No Exist of Odd Perfect Number
Zengyong Liang

Abstract: whether there has exist of odd perfect numbers is a well- known problem in
number theory . This paper proved that no prefect number exist in any cases.
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1 Introduction

A perfect number is a number n such that o(n) = 2n. In other words a number is
perfect number if it is the sum of its divisors other than itself . We now only known a
few of perfect numbers which are even numbers[1][2][3] . It seems probable that there
are no odd perfect numbers , bat this has not been proved. It is unknown whether
there are any odd perfect numbers, though various results have been obtained. Carl
Pomerance has presented a heuristic argument which suggests that no odd perfect
numbers exist[5].
Any odd perfect number N must satisfy the following conditions:
e N > 10%%° | which it must have at least 8 different prime factors and that its
largest prime factor must be greater than 100110 [1].
e N > 101500, result published in 2012[4].
e N is of the form
N = ¢*p2t..po*
where:
q,p1, ..., pi are distinct primes (Euler).
q = a = 1(mod4) (Euler).
The smallest prime factor of N is less than (2k + 8) / 3 [4].
e The largest prime factor of N is greater than 10° [4].
e The second largest prime factor is greater than 10, and the third largest
prime factor is greater than 100 [4].
e N has at least three prime factors. There is another argument [5].
o N > 10%°° and with at least 15 different prime factors [5].

e If N is odd perfect and w(N) < k, then N < 21" [6].

1.1  Function o(N)

Definition: Function o(n) is the sum of combination of its divisors [1] .
Let N = ql/81 q§2...qf” . Using mathematical induction is very easy to prove o(N) ,
which expression of the product below:

o(N)=(+q+..+¢")(I+e+..+¢). .(1+a+..+a") 1)

where ¢y, is a prime factor ,which ¢1 < g2 < ... < @n.
If N is a prefect number that must be

o(N) = 2N (2)



2 Coefficient Function k,

2.1  Function k,

We obtain
c(N)=Q14+q+. . +@ ) A+ q+ .. +¢?)(L+ag+ .. +a") =27 ¢5%..q0
by (1)and (2). then
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The k; is called as the coefficient function of o(N) . Clearly, for any N ,if the
equation(4)is true, so o(N) = 2N ,the N must be a prefect number.

2.2 The Values of &,

Theorem 1. . ¢= —i—q;ff””_1 +oF G+l < Q4+ L)gb

qz—1
Proof. By algebraic formula we obtain
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Theorem 2. . For any odd ¢, there have 1< k; < 1.5 .As g, is larger,the values
of k; is less.

Proof. Let gy is odd ,we obtain

Er g e+ 1< (14 2)gle
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by Theorem 1.
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i.e. kz =
It is clear that k; > 1 .

As g, is larger, the is less. If ¢, is odd,when ¢, = 3 is least odd prime,then

_1
1 qr—1
. is maximal,and value of k, is also maximal . The maximal value of k. is written
x
max(kz),then

mazx (kz) = ks < (1+

L)=14+75=15

qx

but gz — oo, q;p%l is —minimal,and value of k, is —minimal .The minimal value of
ky is written min(k;),then

man (kg) > lim (14

q—r 00 qz — 1

)=1

Hence , if ¢ isodd, 1 < k, < 1.5 . O



2.3 The Table of Values of k,
Table 1. . A fell values of k,

n Pn k(L+pn)  k(L+pn+pn) k(l4pa+ph+p,) maxk, <
1 2 15 1.75 1.875 2

2 3 1.3333 1.4444 1.4814 1.5

3 5 1.2 1.24 1.248 1.25

4 7 1.1428 1.1632 1.1661 1.167
5 11 1.0909 1.0991 1.0999 1.1

6 13 1.0769 1.0828 1.0832 1.084

This shows that k, is a monotone decreasing functions with p,. The larger p,, ,
the smaller value of &, .

3 Proof of proposition

Theorem 3. . Let k, be a decimal , ¢ be a integer .If to make ck, is integer ,there
have must be the following conditions:

1)if the bottom digit of decimal of k,, is 5 , then ¢ must be even number;for example,
ky=125,c=4, 1.25 x4 =5.

2)if the bottom digit of decimal of ky is a even number, then bottom digit of the
¢ must be 5, for example, ky, = 1.2,¢ =15, 1.2 x 15 = 18.
Proof. Because there has only a product of 5 and even number can carry to make the
decimal k, change to integer,so this theorem is true.
Theorem 4. . If N is odd ,N = qf1q§2...q£", then Fkiks..k, #2.
Proof. Suppose the N is a prefect number, then
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where ¢ is an integer, and ¢ = g2,
I.e., klkg...k‘nflbn =a.

Because :1) the right hand side of equation (5) is 2 , then the left hand side must
be only containing one factor 2 ,and all denominators are odd, then all numerators
must be odd.

2) we known all k, are decimals , then right hand side of equation (6) can not is
a integer by 1) and the Theorem (3).

So
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Hence the  kika...kn # 2. O
Proposition . If N is odd,and N = qflqu...qﬁn, then it is impossible that N is an
odd perfect number .

Proof. Let N be odd, and N = qflq§2...q£", then:

l)whenn =2, n= qflqu ,since the least g, are 3 and 5 , their values are largest
which less 1.5 and 1.25 ,then kiks < 1.5 x 1.25 = 1.875 . So, i.e.,when n < 2 the
ki1k2 < 2, by the Theorem 2.

2)when n > 3,we can prove also that ki1ks...kn # 2, by the Theorem 4.

Wherefore , if N is odd, the kikz...kn, # 2. So o(N) # 2N ,and the N is not a

prefect number by definition. O
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4 Conclusion

Now, we can say that may no odd perfect number . From above various aspects have
been proved that can not has exist of odd perfect number . The perfect number is only
a characteristic of even number .
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