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Abstract

We consider the statistical experiment given by a sample y(1),...,y(n) of a stationary
Gaussian process with an unknown smooth spectral density f. Asymptotic equivalence,
in the sense of Le Cam’s deficiency A-distance, to two Gaussian experiments with simpler
structure is established. The first one is given by independent zero mean Gaussians with
variance approximately f(w;) where w; is a uniform grid of points in (—m,7) (nonpara-
metric Gaussian scale regression). This approximation is closely related to well-known
asymptotic independence results for the periodogram and corresponding inference meth-
ods. The second asymptotic equivalence is to a Gaussian white noise model where the
drift function is the log-spectral density. This represents the step from a Gaussian scale
model to a location model, and also has a counterpart in established inference meth-
ods, i.e. log-periodogram regression. The problem of simple explicit equivalence maps
(Markov kernels), allowing to directly carry over inference, appears in this context but is
not solved here.

1 Introduction and main results

Estimation of the spectral density f(w), w € [—m, 7] of a stationary process is an im-
portant and traditional problem of mathematical statistics. We observe a sample y(”) =
(y(1),...,y(n)) from a real Gaussian stationary sequence y(t) with Ey(t) = 0 and autoco-
variance function y(h) = Ey(t)y(t + h). Consider the spectral density, defined on [—m, 7]
by
1 (0.0]
F) = 5 3 A(explin) (1)

h=—00
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where it is assumed that Y270 +?(h) < co. Let T';, be the n x n Toeplitz covariance matrix
associated with (), i.e. the matrix with entries

s

(o) = 20k — ) = / exp (i (k— o) f@)dw,  jk=1,....m. (1.2)
—T

Write T',(f) for the covariance matrix corresponding to spectral density f and note that

y™ has a multivariate normal distribution N, (0,T,,(f)). Let ¥ be a nonparametric set

of spectral densities to be described below. We are interested in the approximation of the

statistical experiment

gn = (Nn(oarn(f))a f € Z) (13)

in the sense of Le Cam’s deficiency pseudodistance A(-,-); see the end of this section for a
precise definition. The statistical interpretation of the Le Cam distance is as follows. For two
experiments £ and F having the same parameter space, A(€,F) < e implies that for any
decision problem with loss bounded by 1 and any statistical procedure with the experiment
€ there is a (randomized) procedure with F the risk of which evaluated in F nearly matches
(within €) the risk of the original procedure evaluated in £. In this statement the roles of £
and F can also be reversed. Two sequences &,, F,, are said to be asymptotically equivalent if
A(Ep, Fn) — 0.

As a guide to what can be expected, consider first the case where fy, ¥ € © is a smooth
parametric family of spectral densities. Assume that © is a real interval; under some regularity
conditions, the model is well known to fulfill the standard LAN conditions with localization
rate n~/2 and normalized Fisher information at o

™ o 2
i/w <%10gfq9(w)> dw

(Davies (1973), Dzhaparidze (1985), chap. 1.3, cf. also the discussion in van der Vaart (1998),
Example 7.17). Consider the parametric Gaussian white noise model where the signal is the
log-spectral density:

dZ, = log fo(w)dw + 2x'2n~12dW,,, w € [—m, 7] (1.4)

and note that in the family (fy,? € ©), this model has the same asymptotic Fisher informa-
tion. This is in agreement with the LAN result for the spectral density model, but it suggests
that the above white noise approximation might also be true for larger (i.e. nonparametric)
spectral density classes X.

As a second piece of evidence for the white noise approximation in the nonparametric case we
take known results about the approximate spectral decomposition of the Toeplitz covariance
matrix T, (f). It is a classical difficulty in time series analysis that the exact eigenvalues and
eigenvectors of I',,(f) cannot easily be found and used for inference about f; in particular, the
eigenvectors depend on f. However for an approximation which is a circulant matrix (denoted
fn( f) below), the eigenvectors are independent of f and the eigenvalues are approximately
f(w;) where w; are the points of an equispaced grid of size n in [—n, 7. If the approximation
by f’n( f) were justified, one could apply an orthogonal transformation to the data y(™ and
obtain a Gaussian scale model

zj = [P w))E i =1,...,m (1.5)
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where {; are independent standard normal. For this model, nonparametric asymptotic equiv-
alence theory was developed in Grama and Nussbaum (1998). Results there, for certain
smoothness classes f € X, with f bounded away from 0, lead to the nonparametric version
of the white noise model (1.4)

dZ, = log f(w)dw + 27?0~ Y2dW,,, w € [-m, 7], f € 2. (1.6)

Our proof of asymptotic equivalence will in fact be based on the approximation of the covari-
ance matrix I',(f) by the circulant T',,(f), cf. Brockwell and Davis (1991), § 4.5. However
we shall see that this tool does not enable a staightforward approximation of the data y(™
in total variation or Hellinger distance. Therefore our argument for asymptotic equivalence
will be somewhat indirect, involving ”bracketing” of the experiment &, by upper and lower
bounds (in the sense of informativity) and also a preliminary localization of the parameter
space.

To formulate our main result, define a parameter space X of spectral densities as follows. For
M > 0, define a set of real valued even functions on [—, 7]

Fu={f: M7 < fw), fw) = f(-w),w € [~m,7]}.

Thus our spectral densities are assumed uniformly bounded away from 0. Let Lo(—m,7) be
the usual (real) Lp-space on [~ ]; for any f € La(—m, ), let v¢(k), k € Z be the Fourier
coefficients according to (1.1). For any o > 0 and M > 0 let

WeM) = {f € Ly(—m,m) : 730) + > k73 (k) < M}. (1.7)

k=—00

These sets correspond to balls in the periodic fractional Sobolev scale with smoothness coeffi-
cient . Note that for o > 1/2, by an embedding theorem (Lemma 5.6, Appendix), functions
in W*(M) are also uniformly bounded. Define an a priori set for given a > 0, M >0

Z%M = Wa<M) NFu-

Consider also a Gaussian scale model (1.5) where the values f(w;) are replaced by local

averages
i/n
Jj,n(f)—n/ f@rx —m)dz, j=1,...,n
(G=1)/n

Theorem 1.1 Let ¥ be a set of spectral densities contained in ¥ nr for some M > 0 and
a > 1/2. Then the experiments given by observations

y(1),...,y(n), a stationary centered Gaussian sequence with spectral density f

Z1,...,%n, where z; are independent N(0,J;, (f))
with f € X are asymptotically equivalent.

Let ||-|| ga  be the Besov norm on the interval [—m, 7] with smoothness index « (see Appendix,
b,q

Section 53) For the second main result we impose a smoothness condition involving this
norm for the @ > 1/2 from above and p = ¢ = 6.



Theorem 1.2 Let ¥ be a set of spectral densities as in Theorem (1.1), fulfilling additionally
Hf”Bg6 < M for all f € . Then the experiments given respectively by observations

Z1,...,%n, where z; are independent N (0, J;, (f))
dZ, =log f(w)dw + 21 *n=Y2dW,,, w € [, 7]

with f € X are asymptotically equivalent.

The proof of this result is in the thesis Zhou (2004). The present paper is devoted to the
proof of Theorem 1.1.

In nonparametric asymptotic equivalence theory, some constructive results have recently
been obtained, i.e. explicit equivalence maps have been exhibited which allow to carry over
optimal decision function from one sequence of experiments to the other. Brown and Low
(1996) and Brown, Low and Zhang (2002) obtained constructive results for white noise with
drift and Gaussian regression with nonrandom and random design. Brown, Carter, Low
and Zhang (2004) found such equivalence maps (Markov kernels) for the i.i.d. model on
the unit interval (density estimation) and the model of Gaussian white noise with drift; cf.
also Carter (2002). The theoretical (nonconstructive) variant of this result had earlier been
established in Nussbaum (1996), in the sense of an existence proof for pertaining Markov
kernels. This indirect approach relied on the well known connection to likelihood processes
of experiments, cf. Le Cam and Yang (2000). In the present paper, the result of Theorem 1.1
are of nonconstructive type, using a variety of methods for bounding the A-distance between
the time series experiment and the model of independent zero mean Gaussians. Similarly,
the proof of Theorem 1.2 in Zhou (2004) is nonconstructive, but it appears likely in that
a second step, relatively simple "workable" equivalence maps can be found, at least for the
case of Theorem 1.1 related to the classical result about asymptotic independence of discrete
Fourier transforms.

To further discuss the context of the main results, we note the following points.

1. Asymptotic independence of discrete Fourier transforms. Let
n
() = Y exp (~ikw) y(k), w € (=, m)
k=1

be the discrete Fourier transform of the time series y(1),...,y(n). Assume n is uneven and
let n; be complex standard normal variables. It is well known that for the Fourier frequencies
wj=2mj/n,j=1,...,(n—1)/2in (0,7), there is an asymptotic distribution

(71) 2 dn(wy) ~ exp(iws) 112 (w))n;

and the values are asymptotically uncorrelated for distinct wj, wy. For a precise formulation
cf. relation (2.12) below or Brockwell and Davis (1991), Proposition 4.5.2. This fact is the
basis for many inference methods (e.g. Dahlhaus and Janas (1996)); see Lahiri (2003) for
an extended discussion of the asymptotic independence. A linear transformation to n — 1
independent real normals and adding a real normal according to (27n)~'/2d,,(0) ~ N(0, £(0))
suggests the Gaussian scale model (1.5).



2. Log-periodogram regression. Consider also the periodogram

L() = —— |dn(w) 2.

2mn
Note the equality in distribution ‘77]"2 ~ X3 ~ 2ej, where e; is standard exponential. As a
consequence of the above result about d,(w;), we have for j =1,...,(n—1)/2

In(wj) = f(wj)e; (1.8)

with asymptotic independence. Assuming this model exact and taking a logarithm gives rise
to the inference method of log-periodogram regression (for an account cf. Fan and Gijbels
(1996), sec. 6.4)

3. The Whittle approzimation. This is an approximation to —n~! times the log-likelihood
of the time series y(1),...,y(n). In a parametric model fy, ¥ € O, with multivariate normal
law N, (0,1, (f9)), computation of the MLE involves inverting the covariance matrix I',(fy),
which is difficult since both eigenvectors and eigenvalues depend on 1 in general. Replacing
I 1 (f9) by T'n(1/472 f9) and using an approximation to ! log I',,(fy) leads to an expression
LY (f) + log 2w where

20 = [ (oo + 1) (1.9)

is the Whittle likelihood (cf. Dahlhaus (1988) for a brief exposition and references). A
closely related expression is obtained by assuming the model (1.8) exact: then —n~! times

the log-likelihood is
(n—1)/2

LYf)y=n" %" (1ogfﬁ(wj)+ln(wﬂ‘)>

= fo(wy)

i. e. a discrete approximation to (1.9). For applications of the Whittle likelihood to non-
parametric inference cf. Dahlhaus and Polonik (2002).

4. Asymptotics for LW (f). The accuracy of the Whittle approximation has been described
as follows (Coursol and Dacunha-Castelle (1982), Dzhaparidze (1986), Theorem 1, p. 52) .
Let L, (f) be the log-likelihood in the experiment (1.3); then

Lo(f) = —nLY(f) — nlog 27 + Op(1) (1.10)

uniformly over f € ¥y /9 37 This justifies use of LY (f) as a contrast function, e.g. it yields
asymptotic efficiency of the Whittle MLE in parametric models (Dzhaparidze (1986), Chap.
IT), but falls short of providing asymptotic equivalence in the Le Cam sense. Indeed if (1.10)
were true with op(1) in place of Op(1) and with LY (f) replaced by LV (f) then this would
already imply total variation equivalence, up to an orthogonal transform, of the exact model
(1.8) with f € /55 (via the Scheffe lemma argument of Delattre and Hoffmann (2002)).
In section 2 below (cf. relation (2.18)) we note a corresponding negative result, essentially
that this total variation approximation over f € X5 3y does not take place.

5. Conditions for Theorem 1.2. For a narrower parameter space, i. e. a Holder ball
with smoothness index a > 1/2, the result of Theorem 1.2 has been proved by Grama



and Nussbaum (1998). Note that the Sobolev balls W*(M) figuring in Theorem 1.1 are
natural parameter sets of spectral densities since the smoothness condition is directly stated
in terms of the autocovariance function v,(-). The Besov balls By (M) given in terms of
the norm ||| pa are intermediate between La-Sobolev and Holder balls. For the white noise
approximation of the i.i.d. (density estimation) model, Brown, Carter, Low and Zhang (2004)
succeeded in weakening the Holder ball condition in Nussbaum (1996) to a condition that X
is compact both in the Besov spaces Bé/ % and Bi/ % on the unit interval. This is immediately
implied by 3 C Bf 4(M) for some a > 1/2. Our condition for Theorem 1.2 is slightly stronger,
i.e. ¥ C Bfg(M) for some a > 1/2. In Remark 5.8 (Appendix) we note a sufficient condition

in terms of the autocovariance function f(-), i.e. give a description of the periodic version
of the Besov ball.

Throughout this paper we adopt the notation that C represents a constant independent of
n and the parameter (spectral density) f € X, and the value of which may change at each
occurrence, even on the same line.

Relations between experiments. All measurable sample spaces are assumed to be
Polish (complete separable) metric spaces equipped with their Borel sigma algebra. For
measures P, ) on the same sample space, let || P — Q|| be the total variation distance. For
the general case where P, () are not necessarily on the same sample space, suppose K is a
Markov kernel such that K P is a measure on the same sample space as (). In that case,
|Q — K P| 1y is defined and will be used as generic notation for a Markov kernel K.

Consider now experiments (families of measures) F = (Qf, f € X) and € = (Py, f € ¥),
with the same parameter space X. All experiments here are assumed dominated by a sigma-
finite measure on their respective sample space. If £ and F are on the same sample space,
define their total variation distance

Ao (E,F) =sup ||Qf — Pyl -
fex

In the general case, the deficiency of £ with respect to F is defined as
0(E,F)=infsup||Qr— KP
( ) K fen H f f HTV
where inf extends over all appropriate Markov kernels. Le Cam’s pseudodistance A (,-)
between £ and F then is
A(E,F)=max (6 (E,F),0(F,E)).

Furthermore, we will use the following notation involving experiments £, F or sequences of
such &, = (P, f € X)and F,, = (Qn,f, f € X).

Notation.
& =< F (F more informative than &): §(F,&)=0
& ~ F  (equivalent): A€, F)=0
&, =~ F, (asymptotically total variation equivalent): Ao (Fn,En) — 0
En 2 Fn  (F, asymptotically more informative than &,): & (Fp,En) — 0
En ~ F, (asymptotically equivalent): A(Fn&n) =0



Note that "more informative" above is used in the sense of a semi-ordering, i.e. its actual
meaning is "at least as informative". We shall also write the relation ~ in a less formal way
between data vectors such as (™ ~ y(™_if it is clear from the context which experiments
the data vectors represent.

2 The periodic Gaussian experiment

From now on we shall assume that n is uneven. Our argument for asymptotic equivalence is
such that it easily allows extension to the case of general sequences n — oo (cf. Remark 4.10
for details).

Recall that the covariance matrix I', = I'y(f) has the Toeplitz form (I'y);r = v(k — j),
5, k=1,...,n,ie.

7(0) v(1) y(n—2) y(n-1)
(1) 7(0) v(n —2)
T, =
v(n —2) . 7(0) 7(1)
y(n—1) ~(n-2) v(1) 7(0)

by

7(0) ~(1) v(2) ~(1)
) v(1) ~(0) v(2)
v(2) .. o (0) (1)
v(1) (2) ... (1) ~(0)

where in the first row, the central element and the one following it coincide with v((n—1)/2).
More precisely, for given uneven n define a function on integers h with |h| < n

0000 ={ 0 . ok o < i <1

and set

We shall also write I',,(f) for the corresponding n x n matrix, or simply I, and Y(ny(h) if the
dependence on f is understood. Define

wi= 2L < -1y 22

It is well known (see Brockwell and Davis (1991), relation 4.5.5) that the spectral decompo-
sition of I';,, can be described as follows. We have

fn = Z )\jlljllg- (23)
lil<(n—1)/2



where \; are real eigenvalues and u; are real orthonormal eigenvectors. The eigenvalues are

= > (k) exp(—iwik), |j] < (n—1)/2.
[k|<(n—1)/2

Note that A\; = A_;, 7 # 0 and that the \; are approximate values of 27 f in the points w;.
Indeed define 1
falw) = - > ylk)exp(ikw), w € [, 7] (2.4)
|k|<(n—1)/2

a truncated Fourier series approximation to f; then f, is an even function on [—m, 7] and

A = 22 fulioy), 1] < (0= 1)/2, (2.5)
The eigenvectors are
u, = nY2(1,...,1), (2.6)
u; = (2/n)12 (1, cos(wj), cos(2w;) . . ., cos((n — 1)w;))
u; = (2/n)12 (0, sin(w;), sin(2w;) . . . ,sin((n — Dw;)), 5 =1,...,(n —1)/2. (2.8)

In our setting, the circulant matrix I, is positive definite for n large enough. Indeed, Lemma
5.6 Appendix implies that f, > M —1/2 uniformly over f € ¥, for n large enough, so that
I, (f) is a covariance matrix. Define the experiment, in analogy to (1.3),

&, = <Nn(0,fn(f)), fe z) (2.9)

with data §(, say. The sequence §(™ may be called a ”periodic process” since it can be
represented in terms of independent standard Gaussians ¢, as a finite sum

g™ =Y Aug, (2.10)
il<(n-1)/2

where the vector u; describes a deterministic oscillation (cp. (2.6)-(2.8)). Accordingly &,
will be called a periodic Gaussian experiment.

The periodic process §™ is known to approximate the original time series y(") in the following
sense. Define the n x n-matrix

Up = (U_(n_1)/2, - - -+ Un—1)/2) (2.11)
and consider the transforms
2 = (2m)V2Ul ™ | 2 = (27) 712y (),

Denote Cov(z(™) the covariance matrix of the random vector z(™). Then we have (Brockwell
and Davis (1991), Proposition 4.5.2), for given f € 3

sup |Cov(z™);; — Cov(2™); ;| — 0 as n — oc. (2.12)
1<ij<n



Since Cov(#(™) is diagonal with diagonal elements \;/27, this means that the elements of
2" are approximately uncorrelated for large n.

Note that (™) can also be written, in accordance with (2.10) and (2.5)

) = ( f%/z(wj)gj) (2.13)

lil<(n—1)/2

which is nearly identical with the Gaussian scale model (1.5). Thus the question appears
whether the approximation (2.12) can be strengthened to a total variation approximation of
the respective laws £ (z(")]f) and L (2(”)]f).

The answer to that is negative; let us introduce some notation. For n x n matrices A = (a;)
define the Euclidean norm || Al by

A o= tr [AA] =) "ad.
j=1 k=1

If A is symmetric, we denote the largest and smallest eigenvalues by Amax(A), Amin(A). For
later use, we also define the operator norm of (not necessarily symmetric) A by

A] = (Amax(A'A)) 2.

If A is symmetric nonnegative definite then |A| = Apax(A). The following lemma shows
that the Hellinger distance between the laws of y(™ and §(™ depends crucially on the total

Euclidean distance ) T, (f) = Tulf) H between the covariance matrices, so that an elementwise

convergence as in (2.12) is not enough.

Lemma 2.1 Let A, B be n X n covariance matrices and suppose that for some M > 1
0< M1 < Auin(A) and Apax(A) < M.

Then there exist € = epr > 0 and K = Ky > 1 not depending on A, B and n such that
|A — BJ| < e implies

where H(-,-) is the Hellinger distance.

The proof is in section 5. To apply this lemma, set A = I',(f), B = I',(f) and note that, since
f € ¥ is bounded and bounded away from 0 (both uniformly over f € ¥), the condition on
the eigenvalues of I'y,(f) is fulfilled, also uniformly over f € ¥ (Brockwell and Davis (1991),

. 2
Proposition 4.5.3). We shall see that the expression HFn( ) =Tn(f) H is closely related to a
Sobolev type seminorm for smoothness index 1/2. For any f € Lo(—m,m) given by (1.1) set

e =Y kP93, 120 =7F0) + /154 (2.14)

k=—o00

provided the right side is finite; the Sobolev ball W%(M) given by (1.7) is then described by
| f ||§ o < M. Also, for any natural m define a finite dimensional linear subspace of Lo(—m, )

Ly = {f € Lo(—m,7) : /f(w)exp(ikw)dw — 0, |k| > m} .



Lemma 2.2 (i) For any f € ¥ we have

La(h) = BulF)[| < 217812 (2.15)

and for f € XN L,_1)/2
_ 2
Cu(f) = Talh)|| -

£ 2= |
(ii) For any f, fo € ¥ we have

[enh) = Tath) = (Puh) = Tut)) || < 217 ol (216)

Proof. (i) From the definition of I',(f) and T',(f) in terms of y(-), Yy (+) we immediately
obtain

L) = TalD) = 3 1K) (308) =y ()

|k|<n—1

n—1 (n—1)/2
= Y =k (k) =y — kD=2 D k(y(k) —y(n—k)? (217
|k|=(n+1)/2 k=1

(n-1)/2 n-1
< 2 Z 2k (v(k) +v*(n — k) §4Zk’72(k) < 2\f|§,1/2‘
k=1 k=1

The first inequality is proved. The second one follows immediately from (2.17).

(ii) Note that for any n, the mapping f — I'y(f) if it is defined by (1.2) for any f € La(—m, )
is linear, and the same is true for f — I',,(f) defined by (2.1). Hence

Fn(f) - Fn(fO) = Fn(f - fO)a fn(f) - I~‘n(fO) = 1:‘n(f - fO)
Now the argument is completely analogous to (i) if v(k) = (k) is replaced by v;_z (k). =

Our assumption f € X, i.e. Hnga < M for some « > 1/2 provides an upper bound M for
|f |g 1/2 but does guarantee that this term is uniformly small. Thus we are not able to utilize
Lemma 2.1 to approximate &, by &, in Hellinger distance. In fact this Hellinger distance

approximation does not take place: take a fixed m, select f € ¥ N L, such that || f ||§1 12 <€
with € from Lemma 2.1 and use the lower bound in this lemma to show that

H (Na(0,Tu(f)), N0, () = K1 (2.18)

for all sufficiently large n. Thus the direct approximation of the time series data y(™ by the
periodic process ;&(”) in total variation distance fails.

However that does not contradict asymptotic equivalence since the latter allows for a random-
ization mapping (Markov kernel) applied to 4™ and (™), respectively, before total variation
distance of the laws is taken. We will show the existence of appropriate Markov kernels in
an indirect way, via a bracketing of the original time series experiment by upper and lower
bounds in the sense of informativity.

10



Let now &, again be the time series experiment (1.3); we shall find an asymptotic bracketing,
i.e. two sequences &, £y,n such that

‘cjl,n N En j éu,n

~

and such that both élm and Eun are asymptotically equivalent to &, given by (2.9), and to
&, representing the independent Gaussians 21, ..., 2, in Theorem 1.1.

3 Upper informativity bracket

The spectral representation (2.10) of the periodic sequence §™ = (5(1),...,75(n)) can be
written

(n=1)/2
g(t) = 2n/n) 2 fi2 (006 +2(m/m)* Y FalP(wj) cos((t — Dw;)g;
j=1
1
+2(r/m)? N P (wy)sin((t - Dwj)Est =1,...,n. (3.1)

j=—(n—1)/2

We saw that here §(™ is a one-to-one function §™ = Uz of the n-vector of independent
Gaussians (™ (cf. (2.13)), but the approximation of 7™ to y(™ is not in the total variation
sense (cf. (2.18)). Now take a limit in (3.1) for n — oo and fixed ¢ and observe that
(heuristically) this yields the spectral representation of the original stationary sequence y(t)

yt+1) = V2112 (w) cos(tw)dB,, + V21Y2(w)sin(tw)dBy,, t = 0,1,... (3.2)
[0,7] [—m,0]

where dB,, is standard Gaussian white noise on [—7, 7] (cf. Brockwell and Davis (1991),
Probl. 4.31). Here for any n, the vector y™ = (y(1),...,y(n)) is represented as a functional
of the continuous time process

dz* = fY2(w)dBy,,w € [—, 7).

Thus a completely observed process Z, w € [—m, 7] would represent an upper informativity
bracket for any sample size n, but this experiment is statistically trivial since the observation
here identifies the parameter f.

Our approach now is to construct an intermediate series 4™ of size n in which the uniform
size n grid of points wj, |j| < (n —1)/2 is replaced by a finer uniform grid of m > n points
in the representation (3.1). Thus §(™™) is a functional not of n independent Gaussians but
of m > n of these; call their vector 2(™). The random vector 2(™ now represents an upper
informativity bracket which remains nontrivial (asymptotically) if m—n — oo not too quickly.
An equivalent description of that idea is as follows. Consider m > n and the periodic process
7™ given by (2.10) where the original sample size n is replaced by m. Then define glmm)
as the vector of the first n components of §(™. The law of §™™) is N,,(0,Tp.m(f)) where
T, (f) is the upper left n x n submatrix of T\, (f).

11



We now easily observe the improved approximation quality of §(™™) for y(™. Assume that m
is also uneven. First note that for (m + 1)/2 > n we already obtain T, (f) = T'n(f). This
follows immediately from the definition of the circular matrix T',,(f) via the autocovariance
function ﬁ(m)(-). However we would like to limit the increase of sample size, i.e. require
m/n — 1; therefore, in what follows we assume m < 2n — 1.

Lemma 3.1 Assume m is uneven, n < m < 2n — 1. Then for any f € ¥ we have

|

and hence if m = my, is such that m —n — 0o as n — oo then

Lalf) = Bl H)|| < 40m—nt )2 12,

sup H? (Nn(o, T (£)), N (0, Ty f))) —0. (3.3)
feX

Proof. From the definition of T',(f) and T'y,,,(f) we immediately obtain

Lalf) =Tl D] = X 0= 1K) (308) — Ay ()

[k[<n—1
n—1 n—1
=2 > -k (k) —ym-k)> <4 D (n—k) (k) +¥(m—k)).
h=(m+1)/2 h=(mt1)/2

Now note that for m > n, the relation (m +1)/2 < k < n — 1 implies £k > (n + 1)/2 and
therefore n — k < k, and note also n — k < m — k. We obtain an upper bound

n—1 n—1
< 4 Z Ev2 (k) + 4 Z (m — k)y*(m — k)
k=(m+1)/2 k=(m+1)/2
n—1 (m—1)/2 n—1
=4 > AR+ D kAR =4 > k(R
k=(m+1)/2 k=m-—n+1 k=m—n+1
n—1
< Am-n+ )3T R (k) < d(m - n+ 1)1,
k=m—n+1

where o > 1/2. This proves the first relation. For the second, recall that |f |§a < M for
f € ¥ and invoke Lemma 2.1 together with the subsequent remark on the eigenvalues of

Ip(f). m

Define the experiment

o = <Nn(0,fn7m(f)), fe 2)

then (3.3) implies &, ~ ~n7m if m —n — oo. Moreover, we have gnm < &, by definition, thus

En 3 Em



in case m—n — oo. We know that &, is equivalent (via the linear transformation (27)~'/2U")
to observing data (™ given by (2.13). Define &, by

En = (Nul0,Tu(1), f €3) (3.4)

where i
I'n(f) = Diag (Jj,n(f))jzl n-

20ty

Note that the data z1,..., 2, in Theorem 1.1 are represented by én. We shall also write (™)
for their vector, so that £(2(™|f) = N,,(0,T(f)).

Proposition 3.2 We have En ~ &, with ~correspoonding equivalence maps (Markov kernels)
as follows. Let ™ and 2 be data in &, and &, respectively. Then, for the orthogonal
matriz U, given by (2.11)

2m) 20U g™ ~ 2 and (27)V2U0, 50 ~ ).
Proof. Note that our first claim can also be written 2" ~ 2(") where (") is from (2.13). To

describe £(2(M|f), define §; = fn(wj_(n+1)/2) for j =1,...,n and a n X n covariance matrix

An(f) = D’Lag (5j)j:1,...,n :

Then £(2™|f) = N, (0, A, (f)). The conditions on f (see also Lemma 5.6 Appendix) imply
that uniformly over j =1,...,n

Jin(f) >C7 Jin(f) < C

for some C' > 0 not depending on f and n. Now apply Lemma 2.1 to obtain

H2 (No(0, D)), Na0, A (£))) € €|

Balf) ~ Al = C Y i) — 62
j=1

By Lemma 5.7 this is o(1) uniformly in f. This implies the first relation ~. The second
relation is an obvious consequence. m

For a choice m = n+ry, r, = 2[log(n/2)] we immediately obtain the following result. Define
the upper bracket Gaussian scale experiment &, , by

Eun = Eniry- (3.5)

Corollary 3.3 Consider experiments &, and Eun given respectively by (1.3) and (3.5), (5.4)
with parameter space ¥ = X, py where M >0, a > 1/2. Then as n — 0o

En 2 Eun.
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4 Lower informativity bracket

The upper bound (2.15) for the Hellinger distance of y(™ and the periodic process §™
which does not tend to 0, can be improved in a certain sense if f is restricted to a shrinking
neighborhod, ¥, (fo) say, of some fy € X. At this stage, fo is assumed known so the covariance
matrices I',,(f) and T',,(f) can be used for a linear transformation of (™ which brings it closer
to the periodic process §(™. The linear transformation of y(™ which depends on fy can be
construed as a Markov kernel mapping which yields asymptotic equivalence &, (fo) ~ gn( fo)
if these are the versions of &, and &, with f restricted to f € Y (fo)-

Such a local asymptotic equivalence can be globalized in a standard way (cf. Nussbaum
(1996), Grama and Nussbaum (1998)) if sample splitting were available in both global exper-
iments &, and &,. For the original stationary process that would mean that observing a series
of size n is equivalent to observing two independent series of size approximately n/2. We will
establish an asymptotic version of sample splitting for 4™ which involves omitting a fraction
of the sample in the center of the series, i.e. omitting terms with index near n/2. The ensu-
ing loss of information means that the globahzatlon procedure only yields a lower asymptotlc
informativity bracket for &,, i.e. a sequence 83 such that 83 » 3 En. The experiment 83
will be made up of two independent periodic processes with the same parameter f and with
a sample size m ~ (n —logn)/2. Each of these is equivalent to a Gaussian scale model (2.13)
with n replaced by m ; further arguments show that observing these two is asymptotically
equivalent to a Gaussian scale model él,n = éo’gm with grid size 2m ~ n — logn.

A crucial step now consists in showing that in the Gaussian scale models én, the grid size n
can be replaced by n —logn or n + logn. This step is an analog, for the special regression
model, of the well known reasoning in the i.i.d. case that additional observations may be
asymptotically negligible (cf. Mammen (1986) for parametric i.i.d. models, Low and Zhou
(2004) for the nonparametric case). Thus it follows that the lower and upper bracketing
experiments Elm, Eu n are both asymptotically equivalent to 5n, and the relations

Eim 2 En 2 Eum

~ ~

then imply &, ~ én, i.e. Theorem 1.1.

4.1 Local experiments

Let sz, be a sequence sz, \, 0, fixed in the sequel. A specific choice of s, will be made in
section 4.4 below (see (4.12)). Let ||-||, be the sup-norm for real functions defined on [—m, ],
ie.

[flloo = sup [f(w)]

we€[—m,7]
and for fo € X define shrinking neighborhoods

Snlfo) = {f €1 1F = folloo + I = follaajo < 5} - (4.1)

The restricted experiments are

Enlfo) = (Nu(0.Tu(F)). £ € ulfo)) s Enlfo) = (Nal0,Tlf)). f € Zalfo)) -

14



For shortness write I' = ', (f), To = I'n(fo) and similarly T' = T',,(f), To = Ty (fo). Define a
matrix

K, = K,(fo) = T3/°Ty /2 (4.2)

and in experiment &, (fp) consider transformed observations
g = Ka(fo)y"™.
Consider also the experiment £ (fo) given by the laws of §(™), i.e.
En(fo) = (Nu(0, Kn(fo)Tn(f)K; (f0)), f € En(fo)) -

Clearly &,(fo) ~ £:(fo); the next result proves that £ (fo) ~ £,(fo) and thus &,(fo) ~ E(fo).

Lemma 4.1 We have

sup sup  H? (Na(0. Kn(fo)Tu( )KL (Jo). Nal0. D (f) ) < O 55,
fo€X fexn(fo)

Proof. In view of Lemma 2.1, it suffices to show that

sup (/\max(fn) + A;ﬁln(fn)) <C (4.3)
fex
and that )
HKnrnK,g ~ 1| <
Note that . 3 . 3
Amax(I') = max fr(wi), Amw(l) = min frn(w; ’
) j1<(n—1)/2 () ) j1<(n=1)/2 ()

and that Lemma 5.6 implies

— 0.
oo

wwp res |1~

Hence (4.3) follows immediately from f € ¥, more specifically the fact that values of f are
uniformly bounded and bounded away from 0. According to Proposition 4.5.3 in Brockwell
and Davis (1991), the assumption f € ¥ also implies a corresponding property for I, i.e.

sup (Amax(Fn) + )xr:liln(Fn)) <C. (4.4)
fex

Note that eigenvalues of 'y and T share property (4.3) since fp € X.

Set G =Ty /’IT; "% and G = T V/*T'T; /. Since

HKHFHK; T,

<[]

it now suffices to show that

HG—GH < C . (4.5)
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To establish (4.5), denote A =T — Ty, A =T —TI'g and observe
HG _ éH _ Hral/zrral/z _ 1:61/21:1:61/2“

_ HPO—1/2AF51/2 _ fal/QAf‘o_lﬂu

IN

[ra™ (A= A)rg 2| + ||rg 2 Arg 2 - T PAR 2| @)

We shall now estimate the two terms on the right side separately. By elementary properties
of eigenvalues we obtain

o™ (&= 8) rs ] < st o -4
where |y 1‘ < C and according to Lemma 2.2 (ii)

HA — AHQ <2[f- f0\§,1/2 :

Furthermore
|rg*/2Arg 2 — £gPAT 2
= ||(rg v - 1) Arg 24 1A (2 - 1) |
< cla -] =l (557
< c|a]|ry®-1y?|.

Applying Lemma 5.1 and Lemma 2.2 (i) we obtain
12 =1/2|2 = |2 2
- s oo R <l
Here |f0\§’1/2 < |f0]§7a < M. Collecting these estimates yields
12 ) 12
le-¢| <c <|f — fol3.yz+ |A| ) ~

To complete the proof, it suffices to note that, since I and Ty have the same set of eigenvectors
(cf. (2.3) and (2.6)-(2.8))

A Fulw;) — fo,n(%’)f)

B L
l71<(n—1)/2

~ ~ 2
fo= fou|_ < CIF = follZ+Cn' " 10gn |1 = foll3

< C

where the last inequality is a consequence of Lemma 5.6. Hence ’A’ < C',, which establishes
(4.5). =m
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4.2 Sample splitting

Consider sample splitting for a stationary process: Take the observed y(™ = (y(1),...,y(n))
and omit r observations in the center of the series. Recall that n was assumed uneven; assume
now also 7 to be uneven and set m = (n —r)/2, then the result is the series y(1),...,y(m),
y(n—m+1),...,y(n). The total covariance matrix for these reduced data is

Ln(f) A
F(m) — ( m n,m
m0 ) A;L,m L(f)
where the m x m matrix Ay, = Apm(f) contains only covariances v ,(r + 1), v¢(r +2) and
of higher order. In fact A is the upper right m x m submatrix of I',(f), i.e.

o A=2) A1)
An,m: V(Tl + 2) s ’Y(TZ - 2)
y(r+1) y(r+2)

In the sequel we set r, = 2[logn/2] + 1 and thus r,, ~ logn, m = (n —r,) /2. The corre-
sponding experiment we denote

&= (NomO.T55 (1), f € 7)

Consider also the experiment where two independent stationary series of length m are ob-

served, ygm) and yém), say. The corresponding experiment is

et = (Nam(O. TSR (), f € %) (4.7)
where r 0
= (g0 )

Clearly we have 88% o = En.

Proposition 4.2 Eg%n ~ Efn.

Proof. Use Lemma 2.1 to compute the Hellinger distance. Take A = Fgﬁ); then the eigen-

values of A are those of I';,,(f), so that (4.4) can be invoked. The squared distance of the

. . m m .
covariance matrices Ffl o and Fi 1) is

2 n—1
e T =20 4ml? <2 30 (k= rrP(h)
k=r+1

n—1
<2 > k() < (r+ )R,
k=r+1

Since 7, — oo, the result follows. m

We have shown that two independent stationary sequences of length m = (n —r,) /2 are
asymptotically less informative than one sequence of length n. Having obtained a method of
sample splitting for stationary sequences (with some loss of information), we can now use a
localization argument to complete the proof of the lower bound.
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4.3 Preliminary estimators

For the globalization procedure, we need existence of an estimator fn, in both of the global
experiments &, and &, (or &,), such that f, takes values in ¥ and

uniformly over f € ¥. More specifically, a rate op(ky) with , from (4.1) is needed in the
above result, but k, has not been selected so far, and will be determined based on the results
of this section (cf. (4.12) below). Select 8 € (1/2, ) and consider the norm | f[|5 5 according
to (2.14). Note that [|f|[y; /o < C'[|f[l5 3 and that according to Lemma 5.6 || f[[o, < C'[|fll5 5
therefore it suffices to show

o1, =0

2 1/2

fn— fH +‘

A 2
fo= 1], , = on(1): (4.8)

For this, we shall use a standard truncated orthogonal series estimator and then modify it to
take values in 2. The empirical autocovariance function is

n—k

. 1 . )

(k) = —— > wly(k+4), k=0,....n—1.
j=1

We have unbiasedness: E%,(k) = v(k); for the variance of 4, (k) we have the following
result.

Lemma 4.3 For any spectral density f € Lo(—m,7), and any k =0,...,n—1

. ) 9.
Vary, (k) < — Zw(y)-

Proof. For given k, set m =n —k and 2(j) = y(j)y(j + k) —v¢(k), 5 =1,...,m. The 2(j)
form a zero mean stationary series, with autocovariance function p(j), say. We have

m 2
E(%Zza@)) - Ly - Lo L T

k=1 1<j,k<m k=1

MS

m—1

23 plh). (4.9)
k=0

The computation in Shiryaev (1996), (VI1.4.5-6) gives

p(5) =¥*(G) + v — k)v(j + k).

<

The inequality
2[7(j = kG + k) <AVPG = k) +2( + k)
now implies

m—1 n—1

k=

o
il
o



(we bound the sum involving v2(j — k) by 22?;01 72(5)). In conjunction with (4.9) this
proves the lemma. ®

For the orthogonal series estimator, define a truncation index 7 = [n'/(2¢+1)] and set

falw) = Z Y, (k)exp(ikw), w € [—m, 7. (4.10)

Jke|<o

Lemma 4.4 In the experiment &, the estimator f, fulfills for any 8 € (1/2,a) and any
v = <O’ 2ao;rﬁl>

sup P < frn — szﬁ > n_w> — 0. (4.11)

fex

Proof. By the Markov inequality, it suffices to prove

sup Iy
fex

. 2

_ —o(n"
fo= 1], = ot
A bias-variance decomposition and Lemma 4.3 yield

Ey

I f”;} = Z max (1, |k|25> Vard, (k) + Z k|22 (k)

k| <7 |k|>7

n—1
)
243 2/ ~28—20 20 2

< 30 max (L) 2 [ 30436) | #0773 kP ()

|k|<h j=0 |k|>7

c 2520
< AR Y max (1, P7) + 222 13

k<R

< Clflpn~ '@+ O ff5 o 270

< C (15 +1115,) n2Pme e,

Since ||f||2 < C ||f|]ga and ]f|§a < Hf||§a, the result follows. m

We now turn to preliminary estimation in the periodic experiment &, with data vector (™.
Note that this data vector can be construed as coming from a stationary sequence with
autocoviance function 4, () given by (2.1) for [k[ <n—1and 7, (k) = 0 for [k| > n—1, i.e.
the stationary sequence having spectral density fn Thus if 4,,(k) again denotes the empirical
autocoviance function in this series then we can apply Lemma 4.3 to obtain

n—1
. 5 - .
Vard, (k) < ——=3 At ;) k=0,...,n =1
=0
Obviously
n—1 (n—1)/2 (n—1)/2
T sk = D A5+ > 23k) < 201115
k=0 k=0 k=1



Now use the estimator (4.10) with 72 as above; since . = o((n—1)/2), we have the unbiasedness
Ba (k) = 74 (k), k= 0,.... .

Thus the proof of the following result is entirely analogous to Lemma 4.4; the estimator fn
is also formally the same function of the data.

Lemma 4.5 In the experiment &, the estimator f, fulfills (4.11) for any 8 € (1/2,¢) and
any y € <0, 20‘01—;61>

Finally consider modifications such that the estimator takes values in ¥, ps. Consider the
space W/ = {f € Lo(—m,7) : HngB < oo}; this is a periodic fractional Sobolev space which
is Hilbert under the norm |[|f|[; 5. There the set ¥q a is compact and convex; hence there

exists a (||| g-continuous) projection operator II onto Xy s in WP (cf. Balakrishnan (1976),

D(iﬁnl(lOl’l 1.4.1 ). Th(fn
H 2,5

The modified estimators I1 ( fn> thus again fulfill (4.11). A summary of results in this section

is the following.

f"_fHQ,ﬁ'

Proposition 4.6 In both experiments &, and &, there are estimators fn taking values in %

and fulfilling for any v € (O, Oé;i/l?)

sup P (’
fex

4.4 Globalization

fn_fHoo‘F‘

o]

> n_7> — 0.
2,1/2

In this section we denote

Pro = Ly™1f) = Nu 0.Ta(£)), Proi= LGOIF) = No (0.Tu())

Consider again the experiment S# ., of (4.7 where two independent stationary series y:([m) and

yém) of length m = (n — r,,) /2 are observed. In modified notation we now write
& = En®En=(Ppyn @ Prm, f€E).

We shall compare this with the experiments

&, i =En®@én= (Pf,m®15f,m, fe z:) ,
&, =&n®En= (Pﬁm@@ﬁﬁm, feE).
At this point select the shrinking rate k,, of the neighborhoods ¥,,(fp) (cp. (4.1)) as
Y et V) 412
= T T 521 1) (4.12)
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Proposition 4.7 We have £, = Efn.

2n ~

Proof. We shall construct a sequence of Markov kernels M,, such that

sup H? (Pf’m ® pﬁm, M, (Pﬁm ® Pf7m)> — 0.
fex

Define M, as follows: given ygm) and yém), and A, a measurable subset of R?™, set

M, (A,ygm),yém)> =14 (yY"), Km(fm(y§m)))y§m))
where K, (f) is the matrix defined by (4.2), i.e. for f € ¥ by
Kon(f) = T2 (0T (f)

and fm is the estimator in &, of Proposition 4.6 applied to data y%m). Thus the Markov
kernel M, is in fact a deterministic map, i.e. given y§m), yém), it defines a one point measure
on R?™ concentrated in (ygm),Km( fm(ygm)))yém)) Thus the law M, (Pfm ® Pfy) is the

joint law of y§m) and K, ( fm(y§m)))y§m) under f. The latter we split up into the marginal law
of y%m), i.e. P, and the conditional law of K, ( fm(ygm)))ygm) given ygm); write me|ylm)
for the latter. We have

PIy™ = No (0, KT (HK') for K = Kpn(fm(yi™)).
Now clearly

H? (Pf,m ® Py My (Prm Pf,m)) — E/H? (Pf,m, Pffm\y§m)) (4.13)

where Ey is taken wrt y§m) under Py ,,. Define

B = {u € B [nt) = 1|+ ) = 1], , < o -

2,1/2
By definition of X,,,(fo) (cf. (4.1)) we have f € S (fm(y)) if y € Bf . Thus Lemma 4.1
implies

sup H? <Pf7m,Pf’{m]y> = o(1).
YEBf m,fEL

Moreover by Proposition 4.6

Pf.m (B$,,) = o(1) uniformly over f € X. (4.14)
Hence
B2 (P PEI™) = /B 12 (Ppyn, PE,|y) dPgn(y) + o(1)
fim
= o()Ppn(Bym) +o(1) = o(1) (4.15)

uniformly over f € ¥. In conjunction with (4.13) the last relation proves the claim. m

The next result is entirely analogous if we replace the estimator fm based on data y(™ Dby
the one based on data ("™ and formally reverse the order in the product Pty @ Py

21



Proposition 4.8 We have £, = Efn.

3n ~

Proof. We construct a sequence of Markov kernels M,, such that

sup H? (me ® ]Sf,m, M, (Pf,m ® pf,m)) — 0.
fex

Define M, as follows: given ygm) and gjém), and A, a measurable subset of R?™, set

it (A, 57 = 1a (Ko G50, 35

where fm is the estimator defined in the previous subsection, applied to data gém). Analo-

gously to (4.14) we have
Pt (B$.,) = o(1) uniformly over f € X.
A reasoning as in (4.15) completes the proof. m

For the experiment Efn which consists of product measures Pf’m ® Pfym, we can invoke
Proposition 3.2, applying the equivalence map given there componentwise (i.e. to independent

components (ﬁm), Qém)> in 5;% ). A summary of the lower informativity bound results so far

can thus be given as follows. For r,, = 2[log(n/2)] define the lower bracket Gaussian scale
experiment & , by

Eim = Enrnyja @ Enrn)/2- (4.16)

Corollary 4.9 Consider experiments &, and fj’lm given respectively by (1.3) and (4.16), (3.4)
with parameter space ¥ = X, py where M >0, a > 1/2. Then as n — 0o
Ein 3 En.

~

4.5 Bracketing the Gaussian scale model

The proof of Theorem 1.1 is complete if the lower and upper informativity bounds élm and fj’u,n
—< éu n

~

coincide in an asymptotic sense. Since we already established the relation fj’lm =&
(Corollaries 3.3, 4.9), it now suffices to show that ézu,n = Sln This essentially means that in
the special nonparametric regression model En of Gaussian scale type, having r,, additional
observations does not matter asymptotically. "Additional observations" here refers to an
equidistant design of higher grid size. The problem of additional observations for i. i. d. models
has been discussed by Le Cam (1974) and Mammen (1986) under parametric assumptions.
For nonparametric i. i. d. models, one can use the approximation by Gaussian white noise or
Poisson models to bound the influence of additional observations. For simplicity, consider a
Gaussian white noise model on [0, 1]

dZ; = f(t)dt +n~2dW,, t € ]0,1], f €
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with parameter space X. Consider this experiment F,,, say and also F,,4,,. Multiplying the
data by n'/2 gives an equivalent experiment

dz; = n2f(t)dt + dWy, t € [0,1], f € 2

and the corresponding one for (n + rn)l/ 2, Now, for given f, the squared Hellinger distance
of the two respective measures is bounded by

0 ()2 =) |12
2
= C(1+0() £l

if 7, = o(n). Thus if 7, = o(n'/?) and supsey || flly < C then we have F, =~ Fp i,

Comparable results can be obtained for nonparametric i. i. d. and regression models if these
can be approximated by F,. In the present case, conversely, for the nonparametric Gaussian
scale regression én, a result of type Sn ~ OnMn is a prerequisite for the Gaussian location
(white noise) approximation. Note that for a narrower parameter space, given by a Lipschitz
class, the white noise approximation of 5n has been established (cf. Grama and Nussbaum,
1998).

Remark 4.10 The relation . )
En 3E T Eun (4.17)

has been proved under the technical assumption that n is uneven. If n is even, note first that
En—1 2 En 3 Eny1 (omitting one observation from &,41 and &,) and apply (4.17) to obtain

El,n—l j En N 5u,n+1

~

The relation &, , 3 &, which will be proved for uneven n in the remainder of this section is
easily seen to extend to £y n42 3 &.n. This suffices to establish the main result Theorem 1.1
for general sample size n — oo.

4.5.1 First part of the bracketing argument

Denote again m = (n — ry,)/2 where r,, = 2[(logn)/2] + 1.

Lemma 4.11 For élm = 5m & ém we have

o

Em & ém ~ égm.

Proof. Note that the measures in &, ® &, are product measures, which can be described,
after a rearrangement of components, as

m

Qum = Q) (N(0, Jjm(f)) @ N(0, Jjm(f)))

J=1
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whereas the measures in &, are

m

Q2m = Q) (N(0, Jaj—12(f)) ©® N(0, Jaj2m(f))) -

J=1

Now Lemma 2.1 yields
H @ Q) £ O3 ((oj1.20(F) = T () + (azzm(F) = T (£)?)
Define a partition of (—m,7) into n intervals Wj,, j = 1,...,n of equal length and for any

f € Lo(—m,7), let
Fo = Tin(Hlw,, (4.18)
—

be the Lo-projection of f onto piecewise constant functions wrt the partition. Note that we
have

[ fom — fml3 = % ' ((J2j—1,2m(f) — Tim(H)? + (Jajam(f) = Jj,m(f))2>

so that
H2 (Q1m, Qo) < Cm || fom = Funlly < o (|1 = Fom3 + 1 = Fonll3) -

The result now follows from o
sup m Hf — me2 — 0. (4.19)
fex

which is a consequence of Lemmas 5.3 and 5.5. m

4.5.2 Second part of the bracketing argument

In view of &, = &n—y,,, Our next aim is to show
gnfrn ~ &En

where 7, does not grow too quickly. Previously we defined r, = 2[(logn)/2] 4+ 1, but we will
assume more generally now that r, = o(n'/?).

Consider the gamma density with shape parameter a > 0

1 a—1

ga(x) = x* “exp(—x), x >0

where T'(a) is the gamma function, and more generally the density with additional scale
parameter s > 0

a,.a

s Lexp(—xs™1), z > 0.

YGa,s (37) = F(a)
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We will call the respective law the I'(a, s) law. Clearly if X ~ I'(a, 1) then sX ~ I'(a,s). It is
well known that I'(n/2,2) = x2 and that the following result holds. Assume X ~ I'(a,s) and
Y ~ T'(b,s); then X+Y, X/(X+Y) are independent random variables, and X+Y ~ T'(a+b, s)
while X/(X +Y) has a Beta(a, b) distribution (Bickel and Doksum (2001), Theorem B.2.3,
p. 489).

Furthermore, for fixed a > 0 consider the family of laws
(I'(a,s),s >0). (4.20)
Clearly this is a one parameter exponential family; the shape of this exponential family

implies that in a product family
(T®"(a,s),s > 0)

with n i.i.d. observations Xi,..., Xy, the sum > " ; X; is a sufficient statistic. This suffi-
cient statistic has law I'(na, s); hence for any subset S C (0,00) we have the equivalence of
experiments

(T®"™(a, s), s € S) ~ (L(na,s),s € S). (4.21)

Lemma 4.12 For all a > 0 and for s,t >0

B (51/2 _ 251/2)2 “
H? (T(a,s),T(a,t)) =2 (1— (1_3——i—t .

Proof. We have

H2 (D0, ), T(a, 1)) = 2 (1 [ai@aiie >dx) ,

1/2 1/2 _ 1 * a—1_—a/2;—a/2 _ i l
/gas()gat()dx )/ xh s T exp< x<25+2t dx.

I'(a
With a substitution v = x (2l zl) this becomes
1 0o [9g1/241/2\ * .
@) /0 P u " exp(—u)du

_ 941/241/2 “: 1_(51/2_151/2)2 a
s+t s+t

Lemma 4.13 We have, for all s >0 and a,b > 0

2 (o s) (b a0 — 2 (1 LU@+0)/2)
H?(T(a,5),T(b, s)) 2(1 (r(a)r(b))1/2>'
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Proof. In this case
1/2 1/2 _ 1 o +b)/2—1 —(a+b)/2 -1
/ga,/s (l’)gb,s (z)dz = —T1/2(a)F1/2(b)/0 g(a+0)/2-15-(atb)/ exp (—1:5 )d:n
I'((a+b)/2)
F1/2(a)1"1/2(b)'

In &, we observe (cp. (3.4)

5= J (0 G=1,....n
for independent standard normals {;, which by sufficiency is equivalent to observing 232 =
Jin( f)ﬁ? Thus &, is equivalent to

En = éF(l/Z,Nm(f)),er : (4.22)

Jj=1

Set again m = n—ry,. The above experiment in turn is equivalent, by the sufficiency argument
for the scaled gamma law invoked in (4.21), to

Enam = | QTE™(1/2m,2J;n(f)), f €T

j=1
Analogously we have
m~ Emt ~ Emn = | QT (1/20,2];m(f)), fES | . (4.23)
j=1

Introduce an intermediate experiment

Ein = QT (1/2m,2J;m(f)), f €T

j=1

Lemma 4.14 We have the total variation asymptotic equivalence

s, .
Emm = Enm as n — 0.

Proof. Write the measures in én,m as a product of mn components, i.e. as ®]()1,; where the
component measures ()1; are defined as follows. For every ¢ = 1,...,mn, let j(1,7). be the
unique index j € {1,...,n} such that there exists k € {1,...,m} for which i = (j — 1)m + k.
Then

Ql,i = F(l/?m, 2Jj(1,i),n(f))7 1= 1, oo, Mmn.

Analogously, let j(2,i7) be the unique index j € {1,...,m} such that there exists k €
{1,...,n} for which i = (j — 1)n + k. Then the measures in &, , are a product of mn
components, i. e. are @] ()2; where

QQ,Z' = F(l/Zm, 2J](2,Z),m(f))7 1= 1, oo, Mmn.
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Then the Hellinger distance between measures in Enm and & is, using Lemma 2.19 in

m,n
Strasser (1985) and then Lemma 4.12

H? <® Ql,i;@@%) < 2ZH2 (Q1,i,Q2,4) (4.24)
i—1 i—1 i1

1/2m
mn 1/2 _q1/2 2
_ 42 1-1- (Jj(l,i)vn(f) Jj(z,i),m(f)>
i=1 Jj(lﬂ'),n(f) + Jj(2,i),m(f)
By using the inequality
(31/2 _ t1/2)2 - (s t)2 (s — t)g
s+t B (S+t)(51/2+t1/2)2 =7 g2

and observing that for f € X, we have J;,(f) > M1, we obtain an upper bound for (4.24)

mn

4y <1 - (1 = M2 (Jj,,0(f) = Jj(2,z‘),m(f))2>l/2m> : (4.25)

i=1

The expression Jj(1 )., (f) — Jj(2,5),m(f) can be described as follows. For any z € (%, ﬁ),
i1=1,...,mn we have

Ji iy () = Ji@iym(f) = ful@) = fin(2). (4.26)

where f,, is defined by (4.18). Now as a consequence of Lemmas 5.4 and 5.5
sup || fn — f, <sup||f — full . +supl|f— f, =o(1). 4.27
apllfo— Full < s0p 17 = Fll +suply = Full =0l a2
Note that for m — oo and z — 0 we have

1/2m 1
(1 — Cz2) /am _ exp <% log (1 — C’z2)>

= exp (—ﬁ (C22 + 0(24))> =1- ﬁ (C2+0(z") +o <§> .

Thus from (4.25) we obtain in view of (4.27)

H? <® Q1. ®Q2,i> < CZ% (Jiiym(f) = Jj(2,i),m(f))2 (1+o0(1)).
=1 =1 =1

As a consequence of (4.26) we obtain

mn

_ _ 1
an - mei = Z % (Jj(l,i),n(f) - Jj(2,i),m(f))2

i=1

which implies

H? ((X)Ql,i,@%) < Cn |\ fa— Fuls S Cn||f = Fnlla + Cnllf — full2.

i=1 =1

Now as in (4.19) this upper bound is o(1) uniformly over f € ¥. m
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Lemma 4.15 We have the asymptotic equivalence

S;fnnz mn S M — 00.

Proof. We know (cf. (4.23), (4.22)) that Emn ~ Eo'm,l where

Ema= | QT(1/2,21;m(f)), f €D

Jj=1

Analogously, using (4.21) again, we obtain

Ern ~Emr = [ QT (n/2m,20;m(f)), f€X

J=1

For given f € X, the Hellinger distance between the two respective product measures is
bounded by (using Lemma 2.19 in Strasser (1985) and then Lemma 4.13)

I(1/4 4 n/4m) ) |
L(1/2)(n/2m))"/?

22}12 (1/2,2J;.m(£)), T(n/2m, 2J;.m(f))) = 42 (

Note that this bound does not depend on f € ¥. Write n/m = 1+ ¢ where § = r,/m; the
above is

T (C(1/2)T(1/2 4 6/2))? —=T(1/2 + 6/4)
3 (T(1/2)T(1/2 +6/2))"* ' 2

7j=1

The Gamma function is infinitely differentiable on (0,00); by a Taylor expansion we obtain
[(1/2+6/4) = T(1/2)+ F’(1/2) +0(8%),
rY2(1/2446/2) = TY23(1/2) + 2r 1/2(1/2)r’(1/2) +0(8?).

Consequently

(T(1/2)T(1/2 + 5/2)Y2 —T(1/2 4+ 6/4) = O(6?)
so that (4.28) becomes

Y (&%) =md?0(1) < ﬁO(l)
;rm 1L+o(1) =N

The condition 7,, = o(n'/?) now implies that this upper bound is o(1). We thus established
total variation asymptotic equivalence &, 1 ~ 8:171. [
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5 Appendix: auxiliary statements and analytic facts

5.1 Proof of Lemma 2.1

Consider the spectral decompositions of A and B:
A= C1\C], B = C\C}

where A; are n xn diagonal matrices and C; are orthogonal matrices. Recall the simultaneous
diagonalization of A and B: setting D = Afl/2C{, we obtain

DAD' =1,,, B:= DBD'
and letting B = CAC’ be the spectral decomposition of B, we obtain with D := C'D
DAD' =1,,DBD' = A.

We now claim that )
AH < M?||A— B|?. (5.1)

Indeed we have

2
I, — A

i3]
- t[( >(DAD’ DBD)}
- [DD(A B)D'D(A— B)]

Now for eigenvalues Apax(-) we have
Mmax (D'D) = A (DD') = Amax (C'DD'C) = Aax (DD)
. (clA;” 2A7Y 20{) =l (4) < M, (5.2)
hence
M—MrfEN“%ﬁDMfBﬂA—E}
< M’tr[(A-B)(A-B)]=M*|A-B|’

so that (5.1) is proved. Similarly to (5.2) we obtain a bound from below

>\min <D,E> - Am;x (A) = M_l
which yields analogously to (5.1)
12 ) )
Q—AHZAFHA—BH. (5.3)
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Consider now the Hellinger affinity Ay (+,-) between the one dimensional normals N (0, 1) and

N(0,02): if ¢ is the standard normal density then

Ap(N(0,1),N(0,0%) = 0_1/2/<p1/2(:v)<p1/2(:1m_1)dx
20 \V/? (1—0)? 1/2
B (1+02> _(1_ 1+02>

B (1 _0_2)2 1/2
- (1 B <1+a>2<1+a2>>

Let h=0%—1; thenas h — 0

2

log A (N(0,1),N(0,0?%)) = —%(1 +0(1)).

(5.4)

The matrix D is nonsingular, and since the Hellinger distance is invariant under one-to-one

transformations,

H? (Nn(oaA)aNn(OvB)) = H® (Nn(0>ln)7Nn(0>]\)> =

— 2 (1 — A (N, (0, L), N (0, ]\))) —9 (1 _ zUlAH(N(Q 1), N(0, Xi)))

= 2 (1 — exp (Zlog (AH(N(O, 1), N(0, XQ)))) (5.5)
i=1
where A;, i = 1,...,n are the diagonal elements of A. Let us assume that ||[A — B|| < e — 0

where the dimension n of A, B may vary arbitrarily. Since

12 & - 112
su 11— < 1—)\)?%= In—AH
i:1,.1.3.,n Z::( )
we may write, in view of (5.1) and (5.4)
- 1 N2
log (AH(N(O, 1), N(0, Ai))> T (1 - )\i) 1+ p;)

where sup;_; ., |p;| — 0 as € — 0. Since

< (i:le}P,n |Pi\> z": (1 - 5\1)2

n

S (-4)s

=1

we obtain for € — 0

16 log (Ar(¥O.0.N0.50) =3 (1-4) @+ )

=1 =1

n - \2 n -\2
:2(1-&) —l—o(l)Z;(l—)\i) -

1=
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and as a consequence from (5.5)

H?(N,(0,A),N,(0,B)) = 2<l—eXp (—1—16 In—]\HQ(lJro(l))))
% IH—AH2(1+0(1)).

In conjunction with (5.1) and (5.3), the last relation proves the lemma.

5.2 An auxiliary result for the proof of Lemma 4.1

Let A, B be two n X n covariance matrices. Recall that for every covariance matrix A
there is a uniquely defined symmetric square root matrix AY2: if A = DADT is a spectral
decomposition (D orthogonal, A diagonal) of A then AY/2 = DAY/2DT,

Lemma 5.1 Let A,B be two n X n covariance matrices. Then

|4Y2 = BY2| Ain(AY2 4 BY?) < |4 - B .

Proof. Observe that
<A1/2 _ Bl/2> B2 4 p1/2 <A1/2 _ B1/2> — A_-BR
<A1/2 _ Bl/2> A2 1 pl/2 <A1/2 _ B1/2> — A_BRB

Add up the two equations and set S= (A1/2 + 31/2); D= (A1/2 — Bl/Q); then
DS +SD=2(A- B). (5.6)
Take the squared norm ||-||* on both sides and observe

|IDS + SD||?> = tr[(DS+ SD)(DS + SD)]
= 2tr[DSSD] +2tr [DSDS].

Clearly we have

tr [DSSD] (Amin(S))? tr [DD]

tr[DSDS] = tr|SY2DSDSY?| > A\min(S)tr |SY2DDSY?
> (Amin(9))*tr [DD].

v

The last two displays imply
IDS + SDII* = 4 (Auin(5))° | DI
which in conjunction with (5.6) yields

| D|| Amin(S) < |A - B].
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5.3 Besov spaces on an interval

Let f be a function defined on I = [0,1] and for 0 < h < 1 define

1—h
INY /0 F(@) — fa+ h)Pda for 1 < p < oo,
1Anfle = swp |f(2) — Fle+h).
0<z<1-h

For 1 < p < oo, the modulus of smoothness is defined as
w(f,t)p == sup [|Apfll,.
0<h<t

For 0 < o <1 and 1 < ¢ < oo define a Besov type seminorm |f|z. by
p,q

0o q 1/q
|flpa —(/ (@) %) for 1 < ¢ < oo,
p,q 0

|flga = supw(f,t)p for ¢ =00
P t>1

and a norm || f| ga by
p,q
1£1lgg, = 11l + F15.
The Besov space By, (for 1 <p < 00,0 < a < 1) is the set of f where || f| g < 00, equipped
’ p,q
with the norm |[|-|| go . Define also the Holder norm
p,q
|f(z) — f(y)]

Flca = [[flloo +sup
H ||C H Hoo ety |$_y|

(5.7)

and the corresponding Holder space C®. For two different spaces, B and B’ say, an embedding
theorem (written B — B’) is a norm inequality

1Al < Cllflp

where C' depends on B’, B. Thus the embedding implies the set inclusion B C B’. We cite
the basic embedding theorem for our case, which is obtained by combining Theorems 18.4
, 18.5 18.8 in Besov, I'in and Nikol’skii (1979) with Theorems 3.3.1 and 2.5.7. in Triebel
(1983), for the special case of a domain [0, 1].

Proposition 5.2 Let 0 < o' <a <1 and 1 <p,q,p' ¢ <oo. Then
i) if ¢ < ¢ then

Bg’q - B}iq’

i) if p<p and a— (1/p—1/p") > 0 then for o/ =a— (1/p—1/p)
Byq = Bpg

iii) if p > p' then
Byg = By

iv) we have BS, oo = C% in the sense of equivalence of norms:

B% o = C% and C* — By, ..

00,00
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Approximation by step functions. Consider a partition of [0, 1] into n intervals W,
j =1,...,n of equal length and for any f € L2(0,1), let f, be the Lo-projection onto the
piecewise constant functions, i.e.

n
Fum S i (P, where (£ =n [ f(a)do. 69
j=1 Win,
Lemma 5.3 For 0 <a <1 and f € By, we have
1 = Fally < 4072 £l

Proof. Note first

=Rl =32 @) = Dalr)) e (59)

For any interval (a,b) and € = b — a we have

2

/ab <f(x)—€1Lbf(U)du>2dx = /ab <51/ab(f(x)—f(u))du> dz

b b
(by Jensen’s inequality) < / 5_1/ (f(z) — f(u)? dudzx

_ 251/;/: (F(z) — F(u))? dudz.

With a change of variable h = u — x the above equals

1//bm f(x+ h))* dhdz

< / /b * 2a+1(f( ) h2£ﬁ+h))2dhdx

b—x
h
< 20‘// hmff D thda.

Setting now (a,b) = W, ,,, b= j/n and e = n~! we obtain for j =1,...,n —1
I B R e T
< 2 / / o hmff MY ghda
whereas for j = n we have only the bound (5.10), i.e
[, U@ = apar <z [ 70U G (S 2D

33



Hence from (5.9) by adding the upper bounds

IF=Fall =32 /W‘ (F(@) = Jin(f))* d + / (f(@) = Tnanlf))? da,

n,n

= 1/n pl— 1/n -
S [ U@ sanra < e [ LD 0l
j=1 Jm

< op /0 |Anf I3 A=+ dn
and
/M(f( ) — Jun(f)) d:p<2n_20‘/1 1/n/1 ’ hmflJrh)) dhdz. (5.11)
Now set
g(@,h) = (f(z) = flz+h)?h= oD,
A = {(z,h):0<h<1/n,0<z<1-h}.
Then

1/n
/ | ARl h D dn = / g(z, h)d(z, h)
0 A
and the second integral in (5.11) can be written in the same way but over a domain
A*={(z,h):0<h<l-z1—-1/n<a <1},

Since A* C A and g(z,h) > 0, we obtain

Hf—an; < 2n2a/Ag(x,h)d(z,h)+2n2a/ g(x, h)d(z, h)

*

1/n
< o / | A fIE - C b < an=2e |,
0

Lemma 5.4 For1/2 <a <1 and f € B§y we have

1 = Falloo < Can/> [

Proof. For 0 < 8 < 1, consider the Holder space C? with norm ||f| s (cf. (5.7)). For
f € CP, the result

1f = fall, <277 U fllgs
is immediate. By Proposition 5.2 (ii),(i) and (iv), we have the embeddings

By — Bly? — B2 s 0oV, (5.12)

Setting 5 = a — 1/2, we obtain the result. m
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Periodic spaces.  For any f € L(0,1) and 0 < o < 1, let || f]|5 ,, be the norm defined in
terms of Fourier coefficients analogous to (2.14), i.e

1
F2 =0+ 3 12 230), where 7,(j) = /0 exp(2mijz) f(z)ds.

j=—00

Let W be the set of f where | f|,, < oo equipped with this norm. This is the periodic

version of the Besov-Sobolev space B, (thus a standard notation for W would be 3520‘72);
we will prove one part of this claim via the embedding below. For a more comprehensive
treatment cf. Triebel (1983), Theorem 9.2.1.

Lemma 5.5 For 0 < a <1 we have
W — By,.

Proof. We will first establish the inequality

If 15, < Ca (Z n** WP (f,n )2 + ||f||§> : (5.13)
n=1

To this end, note that for h > 1 we have w?(f, h)2 = w?(f,1)2 and therefore, by integrating
over intervals ((n+1)~1,n=1)

/0 ( (tJ;at > <7§ 12120 f o1, <m>+/loo <°J(th_£)§>%

which in view of w(f,1)3 < 4 ||f||2 gives a bound
0 0
g, 20D w R (o ek a3 [ ¢t
' n=1 1

and thus (5.13). Define a periodic version of || Ay, f Hg by first extending the function f outside
[0, 1] periodically, and then setting

’Ath / \f(z) — flz+ h)]* de.
The periodic modulus of smoothness is then

O(f,t)2:= Oil}llgtHAthz. (5.14)

Evidently we have w(f,t)2 < @(f,t)2 for all t > 0. Now

HA’”GHE - i 730 )1 —exp(ijh)]* =4 i 72 (j) sin2 (%)

j=—o00 j=—o00
< DT 43 A50).
l7]<n jl>n
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Consequently

o0 [e.e]

ZnQa_IOJQ(f,TL Z 2a0—1 ~ 2 f, )2
n=1

< inZ(x 127 +4Zn2a 127]‘
l71<n |7]>n
(o ¢]
SRS LTS oE I
j=—00 n|jl j=—o0 n<sl
< Ca Z VHINIP + Ca Z VAP < Ca 1£134
j=—00 j=—00

which in conjunction with (5.13) proves the claim. m

For any f € L2(0,1) (real-valued) and uneven n, let
fa@)y=" D" vp(j) exp(2mija)
lil<(n—1)/2

be its truncated Fourier series. The letter C' denotes generic constants depending on « but
not on f.

Lemma 5.6 For 1/2 < a <1 we have
wWe < Ca—1/2
£ -7 On 2 |
o0

A

Proof. The first relation follows from Lemma 5.5 and the embedding (5.12). The second
then follows from the Cauchy-Schwartz inequality via

2
S DD a0 S <IfI, Cnt

l3]>(n—1)/2 li|>(n—1)/2

(I

Let wj, be the midpoint of the interval W;,, j =1,...,n (cf. (5.8)).

Lemma 5.7 For1/2<a <1 and f € Bg‘z we have along uneven n

S (Falwin) = Tin(D) < Cont > 1],

=1

Proof. Note that

n

S (s )’

j=1
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n N 2 L L N\2
<23 (Sinlf) = Jin(D) +2 3 (Falwrin) = Jin(fa)) -
j=1 j=1
Here by Parseval’s relation and the projection property of f,, the first term is bounded by

|2 2 \* e 1-2a || £[12
o |[f = ful, <20 (=5 ) 110 < Cant ™ I£3 -

Thus it remains to show that

S (Falewsn) = Jin(F))” < a2 1113, (515)

=1

We have

fn(x) — fn(wj,n) dx

Flwin) = Jjﬂ(fn)‘ < n /Wj’n dz <n /WM /m o D fn(t)dt

Win g \1/2
n/ |z —wjm\l/Q (/ ’ <Dfn(t> dt) dx
Win x
, N\ 12
n~1/? / Df.(t) dt| .
. (Diatt)

Zn: (fn(wj,n) - Jj,n(fn))Q <nt /[0 , (Dfn(t)2dt-

Jj=1

IN

IN

Consequently

By termwise differentiation and Parseval’s relation the right side equals
-1 2 2, ‘j|272a S2a0.2 (
Tty 0 = Y () 1iPE0)
l7]<(n—1)/2 l7]<(n—1)/2
< 0" S,

which establishes (5.15). ®

Remark 5.8 Periodic Besov spaces ng. These can be defined for 0 < a < 1 and 1 <
p, ¢ < oo analogously to the spaces By, as above, using an periodic increment norm HAh f H
p

and a periodic modulus of smoothness &(f,), defined analogously to (5.14). Clearly then
By, = By, An intrinsic characterization in terms of Fourier coefficients (k) is as follows:
for p > 2 and 1/2 < a < 1 the expression

g\ V4

Z 274 Z 7v¢(k) exp(2mikz)
=0

j—1_ J
2 1<|k|<2 »

is an equivalent norm in Bg,q; cf. Nikolskii, sec. 5.6, relation (6) (cp. also Triebel (1983),
definition 2.3.1/2). .
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