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Abstract

‘Approximate message passing’ algorithms proved to be extremely effective in reconstructing
sparse signals from a small number of incoherent linear measurements. Extensive numerical
experiments further showed that their dynamics is accurately tracked by a simple one-dimensional
iteration termed state evolution. In this paper we provide the first rigorous foundation to state
evolution. We prove that indeed it holds asymptotically in the large system limit for sensing
matrices with independent and identically distributed gaussian entries.

While our focus is on message passing algorithms for compressed sensing, the analysis extends
beyond this setting, to a general class of algorithms on dense graphs. In this context, state
evolution plays the role that density evolution has for sparse graphs.

The proof technique is fundamentally different from the standard approach to density evolu-
tion, in that it copes with large number of short loops in the underlying factor graph. It relies
instead on a conditioning technique recently developed by Erwin Bolthausen in the context of
spin glass theory.

1 Introduction and main results

Given an n x N matrix A, the compressed sensing reconstruction problem requires to reconstruct a
sparse vector zo € RY from a (small) vector of linear observations y = Azg +w € R™. Here w is
noise vector and A is assumed to be known. Recently [DMMO09] suggested the following first order
approximate message-passing (AMP) algorithm for reconstructing xg given A, y. Start with an initial
guess ¥ = 0 and proceed by

T = (A2 4 2h), (1.1)

Zt =y— Al‘t + %ztfl <?7£71(A*Zt71 + mt71)> ,
for an appropriate sequence of non-linear functions {n; };>o. (Here by convention any variable with
negative index is assumed to be 0.) The algorithm succeeds if 2! converges to a good approximation
of zg (cf. [DMMO09] for details).

Throughout this paper, the matrix A is normalized in such a way that its columns have {5 norm
(approximately) equal to 1. Given a vector v € RY we write f(z) for the vector obtained by applying
f componentwise. Further, § = n/N, (v) = N~! Zf\; 1 vi and A* is the transpose of matrix A.

Three findings were presented in [DMMO09]:
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(1) For random or pseudo-random matrices A, the behavior of AMP algorithm is accurately de-
scribed by a formalism called ‘state evolution’ (SE);

(2) The sparsity-undersampling tradeoff of AMP as derived from SE coincides, for an appropri-
ate choice of the functions 7;, with the one of (much more complex) convex optimization
approaches;

(3) As a consequence of (1) and (2), SE allows to re-derive reconstruction phase boundaries earlier
determined via random polytope geometry [DT05, DT09].

These findings were based on heuristic arguments and extensive numerical simulations. In this paper
we provide the first rigorous support to finding (1), by proving that SE holds in the large system
limit, for random sensing matrices A with gaussian entries. Implications on points (2) and (3) above
are quite strong and will be reported in a forthcoming paper.

Even more interestingly, state evolution provides sharp predictions that cannot be derived from
random polytope geometry. A prominent example is the noise sensitivity of LASSO, which is inves-
tigated in [DMM10b].

Note that AMP is an approximation to the following message-passing algorithm. For all 4, j € [N]

and a,b € [n] (here and below [N] = {1,2,..., N}) start with messages z}_, = 0 and proceed by
Z(tl—>i = ya - Z Aa]’£§—>a7 (12)
JEINNi
gty =m | D Avzh
be[n|\a

As argued in [DMM10a], AMP accurately approximates message passing in the large system limit.
An important tool for the analysis of message passing algorithms is provided by density evolution
[RUO08]. Density evolution is known to hold asymptotically for sequences of sparse graphs that are
locally tree-like. The factor graph underlying the algorithm (1.2) is dense: indeed it is the complete
bipartite graph. State evolution plays the role of density evolution for dense graphs, and can be
regarded (in a very precise sense) as the limit of density evolution for dense graphs.

For the sake of concreteness, we will focus in this Section on the algorithm (1.1), and will keep
to the compressed sensing language. Nevertheless our analysis applies to a much larger family of
message passing algorithms on dense graphs, for instance the multi-user detection algorithm studied
in [Kab03, NS05, MT06]. Applications to such algorithms are discussed in Section 2. Section 3
describes an even more general formulation, as well as the proof of our theorems. Finally, Section 4
describes a generalization to the case of symmetric matrices A that is directly related to the work of
Erwin Bolthausen [Bol09] .

It is important to mention that the algorithms (1.1) and (1.2) are completely different from
gaussian belief propagation (BP). The gaussian assumption refers indeed to the distribution of the
matrix entries, not to the variables to be inferred. More generally, none of the existing rigorous
results for BP seem to be applicable here.

It is truly remarkable that density evolution (in its special incarnation, SE) holds for dense graphs.
This upsets a very popular piece of wisdom: ‘density evolution (and message passing) works because
the graph is locally tree-like, and does not work on graphs with many short loops.’



1.1 Main result

We begin with some missing definitions for algorithm (1.1). We assume
y = Azxo+w, (1.3)

with w € R™ a vector with i.i.d. entries with mean 0 and variance 0. Further, let {n:};>¢ be a
sequence of scalar functions 7; : R — R almost everywhere differentiable with bounded derivative.
Define the sequence of vectors {z'};>0, 2! € RY, {2!}1>0, 2 € R", through Egs. (1.1).

Next, let us define formally state evolution. Given a probability distribution px, and let 73 =
0? + E{X3}/d, and define recursively for ¢ > 0,

1
=0+ 5B {[m(Xo +72) - Xof?} | (14)

with Xo ~ px, and Z ~ N(0,1) independent from X,. We will use the term state evolution to refer
both to the recursion (1.4) (or its more general version introduced in Section 3.1) and to the sequence
{7t }+>0 that it defines.

Let us denote the empirical distribution! of a vector g € RY by Dxo- Further, we say a function
¢ : R™ — R is pseudo-Lipschitz of order k and denote it by ¢ € PL(k) if there exists a constant
L > 0 such that, for all z,y € R™:

|6(x) = ¢(y)| < LA+ (2] + [lyl1*) [l =yl - (1.5)
Notice that when ¢ € PL(k), the following two properties follow:
(i) There is a constant L’ such that for all 2 € R™, |p(z)| < L'(1 + [|=||*).
(ii) ¢ is locally Lipschitz, that is for any M > 0 there exist a constant Lj; < oo such that for all
T,y € [_Ma M]ma
[¢(z) — o(y)| < Lz —yll.
Further, Ly, < C(1 + M*~1) for some constant C.

In the following we shall use generically L for Lipschitz constants entering bounds of this type. It
is understood (and will not be mentioned explicitly) that the constant must be properly adjusted at
various passages.

Theorem 1. Let {A(N)}n>o be a sequence of sensing matrices A € RN indexed by N, with iid
entries Aj; ~ N(0,1/n), and assume n/N — § € (0,00). Consider further a sequence of signals
{zo(N)}n>0, whose empirical distributions converge weakly to a probability measure px, on R with
bounded (2k —2)"" moment, and assume By (X2 - Epy, (X2"2) as N — oo for some k > 2.

Then, for any pseudo-Lipschitz function v : R?> — R of order k and all t > 0, almost surely

lin S w0, = B[ (n(Xo + 12), Xo)| (1.6)

with Xo ~ px, and Z ~ N(0,1) independent.

The probability distribution that puts a point mass 1/N at each of the N entries of the vector.



Up to a trivial change of variables, this is a formalization of the findings of [DMMO09] (cf. in
particular Eqgs. [7], [8] and Finding 2 in that paper).

As an immediate consequence of the above theorem we have the following decoupling principle
implying that a typical (finite) subset of the coordinates of x! are asymptotically independent.

Corollary 1 (Decoupling principle). Under the assumption of Theorem 1, fix £ > 2, let ¢ : R?* - R
be any Lipschitz function, and denote by E expectation with respect to a uniformly random subset of
distinct indices I(1),...,1(¢) € [N].

Then for all t > 0, almost surely

lim Ew(xtf(ly HE 7373(()711071(1)7 s 7x0,f(€)) = E{l/}()?h o 7X€7X0,17 s 7X0,€)} ) (17)

N—oo
where )?Z =m—1(Xoi +m-12;) for Xo; ~ px, and Z; ~N(0,1), i =1,...,¢ mutually independent.

For the proof of this corollary we refer to Section 3.10.

2 Examples

In this section we discuss in greater detail some of the applications of Theorem 1 to specific problems.
To be definite, it is convenient to keep in mind a specific observable for applying Theorem 1. If we
choose the test function ¥ (z,y) = (z — y)?, We get

1

lim —|zf — 20|* = (7} — 0?)§. 2.1
Jim ot — zol® = (+F — 0?) (2.1)
Therefore state evolution allows to predict the mean square error of the iterative algorithm (1.1).
More generally, state evolution can be used to estimate /,, distances for p < k through

. 1
dim o’ = zo[lh = E{i—1(Xo + mi-12) — Xo]*} (2.2)

2.1 Linear estimation

As a warm-up example consider the case in which the a priori distribution of zq is gaussian, namely
its entries are i.i.d. N(0,a?). It is a consequence of state evolution that the optimal AMP algorithm
makes use of linear scalar estimators

() = Aew. (2.3)

Obviously such functions are almost everywhere differentiable, with bounded derivative, for any A
finite. The AMP algorithm (1.1) becomes

T = N\ (A2 4 2h), (2.4)
=y — Azt + (N1 /8) 2T

State evolution reads

1 1
Thy =00 + 5(1 —\)%a® + 5)\?7}2 . (2.5)



Since (A*z + 2'); — z0,; is asymptotically gaussian noise with mean 0 and variance 7¢, the optimal
choice of \; is

(12

N=—5. 2.6
t a2_|_7_t2 ( )

Notice that this also minimizes the right hand side of Eq. (2.5). Under this choice, the recursion
(2.5) yields

9 1 aQTf
Tt+1 = O + = 2 3
0 a* + 7

(2.7)

The right hand side is a concave function of 77, and is easy to show that 7, — T, exponentially fast,
where, for ¢ = (1 —§)/6.

1
T2 = 5{(02 + ca?) + /(02 + ca?)? + 402a2} ) (2.8)
The mean square error of the resulting algorithm is estimated via Eq. (2.1). In particular, under the
optimal choice of )\, the latter converges to (72 — 02)§ with 74, given as above.

The asymptotic mean square error of optimal (MMSE) linear estimation can be computed using
random matrix theory [TH99, VS99]. Remarkably, this coincides with the value (72 —02)6 predicted
here.

2.2 Compressed sensing via soft thresholding

In this case the vector zg is ¢ sparse (i.e. it has at most ¢ nonvanishing entries). Assuming that the
empirical distribution of z¢ converges to the probability measure px,, it is also natural to assume
¢/N — € as N — oo with

P{X, #£0} =¢. (2.9)

(Indeed Theorem 1 accommodates for a more general behavior, since p,, ) is only required to
converge weakly.)

In [DMMO09], the authors proposed an algorithm of the form (1.1) with 7 (x) = n(z; 6;) a sequence
of soft-threshold functions

(x—0) ifx>0,
n(z;0) =< 0 if —0<x<8, (2.10)
(x+0) ifx<-—0.

This choice is optimal in minimax sense. The function z — n(z;60) is non-linear but nevertheless
almost everywhere differentiable with bounded derivative. Therefore Theorem 1 applies to this case,
and allows to predict the asymptotic mean square error using Egs. (1.4), (1.6).

2.3 Multi-User Detection

The model (1.3) is used to describe the input-output relation in code division multiple access (CDMA)
channel. The matrix A contains the users signatures. The entries z(; belong to the signal constel-
lation used by the system. For the sake of simplicity, let us consider the case of antipodal signaling,
i.e. zo; € {+1,—1} uniformly at random. Following [Kab03, NS05, MT06] we take

ne(x) = tanh {x/77} . (2.11)



The rationale for this choice is that it gives the conditional expectation of a uniformly random
signal Xo; € {+1,—1}, given the observation X ; + 7Z; = « for Z; ~ N(0,1) gaussian noise. The
algorithm (1.1) reads in this case

1
'™ = tanh {—Q(A*zt + xt)} , (2.12)
Tt
St—1

=y — Azt + 572 {1 — (tanh® [(A*2" + 2")/77]) } :
State evolution yields

1
iy = 0% + < E{ [tanh (172 + 771 X) — 1]°}. (2.13)
This state evolution recursion was proved in [MTO06] for properly chosen sparse signature matrices
A. Theorem 1 provides the first generalization to the more relevant case of dense signatures.

3 Proof

The proof is based on a conditioning technique developed by Erwin Bolthausen for the analysis of
the so-called TAP equations in spin glass theory [Bol09]. Related ideas can also be found in [Don06].

First we introduce some new notations and state and prove a more general result than Theorem
1.

3.1 A general statement

We describe now a more general recursion than in (1.1). In the next section we show that the AMP
algorithm (1.1) can be regarded as a special cases of the recursion defined here.

We will say that a function F : R? — R is almost smooth if it is continuously differentiable with
bounded derivatives in a measurable domain Cr with the following property: for each y € R, the set
Cr(y) ={x €R : (z,y) ¢ Cr} C R has zero Lebesgue measure. Notice that, in particular, F' must
be almost everywhere differentiable in R2.

The algorithm is defined by two sequences of function {f;}i>0, {g+}+>0, where for each ¢ > 0,
fi :R? - R and ¢; : R?> — R are assumed to be almost smooth. As before, given a,b € RX, we
write f;(a,b) for the vector obtained by applying componentwise f; to a, b. When b is clear from the
context, we will just write, with an abuse of notation, f;(a). We will use analogous notations for g;.

Given w € R”, 2y € RY, define the sequence of vectors ht, ¢t € RY and z¢,mt € R, by fixing
initial condition ¢°, and defining b* for ¢ > 0, m! for ¢t > 0, h! for t > 1, and ¢!, for ¢t > 1, through

ht+1 _ A*mt _ gt qt’ mt —_ gt(bt,w),
b= Aqt - )‘tmtil ) qt = ft(htaxO) ) (31)

where & = (¢'(b,w)), Ay = $(f{(h*,2°)) (both derivatives are with respect to the first argument).
Assume that the limit of = 6 !lim, (", ¢°) exists, for a sequence of initial conditions of
increasing dimensions. State evolution defines the quantities 772, for t > 0, and o7, for t > 1, via

Tt2 = E{gt(O'tZ, W)Z} 5 O't2 = %E{ft(Tt_lz, X0)2} 5 (32)

with W ~ pw, Xo ~ px, are independent of Z ~ N(0,1). We have the following general result.



Theorem 2. Let {A(N)}n>0,{q0(N)}n>0 be, respectively, a sequence of matrices A € R™N indeved
by N with iid entries A;; ~ N(0,1/n), and of initial conditions. Assumen/N — 6 € (0,00). Consider
sequences of vectors {xo(N), w(N)}n>0, whose empirical distributions converge weakly to probability
measures px, and py on R with bounded (2k — 2)" moment, and assume:

(i) Tmy oo Bp, () (X5 7%) = Bpy (X5¥72) < o0.
(i) Ty oo Bp, ) (WH72) = By (W2H2) < 0.
(ii) Wm0 By, () (X?72) < 00,

Then, for any pseudo-Lipschitz function ¢ : R? — R of order at most k and all t > 0, almost surely

1 N
Jim z; (R o) =B [(nZ, Xo)| (3.3)
1 n
lim = ;w(bg, w) = E[v(0:2,W)] (3.4)

with Xo ~ px,, W ~ pw, and Z ~ N(0,1) independent from Xo, W.

3.2 Example: AMP and Theorem 1

As already mentioned, the AMP algorithm (1.1) is a special case of the recursion (3.1). The reduction
is obtained by defining

RTL = gy — (A% 2, (3.5)
¢ = a'—u, (3.6)
Vo= w— 2, (3.7)
mt = -2t (3.8)
The functions f; and g; are given by
fe(s,20) = ne—1(z0 — 8) — @0, gi(s,w) =s5—w. (3.9)

And the initial condition is ¢ = —xy.

Note 1. (a) Although the recursions (3.1) and (1.1) are equivalent mathematically, only the latter
can be used as an algorithm. Indeed the recursion (3.1) tracks the difference of the current
estimates xt from xq, and is initialized using z° itself. The recursion (3.1) is only relevant for
mathematical analysts.

(b) Due to symmetry, for each t, all coordinates of the vector ht have the same distribution (simi-
larly for bt, ¢t and mt).



3.3 Proof of Theorem 1

First note that (3.2) reduces to
1 2
7’3 =2+ Uf =g+ 5 E[(nt,l(Xo +T1172) — Xo) ],
with 78 = 02 + 6" 'E(X?). This follows from

o =0"" lim (¢°,q") = 07" Epy (X3)

or 78 = 02+ 0 1E(XZ). Also, by definition 2" = n,(A*b! +2!) = (29 — h'!). Therefore, applying
Theorem 2 to the function (hf,xq;) — ¥ (ni—1(xo; — ht), ;) we obtain

N

1

i N 21 Y(at, o) = E{(m-1(Xo — 1-12), Xo) }
1=

with Z ~ N(0,1) independent of Xy, which yields the claim as Z 4 _Z. Note that since 1 has
bounded derivative, (ht,zq;) — ¥(ni—1(z0; — ht),x0;) is also pseudo-Lipschitz of order at most k.

3.4 Definitions

When the update equation for h*! in (3.1) is used, all values of °,... b5, m®, ... m! Al ... A and
¢°, ..., q" have been previously calculated. Hence, we can consider the distribution of h**! when it
is conditioned on all these known variables and xg, w. In particular, define &;, 4, to be the o-algebra
generated by 8°,..., b1 m0 .. omhTl Rl .. B2 and ¢°,...,¢". The basic idea of the proof is
to compute the conditional distribution b'|g, , and httls, 41~ This is done by characterizing the
conditional distribution of the matrix A given this filtration.

Regarding h', b’ as column vectors, the equations for 8°,...,b'~! and h', ..., h! can be written in
matrix form as:

(W' + & |h? + &gt |- [P+ &1g 1] = A (0] m! Y,
Xt Mt
(006" 4+ Aym®| -+ b+ N mf 2] = A gt

Yy Q¢

or in short Y; = AQ; and X; = A*M;.
We also introduce the notation m|t| for the projection of m! onto the column space of M; and

define m! = m! — mﬁ. Similarly, define qﬁ,qi to be the parallel and orthogonal projections of ¢

onto column space of Q).
Recall that D* denote the transpose of the matrix D. For vectors u,v € R™ we define (u) =
o, ui/m. We will also often use the scalar product (u,v) = > /" uv;/m.

Given two random variable X, Y| and a o-algebra &, the notations X|g 2 ¥ means that for any
integrable function ¢ and for any random variable Z measurable on &, E{¢(X)Z} = E{¢(Y)Z}. In
word we will say that X is distributed as (or is equal in distribution to) Y conditional on &. In

case © is the trivial o algebra we simply write X dy (i.e. X and Y are equal in distribution). For
random variables X, Y the notation X = Y means that X and Y are equal almost surely.

Finally the large system limit will be denoted either as limy_.o, or as n — oo. It is understood
that either of the two dimensions can index the sequence of problems under considerations, and that
n/N — 6.



3.5

Main technical Lemma

We prove the following more general result.

Lemma 1. Let, {A(N)}, {q0o(N)}n, {zo(N)}n and {w(N)}n be sequences as in Theorem 2, with
n/N — § € (0,00) and let {0, Tt }1>0 be the sequence of satisfying (3.2). Then the following hold for
all t € NU {0}

(a)

t—1

d ; A * ~ —
ht+1‘6t+1,t = Z aihlJrl +A mi + Qt+10t+1(1) 5 (310)
i=0
. =1 )
be., = Z Bib' + Aql + M;5,(1), (3.11)
i=0
where A is an independent copy of A and coefficients oy, 3; satisfy m'ﬁ = Zﬁ;é a;m’ and

qﬁ = ZE;(l) Biq". The matriz Q; (M) is such that its columns form an orthogonal basis for
the column space of Q; (M;) and QfQ, = NI, (MM, = n1;). Here 5,(1) € R is a finite
dimenstonal random vector that converges to 0 almost surely as N — oo.

For any pseudo-Lipschitz functions ¢y, ¢y : R1T2 — R of order at most k

N

.1 s.
ngnoo N z; gbh(hzla s ahﬁ—’—la mO,i) = E[th(TOZOv ooy Ty, XO)] ) (312)
1=
lim lzn:@,(b@ bl wi) = Edy (0020, - 0124, W) (3.13)
n"OOnAil 19y Ypy W I ) ) .
where (ZQ, .oy Zy) and (Zo, ... ,Zt) are two zero-mean gaussian vectors independent of Xo, W,

For all 0 < r,;s < t the following equations hold and all limits exist, are bounded and non-
random:

Jim (AL RS 22 lim (m”, m®) | (3.14)
. r s a._s. 1 . r S
Jim (67,0%) = < lim (¢",¢%). (3.15)

For all 0 < r,s < t, and for any function ¢ : R> — R almost everywhere continuously differ-
entiable with bounded derivative, the following equations hold and all limits exist, are bounded
and non-random.

lim (B (AT 20)) 2 lim (BT B3N (O (RS, 20)), (3.16)
N—oo N—oo
lim (0", o(b%,w)) = lim (b", %) (¢’ (b, w)) (3.17)
n—oo n—oo

where ¢ represents derivative with respect to the first coordinate.



(e) For £ =k —1, the following bounds hold almost surely

N

1
li — ) (Wit 3.18
lmNSgI;oN;:l( ;)T <oo, (3.18)
1 n
li = (bh)* . 1
im sup Z‘:1( i) < 00 (3.19)

Note 2. (a) In the following we will use the notations & = (g, ..., —1) and B: (Boy -y Br—1)

(b) Equations (3.16) and (3.17) have the form of Stein’s lemma [Ste72] (Lemma 3 in our Section
3.7).

Proof of Theorem 2. The result follows from applying Lemma 1(b) to the functions ¢p,(yo, . . ., ys, 0,i) =
w(ytvx(),i) and ¢b(y07"'>yt7wi) = w(ytvwz) U

3.6 Useful probability facts

Before embarking in the actual proof, it is convenient to summarize a few facts that will be used
repeatedly.

We will use the following strong law of large numbers (SLLN) which follows from [HT97, Theorem
2.1].

Theorem 3 (SLLN, [HT97]). Let {X,,; : 1 <i <n,n > 1} be a triangular array of random variables
with (X 1,. .., Xnn) mutually independent with mean equal zero for each n and E\Xn,i|2+“ < C for
some k>0, C' < oo. Then %Z?:l Xin — 0 a.s. forn — oo.

Next, we present a standard property of Gaussian matrices without proof.

Lemma 2. For any deterministic u € RY and v € R™ with |lul| = ||v|| = 1 and a gaussian matriz A
distributed as A we have

(a) v*Au 4 % where Z ~ N(0,1).

(b) lim, .o ||Au|? = 1 almost surely.

(¢) Consider, for each n > d, a d-dimensional subspace W of R™, an orthogonal basis w1, ..., wq
of W with ||w;||> = n for i = 1,...,d, and the orthogonal projection Py to W. Then for

D = [wy]...|wg], we have Py Au 4 Dz with z € R? that satisfies: lim, o ||z|| = 0 (the limit
being taken with d fized). In this paper, we denote such vector x by o4(1) as well.

Lemma 3 (Stein’s Lemma [Ste72]). For jointly gaussian random variables Z1, Zs and any function
¢ : R — R where E[¢/(Z1)] and E[Z1p(Z3)] exists, the following holds

E[Z1p(Z2)] = Cov(Z1, Z2)El¢' (Z2)]-

We will apply the following law of large numbers to the sequence {zo(N),w(N)}n. Its proof can
be found in Appendix A.1.

10



Lemma 4. Let k > 2 and consider sequence of vectors {v(N)}n>o, whose empirical distribution

converges weakly to probability measure py on R with bounded k" moment, and assume Eﬁv( M) (VF) —

Ep. (VF) as N — oo. Then, for any pseudo-Lipschitz function ¢ : R — R of order at most k, almost
surely

lim — Z ¥(v;) =E[yp(V)] (3.20)

Finally, a lemma on almost smooth functions (whose proof is in Appendix A.2).

Lemma 5. Let F : R? — R be almost smooth and denote by F'(x,y) its derivative with respect to
the first argument at (x,7y) € R2. Assume (X,,,Y,) be a sequence of random vectors in R? converging
in distribution to the random vector (X,Y) as n — oo. Assume further that X,Y are independent
and that the distribution of X is absolutely continuous with respect to the Lebesque measure. Then

lim B{F'(X,, Ya)} = E{F'(X,Y)}, (3.21)

3.7 Conditional distributions
In order to calculate b'|g, ,, httls, .1, we will characterize the conditional distributions Alg, ,, Ale,, , -

Lemma 6. Let (t1,t2) = (t,t) or (t1,t2) = (t+1,t). Then the conditional distribution of the random
matriz A given the o-algebra &y, 4,, satisfies

d ~
A|Gt1,t2 = Bt o + Pt (A). (3.22)

Here AL A is a random matriz independent of &y, 1, and Ey, 1, = E(A|Gy, +,) is given by
Et1,t2 = Yt1 (Q:‘: Qtl)ilQ; + MtQ (Mt*z Mt2)71Xt*2 - Mt2 (Mtg;MtQ)ilM:;Y;fl (Q; Qtl)ilQ; . (3'23)

Further, Py, 1, is the orthogonal projector onto subspace Vi, 1, = {A|AQy, = 0, A*M;, = 0}, defined

by
Ptl,tz (A) = P]\Lh2 APQltl :

Here P]\J;L52 =1—Pu,,, Pétl =1-"Pg,,, and Fg, , Pum,, are orthogonal projector onto column spaces
of Qi and My, respectively.

Recall the following well-known formula.

Lemma 7. Let z € R™ be a random vector of iid N(0,«) variables and let D € R™*™ be a linear
operator. Then for any constant vector b € R™ the distribution of z conditioned on Dz = b satisfies:

d * *\ — ~
2|pe=p = D*(DD*) 10+ Pp._o}(3)

where Pyp,_gy is the orthogonal projection onto the subspace {Dz = 0} and z is a random vector of
itd N(0, ). Moreover, D*(DD*)~'b = arg min, {|z||*|Dz = b} .

Proof. The result is trivial if D = [Inxm|Opx (n—m)] (With Iy € R™X™ is the identity matrix).
For general D, it follows by invariance of the gaussian distribution under rotations. Finally, using a
least square calculation, it is simple to see that D*(DD*)~!b = arg min, {||z|?|Dz = b}. O

11



Lemma 6 follows from applying Lemma 7 to the operator D that maps A to (AQ, M*A). Note
that we can assume, without loss of generality f, g to be non-constant as a function of their first
argument. If this is the case, it is easy to see that, for finite values of ¢, the matrices M M; and Qf Q:
are non-singular almost surely, and hence the above expressions are well defined. Proof of Lemma 6
appears in Section 3.8.

Lemma 8. The following holds
Efyym' = Xy (M M) M mi + Qi (Qf1 Qur) ™ Yim! (3.24)
Eig" = Yi(QF Qo)™ Qi a) + My (M7 M)~ Xl (3.25)

Proof. Write m! = m'ﬁ + m' . Using (3.23) and the fact that M;m! = 0, we obtain

E:Jrl,tmti = Qu1(Qf 11 Qus1) Y ym!, .
On the other hand let m|t| = Zf;é a;m' = M;@. Then using A*M; = Xy, (3.22), and [Pt+17t(A~)]*mT| =
0 we have, conditionally on Siy14,
Efpyyml S A'ml) £ A M@ £ X,@ £ X, (M7 My) "M M@ < X, (M My) ™ M.

Since the first and last term are measurable on &;y1;, they must be equal almost surely, and
Eq. (3.24) follows.
Similarly, use ¢* = qﬁ +4q', qﬁ = @8 and Q;¢" = 0 to obtain (3.25). O

3.8 Proof of Lemma 6

Conditioning on &y, 4, is equivalent to conditioning on the linear constraints AQ¢, = Y;, and A*M,, =
Xi,. To simplify the notation we will drop all sub-indices t1,%2. The expression (3.23) for the
conditional expectation E = E(A|&, +,) follows from Lemma 7 and the following calculation for

E = argmjn{HAH% AQ =Y, A"M = X}.

We use Lagrange multipliers’ method to obtain this minimum. Consider the Lagrangian

with © € R ' € RVN*2 and (A,B) = Tr(AB*) the usual scalar product among matrices.
Imposing the stationarity conditions yields

24 = OQ* + MT* (3.26)

Equation (3.26) does not have a unique solution for the parameters © and I'. In fact if Og, Iy are
a solution then for any t5 X t; matrix R the new parameters Op = Og+ MR and I'r = 'y — QR*
satisfy O pQ* + MT% = ©9Q* + MT}; = 2A. In particular for By = T{Q(Q*Q)~* we have Q*T'g, = 0.
Multiplying (3.26) by @ from right (using Og,,'g,) we have 2Y = O, Q*Q or O, = 2Y (Q*Q)~ L.
Now multiplying (3.26) by M* from left we obtain 2X* = 2M*Y (Q*Q) 1 Q* + M*MT'}, which leads
toI'p, = 2(M*M)7HX* — M*Y (Q*Q)'Q*]. From these we see that E = E(A|Sy, 4,) satisfies

E=Y(QQ) Q"+ MM M) X -MYQQ) Q.

Now we are left to prove Py, 4, (A) = P]&[APCJQ-. We need to show that the operator F : A — P]\J;[APCJQ-
satisfies

12



F o F(A) = Py PyjAPy Py = Py APg.

(b) is correct since by definition of F(A)Q = PﬁAPéQ = 0 and similarly F(A)*M = 0.
(c) follows because
f(A) =A—PyA-— APQ + PMAPQ,

and each of the last three term vanishes either because AQ = 0 or because A*M = 0.
(d) is correct because

(F(A),B) = Tr (PﬁAPéB*)

—Tr (APéB*Pﬁ) = (A, F(B)).

3.9 Proof of Lemma 1

The proof is by induction on ¢. Let H;11 be the property that (3.10), (3.12), (3.14), (3.16), and
(3.18) are correct. Similarly, let B; be the property that (3.11), (3.13), (3.15), (3.17), and (3.18)
hold. The inductive proof consists of the following four main steps.

1. By holds.
2. 'Hp holds.
3. If B,, Hs hold for all » < ¢t and s < ¢ then B; holds.
4. If By, Hs hold for all » <t and s <t then H;y1 holds.
For each of these steps we will have to prove five properties that we will denote by (a), (b), (¢),
(d), (e) according to their appearance in Lemma 1.
3.9.1 Step 1: By
Note that 9 = Aq°.
(a) So, is the trivial o-algebra. Also ¢° = ¢ since Qp is an empty matrix. Hence
Pleno = Aq?-

(b) Let ¢ : R? — R be a pseudo-Lipschitz function of order at most k. Hence, |¢p(x)| < L(1 +
z|[F). Given ¢°, w, the random variable 37, ¢,([A¢"];, w;)/n is a sum of independent random
=1

variables. By Lemma 2 [A¢"]; 4 Z||¢°||/v/n for Z ~ N(0,1). And using

lim (¢°, ¢°) = do < o0,

n—~0o0

13



for all p > 2 there exist a constant Cj, such that E|(Ago):|” = (¢°, ¢°)?/?E|Z|P < C,,. Therefore,
E{|¢s ([A¢°)iswi) [} < I3[+ E{|(A¢”)i*} + [wi*] < €
for a constant C. Now, we can apply Theorem 3 to get

1 5.
Jim_ ;[cbb(b?,wi) —Eagp(bf,w;)] = 0.

Hence, using Lemma 4 for v = w and for ¢(w;) = Ez[éy(||¢°|| Z/ /i, w;)] we get
1 n
lim — ) E b w)] =R Z,W)].
Jim — ; Alw(by, wi)] [Pu(00Z, W)

(c) Using Lemma 2,
02
lim (°,0°) = lim JAGCI o g ¢

n—oo n—oo n N—oo (5

0 0
q,q>zag.

(d) Using Bo(b), and ¢(x,w;) = z¢(x,w;) we obtain limy, o0 (02, (00, w)) %= E(o9Zp(00Z, W)),
which is equal to o3E[¢/(00Z,W)] using Lemma 3. On the other hand, in proof of (b) we
showed lim,, . (b°,0°) = o2

By part (b), the empirical distribution of (b°,w) (i.e. the probability distribution on R? that
puts mass 1/n on each point (b, w;), i € [n]) converges weakly to the distribution of (o0Z, W).
Using Lemma 5, we get limp, oo (' (00, w)) = El¢' (002, W)].

(e) Similar to (b), conditioning on ¢°, the term Y 1 | ([A¢"];)?*/n is sum of independent gaussians
and E{|[A¢";|P} = (¢°,¢°)?/*E(ZP) < C for a constant C. Therefore, by Theorem 3, we get

i % > [([Aqo]i)% - Ea{([4¢"])*}| = 0.
=1

But, 5 371 Ea{([4¢°)*} = (¢°,¢°) E2(Z2%) < o0.

3.9.2 Step 2: H;
Note that h' = A*m° — &q".

(a) &1, is generated by b° and m". Also m® = mS since My is an empty matrix. Applying Lemma
6 we have .
01,01—2(,,0 ipl
A‘Gl,o =0 Hq H (q )*+APq0'
Hence

~ by, mo)
Moy, & PEAmO 4 5200 0 e 0
‘61,0 q0 <QO,§[0> q foq

But using By(d) we have

0o 0
lim (67, m®) = lim (67, go(8%, w)) == Tim (59, 0% (gh (40, w)) % Tim & 292

n—oo n—oo n—oo n—oo 5
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Further by By(b), applied to the function ¢,(z,w) = go(z,w)? we obtain

lim (m®,m°®) 2 Elgo(00Z, W)?] = 73. (3.27)

n—oo

Therefore ) ) ) )
Py A*m® = A*m® — Py A*m” = A*m® + 61(1)¢°

where the last estimate follows from Lemma 2(c) and (3.27). Hence,
d 7« —
h1|61’0 = A mo + 01(1)(]0.

Using Lemma 2 and Eq. (3.9.2), we get

. 1.1 o LS. g 0,0\ s 2
]\}gnoo<h v h >‘G1,0 - ]\}gnoo N ]\}Enoo<m ) M > 70+
First note that, conditioning on &1 g,
1Y 1Y 9201 X
= 2 BH = = DA+ (e < S Y { (A + e (1)) |-
=1 =1 =1

By assumption, limy_.oc + Zf\;l(q?)% < 0o and finiteness of 3 Zij\il([fl*mo]i)% can be estab-
lished similar to By(e) for the sum of functions of independent gaussians ZZ]\L L([A*mP);)%/N.

This proof uses again Eq. (3.9.2) and is very similar to proof of By(b). First we should remove
the error term ;(1)¢". In other words we need to show

N
lim D lon([A M) + 61 (g, w0.4) — Sn([Am s, 20,)] 2 0.
1=1

To simplify the notation let a; = ([A*m°]; + 31(1)¢?, w0,;) and ¢; = ([A*m°];, x0,;). Now, using
the pseudo-Lipschitz property of ¢p:

[én(ai) — dn(ei)| < L{L + max(flagl|*~, fle:|* )} a7 |61 (1)

Using Cauchy-Schwartz inequality,

N N N 1/2
! 1 ok—o 1 2k—2 0 0\1/2
N;‘Cbh(ai) — ¢n(ci)| < Lmax N;Hazﬂ ,N;HQH (@, "2 on(1).
Hence, we only need to show % Zf\il llai||**=2 < oo and % sz\il leil[22 < 00 as N — oo.

But
1Y 1 Y 1 Y
N > a2 = O(w > PR N > Jwo*7?)
=1 =1 i=1

which are bounded by part (e) and the original assumption on zy. Similar argument plus the
fact that + Zfil |g?]|*+2 < oo yield + Zij\il e ||252 < oo
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Thus, from here we consider i~11|61’0 4 A*m® and will follow the steps taken in By(b). Condi-
tioning on &1 g, we can apply Theorem 3 to get

N

. ]- T T a.s.
i N 2[%(}%‘17 20,i) — E 161 (hi, wo,)] =0,

and use Lemma 4 for ¢ (v;) = EAgbh(ﬁil, v;)], obtaining

°l

IS as.
lim S Elon(hl200] = im Ezfon(72 7, x0)] 22 B[o(r02. X0))

N—oo =1 \/ﬁ
The last equality used By(c) and definition of 7.

(d) Using Hy(b) for ¢p(x, 0,4) = 2p(2, 20;) we obtain limyx oo (b, @(h', 20)) = E(19Zo(10Z, X0)),
which is equal to 72E[¢’ (102, X0)] using Lemma 3. On the other hand, in proof of (b) we showed
limpy oo (b, A1) 2= 72,

By part (b) the empirical distribution of (h',zg) (i.e. the probability distribution on R? that
puts mass 1/B on each point (h},z0;), i € [N]) converges weakly to (107, Zy). By applying
Lemma 5 to the almost smooth function ¢, we get limy o0 (¢’ (h', 20)) 2= E[¢' (102, X))

3.9.3 Step 3: 5,
This part is analogous to step 1 albeit more complex.
(a) Note that
Yy = By + [0|My—1]Ay, Xy = Hy + Q54 (3.28)
where By = [0°] - - - |b71], Ay = diag(No, ..., A\i_1), Z¢ = diag(&o, ..., & 1) and Hy = [RY]---|Rf].
Lemma 9. The following holds
(0) B e,,,, = Hy(M; M)~ Mymt + PG, A* Py m* + Qi (1).
(b) Ve, < Bi(QFQ1) ' Qiq} + Pi, APS,q" + Mydy(1).
Proof. In light of Lemmas 6 and 8 we have
W e, < Xt(Mt*Mt)flMt*mﬂ + Qu1(Qr1 Q) T Y umh + Py, A Pym' — &1,
Ve, < Yi(Qi Q)" Qial + My(M; M) X} ¢! + Py, ARG, — Aem'™L.

Now using equations (3.28), we only need to show

QtEt(Mt*Mt)ilMt*mﬁ + Qi41(Q7 11 Q1) Y yml — &d = Qo (1),
[0[Me—1]A¢(QF Qe) ' Qi afy + My(My M) 7' X g — Aem' ™ = My (1).
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Recall that m|t| = M;a and q” Q3. On the other hand Y m! = By m! because M;m' =
0. Similarly, X;¢, = H;¢" . Hence we need to show

Qi + Qui1(Qf 11 Quy1) I B ym! — &4 = Qi64(1) (3.29)
[0[M;1]AsB + My(M; M)~ Hi g — Ay~ = Myy(1). (330)

Here is our strategy to prove (3.30) (proof of (3.29) is similar). The left hand side is a linear

combination of vectors m®,...,m!~1. For any £ = 1,...,t we will prove that the coefficient of

m!~1 € R" converges to 0. This coefficient in the left hand side is equal to

t * r ot _ t—1 S
[(Mt*Mt)ilHt*qﬂ_]g _ )\é(_ﬁé)h# _ Z |:(Mt Mt)1:| <h ,q 25:8:0 ﬁsq > _ )\é(_ﬁé)h#-
lr

n
r=1

To simplify the notation denote the matrix M;M;/n by G. Therefore,

N—oo N—oo
r=1

t t—1
1
I fici f -1 _ 1; -1 rot s\ _ Loty )
im Coefficient of m im {g (G )er(h",q Sgoﬂsq >5 Ae(—0Be)

But using the induction hypothesis H;(d) for ¢ = fl, .oy ft, the term (A", ¢ — Z ﬂsq )/ is
almost surely equal to the limit of (", A*)A\, — S2E21 o0 3<h’” h*)Xs. This can be modlﬁed using
the induction hypothesis H;(c), to (m"L,m!=1)\, — S22 Bs(m” =L, m* 1)\, almost surely,
which can be written as G, \; — ZZ;% G s\s. Hence,

t t—1
lim Coefficient of me_ =l {Z(G_I)K,T[Gr,t)\t - Z ﬁsGr,s)\s] - )\Z(_ﬁf)h#t}

1
N—oo N—oo
r=1 s=0

t—1
as. o o _ 3\ Lozt
Jim {Atﬂm > Bdsli—s = M(=r) }

s=0
a.s.
pr— O

Equation (3.29) is proved analogously, using & = (¢'(b%, w)). O

The proofs of Eq. (3.11) follows immediately since the last lemma yields

t—1
d l e * — * 1 —
ble,, = Y Bib' + Aq' — My(M; M) ' M; Ag + M6,(1) .
=0

Now, using Lemma 2(c), as n, N — oo,
o s ood oo
My (M M) 1Mt*qu_ = M;04(1),
which finishes the proof since M;a;(1) + M;3;(1) = M;5;(1).

For r,s < t we can use induction hypothesis. For s = t,r < t, using Lemma 9 for b that was
proved above, we get

t—1

(o0 e.e = Zﬁz (b',07) + (Pig, Ad',07) + Y o(1)(m',0"),
i=0
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Note that, by induction hypothesis B;_1(d) applied to ¢ = g;—1, and using the bound B;_1(e)
to control (b, b"), we deduce that each term (m?, b") has a finite limit. Thus,

r\ a8
nh_)noloz mb =0.

We can use Lemma 2 for (Py; Agtbm)y = (Ad, Py, br) (recalling that A is independent of
4, Pj\ib”) to obtain
a 14 IPsYI] 2 s

N VN

where the last estimate uses the induction hypothesis B,(c¢) and H;(c) which imply, almost
surely, for some constant C, <Pﬁtbr,PA§[th> (b, 0"y < Cand (¢ ,¢") < (¢".¢") < C for all N
large enough. Finally, using the induction hypothesis B, (c) or B;(c) for each term of the form
(b",b") we have

<Aqi7 P]J\Zt br>

nlLIgo<bt,br = nhigo Zﬂz (¢".q")

a.s. 1. 1 a.8. 1. 1 t r
= lim 5<Q|| Q>—nhjgog<Q>Q>-

Last line uses the definition of 3; and ¢} L ¢".

For the case of r = s =1, similarly, we have

o0 e, = Z BiB; (b, V) + (Paz, Ad'L, Paz, Aql) + o(1).
1,j=0

Note that we used similar argument (Lemma 2 and B;—1(c)) to show the contribution of all
products of the form (M;d;(1),-) and <PJ\2Aqﬂ_, b') a.s. tend to 0. Moreover, using Lemma 2,

lim (Pif, Ad', Py, Adt) = lim [(Aq', Aqt) — (Par Adt, Par AdL)]

n—od
tot
“ lim [7<qL’qL> —0(1)]
n—o00 )
Now, using induction hypothesis,
-1 i g t ot
¢ as. . L) o {dd))
nh_)m <b >|Gt t nh—>H;o ‘ZO ﬂzﬂ] 5 + nh—>H;o T
1,]=

t t
as A g fehoat)
5 5

n—oo n—~0o0

(e) Conditioning on &;; and using Eq. (3.11) (proved at point (a) above), almost surely,
t

n n t—1 n -1 n
S @ =0 (% ST B+ = S (A +o1)- S (Wk)”)

=1 i=1 r=0 =1 r=0 i=1
1 n tfll n
~0 (230 + L S o 5 S o)
=1 r=0 2:1
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The term < > " ([Ag"]:)? has a finite limit using the same proof as in By(b) and the fact that
limp, oo (q' , ¢ ) < limy oo (q', ¢') < 0o almost surely. For the term 1 Z?:l((qﬁ)i)% we use

((g])i)* < (g])? = felh],i0)* < C ((h])? + 27) + £(0,0)%,
that follows from the bounded derivative assumption on f;. Thus,

;Z(( ) <o thuc Zx + £(0,0)*

=1

which has a finite limit almost surely, using the induction hypothesis H,(e) and the assumption
on xg. Similarly, using the bounded derivative assumption on g; we can show the finiteness of
the third term 1 3% ([m"];)%".

Using part (a) we can write

t—1
qbb(b?, e ,bg, wi)\em i ¢b <b?, e ,bg_l, [Z ﬂrbr + Aqﬂ_ + Mtﬁt(l)] ,wi> .

r=0

Similar to the proof of Hy(b) we can drop the error term M;0;(1). Indeed defining

t—1
a; = (b?, . ,bzil, [Z ﬁrbr + Aqi + Mtﬁt(l)] ,wi) s
r=0 i
7wi> .

t—1
[90(a) = dp(er)] < L{1+maxx (las [ esl* ) }| D

t—1
¢ = (bg,...,bg ! [memu

r=0

By the pseudo-Lipschitz assumption

Therefore, using Cauchy-Schwartz inequality twice we have

n AW W . n ||2k— n || 2k— , = 1 1
‘ Zi:l ¢b(a2) - Zi:l ¢b(cl)‘ < L[max(z Hal |lj 2’ Zi:l |l:ZH2 g )] 2 [Z t2 <,r~nr’ T?LT>] 20(1)‘
1=1 r=0

Also note that

n

i lla]* 1|| il Hleigzy a0 Z(wl)z

=1

which is finite almost surely using the induction hypothesis and Bi(e) proved above and the
assumption on w. Similarly, n=* 327" [je;]|* and 3L 0<m m") are finite. Hence for any finite
t, (3.31) vanishes almost surely when n goes to co.

Now given, b°,...,b'"!, consider the random variables

Xi,n:¢< bt ! Zﬂrbr AQL iy W z)
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and X;, = ~Z-,n —E AXi,n' Proceeding as in Step 1, and using the pseudo-Lipschitz property
of ¢, it is easy to check the conditions of Theorem 3. We therefore get

1n
lim = b, .. b b+ Adt ;
i 23 (st [T | )

=1 r=0
t—1 ~
—E ;o (b?, b [Z 30"+ Ad',
r=0

w) } 0. (3.32)

Note that [Ag!]; is a gaussian random variable with variance ¢! ||2/n. Hence we can use
induction hypothesis B;_1(b) for

~ Z
¢b(b?>"'7b§_17wi) =Ezp (b?>,bf ! Zﬁrbr ||qu >

where Z is an independent N(0, 1) random variable, to show

BB (W W [0 8 + Adt | i)
R0 n
t—1

5. q
= EEzé (oozo,. 0111, Y BrorZe + et 12 ,W> (3.33)

r=0 \/ﬁ

Note that E -0 TUTZ +n= 12| ! ‘|| Z is gaussian. All that we need, is to show that the variance
of this gaussian is o2, But usmg a combination of (3.32) and (3.33) for the pseudo-Lipschitz

function ¢p(yo, - .., yt, w;) = Z/t>

Tim (b, ) (Zﬂr 0 Zy + ”q\ﬂz ) . (3.34)

On the other hand in part (c) we proved lim,, o (b%, b*) = lim,, oo 6L {f(h, 20), f (R, 20)). By
induction hypothesis H;(b) for the pseudo-Lipschitz function ¢ (yo,- -, yt, %0:) = f(yt, 0.:)?
we get limy, oo 6 L (f (R, xq), f(R,20)) = 6 'E(f(1:_17Z, X0)?). So by definition (3.2), both
sides of (3.34) are equal to o7.

Very similar to the proof of By(d), using part (b) for the pseudo-Lipschitz function ¢ : R7*2 —
R that is given by ¢y (yo, - - ., Y, wi) = yrp(ys, w;) we can obtain

lim (0", (b°, w)) = B0 Zyp(0 Zs, W)]

n—0o0
for jointly gaussian Z;, Z, with distribution N(0,1). Using Lemma 3, this is almost surely equal
to Cov(o1Zs,057)E(p (USZS, W)). By another application of part (b) for ¢p(yo, ...,y wi) =
ysy; transforms Cov(atZt,osZ) to lim,, oo (b, b%). Similarly, E(¢'(0sZs, W)) can be trans-
formed to lim,, (¢’ (b%, w)) almost surely. This finishes the proof of (d).
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3.9.4 Step 4: Hi4

Due to symmetry, proof of this step is very similar to the proof of step 3 and we present only some
differences.

(a) The proof of Eq. (3.10) follow since by Lemma 9(a) as for B;(a)

t—1
d ] 1 * — ! —
W0, = > a4+ A — Qi1 (Q 1 Qi) ™ Qi ATml + Qua(1).

i=0

Now, using Lemma 2(c), as n, N — oo,
* - * A% d ~ —
Qui1(Q711Qu41) 1 Qf 1AM = Qi410:(1)

which finishes the proof since Qt+16t(1) + Qio(1) = Qt+15t(1).

(¢) For r;s < t we can use induction hypothesis. For s = ¢,r < ¢, very similar to the proof of

Bt(a),

t—1 4 t—1 '

<ht+17 br+1>‘6t+l,t i Z%’Ulwl, hr+1> <PQt+1A*mi7 hr+1> + 20(1)(61’, hr+1>'

i=0 i=0

Now, by induction hypothesis H;(d), for ¢ = f, each term {(g*, A"*1) has a finite limit. Thus,
t—1
r+1\ 8.
ngnoozz;o( )gt, b =0

We can use induction hypothesis H,1(c) or H;(c) for each term of the form (', h™1) and use
Lemma 2 for (A*m/, Pétﬂhr“) to obtain

lim (RS A7) 2 lim Zal m', m"
N—o0 N—oo

&
w

a.s. t r
A}l_r}noo<m”,m ) = ]\;Enw(m ,m’).

Last line uses the definition of «; and mi 1L m".

For the case of r = s = t, we have

<ht+1>ht+1 Sit1,e < Z A hH—l hg+1> +( Qt+1A*mJ_v Qt+1A*mJ_> +o(1).
i,j=0
Note that we used similar argument (Lemma 2 and H;(c)) to show the contribution of all
products of the form (Q:0:(1),-) and (P5t+1A*mﬂ_,hi+1> a.s. tend to 0. Now, using induction
hypothesis and Lemma 2

t—1
a.s. . i y . 1 t 12
e = JIB; Z Oafaﬂmamw * e
1,]=

lim <ht+1, ht—|—1>
N—o0

n—oo

= lim (m!, mt>.
n—oo
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(e) This part is very similar to B;(e).
b) Using part (a) we can write
( g
. t—1 . .
on(hiy. . W 200) |6, = 1 <h}, b [Z b+ A+ Qmamu)] x0> :
r=0 i

Similar to proof of By(b) we can drop the error term Quy16;41(1). Now given, h',... ht,
consider the random variables

t—1
Xin = on <h}, DY ek (A*mﬂ_)i,mo,i>
r=0

and X; v = Xi,N — EAXi,N. Proceeding as in Step 2, and using the pseudo-Lipschitz property
of ¢y, it is easy to check the conditions of Theorem 3. We therefore get

N t—1
1 -
K 0t CACRINT) SOLAES STA I
1=1 r=0

t—1
—E ;¢ (hg, B[S a4 Arm ] g;0> } 0. (3.35)
r=0

Note that [A*m}]; is a gaussian random variable with variance ||m/ ||?/n. Hence we can use
induction hypothesis H;(b) for

t—1

~ mt || Z
gbh(h%, e 7h§7 1‘071') = ]Equh (h,}, ey hﬁ, Z O[rh;q’l _|_ %7 13071')
r=0

where Z is an independent N(0, 1) random variable, to show

i S Eaon (kb b [SIThanb ™+ Amt | o)
Ngnoo N

t—1

= EEz¢n | 1020, .- 111211 Za 7. + [, [|Z
- yoe e Tt— -1, rTr Ly
r=0 \/ﬁ

,X0> (3.36)

Note that Y"1 a,7.Z, + n~'/2||m! ||Z is gaussian. All that we need, is to show that the
variance of this gaussian is 77. But using combination of (3.35) and (3.36) for the pseudo-
Lipschitz function ¢y (o, - - -, ¥, T0:) = Y7,

t—1 t 2
Z
li pttl pttly as o ey [y || ' 3.37
A AT 2 amZrt T (337

On the other hand in part (c¢) we proved limpy_ oo (A1, R 22 limy oo (g (0%, w), g: (bF, w)).

By the induction hypothesis B;(b) for the pseudo-Lipschitz function ¢y (yo, . . . , v, w) = ge(ys, w)?
we get limy, o0 (g (bt, w), g¢ (b, w)) = E(g¢(0¢Z, W)?). So by the definition (1.4), both sides of
(3.37) are equal to 77.
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(d) This is very similar to the proof of Bi(d). For the pseudo-Lipschitz function ¢, : R*? — R
that is given by ¢n(y1,. .., Yr+1,20i) = Ye+19(Ys+1,Toi) We can use part (a) to obtain

lim (b, (0" 20)) 2 Elr Zip(1sZs, Xo)]

N—oo

for jointly gaussian Z;, Z, with distribution N(0, 1). Using Lemma 3, this is almost surely equal
to Cov(riZy, 75 Z5)E(¢' (15 Zs, X0)). And another application of part (b) for ¢p(y1, ..., Y1, Tio) =
Yst1Yer1 transforms Cov (71 Zy, Ts Zs) to imy oo (AT, R5HY). Similarly, E(¢/ (7575, Xg)) can be
transformed to limy (¢’ (R, 20)) almost surely. This finishes the proof of (d).

3.10 Proof of Corollary 1

First notice that the statement to be proved is equivalent to the following claim. The joint distribution
of (xi(l)"">$§'(6)’x0,1(1)7 s o (), for I(1),...,I(¢) € [N] uniformly random subset of distinct

indices, converges weakly to to the distribution of ()?1, . )A(g, Xo1,--.,Xo0yr). By general theory of
weak convergence, it is therefore sufficient to check Eq. (1.7) for functions of the form

7/)(1‘1, ey Ty Y1, - a?/é) = 1/)1(56‘1,91) o 7/16(33@»9@) ) (338)

for ¢; : R> — R Lipschitz and bounded. This case follows immediately from Theorem 1 once we
notice that

N
1
Ew(q;}(l), .. ,x'}(@,wo,l(l), T p(0) = H (N Z Ys(at, :co,i)) + O(1/N). (3.39)

s=1 i=1

4 Symmetric Case

Let k> 2. Let G = A* + A with A € RV and of A are iid N(0, (2N)™1). Also let f: R — R be
a function almost everywhere differentiable with bounded first derivative. Start with m® m! € RV
where m® = 0 and m' is a fixed deterministic vector in R with Zf\; 1(m1)?*=2 < Ne for a constant
¢, and proceed by the following iteration

R = Gmt — AmiT, (4.1)
m’ = f(n)

where \; = (f'(h?)). Now let 77 = limn_ oo (m1,m1), and define recursively for ¢ > 1,
o = E{[f=Z)*} , (4.2)
with Z ~ N(0, 1).

Theorem 4. Let {A(N)}n be a sequence of matrices A € RN*N indexed by N, with iid entries
Ai; ~ N(0,1/(2N)~Y). Then, for any pseudo-Lipschitz function ¢ : R — R of order at most k and
all t € N, almost surely

fim >0 = E[0(f(2))] (1.3
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Note 3. This theorem was proved by Bolthausen in the case f(x) = tanh(Bz+h) and (m',m') = 72,
for 72 the fized point of the recursion (4.2). The general proof is very similar to the one of Theorem
2, and exploits the same conditioning trick. We omit it to avoid repetitions.

When we are calculating A1, all values h', ..., h! and hence m!, ..., m! are known to us. Denote

the o-algebra generated by all of these random variables by l;. Moreover, use the following compact
formulation for (4.2).

[h2|h3 + )\2m1| . |ht + )\tflmth] _ G[ml\ o |mt71]’

Yio1 M1

The analogous of Lemma 1 is the following.

Lemma 10. Let {A(N)}n be a sequence of sensing matrices as in Theorem 4. Then the following
hold for all t € N

(a)
t—1 ‘ ~ ~
W g, &5 aph™ o Gml + M,_16,(1) (4.4)
i=1

1

where G is an independent copy of G and coefficients o, satisfy mﬂ = Zt 1 a;m’. The matriz

i—
M, is such that its columns form an orthogonal basis for the column space of M, and M;‘Mt =
nl;. Further, 6,(1) € R is a finite dimensional random vector that converges to 0 almost surely
as N — oo.

(b) For any pseudo-Lipschitz function ¢ : Rt — R of order at most k,

lim % Z o(hZ, ..., WY = Elo(n1 21, ..., 1)) (4.5)

where Z1, ..., Zs have N(0, 1) distribution.

(¢) For all 1 < 1,5 < t the following equations hold and all limits exist, are bounded and non-
random.

: r+1 gs+1y &S 1. T S

(d) For all 1 < r;s < t, and for any almost everywhere differentiable function ¢ with bounded
derivative, the following equations hold and all limits exist, are bounded and non-random.

lim ("1 o(h*t)) = Tim (A7 R (¢ (R°H) (4.7)
N—oo N—oo

(e) For £ =k —1, almost surely limy_(hi )% < o0.
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A Proof of two probability lemmas

In this Appendix we provide proofs of two probability lemmas stated in Section 3.6.

A.1 Proof of Lemma 4

Note that by definition of empirical measure, N1 Efi 1 ¥(v;) = Ep, [¢(v)]. The proof uses a trun-
cation technique. For a positive integer B define v by

P(z) |p(x)| < B
Yp(r){ B Y(x) > B
-B  ¢(x)<-B

and write ¢¥(x) = ¥p(z) + ¥p(x). Since p, converges weakly to py, for the bounded continuous
function ¢ p(x),

Jim By, [0 (V)] = Epy [95(V)] (A1)

On the other hand, since 1 is pseudo-Lipschitz with order k we have |(x)| < L(14|z|*) . Therefore
when B > 1, .
Wp()] < L+ |2l ) gy < L+ |2 ez

From this we obtain

Ep, [¢5(V)] — lim sup Do (N) [L(1 + |V|k)]1{|v|k>%,1}]

N—oo

< lim Ninf Ep,on[(V)] <lim sup E;  [$(V)] <
o0 N—o00

EPV W}B(V)] + lim ]\?up Eﬁv(zv) [L(l + |V‘k)ﬂ{\v|k>%}]-

Now, by assumption limpy_, EﬁU(N)(W\k) = E,, ([V|*) we can write |[V|F = |V\kﬂ{‘v|k>B/L,1} +
\V\k]l{mkSB/L_l} and use the weak convergence of p,(n) to py to get

. k _ k

A}Enoo Eﬁu(m [L(1+ [V )H{|V\k§%—1}] =Ep, [L(1 +|V] )H{|V|k§%_1}]-
Therefore
= A}iinooEﬁv(m

= Epy [L(1 + |V|k)]1{vk>§f1}]'

lim sup Ep,  [L(1+ |V\k)ﬂ{‘v|k>%,1}]

N—oo

k
[L(1+[V] )H{|v\k>%71}] =

Hence, all we need to show is that E,,, [L\V|kﬂ{‘v|k>gil}] converges to 0 as B — oo. But this follows
L

using the bounded £™ moment of V' and the dominated convergence theorem, when applied to the
sequence of functions L(1 + ‘V‘k)ﬂ{‘v‘k>B/L_1}| < L(1+|V|*), indexed by B.
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A.2 Proof of Lemma 5

Recall that by Skorokhod’s theorem, there exists a probability space (2, F,P) and a construction of
the random variables {(X,,,Y,)}n>1 and (X,Y") on this space, such that letting

A={we: (Xuw),Ya(w) = (X(),Y ()},

be the event that (X,,Y;,) converges to (X,Y), we have P(A) = 1. Let Cx C R? be the domain on
which F' is continuously differentiable. By Fubini’s theorem Cr has measure 1 under the probability
distribution of (X,Y). Hence if we let

B= {wGQ (X (w),Y(w)) GCF}7
(

we have P(B) = 1. On AN B, we also have F'(X,,(w), Y, (w)) — F/(X(w),Y (w)).
Letting Z,, (w) = F' (X, (w), Yy (w)) (if (X, (w), Y, (w)) € Cpset Z,(w) = 0) and Z(w) = F'(X(w), Y (w)),
we thus proved that

P{ lim Z,(w)=Z(w)} =1.

n—oo

Since |Z,(w)| < C by assumption, the bounded convergence theorem implies E{Z,(w)} — E{Z(w)}
which proves our claim.
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