.
LEMMA 9.4. The map f lifts to a covering map f: Ty—Ty.

Proof. This is a straightforward application of the lifting criterion for covering
spaces. Since for is a covering map, it induces an injection on fundamental groups,
so the image is a subgroup of m;(Oy) isomorphic to Z2.

However, an element of I' is either a translation or of order 2. So

(Fom)ulmi(Ty)) C ma(my(Ty)). =

Let 71,72 be the curves on Ty images of the segments joining (0,0) to (1,0) and
(0,1) in R2.
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Any complex structure 4 on (52, Ps) induces a complex structure 7*u on Ty. The
space of 1-forms ¢ holomorphic for 7*u is 1-dimensional, so the number

o(u) =7~
f’71¢
does not depend on the choice of ¢.

LEMMA 9.5. The map § induces an isomorphism

0Ty —H.

Proof. Clearly p is well-defined. To show that it is an isomorphism, we will construct
an inverse mapping.
For any 7€ H, let 9,: R?—C be given by

Yr(z,y) =z+7Y.
If p19 is the standard complex structure on C and p, =1} o, then the complex structure
- on R*T'=0y satisfies o(fi,)=". a

Let A; be the matrix of f,: Hi(T5)— H1(T¥) in the basis v1,72; clearly det Ay=
deg f>2, and A is determined by f up to sign. Conversely, any matrix A with integer
entries and det A>2 arises as Ay, namely for the map f induced on R%T by A: R*—R2.

a b
A=
! L J

is the fractional linear transformation

LEMMA 9.6. If
then gogfog™!

dz+b
cz+a’

2
Proof. By Stokes’ theorem,

Aw¢=Lf%,

[ 10 _Ju1'¢ bl ovdf 0 b+d[,0/),0
f‘hd) B f‘71f*¢ B af’71¢+cf72¢ a+cf‘¥2¢/f‘)‘1¢'

SO

(goofo0™)
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PROPOSITION 9.7. A branched mapping f: S?2— 8% with orbifold (2,2,2,2) is equiv-
alent to a rational function if and only if the eigenvalues of Ay are not real, or if Ay is
a multiple of the identity.

Proof. This follows immediately from Lemma 9.6 and Proposition 2.3. Indeed, the
fractional linear transformation 2z (dz+b)/(cz+a) has a unique fixed point in H if and
only if the eigenvalues of A; are not real, and otherwise has no fixed point in H unless
it is the identity. (i

Remarks. (i) The eigenvalues of Ay are not real when the number o of Proposition
9.3 is not real, and Ay is a multiple of the identity if ¢ is a rational integer.

(i) Lemma 9.6 gives examples of branched mappings f where o is the identity, or
an elliptic, parabolic or hyperbolic automorphism of 7y=H. These examples are however
misleading; in general, o is neither injective, surjective or proper.

Appendix: Examples of Thurston mappings

Following Milnor’s suggestion, we will call a critically finite branched mapping a Thurston
mapping.

Ezample 1. The easiest examples of Thurston mappings are simply postcritically

finite rational functions, such as
f2)=2 [k|>1, Q;={0,00}, Ps={0,00},
f(z)=z2—2, Qf={0:°°}7 sz{oo,-2,2},
f(z)=2%+1, Qs ={0,00}, P;={00,i,—1+i,~i},
f(z)=1i(2+1/z), Qpy={1,-1}, P;={i,—i,0,00}.

These examples are a bit misleading; one should not think of a Thurston mapping
as a rigid, analytic object, but as something topological, “defined up to homotopy”. It
is not hard to construct such things: for instance, take the third example above, and
compose it with the Dehn twist around a curve on P—Pf. Such examples are quite
mysterious; we do not know if they admit Thurston obstructions, nor if they do not,
what polynomial they are equivalent to (even though there is not much choice).

The next family of examples is a slight modification of the spiders considered in
(BFH]; the reader is invited to read the general treatment there. We will need the
construction for Example 3 below, which brings out some of the difficulties in the proof
of Thurston’s theorem, and justifies the repetition.

Example 2. Choose an angle

—g—__P
0= =@
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5/24
1/3 1/6 1/3

1/12 5/1

7/12

2/3 2/3 5/6
17/24

Fig. 7. The spiders for #=1/6 and 8=5/12

with k>0, and set 6,,=26,,_1=2""16;, so that ;41 =0k, 1. In the unit disc, draw the
segments <, joining the points

and the diagonal v, joining

€™ and —e™r,

Then there exists a branched mapping fg which:

(1) Outside of the unit disc is z+22;

(2) Folds v, at the origin and maps it to ;;

(3) Maps each +, homeomorphically to v,+1;

(4) And except for the folding of o is a homeomorphism mapping each half of the
unit disc cut along vo to the whole disc.

Here are two examples of this construction, one for #=1/6 and one for §=5/12. (See
Figure 7.)

The branched mapping f; /s is equivalent to a rational function, in fact to the poly-
nomial z+— 2244, and therefore has no Thurston obstruction. On the other hand, for
f5/12, the curve surrounding z3 and z,4 is a Thurston obstruction by itself. Its inverse
image consists of a curve homotopic to itself, and another which surrounds only z5 and
hence is peripheral. Clearly the Thurston matrix is in this case simply the number 1.
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Fig. 8. The mating of f5,15 with its conjugate
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Ezample 3. Now for a really complicated example (see Figure 8): let us keep the
mapping above inside the unit disc, and put its symmetric on the outside of the unit disc.
We still have a Thurston mapping, with 2;={0,00}, and Pr={z1,...,Z4,Y1, .-, Y4 }-

In this case, there are four Thurston obstructions:

(1) The curve I'y={a}, with matrix 1;

(2) The curve I'y={3}, with matrix 1;

(3) The multicurve ['3={é1, ..., 64}, with matrix

01 00
2 010

fro= | 0 0 1 and A(T'3) =V?2;
0 01O

(4) The multicurve I'y={61, 8>}, with matrix

(2) ;J and )\(1"4)=\/2_.

f Ty = [
The first two are fairly obvious, but the third and fourth require a bit of checking: the
inverse image of 8, consists of two curves, one on each side of the diameter. But recall
that the homotopies are relative to the post-critical set, and that the critical points are
not in the post-critical set in this case. Therefore these curves are both homotopic to ;.
The surprizing thing about this mapping is that as the Thurston transformation oy
is iterated, starting from some 7g, the lengths of o, 3, and the supremum of the lengths
of 83 and &, all have to strictly decrease. But this prevents any of these from tending
to 0, because they intersect, and two short geodesics can never intersect. By Thurston’s
theorem some curves must have lengths shrinking to 0, and it is not too hard to see that
it is the curves of I'y. This also follows from the proof of Thurston’s theorem, since I'y
is a minimal invariant multicurve, with leading eigenvalue v/2 >1.
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