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log+ x =


log x 1 ≤ x

0 0 ≤ x < 1

´�§ log x ≤ log+ x "

�f(z) ´«� |z| < R, 0 < R ≤ ∞ ���æX¼ê§Øð�u""

n(r, f) L«f(z) 3�|z| ≤ r ( 0 < r < R ) þ�4:�ê§?UÙ

êO§n(0, f) L«f(z)3�:?4:�?"?¿Eêa 6= ∞ , n(r, 1
f−a )

L«f(z) − a 3� |z| ≤ r ( 0 < r < R ) þ�":�ê§?UÙê

O§n(0, 1
f−a ) L« f(z)− a 3�:?":?"Pµ

m(r, f) =
1

2π

∫ 2π

0

log+
∣∣f(reiϕ)

∣∣ dϕ

N(r, f) =

∫ r

0

n(t, f)− n(0, f)

t
dt + n(0, f) log r

½ÂµT (r, f) = m(r, f) + N(r, f), T (r, f) ¡�f(z) �A�¼ê"

Ún1µef(z) 3«� |z| < R ( 0 < R ≤ ∞ ) S)Û£=�X¤§Kk

T (r, f) ≤ log+ M(r, f) ≤ ρ+ r

ρ− r
T (ρ , f) ( 0 < r < ρ < R)

d? M(r, f) = max|z|=r |f(z)|

y²�©z[1] 57�"

Ún2µ �f(z) �3«�|z| < R ( 0 < R ≤ ∞) ���æX¼ê§Ø

ð�u0§�Ä��|z| < ρ ( 0 < ρ < R ) Ú3d�Sf(z) �": aλ (λ =

1, 2, ..., h ) 94: bµ (µ = 1, 2, ..., k ) §Ù¥z�":½4:Ñy�gê�Ù

?�Ó§�z = 0 Ø´¼êf(z) ���":½4:§K3�|z| < ρ Ske�

úª
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log | f(0) | =
1

2π

∫ 2π

0

log
∣∣f(ρeiϕ)

∣∣ dϕ − h∑
λ=1

log
ρ

|aλ|
+

k∑
µ=1

log
ρ

|bµ|

dúª¡�Jensenúª"

y²�©z[1]48�.

Ún3µ�¼êf(z) u |z| ≤ R �æX"¿k

f(0) 6= 0, ∞, 1, f ′(0) 6= 0

Ku 0 < r < R k

T (r, f) < 2

{
N(R,

1

f
) + N(R, f) + N(R,

1

f − 1
)

}

+ 4 log+ |f(0)| + 2 log+ 1

R|f ′(0)|
+ 24 log

R

R− r
+ 2328

ùÒ´Nevanlinna 1�Ä�½n��«/ª"

y²�©z[1] 75�½n3.1

�
�¡�I�§·�2��
O�"

Ún4µ�x ≥ a �§f(x) ´��K�4~¼ê§K4�

lim
N→∞

(
N∑
n=a

f(n) −
∫ N

a

f(x) dx

)
= α

�3§� 0 ≤ α ≤ f(a) §�?�Úó�§�x→∞ �§e f(x)→ 0 §K

∣∣∣∣∣∣
∑

a≤n≤ξ

f(n) −
∫ ξ

a

f(ν) dν − α

∣∣∣∣∣∣ ≤ f(ξ − 1) , ( ξ ≥ a+ 1 )

y²�©z[3] 91�½n2 .
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P s = σ + it ´ECê§ζ(s) ´Riemann Zeta ¼ê§�σ > 1 �§½Â

�

ζ(s) =

∞∑
n=1

1

ns

�â©z[4] 90�§�σ > 1�

log ζ(s) =

∞∑
n=2

Λ(n)

ns log n

Ù¥Λ(n) ´Mangoldt ¼ê"

Ún5µé?¿¢êt §k

£�¤

0.0426 ≤ | log ζ(4 + it) | ≤ 0.0824

£�¤

| ζ(4 + it) − 1 | ≥ 0.0426

£n¤

0.917 ≤ | ζ(4 + it) | ≤ 1.0824

£o¤

| ζ ′(4 + it) | ≥ 0.012

y²µ

£�¤

| log ζ(4 + it) | ≤
∞∑
n=2

Λ(n)

n4 log n
≤
∞∑
n=2

1

n4
=

π4

90
− 1 ≤ 0.0824

| log ζ(4 + it) | ≥ 1

24
−
∞∑
n=3

1

n4
= 1 +

2

24
−
∞∑
n=1

1

n4
=

9

8
− π4

90
≥ 0.0426
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£�¤

| ζ(4 + it)− 1 | =

∣∣∣∣∣
∞∑
n=2

1

n4+it

∣∣∣∣∣ ≥ 1

24
−
∞∑
n=3

1

n4

= 1 +
2

24
−
∞∑
n=1

1

n4
=

9

8
− π4

90
≥ 0.0426

(n)

| ζ(4 + it) | =

∣∣∣∣∣
∞∑
n=1

1

n4+it

∣∣∣∣∣ ≤
∞∑
n=1

1

n4
=

π4

90
≤ 1.0824

| ζ(4 + it) | =

∣∣∣∣∣
∞∑
n=1

1

n4+it

∣∣∣∣∣ ≥ 1 −
∞∑
n=2

1

n4
= 2 −

∞∑
n=1

1

n4
= 2 − π4

90
≥ 0.917

£o¤

| ζ ′(4 + it) | =

∣∣∣∣∣
∞∑
n=2

log n

n4+it

∣∣∣∣∣ ≥ log 2

24
−
∞∑
n=3

log n

n4

dÚn4

∞∑
n=3

log n

n4
=

∫ ∞
3

log x

x4
dx + α

Ù¥ 0 ≤ α ≤ log 3
34

∫ ∞
3

log x

x4
d x = − 1

3

∫ ∞
3

log x dx−3 =
log 3

34
+

1

3

∫ ∞
3

x−4 d x

=
log 3

34
− 1

32

∫ ∞
3

d x−3 =
log 3

34
+

1

35

¤±

∞∑
n=3

log n

n4
≤ log 3

34
+

1

35
+

log 3

34
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Ïd§

| ζ ′(4 + it) | ≥ log 2

24
− 2 log 3

34
− 1

35
≥ 0.012

y."

�0 < δ ≤ 1
100 ,�©±e§c1, c2, ..., þL«=�δ k'��~ê"

Ún6µ� σ ≥ 1
2 , |t| ≥ 2 �§k

| ζ(σ + it)| ≤ c1 |t|
1
2

y²�©z[4] 140 �½n2 9142�½n4 "

Ún7µ� f(z) 3� |z − z0| ≤ R þ)Û§Ké?¿� 0 < r < R , 3

� |z − z0| ≤ r þk

| f(z)− f(z0) | ≤ 2r

R− r
(A(R)−Ref(z0) )

Ù¥

A(R) = max
|z−z0|≤R

Ref(z)

y²�©z[4] 61 �½n2 "

yb½iùb�¤á§{¡RH ¤á§=�σ > 1
2 �§ζ(σ + it) vk"

:"P«�σ ≥ 1
2 + δ, |t| > 1 Ú«�σ > 2, |t| ≤ 1 �¿8�«�D "Ï3

«�DS§ζ(σ + it) QÃ":§�Ã4:§d�§3«�DS§log ζ(σ + it) ´

��k½Â�õ�)Û¼ê§Ùz�ü�©|��2πi ��ê�"b½3«

�DS§�3: s0 §¦ ζ(s0) = 1 £XJØ�3ù��:§@oÚn9�(J

C� N(ρ, 1
ζ−1 ) = 0 §lÒ�±�����©½n�(J¤§éuØÓ�ü

�)Û©|§log ζ(s0) = log 1 ����ØÓ§�� 0, 2πki, (k = ±1,±2, ......)
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§·�À� log ζ(s0) = log 1 = 0 �ü�)Û©|"Ï�«�D´üëÏ«

�§¤±d)Ûmÿ�ü�5½n£ë�©z[5] 276�½n2Ú©z[6]155�½

n1¤§3«�DS§log ζ(σ + it) ´��ü�)Û¼ê§±eþ�Tü�)Û

©|"´�§¼ê ζ(σ + it) = 1 K7k log ζ(σ + it) = 0 §=¼ê ζ(σ + it)

�1 - �:7´¼ê log ζ(σ + it) �":"

Ún8µeRH ¤á§0 < δ ≤ 1
100 §K�σ ≥ 1

2 + 2δ , |t| ≥ 16 �§k

| log ζ(σ + it) | ≤ c2 log |t|+ c3

y²µ3Ún7¥§�z0 = 0, f(z) = log ζ(z + 4 + it), |t| ≥ 16, R =

7
2 − δ, r = 7

2 − 2δ, §log ζ(z + 4 + it) 3�|z − z0| ≤ R þ)Û§Ïd3

�|z − z0| ≤ r þk

| log ζ(z + 4 + it) − log ζ(4 + it) | ≤ 7

δ
( A(R)−Re log ζ(4 + it) )

=µ

| log ζ(z + 4 + it) | ≤ 7

δ
( A(R) + | log ζ(4 + it) | ) + | log ζ(4 + it) |

dÚn6

A(R) = max
|z−z0|≤R

log | ζ(z + 4 + it) | ≤ 1

2
log |t| + log c1

2dÚn5§

| log ζ(z + 4 + it) | ≤ c2 log |t| + c3

du|t| ≥ 16 �?¿5§����σ ≥ 1
2 + 2δ �

| log ζ(σ + it) | ≤ c2 log |t| + c3
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y."

Ún9µ eRH ¤á§0 < δ ≤ 1
100 §K� |t| ≥ 16 , ρ = 7

2 − 2δ �§3

�|z| ≤ ρ þ§k

N

(
ρ ,

1

ζ(z + 4 + it) − 1

)
≤ log log |t| + c4

y²µ3Ún2¥§�f(z) = log ζ(z + 4 + it), R = 7
2 − δ, ρ = 7

2 −

2δ, aλ (λ = 1, 2, ..., h) ´log ζ(z + 4 + it) 3�|z| < ρ S�":§?UÙ

êO�§log ζ(z + 4 + it) 3d�SÃ4:§�log ζ(4 + it) Ø�"§Ïk

log | log ζ(4 + it) | = 1

2π

∫ 2π

0

log
∣∣ log ζ(4 + it+ ρeiϕ)

∣∣ dϕ − h∑
λ=1

log
ρ

|aλ|

dÚn5 9Ún8 §

h∑
λ=1

log
ρ

|aλ|
≤ log log |t| + c4

Ï�z = 0 QØ´log ζ(z + 4 + it) �":§�Ø´4:§¤±§er0 ��

·����ê§K

h∑
λ=1

log
ρ

|aλ|
=

∫ ρ

r0

(
log

ρ

t

)
dn(t,

1

f
) =

[(
log

ρ

t

)
n(t,

1

f
)

] ∣∣∣∣ρ
r0

+

∫ ρ

r0

n(t, 1f )

t
d t =

∫ ρ

0

n(t, 1f )

t
d t = N

(
ρ ,

1

f

)

= N

(
ρ ,

1

log ζ(z + 4 + it)

)
≥ N

(
ρ ,

1

ζ(z + 4 + it)− 1

)
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y."

½nµeRH ¤á§K�σ ≥ 1
2 + 4δ , 0 < δ ≤ 1

100 , |t| ≥ 16 �§k

| ζ(σ + it) | ≤ c8 (log |t|)c9

y²µ3Ún3¥§�f(z) = ζ(z + 4 + it) , |t| ≥ 16 §dÚn5§f(0) =

ζ(4 + it) 6= 0, ∞, 1, f ′(0) = ζ ′(4 + it) 6= 0 §�f ′(0) = ζ ′(4 + it) ≥

0.012 , | f(0) | = | ζ(4 + it) | ≤ 1.0824,�R = 7
2 − 2δ, r = 7

2 − 3δ §Ïζ(z+

4 + it) 3�|z| ≤ R S�X§QÃ":§�Ã4:§¤±

N

(
R ,

1

f

)
= 0 , N (R , f) = 0

2dÚn9§Kk

T ( r , ζ(z + 4 + it) ) ≤ 2 log log |t| + c5

3Ún1 ¥§�R = 7
2 − 2δ , ρ = 7

2 − 3δ, r = 7
2 − 4δ 9����n§3

�|z| ≤ r þ§k

log+ | ζ(z + 4 + it) | ≤ c6 log log |t| + c7

du|t| ≥ 16 ´?¿�§¤±�σ ≥ 1
2 + 4δ �k

log+ | ζ(σ + it) | ≤ c6 log log |t| + c7

K

log | ζ(σ + it) | ≤ c6 log log |t| + c7

=

9



| ζ(σ + it) | ≤ c8 (log |t|)c9

y."
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