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Multiple Access Channels with
Arbitrarily Correlated Sources

THOMAS M. COVER, °reLLOW, IEEE, ABBAS EL GAMAL, MEMBER, IEEE, AND MASOUD SALEHI,
MEMBER, IEE

Abstract—Let {(U,V;)}/=, be a source of independent identically
distributed (i.i.d.) discrete random variables with joint probability mass
function p(u,v) and common part w=f(u)=g(v) in the sense of
Witsenhausen, Gacs, and Korner. It is shown that such a source can be
sent with arbitrarily small probability of error over a multiple access
channel (MAC)

{%, X%, %, p(¥]x1, %2)}

with allowed codes {x,(u), x5(v)} if there exist probability mass functions
P(8), p(x1]s5,4), P(x3]s, 0), such that

HUWV)<I(X,;Y|X,,V,S),
HV|U)Y<I(X,:Y|X,,U,S),
HU,V|W)<I(X;, Xy; Y|W, S),
H(U,V)<I(Xy,X3;Y),
where
P(s,u,0,%, %2, ) =p(s)p(u,0)p(x,|u, s)p(x2|0,5)p(¥| %y, X2).

This region includes the multiple access channel region and the Slepian—
Wolf data compression region as special cases.

I. INTRODUCTION

HE MULTIPLE access channel (MAC) p(y|x,, x3)

has a capacity region [1], [2] given by the convex hull
of all (R,, R,) satisfying, for some p(x,, x,)=p(x)p(x;),
the inequalities

R <I(X,;Y|X,),
R, <I(Xp; Y| X)),
R, +R,<I(X,, X, 7). (1)

Suppose now that the source U for X| and V for X, are
correlated according to p(u,v). It follows easily that U
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and V can be sent over the multiple access channel if, for
some p(x,, X,)=p(x;)P(x,),
HU)<I(X;;Y[X3),
H(V)<I(Xp; Y| X,),
HU)+H(V)<I(X,, X,;Y). 2
In this paper, we increase this achievable region in two
ways: 1) the left side will be made smaller!, and 2) the
right side will be made larger by allowing X, and X, to
depend on U and V and thereby increasing the set of mass
distributions p(x,, x,). It will be shown (see Theorem 1

for a precise and more general statement) that U and V
can be sent with arbitrarily small error to Y if

HU|V)<I(X;Y|X,,V),
H(V|U)<I(X2§ Y|X1,U),
H(U,V)<I(X;, X;;Y), 3)

for some p(u, 0, x;, X3, ¥) =p(u, ©)p(x,|U)p(x,]0)
-p(y| x5 x;). This result can be further generalized to
sources (U, V) with a common part W=f(U)=g(V). The
following theorem is proved.

Theorem 1: A source (U,V)~II,p(u;,v;) can be sent
with arbitrarily small probability of error over a multiple
access channel {X,X%,,%, p(y|x,, x,)}, with allowed
codes {x;(u), x,(v)} if there exist probability mass func-
tions p(s), p(x,|s, u), p(x,|s, v), such that

HU|V)<I(X;Y|X,,V,S),

HV|U)<I(X,;Y|X,,U,S),
HU,V|W)<I(X,, X; Y|W,S),

H(U,V)<I(X;, X,; Y), )

where p(s, u, v, X1, x5, y) =p(s)p(u, 0)p(x,|u, s)
'P(levﬂs')P(y'xl’ xz)'

Remark 1: The region described above is convex.
Therefore no time sharing is necessary. The proof of the
convexity is given in Appendix B.

Remark 2: It can be shown that if error-free transmis-
sion is possible, then in order to generate a random code
for error-free transmission, it is enough to consider those
auxiliary random variables S whose cardinality is bounded
above by min{]| X, ||| X, I, | Y II}.

I'This improvement could be obtained from the results of Slepian and
Wolf [3].

0018-9448 /80,/1100-0648%00.75 ©1980 IEEE
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Example for Theorem 1: Consider the transmission of
the correlated sources (U,V') with the joint distribution
p(u,v) given by

U
il 0 1

0 1/3 1/3

1 0 1/3
‘over the multiple access channel defined by

X1 =%, ={0,1}
%Y={0,1,2},
Y=X,+X,.

Here H(U,V)=log 3=1.58 bits. On the other hand, if X,
and X, are independent, '

max I(Y; X, X,)=1.5 bits.

p(x1)p(x2)

Thus H(U,V)>I(Y; X;, X,) for all p(x,)p(x,). Conse-
quently there is no way, even with the use of Slepian—Wolf
data compression on U and V, to use the standard multi-
ple access channel capacity region to send U and V
reliably to Y. However, it is easy to see that with the
choice X, =U, and X, =V, error-free transmission of the
sources over the channel is possible. This example shows
that the separate source and channel coding described
above is not optimal—the partial information that each of
the random variables U and V contains about the other is
destroyed in this separation.

To allow partial cooperation between the two trans-
mitters, we allow our codes to depend statistically on the
source outputs. This induces dependence between code-
words.

We note that, while there are 2"#Y) x| associated with
the typical u and 2"#%") x, associated with the typical o,
there are only 2"#U:V) pairs (x,(u), x,(v)) that are likely
to occur jointly.

Applications of Theorem 1 yield the following known
results as special cases.

Special Cases

a) Slepian and Wolf Data Compression [3]: Let (U,V)
be correlated according to p(u,v). To obtain the data
compression rate region, we set up a noiseless dummy
channel with Y= (X,, X;). Let p(u, v, x|, x,)=
p(u,v)p(x,)p(x,). Then the right side of (3) collapses,
yielding the known rate region
HUW)<I(X;Y|X,,V)=H(X,) (=Ry)
H(V|U)<I(Xp; Y| X, U)=H(X,) (=R,)
H(U,V)<I(X,, X,; Y)=H(X,)+H(X,) (=R;+R,).
(%)
b) Multiple Access Channel (Ahlswede [1], Liao [2]): Let
U and V be independent dummy sources with rates R,
and R,, respectively. Choose p(u, v, x;, y)=
p(u)p(0)p(x)p(x,)p(y|xy, x5). Now both sides of (3)
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simplify to yield achievability of rates (R,, R,) for the
multiple access channel to

HUV)=H(U)=R,<I(X;Y|X,),
HV|U)=H(V)=R,<I(X;; Y|X,),
H(U,V)=H(U)+H(V)=R,+R,<I(X,, X,;Y).(6)

¢) Cooperative Multiple Access Channel Capacity: If both
X, and X, have access to the same source, we can find the
cooperative capacity for the multiple access channel
r(y|x;, x,) as follows. Let U be a dummy source with
rate R, and let W=V=U. Choose p(u,s,x,,x,, y)=
p()p(s)p(x,|s)p(x;15)p(yix,, x,). Eliminating the triv-
ial inequalities, we then have the achievability of rate R if

R<I(X,, X,;Y), ©)

for some joint probability mass function p(x,, x,).

d) The Correlated Source Multiple Access Channel Capac-
ity Region of Slepian and Wolf [4]: Following Slepian and
Wolf [4] for the multiple access channel p(y|x,, x,), sup-
pose that x, sees a source of rate R,, x, sees a source of
rate R,, and in addition, both x, and x, see a common
source of rate R,. All three sources are independent.

To obtain the desired region, let U, V', W be indepen-
dent dummy random variables with R, =H(U"), R, =
H(V"), Ry=H(W). Let U=, W) and V=(",W).
Choose p(u, v, 5, X1, X5, ) =p(u)p()p(W)p(s)p(x,|5)
p(x,19)p(¥ | x5 x5), Where u= (', w), v=_(v’,w). We then
have achievability of (R, R;, R;,) if

HUV)=H(U)=R,<I(X;Y|X;, S),
H(V|U)=H(V)=R,<I(X,;Y|X,,S),
HU,V|W)=HU)+H(V")
=R, +R,<I(X,, X,; Y|S),
H(U,V)=H(U)+H(V')+H(W)

=Ry+R,+R,<I(X,, X,;Y). ®)

Theorem 1 shows that the multiple access channel
capacity region and the Slepian and Wolf data compres-
sion region are special cases of a single theorem. Also,
muitiple source compression and multiple access channel
coding do not seem to factor into separate source and
channel coding problems. The work of Slepian and Wolf
on correlated sources with common rate R, and condi-
tionally independent rates R, and R, can be generalized
to sources with common rate R, and conditionally depen-
dent sources. Finally, as shown in Theorem 1, the depen-
dence of U and V can be used to create the appearance of
cooperation in the channel coding, even if U and V do not
have a common part.

In the next section we shall give a formal definition of
the problem and outline the proof for the simple achieva-
bility in (3). The proof of Theorem 1 is given in Section
III. An expression for source-channel capacity is given in
Section IV but does not satisfy the “single-letter” condi-
tions that we seek.
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II. DEFINITION OF THE PROBLEM

Assume we have two. information sources U, U,,- -
and V|, ¥,, -+ generated by repeated independent draw-
ings of a pair of discrete random variables U and V from
a given bivariate distribution p(u, v). We shall require the
following notion of the common part of two random
variables.

Definition: The common part W of two random varia-
bles U and V is defined by finding the maximum integer k
such that there exist functions fand g

f:UA-{1,2,---,k}
g: V={1,2,---, k}

with P{f(U)=i}>0, P{g(V)=i}>0, i=1,2,---,k, such
that f(U)=g(V') with probability one and then defining
W=£fU) (=gV)).

With this definition, it is obvious that the observers of
U and V can agree on the value of W with probability
one. Note that any pair of sources (U,¥’) has a trivial
common part f(U)=g(V)=1. Here k=1 in the construc-
tion that follows the definition. We shall say that U and V'
have a common part only if k > 2.

Also, it can be shown [7] that the common part of
sequence. (U, V;) iid.~p(u,v) is the sequence of the
common parts W,. The concept of the common part of
two random variables will be used in Section III.

We now define the communication problem over the
multiple access channel in Fig. 1. This includes the defini-
tion of block codes for sources, the definition of probabil-
ity of error, and the definition of reliable transmission of
sources over the channel.

A block code for the channel consists of an integer n,
two encoding functions ‘

xp:AU"SXT,
x5 —>(.’)€5'
assigning codewords to the source outputs, and a decoding
Sfunction
‘ dr: Y 5" xYn, 9
The probability of error is given by
P,=P{(U",V™)#d"(Y")}
= 2 p(u"0")

(u,0)EU" XV"
-P{d"(Y")#(u",0")|(U",V")=(u",v")}. (10)

where the joint probability mass function is given, for a
code assignment {x,(u") xz(v”)} by

p(u v, y)_ Hp(ul’v)p(yllxll(u ) x21(v )) (11)
i=1
Definition: The source (U, V)~Ilp(u;, v;) can be relia-
bly transmitted over the multiple access channel (%X, X
X, %Y, p(y|xy, x,)) if there exists a sequence of block
codes {x[(u"), x3(v")}, d"( y") such that

P,=P{d™(Y")#*(U",V")}-0.
The notions of jointly e-typical sequences and the asymp-
totic equipartition property as defined in [5] and [6] will
be used throughout this paper. '
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Fig. 1. Multiple access channel with arbitrarily correlated sources.
Since the proof of Theorem 1, given in the next section,
is rather long and technical we shall outline here a proof
of the simpler case in which U and ¥ have no common
part. In this case, we must show that U and V can be
reliably sent to Y if, for p(u, v)p(x,|u)p(x,|0)p(¥|x1, X5,
HUV)<I(X;;Y|X,,V),
HV|U)<I(Xy; Y|X,,U),
HU,V)<I(X,, X;;Y). (12)
The proof will employ random coding. We first describe
the random code generation and encoding—decoding
schemes and then analyze the probability of error.
Generating Random Codes: Fix p(x,|u) and p(x,|v);
for each uQ " generate one x, sequence drawn according
to I, p(x,;|u;) and for each vEY" generate one x,
sequence drawn according to II7_,p(x,|v;). Call these
sequences x;(#) and x,(v), respectlvely
Encoding: Transmitter 1, upon observing u at the out-
put of source 1, transmits x,(#), and transmitter 2, after
observing v at the output of source 2, transmits x,(v).
Assume the maps x,(-), x,(-) are known to the receiver.
Decoding: Upon receiving y, the decoder finds the only
(u, v) pair such that (u, v, x,(u), x,(v), y) EA,, where 4,
is the set of jointly e-typical sequences. If there is no such
(u, v) pair, or there exists more than one such pair, the
decoder declares an error. A helpful picture is given in
Fig. 2.
Error: Suppose (ugy, vy) is the source output. Then an
error is made if
1) (ug, vy, xy(#p), X(vp), ¥)EA,,
or
it) There exists some (u,v)7(uy,vy) such that
(u,0, x,(0), x,(v), p) EA,.
Then the probability of error P, can be bounded as:

P, =P((Up, %, X(lp), X,(¥,), Y ) €A}
+P{3(u, v)#(Uo,V{)) (u,v, X,(u), Xz(v) Y)EA,,
(Up,¥p) EA, }

<et 2 P(“o,vo)
(ug,v0)EA,
2 P{(u,v,Xl(u),X2(v),Y)EA<|(u0,vo)}
uFEung,
v=1vg
2 plug,v) X P(-)
(ug,v0)EA, u=ugy,
vFEVg
+ 2 p(uy, o) 2 P{-}
(g, 0g)EA, u*ug,
vF Vg

L e+ QMHUI)+e) —n(I(X;3 Y| Xy, V) —¢€)
+ 2P HV U +€)g —n(I(X; Y[ X, U)—¢€)
4 QnHW,V)y —n(I(X1, X33 Y)—¢)

(13)

Consequently P, —0 if the conditions in (12) are satisfied.
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Codewords generated by typical v's.

i

X Xly) %) . KZ(XMZ)
X + v '
. )
X_] (u_] ) L
Codewords o e o
generated X (UZ) " *
by typical . o o
u's.
N 3 [ 4
X (UM]) .

Fig. 2. Picture of joint typicality for multiple access channel. Dots
correspond to jointly typical (X;, X,) pairs. Note that only
27 HUV)(x (), x,(v)) pairs are likely to occur.

III. PROOF OF THEOREM 1

The encoding and decoding schemes for Theorem 1 will
be described; then the probability of error will be analyzed.

Generation of Random Codes: Fix the probability mass
functions p(s), p(x,|s, u), p(x,|s, v).

i) For each we", independently generate one s
sequence according to II7., p(s;). Index them by s(w),
we",

ii) For each u€?" find the corresponding w=f(u)
=(f(uy),"*, f(u,)) and independently generate one x,
sequence according to II[_, p(x;|u;, s;(w)). Index the x,
sequences by x,(u|s( f(u))) or for simplicity by x,(u|s),
uEU", s€5”, where u and s are such that s=s( f(«)), as
generated in 1i). The same procedure, using
2 p(x,;|v;, 5;(w)), is repeated for the v sequences. These
sequences are indexed by x,(v|s(g(v))) or for simplicity
by x,(v|s), vEV”, sES”, where v and s are such that
s=s(g(v)).

Encoding: Upon observing the output u of the source,
transmitter 1 finds s( f(#)) and sends x,(u|s). Similarly,
transmitter 2 sends x,(v|s), where s=s(g(v)).

Note that every #€" and every v&V" is mapped into
a codeword in X7 and Xj, respectively. However, with
high probability only 2"#-¥) codeword pairs (x,, x,) can
simultaneously occur. This fact is crucial in the proof of
achievability.

Decoding: Upon observing the received sequence yp, the
decoder declares (#,6) to be the transmitted source se-
quence pair if (i, 6) is the unique pair (u, v) such that

(u,0,w,5(w), x\(uls), x,(v|s), y) EA,,

where w=f(u).
Error: Suppose (uy,v,) was the source output pair,
then an error is made if
) (g, v, Wy, s(wp), x,(up|s), x(v5]5), Y)EA,,
or
i) ‘there exists some (u, v)7#(u,, vy) such that
(u’ o, W, s(w), xl(”ls)’ xz(”|s), y)EAz'

Analysis of the Probability of Error: Letting A, denote
the appropriate set of jointly e-typical sequences (see [5]
and [6]), we have
PR= 2

(u,0)EWU* XV

p(u, v)P{error made at decoder |(u, v)

is the output of the source}, (14)
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or

P,< ¥ p(u,v)P{error made at decoder |(u, v)

(4, v)EA,

is the output of the source}+ >,
(e, v,w)€EA,

p(u,v).

(15)
From the asymptotic equipartition property (AEP), for
sufficiently large n,

B< X

(u,v,w)EA,

p(u, v)P{error made at decoder |(u, v)

is the output of the source} +e¢. (16)

Now we show that as long as (u, v, w)EA_, there exists
an upper bound independent of (u, v) for the terms in the
summation. To show this, we assume that (#,, vy, W) EA,
and let B denote the event that this special triple is the
output of the source. We are interested in an upper bound
for P{error made at decoder|B}.

The event E that an error is made at decoder is the
union of two events E, and E,,

E=E,UE,, (17)

where
E,: the event that
X,(0]8), Y) €A,
E,: the event that there exists some (&, v)¥(ugy,v,)
such that

(u,0,w, S(w), X,(u]|S), X,(v|S),Y)EA,.

Note: Since we have generated our code randomly and
we are averaging the probability of error over all coding
schemes generated this way, S, X,, X,, and Y are the only
random variables in the event E.

It follows from the AEP that n can be chosen large
enough such that

(ug, vy, Wy, Sp, X,(u]Sp),

P{E||B}<e, (18)
and therefore by the union bound
P{E|®} <P{E,|B}+e. (19)

Using (16) and (19) and the definition of the event E we
have

P, <P{E,|®)+2e. (20)
We decompose the event E, into
Ey=E; UEy UEyUEyUE;, 21

where
E,,: the event that there exists a u5u, such that

(u, 09, wo, Sp, Xi(u]So), X5(v5|8p), Y)EA,;
the event that there exists a v#uv, such that
(805 0, W9, So» X (u0|.Sp), X5(0]8,), Y ) EA,;

the event that there exists a u#u, and a v¥#v,
such that

E,,:

E,;:

Sfu)=g(v)=w,
and
(u,0,mwy, Sp, X,(u]Sp), X5(v|S), Y) EA4,.
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E,,: the event that there exists a u#u, and a v,
such that
w=f(u)=g(v)#w,,  S(f(4))#S
and
(u,0,w,S(w), X;(u|S), X;(v|s),Y)EA,;
: the event that there exists a uu, and a vy,
such that

w=f(u)=g(v)7w,,  S(flu))=5,
and
(u,0,w,S(w), X,(u|S), X,(v|s),Y)€EA,.
By the union bound, we have

P(E,|8) < S P(E,|B).

i=1

Now it remains to bound P{E,,|®} for i=1,2,3,4,5.
Bound for P{E,,|®}: We have

P{E,|B}=P{3uruy: (u,v,, wo,‘SO, X, (ulS,),
X,(0]8), Y)EA|B}. (23)

(22)

Therefore,

P{E21|%} = >
uFug:
(ll, Vo, W0)€A<

P{(u, vy, Wy, So, X;(]Sp),

X,(0o]8,), Y)EA|B}. (24)
From Appendix A (A13) we have for (u, vy, w)) EA,,
P{(u, vy, Wy, So> X,(#]Sp), Xp(09|Sp)s Y) EAJ%}
<2—n[l(X1;Y|X2,V,S)—8c]'

(25)

Notice that this bound is independent of u as long as
(u, vy) EA,. Substituting (25) into (24), we have
P{E,|B}< X

uF=ugy:
(u,v9, W) EA,

2—-n[I(X|; Y|X,,V, S)—Se], (26)

or
P{E,|B) <2~ "UXuYIX, V. )=8L 1 Ly (w, vy, wy) €A},
(27)
but typicality yields
|| {u: (u, vy, wy) EA }|| <2"HEWI-WI*2e] - (28)

From (27) and (28) and using the fact that H(U |V, W)=
H(U|V), we have

P{E21|6J3,} L PHMHUIVY—I(X,; Y| X3, V, §)+10¢] (29)
Thus if
HU|V)<I(X;;Y|X,,V,S)—10¢, (30)
then for large enough n, we have
P{E,||D} <e. @31

Bound for P{E,,|®}: This case is parallel to the previ-
ous case and it can be shown similarly that if

H(V|U)<I(X,;Y|X,,U, S)—10¢, (32)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. IT-26, NO. 6, NOVEMBER 1980

then by choosing » sufficiently large, we have

P{E,|®) <e. (33)

Bound for P{E,;|%}: Here we have
P(Ey;|B}=P{Ius#u,, v7vy: f(u)=g(v)=w, and
(u, 0wy, 85, X,(u|S,), x2(v]5,), Y)EA|B}. (34)
Therefore,

P{Ey|B}= >

uFHgy, ¥ 09
(u,v,wy)EA,

P{(u, v, wp, So, X,(4|Sp),

Xz(”|So),,Y) €4 |B} (35)
Again, note that u, v, and w, are fixed and S, X;, X,, and
Y are random variables. Using Appendix A (A17) we have
P{(u,0,mwy, Sy, X)(#|S), Xy(v]|S), Y) €A, |B}

< 2 nlIX X YW, 8)—8e]

(36)
Substituting this bound into (35), and noting that this
bound is independent of (u, v), we have :

P{EnB)< X

uFHg, V¥V
(u,v,wy)EA,

2—n[I(X1,X2; Y|\W, S)—8<], (37)

or
P{Ezsl%} < 2—n[1(Xl,X2; Y|W, S)—8¢]

{(u,v): (u,0,m) EA,, u7u,, v¥#v,}]l. (38)
On the other hand, we have
{(u,0): (u,0,w) EA,, u#uy, v¥0,} ‘
c{(u,v): (u,0,m)€4,}, (39)
and |
{(u,0): (u,0,wy) EA}|| <2"HTVIM*+2el - (40)
Using (38)—(40), we obtain
P{E,,|B) < 2MHEVIW)—10X, Xa; YIW,$)+10c1 (47)
Thus if
H(U,V,W)<I(X,, X,;Y|W,S)—10¢, (42)
then by choosing » large enough, we can make
P{Ey|B} <e. (43)

Bound for P{E,|%)}: Recall from the definition of E,,
that '

P{E,,|B} =P{Jurugy, v#v,:

w=f(u)=g(v) 7wy, S(f(u))#S, and

(u,0,w,S(w), S(f(u)), X,(u|S), X,(v|S),Y)EA,|B},
(44)

from which we have

P{E,|%®}= >

UFUg, VFVg:
(u, 0, w)EA,, wkwq

(u,0,w,S(w), X,(u|S), X,(0|S),Y)EA|B}. (45)

P{S(w)+#S, and
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But, by the chain rule,
P{S(w)#S, and (u,v,w, S(w),
X(u]S), X;(v]S), Y)EAJ%}
=P{S(w)#S,| B} P{(u,v,w,S(w), X,(u|S),
X,(v|S), Y)EAJS(W)#SO,%}. (46)
Therefore
P{S(w)#S, and (u,v,w, S(w),
X,(u|S), X,(v|S),Y)E4,|B}
<P{(u,v,w,S(w),
X, (u]S), X,(v|S),Y)EA|S(W)#S,, B} .
(47)
But
P{(u,v,w, S(w),
X,(4|S), Xy(0|S), ¥) €A |S(w) Sy, B}

= > P{(u,0,w,s,
s eS”

X(u]s"), X,(v|s"), Y)EA |8, #5', B} P{S(w)=5'|B)
= > P{(u,0,w,s,

s’'EA4,
X,(uls’), X,(v|s"), Y)EA,|S, #5', B} P{S(w)=5'|B},
(48)
where the last equality follows from the fact that for
s'EA,,
P{(u,0,mw,s", X,(u]s'), Xy(v|s"), Y)EA,|S,#s', B} =0.
From Appendix A (A20) for s'€A4_, we have

P{(u,v,w, 5", X (uls), X,(v|s"), Y)EA,|Sy#s", B)
<QnUKLXE =8 (49)
Therefore
P{(u,v,w, S(w),
X,(u[S), X,(v]S), Y) €A, |S(w)# S, B}

< 2 2—n[I(Xl,XZ;Y)—Sc]2-n[H(S)+<]- (50)

s'EA,

Using the fact that

I{s": s’ €A }|| < 2"HS+el, (51)
we have
P{(u,v,w,S(w),
X,(u|S), X,(v]|S),Y)EA|S(w)#S,, B}
<2l Xai =8l (52)

Substituting this result into (46) and then into (49) we
have
P{E,|B} < >

uFug, ©¥0vg
(,0,w)EA,, wEwy

2 —nlI(X), X35 ¥)—8¢] (53)
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or
P{Ey| B} <27 "X X D)=l 1 {(y v): (u,0) €A},
(54)
but
1{(u, 0): (u,0) €4} <2"HCII+a (55)
Hence
P{E24|%} < QRLHWU, V)= I(X), X33 Y) +9€] (56)
From this inequality it follows that if
H(U,V)<I(X;, X,;Y)—9¢, (57)
then we can choose 7 sufficiently large that
P{E, |®} <e. (58)

Bound for P{E,s|%®}: Recall from the definition of E,;
that

P{E,s|%} = P{Jur#u,, v#0,:
w=f(u)=g(v)#wy, S(w)=Sp,
(#,0,w,8(w), X,(u|S), X,(v|S),Y)EA|B}.
(59)

- Here, as in the previous cases, we can write,

P(Ey|B}= >
uFugy, vFvg:
(u,v,w)EA(,ws&wo
(u,0,w,S(w), X,(u]|S), X,(v|s),Y)€A4,|B}, (60)
but by the chain rule we have
P{S(w)=5, and (u,v,w, S(w), X,(u|S),
X;(0]8), V) €A |B} =P{S(w)=5,|D)}
P{(u,v,w,S(w), X,(u|S),
X,(0]S), V) €4,IS(w)=S;, B).

P{S(w)=S,and

(61)
It can be easily seen that
P{S(w)=5,|B}P{(u,v,w,S(w), X,(u|S),
Xy (0]S), V) €A |S(w)=S$,, B}
= SIES"P{S(W)=s’|%}P{SO =5'|B}
P{(u,v,w,s', X,(u]s'), X,(v|s'),Y)EA|S =5, B},
(62)

but since s’ €4, we have
P{(u,v,w,s’, X (u|s"), X,(v|s’),Y)EA|S,=s",B}=0.

(63)
Therefore, using this and (60)—(62), we have
P{Ey|®}= 2 2 P{S(w)=s|%)
uFEUy, V0! s'is'EA,
(u,0,w)EA,, w¥kw,
P(S,=5'|B} P55 (64)
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where

Pj;=P{(u,v,w,s’,

X,(u]s"), X,(v|s"),Y)EA,|Sy=5",B}. (65)
By using Appendix A (A23), we can bound P;5 by
Py < 2 —l(X1, X35 Y| S)—8e] (66)
On the other hand for s’ €4, we have
P{S(w)=s'|B} <2~ "HE) <], 67)
and
P(Sy=5'|B} <27 HE) <], (68)
Substituting this result in (64), we have
P{E»|B} < > > 27nRH®)2
uny, v750g: s':8'€EA4,
(u,0,w)EA,, wHkwy
. —rlH(X,, X5 Y|S)—8e] (69)
or
P{Ezsl%} <2—n[I(Xl,Xz; Y|S)+2H(S)—10¢]
N{(u,0): (0, 0) €A} |I{s": s' €A} (70)
Substituting ‘
{(#,v): (u,0)EA}|| <2MHT I+l (71)
([{s": 5" €A }| < 2"HS)+el, (72)
into (70), we have
P{E,s|B} < QAHWU. V)= (X, X33 Y|S)~ H(S)+ 12¢] (73)
This shows that if
HU,V)<I(X,, X; Y|S)+ H(S)— 12¢, (74)
then by choosing a sufficiently large n
P{E);|B} <e. (75)

Now we prove that inequality (57) dominates inequality
(74), thus establishing the redundancy of condition (74).
Expand the right side of (74):

I(X,, X,;Y|S)+H(S)—12¢
=H(Y|S)+H(S)-H(Y|X,,X,,S)—12¢

CBH(Y, S)—-H(Y|X;, X,)—12¢

>H(Y)-H(Y|X,, X,)—12¢

=I1(X,,X,;Y)—12¢, (76)

where in step (D, we have used the fact that S and Y are
independent given (X, X,). Using the fact that € is arbi-
trary, this shows that if (57) is satisfied, then (74) is also
satisfied.

The bounds on P{E,;|®} for i=1,2,3,4,5 show that if
conditions (30), (32), (42), and (57) are satisfied, we will
have (see (22)),

P{E,|®} <5e. )
Finally from (20) we see that
P <7e, (78)

if the conditions of Theorem 1 are satisfied. This com-
pletes the proof of Theorem 1.

1IV. AN UNCOMPUTABLE EXPRESSION FOR THE
CArAcCITY REGION

The previous theorem develops so-called single letter
characterizations of an achievable rate region for corre-
lated sources sent over a multiple access channel. This
region is computable in the sense that it can be calculated
to any desired accuracy in finite time. The following
theorem exhibits the capacity region but does not lead to
a finite computation.

Theorem 2 (Capacity Region): The correlated sources
(U,V) can be communicated reliably over the discrete
memoryless multiple access channel (%, X
X5, %, p(y|x,, x;)) if and only if

(H(U!V)’ H(VlU)’ H(U’V))E G Cka
k=1

where

1
Ci={(Ry, Ry, Ry): R1<EI(X1’(5 YU, X7)

R2<%I(X2";Y"|V", XF)

Ry< I(XF, XE; V%)
(79)
for some

k k
.I_IIP(“.', Ui)P(xkl”k)P(xk'vk) .I__-[lp(yilxli’ x2i)}'

Remark 1: 1t is easily seen that C, CC,, CC; C -+ .
In fact, C,,,2(m/(m+n))C,uU(n/(m+n))C,, for all
m, n. Also, the sets C, are uniformly bounded above.
Thus, from Gallager [1, Appendix 4A}, U ,C.=
lim, , C,. ‘

Remark 2: The existence of C=lim,_, C, suggests that
C is computable. However, there are no evident bounds
on the computation error, so, while we know C2C,, we
do not have an upper bound C,, CC C,, and hence do not
know when C has been defined to sufficient accuracy to
terminate the computation.

Proof of Theorem 2:

1) Achievability: Reliable transmission for H in C,
follows immediately from Theorem 1 if we replace
the channel by its kth extension.

2) Converse: Given the two correlated sources

(U, V)~ .I_IIP(V;" vi)

and a code book
C={(x,(u), x,(v)): uEWU", vEV "},

we construct the empirical probability mass func-
tion on the set W "X V"X KX K7 X Y" defined
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E} (p(u;,0)p(x)|0)p(x,|v)

P("’”’xlﬁxz’ y)=

H r(yilxy, x21) (80)

i=1

Now, applying Fano’s inequality, we obtain
(1/n)H(U,V|Y)<P,(1/n) log|U" XV"*||+1/n
=P,(log||U || +log|[V ) +1/n =X,
@1

where ||U|| and ||V|| are the respective alphabet
sizes (assumed finite) of U and V. Thus if P,—0,
A, must converge to zero. Standard inequalities
yield

) (I/n)HUV)=HU|V)
=(1/n)HUV, X,)
=(1/n)I(U; Y|V, X,)
+(1/n)H(U|V,Y, X;)
<(1/n)I(X;; Y|V, X,)+A,,.

(82)
Similarly,
i) HWV|U)<(/n)I(X,; YU, X;)+A,. (83)
Finally,
i) H(U,V)<Q/n)I(U,V;Y)+A,
<(1/n)I(X,, X;;Y)+A,. (84)

Now, if (U,V) is to be transmitted reliably, then
A,—0 as n—>oo. It follows from (82), (83), and
(84), that

(H(U|V),HV|U), HU,V))€E lim C,,
n—>Q
which proves the converse.

Finally, for m correlated sources, we have the following
result.

Theorem 3: The correlated sources (U, U}, --,U,,} can

be communicated reliably over the MAC (%,X%,

- X%, %, p(y]x;, X557+ -, x,,)) if and only if there
exists some k such that

H(U(S)|U(S°)) <(1/k)I(X(S); Y| X(S°),U(S*)),
(85)
for all subsets SC{1,2,---, m}.

In Theorem 2, as well as in the previous sections, we
assumed that the observed number of source symbols per
unit time was equal to the number of channel transmis-
sions per unit time.

We now generalize the problem to allow the observa-
tion of R source symbols per channel transmission.
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Theorem 4: The correlated sources {(U,V;)};=,, arriv-
ing at the channel at the rate R symbols per channel use,
can be communicated reliably over the discrete memory-
less multiple access channel if and only if

(HU|V), HV|U), HU,V))e U C,,

n=1
where
C,={(R\,R,, Ry): R1<L RJ I(X7; Y™, UR X
— (X y", vinRl x
<[ " )
1
R, <——I X!, X};Y"
3 I_nRJ ( 1 2 )
(86)
for some
[Rn] n
I P, v)p (%7 (@ =) p(x3(01%")) Hlp(y,-lxm x3:)}-
i=1 i=
(87)

Proof: The proof follows easily from that of Theorem
2 by choosing a sequence of integers p,,q; such that
2;/9;—R and breaking the (U, V) sequences into blocks
of superletters of length p; and breaking the X sequence
into blocks of superletters of length ¢,.

APPENDIX A

In this appendix, we shall bound
P{(u,0,w,S(w), Xi(4|S), X,(v]S),Y)EA,|B},

under the various assumptions of independence on u, v, w, s, X,
X,, and Y that arise in the proof of Theorem 1. Recall that
(ug, v, wy) EA,, where A, denotes the set of all jointly typical
(u, v, w) sequences, and B denotes the event that this particular
(ug; vg) is the output of the source. Our bound will hold uni-
formly for each (uq, vy) EA,.

First we prove a lemma Wthh is used repeatedly in the proof.

Lemma: Let (Z,,2,,2Z5,2Z4,2Zs) be random variables with
joint distribution p(z,, z,, 23, 24, z5). Fix (z,,2,)EA4,, and let
Z;,Z,, Zs be drawn according to

P(Zy=1z;5,Zs=124, Zs=125|21,2,)

n

H p(ZBIIZIHz2t)p(z4l|231’zZl)p(ZSIIZSHzh)

i=1

(A1)

In other words Z, depends only on Z, Z,; Z, depends only on
Z,,Z,; and Zs depends only on Z,, Z,. Then
P{(21,22, 25,24, Z5)EA,}
< 2“"[1(21; Z41Zy, Z3)+H(Zs; ZZ,Z4|Z,,23)—8<]‘ (A2)
Proof: Since (z;,2,)EA,, we have
P{(zl:z2’23’z4’ZS)EAe}
= 2

(23524525)°
(21,22,23,24,25)EA4,

P{(Z3,Z4,Zs)=(z3,z4,z5)|z1,z2}.

(A3)
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But from (Al)
P{(2Z5,24,2Z5)=(23,%24,25)|21,22}
=P{Zg=z3|z1,z2}-P{Z4=z4|z3,z2}-P{Zs=z5|z3,z1}, (A9

and since (24,22, 23> 24 Zs) E4,, we have from the AEP

P(Zy=3la1, 2y} <27MHEIZLZDR (AS)
P{Z4=Z4IZ3,Z2} <2""[H(Z4|23»Zz)+2€], (A6)
P{Zs=z5|z3,z1} <2—n[11(25|23,z,)+2¢], (A7)

Using (AS5)-(A7) and the bound on the cardinality of the set
{(23,24,25): (21,22,23524,25) EA ), WE have
P{(z11z2723’24,ZS)EA<} <2n[H(Z3,Z4,25121,22)—-211
’ ()= nlH(Z3|Zy, Z2)+2€] ) —nl H(Za| Z3, Z2)+ 261 3~ nl H(Zs| Z3, Z)+ 2¢]
(A3
Substituting
H(Z,, 24, Z5\Zy, 2,)=H(Z,|Z,, Z,)+ H(Z4| 24, 23, Zy)
+H(Z5|2,,Z,,2Z5,Zs) (A9)
into (A8) we have
P{(2),22, 23,24, Z5) €A}
< 2—"[1(24; Z,]1Z,,Z3)+ K(Zs; Z;,Z.IZ;,Z;)—Sc]. (AIO)
This completes the proof. .
Now we bound P{(u,v, f(u), S(f(u)), X)(u|S), X)(v|S),Y)

€49} in different cases. Note that in all cases we are assum-
ing (#, v, w)EA,. We now consider specific conditions.

1) us=ugy, v=vy (therefore w=wy, $S=5p).

Here u, v, w, are fixed and S, X,(u|Sy), X5(v|Sp), Y are
random variables. We use Lemma 1 with Z,=(V;, wy), z,=wu,
Z,=5,, Z,=X\(u|So), Zs=(X3(v9|S),Y). Note that the as-
sumption of the lemma on the conditional distribution of
Z,, Z,, Zs given z,,2, are satisfied. In (A10), we have

I(Z4; 20|25, Z,)=1(X; V,W]|U, S)
=H(X1|U, S)—H(XllU,V,W, S)
=H(X,|U, S)— H(X,|U, §)=0, (All)

where the last step follows from the fact that X, and (V, W) are
conditionally independent given (U, S).
We also have

KZs;Z,,Z4|Z,, Z3)=1(X,,Y; U, X||V.W,S)

(BI(XZ,Y; U, Xx,|V,S)

=H(X,,Y|V,S)—H(X,,Y|U,V,X,,S)

@=)H(X2|V,S)+H(Y|X2,V,S)
—H(X,|U,V, X,,S)—-H(Y|X), X5)

g11()(2|V,S)+fI(Y‘X2,V,S)
—H(X,|V,S)~H(Y|X), X5)

© H(Y|X,, v, )~ H(Y | X0, X2, V', S)

=I(Y;X1|X2’V,S)y (A12)
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where each equality is justified by the following reasoning:

1) because W is a deterministic function of V;

2) from the chain rule for conditional entropy and the fact
that Y and (U,V, §) are conditionally independent given
(X1 X,);

3) from the fact that X, and (U, X;) are conditionally inde-
pendent given (V, S);

4) from the fact that Y and (V, S) are conditionally indepen-
dent given (X, X,).

From (A10)-(A12) it follows that
P{("’ %o, WO»SO’ Xl(ulso)’ XZ(DOISO)’ Y)EAcI%}

< 2—n[7(Y; XlIXz,V,S)—&]. (Al3)

2) v7vy, u=u, (therefore w=wy, S=55).

Again we assume (#g, v, wy) €A.. This case is similar to case
(A1), and we obtain

P{(U, 4o, WO’SO’ Xl("o|so)’ XZ(viso)a Y)EAel%}

< 2—n[I(Y; X,1X,,U, S)—Sz]. (A14)

3) utugy, v<vy but w=wy (hence S=35;).

As usual we are assuming (#, v, wp) €EA,. Here u, v, w, are
fixed and Sy, X;(#|S), X2(v|S), and ¥ are random variables.
We apply the lemma with z;=wy, 2, =(u,v), Z3=5y, Z4=
(X1 (#)S5), X5(v|Sp))s Zs =Y. Again, with- this choice, the condi-
tions of the lemma on the joint distribution function of Z;, Z,, Z;
given z,, 7, are satisfied, and we can apply inequality (A10). We
have '

1(24; ZI,ZZ’ Z3)=I(X1, Xz; WlU, V, S)=0,
because W is a deterministic function of U and V. Also
I(Zs; Z2, Z4|Zl, Z3)=I(Y; U, V, X], X2|W, S)

(A15)

9H(Y|W, S)—H(Y|X,, X, W, S)

=I(Y; Xy, X,|W, S), (A16)

where @ follows from the conditional independence of ¥ and
(U,V) given (X}, X,). From (A10), (A15), and (A16) it follows
that

P{("a v, W, Sp, X (#]50), X5(0[Sp), Y) EAJ%}

< 2—n[I(X|,X2; Y|W,S)—8¢]' (A17)

4) u*uy, vEvy, WHEW, So 78’

Here u, v, w, s’ are fixed, X;, X,, and Y are random variables,
and we wish to bound P{(w,v,w,s’, X|(u|s’), X(v|s’),Y)E
A S7~s’, B). It is assumed that (u,v,w)EA, and s'E€4,.
Therefore by the independence of S from U, V, W it follows that
(u,v,w,s)EA,. In the lemma, let

z1=g’ Zz=(", U’ W, sl),
Z,=(X(uls"), Xo(v|s"),
From the lemma, we have
I(Z4; Z\| 25, Z3)=1(X,, X,:8\U,V,W,8)=0 (AlB)

Z3=g,
Zs= Y.

and
I(ZS; ZZ’ Z4|Zl’ 23)=I(Y; U’ V’ W, S, le X2)=I(Y; Xl;Xz)-
(A19)
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Hence
P{(u,v,w,s’, X\(u|s"), X,(v|s"), Y)EA|S,+s', B}
< 2 —nli(X,, X3; Y)—8¢]

(A20)

5) utuy, v£vg, wEWy, So=s5".

Hefe, as in (A4), (u, v, w, s')EA, are fixed and X|, X;, and ¥
are random variables, and we wish to bound
P{(u,v,w,s', X|(u|s"), Xy(v|s), Y)EA|S=+, B}.
In the lemma, set
Z,=9,
Z,=Y,

=(u,v,w,s’),
Z,=(Xi(uls"), X5(v|s"),
thus obtaining
I(24; 2| Z,, Z3)=I(X,, X3; S|U,V,W,8)=0 (A21)

7.1=S’,

and
I(Zs; Zz, Z4|Zl’ Z3)=I(Y; U,V,W, S,XI,X2|S)

Q H(v1$)-H(Y|X,, X5, 5)

where step @ follows from the conditional independence of Y
and (U, V, W) given (X;, X,). Again, from the lemma, we obtain

the bound
P{(u,v,w,s', Xi(v|s"), X5(v|s"), Y)EA|S=5', B}
< 27Xy, X33 Y1 S)—8e]

(A23)

APPENDIX B
PrROOF OF CONVEXITY IN THEOREM 1

Let pi(s)pi(xi|u, s)p\(x;3|v, s) and py(s)pa(x,fu, s)
-py(x3|v,5) be two arbitrary conditional mass functions on
SX X, xX%,. To show convexity, it suffices to show that for any
a €][0,1], there exists a conditional mass function
P(s)p(x,|u,s)p(x2|v, ") such that
aIl(X]; YIXz, V, S)+(1 —a)Iz(Xl; YIXz, V, S)

< I(Xl; YIXZ, Vs S’)y (Bl)
aIl(Xz; YIX],U, S)+(1—a)12(X2; Yle, U, S)
<I(X;;Y|X,,U,S"), (B2)
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and
aIl(Xl,Xz; Y)+(1_a)12(X1,X2; Y) <I(X1,X2; Y), (B3)

where the subscripts on the I refer to the conditional mass
function used.

Define the independent random variable T, taking the value 1
with probability a and 2 with probability 1—a. let $'=(S,T)
and observe that

B =I(X,;Y|X,,V,S"),
(B2)=1(X2; YIXD U9 S’)3

and
B)=I(X, X; Y |T)<I(X,,X,;Y),

thus establishing convexity.
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