THE MODULI SPACE OF CURVES, DOUBLE HURWITZ NUMBERS,
AND FABER’S INTERSECTION NUMBER CONJECTURE

I. P. GOULDEN, D. M. JACKSON AND R. VAKIL

ABSTRACT. We define the dimension 2g — 1 Faber-Hurwitz Chow/homology classes on the moduli
space of curves, parametrizing curves expressible as branched covers of P with given ramification
over oo and sufficiently many fixed ramification points elsewhere. Degeneration of the target and
judicious localization expresses such classes in terms of localization trees weighted by “top inter-
sections” of tautological classes and genus 0 double Hurwitz numbers. This identity of generating
series can be inverted, yielding a “combinatorialization” of top intersections of -classes. As genus
0 double Hurwitz numbers with at most 3 parts over co are well understood, we obtain Faber’s
Intersection Number Conjecture for up to 3 parts, and an approach to the Conjecture in general
(bypassing the Virasoro Conjecture). We also recover other geometric results in a unified manner,
including Looijenga’s theorem, the socle theorem for curves with rational tails, and the hyperelliptic
locus in terms of ky—_o.

Part 1. INTRODUCTION AND SUMMARY OF RESULTS

Since we shall be using arguments from geometry and combinatorics, we have separated the
material into three parts to assist the reader. Part 1 gives the background to the topic and a
summary of our results. Part 2 contains the geometry that uses degeneration to obtain a recursion
for the Faber-Hurwitz classes, and localization to express these as tree sums involving the Faber
symbol. Part 3 contains an approach through algebraic combinatorics to transform and then solve
the formal partial differential equations and functional equations that originate from degeneration
and localization in Part 2 and thence to obtain the top intersection numbers. We have sought to
make the transition from the geometry of Part 2 to the combinatorics of Part 3 pellucid.

1. SUMMARY OF RESULTS

The purpose of this paper is to give a geometrico-combinatorial approach that is direct and, we
hope, enlightening, to the three known results that are listed below. We give a summary of results
for those quite familiar with moduli spaces of curves, and Faber’s foundational conjectures on their
cohomology or Chow rings. A more detailed introduction to the paper is given in Section 2, and
most readers should turn immediately to this.

The three results are:

(I) Ryg—1(Mj',) is generated by a single element, which we denote Gy,; (Theorem 3.12). This
argument was promised in [GV3, Sec. 5.7]. (Since Ry,_1(My) was shown earlier by Faber
to be non-zero [F1, Thm. 2], this single element is also non-zero by Remark 2.3(iii) below.)

(IT) A combinatorial description of 4" - - -1 € Ry, 1(M}’,) as a multiple of this generator,
in terms of genus 0 double Hurwitz numbers (Theorem 3.11). (These intersections of -
classes determine all top intersections in the tautological ring, and are the subject of Faber’s
Intersection Number Conjecture.)
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(IIT) Hence a proof of Faber’s Intersection Number Conjecture for up to three points!, and
arbitrary genus (Theorem 2.5).

Past proofs of some of these results are described in Section 1.2. In the above statements we have
used the following notation. Let ./\/l” be the moduli space of n-pointed genus g stable curves with
“rational tails”, and R*(./\/l” ) its tautologlcal ring. Genus 0 double Hurwitz numbers enumerate
branched covers of the sphere by another sphere, with branching over 0 and oo specified by partitions
« and ( respectively, and the simplest non-trivial branching over an appropriate number of other
given points. They are well understood in the case where one of the partitions has at most three
parts [GJV2].

The “one-part analysis” yields as corollaries new proofs of a number of important facts, such
as the class of the hyperelliptic locus in M, as a multiple of x4_>. These results are collected as
Corollaries 6.3 through 6.6. A direct proof of these consequences by our methods would be much
shorter; much of our effort will be to develop techniques to deal with more parts.

We note that Faber’s Intersection Number Conjecture for bounded genus involves a finite amount
of information, thanks to the string and dilaton equation (Prop. 2.6); for any (reasonably small)
genus, this finite amount of information can be directly computed [F3]. (We point out that although
Faber’s verification of his conjecture up to genus 21, [F4], using work of Pandharipande, involves
a finite amount of information, it is a large amount, and is very difficult.) However, Faber’s
Intersection Number Conjecture for a bounded number of points, the case considered here, involves
an infinite amount of information.

The methods here can readily be adapted to deal with a larger number of points. For example,
the case n = 4 follows from the formulae for genus 0 double Hurwitz numbers from [GJV2], and a
Maple computation. The case n = 5 should also be computationally tractable. However, we content
ourselves with calculations that could be done by hand, as the route to a natural proof of Faber’s
Intersection Number Conjecture is clearly not through any hoped-for closed form description of the
genus 0 double Hurwitz generating series in general — such series might be expected to get quite
complicated. Instead, we hope for a proof using the structure of the double Hurwitz generating
series as a whole, and there are indications that this may be tractable. We point out in particular
the very recent preprint [SSV], giving a good description of genus 0 double Hurwitz numbers in
general, and a particularly elegant description in many cases.

1.1. Motivation. The ELSV formula provides a remarkable link between Hurwitz numbers (count-
ing branched covers of P! or, combinatorially, transitive factorizations of elements of the symmet-
ric group into transpositions) and the intersection theory on the moduli space of curves. See
[ELSV1, ELSV2|, and [GV2] for a proof in the context of Gromov-Witten theory. The ELSV
formula describes Hurwitz numbers in terms of top intersections of the moduli space of curves.
This relation can be “inverted” to prove results on top intersections on the moduli space of curves.
This has been used by a large number of authors, including Ekedahl, Kazarian, Lando, Okounkov,
Pandharipande, Shadrin, Shapiro, Vainshtein and Zvonkine, to great effect. Notable examples are
the proofs of Witten’s Conjecture [OP, KL].

This paper relies on the observation that similar methods can be applied to the (non-compact)
moduli space of smooth curves. In this case, localization turns question about top intersections into
“genus 0 combinatorics” (involving trees rather than general graphs), which should in principle
be simpler than the genus g combinatorics that arises in the case of compactified moduli space.
Indeed, we immediately get some results (for example, results (I) and (II)) from the statement of
the analogue of the ELSV formula. Explicitly inverting this ELSV-analogue requires more work,
but then our knowledge of genus 0 double Hurwitz numbers with few parts translates directly into
Faber’s Intersection Number Conjecture with few parts (result (IIT)).

INote added in revision: A proof for the general case has recently been given in [LX2].
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We point out that these techniques of algebraic combinatorics are useful in geometry in a wider
context. A further example of their use appears in [GJV3] where we give a direct proof of Getzler
and Pandharipande’s A\j-Conjecture (without Gromov-Witten theory), and related techniques have
been used by a number of the authors mentioned above.

1.2. Background. The one-dimensionality of (I) was established in [FP], and may also follow
from Looijenga [Lo]. The argument given here can be seen as an extension of the tautological
vanishing theorem of [GV3]. The entire argument is outlined in a few pages in [V2, Sec. 7].

Getzler and Pandharipande showed that Faber’s Intersection Number Conjecture is a formal
consequence of the Virasoro Conjecture for the projective plane, [GeP], in fact just the degree 0
part (the “large volume” limit). Givental proved the Virasoro Conjecture for projective space (and
more generally Fano toric manifolds) [Gil, Gi2]. Y.-P. Lee and Pandharipande are writing a book
[LP] giving details. Givental’s result is one of the most important results in Gromov-Witten theory,
and is a marvelous feat. However, it seems circuitous to prove the Intersection Number Conjecture
by means of the Virasoro Conjecture. The latter is a very heavy instrument which conceals the
combinatorial structure that lies behind the intersection numbers. As noted by K. Liu and Xu
[LX1], it is very desirable to have a shorter and direct explanation. (Liu and Xu show how the
conjecture cleanly follows from another attractive conjectural identity.) For this reason, we give
such an argument, paralleling our understanding of top intersection numbers on Mg,n via Hurwitz
numbers.

1.3. Outline of paper. The strategy of the paper is as follows. We define dimension 2g — 1
Faber-Hurwitz Chow/homology classes on the moduli space of curves, by considering (“virtually”)
branched covers of P! with given ramification over oo and sufficiently many fixed ramification
points elsewhere. We consider only curves with rational tails, which simplifies the combinatorics
dramatically. We use the two most effective techniques of Gromov-Witten theory, degeneration
and localization.

e Degeneration of the target yields a recursion for such classes, which we can solve explicitly. The
story is analogous to that of genus 0 Hurwitz numbers (which are combinatorially straightforward),
not genus g Hurwitz numbers.

e Localization expresses such classes in terms of the desired top intersections and genus 0 double
Hurwitz numbers. The rational tails constraint forces the resulting localization graphs to be trees.

More precisely, localization expresses Faber-Hurwitz classes as a sum over certain decorated
trees (Sec. 3.10) of linear combinations of top intersections (including those that are the subject of
Faber’s conjecture) and genus 0 double Hurwitz numbers. The relation between the top intersections
and Faber-Hurwitz classes can be easily seen to be invertible, 7.e. the top intersections are linear
combinations of Faber-Hurwitz classes (which we already understood via degeneration). From this,
Looijenga’s Theorem drops out quickly (from Theorem 3.12), for example. The central idea of this
paper is that this inversion may be done explicitly: the localization sum gives an expression which
readily can be unwound, and from which the top intersections can be extracted. This is done by a
change of variables.

Using this approach, we quickly recover various geometric results in a unified manner (Sec. 6.2).
Also, as genus 0 double Hurwitz numbers with at most 3 parts over co are well understood, we
obtain Faber’s Intersection Number Conjecture for up to 3 parts, and an approach to the conjecture
in general.

In Section 2 we state the Faber Intersection Number Conjecture and give the geometric and
algebraic combinatorics background to our approach. The Faber-Hurwitz classes are defined in
Section 3, and we obtain a Join-cut Recursion for them by degeneration of the target. This is the first
form of the Degeneration Theorem, and the equivalent Join-cut (partial differential) Equation for
the Faber-Hurwitz series is given as the second form of this Theorem. In addition, using localization,
we obtain an expression for the Faber-Hurwitz classes as a weighted sum over (localization) trees,
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giving the first form of the Localization Tree Theorem. Section 4 addresses the weighted tree sum,
using the combinatorics of rooted, labelled trees and exponential generating series in a countable
set of indeterminates. This results in the second form of the Localization Tree Theorem, which is
purely algebraic, giving an expression for the Faber-Hurwitz series in terms of Faber’s intersection
numbers and the unique solution to a functional equation. Section 5 introduces the fundamental
transformation, as the composition of three operators. The first two operators are a symmetrization
and an implicit change of variables, which gives polynomials in the new indeterminates. The third
operator restricts these polynomials to “top” terms — those of maximum total degree. Our strategy
of proof for Faber’s Intersection Number Conjecture is to apply the fundamental transformation to
the Localization Tree Theorem and to the Degeneration Theorem, and eliminate the transformed
Faber-Hurwitz series. The key to the proof is that only top intersection numbers remain when we do
so, and they appear in enough linearly independent equations to uniquely determine them. Section 6
applies the strategy for the first time, to the one-part case (of Faber top intersection numbers)
which has some non-trivial geometric consequences. The methodology to that point requires us
to consider an equation for each genus g separately, so in Section 7 we refine the methodology by
creating generating series in genus. This means that a single generating series equation suffices to
prove Faber’s Intersection Number Conjecture for each number of parts. In Section 8, we apply
this refined methodology to establish Faber’s (top) Intersection Number Conjecture for 2 and 3
parts, and we include remarks about the general case.

Appendix B is a glossary of notation for the reader’s convenience.

Acknowledgments. The third author has benefited from discussions with Renzo Cavalieri, Carel
Faber, Y.-P. Lee, Rahul Pandharipande, Hsian-Hua Tseng, and especially Tom Graber, who devel-
oped many of the algebro-geometric foundations on which this paper is based. We also thank Ezra
Getzler, Kefeng Liu, and Melissa Liu.

2. INTRODUCTION

2.1. Geometric background. We work over the complex numbers. Throughout, the genus g is
at least 1. We assume some knowledge of the moduli space of curves. An overview is given in [V2],
which outlines the necessary background and ends with a sketch of many of the results of this paper;
see also [V1]. We also assume familiarity with Gromov-Witten theory, in particular the theory of
relative stable maps, and with localization on their moduli space (“relative virtual localization”)
[Lil, Li2, GV3, LLZ]. An introduction to many of the Gromov-Witten ideas we shall use may be
found in [V2] and [H]. We prefer to work in the Chow ring A* rather than the cohomology ring
H?*, because our arguments apply in this more refined setting, but there is no loss should the
reader wish to work in cohomology. Chow /homology classes will often be written in blackboard
bold font (e.g. F) in order to distinguish them from numbers.

Faber’s conjectures on the topology of the moduli space of smooth curves M, (given in [F1]) are
a striking description of the “tautological” part of the cohomology ring, the part of the cohomology
ring arising “naturally from geometry”. The “top intersections” in this ring have a particularly
remarkable combinatorial structure. We begin by describing these conjectures.

On the moduli space of stable n-pointed genus g stable curves ﬂg,n (or any open subset thereof),
let ¥; (1 <i < n) be the first Chern class of the line bundle corresponding to the cotangent space
of the universal curve at the 7th marked point.

We shall denote all forgetful morphisms M, ,, — Mg,nr by m, where the source and target will
be clear from the context. For example if 7 : My — Mg, then the ith Mumford-Morita-Miller
“k-class” is defined by «; := mWiH.

Given an (ny + 1)-pointed curve of genus g1, and an (ng + 1)-pointed curve of genus go, gluing
the first curve to the second along the last point of each yields an (n; 4+ ng)-pointed curve of genus
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g1 + g2. This gives a map

Mgl,nl-l-l X Mgz,nz-l-l - Mg1+927n1+n2'

Similarly, we can take a single (n+2)-pointed curve of genus g, and glue its last two points together
to get an n-pointed curve of genus g + 1. This gives a map

Mg,n+2 — Mg—i—l,n'

We call these two types of maps gluing morphisms. We call the forgetful and gluing morphisms the
natural morphisms between moduli spaces of curves.

2.2. The tautological ring. There are many equivalent definitions of the tautological ring in the
literature. The following will be convenient for our purposes.

Definition 2.1. [GV3, Def. 4.2] The system of tautological rings (R*(Mgy) C A*(Mgn))gm is
the smallest system of Q-vector spaces closed under pushforwards by the natural morphisms, such

that all monomials in 11, ..., ¥y, lie in R*(Mgy,).

If M is an open subset of M, ,, let R*(M) := R*(Myn)|lm, Rj(M) = RIMM=I(M). (Here
R¥(M) is the codimension k part of R*(M).) We shall often use the notation R, instead of R*,
because we wish to think of classes as homology classes.

We take this opportunity to introduce a third sort of tautological class: let E,, be the Hodge
bundle on Mgm' It has rank g, and

T*Eg@ = Eg,n
where 7 is the forgetful morphism 7 : ﬂgm — Mg. Over a point [(C, p1,...,pn)] € Mg n, the fiber
of E, », is the vector space of differentials on C. The A-classes are defined by A; = ¢;(Ey,). By the
above relation, they behave well with respect to pullback by forgetful morphisms (“7*\; = \;”).
Note that A\g = 1.

It is not hard to show that the tautological ring of the moduli space of smooth curves M, is
generated by the k-classes, and indeed this is essentially the original definition of R*(M,) in [F1].

We now describe three predictions of Faber, namely the Vanishing Conjecture, the Perfect Pairing
Conjecture, and the Intersection Number Conjecture, which is a central subject of this paper.
Vanishing Conjecture. R{(My) = 0 for i > g — 2, and R92(M,) = Q. This was proved by
Looijenga and Faber. Looijenga’s Theorem [Lo] is that R972(M,) is generated as a vector space by
a single element (this will also follow from our analysis, see Thm. 3.12). Faber proved the following
“non-vanishing theorem”.

Theorem 2.2 (Faber [F1], Thm. 2). R972(M,) # 0.

(For other proofs, see [BP, Thm. 6.5], and [BCT, Thm. 0.2], which is based on [C]. More precisely,
Faber described a linear functional [ -A;_1), : R97%(M,) — Q, and showed that the image was non-
zero by computing a certain intersection number. Bryan-Pandharipande [BP| and later Bertram-
Cavalieri-Todorov [BCT] show the image is non-zero by different enlightening computations.)
Perfect Pairing Conjecture. The analogue of Poincaré duality holds: for 0 < ¢ < g — 2, the cup
product R{(M,) x RI727H(M,) — RI72(M,) = Q is a perfect pairing. This conjecture is known
only in special cases, and is essentially completely open.

Informally, these two conjectures state that “R*(M,) behaves like the ((p, p)-part of the) coho-
mology ring of a (g — 2)-dimensional complex projective manifold.” They imply that the entire
structure of the ring is determined by the top intersections of the x-classes, i.e. by [[ kg, (where
> ;di = g —2) in terms of some fixed generator of Rapg_1(My).

Faber’s Intersection Number Conjecture. This gives a combinatorial description of these top inter-
sections. We note that this conjecture is useful even without knowing the perfect pairing conjecture;
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Faber’s algorithm [F2] reduces all “top intersections” in the tautological ring to intersections of the
form described in his Intersection Number Conjecture.

Faber reformulated his conjecture in the striking form given in Conjecture 2.4. In order to give
this reformulation, we review the extension of Faber’s Conjecture to curves with “rational tails”
(by Faber and Pandharipande, see for example [P2]). Recall that a nodal genus g nodal curve is
said to be a genus g curve with rational tails if one component is a smooth curve of genus g, and
hence the remaining components are genus 0 (spheres), see Figure 1. Then the dual graph is a tree,
a fact which will prove crucial for us. This is the reason that the graphs arising from localization
involves just tree combinatorics.

FIGURE 1. A pointed curve with “rational tails”. Notice that the dual graph is a tree.

Denote the corresponding open subset of Mg,n (corresponding to stable curves with rational
tails) by M7, If 7 : My, — Mg, then MY, = 7~ Y(M,). In particular, the forgetful morphism
./\/lgtn — Mgfn, for n > n’ is projective, and ./\/lgfl =Mgy1.

We recall some background.

Remark 2.3. i) Rj(My!,) =0 forj <2g—1 and all n;
ii) forn >1,
(1) Ty : Rgg_l(./\/lgfn) — Rgg_l(./\/lgfl) = Rzg_l(./\/ng)
(where T : Mgtn — Mg is the forgetful morphism) is an isomorphism; and
ili) 7 @ Rog—1(Mg1) — Rog—1(My) (where m : My1 — M, is the forgetful morphism) is

surjective.
Statements (i) and (ii) are parts (a) and (b) of [GV3, Prop. 5.8]. Statement (iii) is immediate
from an appropriate definition of the tautological ring, for example Definition 2.1.

Conjecture 2.4 (Faber’s Intersection Number Conjecture, “i)-form”). For any n-tuple of positive
integers (di, ..., dy),
29 —3+n)!(29g — 1!

5 () = (
2) Y1) = g = DT, (2d; — DI
where m is the forgetful morphism M, — Mg1. (Recall that (2a —1)!! = 1-3---(2a — 1) =
(2a)!/(2%a!).)

Note that Faber’s Intersection Number Conjecture is immediate for the case n = 1. We shall
prove the following.

Wit ford di=g—2+n

Theorem 2.5. Faber’s Intersection Number Conjecture 2.4 is true for up to 3 points (i.e. for
n <3).

We shall need to consider more general intersection numbers involving one A-class, arising in the
virtual localization formula. Motivated by the isomorphism (1), and in analogy with the “Witten
symbol” used in Gromov-Witten theory (e.g. [H, Sec. 26.2]), define the Faber symbol as

(3) (Tay "+ Tag M)y 1= o (V1 -+ 8" Ay,) € Rog—1(Mg,1)
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where the pushforward =, is the isomorphism of (1) (7 : My, — Mg is the forgetful morphism).
Caveat: this symbol is a Chow class, not a number; we repeat that we will often indicate classes
using blackboard bold font. The symbol is declared to be zero if some a; < 0, or if the product lies
in wrong degree, i.e.

k:—l—Zai #dimszn—(Zg—l) =g—2+n.
i
Note that the case k = 0 is equivalent to there being no A-factor, as A\g = 1. This symbol satisfies
a version of the usual string and dilaton equations:

Proposition 2.6. The following relations among the Faber symbols hold.

n

(T0Tay -+ Tan)\kgab = Z (Tay =+ Taj—1- " Tan)\kgab (string equation),
i=1
(T1Tay * -+ Tan)\k>]§ab = (29—24+n) (14 - Tan)\k>]§ab (dilaton equation).

The proof is a variation of the proof of the usual string and dilaton equations, and is left as an
exercise to the reader (see for example [V2, Sec. 3.13]).

Part 2. GEOMETRY

In Part 2, we use degeneration and localization to obtain a topological recursion for the Faber-
Hurwitz classes, and an expression for the Faber-Hurwitz classes as a sum over a class of weighted
trees that are to be defined. The topological recursion is then transformed into a partial differential
equation for the Faber-Hurwitz series.

3. DEGENERATION AND LOCALIZATION

For a partition «, we use |a| and I(«) for the sum of parts and number of parts, respectively,
and write a - |a|. If « has i; parts equal to j, j > 1, then we also write a = (112" -), where
convenient. The set of all non-empty partitions is denoted by P.

3.1. Relative stable maps. We shall use the theory of stable relative maps to P!, following J. Li’s
algebro-geometric description in [Lil], and his description of their deformation-obstruction theory
in [Li2]. (We point out earlier definitions of relative stable maps in the differentiable category
due to A.-M. Li and Y. Ruan [LR], and Ionel and Parker [IP1, IP2], and Gathmann’s work [Ga]
in the algebraic category in genus 0.) We need the algebraic category for several reasons, most
importantly because we shall use virtual localization, and an explicit description of the moduli
space’s deformation-obstruction theory.

3.1.1. Relative to one point. The moduli space of genus g relative stable maps to P! relative to one
point oo, with branching above co given by the partition a F d, is denoted by ./\/lg,a(]P’l) where d is
the degree of the cover.

A relative map to X = P! is the following data:

e a morphism f; from a nodal n-pointed genus g curve (C,qu,...,¢,) (where as usual the g;
are distinct non-singular points) to a chain of Pls, T =ToUThU---UT; (where T; and
T;+1 meet), with a point oo € Ty — T;_1, so there are two points named oco. We will call the
one on X, cox, and the one on T', copr, whenever there is any ambiguity.

e A projection fy: T — X contracting T; to ooy (for ¢ > 0) and giving an isomorphism from
(To, To N T1) (resp. (Tp,007)) to (X,00x) if t > 0 (resp. if t = 0). Denote fy 0 f1 by f.

e We have an equality of divisors on C: fyfoor = > a;q;. In particular, fi Yoo consists of
non-singular marked points of C.



e The preimage of each node n of T is a union of nodes of C. At any such node n’ of C,
the two branches map to the two branches of n, and their orders of branching are the
same. This is called the predeformability or kissing condition. See Figure 2 for a pictorial
representation. Analytically, this map is of the following form. The node uv = 0 in the
uv-plane maps to the node zy = 0 in the xy-plane by (u,v) — (u™,v™) = (z,y). (The
branching of the u-axis over the x-axis is the same as the branching of the v-axis over the
y-axis.)

source

target

FIGURE 2. The “predeformability” or “kissing” condition on maps of nodes to
nodes. The singularities of the source and target are nodes (analytically isomor-
phic to xy = 0 in C2), although it is impossible to depict them as such on the

page.
An isomorphism of two such maps is a commuting diagram

(C7p17"'>pm7QI7"' aQn) — (O,7p,17"' ap;nvqllw" aq;z)

/| I

(T, OOT) (T, OOT)
le lfz
(X, mx) = (X, OOX)

where all horizontal morphisms are isomorphisms, the bottom (although not necessarily the middle!)
is an equality, the top horizontal isomorphism sends p; to p; and ¢; to q;». Note that the middle
isomorphism must preserve the isomorphism of Ty with X, and is hence the identity on Tg, but for
1 > 0, the isomorphism may not be the identity on T;.

We say that f is stable if it has finite automorphism group.

Let 72 be the “expected” number of branch points away from co (the number if all the branching

over points other than oo — “away from oco” — were simple, i.e. corresponding to the partition
(19722) - d). Then
(4) rd =d+1l(a)+ 29— 2,

by the Riemann-Hurwitz formula. Then mg,a(]P’l) supports a virtual fundamental class

[mg,a(Pl)]Vir €A (Mg,a([@l))

of dimension 3.



There is a Fantechi-Pandharipande branch morphism [FnP]
(5) br s My.o(B') — Sym™ (B!)

sending each map to the set of its branch points in P!, excluding the ones that are “automatic”
because of the branching over co. Note that the total branching C' — P! above a point in the
target p # oo € P! is 1 only if the map is simply branched above p.

3.1.2. Relative to two points. Similarly, let Mg,aﬁ(]P’l) be the moduli space of stable relative maps
to P! relative to two points 0 and oo, where branching above 0 is given by a partition a F d and the
branching above oo is given by a partition 8 F d. By the Riemann-Hurwitz formula, the expected
number of branch points away from 0 and oo is

(6) re5 = 1(a) +1(B) + 29 - 2,
and the moduli space supports a virtual fundamental class
[My,a,5(BH)]" € Ao (Mg.a,5(P1)
of this dimension. There is also a Fantechi-Pandharipande branch morphism
br: My.a5(P') — Sym'as (Ph).

A mild variation of this is the case of relative stable maps to a non-rigidified target (see [GV3,
Sec. 2.4]; these are sometimes called “rubber maps”), where two relative maps to (P!,0,00) are
considered the same if they differ by an automorphism of the target P! preserving 0 and co (an
element of the group C*). This moduli space ﬂg@,g(]P’l)N of such objects supports a virtual
fundamental class of dimension one less than that of the “unrigidified” usual space:

[mgvayﬁ(Pl)N]Vir e Ariyﬁ—l (ﬂg70‘75 (]P)l)"’)

There is an obvious map ¢ : My o 5(P') — M, o g(P). “forgetting the rigidification of the target”.
The two fundamental classes are related by the following result.

Proposition 3.1. [GV3, Lem. 4.6]
O (01" (L) N [My a5 =18, 5[Mgas@H) ]

where L is the class in Symrtglﬁ (PY) corresponding to those ri B—tuples of points containing a given
fixed point pg.

Intuitively, this is because given any unrigidified map in Mg,aﬁ(]P’l)N, there should be Tg 5 ways
to “rigidify” it so that a branch point maps to 1 € P!, as there “should be” Tg 3 branch points
away from 0 and oo.

3.1.3. Relative stable maps with rational tails. We define the moduli spaces of relative stable maps
with rational tails Mg,a(]P’l)” as the analogous moduli spaces of maps where the source curve is a
nodal curve with rational tails. This is an open substack of the space of relative stable maps. We
define M o 5(P!)" similarly.

3.1.4. Relative stable maps with possibly disconnected source. The above definitions of relative maps
would all make sense without the requirement that the source curve be connected. The resulting
moduli space of maps from “possibly-disconnected” curves to P! relative to one point is denoted

by Mg o(P)s, and similarly for maps relative to two points.
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3.1.5. Observations using the Riemann-Hurwitz formula. We make some crucial observations, which
are straightforward to verify using the Riemann-Hurwitz formula. We shall use them repeatedly.
A degree d cover is said to be completely branched over a point if the branching data is (d) - d.
Define a trivial cover of P! to be a map P! — P! of the form [z;y] — [2%;y"], branched only over
0 and oo.

Remark 3.2. Suppose we have a map C — P' from a nodal (possibly disconnected) curve, un-
branched away from 0 and oo, where C' is non-singular over 0 and oco. Then it is a disjoint union
of trivial covers.

Remark 3.3. a) Suppose we have a map from a nodal curve C to P, with no branching away from
0, 1, and oo, simple branching at 1, and non-singular over 0 and co. Then it is a union of trivial
covers, with one further component, that is non-singular of genus 0, completely branched over one
of {0,00}, and with two preimages over the other (see Figure 3). We call this an almost-trivial
cover.

b) More generally, suppose we have a map from a curve C to a chain of P'’s, satisfying the
kissing or predeformability condition, unbranched except for two non-singular points 0 and oo on
the ends of the chain, and simple branching at one more point. Then the map looks like a number
of trivial covers glued together, with one further almost-trivial cover P* — P! of the sort described
in Remark 3.3(a).

~ X
o

L

0 1 oo

FI1GURE 3. Almost-trivial covers: All branched covers from non-singular curves with
simple branching above 1 and no other branching away from 0 and co must look
like this.

Remark 3.4. a) If we have a map from a nodal curve C to P', with total branching away from
0 and oo of degree less than 2g, and non-singular over 0 and oo, then C' has no components of
geometric genus g. If instead the total branching away from 0 and oo is precisely 2g, and C' has
a component of geometric genus g, then the cover is a disjoint union of trivial covers, and one
connected curve C' of arithmetic genus g, where the map C' — P! is completely branched over 0
and oo.

b) Suppose more generally we have a map from a curve C to a chain of P1’s, satisfying the kissing
condition, with branching of less than 2g away from the nodes and two smooth points 0 and oo on
the ends of the chain, then C has no component of geometric genus g. If the branching is precisely
2g away from the nodes and 0 and oo, then the map is a number of trivial covers glued together,
plus one other cover of the sort described in Remark 3.4 (a).

The following fact will prove essential.

Theorem 3.5. Let Gy 4~ = L [Mg7(d)7(d)(P1,d)’,"f]Vir where p is the moduli map to Mgg, re-
membering the curve and the points over 0 and oo. Then Ggg. = d*9Gy 1. Similarly, if
Gg,d = [bT*(L) N Mg,(d),(d) (Pl, d)rt] Vlr, then ng = dnggJ.

Proof. The second statement follows from the first by Proposition 3.1. We now prove the first.

10



Let v : Jac — MZfQ be the universal Jacobian or Picard stack over ./\/l;fz. Let Jac[d] :=

ker( Jac % Jac ) be the d-torsion substack. (Points of Jac[d] correspond to curves along with a
d-torsion point.)

Let p and ¢ be the names of the points of the genus g curve parametrized by ./\/l;fz. Let sp_q -
My — Jac be the section corresponding to the line bundle O(p — ¢). There is a natural (stack-
theoretic) isomorphism

(7) My (@)@ PN = Jac[d] N sp_q(M]y),

as follows. Given any family of such relative stable maps (with rational tails), let p and ¢ be the
preimage of 0 and oo respectively. Note that the target P! never degenerates (or sprouts) in such a
family. Thus O(dp —dq) = O, and hence O(p — q) is indeed d-torsion. Conversely, given any family
of curves in MZfQ where O(p — q) is d-torsion, we obtain a unique family of relative stable maps
with unrigidified target of the desired sort. (It is essential to note that this isomorphism holds over
the boundary of M’y as well.)

Mg,(d),(d) (]P’l)rNt = Jac[d] N Sp_q(./\/lmf ) — Jac

[

rt
M

Both sides of the isomorphism (7) have natural virtual fundamental classes, the latter by inter-
secting the section sp,_4( ZfQ) with the local complete intersection Jac[d] < Jac. We claim that
these virtual fundamental classes agree. (It is easy to show that away from the boundary of Mg’k,
both will agree with the actual fundamental class, but we shall not need this fact.) We show this

by showing that they have the same deformation-obstruction theory over Mg’fz.

We use the description of the deformation-obstruction theory of ﬂg7(d)7(d) (PY) over Mgg given
in [GV3, Sec. 2.8]. On the locus, at a relative stable map [f : C' — P!], the relative deformation
space is identified with HO(C, f*Tp1(—[0] — [o0])) = HO(C, f*Op1) in [GV3, equ. (1)]. (The formula
given in [GV3] is more involved, as it applies in more general situations. In particular, in the locus,
the target never sprouts, so the notation fin [GV3] agrees with f*. Also Tp1(— log[0] — log[oo]) =
Tp1(—[0]—[00]), as P! has dimension 1.) Thus the relative deformation space is canonically identified
with H(C,O¢), which is one-dimensional. But such deformations correspond precisely to the
C*-action induced by its action on the target (keeping the map otherwise fixed), so the relative
deformation space of maps to P! with unrigidified target is 0.

The relative obstruction space RelOb(f) at a relative stable map [f : C — P!] has a natural
filtration [GV3, equ. (2)]

0 — HY(C, f*Tp1(~[0] = [oc])) — RelOb(f) — H°(C, f~Eat" (Qp1 (—[0] — [o]), Op1)) — 0.
Now Ext(Op1,Op1) = 0, so this filtration gives a natural isomorphism
H'(C,0¢) — RelOb(f) .

But this is the relative obstruction space of the intersection: the normal bundle to the d-torsion
locus Jac[d] is canonically H'(C, O¢). Thus we have shown that the isomorphism (7) indeed extends
to an isomorphism of virtual fundamental classes.

We conclude by noting that [Jac|d]] = d?9[Jac[1]] in A.(Jac). This follows from [DM, Sec. 2.15],
as observed in the proof of [Lo, Lem. 2.10]. O

Remark. Gy, will be our “natural generator” of Rg,—1(M,g1). The generator used by Looijenga
in [Lo] is the hyperelliptic locus Hyp. They are related as follows: (2g + 2)(2g + 1)Hyp = (2%9 —
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1)Ggy,1,~ (both count hyperelliptic covers with two fixed branch points), and G4 = 2¢9G, 1 ~ from
Proposition 3.1; see Corollary 6.5 and its proof.

3.2. Faber-Hurwitz classes. We define Hurwitz classes, following [GV3]. Our motivation is as
follows. Suppose we are interested in dimension j classes on M ,,. One way of producing a family
of genus ¢ curves with n-marked points is by considering branched covers of P! with fixed branching
over oo corresponding to a partition (aq,...,a;,) of d with n parts. The curve in question will be
the source of the map to P!, and the n points will be the points over co. This Hurwitz scheme (the
moduli space of such maps) will have dimension 7. In order to get a class of dimension j, we fix
all but 7 branch points. We can then push forward this class to Mg,n- The definition of “Hurwitz
class” involves doing this “virtually”:

HY = (br(1)8 7 0 My (P1)])

where 1 is the forgetful map M o(P') — M, and br is the branch morphism (5). Here, as in
Proposition 3.1, L is the class in Symrg (P!) corresponding to unordered tuples of points containing
a given fixed point pyg.

Define the Faber-Hurwitz class F9¢ by

(8) PO = H ayr, € Agg1(Mn)-

Equivalently, we can consider the space of relative stable maps with rational tails Mg,a(]P’l)”, along
with its virtual fundamental class; fix all but 2¢g — 1 branch points; and push forward to the moduli
space M7’ . Let

9) rfab— 9 (29— 1) =d+1(a) -1

g7a

be the number of fized branch points on P! in this construction.

We shall now understand this class in two ways, by degeneration and localization. The first will
connect us to a Hurwitz-type problem (and join-cut type recursion) that we can solve. The second
will connect us to the tautological ring.

Readers less comfortable with these ideas from Gromov-Witten theory may go directly to the
recursions that are obtained by these means without losing the thread of the paper. These recursions
are treated quite cleanly through transforms of the corresponding partial differential equations (see
Section 4).

3.3. Degeneration of Faber-Hurwitz classes. We now describe a join-cut type recursive for-
mula for the Faber-Hurwitz classes F9°%*. This will allow us to compute F%¢ in terms of the putative
generator Gy 1, first recursively, and later, in closed form. We use Jun Li’s degeneration formula
[Lil, Li2], which in our case states that, if we degenerate [M o(P!)s]"" by degenerating the target
into two components IP’}J U IP’}%, where the point corresponding to « is on the right component IP’}%,
then

(10) Mya®)a = 3 (H %-) Mgy (BV)a] B My 0 (B)a]

91,92,y \ i

where the sum is over all “splitting of the data”: |y| = |a|, g1 + g2 + l(y) — 1 = g, and the
genus g7 cover (4 is glued to the genus go cover Cy over the node IP’lL N IP’}% by gluing the point
corresponding to v; on C1 to the point corresponding to ; on Cs. There is the obvious variation for
[Mg a.5(P1)e]"IT for stable maps relative to two points. If we are interested in spaces with connected
source, i.e. My o(P!) rather than M, o(P!)s, then we include only the summands where the union
C1 U (5 is connected. We shall “cap” these equalities with pullbacks under the branch morphism,
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and interpret them as considering maps with given branch points, where we shall specify how many
branch points degenerate to ]P’i and ]P’}z, respectively.

Lemma 3.6. If j < 2g — 1, then the restriction of ,u*(Hg’a) to the rational-tails locus Mgtn is 0.

Proof. Degenerate the target P! into a chain of (r§ — j) P'’s, where each of the rJ — j fixed branch
points lies in a different component of the target. Then by the degeneration formula, this class
will be obtained as a sum (over all choices of splittings of the data) of classes glued together from
virtual fundamental classes of various spaces of relative stable maps to each component. But any
such relative stable map to one component, with points 0 and oo connecting it to adjacent elements
of the chain (with the obvious variation if it is the end of the chain) has at most j + 1 < 2¢g branch
points away from 0 and co. Hence by Remark 3.4, there is no curve of geometric genus g mapping
to this component. Thus, after degeneration, the source curve can have no irreducible component
of genus g, and hence the class is 0 in ./\/lgtn O

Theorem 3.7 (Degeneration Theorem — Join-cut recursion). If rFab > 0, then

Fab l(a)
17 1
FO = Y ijHOF <g°,;ab >+ > (i +a))F +> ol T HIGy .
i+ji=ay gl Qi i=1

where o, o, etc., are as defined in the proof below.

This recursion inductively determines F9“ in terms of G4; (Theorem 3.8). There is no “base
case” necessary. This result is best stated in terms of generating series (see Corollary 3.9).
Proof. We obtain a recursion for Faber-Hurwitz classes by a similar argument to that used in
Lemma 3.6 above. We degenerate the target into two pieces ]P’lL U ]P’}z, where oo and one of the
530? =718 — (29 — 1) = d +I(a) — 1 fixed branch points are on the right component P, and
the remaining r';ab 1 fixed branch points are on the left component IP}J. By the degeneration
formula (10), this class will be obtained as a sum (over all choices of splittings of the data) of
classes glued together from virtual fundamental classes of various spaces of relative stable maps to
each component. We discard every term that does not have a smooth component of genus g.

There are two cases: the genus g curve maps to the left component IP’}J or the right component
Pl

Case 1: If the genus g curve maps to the right component ]P’}z, then by Remark 3.4, all the
moving branch points must also map to IP’}% (we need 2g branching total away from IP’lL N IP’}% and
oo in order to have a genus g curve in the cover). Also by Remark 3.4(a), the cover of P}, must be
a union of trivial covers, together with one cover by a connected arithmetic genus g curve that is
completely branched over oo and ]P’i N IP’}B. In particular, the partition over the node ]P’lL N ]P’}[z must
be the same as the partition « over oo, and the genus g component can be on the component of
the source corresponding to any «;. Also, the cover of ]P’i must be genus 0 and connected, and the
number of such covers is the genus 0 Hurwitz number

la)

(11) = (d—2+1(a))! &' 3]‘[02
i=1 Z

(This celebrated formula was first given by Hurwitz, and has now been proved in many ways, see
for example [GJ2].) This case is depicted pictorially in Figure 4; here the genus g curve corresponds
to a;. We thus get a contribution to F99 of

o (@)
(12) Z i HYGy o = Z afg’“ngval.

i=1
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The equality in (12) is through Theorem 3.5. The contributions to the left side of (12) are as follows:
we have a contribution of G, ,, from the map to P}. We have a contribution of G 4, [1;2(1/ )

from the map to ]P’}[z (since the trivial cover contributes the order ay of the automorphism group
and we are therefore counting objects weighted by 1/ay.). We have a multiplicity of [] a; from the
kissing condition.

genus g

FIGURE 4. First case in degeneration argument in proof of Theorem 3.7

Case 2a: If otherwise the genus g curve maps to the left component PlL, then by Lemma 3.6,
all the non-fixed branch points must also map to ]P’lL (as we need at least 2g — 1 moving branch
points in order to get a non-zero contribution), so the only branching over IP’}% away from its 0 and
oo is simple branching over one (fixed) point. By Remark 3.3, the cover of ]P’}[z is a union of trivial
covers, with one almost-trivial cover. If the almost-trivial cover of IP’}% is completely branched over
]P’i N ]P’}z, and has two preimages over co (e.g. as shown in Figure 3), then it can connect any two
of the points over oo (corresponding to two parts of the partition ¢, say «; and «;). The virtual
fundamental class of this space of relative stable maps to P} is then a;a;/[] oy any trivial cover
corresponding to ay (k # ,7) is weighted by 1/ay. The space of relative maps to IP’}J corresponds
to maps from a connected curve of genus g curve, with branching over ]P’i N ]P’llLz corresponding to
the partition o’ obtained by removing «; and «; from «, and adding o; + «;, with all but 2g — 1
branch points fixed. In other words, the contribution is precisely F9¢'. Finally, the multiplicity in
the degeneration formula is the product of the multiplicities of the kissing over the node IP’}J N IP’}%,
i.e. [T = ([Tewi)(as + aj)/(a;a;). Thus we obtain a contribution to F9“ of

S (i + 0y B9

;0

Case 2b: Finally, if the almost-trivial cover over ]P’}[z has one preimage over oo (corresponding
to ay, say), and two preimages over IP’}J N IP’}% (¢1 and ¢, say, branching with multiplicity ¢ and j
respectively, where i + j = ay,), then we have contributions of ay/ ] a; from the cover of PL, and
[Tau x ij/cy from the kissing multiplicities. We next examine the contribution from the stable
relative maps to ]P’i. The cover must have two connected components, one containing the point
¢q1 and one containing the point ¢o. As the map has a component of geometric genus g, one of
these two components must be arithmetic genus g, and the other must be arithmetic genus 0.
Suppose the genus 0 curve contains to ¢, and the genus g curve contains gs. Suppose the partition
corresponding to the genus 0 curve is o/ (i.e. its ramification above the node P} N PL), and the
partition corresponding to the genus g curve is o, so o/ + " = a — oy + {4,j}, and i €
j € &”. In order for the contribution to be non-zero, by Lemma 3.6, all of the (2g — 1) “moving”

branching must belong to the genus g component, so all of the genus 0 curve’s branch points must
Fab __

be fixed. There are (T:g‘;b 1) ways of choosing which fixed branch point on IP’lL belongs to the genus
g,oz”

0 curve, and which belongs to the genus g curve. Hence the contribution of the cover of IP’}J is
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Fab
0 « Tg,a_l
Ha’ ng ( TFab

g,

), so the combined contribution to F9% from this case is

Fab
.. nfT -1
) ijHYF" (gﬁ:ab )

it+j=au g,

"

Summing the three types of contribution, we obtain the result. ([l

Theorem 3.8. For each fized g, F9* is a rational multiple of G4 1, as determined by the recursion
of Theorem 3.7.

Proof. By Remark 3.4(a), if rgf‘o? = 0, then F9® = 0; this is the trivial base case of the recursion in
Theorem 3.7. The result follows by induction. O

For convenience, we define the Faber-Hurwitz number F§ € Q to be this multiple of Gy 1, to
remind us that these classes are all commensurate:
(13) FiGgy, :=F9%,

(Corollary 6.6 is a sign that F3 is a well-behaved quantity to consider.)

Theorem 3.7 is best formulated in terms of generating series. A natural generating series for
genus 0 Hurwitz numbers is

0
(14) AO(zp) = 3 ool Lo Mo
’ = |[Auta 7017

where p = (p1,p2,...), and a natural generating series for Faber-Hurwitz numbers, which we shall
call the Faber-Hurwitz series, is

g

g . o ‘a| pOc FO!

(15) FI(z;p) = Z z Auta] 7l
aEP 9

Then the recursion of Theorem 3.7, for classes, becomes the following (linear) partial differential
equation for FY.

Corollary 3.9 (Degeneration Theorem — Join-cut Equation for Faber-Hurwitz Series). For g > 1,
F9(z;p) is the unique formal power series solution to

0 0 0 -~ 0
- _ ) g _ s =2_g0 R Y
2N +;p28pi E 2 piss <Z8piH ) (jaij >

i,j>1

0
Opitj

0 -~
F9 + 29y, — HO

1 L
+3 Z pip; (i +7)
1,521

In Corollary 3.9, we have changed from classes to numbers by erasing G, from Theorem 3.7
via (13). To obtain a generating series for Faber-Hurwitz classes, we would simply multiply this
series by Gy 1.

3.4. Localization of Faber-Hurwitz classes. This section contains the Localization Tree Theo-
rem for Faber-Hurwitz classes. It is to be thought of in conjunction with the Degeneration Theorem.
The theorem gives the fundamental relationship between Faber-Hurwitz classes on the one hand,
and intersection numbers and (genus 0) single and double Hurwitz numbers on the other. Implic-
itly, it allows us to determine the Faber-Hurwitz numbers. It involves a sum over a set 7 ,,, which
is one of three sets of trees defined as follows.
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Definition 3.10 (Localization trees). Consider rooted trees with the following properties. For each
tree t there are three classes of vertices: Vo(t), the 0-vertices; Voo(t), the co-vertices; Vi(t), the t-
vertices. Allt-vertices are monovalent (here t stands for “tail”). The number of non-root 0-vertices
in t is denoted by no(t). The non-root 0-vertices are labelled (each receives one of no(t) labels in
all possible ways). The oco-vertices are not labelled. There are two classes of edges: Epoo(t), the
Ooco-edges, each of which joins a 0-vertex to an oco-vertex; Exot(t), the oot-edges, each of which joins
a non-root oco-vertex to a t-vertex.

There is at least one edge. Each edge is assigned a positive integer weight, and the integer weight
on an 0co-edge e is denoted by e(e). The t-vertices incident with an edge of weight k are labelled
among themselves, for each k > 1. The list of the weights on all Oco-edges incident with a 0-vertex
v is specified by the partition 6% (%), the list of the weights on all Occ-edges incident with an oo-
vertez v is specified by the partition Y (t), and the list of the weights on all cot-edges incident with
a non-root co-vertex v is specified by the partition v*(t). For each non-root co-vertex v, we impose
the condition that

(16) 1B°(O] = (B

The root-vertex may be either a 0-vertex or an oco-vertex, and is denoted by o. For m > 1, we
define Ty m to be the set of rooted trees above in which the root-vertex is a 0-vertex of degree m.
For j > 1, we define 1o j to be the subset of 1,1 in which the edge incident with the root-vertex has
weight j. For j > 1, we define T ; to be the set of rooted trees above in which the root-vertex is a
monovalent oco-vertex, and the edge incident with the root-vertex has weight j.

We refer to the trees in any of the sets Ty m, To; and Ts ; as “localization trees”.

Hereinafter for any localization tree t we shall subsume the dependence on t of the above sets of
vertices and edges, and the partitions, by suppressing the occurrence of t as an argument. We also
define some more notation. Let

(17) Too = Z r2u75v,

’UGVOO
and let
(18) = H v’
VEVoso

be the partition formed by all the parts of each of the *’s for non-root co-vertices v, and let d = |«|.
Examples of such trees without a specified root are given in Figure 5 (these examples correspond to
the geometric picture of Figure 6).

O-vertices oco-vertices t-vertices O-vertices oco-vertices t-vertices
Ooo-edges oot-edges Ooco-edges oot-edges

1= ea=2 pl=@=+! 2 st

rd =1 - . o

B2 = (2) =~ 2

Bl=22 =@’

62 =(1,1) 42 = (2
=1

a=(1,1,2,2,2) a=(1,1,2,2,2)

FIGURE 5. Sample decorated trees (Def. 3.10) corresponding roughly to the exam-
ples of Figure 6. Omitted are further combinatorial labelling of vertices.
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We now define some terminology that will allow us to write the relative virtual localization
calculation cleanly. Let P, (ayq, ..., a;,) be the dimension 2g — 1 portion of

1—/\1+--'—|—(—1)9/\g
(1 - O‘lwl) T (1 - O‘m¢m)

rt ;
on Mg, viz.,

(19) PY (1, ..., Q) = > (=1 70y Ta M) oLl - - @,
at,...,am,k>0,
a1+-+am+k=g—24+m

Note that P}, is a (Chow-valued) polynomial in the numbers a1, ..., qy,, symmetric of degree
between m — 2 and g — 2 + m, and its leading coefficients (the portion of homogeneous degree
g — 2+ m) are precisely the subject of Faber’s Intersection Number Conjecture. (It is easy to show
that the homogeneous degree m — 2 and m — 1 portions of this polynomial vanish, but we shall not
need this fact.) We shall refer to P}, as the Faber polynomial.

For any localization tree t, let
Hov HOU v
(20) B =, cO =I5 PO = [[ 57

. T .
€000 eV, Y V€V | YYSBY

and, for t € 7y, let
e(e)
= g hd E(L
(21) A = r0 [ 5

where the product is over all edges e incident with the root-vertex e of t. Let “ ¥ ” as a superscript
on a product denote the removal of the contribution of the root-vertex from that product.

Theorem 3.11 (Localization Tree Theorem — tree summation). Forg > 1 and o = (o, ..., ) F
d,
@) o= 3 3 () A BOC DY
- g,a” rFab ?’]()(t)!
m>1 tE’Tg],m 9,

where the sum is subject to (18).

Note that the sum in (22) is finite, and that the binomial coefficient in it is zero unless 7, is small
(at most rf — rfaP =29 —1).

Before proving Theorem 3.11, we digress to observe that just the “shape” of the formula (22)
quickly yields the result (I) promised in Section 1.

Theorem 3.12 (Socle statement for M7’). Ryy 1 (M}),) = Q.

Proof. We shall show that any monomial in the 1)-classes (pushed forward to M) is a mul-
tiple of G41. This (with Faber’s Non-vanishing Theorem 2.2 and Remark 2.3 (iii)) implies that
Rgg_l(./\/l;fn) is generated by a single element. In particular, G4 1 # 0 and

XGQJ

(23) Q

18 an isomorphism.

Rog-1(Mg1)

We show first that Pf(«) is a multiple of G, for each partition «, by induction on |a| =, a;.
Now F9* is a multiple of G4 (Thm. 3.8), and the contribution of the unique graph with ro = 0
(“the simplest graph in 7, ,,,”) to Theorem 3.11 is a non-zero multiple of P} («). The contribution
of any other graph is a multiple of P¥,(«/) for some smaller |/|. Thus, by induction, P§(c) is a
multiple of G, ; as desired.
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Next, we apply the “polynomiality trick” used in [GV1] and [GV3]. We fix g and n, and hence
the polynomial Pj,(-). For arbitrary choices of aq, ..., ap, Ph(a) is a multiple of G4 ;. But by
knowing enough values of a polynomial of known degree, we can determine its coefficients as linear
combinations of these values. Hence all coefficients of PY,(«v) are multiples of G 1, and in particular,
the monomials in v-classes (of degree g — 2 + n) are multiples of G ;. O

Proof of Theorem 3.11. We apply relative virtual localization as developed in [GV3] (based on the
foundational [GrP]). As with many virtual localization calculations, Faber classes will be expressed
as sums over certain graphs. We show that the set of trees 7, is precisely the set of graphs that
is required for this purpose by supplying a geometric meaning to the vertices, edges, partitions,
weights and constants associated with t € 7, ,,, through a geometry-combinatorics lexicon.

Classification of torus-fized loci: We shall have a contribution from each torus-fixed locus of stable
relative maps. Recall that Faber-Hurwitz classes are defined by considering the pullback of a linear
space under the branch map, applied to the virtual fundamental class of the moduli space of stable
relative maps (equ. (8)). As in the proof of the “tautological vanishing theorem” of [GV3], we
choose a linearization on the branch-class that corresponds to requiring the r';f‘;’ =rd —2g+1 fixed
branch points to go to 0. Hence in any contributing torus-fixed locus, the amount of branching

over oo is at most 2g — 1.

We now classify the fixed loci which can appear in the “rational tails” case, where we must have
a smooth irreducible component of genus g, and then consider the evaluation of their contributions
(L1 to L5 below), although some require further elaboration. Fixed loci correspond to maps of the
following sort (see Figure 6), and in each case we shall see that the same statements hold for both the
left hand side (the simple case) and the right hand side (the composite case) of Figure 6, although
the arguments differ slightly. The components mapping surjectively onto P! are trivial covers (see
L1). Over 0, there can be smooth points (as in Figure 6(a)) (see L3), nodes (Figure 6(b)), or
contracted components (Figure 6(c)) (see L2). Over oo, either there is no “sprouting”, and the
preimage of oo consists of smooth points (the “simple” case, see the left side of Figure 6), or the
target “sprouts”, and we obtain a relative stable map to an unrigidified target (that we denote by
Tr), with possibly-disconnected source (the “composite” case, see the right side of Figure 6) (see
L4). In the composite case, let z be the node where the “sprouted” portion Tg of the target meets
the “unsprouted” portion. If Tj denotes the “unsprouted” portion of 7', then oo, and Or, are
identified. Note that in the composite case, the sprouted portion of T' need not be a single P'; it
could be a chain of P'’s.

Over oo, we can have no genus g components by Remark 3.4 — the only possible branching
is over the two endpoints (z and ocor), together with at most 2g — 1 more. Thus the genus g
component must lie over 0, and all irreducible curves over oo must be genus 0. (In particular, in
the second figure in Figure 6, there cannot be any contracted components mapping to Tg, so the
picture is misleading.)
Geometry-combinatorics lexicon: With the following combinatorial elements, we associate the fol-
lowing geometrical information.
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FIGURE 6. Sketches of two examples of torus-fixed relative stable maps to X =
(P!, 00). T is the “sprouted target”.

Vertices and edges of t € Ty m:

— 0-vertex: < connected component of the preimage of 0 (contracted curve, node or smooth
point).

— oo-vertezr: « connected component of pre-images of cox.

— t-verter: < preimage of ocor.

— Ooo-edge: < trivial cover of P'; edge joins vertices corresponding to the loci it meets.

— root e: « genus g (contracted) curve.

FEdge weights:

— weight €(e) on the 0co-edge e: « degree of corresponding trivial cover.

— weight on an ocot-edge: < contribution to ramification over cox on component specified by
the oo-vertex.

Partitions:

— 0Y for a O-vertex v: Comb. formed by weights on Ooco-edges incident with v. Geom. formed
by the degrees of the trivial covers meeting that component.

— Y for an co-vertex v: Comb. formed by weights on Oco-edges incident with v. Geom. formed
by the degrees of the trivial covers meeting that component.

— " for an co-vertex v: Comb. formed by weights on oot-edges incident with v. Geom. specifies
ramification over cox on that component.

— az Comb. see equation (18). Geom. ramification over oco.

Conditions:
—|BY| = |7?|: Comb. see equation (16). Geom. the degree of the map from this component to
Tr is |8Y| (by examining the preimage of z) and |y*| (from the preimage of cor).
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Constants:

—no(t): Comb. number of non-root O-vertices. Geom. number of connected components of the
preimage of 0 excluding the component containing the contracted genus g curve.

—n: Comb. l(a). Geom. number of pre-images of cop.

—m: Comb. degree of the root-vertex o (note m < n). Geom. number of trivial covers of P!
meeting the genus g contracted curve.

— T'eo: Comb. see equation (17). Geom. the total branching over cox.

— rgv for a O-vertex v: Comb. see equation (4). Geom. the total branching contributed by the
component corresponding to v.

- rgy v for an oo-vertex v: Comb. see equation (6). Geom. the total branching contributed by
the component corresponding to v

—d: Comb. d = |a|. Geom. degree of the relative stable map

Relative virtual localization: Relative virtual localization ([GV3, Thm. 3.6], see [GV3, Sec. 3.7] for
the special case of target P!, and [GrP, Sec. 4] for the non-relative case) tells us that the contribution
of a fixed locus can be deduced by looking at the various parts of Figure 6. In what follows, ¢ is the
generator of the equivariant cohomology (or Chow) ring of a point, t € Al. (pt) = Q[t], although we
will quickly forget the ¢. The relative virtual localization formula (abbreviated to L below) gives
the following contributions associated with the salient “parts” of the graph. Each of the factors in
the summand of (22) will be readily derivable, with the exception of the sign and D(t) which will
require more attention.

Items L1 to L4 below come from the description of the fixed loci, and L5 arises from the
cohomology class corresponding to fixing some branch points. Moreover, L1 to L3 hold for both
the simple and the composite case.

The results for the simple case and the composite case are the same, but the arguments are
slightly different.

L1: For each trivial cover of the target P! of degree a, we have contribution a®/(a!t®). Hence

q
we obtain the product H q_' in (22) by collecting those contributions associated with the (genus
q!

g) root O-vertex.
L2: For each contracted curve above 0 of genus h (Figure 6(c)), meeting trivial covers (compo-

nents mapping surjectively onto P') of degree as, ..., a,, respectively, we have a contribution
X t

24 T e D) T —.

29 ( ol —;

This contribution is on the factor Mh,m corresponding to the contracted curve. We will have h = 0
or h = g, as all components have one of these two genera.

L3: For each node above 0 (Figure 6(b)) joining trivial covers of degrees a; and ag, we get a
contribution of t"'ajas/(a1 + as). For each smooth point above 0 (Figure 6(a)), on a trivial cover
of degree ay, we get t7!/ay. Using the contribution [](af/a;!) from L1, we obtain the factor

HY; /r9%1]in (22) for each (non-root) O-vertex of degree 1 or 2, using the formula (11) for genus 0

single Hurwitz numbers. We also obtain the product of the m in (22) corresponding to Ooc-edges
e meeting a degree 1 or 2 (genus 0, non-root) 0-vertex.

L4: In the composite case (Figure 6(d)), we have a contribution of 1/(—t — 1)), where 1, is the
first Chern class of the line bundle corresponding to the cotangent space of Tr at z.
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L5: From the pullback of the linear space by the branch morphism (informally, requiring rgf‘;’

branch points to map to 0), we have a contribution of ((29 — 750)t) (29 + 1 — reo)t) - (15 — ro0)t)

g
. . Ta —T .
(there are rgf‘o? factors), from which we obtain 7‘5?0[3 !< arFaboo> in (22).

gia

So L1-L4 arise from the fixed loci, and L5 arises from the cohomology class corresponding to
fixing some branch points. We take the product of these contributions, and read off the constant
(t°) term to obtain the contribution of this fixed locus.

The result is a (2g — 1)-dimensional class on M}',. One of the ingredients (from L3) is a
(tautological) class on ﬂg,m corresponding to the contracted genus g curve mapping to 0. Now
all tautological classes of dimension less than 2g — 1 vanish on Mgtm by Remark 2.3(i). Thus a
non-zero contribution is possible only by taking the contribution of a class of dimension precisely
2g — 1 on szm, and thus the contributions from every other ingredient must have dimension 0.
In light of this observation, we list the contributions from each of the parts of Figure 6, ignoring
the equivariant parameter t. Also, from L3, the contribution by the contracted genus g curve is

P9, (6°) | so, with the contribution from L1, we obtain the term | A(t) |, a term in (22). In addition,
we obtain the product of the m over those edges e meeting the (genus g) root O-vertex.

From (24) (using h = 0), any contracted genus 0 component over 0 € P! meeting trivial covers

of degrees 5{, ..., 03 (p > 3 by the stability condition) gives the dimension 0 contribution
(109) fe e
i=1 Z Mop (1= 5{1/’1) (1= 5;?7%)‘
P 5g6g

Combining this with [[7_; - from L1, using the ELSV formula [ELSV1, ELSV2, GV2] we obtain

(11 5{ JHY; /r9;1. (We could have bypassed the ELSV formula, using instead the formula (11) for
genus 0 Hurwitz numbers and the string equation, given in Proposition 2.6.) Thus we obtain the

factor ng / ng! for each non-root 0-vertex of degree at least three. We also obtain the product of

the | e(e) | corresponding to Ooc-edges e meeting all (genus 0, non-root) O-vertices of degree at least
3. L3 gives the same values for degree 1 and 2 so, combining the three sources for the €’s, we now
obtain the entire product | B(t)|, and combining the two sources for the ng /rgj!, we obtain the

entire product .

The contributions from L1-L3, and L5 are now exhausted.

It remains to obtain the sign (—1)">, the term D(t), and the division by ng(t)!. To do so, we now
appeal to L4. In the composite case (if the target “sprouts”, Figure 6(d)), suppose M := ﬂg,a
is the moduli space of relative stable maps to the unrigidified T, where (§ is the kissing partition
above z. It is the moduli space of relative stable maps, where the source is a disjoint union of genus
0 curves. As always for maps to unrigidified targets, the virtual dimension of this space is one less
than the number of “moving branch points” r7. Then the contribution is the dimension 0 portion
of ﬁ[ﬂ]m which is

(25) (— 1) mr M )

0
The sign gives us the factor H(—l)rviﬂi which, from (17), is equal to (—1)">, the sign in (22).

The proof of [GV3, Lem. 4.8] (see also [GV3, Fig. 2]) shows that ¢* applied to M can be
interpreted as requiring that the target break into a + 1 components. More precisely, ¢* applied
to [M]¥'" is the same as gluing virtual fundamental classes of relative stable maps to the a + 1
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components of T (in the same sense as the degeneration formula, with kissing multiplicities arising
for each node of the target Tg), divided by (a + 1)!. This latter term gives a factor of .

In particular, ¢"»~! corresponds to the target breaking into r77 components. Because the
resulting map must be stable, there must be some branching on each of these components (away
from the nodes of Tg, and z and cor). Thus as the total amount of branching is r; away from the
nodes of Tr, and there is precisely this number of components, we must have branching number 1
on each irreducible component of Tr. By Remark 3.3(b), above each component of the Tg, we
must have precisely one almost-trivial cover, along with some trivial covers.

Thus the contribution of (25) is the size of a discrete set (counted modulo automorphisms). This
set counts the number of branched covers of Tk (a chain of 7 P’s), with one simple branching
on each component, and given branching e over z (a point at the end of the chain) and « over cop
(a point at the other end of the chain), satisfying the kissing condition over each node of Tg. By
the gluing formula (or indeed, the much older technique of just studying the degeneration), this is
the number of branched covers of P! by a union of genus 0 curves with branching given by € and «
over two points z and oor, and simple branching over 7y other given fixed points.

We shall now see that this is (up to a combinatorial factor) a product of genus 0 double Hurwitz
numbers. Recall that a genus 0 double Hurwitz number

(26) H).

(where a and ¢ are partitions of some number e) counts the number of degree e covers of P! by P!,
with branching « at one fixed point, € at another, and simple branching at 7"875 other fixed points.

Suppose we are considering covers by N P!’s, where component i corresponds to the subpartition

B of € (over z) and the subpartition v* of a (over cor). (Thus |3| = |7!| is the degree of that

subcover, € = [[, 3%, and a = [[;~4".) Then comppnent i has simple branching over 7%  := rgwi

2iToo

of the fixed simple branch points. There are (T1 Lo N) ways of partitioning the branch points into

these IV sets. Once this partition is chosen, there are Hf\il Hg such branched covers. (One

7 A~
Y

caution: we have cavalierly described Hg as enumerating a set. In reality, each cover is counted

T~
Y

with multiplicity equal to the inverse of the size of its automorphism group, so Hgi i

be integral, and in fact is not precisely for 3' = +* = (d;); trivial covers of degree d; “count for”

need not

1/d;.) We have obtained the factors Hgk x| and < 1 oo N> in (22). (The numerator 7! in
: T Y

[

the multinomial coefficient cancels the 1/rq.! from earlier.) This is the term D(t).

Finally, the |1/mo(t)!| in (22) is present because the trees have labelled non-root O-vertices
(Def. 3.10). 0

Part 3. ALGEBRAIC COMBINATORICS

At this point, we have defined the Faber-Hurwitz classes F9¢, which “virtually” correspond to
“rational tail” curves admitting a branched cover of P! with branching at co corresponding to
a, and “all but 2¢g — 1 branching fixed”. Such classes are a multiple of a basic class Gy 1; this
multiple is the Faber-Hurwitz number F9“. By degeneration, we have obtained Corollary 3.9,
the Degeneration Theorem for the generating series F'¥ for these numbers, involving the genus 0
Hurwitz series HY. By localization, we have also obtained Theorem 3.11, the Localization Tree
Theorem, which describes these classes (or numbers) as a sum over certain rooted, labelled trees,
involving genus 0 Hurwitz, double Hurwitz numbers and the desired intersection numbers (of -
classes). Theorem 3.12 shows us that we can “invert” this expression, to determine intersection
numbers in terms of Hurwitz numbers and double Hurwitz numbers. Our goal is to formalize this.
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The strategy is to show that Localization Tree Theorem and the Degeneration Theorem, taken
together, give a non-singular system of linear equations for the top Faber intersection numbers, so
it has a unique solution, and that the conjectural values satisfy it.

We accomplish this by a sequence of transformations, which yield a number of refined versions of
the Localization Tree Theorem and the Degeneration Theorem. These versions of the Localization
Tree Theorem (we say that these are results for the “localization side”) are given by the sequence

| Thm. 3.11 ~ Thm. 4.4 ~» Cor. 5.1 ~ Cor. 7.1 |

These versions of the Degeneration Theorem (we say that these are results for the “degeneration
side”) are given by the sequence

‘Thm. 3.7 ~ Cor. 3.9 ~ Cor. 5.2 ~ Lem. 7.5 ‘

4. EXPONENTIAL GENERATING SERIES FOR LOCALIZATION TREES

The purpose of this section is to “evaluate” the sum over localization trees that arises from the
localization arguments in Theorem 3.11. Localization trees are a class of rooted, labelled trees, and
we use the standard multivariate exponential generating series for combinatorial structures with
many sets of labels, as well as variants of the standard branch decomposition for rooted trees.

4.1. Exponential generating series and the x-product. For a localization tree t, let nx(t)
denote the number of ¢t-vertices in t that are incident with an edge of weight &k, k > 1.

Definition 4.1. Let A be a set of localization trees, with weight function wt. Then the exponential
generating series for A with respect to wt is

pyl(f)p;zz(f), .
A, wt] =
Aty = 2 o o

wt(t).

For now, we shall allow the range of the weight function to be any ring, or even a vector space, and
in particular we allow geometric classes. Note that, as a formal power series in py, pa, . . ., [A, wt] y 18
always well-formed because of the balance condition (16), which ensures that there is only a finite
number of localization trees t with nx(t) = ix, k > 1, for each 4,142, ... (so the coefficients are finite
sums of weight function values).

Since localization trees are labelled objects, we consider a particular version of the standard
*-product for them, which is the Cartesian product together with a “label-distribution” operation.
We define this x-product as follows. Consider two localization trees t; and ty. Suppose that
nk(t1) = ig, and n(t2) = Ji, for k > 0. Now choose subsets ay C [iy + ji], with |ag| = ik, for
k>0, and let By = [ix + jk] \ @k (so |Bk| = j + k) (we use the notation [n] = {1,...,n}). Let a(t;)
be the tree obtained from t; by relabelling the labelled vertices as follows: replace the label m on
a non-root O-vertex by the mth smallest element of «g, for m = 1,...,4y; replace the label m on
a t-vertex incident with an edge of weight k£ by the mth smallest element of oy, for m = 1,..., i,
k > 1. Let ((t2) be the tree obtained from ts by relabelling the labelled vertices with the elements
of By, f1, ..., in the analogous manner. We call («, 3) a compatible relabelling (of (t1,t2)). Where
convenient, we also refer to t; and ty as canonically labelled.

Definition 4.2. Let A, B be sets of localization trees. Then
AxB = {(a(t1),B(t2)) : (t1,t2) € A x B, (e, §) a compatible relabelling of (t;,t2)}.

The reason for using exponential generating series for labelled combinatorial objects is the Prod-
uct Lemma, given in the following result. For a proof, see, e.g., Goulden and Jackson [GJ1,
Lem. 3.2.11].
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Lemma 4.3 (Product Lemma (for localization tree generating series)). Let S, A,B be sets of
localization trees, with weight functions wt, wti, wto, respectively. Suppose there is a bijection

S5 AxB it (alt), B(t2)),
subject to wt(t) = wti(t1)wta(te) and ni(t) = np(t1) + nr(te), k > 0. Then
[S7Wt]77 = [“47 th]n[‘87Wt2]77'

For any set S of localization trees S, let S** := S --- xS, where there are k S’s in this k-fold
x-product. We define Uy(S) := S** /&, under the natural action of &y, for k > 0.

4.2. Branch decompositions for localization trees. In order to decompose localization trees,
we require three variants of the standard branch decomposition, described below. These are for-
malized as combinatorial mappings, called QP Qgr and Q.

First, we give QP": If the root-vertex e and incident edges are deleted from a localization tree t,
then we obtain a list (t1,. .., ;) of rooted trees on mutually distinct sets of vertices, each inheriting
as root vertex its unique vertex that was adjacent to e in t, where m is the degree of the root-vertex
of t. Now let t; be obtained from t; by joining the root vertex of t; to a new copy of e (which
becomes the new root-vertex of t;), joined by an edge whose weight is equal to the weight of the

edge joining e to the root-vertex of t; in t. Since e is unlabelled in t, then (t},...,t,,) is equal to
(a1 (t]),...,am(t))), a compatible relabelling of canonical localization trees (t/,...,t/ ). Then we
define Q> (t) = (a1(t]),...,am(t")). This corresponds to removing the root from the tree, and

describing the remainder as a list of trees.

Second, we give Qgr: Suppose that t is a localization tree whose root-vertex e is a monovalent
O-vertex. Let the oo-vertex adjacent to e be u, and let t' be the tree obtained by deleting e and
incident edge from t, and deleting all t-vertices adjacent to u, together with their incident edges,
and rooting the resulting tree at w. Now form a new graph G, containing these deleted t-vertices
(labelled as in t), joined to a new oco-vertex w by an edge of the same weight as the deleted incident
edge in t. Then we define Q' (t) = (G, Q" (¥')). Now consider partition v = (1912%...), and let 1.,
be the graph consisting of a single co-vertex, joined by an edge of weight k to aj canonically labelled
monovalent t-vertices, k& > 1. Then note that Qg (t) = (ap(w,), 1 (8]), ..., am(t},)), a compatible
relabelling of the canonical (to.,t/,...,t}), where v = 4*(t), |7| = |5"(t)| (because of the balance
condition (16) at u), and S%(t) has m + 1 parts, m > 0.

Third, we give Q2 : Suppose that t is a localization tree whose root-vertex e is a monovalent co-
vertex. Let the 0-vertex adjacent to e be v, with label 4, then let t’ be the tree obtained by removing
e from t, and removing the label from the vertex v, and rooting the resulting tree at v. Let v; be
the graph consisting of a single, O-vertex, labelled i. Then we define Q5 (t) = (v;, QP (¢')), and note
that Q5 (t) = (ap(v1), 1 (t)), ..., am(t4)), a compatible relabelling of the canonical (b1, t/, ..., t"),
where §(t) has m + 1 parts, m > 0.

4.3. Generating series form for the Localization Tree Theorem. In the next result, The-
orem 4.4, which is the second form of the Localization Tree Theorem, we introduce a generating
series, TY, for the tree summation that arose in Theorem 3.11, which was the first form of the Lo-
calization Tree Theorem. We also introduce two ancillary classes of generating series f;,g;,7 > 1.
These are all exponential generating series with respect to particular weight functions, and the
proofs of the equations that relate them are combinatorial, applying the variants of the branch
decomposition, together with the x-product and the Product Lemma. However, the statement
of Theorem 4.4 is purely algebraic (without reference to trees), and the series T, f;, g; are all
uniquely defined by the equations in the statement. Note that the coefficients in TY are geometric
classes, while the coefficients in f;, g;, 9 are rationals.
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The statement of the theorem involves the generating series HO for genus 0 Hurwitz numbers,
defined in (14), and the generating series for genus 0 double Hurwitz numbers, given by

HO
27 HO(z,u;p;q) == zw'p q ul® o,B ,
217) ( ) a,ﬁze:’/), adp rg’ﬁ!]Autal |Autg|
lae|=1B]

where p = (p1,p2,...), 4= (q1,92,...), and rgﬂ is defined in (6).

Theorem 4.4 (Localization Tree Theorem — functional equations). For g > 1, we have

a) FI(zp)Gyy = [u®1T9 (L,—u; v p>,

1—u 1—u
where
1 a e a;
b) T(zup) =) — > (D e MG [ 6 (2,us p),
n>1""  ai,..an,k>0, j=1
a1+-+an+k=g—2+n
with
) jj+i ‘
(28) D (zu5p) = —rfizwp), iz,

j>1

and, forj >1,¢c) fi=u? (jaq H(z,u; p; Q))
with f; = fi(z,w;p), g5 = gj(z,u; p).

) g = (js2 A0 a))

. ? . 9
qi=gi,i>1 q¢i=fi,i>1

Proof. As special cases of weight functions for localization trees t, consider wty(t) := A(t)wto(t),
wto(t) := B(t)CH(t)D(t) [Toev., ulB)=2218%1and wtoo (1) := B(t)C(t)D(¢) Hievw ulB) =217
where A, B, C, D were defined in (21), (20). Now define generating series

T9(z,u; p) := [Um>17g,m, Wtgln, g>1, fi =170, wtoly, 95 = [Tooj> Whoo)n, J =>1.

For part (a), in TY9 we have pm() (Y. /m O -+ = po/|Autal, from (18). Thus, for
g>1and |a] =d > 1, we have F9* = rgFfolf!|Auta| > (T%,E?g"’)(—l)’"w [paur==U@) 2] T9(z, u; p),
from Theorem 3.11. But (TO‘ Faﬁo") = [u297 17T (1 — u)~(dHUD) g0 PO = bRl Autal| [pau?9 2]
T <1 = = U P > Then part (a) follows from (15) and (13).

For part (b), define 7,5 to be the set of localization trees t in 7 ,, with 6°(t) = §, for any
partition § with m parts, m > 1. Then variant QP of the branch decomposition gives a bijection

O Ty 5 = Uay (To) xUay (To2) % -+ = b (ar(8]), - (b)),
where 0 = (1%1292...) with a3 + ag + --- = m. It is straightforward to check in this bijection
that nx(t) = ne(t]) + - + e(t],), for & > 0. Moreover, wty(t) = Py, (1%129%2. ") (szl (jj/j!)aj>
wto(t])- - -wto(t)), so from the Product Lemma we obtain

jjf»/j! aj
[7-9,57\7\7‘69]77 = ]P’gn(lmzm, . ) H %7
Jj=1 J°
and part (b) follows by summing this over all a1, as,... > 0 with a1 +az +--- = m, and m > 1,

and applying (19).
For part (c), for j > 1, variant Qgr of the branch decomposition gives a bijection

O To; — {0y} % Us, (Tao 1) % Uy (Too 2) -+ 1 = (ap (1), an (), . (£,)),

25



where the union is over all v = (1%1292...), 8 = (1%1...(j — 1)bi—13%+1(j + 1)b+1...) with |y| =
16| > j, and I(8) = m+1, m > 0 (here, v = 4*(t) and 5 = $%(t), where u is the co-vertex adjacent
to e in t, as given in the description of Qbr above). It is straightforward to check in this bijection
that 7 (t) = g (wy) +nx(8) + - - - + 0k (t),), for & > 0. Moreover, wto(t) = (HO ul®)— zw‘/r )

Whoo (8]) - - Wtoo (£,), so from the Product Lemma we obtain

) 518l a; b
u . X
f] u_sz : ,,3 b g; ,

1 b
“/5 i>1 ai! byl

since [0, 1], = [[;5, %j, and part (c) follows immediately from (27).
For part (d), variant QY of the branch decomposition gives a bijection
O+ Tooj —— ({01} % Uy (To1) % Uay (To2) %+t (0(01), 01 (4]), -, (1)),
where the union is over all § = (191-..(j — 1)%-1j%T1(j 4+ 1)%+1...) with |§] > j, and I[(§) = m + 1,
m > 0. (Here, § = 6¥(t), where v is the 0-vertex adjacent to e in t, as given in the description of Q5

above.) It is straightforward to check in this bijection that ng(t) = nk(o1) +n (&) +- - - +ni(£,), for
k >0, and that wteo(t) = j (HS/rd!) wto(t])- - -wto(t},). Then from the Product Lemma we obtain

1
91_3112 Hal’

since [{v1}, 1], = 1/1!, and part (d) follows immediately from (14). O

5. SYMMETRIZATION AND A POLYNOMIAL TRANSFORMATION

At this stage, we have established the two generating series results that we need to prove Faber’s
Conjecture. The first of these results, on the degeneration side, is Corollary 3.9, the second form of
the Degeneration Theorem, which gives a linear partial differential equation for the Faber-Hurwitz
series 'Y, in terms of the genus 0 Hurwitz series HO. The second of these results, on the localization
side, is Theorem 4.4, the second form of the Localization Tree Theorem, which expresses Faber-
Hurwitz classes as a linear combination of the intersections (7, - - Tan)\k>Fab, in terms of H? and
the genus 0 double Hurwitz series HY.

In this section, in order to prove Faber’s Intersection Number Conjecture, we introduce three
operators, giving us a three-step transformation that will enable us to apply Corollary 3.9 and
Theorem 4.4 conveniently, so that we can extract the intersection numbers of top degree, that are
the subject of Faber’s Conjecture. The first step is a symmetrization operator =,,, and the second
step is a change of variables C. The composition C=,,, yields polynomials in the new variables, and
the third step is the operator T’, that restricts to terms of maximum total degree. We shall refer
to T'CZ,,, = TZ,, as the fundamental transformation.

Note that our fundamental transformation is only a slight modification of the three-step trans-
formation that was used in [GJV3] to give another proof of Getzler and Pandharipande’s Ag-
Conjecture. There the transformation was applied to the Hurwitz number generating series in
arbitrary genus, and the first two steps, of symmetrizing and changing variables, were identical.
In that Hurwitz case, polynomiality also held, but the third step was to restrict to (full) terms of
minimum total degree, so that the intersection numbers of bottom degree, that are the subject of
the A\g-Conjecture, could be extracted. Changes of variables for similar purposes arise in work of
Kazarian and Lando [KL] and Shadrin and Zvonkine [SZ], as well as in [GJ2, GJVn, GJV1, GJV2].
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5.1. Symmetrization. The first step of the fundamental transformation is the linear symmetriza-
tion operator =,,.

Definition of =, (Step 1): Following [GJV2], we define

(29) Em(pazm‘) = Z x?(ll)' : '$:E:n)7 m > 1,
g€G,
if I(a) =m (with @ = (e, ...,ap,)), and zero otherwise.

In order to provide more compact expressions when applying =,,,, some notation is required. For
p=Ap1,- - mt C{1,...,m}, let v, = {z,,,..., 2, }. Given iy,..., 1 > 1, with 4y +--- 4+ i, = m,
let s; =41 +---+1ij, for j=1,...,k, and so = 0. Also let

(30) pi = {Sj_l—i-l,...,sj},

for j = 1,...,k. Then sym; is a summation operator, over the set of ordered set partitions

yeenslh

(v1,--vg) of {1,...,m}, in which, in the summand, z,, is replaced by z,, for j = 1,..., k.
We require the symmetrized series
(31) Fi(x1,...,1p) = EnF9(z;p), H?n(ajl,...,a:m) Z,H(z;p),
T (x1,. . Ty r) = EnT9(z,u;p), & (T1,e e @m,u) = EpO(z,u;p)),

for m > 1. When the arguments of these series are suppressed, they are the ones stated above.

5.2. Symmetrizing on the localization and degeneration sides. On the localization side, the
following result is the third form of the Localization Tree Theorem. It is the symmetrized form of
Theorem 4.4, and uses the substitution operator

(32) A u— —u, x> (1 —u) Ly, i=1,...,m.

Corollary 5.1 (Localization Tree Theorem — symmetrized functional equations). For m,g > 1,

0) Gy = [u*"] (f—u> AT,

—Uu

where
n

1 a a;j
b) TY, = Z_ Z (—1)k<7'a1"‘7'an)\k>g bsymil,...,in H '(»J)(:Eﬁj)'

]

n! ,
n>1 ai,...,an,k>0, J=1
ai+-+an+k=g—2+n,
i1,in>1,

i1+ Fin=m

Proof. The result follows by applying =, to Theorem 4.4(a) and (b), for m > 1, and using the
properties of =, given in Lemmas 4.1-4.3 of [GJVn]. O

On the degeneration side, the following result is the symmetrized form of Corollary 3.9. For each
1 <4 < j < m, note that there are two terms in the result with denominator x; — x;, and that
the numerator is antisymmetric in z;,x;, so these terms combine to give a formal power series.
To account for each individual term (z; — z;)~! that arises in the statement, we adopt the total
ordering x; < x; if i < j, and then define (x; — z;)~! by (z; — z;)7! = xj_l(l - a;,-a;j_l)_l. This
gives us an ordered Laurent series ring in x1,...,Zy,-

Corollary 5.2 (Degeneration Theorem — symmetrized Join-cut Equation). For m,g > 1,

(; TG T 1) F = > symi <wla—le?+z’2 (l’lal’pz)> <$18—me+i3(ﬂf1,xpa)>

12,i32>0,
io+iz=m—1

T 8 m 8 2g+1 .
sym —= 1 —F9 (x1,x XTj— HY .
+sy 1,17777,—2‘%_1 — 79 181’1 m—l( 1, P3)+; < Zaxl> m
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Proof. The result follows by applying =, to Corollary 3.9 for m > 1, and using the properties of
Em given in Lemmas 4.1-4.3 of [GJVn]. O

Note that the second term on the right hand side of Corollary 5.2 vanishes in the case m = 1.

5.3. Polynomiality and terms of top degree. The second step of the fundamental transfor-
mation is the change of variables C.

Definition of C (Step 2): Let

n—1 1 n

(33) a) w(x):= Z r ", b) y(z):= Tl = Z %x”,

n!
n>1 n>0

where the second equality in the expression for y(x) is well-known (see, e.g., [GJ2, Prop. 3.2.1]).
Let w; := w(x;) and y; = y(x;), for i = 1,...,m, and let C be an operator, applied to a formal
power series in x1,.. ., Z;,, that changes variables from the indeterminates x1, ..., Zm t0 y1,.. ., Ym.
Thus, a direct way to apply C is to substitute z; = G(y; — 1), where G(z) is the compositional
inverse of the formal power series ), ., n"2"/nl. In this paper, we do not apply this substitution

directly to the symmetrized series F%, A T, A fﬁﬁ), but instead quite indirectly. The details are
intricate, but the key to our method is that in all cases the result is a polynomial in y, ..., ym (We
say that a Laurent series in another indeterminate, either u or ¢ in this paper, is polynomial if each
of its coefficients is polynomial).

This key fact is recorded in the following result. The proof involves a number of transforma-
tions for implicitly defined series, and is deferred until Appendix A to avoid interrupting the present
development. Note that part (b) follows from part (a) by Theorem 4.4(a),(b), and by (13) and The-
orem 3.12 (which allows us to “divide” (74, - 7a, )\k>gab by Gg4,1). Consequently, in the Appendix
it suffices to prove part (a) of Theorem 5.3 only.

Theorem 5.3. For m =1,2,3, we have
a) CAEY cQlyr,...,yml((w), i>1, b) CFESeQlyr,. - yml, g>1.

Theorem 5.3 is essential to our proof of Faber’s Intersection Conjecture for at most 3 parts. In
order for us to extend our proof to, say, n parts, we would first need to prove Theorem 5.3 for all
m < n. We are presently able to prove this result for m < 5, but not for larger values of m, since we
require the symmetrized double Hurwitz series in our method of proof, and we only have explicit
expressions for this when m < 5, as given in [GJV2]. We conjecture that Theorem 5.3 holds for all
positive integers m.

The third and final step of the fundamental transformation is the operator T’, that restricts a
polynomial to terms of maximum total degree (these are referred to as the “top” terms).

Definition of T' (Step 3): Let S; be the operator that restricts a polynomial in y1, ...,y to the

terms of total degree i. Then we define T', when applied to C FJ,, to denote Syg43m—5. It turns
out that there are no terms of higher degree in C F,, so we say that T’ restricts to the terms of top
degree, though we understand that this is informal, since it assumes that the terms of total degree
4g + 3m — 5 are not all zero.

IfCA &(,3) =>4 apu®, we define T/ C A 57(7? = 1 (S2g+2m—2+kar) u®. Again, it turns out that
there are no terms is any of the a; of higher totgl degree, so in this case also T’ restricts to terms
of top degree. We define T’, when applied to C H% , to denote Ss3,,_¢. Again there are no terms of
higher total degree, so in this case also T’ restricts to terms of top degree.

Finally, in all other cases, we define T’ as a homomorphism, and we define T := T’ C.

5.4. Polynomiality and terms of top degree on the localization and degeneration sides.
On the localization side, we can apply the fundamental transformation via Theorem 4.4, because
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of the polynomiality of A {,(fb) that was established in Theorem 5.3(a) for m = 1,2,3. This requires
the top terms, T A 57(,3), which are given in the following result for m = 1,2,3. Again, the proof
is intricate, and is deferred until Appendix A to avoid interrupting the present development. The
result uses the notation

Yi .
34 Y; = > 1.
(34) W)= iz

Theorem 5.4. Fori > 0,

a) uTAED = (2 — DIV ()2, b)) WPTAE = —(2i+ 1)!!usym1,1ylyly2 Y3 (u)%+3,

— Y2
“u)BT A €W 3,4 '
C) ( u) 53 u2sym1 1 Y1Y2Y3 2yv1(u)2z+3Y2(u)
(20 + 1)1 T (Y2 —y3) (W1 — y2)
i 0 y3y2y3 i
2i+5 2 3 1 2i+4
—sym uy1Y1(u Yo(u)Ys(u) — u "y =— Yi(u .
b2 ( ( ) ( ) ( ) 181/1 (y2—y1)(y3—y1) ( )

On the degeneration side, we can apply the fundamental transformation via Corollary 5.2 if we
can apply the change of variables C to the partial differential operator a:,-a%i and to the symmetrized
generating series ﬁ?n for Hurwitz numbers, genus 0. This is straightforward in both cases.

For the partial differential operator, from (33a,b) we have the functional equations y; = 1/(1—w;),
¥ =1+ a:,-fl—l;:, and together these imply x; filxi = y2(y; — 1). This immediately implies the operator
identities

O o, 0 9 9

For the symmetrized generating series fI?n, (11) and (33b) give

m—3
m

. e 0
(36) H), = ijT [w -0,
=1 9

i=1

for m > 1 (note that (35) applied to (36) immediately identifies C ﬁ?n as having degree 3m — 6,
consistent with the definition of T’ above). Also, we have

0

(37) CL) :Ela—;l;lﬁ(l] =1 yl_l’ b) ﬁ(] = ]og < Y1 — Y2 )> + yl_l + y2—1 _ 27

y1y2(3:1 — T2

where the first of these expressions arises by applying xlﬁ to (36) when m = 1, and using (35a),
and the second is given in [GJVn, p. 38].

6. INTERSECTION NUMBERS WITH ONE PART

In this section, we use our strategy for the first time. This involves applying the fundamental
transformation to give results for the symmetrized Faber-Hurwitz series F}5, on both the degeneration
and localization sides, to obtain results for Faber’s intersection numbers. Here, these results are
given in Section 6.1 for the case of a single (m = 1) part. Faber’s Intersection Number Conjecture,
giving (Tg_1>]§ab = wi]_l, is immediate in this case, but it gives us an equation relating the two
generators Q,Z)f 1 and Gyg,1 of Agg_l(/\/lg’fn). There is non-trivial geometric information to be gained
by relating these generators, which is described in Section 6.2.
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6.1. Intersection numbers with one part. We begin with a result for the localization side.

Theorem 6.1. For g > 1, we have T F{(21)Gg1 = (29 — 3)!!(35:‘1))31;19_21,!){_1.

Proof. From Corollary 5.1(b) we have TY = Ei;é(—1)k(Tg_1_k/\k>ﬂg?ab§§g_l_k). Together with The-
orem 5.4(a), this gives

(0297 () T AT, ) = [0 g )5 (29 — 31V ()" = (12929 — BV ()20~ !

where, for the second equality, we have used the immediate fact that <Tg_1>Fab (. U for g>1.
But V1(u)*~! = Y5 (_(29_1))( 1)ig20~ iyt — > is0 (29_.2+i)yfg_1+iui, and the result follows

(2 7
immediately. ([l

Now we turn to the corresponding result for the degeneration side.

49—2

Theorem 6.2. For g > 1, we have TFf(zl) = (49 — 3)”?119 5

~ 2g+1
Proof. Let m = 1 in Corollary 5.2, to obtain x %Flg = (:m%H?) ( £1F9) + <:E18%1> HY.

Solving for a:la%lFlg, and using (37a), we obtain

a g 8 2g—1
—F = — —1).
(38) tig =0 <x18x1> (y1 — 1)
The polynomiality of F} follows immediately from (35a) (or we can use Theorem 5.3(b), with
2g—1

m = 1), so from (35b) we have yl TFg =1 (yl 8y1) y1 = (4g — 3)”@/1 , where the second
equality follows by induction. The result follows by integrating in ;. O

6.2. Some immediate geometric consequences. Comparing the above two results, we obtain
the following result, which relates the generator Gy of Agg_1(M},) with the generator zﬁi]_l
suggested by Faber’s Intersection Number Conjecture.

Corollary 6.3. Forg>1, G, = (572_—91)!1/)‘;]_1 on Agg_1(Mg).

Fab

In particular, ¢§'—1 = (74-1),"" is another non-zero element (=basis) of the one-dimensional

vector space Agg_1(M,1), and this describes the change of basis from G to ¢ -1

Proof. Comparing Theorems 6.1 and 6.2, we obtain (2g — 3)!!(;3::{’)1/#_1 = (459__32)!!(@%1, and the

result follows immediately. O

Corollary 6.4 ([P1, Thm. 4]). SO (1) AT T = 207 g /g

Proof Applying the usual (non-relative) virtual localization formula to Gy 1 ~, we obtain Gy 1 ~ =

¢2g A4+ (—1)91&{_1)\9. The result then follows from Corollary 6.3 and the fact that
Gg,l = 2¢Gy 1 ~ (Proposition 3.1). O

(229 -1)29~1

Corollary 6.5. The class of the hyperelliptic curves in My is o) (2952) Ha—2-

(This was stated, for example, in the concluding remarks of [F1].) The argument carries through
for the locus of degree d covers fully ramified over two points.
Sketch of proof. The class G4 ~ corresponds to the points [C,p, q] € M;’fQ where O¢(p — q) is a
2-torsion point (along with a virtual class). The locus where Oc(p — ¢) is trivial corresponds to
Gy,1. Thus the locus where Oc(p — q) is 2-torsion but non-trivial has virtual class (2% — 1)G,,
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by Theorem 3.5. It is straightforward to check the virtual fundamental class on this locus is the
actual fundamental class (as mentioned in the proof of Theorem 3.5). This locus corresponds to
hyperelliptic curves with two marked Weierstrass points. Thus the locus in M, 1 of hyperelliptic

. . . . 29 _ 229 —1)29~1 1
curves with choice of one Weierstrass point has class 22g +11 Gg1 = ((Tﬂlg . Pushing forward

to M, and forgetting the choice of one of the 2g+2 Weierstrass points, we get the desired result. [

Corollary 6.6. Ford,g > 1, we have I, = 3 ZZ . ( ) 29+i=1 (g — §)d—i,

This is a corollary of the proof of Theorem 6.2, not of the result itself.
Proof. From (38) and (33b), we have x %Flg = >0 Z—Taj’f D i1 229:—,271:#1, and the result follows

from (31) and (15). O

Thus, for example, the class of non-singular genus g curves C' admitting a degree d cover of P!
via O(dp) for some p € C, ramified over an appropriate number of points is

11— 7 11— Nd—1 29k
dz< > 29+ 1 d Gg, dZ( ) 29+ 1 Z)d (g _91)2' e A2g—1(Mg)'

7. A STRATEGY FOR AN INDUCTIVE PROOF OF FABER’S INTERSECTION NUMBER CONJECTURE

In this section, we consider an inductive strategy for proving the Conjecture.

7.1. Final form of the Localization Tree Theorem. First, we define two generating series, in
which the genus g is marked by the indeterminate ¢.

The localization tree generating series is

t29

(B Uy, Ymit) = > W[UZQ_l](—U)mTAT%(ZEL ) [T m>
= 1!
The Faber generating series is
oyt
(40) (Y1, Ymrt) = Y 2% 1WTF$(%...,%), m>1.
g>1 ’

For U,,, thanks to the fact that Roy_1(My1) = Q (Thm. 3.12), we “divide by zbf_l” using the
isomorphism

xpd 1
Q - R2g—1(M971)
(combining (23) and Cor. 6.3), and thus we define the Faber intersection number
(41) e S L e O A Py

Note that ¥, and ®,,, since they require the operator T, are only defined when the operator C
yields a polynomial. So far, we have proved this polynomiality only for m = 1,2, 3, in Theorem 5.3.
Subject to this, ¥, and ®,,, are both generating series with rational coefficients, and the next result
shows that they are equal.

Corollary 7.1 (Localization Tree Theorem — for genus generating series). For m > 1,
\Ilm(yh sy yM7 t) = q)m(yla RS ymu t)
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: G 299" 229 1ypf 1
Proof. The result follows from Corollary 5.1(a) by noting that e f’ll)” = (g—1)!%g—1)!! = (2g_w11)!

for g > 1, from Corollary 6.3.

Corollary 7.1 is the final form of Theorem 3.11. It summarizes the relationship between the
localization side (dealing with W¥,,) and the degeneration side (dealing with ®,,) as the equality
of ¥,,, and ®,,. Our strategy for exploiting this relationship in order to prove the Faber Conjecture
for a fixed number of parts is indirect. We prove in the following lemma that Corollary 7.1 implies
sufficiently many linearly independent linear equations for Faber’s intersection numbers to uniquely
identify them. This means that we can prove the Faber Conjecture iteratively on the number of
parts, by simply verifying the equality ¥,, = ®,, of Corollary 7.1 with Faber’s conjectured values
substituted for the intersection numbers. In fact, as we shall see, with these substituted values, we
are able to verify the equality ¥, = ®,, for particular m simply by equating polynomials.

Lemma 7.2. For any n > 2, if the Faber Conjecture is true for up to n — 1 parts, and

\Pn(yb . ‘7yn7t) = (I)n(yl, .. 'aynat)

with Faber’s conjectured values substituted for the intersection numbers with up to n parts, then the
Faber Conjecture is true for up to n parts.

Proof. Consider the equality ¥, (y1,...,¥n,t) = ®n(y1,...,Yn,t), and equate coefficients of 29 for
each fixed g > 2. This gives an equation involving Faber’s intersection numbers with at most n
parts, and from Corollary 5.1(b), (39) and Theorem 5.4(a), we deduce that the only terms involving
the intersection numbers with exactly n, positive, parts are given by

Za +a11|-_-[-1’an§_|1_7n <27_0«1 o 'Tfln>gab (29i1)!! [u29—1] H?:l(Zaj - 1)!!}?(’&)2‘%‘-{-1
1T n=, —

h Fab H?:l@aj—l)!!(?agjmj)y

= Z at,...,an>1, Z mi,...,mn >0, <7'a1”’7'an>g 2g—1)
a1+-+an=g+n—2 mi+-+mp=2g—1

2.aj+mj+1
J

Now under the hypothesis that the Faber Conjecture has been proved for up to n — 1 parts, we
are able to evaluate all Faber intersection numbers in the above equation with up to n — 1 parts,
as well as those with n parts, at least one of which is zero (by use of the string equation), and
we consider Faber’s intersection numbers with exactly n, positive, parts as unknowns. Now equate
coefficients of yi'-- -yi» in this equation for each iy,...,4, > 3 with iy +--- 4+ i, = 49 — 5 + 3n,
to obtain a linear equation that we shall refer to as B;,, . ;,. Then we thus obtain a system of
(49;_6;r") equations Bj;, ;. in the (g;?f;") “unknowns” (74, - "Tan>gab, where aq,...,a, > 1, with
ai+ -+ a, = g — 2+ n. Let the coefficient matrix for this system be denoted by M, and note

that (4g;ff") > (9 ;?f;"), since g,n > 2. (We will not use the symmetry of these unknowns.)

n*

n

Now we prove that this system has at most one solution. To do so, suppose that we consider
the unknowns in lexicographic order of the a;...a,, and the equations in lexicographic order of
the 41...7, (so we have ordered the rows and columns of M.) Note that, from (42), the entry in

row 1. .., and column a;...a, is non-zero if and only if i; > 2a; + 1 for all j = 1,...,n. Then it
is straightforward to check that the submatrix of M consisting of all columns, and rows 41, ..., i,
with 41,...,7,_1 > 3 and odd, and i1 + --- + i,,_1 < 29 — 7+ 3n, is lower triangular, with non-zero

coefficients on the diagonal. Thus these rows of M are linearly independent, so the system has at
most one solution. The result follows since, if Faber’s conjectured values satisfy this system, then
they are uniquely the correct values for these intersection numbers. O

7.2. A lemma for the localization tree generating series. We consider first the localization
side. In order to determine a compact rational expression for the localization tree generating series
U,,, we shall need the following lemma, where Ef denotes the even subseries of the formal power
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series f in the indeterminate ¢. Also, for ¢ > 1 we let

1- B,
4 B;:=1/1—4y%t A; = L
(43) \/ yit, o

Lemma 7.3. For a formal power series f, 3~ 29 [u?971] flu)Yi(u)®~! = 1Et (1 + Bl_l) f(Ay).

Proof. Now [u?971] f(u)Y1(u)?9~! = [¢%71] %, from Lagrange’s Implicit Function Theorem
ds s

(see, e.g., [GJ1, Thm. 1.2.4]), where s is the unique formal power series solution (in ¢) of s = tY7(s),
which is the equation y;5%2 — s +y1t = 0, and so s = A;. But —Yl( ) = Y1(s)?, so with s = Ay,
we have 1 — t%Yl(s) = 12+BBll' Then [u?~1] f(u)Yy(u)29~1 = [t971] 1 (1 + BrY) f(A1). The result
follows. U

7.3. Final form of the Degeneration Theorem. For the degeneration side, we describe the
general results that will allow us to obtain an explicit rational expression for the Faber generating
series @,,. First we give a compact expression for ;.

Corollary 7.4. yla%lq)l(yl,t) =EtB; L.

Proof. From (40) with m = 1, and Theorem 6.2, we obtain

0 (49 — 3)! 291
v, 21(01:1) 22291 o )492 —tZ( > (—ait)™

g>1

and the result follows immediately. O

In the next result, we consider the top terms in Corollary 5.2, to obtain a simple iterative
equation for the Faber generating series ®,,, m > 2. Similarly to Corollary 5.2, there are two terms
in this result with denominator y; —y;, and the numerator is antisymmetric in y;, y;, so these terms

combine to give a formal power series. Also, to account for each individual term (y; — yj)_l, we

adopt the total ordering y; < y; if ¢ < j, to obtain an ordered Laurent series ring in y1, ..., Ym.
The statement of the result uses the operator
i 0
44 Ay = k>2
( ) k‘ ; yz ayl — Y

and the generating series

929-1 9 S 0 \*H! 00
(45) Yo (Y1 -y Y, t) Z 9= 29_1) TZ <$Za—xl> H, (z1,...,2m), m>1
g>1 i=1
Lemma 7.5 (Degeneration Theorem — Join-cut equation for ®,,). For m > 2 we have
0 0
No®pm(yt, . ymt) = D symy < o —THY (xl,x,,2)> <y%a—qu>1+i3 (yl,yp3,t)>
i22>2,i32>0,

i2+iz=m—1
iy 9
Y1 — Y2 Oy

+syml,17m—2 —1(y17yp37t) + Tm(yl7"'7yM7t)-

Proof. From the symmetrized Join-cut equation (Cor. 5.2), and moving the contribution for io =0
from the summation on the right hand side to the left hand side, and using (37a) and (35a), we

have <Z:n1 o 81, +m— 1) Fj, on the left hand side. But, from (37b) and (35a), we have
0 2(y1 — 1 x 2(yg — 1 x
" a_HO iy )_yl(yl_l)—(yl—l)— Ly —1)  w 7
1 Y1 — Y2 L1 — X2 Y1 — Y2 L1 — X2
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and we apply this result to combine the contribution for i, = 1 in the summation on the right hand
side with the sym; ; ,,_o term on the right hand side, to give

0 0
Z SYM1 s is <xla Hl—l—zz (w17x02)> <x18 Fl-l—za(xl’xm))

192>2,i3>0,
i9+iz=m—1

2 m 2g+1
yi(y2 — 1) 9 9 50
sym Vw2 = 2 2R (ay, 3 (2 HO |
+sy 1,1,m—2 Y1 — yo 8:17 (‘/El xps) + x28$i m

i=1

on the right hand side. Now, multiply on both sides by 229~ 1( ;291),, sum over g > 1, and apply T,

to obtain the result, from (40) and (35b). O

Lemma 7.5 is the final form of Theorem 3.7. In order to apply this result, we require a technical
result about the invertibility of the partial differential operator Ay.

Proposition 7.6. For m > 1,k > 2, the operator Ay is invertible for formal power series in
Yl - - Ym 0 which every monomial has positive exponent for each of y1, ..., Ym-

Tvm

Proof. Let A := Zm’m’anl Ay ,om) Y1 Y and B = Zm’m,anl biny,om) Y1 Y, and
suppose that Ay A = AgB. We prove that a(,, .. n,.) = b(ny,...n,) for all ny,...,ny > 1 by putting
a partial order <, on the (n,...,ny,): welet (nq,...,n,)< be the vector of length m containing the
n; in weakly increasing order, and we define (n1,...,nm) <¢ (i1,...,%y) if and only if (nq,...,1nm)<
precedes (i1, ...,%mn )< in lexicographic order.

To prove the result for (nq,...,ny,), suppose that n; = max{ni,...,n,,} (make an arbitrary choice
of 7 if there is more than one, equal, maximum element), and equate coefficients of y7'*- - yf”’k L Ceypm

in ApA = ALB, to obtain

nia(nlv'“?nm) + Z ];él7 (n-] - k + 1) a(nl7"'7nj_k+17'"7ni+k_17"'7n77l)
(46) nj 2k
= nib(”ly---7”7ﬂ) + E J#i, (nj - k + 1) b(nl7---771]‘_k+1,---,ni+k—17---7nm)’
n;>k
Now consider any fixed linear extension of <y, and note that, for any term in the summations
n (46), we have (ni,...,n; —k+1,...,n;, +k —1,...,nmn) <¢ (n1,...,7n). The result follows
from (46), by induction on the position in this linear extension. O

8. PROOF OF FABER’S INTERSECTION NUMBER CONJECTURE FOR 2 AND 3 PARTS, WITH
COMMENTS ABOUT THE GENERAL CASE OF m PARTS

8.1. Faber’s Intersection Number Conjecture for two parts. In this section, we prove
Faber’s Conjecture for the case of two parts. It will be convenient to “smooth” the result to
allow zeros, by applying the string equation. For cases of (2) when some d; = 0, we can use the
string equation to deduce a consistent value. For example, when n = 2, dy = g, do = 0, the string

equation gives <TgT0>Fab <Tg_1>Fab = 1, which agrees with (2), so Faber’s Conjecture for n = 2
becomes

2g — !
(47) (Tay7a5) ™ = 29— 1) di+dy=g, di,dp >0, g=>1

(2d; — 1)N(2dy — 1)1V
For the localization side, we have the following result. In the proof, we use the notation

(48) Yy = Yin(Ay), m>1,

where Y,,,, Ay are defined in (43), (34), respectively.
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Theorem 8.1. If the Faber Conjecture is true for n = 2, then

3 4,2

y1ya2t Y1yt —1

\II2(y17y27t) = Esyml 1 < - > By
T\ (W —w) W — R+ Aydydt)) !

Proof. From Corollary 5.1(b) we have T§ = Zalfgzg,(—l)g_al_” <Ta17'a2)\g_a1_a2>gab£§al)(3:1)
al1Ta2xg

§a2 (z2) +>.9_ ( ISLIC A k)\k>Fab§(g - k), where we have used the symmetry of the Faber
symbol in the ﬁrst summation. Together with Theorem 5.4(a),(b) and (39), this gives

2
29 B |
Talyrvet) = D gyl DL (el H 2a; — DI (u)?0+!
g>1 g ; a1,a2>0, j=1
ai1+a2=g
— £ 29—1 Fab yiye 29-+1
_Z 2 _ 1 ”[u g ](Tg— > (29 1)”U5ym1,1 — Yl(u) g .
g>1( g— D! Y1 — Y2

Now, if the Faber Conjecture is true for n = 2, then from (47), we have

2
Y1y2
2(y1, 92, 1) Etzg 209-1] E Vi (u)? MY (w) 22 — symy | —L=—uY; (u)2 |

g>1 a1,a2>0, T Y2
ai1taz2=g
But "4y ap>0, Y1(w)21 Y, (u)292+ = sym, 17};}1((2))2;_+;:(2$2), and from Lemma 7.3 we conclude that
ai1ta2=g
YiYy Yo
Wo(y1,yo,t :lEsym t(1+ B! S Sl AY
( )= sBsymiat (1+5r) Y2-Y2 wni-wy

From the proof of Lemma 7.3, we have A; = ty; /(1 — y1 A1), so routinely simplifying, we obtain
yiyatAi(1 — o A))Br ' yi”ygA%Bf)
(y1 = y2)(y1 + y2B1) Y1 —y2
~ Eeym <y?y2th L, _yiyst— yiyitB >
= 1,1
"\ v -2 (y1 — y2) (v — y3BY)

Ua(y1,92,t) = Esym1,1<

Now it is straightforward to verify that Esym; 1%%@ 0, and the result follows with
1 2
vt — y3BY = yi — y3 + dyiyit. O

For the degeneration side, we have the following result.

Theorem 8.2. AsAy®s(y1,y2,t) = Esym, ; (Agy?ilyz tBl + 3y§‘y2tB1_5) .

Proof. We begin by using (36) to obtain AT H2 = Y1Y2, SO, from (35b), we have T (:El Do ) Ag

2g+1
= (y‘f%) Y2 = (49 + 1)!!y1 yg, where the second equality follows by induction. This gives

_ 4g + 1 ” 4943
AgTy = symy; ) 2% 1ﬁy1g+ yot® = sym 1yfyat > 3 5
g>1 9= g=1

5

__5 1) (—4y%t) 2g—1

= 3Esymy yiyetBy°

Now, consider Lemma 7.5 with m = 2, and apply As to both sides, to obtain AzA;®y =

Agsym; 1;11%52 aqu)l(yl, t) + A3Y9. The result follows from Corollary 7.4 and the expression for

A3Yy above, since Az and sym; ; commute. O
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Now we compare the results from the localization and degeneration sides, to obtain a proof of
Faber’s Conjecture for two parts.

Theorem 8.3. Faber’s Intersection Number Conjecture is true for n = 2.

Proof. By applying AsAgy to Theorem 8.1, and from Theorem 8.2, we routinely simplify to prove
that AsAoWs(y1,y2,t) and AgAs®Po(y1,y2,t) (under the condition that the Faber Conjecture is true

for n = 2) are both equal to Esyle% (3y1 — 2o — 10y3t + dyPyat + 16y7t2 — 8y%y2t2) .
Thus we have proved that if the Faber Conjecture is true for n = 2, then As3AsWs(y1,y2,t) =
A3AoPs(y1,y2,t). Then Proposition 7.6 implies that Wy(y1,y2,t) = Pa(y1,y2,t), and the result

follows from Lemma 7.2. O

8.2. Faber’s Intersection Number Conjecture for three parts. The proof for three parts
follows the steps and strategy of the proof for two parts, with no further technical difficulties.
However, the full details of some of the expressions are somewhat longer, and we omit many below.

For the localization side, we determine that, if Faber’s Conjecture is true for up to 3 parts, then

d Y8Y,Ys
49 \113 y17y27y37t = lESYm t—t(1+ B_l = Al = —
w ( ) = gt U B ) e e 1)

Yo A YPY3
yi—y2  YE-Y?
y?ygyg 4

d
—%EsymLth_ZEtA‘ (1 + Bl_l)

d
+1Esym ot —¢ (1+ B)

dt (Y2 —y1)(y3 — 1)

+1Es —1 1 .
2 yle,lt (1 + Bl ) o+ 2Esym172t (1 + Bl ) /8,

where
o = _ysve , (XY, YYP ), iy, YV
Y3 — y2 Y2-Y? (YE-Y3)? y1—y2 (Y2 —Y3)?
3,4 R 6 R
Y1Y2Y3 2A%Y12Y2 + Y1Y92Y3 A%Yf’,

(Y2 —y3)(y1 — y2) (Y2 —y1)*(y3 — y1)

40 O y?y2y3 233
’ L=p)Vinads + 3(@/2 —y1)(ys — yl)Alyl '
This is a large expression for W3, but the method of proof follows exactly that of Theorem 8.1, and
is routine: we apply Corollary 5.1(b) with m = 3, and parts (a)-(c) of Theorem 5.4, to obtain an
expression for A T3, and use a smoothing of Faber’s Conjecture for three parts to account for parts
that are zero. The above expression then follows from (39).

For the degeneration side, we determine that
(50) Ag®3(y1,y2,3,t) = Esymy oyiyoyst By " + 3Esymy oy yoyst By
Py O Sy 0 V1Y 2 >
+3Esymy 1 < s 7 Ya¥s —> t1+ B | 5= - Yl A1Y12> :
U \y1 —ys Oy Y2 — y3 Oy YE-Y? 12

The method of proof of this result follows exactly that of Theorem 8.2: we apply Lemma 7.5 with
m = 3, using the expression in Theorem 8.1 for ®3 = ¥y and the fact that TH3 = y1y2y3, from (36),
which implies that Y3(y1,y2,ys,t) = 3Esym 5 y{’ygygtBl_‘r’, giving the result.

Now we compare the results from the localization and degeneration sides, to obtain a proof of
Faber’s Conjecture for three parts.

Theorem 8.4. Faber’s Intersection Number Conjecture is true for n = 3.
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Proof. Applying As to (49), and from (50), with routine reductions (using Maple), we prove that
AoVWs(y1,y2,ys3,t) = AoPs(y1,y2,ys,t), under the condition that the Faber Conjecture is true for
n < 3. Then Proposition 7.6 implies that Ws(y1, y2,ys3,t) = P3(y1,y2,ys,t), and the result follows
from Lemma 7.2 and Theorem 8.3. ([l

8.3. Intersection numbers with four or more parts. For the case of n parts, on the localization
side, we need to determine A &(LZ), for which we need an expression for the double Hurwitz series
H". Explicit expressions for the latter are known for n = 4 [GJV2, Cor. 5.7] and n = 5 [GJV2,
Cor. 5.8], and with the help of Maple, we could in principle thus obtain expressions for ¥4 and Us
analogous to (49).

For the degeneration S|de we apply Lemma 7.5, and note that ®,, is obtained recursively from
®;, j < n, once we have HO -, which is given explicitly for all n in (36). Thus we can obtain a
rational expression for ®,, for any n, by using Maple to help with the size of the expressions.

Together, via Lemma 7.2, these would enable us to prove Faber’s Conjecture for four and five
parts. However, we are prevented from proving the result for larger values of n because we do
not have explicit expressions for the double Hurwitz series HY, and we do not see how to obtain
an explicit formula that holds for all n. In order to use our methodology to prove the result for
arbitrary n, we would need to use our functional equations for the various tree series given in
Theorem 4.4, and then use the Join-cut Equation for the double Hurwitz series.

APPENDIX A. PROOFS OF THEOREMS 5.3 AND 5.4

In thls Appendix we develop the substantial amount of material that is required to determine

A {m for m = 1,2,3, and is not required elsewhere in the paper. A key ingredient is the sym-
metrization of the double Hurwitz generating series.

A.1. Preliminaries. (a) Completing the symmetrization on the localization side: In order to de-

termine A 57(7? we have the following result, which together with Corollary 5.1 completes the sym-
metrization of Theorem 4.4 (the third form of the Localization Tree Theorem). It requires the
symmetrized series

(51) fj,m($17axm7u) = mfj(z7ua p))7 g],m(xlvaxmau) = Emgj(z7u7 p))7
H(r)n(:El’"'axm)u;q) = mHO(z,u;p,q),

for m > 1, and the substitution operator

[1] [1]

Z‘i—l
(52) Q:gi——, i1
7!
Corollary A.1. Form > 1,
. ]]-i- )
a’) 7(13) = Z fj m, >0,
j>1 7!
where, for j > 1,
U_2 3 ak+1 0 k
b) fj,m = Z Symi07...,ikF <Q ]WHZO (wpo, Uu; q)> H gja,ia(xpa,u),
F20,710gi >, ' G945 i a=1
10,--50 > 1,
to+-+ig=m
G+a 4+ 257
C) g.Lm = Z Symll,,lk k' ' 'L' jayia(xpaﬂ )
B20,71, gk >1, ‘ Ty Jel

Tyt 21,
11+-+ig=m
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Proof. The result follows by applying =, to (28) Theorem 4.4(c) and (d), for m > 1, and using
the properties of =, given in Lemmas 4.1-4.3 of [GJVn]. O

We shall determine A 57(,?, m = 1,2,3, by applying Corollary A.1 directly. The results that are
needed for the series H?, and its partial derivatives are given in the next two sections.
(b) The symmetrized double Hurwitz series, genus 0: Now let Q(t) := Zj>1 gjt’, and v be the
unique formal power series solution of the functional equation

(53) v = ze"Q),

Let

(54) vi= (@), Q= Quy), p(t):=1—uwQ )™ = p(vr).

Then in [GJV2], we proved that

(55) xlaiﬂ? =uQi, HY=log <”1 ‘”2) —uQ) —uQz, HY= i(ui -1 1 L-
1 1= i=1 1<j<s, V1T Y

J#i
(c) Partial derivatives of the symmetrized double Hurwitz series: Differentiating (53) gives

0

(56) T V= v 8—%111 = wv]
and from (55) and (56) we obtain

0 w? ,ul — wvl ,ug ; ; uvj,ulvg
57 — H)= 1 2 —wvd g — wvd g = symy  ——=.
(57) g V1 — g uv 1l — uvy 2 MALLW V1 — Uy

For partial derivatives of H(l) in general, we have the following result.
Lemma A.2. (a) Forj > 1, 4 8 H0 .

, . " k—2 o
(b) For k 2 1} J1s - Jk 2 17 8‘1%876‘1]1H? = Uk (/lelaivl) (/,Ll’U{l ]k) .

Proof. Differentiating (55), we obtain

8 8

8 8 1 =uQ' (v )——i—uvl = u@’ (vl)uvl ul—i-uv{ :uv{,ul,

0q;

where we have used (56) for the second equality. Dividing by z; and integrating, we obtain 90 H0

Oxl uv{ Mlcfl = 0 uvl dvl, where we have used (56) to change variables for the second equahty
Part (a) follows immediately.

We prove part (b) by induction on k. For the base case, note that the result is true for k = 1,
since this is equivalent to part (a) above. Now assume that the result holds for £ —1 > 1, and note
that (56) implies the operator identity piv10/0vy = £10/0x1, so we have

o 0 9 k 2 \"? 9\ R
i = e (g ) (mmge ) ()

B o1 ( a >k‘—2 8 U{l“l‘""‘l‘jk*l
= U 1 —— - - s
0x1 9qj, \Jj1+ -+ Jjr1

and part (b) follows from (56) and the operator identity. O
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(d) Polynomiality and the symmetrized double Hurwitz series: From Corollary A.1(a), (b), to eval-

uate A 57(7? we need to apply the substitution A € to partial derivatives of the symmetrized double
Hurwitz series HO,, which we have shown above can be expressed in terms of v; and p;. Thus define

(58) V= AQu

In the following result, the action of the change of variables C, the second step in our fundamental
transformation, is given for expressions in V;. Note how indirectly we proceed in the proof, especially
for part (a), as referred to in the discussion following (33). This result is the key to polynomiality
on the localization side.

Lemma A.3. Fori>1,
1— uy; 0 l1—u 0

w, b) CAQu = ;o) CVie— =yi(yi—1)

) CyVi) = 1— uy; 1—u oV

1—uy; Oy

Proof. For part (a), the series w = w(z) defined in (33a) is the unique formal power series solution
to w = ze", which we shall call the tree equation (see, e.g., [GJ1, Ex. 1.2.5]). Now V; = V(x;),
where, from (53), V' = V(z) is the unique formal power series solution to

=1

(59) V=>0-u)""zexp _UZ ‘JTV] = (1 —u) teem V),
>

where the second equality follows from (33a). But the tree equation gives w(V) = Ve*(V) and
eliminating V' between this equation and (59), we obtain (1 — u)w(V) = ze('=*(V) " Comparing
this to the tree equation, we conclude that (1 — u)w(V(x)) = w(z), and by (33b), this implies

(1 —u)y
60 Vi) = —%,
(60) o) =

where here y; = y(z;) is a series in z;. Part (a) follows immediately.
For part (b), from (54) and (33b) we have
1 1

Lhuy,o by T+l 1)

AQp; =

and part (b) follows immediately from part (a).
For part (c), from (35a), we have

(61) Vige: =600 - D3
But, by differentiating (60), we obtain
oyvi) _ _1-uw _ y(Vi)?
oy (L—wys)® (1 —w)y}’
which implies C y(VZ)Q% =(1- u)y?a%ic, and part (c) follows immediately from (61). O

(e) Two results: In the proofs of Section A.2, we make use of the identity

k Vo y(Ve) -1
62 . _Vj—Vk = - — Vi 2—7
(62) Z]-i-k? TR T R VA v y() y(V2) —y(W1)

3 7 ) ) 2¢+1
(63) < Yi 8>1y2 :(2¢—1)!!< vi ) . i1

1 — uy; Oy, — uy;
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A.2. The proofs. Proofs of Theorem 5.3(a) (m = 1), and Theorem 5.4(a): From Corollary A.1(b)
with m = 1, Lemma A.2(a) and (58), we have

9
8q]'
Then from Corollary A.1(a) with m = 1, we obtain

(64) Afjp=uAQj—H) = —u'AQ v = —u V.

X jj-i-i B J
Mg =Y A fy =
j>1 7 jz1 '

—<mg%>7mm>—n,

from (33b). But Lemma A.3(a) and (c) give
CAED = —y (1 —u) <y2y1—1 5) ((1—U)y1_1>’

"1 —uy Oy 1 —uy

and Theorem 5.3(a) (m = 1) follows immediately. Then T A fli) =T u (1 —u)tt (1—y§y1 %)Z
O

T uy , and Theorem 5.4(a) follows immediately from (63).

Proofs of Theorem 5.3(a) (m = 2), and Theorem 5.4(b): From Corollary A.1(c) with m = 1, and (64),
we obtain

1 ]{14-1 ]gz 1‘7{1+1 1 352 i
65 A gjia(zr,u) = . A fip1(z1,u T —— = V%,
(65) (1, u) ;31-1-32 al ! (o, ) = J! ;31-1-3232! !
J2= J2=
and from Corollary A.1(b) with m = 2, we obtain A fj2 = S1 + S, where
Si=u AQJa—H o Sy=usymy Y A gy a(wa,u) Qja " H1(9€17 u).
J121
j
We can determine S; immediately from (57), giving S; = —u™1j symy 4 %AQ p1. To determine
. j1+1 .
S2, use Lemma A.2 with k = 2 and (65), to obtain Sy = —u~'jsymy  V (AQ pu1) 325 55 mhjl Vi

;22,1/” Adding Sy and Ss, and using (62), we get fjo = u~lj syleVljy(Vl) % AQ ps.

Then from Corollary A.1(a) with m = 2, we obtain

. jJti (Vo) —1 jj-i-i—i-l :
A = ST Af =utsymy ()22~ (AQ Vi
52 ; ]' f]72 Y l,ly( 1) y(VZ) _ y(Vl) ( lu’l) ; ]' 1

y(Va) —1
y(V2) —y(V1)
from (33b). Now Lemma A.3(a),(b),(c) give

' - M=) (=1 T (1—wy
CA z):u_ll_uz-i-lsm yl(yQ <2 > ( _1>7

& ( )7y, v -y \"T—uy oy L —uy

and Theorem 5.3(a) (m = 2) follows immediately. Then we have
) ' 2 3 o i+1
TAD - Ty (1 — )it 2eym. . _Y1Y2 < Yi _> mo
& ( Iy By —y \1—ug1 Oy L —uy

and Theorem 5.4(b) follows immediately from (63). O

= U_15Ym1,1y(V1)2

i+1
<Aﬂun(m5%) (Vi) — 1),

Outline of proofs of Theorem 5.3(a) (m = 3), and Theorem 5.4(c): The method of proof of these
results follows those for the cases m = 1,2 above, with no further technical difficulties. We give
only an outline. We first determine A f;3 from Corollary A.1(b) This requires A g2, which we
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determine from Corollary A.1(c), and the partial derivatives W HY, %Hg and %Hg.
But rational expressions for these partials are routinely obtained, from Lemma A.2(b) for H}, and
by applying the chain rule and (56) to (57) and (55). We then use Corollary A.1(a) with m = 3 to

obtain an explicit expression for A §§Z), and then apply C to prove Theorem 5.3(a) (m = 3). Then
Theorem 5.4(c) follows immediately. O
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APPENDIX B. GLOSSARY OF NOTATION

If a symbol in column 1 has an argument, it appears as the first item of the entry in column 3.
In column 2,“C” denotes “Corollary”, “Cn” denotes “Conjecture”, “D” denotes “Definition”, “P”
denotes “Proposition” “T” denotes “Theorem”, “b” denotes “immediately before”, “f” denotes
“immediately following” and “I” denotes “Introduction to”.

£(21)

D3.10
D4.2

D4.1

153

(41)
153
(18)
bD4.2
§3.1.2
D3.10

D3.10

(44)
D3.10

D3.10
D3.10
bD4.1

Removal of contribution of
root from corresponding prod-
uct

Root-vertex of tree t
Combinatorial product
Coefficient of z*F in a formal
power series f

A, wt : Exponential generat-
ing series

Sum of parts of «

Tay " Ta,\k @ Faber symbol
for . (Y* -+ - P Ax)

Tay *** Ta, Ak : Faber number
Ptn. of d: branching over oo
H’UEVOO 71}

Relabelled localization tree
Ptn. of d: branching over 0
List of weights on Ooc-edges
incident with oco-vertex v

List of weights on all ocot-edges
incident with oco-vertex v
Partial differential operator
List of weights on Ooc-edges
incident with O-vertex v
Weight on a Oco-edge of t

No. of non-root O-vertices in t
No. of t-vertices in t incident
with edge of weight &

(yb s aym)

“k-class”

Substitution operator u
—u, z; — (1 —u)

A-class

Used for double Hurwitz series
Symmetrization operator
(z,u; p) : Localization tree se-
ries

(1, ...,Ty) : Symmetrized lo-
calization tree series

(Y1, -+ Ym,t) : Generating se-
ries for T Fjy (21, .. ., Tm)

42

[
fj,m

Ggﬂ

vadw

Used in Z,,

(Y1,---+Ym,t) : Generating se-
ries for TATY, /Gy

First Chern class

Substitution operator g;
ji—1

—

7!
Variants of branch decomposi-
tions for trees

Weight function for t
Weight function for t

Fantechi-Pandharipande
branch morphism

Weight function for t
Change of variables x; ~ y;
Weight function for t
Degree of a cover

Even subseries operator

Set of edges 0oco-edges of t
Set of edges oot-edges of t
Faber-Hurwitz class
Faber-Hurwitz number, € Q;
note F9* = F{G,

(z;p): Generating series for
Faber numbers FZ

(X1, Tm) Symmetrized
F9(z;p)

Generating series for 7 ;

(1, .., Tm,u): Symmetrized
series for 7 ;

A “natural generator” of

Rog—1(My1), C6.3

Genus (of a curve)
Generating series for 7o ;
(1, Tm,u)  symmetrized
series for 7o ;

Genus 0 (single) Hurwitz no.

Genus 0 double Hurwitz no.



g7a
HJ’

[BCT]

§3.2
(14)

(31)

(51)

P3.1
1§3

§2.1
§2.1

§3.1.1

R*(M},) 181

Hurwitz class
(z;p): Gen. series for | g
genus 0 single Hurwitz | *
nos. HY
(z,u;p;q): Gen. series 9
for genus 0 double Hur- | ®#
witz nos. Hgﬁ
(21, = a:m) Sym— rgF?0l3
metrized single Hurwitz
series oo
(xlw"axmvu;q): Sym' R](M)
metrized double Hurwitz
series, genus 0 S,
g

Class in Sym"e.8(P!)
Number of parts of « sym;, .
Moduli space of smooth
curves Tg9.m> 1o
Moduli space of stable b- | 7o ;
pointed genus g curves T, T
Moduli space of genus g
relative stable mapsto P! | T =,
relative to one pt. oo
Moduli space of relative | TY
stable maps to P! relative
to two points 0 and oo
Moduli space of “rubber | Ti,
maps”
Moduli space of relative | t
stable maps with rational | Vo(t)
tails Voo (t)
Similar to the above Vi(t)
Possibly disconnected | Ux(S)
moduli space v, U5
(a1, .oy Qum): Faber
polynomial v;
Set of all non-empty par- | V;
titions w, W;
(p1,p2; - - ) 10y
Indeterminate marking a
part ¢ in « T
Generating series for in-
determinates g; ?m
(Q17q27"') }/;(U)
Indeterminate marking a | y,y;
part i in (8
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(BP]

43

(4)

fT5.3

D3.10
§5.3
§5

T4.4(b)

Tautological — ring  of
Miin
“Expected” no. of

branch pts. away from
00

“Expected” no. of
branch pts. away from 0
and oo

Number of fixed branch
pts. on P!

RAMM=J (M) for open
subset M of Mg,n
Operator for terms of to-
tal degree @

Summation operator for
symmetrization

Sets of localization trees

Operators for maximum

degree
Fundamental transfor-
mation
(z,u;p): Tree sum re-
lated to generating series
for Fg o
(T1y ey Ty 0): Sym-

metrized TY(z, u; p)
Localization tree

Set of O-vertices in t

Set of oo-vertices in t
Set of t-vertices in t
Unordered list
Implicitly defined indets.
for double Hurwitz series
0-vertex labelled ¢
Transform of v;

Rooted tree series

Star of t-vertices rooted
at an oo-vertex
Indeterminates for sym-
metrized series

Implicitly defined indets.
for symmetrized series
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