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VARIABLE SELECTION AND STRUCTURAL DISCOVERY IN JOINT MODELS OF

LONGITUDINAL AND SURVIVAL DATA

Joint models of longitudinal and survival outcomes have been used with increasing fre-
quency in clinical investigations. Correct specification of fixed and random effects, as well
as their functional forms is essential for practical data analysis. However, no existing meth-
ods have been developed to meet this need in a joint model setting. In this dissertation,
I describe a penalized likelihood-based method with adaptive least absolute shrinkage and
selection operator (ALASSO) penalty functions for model selection. By reparameterizing
variance components through a Cholesky decomposition, I introduce a penalty function of
group shrinkage; the penalized likelihood is approximated by Gaussian quadrature and opti-
mized by an EM algorithm. The functional forms of the independent effects are determined
through a procedure for structural discovery. Specifically, I first construct the model by pe-
nalized cubic B-spline and then decompose the B-spline to linear and nonlinear elements by
spectral decomposition. The decomposition represents the model in a mixed-effects model
format, and I then use the mixed-effects variable selection method to perform structural dis-
covery. Simulation studies show excellent performance. A clinical application is described
to illustrate the use of the proposed methods, and the analytical results demonstrate the

usefulness of the methods.
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Chapter 1

Introduction

Statistical modeling has played an increasingly important role in modern scientific investiga-
tion. In biomedical research, a significant number of discoveries were made using innovative
analytical models. But the validity of model-based scientific inquiry is usually contingent
on the correct specification of the model. Failure to include relevant independent variables,
for example, will result in questionable inference, while including irrelevant variables cre-
ates numerical instability and reduces analytical efficiency. Determination of the correct
model structure based on observed data has therefore become an essential component of
the modeling process. Ultimately, one hopes to achieve a parsimonious modeling structure
without sacrificing predictive or explanatory power.

The objective of this dissertation is to develop a set of model selection tools for joint
models of longitudinal and survival outcomes. In this chapter, I present my research ques-
tions, review the existing literature, and describe the general approach that I use in this

research.

1.1 Joint Models of Longitudinal and Survival Outcomes

The concept of joint models was first proposed by Tsiatis and colleagues to characterize
the longitudinal relationship between a disease marker and a time-to-event process (Wulf-
sohn and Tsiatis, 1997). Early applications of such models include HIV clinical trials that
prospectively measure CD4 counts (or viral loads) and disease mortality (De Gruttola and
Tu, 1994; Tsiatis et al., 1995). Here the repeatedly assessed CD4 counts are treated as lon-

gitudinal outcomes whereas HIV-related mortality is considered as the survival outcome,



with the purpose of better delineating the relationship between the two. A similar approach
is used in studies of prostate cancer, where repeatedly measured prostate-specific antigen
(PSA) levels are used as longitudinal outcomes and time to disease reoccurrence is used as
the survival outcome (Wulfsohn and Tsiatis, 1997; Xu and Zeger, 2001a).

Joint models, in comparison with the traditional analysis of modeling one outcome at a
time, represent a significantly improved analytical approach. Among other things, it affords
an opportunity to investigate the intercorrelation, or mutual influences, of the longitudinal
and survival outcomes. In aforementioned HIV example, counts of CD4 lymphocytes in-
dicate the strength of host immunity against infectious pathogens, thus could be directly
related to patient mortality, which in turn censors the CD4 measurement. Failure to ac-
commodate the interdependency of the two outcomes thus not only deprives the possibility
of exploring the between-outcome association, but also introduces additional biases in es-
timation in the presence of measurement errors and early study dropout, especially if the
latter is caused by disease exacerbation as reflected by CD4 counts (Tsiatis and Davidian,
2004). To understand the limitations of the separate modeling approach, one only has to
look at the traditional two-stage modeling process. In the first stage, a linear mixed-effects
model is used to determine the mean levels of the longitudinal outcome; in the second stage,
the predicted values from the longitudinal model in the first stage are fed into the survival
model. Since deceased patients may have a different longitudinal outcome trajectory, com-
pared to those who survived, the two-stage modeling approach could introduce a significant
amount of bias into the estimation.

It is from this context that joint models are developed as an alternative modeling strat-
egy. By simultaneously accommodating both outcomes, joint models create a structure that
retains the natural correlations between the outcomes, thus alleviating the bias due to in-

formative missing such as early study dropout. In practice, this implies improved prediction



accuracy of survival outcome based on longitudinal measurements. As noted in previous
research, joint models generally have better efficiency in parameter estimation (Faucett and
Thomas, 1996).

To link the two outcomes together, one often resorts to the use of a “shared latent pro-
cess” (Wulfsohn and Tsiatis, 1997). For example, in the context of HIV study, the shared
latent process is typically thought of as an unobserved disease progress that determines
both host immunity (or disease severity), as indicated by CD4 counts, and risk of mortality.
By depicting the latent process with a set of random effects and letting them be shared by
longitudinal and survival models, one connects the two models and introduces a patient-
specific measure of frailty. Such a joint model formulation has been successfully used in
many clinical investigations and it is increasingly being recognized as a mainstay analytical
method. Early application of joint model mainly focused on the HIV/AIDS trials (De Grut-
tola and Tu, 1994; Tsiatis et al., 1995), which remains an important tool in this area (Wu
et al., 2010). Another major application of the joint model is in the area of oncology trials
to evaluate the association between a patient’s quality of life and time to event end point
(Ibrahim et al., 2010), or in the cancer vaccine trials, to investigate the correlation between
repeatedly measured immunologic outcomes and patients’ survival outcomes, for example,
patients’ time to relapse (Brown and Ibrahim, 2003).

A practical barrier for a more widespread use of this effective analytical approach is
the lack of tools for model construction. Specifically, there is no specific guidance on the
inclusion and exclusion of independent effects (both fixed and random), the determination
of the functional forms of which the independent variables take, and the inclusion of time
interactions. In practice, these important questions are left to the analyst, who usually

decides in an empirical fashion. Conflicting results may arise as a consequence.



Methodologically, there is no systematic study of model selection in a joint model setting.
Determination of an appropriate model structure is by no means trivial, even in traditional
model settings. The joint model structure has significantly magnified the challenge. The
goal of this dissertation is to develop a new class of methods for constructing valid joint
models. My research consists of three independent but interrelated topics: (1) Fixed and
random effect selection; (2) Determination of functional form of an independent variable,
also known as structural discovery; and (3) Selection of time-varying coefficients. The
ultimate goal is to produce a set of data-driven tools to assist analysts construct joint

models of longitudinal and survival outcomes.

1.2 Simultaneous Variable Selection

Variable selection has long been viewed as a necessary safeguard for model validity. In
a joint model, variable selection has taken on an additional importance of justifying the
simultaneous modeling formulation by testing the existence of the shared latent processes,
as embodied by the random effects. As a result, variable selection for joint models typically
includes the selection of both fixed and random effects.

FEzisting approaches for variable selection. There is a sizable literature on variable selec-
tion in generalized linear models and proportional hazard model settings. There are three
general approaches for variable selection. First, a traditional method is to exhaustively
compare all possible models based on a predefined criterion, typically an information-based
criterion, such as the Akaike information criteria (AIC, Akaike 1974) or Bayesian informa-
tion criterion (BIC, Schwarz 1978). This approach has been used widely in the last several
decades and a number of statistical tests, such as the likelihood ratio test, wald-type test,
or score test have been derived for variable selection, most notably in less complicated

modeling settings. A clear limitation of this approach is that the heavy computational



burden of fitting of all candidate models. Perhaps for this reason, the method has never
been extended to the joint modeling setting. The second approach is the stepwise variable
selection method. Although it is computationally more efficient than the first approach,
it does not search the entire model space, thus leaving open the possibility that the true
model could be missed. When the stepwise approach is applied to mixed-effects models,
the alternating procedure of fixing either the mean model for the fixed effects or the covari-
ance structure for the random effects yields no unified tests for both types of effects. This
could lead to erroneous results as it makes assumptions about the model by fixing part of
its structure. An ideal variable selection method for selecting fixed and random effects is
to simultaneously select the two parts and search though the full model space. The third
approach is the penalized likelihood method. This is a data-driven method requiring less
model assumptions and is computationally more efficient, and can perform simultaneous
selection of fixed and random effects in a unified framework.

Penalized likelihood method. In this research, I take the third approach - penalized
likelihood method - for variable selection in the joint modeling setting. Briefly, the penalized
likelihood approach was proposed in the mid-1990’s by Tibshirani (1996). He proposed a
least absolute shrinkage and selection operator (LASSO) for fixed-effect variable selection.
The “oracle” properties of the smoothly clipped absolute deviation (SCAD; Fan and Li,
2001) and the adaptive least absolute shrinkage and selection operator (ALASSO; Zou,
2006) further strengthened the applicability of this approach. The “oracle” property refers
to the consistency between the selected model and the underlying true model. A number
of variable selection methods based on the penalized likelihood approach have since been
developed for the longitudinal and survival models, although separately. Most of the studies
have focused on the selection of fixed effects. Even in the separate models, simultaneous

selection of mixed effects presents a formidable challenge. It is not until 2010, simultaneous



selection of fixed and random effects in a linear mixed model setting has not been resolved
(Bondell et al., 2010). More recently, Ibrahim et al. (2011) studied the mixed-effect variable
selection in generalized linear mixed models. To the best of my knowledge, no work has
been done for simultaneous selection of fixed and random effects in the joint model setting.

Variable selection in joint models. The first part of my dissertation concerns the devel-
opment of a variable selection method to simultaneously select the mixed effects in a joint
model setting. All things considered, this is not a trivial extension of the previous work, as
the joint model structure is much more complicated than the separate model. The approach
will clearly identify the connections between the two model components, and to simultane-
ously select the mixed effects in the two components of the joint model. I reparameterize

the joint model to achieve the goal of selection by using a penalized likelihood method.

1.3 Structural Discovery for Joint Models

A logical question following variable selection is what functional form should a variable take.
Traditionally, all variables enter the model in a linear form, despite the fact that in biological
science, few factors have truly linear influences. I therefore ask how should one determine
the functional form of an independent variable? Should an effect be linear, nonlinear, or
partially linear? Linear effects are commonly assumed for convenience of model fitting
and result interpretation. But modeling a nonlinear effect as linear is a form of model
misspecification and may result in erroneous inference. On the other hand, specifying a
linear effect using splines or other nonparametric techniques while the true effect is linear
will result in reduced efficiency and difficulty in model interpretation.

A valid and efficient regression model requires correct specification of the effect pattern
for each independent variable. If an independent variable has a linear effect, one would

like to model it as such. Otherwise, if an independent variable’s effect is nonlinear, one



wants to model it nonparametrically. A data-driven approach to the nonlinearity in an
independent variable is often referred to as “structural discovery”. Extensive studies have
been done on estimating parameters in a pre-specified linear or nonlinear model, in the
separate longitudinal or survival model settings. However, few studies have attempted to
detect nonlinearity for the purpose of specifying the functional form of an independent
variable. More recently, Zhang et al. (2011) proposed a method for structural discovery in
a partially linear model setting.

To ensure the validity of statistical inference, structural discovery procedures are needed
for joint models. Extensive literature search suggests that no work has been done in this
front. Given its complicated model structure, an ideal simultaneous structural discovery
tool should require minimal assumptions and must be implementable without exorbitant

computing resources. The second part of my dissertation focuses on this task.

1.4 Selection of Time-Varying Coefficients

Time-varying coefficient models. A more recent extension of linear regression is the ad-
dition of time-varying coefficient, which depicts the effect of an independent variable on
the outcome not as a constant but as a function of an independent variable (Hastie and
Tibshirani, 1993). Such an extension has greatly enhanced the modeling flexibility and
has been used to discover important, but nonlinear, biological influences that would have
been missed by traditional analysis. For example, the effect of sodium-retaining hormone
aldosterone on blood pressure may be dependent on the prevailing levels of extracellular
fluid volume, as reflected by plasma renin activity. Varying coefficient model provides a
flexible modeling framework to accommodate such interacting influences (Tu et al., 2014).
But more often, the effects of certain independent variables on the outcome change over

time, thus providing the incentive to model the effect as a function of time. Such a need



gives rise to time-varying coefficient models. Similarly, in survival analysis, one often has
the need to model the time-dependent effect of an independent variable. For example, in an
analysis of sexually transmitted infections, Yu et al. (2012) showed the effect of number of
partners on infection acquisition tended to be age-dependent. In a childhood asthma study,
the effect of airway reactivity measurement on the risk of wheezing also changed over time
due to child growth (Yu et al., 2013).

Popular estimation methods for time-varying coefficients include kernel based local like-
lihood, smoothing spline and B-spline (Yan and Huang, 2012). Although the time-varying
coefficient could uncover the temporal pattern of an independent variable effect, unnec-
essary nonparametric estimation makes it difficult to interpret the model and also lose
some model efficiency. If the independent variable effect is constant over time, the model
with time-invariant coefficients is more favorable for better interpretability and increased
efficiency.

Selecting time-varying coefficient in joint models. In joint models, independent variables
could interact with time, creating a need for time-varying coefficient, although the effects of
the same independent variable on the two outcomes could take different functional forms.
A statistical tool that helps to determine the functional forms would be very useful in such
a modeling situation. Specifically, the tool should be able to consistently distinguish the
independent variables with time-invariant or time-varying coefficients.

Model selection tools for time-varying coefficient model is in general limited. For longitu-
dinal study, Wang et al. (2008) proposed a penalized likelihood method with SCAD penalty
on the expanded nonparametric basis functions of coefficients. For the survival analysis,
Yan and Huang (2012) proposed to use ALASSO to select time-invariant and time-varying
coefficients, as well as excluding the zero coefficients in the Cox model. Careful literature

search does not yield published work in selection of time-varying coefficient in joint model



settings. I therefore focus on the development of such a procedure in the third part of my

dissertation.



Chapter 2

Selection of Fixed and Random Effects

2.1 Introduction

Longitudinal and survival data often arise together in clinical investigations. In a given
subject, longitudinally measured clinical markers and patient survival are usually governed
by the same latent disease process, and thus are correlated. Separate modeling for the
longitudinal and survival outcomes could result in biases in parameter estimation (Faucett
and Thomas, 1996). Joint models are therefore recommended to alleviate biases and to
ensure valid inference concerning the correlation structure between the two outcomes. In
the past two decades, joint models have been studied extensively: Wulfsohn and Tsiatis
(1997) proposed a general framework in which the survival component was depicted by a
proportional hazard model, and the longitudinal component was accommodated by a linear-
growth-curve model. This basic structure was later extended by Xu and Zeger (2001b) to
a variety of data situations. Other noteworthy method developments and significant data
applications were presented by De Gruttola and Tu (1994), Nathoo and Dean (2008) and
Albert and Shih (2010). Notably missing in this literature is variable selection. As in any
modeling exercise, correct specification of the model and inclusion of the right independent
variables are of essential importance, for the preservation of scientific validity. For joint
models in particular, random variable selection serves the purpose of justifying the use of
shared random effects connecting the longitudinal and survival components.

Traditionally, variable selection has been performed through model comparisons using
information-based criteria, such as the Akaike and Bayesian information criteria (AIC and

BIC). But such criteria are not always feasible in complex model settings where the number
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of candidate models is large. As an alternative, penalized likelihood approach has gained
popularity since the mid-1990’s. Tibshirani (1996) proposed a least absolute shrinkage and
selection operator (LASSO) for fixed-effect selection. Asymptotic “oracle” properties of
the smoothly clipped absolute deviation (SCAD; Fan and Li, 2001) and the adaptive least
absolute shrinkage and selection operator (ALASSO; Zou, 2006) have provided a theoretical
assurance for mixed-effect selection. Along this line, Fan and Li (2004), Garcia et al. (2010)
and Johnson et al. (2008) discussed the application of penalized likelihood method to
select fixed effect variables in longitudinal model settings. Fan and Li (2002), Garcia et al.
(2010) and Zhang and Lu (2007) discussed the selection of fixed effects in survival models.
Extending these previous work, Bondell et al. (2010) proposed a method for selecting fixed
and random effects in a linear mixed-effects model setting. Most recently, Ibrahim et al.
(2011) studied the mixed-effects selection in generalized linear mixed models through an
EM algorithm. To the best of our knowledge, no work has been done for simultaneous
selection of fixed and random effects in a joint model setting with longitudinal and survival
outcomes. To fill in this methodological gap, I propose a penalized likelihood method with
ALASSO penalty for fixed and random effect selection in joint models. 1 optimize the
penalized likelihood using an EM algorithm.

I illustrate the method by analyzing data from an observational study of heart failure
patients. The study cohort included 1702 patients with diagnosed congestive heart failure
(CHF) between Jan 1, 2004 and Dec 31, 2009, identified from a large electronic medical
record system. The analytical objective is to assess the effects of medication adherence on
disease exacerbation and on patient survival; I also like to assess the correlation between
CHF exacerbation and patient mortality. Specifically, I considered two outcomes: the
survival outcome is defined as the time from the first recorded CHF diagnosis to mortality,

or to Dec 31, 2009, which ever comes first; the longitudinal outcomes are the repeatedly

11



measured B-type natriuretic peptide (BNP) levels. BNP is a commonly used bedside marker
of CHF exacerbation; a higher BNP value indicates fluid volume overload in the left ventricle
and increased mortality risk. (Morrison et al., 2002). Although the two outcomes can
be modeled individually, separate modeling does not accommodate correlations between
BNP and survival. In this research, I consider a joint modeling approach. I consider
eight known risk factors and four interaction terms as candidate variables and develop an
ALASSO procedure to select the independent variables. In particular, I consider random-
effect selection as medical literature rarely avails information on the possible random slopes
(e.g., the effect of an independent variable varies across subjects). Misspecification of fixed

and random effects for the two outcome variables could result in erroneous inferences.

2.2 Method

2.2.1 Model Formulation

Suppose in a longitudinal study, I observe a survival outcome (¢;,6;), and repeated mea-
surements of a continuous outcome y;, for subject ¢ = 1,--- ;n. Here t; is the observed
event time subject to right censoring, and d; is a failure indicator with d; = 1 indicating the
occurrence of an event of interest, and ¢; = 0 indicating censoring, whereas vy, is an n; x 1
vector of the n; repeated measurements. Let X1; € R™*P and Z; € R™*? be the fixed
and random covariate matrices for the longitudinal outcome, respectively. Similarly, T let
xo; € Rﬁ’ and z9; € ]R‘f be the fixed and random covariate vectors for the survival outcome.
Combining these observations I write O; = (y;, X 14, Z1i, ti, 0i, T2, z2;). | assume that the
observations O; are independent across subjects.

Without loss of generality, I herein consider a case where the longitudinal and survival

components share the same set of fixed- and random-effect covariates. This model formula-

12



tion could easily be generalized to situations where the two components have different sets
of covariates.

For the longitudinal outcome, I consider the following linear mixed-effects model:

y; = X181 + ZT'1b; + &, (2.1)
where 81 = (B0, Bi1,---,B1p)T is the coefficient vector, and By is the intercept. & =
(g1, »€in;)T ~ Ny, (0,0%1,,) is the measurement error vector, and b; € RY is a

g—dimensional random effect vector following a multivariate normal distribution Ny (0, I,),
with I4 as a ¢ x ¢ identity matrix. I'; is a ¢ X ¢ lower triangular matrix and I'1b; follows
Ny(0,Dq). Thus I'y represents a Cholesky decomposition of the covariance matrix D).

For the survival outcome, I consider a frailty model, defined as follows:
h(ti) = ho(ti) exp(x2iB2 + 22:T2b;), (2.2)

where ho(t;) is the baseline hazard function, and By = (Ba1,...,B2)T is the coefficient

vector. I'yb; follows N, (0, D2), and I's is a Cholesky decomposition of the ¢ x ¢ matrix Ds.

2.2.2 Variable Selection Using Penalized Likelihood

To select fixed and random effects, I propose a penalized likelihood to simultaneously iden-
tify the non-zero elements in (81, By, I'1b;, I'ab;). Let 8 = (B4, 34,1, T2, @) be the collec-
tion of all the unknown parameters, where ¢ denotes parameters other than (3, 35, I'1,T'2).
Writing the density function of (y;, t;, b;) as f(y;, ti, bi| X 1i, Z14, ©2i, 22i, ho(ti), 0;, 0), I have

the following log-marginal likelihood for 6:

I,(0) = ZIOg/fy(yi‘XliaZli;bz‘ae)fs(ti75@"5132@'7Z2i7hO(ti)abi70)fb(bi)dbi> (2.3)
i1

13



where fy(b;) is a g—variate normal density function for b;. Functions f,(-) and f,(-) are
the conditional density functions of the survival time and repeated measurements when
b; is given, respectively. I note that in the absence of restrictions on the baseline hazard
ho(t;), the maximum of the marginal likelihood is infinity. To remedy the deficiency, one
could parameterize hy(t;) with a parametric distribution. For example, a natural choice is
to use a Weibull distribution with a baseline hazard ho(t;) = e\t~ !, where a is the shape
parameter and A is the scale parameter. Alternatively, one could use a piece-wise constant
baseline hazard by dividing the study period into m intervals and assuming ho(t) to be a
constant within each interval as ho(t) = hg,tp—1 <t < tg,k = 1...m, where txs are knots
defining the intervals. This piece-wise constant baseline hazard have been shown to perform
well by Feng et al. (2005).

To select fixed and random effects simultaneously, I consider a penalized likelihood
PL(0) = £1,(0) — ki, (B1) — £xy(B2) — kg (D1) — ka,(D2). The penalty terms ry, (81)
and k), (B2) control for the sparsity of estimates of 31 and B2 so that the fixed effects are
selected. The penalty terms ky,(D1) and k), (D2) control for the sparsity of estimates of
D7 and D5 to select the random effects. The penalty functions /ﬁl)\j('), for j = 1,2,3,4,
could be the adaptive LASSO, or the smoothly clipped absolute deviation (SCAD). For the
fixed-effect selection, I define the adaptive LASSO penalties as ky, (81) = M1 Z§:1 wp,, | Bl
and ky,(B2) = A2 Y _h_; Wa,, |Bak|, where A; and Ao are tuning parameters that control the
degree of penalties; wp, ., wp,, are the corresponding positive weights for penalties |31;| and
|B2k|. The summation in k), (B1) = A1 Z?:l wp,,;|B1jl| starts from 1 as I am not interested
in selecting intercept B19. Some of the estimates of Blj and ng will be zero since |51 and
|B2k| are singular when |81, = 0 and |Fa;| = 0.

For the random-effect selection, I note that D = 1"11"{ and Dy = Fzrg. Let v1,,

and -4 be the mth and lth row vectors of I'j, I'g, respectively. In fact, 'ylm'yr{m = D1yum
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and 'yzfygl = Dy are the variance components of the mth and /th elements of the random
effects I'1b; and I'eb;. 1 form the penalty terms for the random effects in a group manner
so that the estimates of elements of the entire vectors =y,, and =4, are either all zero or
at least one of the estimates is non-zero. The group penalties on 1y, and g will ensure
selection for the covariance structure due to the following connection of covariance matrices
D;, D2 and the Cholesky decomposition matrices I'y, 'y (Wang et al., 2010):

71m:O<:>D1mm:07D1mh:D1hm:07 Vh
(2.4)

Yor = 0 < Doy = 0, Doy, = Dopy = 0, Vh.

From (2.4), it follows that if 1., = 0, then the diagonal element D1, the variance of
the random effect (I'1b;).m,, is zero. Furthermore, for any h # m, the off-diagonal element
D1pan = Dip = 0 implies that the covariance between (I'1 b;),, and all other random effects
are zero. Thus, the random effect (I'1b;),,, in longitudinal component is to be excluded from
the model and the positive-definiteness of D4 will be preserved. This applies to the random-
effect selection in the survival component as well, which is to shrink the whole vector ~yg
to zero.

To perform group penalties on vectors 1y, and vap,, I first summarize the penalties
using Lo—norm: ||7yy,,|[ = (’Ylm’Yle)1/2 and [|vyl| = (72[7%})1/2 for m,l = 2,---,q. Fol-
lowing Yuan and Lin (2006), the adaptive LASSO penalties are defined as: ky,(D1) =
A3 >t owy Vil and kx, (D2) = Ay > o way, || 72ll- T use adaptive LASSO penalties
in the simulation study. Note that the summation starts from m = 2,1l = 2, as I keep the
random intercepts in both the longitudinal and survival components without eliminating the

possible minimal within-cluster correlation. A3 and A4 are the positive tuning parameters,

and w.,,,,W-,,, are the positive weights associated with penalties on ||vyy,,|| and ||vy]|. Let

p(e) =\ Z?zl Wa1; ‘Blj’ + A2 %:1 Wha |62k‘ + A3 Zgn:Q Wyim ‘ |'71m’| + A\ gn:2 w’YzLH'YZl‘ |7
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and the penalized likelihood with the adaptive LASSO penalties can be written as

pl(0) = —1,(6) — p(6). (2:5)

Penalized likelihood with SCAD penalties could be constructed by substituting the
penalty terms in (2.5) using SCAD. The estimator of € can be obtained by maximizing

(2.5).

2.2.3 EM Algorithm for Optimization of the Penalized Likelihood

To maximize the penalized likelihood (2.5), I use an EM algorithm. I start with the penalized

log-complete likelihood for (O;, b;) for i = 1,---  n, which is

1 n
ple(6) = > "log f(y;.ti, 6, bi|0) — p(6)
i—1

= > {log[fy (y;]bi, )] + 6; log[h(ti|bi, )] + log[S(t:|bi, 0)] + log [ f5(bi]6)]} — p(6).

n <
=1

(2.6)

In Equation (2.6), S(-) is the survival function of ¢; conditional on b;. Let A =
(A5 A2, A3, A)T and w = (Wp,;, Wy s Wi s Wy )T+ T denote g1 = (Yi, X1 2145 0i), oo =
(ti, 0i, 24, 224, b;) and 9ei = (y;, X 1i, Z1i, i, 0i, T2, 22i, bi) as the complete data for lon-
gitudinal, survival and both components, respectively, and g, ;1 = (¥;; X1i, Z1:), Goi2 =

(ti, 0i, 24, 22;) and g,,; = (Y;, X 14, Z14, T2i, 22;) as the corresponding observed data.

E-step

I first derive the E-step of the EM algorithm for the given A and w. Assuming that I have
estimates 8®) from the (s)th iteration of the maximization step, I take the expectation of

the penalized log-complete likelihood conditional on 0®) and g,;, fori=1,...,n and obtain
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the following penalized Q-function:

1 n
Q)\,w(0|0(5)) :E Z{E[log fy(gc,ila 0) | (go,ia 0(5))] + E[él IOg h(gc,i2a 0)|(go,ia 0(5))]
i=1

n

+ Ellog S(9,i2,0)|(90,, 0]} — p(6) + % Z Ellog f5(b:)[(g,,:,0))-
=1
(2.7)
I write
ELH(b:)|(g,.,0)] = / H(b3) fy(bilg, s, 0%))db, (2.8)

for each of H(b;) = log fy(g.1,60), H(b;) = d;logh(g,,0), and H(b;) = logS(g.2,6).
Because integral (2.8) is intractable, I approximate it by using a multivariate Gaussian
quadrature method (Pinheiro and Bates, 1995). Since b; ~ N(0, I,;), if I choose k quadra-
ture points in each dimension, there will be k% vector nodes of ¢ x 1 dimension. Let
b; = (b;vl, b;g, ‘e ,b;ﬂq) denote the Ith node, and w; denote the corresponding quadrature

weight, for [ = 1,--- k%, integral in (2.8) can be approximated by

k4

E{H(bi)|(g,,:,0“)} = Y wiH (b)) fo(b}]9,,:,0). (2.9)
=1

I therefore obtain the approximated penalized Q-function in the (s + 1)th iteration

- ) A -
Qnw(010Y) == {Elog fy(gei1,0)l(90, 0] + Eldi 10g (g2, 0)|(90,0,0°))]
i=1 (2.10)

+ Ellog S(gc,2:0)1(9o,1, 0]} — p(0).

The last term 37" | Eflog fb(bi)\(govi,O(S)) in (2.7) does not involve any unknown

parameters, thus could be omitted from the optimization.
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M-step

I maximize (2.10) with respect to the fixed- and random-effect parameters alternatively.
When (I'1, T2, ¢) are fixed, I maximize (2.10) with respect to (8;,85), and the penalty
function involving L; penalty terms can be solved by applying the LARS/LASSO algorithm
(Efron et al., 2004) and the SCAD penalties could be solved according to Fan and Li (2001).
When (3, 35, @) are fixed, I maximize (2.10) with respect to (I'1,I'2). Following Lin and
Zhang (2006) and Wang et al. (2010), I transform the optimization problem to a two-
step equivalent objective function involving quadratic penalty term that is easier to solve.

Specifically, let

- 1 < - -
QO16W) =~ {Ellog f,(gcn-0)l(90, 0] + Eldi10g (g 2. 0)|(g0,:,0°))]
=1

+ E[log S(Qc,i2a 0) ‘ (go,z’7 0(8))]}7

then for any given B and (A, w), the following two optimization problems with respect to

~s achieve the same solution:

q q
QB T1,T2(0%)) = A3 D wyy,,l[7imll = A Y wn [yl (2.11)
m=2 1=2

q

~ A s 1 Agwm (Aqw

QB T1,Talo ) = 3y~ § 3 P o anl Lo Q)
m=2

m=2 l 2 7725

(2.12)

Let (Y1, ¥2) be the maximizer of (2.11), and (Cim,F1pms 721, Fo) be the maximizer of

(2.12), then I have

Y1m = Yims Y2u = Y2 (2.13)
x AWy (1 _ AqWry (o
Cim = %H’Ylm”ﬂhl = 7;% |[Fatl]- (2.14)
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Equations (2.13) and (2.14) imply that one can optimize (2.12) iteratively with respect
0 (Y1m,Y21) and (Cim, n21), instead of directly maximizing (2.12). Maximizing (2.12) with
respect t0 (Y1m,Y2t) when ((im,72;) is given is similar to a generalized ridge regression.
When (Y1m,Y2t) is given, ((im,n9) could be easily computed from (2.14).

Let ® = (0,(im,n21), where 8 = (8,85,T'1,T2,¢) are defined in section (2.2.2). 1
propose the expectation conditional maximization procedures to optimize the penalized
likelihood as follows:

§0) (0) _(0) (0)

1. Initialize (  Virms (1220,7% ,n2l ,qb(o)) with some plausible values.

2. For iteration s, update (31,32 by adaptive LASSO,

/31(8)7/62(8) = arﬁnga«T Q(ﬁl) /825 fgs_l)a f‘gs_l)a gg(s—l) ‘Bgs_l)a Bgs_l)a
1,02

PeD PP G-y — Zwﬁlj 815 — A2 Zwﬁzklﬁ%\

7j=1 =

3. Update y1m, vai:

Yim®, 21 = argmaz Q(BY, ALY, Ty, Ty, =113, L) pla=b) ple=1) 2(s—1))
Yim,Y21l

)\SW m 1 ()\4&) )
_*Z svi) H Yiml[* ~ 4ZMH’H’

=2

4. Update Cipm, o

s Ay Wryp Ay
0= 2 o))l = P oo

5. Update ¢:

d):arg;naxQ(B§S)’B§S),f\(S) I\(S) ¢‘IB(8) (3) F(s) F(S) d)(s 1))
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6. Terminate the iteration when maz|®® — ©©~V| are small enough. Otherwise, let
s = s+ 1 and go back to step 2.

Before updating parameters in each step, the corresponding Q function is approximated
by Gaussian quadrature in the E-step. To improve computation stability, smaller subset of
(81,89, T1,T'y, @) could be updated iteratively. I could update 8; when (3,,T'1,T's, @) is
fixed, and then update By when (3,,T'1,T'9, @) is fixed, and sequentially for I';, T's, and ¢
when other parameters are fixed. It is at the price of more iterations. The typical values
for the weights are selected as: wg,, = ]ﬁfj|_1,w52k = |B§k\_1,w%m = Vm||[F1m || 7wy, =
VI||32*||71, where ij,ﬁgk,ﬁflm*,ﬁle* are the unpenalized MLEs (Ibrahim et al., 2011;
Zou, 2006) and +/m, V1 are the normalizing constants for penalty parameters vy, v to

accommodate the varying sizes of v1m, Yai.

2.2.4 Tuning Parameter Selection and Two-stage Estimation

A data-driven method for determining tuning parameters is essential for variable selection.
Criteria such as generalized cross-validation, k-fold cross validation, AIC, BIC, or GIC have
been used as the objective scores to minimize over a preselected grid of tuning parameters.
BIC is known to be consistent in the model selection (Pu and Niu, 2006; Shao, 1997). Wang
et al. (2009) showed that selecting tuning parameters via BIC consistently yielded the true
model in the linear model setting. Ibrahim et al. (2011) showed that selecting tuning
parameters for mixed-effects selection via BIC-type ICq criterion also consistently yielded
true models in generalized linear mixed models; their simulation study further showed that
the approach worked well in finite sample situations. Thus, I propose to use the BIC-type

criterion to determine the values of tuning parameters, where

BICy = —21,(8) + log(n) x dfx, (2.15)
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In (2.15), @ are the estimators obtained from penalized likelihood under the given A, and
I,(8) is the value of the observed likelihood ,(8) at the estimates 8. The solution is chosen
to minimize the BIC) criterion. In this BIC-type criterion, the total sample size n is used.
I take d, the total number of non-zero estimates of 6 as the degree of freedom dfy. In the
linear model, d is an unbiased estimator of dfy. Our simulation shows this criterion works
well, as suggested by Pu and Niu (2006).

To reduce the estimation bias, I propose a two-stage process. In the first stage, I focus
on variable selection and use the penalized likelihood method to select the model that
minimizes the BIC value. In the second stage, I re-estimate parameters using selected

variables without penalty for selection, to reduce the estimation bias.

2.3 Simulation Study

2.3.1 Data Generation

I conduct a simulation study to examine the performance of the proposed method. I generate
data under six different scenarios.

For Scenarios 1 to 4, I generate the longitudinal outcome Y;; from the following model:

Yij =1+ 1X1451 4+ 0X1452 + 3X145,3 + 0X1454 + biio

(2.16)

+ bii1 Z1ija + biipZ1ij2 + bii 3 Z1i5,3 + biiaZiija + €ij,

and the failure time from a Weibull distribution with the hazard function:
Ai(t) = Ao(t) exp(lag; + 0xgi2 + 02253 + 1224 217
2.17

+ bysio + bsi122i,1 + bsi222i 2 + bsi 322i3 + bsi 422i4),

fori=1,...,250,57 =1,...,5, where \o(t) = aXt®~! with a = 2, and \ = exp(1) = 2.718.
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Random effect vector b; is independently generated from N (0, Is). by = (bii0, bii1,bii 2,
bii 3, bii,a) is obtained from by; = I'1b; and bs; = (b0, bsi, 1, bsi2, bsi 3, bsia) is obtained from

bs; = I'2b;, where I'y = opR; and I's = op R2, with lower triangular matrix

N

10000

1 1

11000
Ri=4 000 00

N
=
=
=
o

00000
and )
( 2
1 0000
1 1
1100 0
R:=40 00 0 0
0000 0
11 1 1 1
5 5 5 5 5

J
Covariates X14j1 = Z14j,1, X1ij,2 = Z14j,2, X1ij,4 = Z1ij.4 and T9; 1 = 29241, T2i2 = 2242, 24 =
z2;4 are generated as independent N(0,1) variables; Xi43 = Zii3 and 2;3 = 292i3
are binary variables with equal probability taking value 0 or 1. The measurement error
€ij ~ 1.1.d.N(0,1). Censoring time is independently generated from an exponential distri-
bution to achieve the desired censoring percentage.

In Scenario 1, I set op to v/0.5 and censoring percentage to 30%; in Scenario 2, I set
op to v/1 and censoring percentage to 30%; in Scenario 3, I set op to v/0.5 and censoring

percentage to 10%; in Scenario 4: I set op to v/1 and censoring percentage to 10%.
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I additionally simulate data settings where there are higher proportions of censoring
(Scenario 5) and larger numbers of random effects (Scenario 6). For scenario 5, I generate

the longitudinal outcome Y;; from the following model:

Yij =1+ 1.5X1;1 +2X 1452 + 0X1453 + 0X 1454 + biio

+ bii1 Z1ija + biipZij2 + bii 321053 + biiaZiija + €ij,

and the failure time from a Weibull distribution with the hazard function:

Ai(t) = Ao(t) exp(1.522; 1 + 222;,2 + O0x2i 3 + 0z2; 4

+ bsio + bsi 12261 + bsi222i2 + bsi 322i3 + bsia22i4),

fori=1,...,800,7 =1,...,5, where \o(t) = aXt®~! with a = 2, and \ = exp(1) = 2.718.
Random effect b; is independently generated from N(0,Is). by = (biio,bi1,bii2,
bii3,bii,a) is obtained by by = I'ib; and bg; = (bsi,0, bsi,1, bsi2, bsi3, bsia) is obtained by

bs; = I'2b;, where

=

10000
5 3 000
Pi=Tz=opy 4 4§00
00000
00000 |

and op = v/0.5. Covariates X1;51 = Z145,1, X142 = Z1ij,2, X1i5,3 = Z14j,3) X1ij,4 = Z1ija
and 2,1 = 221, T2i2 = 22i,2,£2i,3 = 22i,3, L2i4 = 22i 4 are generated as independent N (0, 1)
variables; The measurement error €;; ~ i.i.d.N(0,1). The censoring time is independently

generated from an exponential distribution to achieve a 60% censoring percentage.
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In Scenario 6, I generate the longitudinal outcome Y;; from the following model:

Yij =14+ 1.5X151 + 2Xq452 + 2.5X1453 + 0X1554 + 0Xq455 + 0X1q456 + 0X 1457+
biio + bii1 21451 + biipZ1ij,2 + bii 321453 + biiaZ1ija + b5 2155 + bii g Z1ij,6+

bii7Z1ij7 + €ijs

and the failure time from a Weibull distribution with the hazard function:

Ai(t) = Ao(t) exp(1.529;1 + 229;2 + 2.5x9; 3 + 0x5.4 + 0x; 5 + 0xi6 + 0x2i 7+
bsi,0 + bsi,122i1 + bsi222i 2 + bsi 3223 + bsi422i.4 + bsi 5221 5+

bsi 622i,6 + bsi722i7),

fori=1,...,250,57 =1,...,5, where \o(t) = aXt®~! with a = 2, and \ = exp(1) = 2.718.
Random effect b; is independently generated from N(0,Ig). by = (b0, b1, b1 2,
bii 3, bii,a biis, biig, bii7) is obtained by by; = I'1b; and bg; = (bsi 0, bsi 1, bsi,2, bsi 3, bsioa, bsi5,

bsi6, bsi7) is obtained by bg; = I'a2b;, where

‘
s
N[

N[
N[ =
o
o
)
o
)
o

Wl
Wl
Wl

=
=
=
W=
jam)
@)
@)
)

I'n=T2=o0p
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and op = v/0.5. Covariates X1;1 = Z1ij1, X1ijo = Z1ij2, X1ij.3 = 21ij.3, X1ij4 = Z1ijas
Xiijs = Ziijs, X1ij,6 = Z1ij,6: X1ij,7 = Z1ij,7 and To;1 = 22i1, T2i2 = 22i2,T23 =
29i3,X24 = 22i4, T25 = 22i5, L26 = 22i6,T27 = 227 are generated as independent
N(0,1) variables; The measurement error €;; ~ i.i.d.N(0,1). The censoring time is inde-
pendently generated from an exponential distribution to ahieve a 30% censoring percentage.

For each scenario, I generate 100 data sets and apply the proposed method to select
the non-zero fixed or random effects in the first-stage model. After obtaining the selected
variables, I fit the second-stage model including only the selected effects. The tuning pa-
rameters A1, Ag, A3, Ay are determined by minimizing the BIC criterion, as defined in (2.15).

The model without variable selection is also fitted for comparison.

2.3.2 Simulation Results

For Scenarios 1 to 4, I present the fixed- and random-effect selection results in Table 2.1,
fixed-effect estimation results in Tables 2.2 and 2.3, and random-effect estimation results
in Table 2.4. For fixed effects, the average correct selection rates are 100% for both non-
zero and zero effects in longitudinal component, and 100% for non-zero and 98% for zero
effects in survival component. The longitudinal fixed-effect estimates do not show severe
biases in the first-stage estimation, and the biases are further reduced to less than 1% in
the second-stage estimation. The survival fixed-effect estimates show 15% to 25% biases
in the first-stage estimation, and the biases are reduced to below 4% in the second-stage
estimation.

For random effects, the average rates of correct selection are 100% for non-zero and
94% for zero effects in longitudinal component, and approximately 96% for non-zero and
90% for zero effects in survival component. For non-zero random effects, the estimates in

longitudinal component have biases ranging from 8% to 17% in the first-stage estimation,
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and the biases are reduced to below 6% in the second-stage estimation. The survival non-
zero random effect estimates show up to 42% biases in the first-stage estimation; in the
second stage, the biases are reduced to less than 8%. For zero random effects, both the
first- and second-stage estimates in longitudinal component have biases below 2%. The
survival zero random effect estimates generally have less than 10% biases in both stage
estimations.

Simulation results for settings with higher proportions of censoring and larger numbers
of random effects are reported in Tables 2.5, 2.6, 2.7, 2.8, 2.9 and 2.10. Briefly, I find that
the probabilities of correct selection remain excellent for these data settings.

One consequence of including more random effects is the increased computing time.
The complexity of Gaussian quadrature increases exponentially with the dimension of the
random effect vector. In this research, I used 3 quadrature points. With 3 quadrature
points, each data set in Scenarios 1 to 4 took approximately 20 minutes to complete the
first stage variable selection under one tuning parameter; and it took another 10 minutes
in the second stage estimation. When I increased the number of random effects to 8 (as in
Scenario 6), the computation time increased to 10 and 5 hours, respectively. The computing
time is estimated on a single CPU (Intel(R) Xeon(R) CPU E7- 4830 @ 2.13GHz) and 4 GB
memory in the Unix system. The total computing time depended on the number of tuning
parameters. Other factors, such as the shape of the likelihood function could also influence
the approximation accuracy of Gaussian quadrature and the computing time.

Generally, mis-selection rate increases as the censoring rate increases or the variance
magnitude op decreases, since smaller variance op means less resolution between non-zero
and zero random effects. The mis-selection subsequently leads to larger estimation bias. The
influence of censoring rate on selection accuracy is greater than that of variance. Increased

number of random effects does not necessarily lead to worse selection accuracy, but it
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tends to slightly increase estimation bias, which may be due to the reduced approximation
accuracy of Gaussian quadrature method. The estimates from the model without variable
selection generally have more biases than the second-stage estimates, especially for the zero
effects. In summary, I contend that the proposed variable selection and estimation method
works well even under high proportions of censoring and large number of random effects.
The two stage procedure ensures good selection performance in the first stage and reduced

biased parameter estimation in the second stage.
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2.4 Data Application

To illustrate the method, I analyzed observational data from the CHF study. As previously
stated, the main purpose of the investigation is to assess the effects of medication adherence
on disease exacerbation and patient survival. For the survival outcome, I modeled the time
from the first recorded CHF diagnosis to patient mortality, which could be censored on Dec
31, 2009. For the longitudinal outcome, I modeled the repeatedly measured BNP levels
as markers of disease exacerbation. Because the distribution of BNP skewed strongly to
the right, I used the logarithmic-transformed BNP (log(BNP)) in the model. Medication
adherence, the independent variable of primary interest, was the average proportion of
days covered (PDC) by all prescribed medications within each patient (Choudhry et al.,
2009). Besides PDC, seven other risk factors were considered, including systolic blood
pressure (SBP), diastolic blood pressure (DBP), BMI, gender, age at CHF diagnosis date
(IndexAge), number of comorbidities (NumComorbid) and number of medications taken
(NumMed). T also considered interactions among SBP, DBP, BMI, PDC and gender.

In the study sample, 58.3% of the subjects were females and the average BMI was 32.7
(kg/m?). The average age for the study cohort at the CHF diagnosis date was 62.7 years.
On average, the study subjects had 5.1 comorbidities and took 8.4 medications with a mean
PDC of 0.327. Among the covariates, concurrently measured SBP (mean: 134.8mmHg; SD:
24.2 mmHg) and DBP (mean: 77.0mmHg; SD: 16.0 mmHg) were recorded at the time
of BNP assessment; the remaining variables were collected as baseline covariates. The
censoring percentage was 64.1%, and median time to death was 4115 days (11.3 years).

For longitudinally measured BNP levels, I use linear mixed-effects model log(BN P);; =
x1,;81 + z1,4jT1b; +¢;5 for i =1,...,1702, and j =1, ...,n;. I let @1 ,; = (1, DBP;;, SBP;j,
BMI;, PDC;,Gender;, DBP;; x Gender;, SBP;; x Gender;, BMI; x Gender;, PDC; x

Gender;, NumComorbid;, NumMed;, IndexAge;) be the design matrix of the fixed effects
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and z1,; = (1, DBP;;, SBP;;, BM1I;, PDC;) be the design matrix of the random effects. I
assume that b; follows N (0,I5) and I let &;; ~ i.i.d.N(0,0?%) be the measurement error.

For mortality, I assume that the survival time t; follows a Weibull distribution. I use
a proportional hazard model h(t;) = ho(t;) exp(x2,:8, + 22,;'2b;), with baseline hazard
ho(t;) = a/\tf‘_l for i = 1,...,1702, where « is the shape parameter and X is the scale pa-
rameter. I let xo; = (1, DBP;, SBP;, BM1;, PDC;, Gender;, DBP; x Gender;, SBP;; x
Gender;, BMI; x Gender;, PDC; x Gender;, NumComorbid;, NumMed;, IndexAge;) be
the design matrix for the fixed effects and z9; = (1, DBP;1, SBP;1, BM1;, PDC;) be the
design matrix for the random effects. Given the random effect b;, I assume that log(BN P);;,
log(BNP);;» and t; are conditionally independent.

Data analytical results are presented in Table 2.11. For longitudinally measured BNP,
our procedure selects DBP, BMI, NumComorbid, and IndexAge as non-zero fixed effects;
SBP and PDC as non-zero random effects. For the survival outcome, NumMed is selected
as the non-zero fixed effect; PDC as non-zero random effect. The residual plots Figure 2.1
show no violation of basic model assumptions for the two outcomes. The selected model
has a smaller BIC value than the full model and a reduced model including all fixed effects
and random intercept.

The effects of the selected variables on the outcomes are in expected directions. In the
longitudinal model, DBP is positively associated with BNP (8 = 0.0145) (greater diastolic
dysfunction is associated with increased BNP level). BMI exhibits a significant negative
association with BNP. For each unit of increase in BMI, log-BNP level decreases by 0.0299
(8 = —0.0299). This result is not surprising as patients at advanced stage of CHF (indicated
by greater BNP values) tend to have deteriorated health and much reduced body weight.
Interestingly, blood pressure is not found to be associated with the survival outcome, which

is influenced more strongly by the number of medications. Patients taking more medica-
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Table 2.11: Results for the heart failure patient data analysis.

Longitudinal component Survival component
Variance Variance
Fixed Effect® Component® Fixed Effect® Component®

Intercept 5.0042+0.2321 2.6735 - 0.9657
DBP 0.014540.0016 0 0 0
SBP 0 0.0133 0 0
BMI -0.0299+0.0030 0 0 0

PDC 0 2.8857 0 1.7911
Gender 0 - 0 -
DBP x Gender 0 - 0 -
SBP x Gender 0 - 0 -
BMI x Gender 0 - 0 -
PDC x Gender 0 - 0 -
Num. of comorbidities  0.119740.0196 - 0 -
Num. of drugs 0 - -0.1163+0.0121 -
Index Age -0.003340.0022 - 0.004440.0024 -

¢ Estimate of 8; £ SE and 8, £ SE.
b Estimate of diag(v/D1) and diag(v/Dz).

tions have reduced mortality risk (8 = —0.1163). Patients who are older at CHF diagnosis
tend to have significantly increased mortality risk (8 = 0.0044). PDC, our primary vari-
able of interest, has non-zero random effects in both longitudinal (SD=2.8857) and survival
(SD=1.7911) components, which implies that medication adherence is the underlying latent
process influencing both the BNP level and patient survival, and further suggests that the
effects of medication adherence on the outcomes may vary across subjects. The shared ran-
dom intercepts in the longitudinal component (SD=2.6735), and in the survival component
(SD=0.9657) are also non-zero, which implies a strong within-patient correlation between

the two outcomes as well.
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Figure 2.1: Residual plots for data application diagnostics. The circles are the standardized
residuals. The black lines are the LOESS estimates.
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2.5 Discussion

Despite the increasing popularity of joint models in practical data analysis, few variable
selection tools are available for identifying appropriate models. In this paper, I propose a
method that simultaneously selects random and fixed effects in a joint model setting. For
random effect selection, I apply a Cholesky parametrization to the covariance matrix of
random effects and use a group penalty, as previous studies have done (Bondell et al., 2010;
Ibrahim et al., 2011). This parametrization has made the mixed-effects selection easily
adaptable in the complicated joint model settings. Our simulation study shows that the
proposed method could correctly identify important fixed and random effects simultane-
ously, even in the presence of a high proportion of censoring and a large number of random
effects. The two-stage model fitting process has helped to control the estimation biases
caused by the inclusion of penalty.

A major challenge of using penalized likelihood for variable selection is the compu-
tational complexity. The observed likelihood or the E-step in the EM algorithm involves
analytically intractable integration. The MCMC method for integral approximation is com-
putationally intensive. Laplace approximation could be a useful alternative, as it has been
shown to offer improved computation efficiency at the expense of extra estimation bias (Ye
et al., 2008a). The Gaussian quadrature method used in the current study exhibits excel-
lent stability (At the threshold of 10~7, our simulation shows a 100% convergence rate in
Scenarios 2-6, and 92% convergence rate in Scenario 1; Generally, the simulation converges
within 60 iterations). As I have demonstrated in the simulation, the proposed method can
easily handle up to eight random effects. A possible alternative of Gaussian quadrature
is the pseudo-adaptive Gauss-Hermite quadrature rule, which has been shown to be faster
in computation with comparable accuracy in the joint model setting (Rizopoulos, 2012).

In practice, considering the fact that most biomedical applications use random effects to
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accommodate structured data dependency, thus will have a relatively small numbers of ran-
dom effects, I contend that the proposed method is likely adequate for most applications.
Additionally, as I have demonstrated through simulation, the number of quadrature points
has limited impact on the accuracy of model selection. As a result, for complicated models
one could use a smaller number of quadrature points to enhance computational efficiency
in the first stage, and then increase the number of quadrature points in the second stage to
achieve desired estimation accuracy. Comparing our simulation results with the reported
performance in linear mixed-effects models (Bondell et al., 2010), generalized linear mixed
models (Ibrahim et al., 2011), and survival models (Zhang and Lu, 2007), I note that our
method has achieved comparable selection and estimation accuracy.

In summary, I show that penalized likelihood method can be used for variable selection
in joint model settings. The procedure can be modified for the simultaneous mixed-effects
selection in other bi-component models. Our research has demonstrated, through a real
data example, that the proposed method provides a useful tool for practical data analysis.

The method is easy to implement and it is efficient in computation.
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Chapter 3

Structural Discovery

3.1 Introduction

Nonparametric additive models proposed by Friedman and Stuetzle (1981) and Hastie and
Tibshirani (1990) can be extended to multivariate settings. These models are generally
more flexible in the accommodation of potentially nonlinear effects as compared with linear
models, and require fewer model assumptions, thus reducing the risk of model misspecifica-
tion. Additionally, nonparametric additive models are free of the “curse of dimensionality”
caused by the use of multivariate smoother. This gain in flexibility comes at the price of
increased model complexity and reduced parameter interpretability. In practice, when a
large number of independent variables are considered, naively assuming nonparametric ef-
fects for all independent variables in an additive structure could greatly increase the burden
of parameter estimation and reduce the model efficiency. An ideal model should represent
a sensible compromise between the efficiency of a linear model and the flexibility of a non-
parametric model. In other words, if the true effect of an independent variable is linear,
one would like to model it as such; if the true effect of an independent variable is nonlinear,
one would like to model it nonparametrically; if an independent variable has no effect, one
would like to exclude it from the model.

A semiparametric model combines the strength of both the linear models and non-
parametric additive models. There is sizable literature on semiparametric additive models.
Among the most significant developments, Martinussen and Scheike (1999) studied semi-
parametric additive regression models for longitudinal data. In a survival analysis setting,

Huang et al. (1999) presented a semiparametric additive Cox model with polynomial splines.
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More recently, Yu et al. (2012) developed a semiparametric frailty model for clustered fail-
ure time data through smoothing splines estimated by using a penalized partial likelihood
method. A recent extension of the semiparametric additive model is in a joint model set-
ting. Joint modeling of longitudinal and survival outcomes through shared latent processes
provides a useful way to alleviate biases while ensuring valid inference concerning the cor-
relation structure between the two outcomes (Faucett and Thomas, 1996). Wulfsohn and
Tsiatis (1997) proposed a general framework in which the survival component was depicted
by a proportional hazard model, and the longitudinal component was represented by a lin-
ear mixed-effects model. The semiparametric additive model extends the applicability of
joint models. Ye et al. (2008b) incorporated smoothing spline component into joint models.
Zhangsheng and Liu (2011) used a penalized spline method for joint models for recurrent
and terminal events.

So far, most of the published papers have focused on the estimation of semiparametric
additive models. Little has been discussed about the selection of the functional forms of
the independent variables. In practice, it is of essential importance to correctly specify the
functional form of an independent variable, thus serving as a safeguard for constructing a
valid semiparametric model. Such a procedure is often referred to as “structural discovery”
(SD). Unfortunately, the existing literature on this topic is rather limited. A naive approach
to determine the functional form is to simply specify a nonparametric function for each
independent effect, and then determine the functional form of each term by visualizing
the independent effects. This method may be useful in some circumstances, but it lacks
theoretical justifications. Another commonly used method is to test the linearity of each
independent variable effect. But in complex model settings, such as in joint models, it
is usually difficult to derive proper testing statistics. When there is a large number of

independent variables, the power of the tests could be low and type I error rate may be
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inflated due to multiple testing. More recently, a data-driven structural discovery method
has been proposed by Zhang et al. (2011) in a partially linear model setting. Exhaustive
literature search reveals that no similar work has been done for joint models. This may be
due to the complexity of the joint model structure. The need to simultaneously perform
structural discovery in both longitudinal and survival components also presents a daunting
challenge as the longitudinal and survival outcomes are modeled separately through different
structures.

The purpose of the current chapter is to fill in this methodology gap for nonparametric
additive model in a joint model setting by using a penalized likelihood method based model
selection approaches. Specifically, I propose to start from the semiparametric joint model
with unspecified functional forms depicted by cubic B-splines. Then by following Wand
and Ormerod (2008)’s approach, I decompose the cubic B-splines into linear and nonlinear
elements. I then use variable selection methods to select the linear and nonlinear elements.
This decomposition represents the model in a mixed-effect model format, which serves as
a bridge to connect the structural discovery and mixed-effect selection, where the selection
of linear elements mimics the fixed-effect selection, and the selection of nonlinear elements
mimics the random-effect selection. Mixed-effect selection through data-driven methods has
received increasing attentions in recent years. Bondell et al. (2010) studied mixed-effect
selection in linear mixed-effects model. Ibrahim et al. (2011) studied mixed-effect selection
in generalized linear mixed models. Most recently, He et al. (2014) studied mixed-effect
selection in a joint model setting. I propose to use penalized likelihood to mimic the mixed-
effect selection for structural discovery in the semiparametric additive joint models, in which

a penalized likelihood will be optimized through an EM algorithm.
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3.2 Method

3.2.1 Model Formulation

To perform structural discovery in a semiparametric additive joint model, I introduce a
semiparametric linear mixed-effects model for the longitudinal component and a semipara-
metric frailty model for the survival component, in which the functional forms of continuous
variables with unknown effects are modeled by cubic B-splines.

Suppose in a longitudinal study, I have a survival outcome (¢;,d;), and repeated mea-
surements of a continuous outcome y, for i = 1,--- ,n subjects. Here ¢; is the observed event
time subjected to right censoring, and ¢; is a failure indicator with §; = 1 indicating the oc-
currence of an event of interest, and ¢; = 0 indicating censoring, whereas y; = {yi1 - . . Yin, }
is an n; x 1 vector of the n; repeated measurements. For the longitudinal component, let
X1; € R"*P be the covariate matrix for unknown effects with jth row vector x1;5 € ]leo and
Wiy; € R%*d he the covariate matrix for effects already identified as linear with jth row
vector wyj € ]R‘li. For the survival component, let xo; € ]R’f and wsg; € Ril be the covariate
vectors for unknown effects and known linear effects, respectively. I denote Zq; € R™*7 and
z2i € RY as the random effect covariate matrix and vector in the two model components.
Without loss of generality, I let the longitudinal and survival components have the same set
of covariates and random effects here. This could be easily generalized to the situation with
different sets of covariates and random effects in each component. Combining these obser-
vations I write O; = (y,;, X 14, Whi, Z1i, ti, 0i, T2, W24, 22;). 1 assume that the observations

O; are independent across subjects.
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Then, for the longitudinal component, I assume a semiparametric linear mixed-effects

model:

p
yij = Bo+ > fulwgn) + wijm + 2150 + €5, (3.1)
h=1

and for the survival component, I assume a semiparametric frailty model:

p

h(ti) = ho(t:) exp{) _ gn(wain) + wa;v2 + 23;b:}, (3.2)
h=1

where x1;;, and x9; ) are the hth elements in the independent variable vectors x1;; and
x2i; frn(-) and gp(-) are the corresponding unknown cubic B-spline functions; «; and -2
are regression coefficients for linear effects; b; = (b, -+ ,by) € R is a random effect vector
following a multivariate normal distribution MV N (0, D(¢)); ij ~ N(0,02) is the mea-
surement error, which is assumed to be independently and identically distributed; 5y is the
intercept of regression function and hg(t;) is the baseline hazard function. The baseline
hazard function hg(t;) could be modeled nonparametrically through B-spline. One could
also parameterize hg(t;) with a parametric distribution. For example, a natural option is
to use a Weibull distribution with a baseline hazard ho(t;) = aAt$! | where « is the shape
parameter and A is the scale parameter. Alternatively, one could use a piece-wise constant
baseline hazard by dividing the study period into m intervals and assuming ho(t) to be a

constant on each interval as

ho(t) =hp,tp1 <t <tp,k=1...m, (3'3)

where t;s are knots that define the intervals. This piece-wise constant baseline hazard had

been shown to perform well by Feng et al. (2005) and Ding and Wang (2008).
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Let n = {fh(') n(+), Y1, Y2, @, 0, ho(- } be the vector of all unknown parameters. The

marginal likelihood of 1 could be written as:

Lo(n) = H/f(yi,ti,5i!bi,X1z',W1z‘7Zn,wzi,’wzi,szﬁ)fb(bz‘)dbz

PR (3.4)

:H/Hfy(yij|931ijawlz’j,zlz’jybi777)fs(ti55i|m2ia'w2iaZ2iabiun)fb(bi)db
=17 j=1

where fp(+) is a g—variate normal density function for b;, fs(-) is the likelihood of the survival
component parameters conditional on b;, and f,(-) is the density function of repeated

measurements conditional on b;.

3.2.2 Penalized Smoothing Splines

Penalized cubic B-spline is used to estimate f3(-) and g5 (-). To illustrate penalized cubic B-
spline, T use f(-) as an example. For simplicity, I omit the subscription. Let By, ..., B4 be
the cubic B-spline basis functions with K inner knots for f(z), and suppose we have n obser-
vations (z1,. .., Ty), thus we could set up the nx (K +4) design matrix B, with row vector as
(Bi(xs), ..., Brxta(zi)). Let 8 = (64,..., 9K+4)T be the corresponding B-spline regression
coefficients. Then B8 can be used to estimate f(x). The penalty term could be written as:
0TQ0, where Qi1 1)x(rc+4) is the penalty matrix with Qp = fB B,(j) (s)ds. Then

the penalized likelihood for estimating fi,(-) and gp(-) can be written as

p p
ploriginal = lo('n) -\ Z Oﬁhﬂf,haf,h — A2 Z O;hﬂg,heg,h (35)
h=1 h=1

where [,(-) = log L,(-) and Ly(-) is defined in (3.4), and A\; and A2 are the smoothing
parameters controlling the goodness of fit and the smoothness of the curves. Derivation for

each of f;(-)s and gp(-)s can be done in the same way.
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3.2.3 Structural Discovery Using Reparametrized Penalized Smoothing Splines

The penalized likelihood in (3.5) only estimates the cubic B-spline functions f5(-)s and
grn(+)s. It does not by itself perform the structural discovery for identifying the true effects
as depicted by fp,(-)s and gp(+)s. To discover the true effects, I decompose f5(-)s and gp(-)s
into linear and nonlinear elements, and then use a variable selection method to select these
elements.

Following Wand and Ormerod (2008), by spectral decomposition, I decompose the
penalty matrix Q as Q = Udiag(d)U?T. Matrix U consists of column eigenvectors and
vector d consists of eigenvalues arranged in descending order. Let d = (di, dg)T, where
di is the vector of K 4 2 descending positive eigenvalues, and dg is the vector of two zero
eigenvalues. Let U = [Uy, Up|, where Uy is a matrix of dimension (K +4) x (K + 2),
corresponding to dy, and Up is a matrix of dimension (K + 4) x 2, corresponding to dp,

Under this decomposition, cubic B-spline could be written as:

BO = BUUTe
= B[UoUT6 + U, diag(d; "/ *)diag(dy/*)UT6]
(3.6)
= B[UoB + U diag(d}"*)u]

— CB + Au,
1/2

where C = BUy, 8 = UT0, A = BU, diag(d;"/?), and u = diag(d’y )UT®. The penalty

term can be written as:

67Q0 = 6T Udiag(d)UT 0
= 0T Updiag(do)Ug 0 + 67U, diag(d4)UTO (3.7)

=Uu u.
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Thus the decomposition represents the model in a mixed-effect model format, in which
C3 mimics the fixed effect and Au mimics the random effect. As in Wand and Ormerod
(2008), C is the basis for the linear space and A is the basis for nonlinear effect, and 3
and u are the corresponding regression coefficients. Thus selection of linear and nonlinear
effects mimics the seletion of mixed effects. A simple specification of the linear basis is
C = [1,z;] (Speed, 1991; Wand and Ormerod, 2008). To ensure identifiability, I omit the
intercept in C = [1, x;] and centralize x; by following Yu et al.,(2012).

With this reparameterization, I re-write the nonlinear functions in Equation (3.1) as
frn(x1ijn) = ChijnBin+Avijnu1n and the nonlinear functions in Equation (3.2) as gy (v2;,n) =
Ci,nf2n+ Az2i nuzn. The reparameterized semiparametric linear mixed-effects model there-

fore takes the following form:

p
vij = Bo+ Y _(CuijnbBin + Avijntian) + wiiy + 213;bi + 55, (3.8)
h=1

and the reparameterized semiparametric frailty model can be written as:

P
h(ti) = ho(ti)exp{) (CainBon + Azintian) + wisya + 23:bi}, (3.9)
h=1
where Cy;, = (z;, — 29,) and 29, = Y7, 28, /s, where 23,, (k = 1,...,r;) are the

ordered r, distinct independent variable values for the Ath independent variable zop. Sim-
ilarly, Clij,h = (l'lij,h — ‘i‘(l)h)
Let ¢ = (Bo, Bin, Bans Wih, U2k, V1,72, P, 0, ho(ti)), then plorigina in (3.5) could be writ-

ten as the smoothing spline analysis of variance (SSANOVA) type penalized likelihood

p p
plssanova = b(¢) — M1 Z ulpuin — Ao Z ug, Uah. (3.10)
h=1 h=1
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However, the penalty terms of plgsanov 4 in Equation (3.10) do not possess the sparsity
property for variable selection of regression coefficients w13 and wep, for the nonlinear effects.
In addition, the penalized likelihood plgsanov 4 does not allow the selection of regression
coefficients By, and [op for linear effects. To perform structural discovery, I propose the

following penalized likelihood plgp with penalty terms having sparsity on estimation of Sy,

Bon, w1h and uap:

p p
Plsn(€) = b(€) ~ M D mass(Bun) — Ao D oy ()
h=1 h=1 (3.11)

p p
-~ M Z Krw (W1R) — A2 Z Ka.u (U2h)-

h=1 h=1

The penalty functions ry, ,(815) and ky, ,(B2n) control the sparsity of estimates of 8y,
and [, so that the linear effects are selected, where A1 g and g g are the associated positive
tuning parameters. The penalty terms sy, , (u1n) and Ky, , (u2n) control the sparsity of
estimates of w1y and wap for selection of the nonlinear effects, where A1, and A2, are the
associated positive tuning parameters; xy, ,(815) and £, ,, (u1p) jointly determine the effect
of hth independent variable x1;, in the longitudinal component; xy, ;(82n) and ky, , (u2n)
jointly determine the effect of hth independent variable zg, in the survival component.
Here, I define the partially linear effect as § and u are both nonzero. The functions sy, , (+),
Ko s5(*)s Fxpw(+)s Kayn () could be the adaptive LASSO or the smoothly clipped absolute
deviation (SCAD) penalties.

For linear-effect selection, I define the adaptive LASSO penalty as x, ,(81n) = wg,, |B1n]
and Ao g,, = wg,, |fan|, Wwhere wg,, ,wg,, are the corresponding positive weights for penalty
|B1n| and |Bap|. I choose the weights as wg,, = |ﬁ~1h|_1,w52h = |Ban| !, where By, and Bap

are the optimizers of the SSANOVA type penalized likelihood defined in Equation (3.10).
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Some of the estimates of Blh and B% for penalized likelihood (3.11) will be zero since |(14|
and |Bap| are singular when [815| = 0 and |B2p,| = 0.

For nonlinear effect selection, I note that a nonlinear effect could be excluded if and
only if w1 = 0 and uap = 0. As uip and ugp are vectors, I propose to perform the group
penalty on uip and uep. I first summarize it using an Ly—norm: ||uip|| = (ufhulh)l/2
and ||uzp|| = (ul, uap)'/?. Following Yuan and Lin (2006), T define the adaptive LASSO
penalties for nonlinear effect as: xy, , (U1n) = Wuyp|[w1n|| and Ky, , (U2r) = Wuy, |[|[uzn]|-
The weights are chosen as wy,, = ||@1p]|7}, Wuy, = |[t2n]| !, where @), and gy, are the
optimizers of the SSANOVA type penalized likelihood defined in Equation (3.10). The pe-
nalized likelihood with the SCAD penalty terms could be constructed in a similar way by
substituting the penalty term in (3.11) with SCAD penalty on (|514l, |82, [|w1nll, ||wanl])-

The estimator of ¢ = (Bo, S1n, B2n, ULh, U2h, Y1, Y2, D, 0, ho(ti)) can be obtained by maxi-

mizing Equation (3.11). I use adaptive LASSO penalty in the simulation study.

3.2.4 EM Algorithm for Optimization of the Penalized Likelihood

To maximize the penalty likelihood (3.11), I use an EM algorithm. Let

p p
p(¢) =18 Z Wain |B1nl + A2, Z Whap, | Ban|+
h=1 h=1

P P
M Y Wup [1nl + Ao Y Wy, |[w2n]]
h=1 h=1
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denote the penalty terms. I start with the penalized complete likelihood for ({) for i =

1,---,n, which is

P(€) =13 Tog f (y,, 10,01, BilC)
i=1

p p
- )‘175 Z KXis (Blh) - >‘2,5 Z KXa g (/BQh)

h=1 h=1
p p
= A ) Fa (Win) = Aow Y Ry, (Uan)
h=1 h=1

:% > {loglf, (yilbi, O)) + 6 log[h(tilbi, €)] + log[S(ilbi, ¢)] + log[f5(bil¢)]} — p(C)-
i=1

(3.12)

In Equation (3.12), S(-) is the survival function of ¢; conditional on b;. Let A =
(A1,8, 22,8, AMus A2) and w = (wa,, W, , Wuqp s Wugy ). Here I denote the complete data as
9ei = (Yi, X1i, T2, tiy 0, Wi, way, Z14, 22, b;), the complete longitudinal data as g.;; =
(Yi» X1i, Z1i, Wi, by), the complete survival data as g. ;o = (ti, i, ®2i, 22i, w2;, b;), the ob-
served data as g,; = (y;, X1, T2, ti, 0i, Wi, wai, Z14, 22;), the observed longitudinal data

as 9,1 = (Y;» X1i, Wi, Z1;), and the observed survival data as g, ;o = (2i, ti, 0i, w2;, 22;).

E-step

I first derive the E-step of the EM algorithm for the fixed tuning parameter and weights
A, w. Letting C(S) be from the sth iteration of maximization, I take the expectation of the

penalized log-complete likelihood conditional on ¢ (*) and G,i, for © = 1,...,n, and obtain

o4



the following penalized Q-function:

Q/\,w (IfﬂC(S)) :% Z{E[log fy(gc,ila C)|(go,iv C(S))] + E[dl IOg h(gc,z'27 C)|(go,ia C(S))]
i=1

+E[10g5<gc,i2aC)‘ gomc ) ZE]ngb gomc )]7
(3.13)
where
BIH(B:)| (901 = [ H®fulbilgy . )b (3.14)

for each of H(b;) = log fy(g.1,¢), H(bi) = dilogh(g,o,C), H(bi) = logS(g,o,¢) and
H(b;) = log f»(b;). Because the integral in Equation (3.14) is intractable, I approximate it
by using a multivariate Gaussian quadrature (Pinheiro and Bates, 1995). Since b; € RY, if I
choose k quadrature points, there will be a total of k? vector nodes of ¢ X 1 dimension. Let

b; = (b 1,09, - ,b; q) denote the Ith node, and w; denote the corresponding quadrature

weight, for [ = 1,--- k%, the integral (3.14) can be approximated by:

k4
E{H(bi)’(go,iv C(S))} ~ Z le(bi)fb(b“go,ia C(S)) (315)
=1

Therefore, I obtain the approximated expected function to be maximized in the (s + 1)th

iteration as

Ol €IC) = S B0 Fy @it O (G )] + BI5 108 h(g i3, (g €]
i=1

+E[10g5(gc,i2aC)|(goz’C ) ZElngb go,iaC(S))]

(3.16)
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M-step

I maximize (3.16) with respect to the (81, 52)s and (w1, uz)s alternatively. When (5o, w1p,
U2h, Y1, Y2, P, 0, ho(t;)) are fixed, I maximize (3.16) with respect to (Bip, Son), and the
penalty function involving L penalty terms can be solved by applying the Least Angle
Regression (LARS)/LASSO algorithm (Efron et al., 2004) and the SCAD penalty could be
solved according to Fan and Li (2001). When (5o, B1h, B2n, Y1, Y2, @, 0, ho(t;)) are fixed, I
maximize (3.16) with respect to (u1p, uz2n).

The expectation conditional maximization procedures are proposed as follows:

© 0 0 40 0

1. Initialize (Béo),ﬂg),ﬁé%),uﬂ), Usy V1 7Y ), ho(t:)©) with some plausible

values.

2. For iteration s, update By, Bop, by adaptive LASSO,

61 52}1 = argmax Q)\w(ﬁ(()s_l)aﬁlhaﬁZh7u:([h ) g;, 1)7 £3_1)77é5—1)7q')(s_l)?(j(s*l)a

B1n,B2n

S— s— 1 1 —1 -1
hO(tz)( 1)’16(() 1)765}1 7ﬁ2h g; ) g; )77](_3 )7’)/;8 )7

D =D po(t) D)
3. Update uip, usn,

ugi‘f, ugz) = argmazx Qx,w(ﬁésfl), B%Z), BSL), U1k, Uk, 7§3—1)’7§8—1)7 PGV Gls=1)
Ulh,U2h

S— S— 1 1 -1 -1
ho(t )( 1|5o 1751h752h7 (S ) gsﬁ )’,\As )a’Yés )7

LD oD by ()7 D)
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4. Upda‘te ﬁ07 Y1,72,0¢, hO(tl)u ¢:

5((]5)7 7{3) ’ 7;8)7 ¢(S)7 0(5)7 hO (tl)(S) = argmazx Q)\,w (BOa 55}?, 5&}?7 Uﬁ)a ué?) Y1572, ¢7
Bo:Y1,7v2,9,0,ho(ti)

o, ho(t)1B5 ™, 85, 85) ul3),

W) D gD o),

0(8_1), ho(ti)(s_l))

5. Terminate the iteration when max]C(S) —¢ (S_l)\ are small enough. Otherwise, let s =
s+ 1 and go back to step 2.
Before updating parameters in each step, the corresponding Q Aw function is approxi-

mated by Gaussian quadrature in the E-step.

3.2.5 Tuning Parameter Selection and Two-stage Estimation

Similar to section (2.2.4), I propose to use the BIC-type criterion to determine the values

of tuning parameters, where

BICx = —21,(C) + log(n) x dfx, (3.17)

In (3.17), ¢ are the estimators obtained from penalized likelihood defined in Equation (3.11)
under the given X, and [,({) is the value of the observed likelihood I,(¢) evaluated at the
estimates f . The tuning parameters are chosen to minimize the BIC) criterion. The total
sample size n is used. I take d, the total number of non-zero estimates of é as the degree of
freedom dfy.

To reduce the estimation bias, I propose a two-stage process. In the first stage, I
focus on using the penalized likelihood method to perform structural discovery to select the

model that minimizes the BIC value. In the second stage, to reduce the estimation bias,
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I re-estimate parameters using SSANOVA type penalized likelihood with selected model

structure from the first stage.

3.3 Simulation Study

3.3.1 Data Generation

I conducted a simulation study to evaluate the performance of the proposed estimation

procedure. I generated the longitudinal outcome Y;; from the following model:

(1111,3 )2—1 (1 _ T144,3 )5—1

™ s _|_

Yij =24 2x1551 + sin(z152) + Beta(2,5)

(3.18)

021454 + 021455 + 0z14j,6 + 021457 + 021458 + boi + €ijs

in which, 21551, 71452, and x1;53 have the linear, nonlinear and partially linear effects. The

failure time was generated from the proportional hazard:

D202 )51 (] T2i2)2-1

() = Mot 3x9; s u
(*) of )eXp{ P21+ Beta(5s,2)

+ Sin(x2i73)+
(3.19)

0x24,4 + 0x2;5 + 0x2;6 + Ox2;7 + Oxoi 8 + bOi}a

in which, z2;1, z2;2, and x2; 3 have the linear, partially linear and nonlinear effects, for
i=1,...,500,5 =1,...,5, where \g(t) = aAt* ! with a = 2, and \ = exp(1) = 2.718.
Random intercept by; was independently generated from N (0,1). Covariates x1;5, and
xoin,h = 1,...,8 were generated from Uniform(0, ) distributions and the measurement
error €;; ~ 4.i.d.N(0,1). Censoring time was independently generated from an exponential
distribution to achieve 30% censoring percentage. I generated three different correlations
among the independent variables. Let p1 = corr(x1;jn, x1i50) and pa2 = corr(T2im, T2im’)
denote the correlations between the covariates. In Scenario 1, p; = p2 = 0; in Scenario 2,

p1 = p2 = 0.3; in Scenario 3, p; = p2 = 0.6.
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For each scenario, I generated 100 data sets and applied the proposed method to discover
the functional forms of independent variables in the first stage and fitted the second-stage
model according to the discovered model structure. The tuning parameters Aj, A2, A3, A4
were determined by minimizing the BIC criterion, as defined in (3.17). I also fitted the
model using SSANOVA type penalized likelihood without performing structural discovery

for comparison.

3.3.2 Simulation Results

I present the structural discovery results of the three scenarios in Table 3.1. In Scenario
1, for the longitudinal component, the discovery accuracy for nonlinear and partially linear
effects are 100%. The accuracy of linear effect discovery is 98%. For the five noise indepen-
dent variables with no effects, four of them have the discovery accuracies of over 98% and
the remaining one has the accuracy of 93%. The structural discovery accuracies of indepen-
dent variables for longitudinal component of Scenario 2 are similar to those of Scenario 1,
while Scenario 3 has slightly reduced accuracies. For the survival component, the discovery
accuracies in Scenarios 1 (>96%) and 2 (>91%) are excellent for all independent variables.
The accuracies of Scenario 3 are slightly lower, and the accuracy is 81% for the partially
linear effect.

To evaluate whether the method could improve the estimation of the functional forms,
I compare our first- and second-stage models with the SSANOVA model without any struc-
tural discovery. For each of the 100 simulated data, I calculate the integrated squared
error (ISE) for each independent variable as ISE1, = Ex,, {fn(X1n) — fu(X1n)}? and
ISEs, = Ex,, {gn(Xan)—dn(Xan)}? via a Monte Carlo integration on X1 and Xoy, for longi-
tudinal and survival components, respectively. X;; and Xy, are Uniform(0,7) random vari-

ables generated for the simulation study. I then calculate the average ISEs over the 100 real-
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izations as AISFE1j and AIS Esy, for each of the three models: the SSANOVA, first-stage and
second-stage models. The total AISEs (TAISE) are defined as TAISE, = >, _, AISEy,
and TAISE, = Z:l AISFE5;,. The estimation results are summarized in Table 3.2. For
longitudinal component, the TAISEs of first-stage model are much smaller than those of
SSANOVA model and the second-stage model could further improve the estimation with
even reduced TAISEs. When the pairwise correlation of the independent variables increases,
the TAISEs increase, but both the first-stage and second-stage model still perform much
better than the SSANOVA model. For survival component, the TAISEs of first-stage model
is larger than that of SSANOVA model, which is probably due to the increased bias caused
by introducing penalty terms for structural discovery to the likelihood. The bias could be
greatly reduced by the second-stage model. The TAISEs of the second-stage model are the
smallest among the three models. The pairwise correlation of independent variables seems
to have more influence on the survival component. The average curve estimate of functional
form for each independent variable over the 100 simulated data sets are shown in Figures
3.1, 3.2, 3.3, 3.4, 3.5, and 3.6. As shown in the figures, for the independent variables with
nonzero effects, the SSANOVA and second-stage model estimates are very close to the true
curves. However, for the independent variables with no effects, the SSANOVA model has
much more pronounced bias than the second-stage model.

Computation time of the proposed method is reasonable given the complexity of the joint
models. I used 3 quadrature points for Gaussian quadrature integration. With 3 quadrature
points, each data set took approximately 90 minutes to complete the first-stage structural
discovery under one tuning parameter, and it took another 1 minute in the second-stage
estimation under one tuning parameter. The computing time is estimated based on a sin-
gle CPU (Intel(R) Xeon(R) CPU E7- 4830 @ 2.13GHz) and 4 GB memory in the Unix

system. The total computing time depended on the number of tuning parameters. Other
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factors, such as the number of random effects could also influence the approximation accu-
racy of Gaussian quadrature and the computing time. The reduction of computation time
from first-stage to second-stage model also reflects the power of our method to construct a
parsimonious model by clearly identifying the functional form of each independent variable.

In summary, the structural discovery accuracy is close to 100% for the longitudinal com-
ponent, and it is robust to the existence of noise variables even when the pairwise correlation
of independent variables is strong. For the survival component, the structural discovery ac-
curacy is nearly perfect when pairwise correlation is low or moderate. When the correlation
is high, the structural discovery accuracy decreases slightly for the partially linear effect.
The structural discovery accuracy in the survival component is also robust to the existence
of noise variables. The estimation of the functional forms could be improved though the
two-stage procedure, and the improvement is more significant when the pairwise correlation
is stronger. In summary, I contend that the proposed structural discovery method works
well even under strong correlations of independent variables. The two-stage procedure en-
sures good structural discovery performance in the first stage and reduced estimation error

in the second stage.
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Table 3.1: Structural discovery accuracy in longitudinal and survival components for Sce-
narios 1 to 3

Discovery Accuracy (%) for Longitudinal component

()23

Scenarios  2X7 sin(Xy,2) T e 0O 0 O 0 0
Le NL® PL® Noise
1. p=0 98 100 100 98 98 99 93 100
2. p=20.3 95 100 100 98 99 96 99 98
3.p=06 92 100 100 92 94 94 93 92

Discovery Accuracy (%) for Survival component

X72r,3 )4(17 X2,3)

Scenarios  2Xs 3 T Beaa sin(Xs,2) 0 0 0 0 0
Le PL? NL® Noise
1. p=0 97 100 100 96 98 97 96 100
2. p=20.3 98 91 96 99 99 98 100 99
3.p=06 92 81 97 9% 96 98 96 97

@ L: linear effect; NL: nonlinear effect; PL: partial linear effect

Table 3.2: TAISE of longitudinal and survival components for Scenarios 1 to 3

Longitudinal component

Scenarios SSANOVA  1st Stage 2nd Stage

1. p=0 0.17544 0.14995 0.13679
2. p=03 0.17684 0.13609 0.13186
3. p=0.6 0.21076 0.14486 0.14976

Survival component

Scenarios SSANOVA 1st Stage 2nd Stage
p=0 0.45742 0.58991 0.44554
p=03 0.47172 0.62455 0.46467
p=0.6 0.61915 0.67122 0.55319
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Figure 3.4: Curve estimates in the survival component for Scenario 2.
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3.4 Discussion

The proposed structural discovery method provides a practically useful tool for joint models.
It helps analysts to achieve parsimonious models without sacrificing the accommodation of
nonlinear effects. The method uses penalized likelihood method for sparse computation
for the linear and nonlinear elements of cubic B-splines, respectively. Linear and nonlinear
elements are separated using the spectral decomposition, and through this, I bridge the
selection of linear and nonlinear elements with the simultaneous selection of fixed and
random effect in mixed model in the joint model setting (He et al., 2014). The proposed
method performs as expected in identifying linear, nonlinear effects, or their combination,
the partially linear effect with good accuracy and very little bias. Computationally, the
estimation procedure is robust as the algorithm converges 100% in all simulation settings
at the threshold of 107,

The proposed method has the potential to be adopted or extended in several different
directions. First, the method is applicable for recognizing functional forms for additive
models. Although in most applications, additive model assumption is sufficient, researchers
may be interested in the joint influence of independent variables on the response variables.
For example, within the current additive model setting, we are unable to model the inter-
action between two independent variables. How to jointly determine the functional forms
of independent variables would be of interest and practically important for the future work.
Another natural extension is for single index models. The current methodology can be
extended to recognize the functional forms of the variables involved in the linear predictors,
which gives analysts increased modeling flexibility.

In summary, I have shown that representation of cubic B-spline by mixed-effect model
and penalized likelihood method could be used for structural discovery in joint model set-

tings. Our research has demonstrated, through a simulation study, that the proposed
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method provides a useful structural discovery tool and the method is easy to implement

and efficient in computation.
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Chapter 4

Selection of Time-Varying Coefficients

4.1 Introduction

Linear regression is one of the most frequently used approaches in scientific research. Lin-
ear models have well-established properties. However, the assumed linear relationship is
not always realistic in practice. When the linear model assumption is violated, the linear
model will be at risk of being mis-specified, which could result in questionable results. Non-
parametric models, which require fewer model assumptions, offer much greater modeling
flexibility. But when the dimension of independent variable is high, nonparametric mod-
els could be subject to increased modeling complexity, which makes the model harder to
fit and interpret. An alternative approach is to loosen the restrictions on the fixed linear
effect and let the regression coefficient vary as a nonlinear function. Such a model can be
viewed as an extension of the traditional linear regression model. It is often referred to
as the varying coefficient model (Hastie and Tibshirani, 1993). Varying coefficient model
depicts the effect of an independent variable as a function of another independent variable
instead of being a constant. The appeals of varying coefficient models stem not only from
mathematical elegance, but also from the practical needs. In many situations, it might
not be reasonable to assume constant effects of independent variables, and this is typically
the case for more complex biological systems. Varying coefficient models greatly enhance
the modeling flexibility and they have been widely used for discovering nonlinear effects
that would have been missed by traditional parametric models. For example, the effect
of sodium-retaining hormone aldosterone on blood pressure may be dependent on the pre-

vailing levels of extracellular fluid volume, as reflected by plasma renin activity. Varying
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coefficient model provides a flexible modeling framework to accommodate such interacting
influences (Tu et al., 2014). But more often, by allowing the effects of certain independent
variables on the outcome to vary over time, this new class of models provides the neces-
sary flexibility to depict time-changing effects of independent variables. Similarly, such a
need may extend to survival analysis, for needs to model the time-dependent effect of an
independent variable. For example, in an analysis of sexually transmitted infections, Yu
et al. (2012) showed the effect of number of partners on infection acquisition tended to be
age-dependent. In a childhood asthma study, the effect of airway reactivity measurement
on the risk of wheezing is known to change over time due to child growth (Yu et al., 2013).

In practice, if a study collects a large number of independent variables, it is not always
feasible to assume all of them have the time-varying effects. Modeling all independent vari-
ables with time-varying coefficients could significantly decrease the modeling efficiency and
interpretability. If an independent variable effect is approximately constant over time, a
time-invariant coefficient is clearly preferable. In addition, I also want to exclude from the
model variables that have no effects on the outcome. In joint models of longitudinal and
survival outcomes, both model components may have independent variables that interact
with time. A statistical method that consistently selects the important variables and cor-
rectly distinguishes their temporal effects as time invariant or time varying would be helpful
in the construction of joint models. To the best of our knowledge, no such work has been
done for joint models.

Literature of model selection for time-varying coefficients is limited. For longitudinal
data analysis, Leng (2009) proposed a method to select between time-invariant and time-
varying coefficients, but the method does not exclude zero coefficients. Wang et al. (2008)
proposed a penalized likelihood method with smoothly clipped absolute deviation (SCAD,

Fan and Li 2001) penalty on the expanded nonparametric basis functions of coefficients.
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For the survival analysis, Leng and Helen Zhang (2006) extended the component selection
and applied smoothing operator proposed by Lin and Zhang (2006) to the Cox model
with varying coefficients. More recently, Yan and Huang (2012) proposed to use adaptive
LASSO to select time-invariant and time-varying coefficients as well as exclude the zero
coefficients in the Cox model. In this research, I develop a penalized likelihood method to
simultaneously distinguish the time-invariant coefficients from time-varying coefficients in
both the longitudinal and survival components in joint models. I propose to use B-spline
to model the unknown temporal effects of independent variables and decompose the B-
spline into the time-invariant and time-varying parts, then use the variable selection tools
to select the two parts separately to distinguish the time-invariant coefficients from time-
varying coefficients. The selection process is similar to mixed-effect selection, which has

been described for joint models in Chapter 2.

4.2 Method

4.2.1 Model Formulation

In a longitudinal study, one has a survival outcome (tg;,d;), and repeated measurements
of a continuous outcome y; for i = 1,--- ,n subjects, measured at a series of times ¢;.
Here tg; is the observed event time subjected to right censoring, and §; is a failure indi-
cator with d; = 1 indicating the occurrence of an event of interest, and §; = 0 indicating
censoring, whereas y; = {yi1 ... ¥in, } is an n; x 1 vector of the n; repeated measurements
and t; = (ti1,ti1,...,tin;) is a vector of corresponding measuring times. For the longitu-
dinal component, I denote the p independent variables with unknown temporal effects as
x1ij = (1451, T145,2, - - - s T14j,p), Which are measured at time ¢;;, for j = 1,...,n;. For the
survival component, I denote the p independent variables with unknown temporal effects

measured at event time or censoring time ty as x2; = (22i1,%2i2, ..., T2 p). Without loss
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of generality, I herein consider a case where the longitudinal and survival components share
the same set of independent variables. This model formulation could easily be generalized to
situations where the two components have different sets of independent variables. I denote
the random effect covariate vectors for longitudinal and survival components as r1;; € R
and rg; € RY, respectively. I would then construct the time-varying coefficient joint model
as follows.

I present the time-varying coefficient linear mixed-effects model for longitudinal compo-

nent as:

p
vij = Bo+ Y _ Bur(ti)wrije + 113500 + €ij, (4.1)
k=1

and the hazard function with time-varying coefficients for survival component as:

p
h(tsi) = ho(ts:) exp(d  Bok(tsi)w2ik + T3:b5) (4.2)
k=1

where [ is the intercept; B1j(ti;)s and Sa(tsi)s are the regression coefficients for unknown
temporal effects in the two components; b; = (b1, -+ ,by) € R is a g—dimensional random
effect vector following a multivariate normal distribution MV N (0, D(¢)), where D(¢) is
the random effect covariance matrix; when b; is given, I assume that longitudinal outcome Y;
and survival outcome T; are independent; €;; ~ N (0, 02) is the measurement error, which is

assumed to be independently and identically distributed, and ho(ts;) is the baseline hazard.

4.2.2 Representing the Model by Decomposed B-spline

To determine the temporal effects, one needs to identify the forms of 515 (t) and SBor(t). To
perform this, I firstly model 1x(¢) and Box(t) by B-spline and then decompose the B-spline

into two parts: one is used to explain the time-invariant effect, and the other is used to
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explain the time-varying effect. The decomposition would allow us to use variable selection
method to select the two parts separately, and thus discriminating the two effects.

To illustrate the decomposition of the B-splines, I use f81(t) as an example and note that
Bar(t) could be decomposed and represented with the same approach. By following Yan and
Huang (2012), I assume S1(t) = B1(t)01k, k= 1...,p, with By = (1, B11(¢), ..., Big—1(t)).
By = (B (t),...,Big_1(t)) (g > 1) is a set of B-spline basis of ¢— 1 degrees of freedom on a
predetermined time interval and knots without intercept, and I could rewrite By = (1, Bl).
The corresponding regression coefficients 61y, are decomposed as 01 = (014.1,01k,—1). 1
then represent the coefficient 31(t) as Bix(t) = 01,1+ B1Q1k,—1- Through this decomposi-
tion, I construct the nonparametric function of 814 (t) in such a way that 6y ; is associated
with the intercept in By representing an overall time-invariant effect, whereas 615, 1 repre-
sents the time-varying effect relative to the intercept. As a result, I could represent the linear
mixed-effects model for longitudinal component defined in Equation (4.1) by decomposed
B-splines as:

P
Yij = Bo + Z B (ti)01k - z1i5k + Tﬂjbi + €45
k=1

p
= Bo+ Y 01k + Bi(ti)01k,—1] - wrijk + 715500 + € (4-3)
k=1

Similarly, for the survival component, I assume [ox(t) = Ba(t)02k, k = 1...,p, where
By = (1,By(t),..., By 1(t)), and By = (Bai(t),...,Bag1(t)) (¢ > 1) is a set of B-
spline basis of ¢ — 1 degrees of freedom on a predetermined time interval without intercept.
Regression coefficients @2y, are decomposed as 02, = (02,1, O2,—1) and [ax () is represented

as Pok(t) = Oap1 + 320%,_1. I could represent the model for survival component defined
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in Equation (4.2) by decomposed B-splines as:

p
h(ts;) = ho(tsi) eXP{Z Bo(tsi)0a) - 2 + Ta;bi }
k=1
p —~
= ho(tsi) eXP{ZWzk,l + Ba(tsi)02k,—1] - T2i 1 + r2.bi} (44)
k=1

Let n = (Bo, 01k, O2k, P, 0, ho(ts;)) denote all the unknown parameters. The marginal

likelihood of 1 could be obtained as:
Lo(n) = H/H {[fy(tsi)|bi7m2i7r2i;51’7n][fs(tsi)’biv5132i77°2i75ia7ﬂ}fb(bi)dbia (4.5)
=17 j=1

and the log-marginal likelihood is [,(n) = log L,(n), where f(+) is a g—variate normal
density function for b;, fs(-) is the likelihood of survival component parameters conditional
on b;, and fy(-) is the conditional distribution of repeated measurements when b; is given.
The hazard hg(ts;) could be modeled nonparametrically or parametrically as described in

Chapter 3.

4.2.3 Selection of Time-Varying Coefficients by Penalized Likelihood

To estimate the nonparametric functions in Equation (4.3) and (4.4), a frequently used

method is the ridge type penalized likelihood with quadratic penalty terms:

1 p p
Plridge(n) = ~lo(m) = A1 > ||01k,—1]* = Ao Y [|02k,—1 I (4.6)
k=1 k=1

n

However, the penalty terms in (4.6) do not possess the sparsity property and could not
perform selection of the time-varying effects. The penalized likelihood (4.6) also lacks the

penalty terms for selection of time-invariant coefficients. To perform selection of both the
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time-invariant and time-varying coefficients, I propose the following penalized likelihood:

plo(n) = ~lo(n) — p(8) (4.7)

where p(8) = A1 37—y k1(O1k1) +A2 > h_q K2(for1) X3 D0 K3(O1k,—1)
+A1 Y h_; k4(O2k,—1). The penalty functions k1(614,1) and ka(far1) control the sparsity
of estimates of 01,1 and 691 so that the time-invariant coefficients are selected, where A\q
and Ay are the associated positive tuning parameters. The penalty terms x3(01x,—1) and
k4(02k,—1) control the sparsity of estimates of 61,—1 and 62x,_1 to select the time-varying
coefficients, where A3 and A4 are the associated positive tuning parameters. The penalty
functions k1(-), ka(:), k3(+), ka(-) could be the adaptive LASSO, or the smoothly clipped
absolute deviation (SCAD).

For the selection of time-invariant coefficients, I define the adaptive LASSO penalty
as kK1(01k,1) = wiklbik1] and k2(bax1) = wak|O2k 1|, where wiy,woy, are the corresponding

positive weights for penalties |614,1] and |02y 1. I choose the weights as wqj, = 1/|0~1k71

, Wok =
1/|6~?2k,1|, where 9~1k71 and 521%1 are the optimizers of the ridge type penalized likelihood (4.6).
Some of the estimates of élk,l and égm for penalized likelihood (4.7) will be zero since |6 1|
and |0 1| are singular when |6y5,1| = 0 and |09, 1| = 0.

For the selection of time-varying coefficients, I noted that the time-varying effect could
be excluded if and only if 81x,—1 = 0 and 025,71 = 0, and I propose to select 81x,—1 and
02,1 in a group manner. I first summarize the penalty terms using Lo—norm: ||@1x,—1]| =
(0%, —161k,—1)"/* and ||O2k, 1| = (63, _102k,—1)"/%. Following Yuan and Lin (2006),
the adaptive LASSO penalties for time-varying coefficients are defined as: k3(61x,—1) =
w3k||01k,—1]|| and k4(O2k,—1) = wak||@2k,—1]|- I choose the weights as ws, = plk/Hélk,_lH
and wy, = pgk/Hé2k’_1H, where élk,—l and é2k,—1 are the optimizers of the ridge type

penalized likelihood (4.6). pi1x and pog are the sizes of élk,_l and 52k7_1, respectively. 1
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use adaptive LASSO penalty in the simulation study. Penalized likelihood with the SCAD
penalty terms could be constructed in a similar way by substituting the penalty terms in

(4.7) with penalties on (

—1l],|/02k,—1]|) using SCAD. The estimator of
n = (Bo,01k,1, 02,1, O1k,—1,02k,—1, P, 0, ho(tsi)) can be obtained by maximizing Equation

(4.7).
4.2.4 Optimization of the Penalized Likelihood
To maximize the penalized likelihood (4.7), I firstly construct the marginal likelihood as:
n ng
= H/H {[fy(yij‘biymlijﬂ"lijan)][h(tsi|biawZiarziaTI)]éi
i=17 j=1
(S tilbis @i, 723, 1)] i (bif) b

where h(tsi|b;, 25, 72i,m) is the hazard function. S(ts;|b;, ®2i, 724, m) is the survival func-

tion, which is expressed as:

S(tsilbi, 24, 725, M)

o (= [}

exp / GXP{Z Bok(u) - 251 + Tgibi}du}

t97/
exp<{ — exp 1“22 /0 ho(u exp{z (Oar1 + Bz(u)ezk 1] - @y k}du}
k=1

{
{-
exp{ — exp 7"2Z /Ot exp{z By (1) - x9; k}du}
{
{

tai P
exp{ — exp (ra;b; + Zegk 1° I‘sz)/ ho(u) exp{Z[B2(u)02k,_1] .x%’k}du}.
k=1 k=1

(4.9)

Because both the survival function and the marginal likelihood involve intractable integrals,

I propose to use a Gaussian quadrature method to approximate the intractable integrals.
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By using Gauss-Legendre quadrature, I could approximate the intractable integral in

the survival function (4.9) as

/0 " ho(u) exp{ > [Ba(u)Bak, 1] - 214 hdu

k=1

tsi—0 (1 ti—0  tyi+0 P ti—0  ty+40
= 2/ ho( Z+ 5 )exp{; Bg( 5 Z+ )02]@771 . x2i7k}dz

. 2 2

Npode

p
to to By
o > whhol = (2 + 1)] exp{ > B[ (20 + 1102k, -1 - w24},
h=1 k=1

(4.10)

where 2z, and wy, are the corresponding Gauss-Legendre quadrature nodes and weights.

To approximate the marginal likelihood, I use multivariate Gaussian-Hermite quadrature
to integrate the random effect b; out by following (Pinheiro and Bates, 1995). Since b; € RY,
if I choose k quadrature points, there will be a total of k¢ vector nodes of ¢ x 1 dimension.
Let b; = (b271,b272, e ,b;jq) denote the Ith node, w; denote the corresponding quadrature

weight, for [ =1,--- , k9. Let g,; be all the observed data and let

A(goilbism) =[fy(yi;)|bis 145, T145, M)

[hs(tsi)|bi, T2i, 20, M)% [Ss (i) iy 224, 724, 1],

then the integral (4.8) can be approximated by:

kd
/A(goi|bi,17)fb(bi!77)dbi ~ > wiA(goilb],m) f5(b]|m). (4.11)
=1

The approximated penalized likelihood is

n k4
plm) =" {108 > wiA(guilb], m) fo(b]lm) | — p(6) (4.12)
=1 =1

76



I maximize Equation (4.12) with respect to (|01x.1], |f2x,1]) by applying the LARS/ LASSO
algorithm (Efron et al., 2004), and maximize Equation (4.12) with respect to (||61x,—1]|,

||02k,—1]||) by following Wang et al. (2010) and Chapter 3.

4.2.5 Tuning Parameter Selection and Two-stage Estimation

Similar to Chapters 2 and 3, I propose to use the BIC-type criterion to determine the values

of tuning parameters, where

BICy = —20,(#) + log(n) x dfx, (4.13)

In (4.13), 77 is a vector of the estimates obtained from penalized likelihood under a given A,
and l,(77) is the value of observed likelihood [,(n) at the estimated value of 7. The solution
is chosen to minimize the BIC) criterion. In this BIC-type criterion, the total sample size
n is used. I take d, the total number of non-zero estimates of § as the degree of freedom
dfx.

As in previous chapters, a two-stage process is used to reduce estimation bias. In the first
stage, I perform selection of time-invariant and time-varying coefficients using the proposed
penalized likelihood (4.7) to select the model that minimizes the BIC value. In the second
stage, I refit the model with selected time-invariant and time-varying effects through the

ridge type penalized likelihood to reduce the estimation bias.
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4.3 Simulation Study

4.3.1 Data Generation

I conducted a simulation study to examine the performance of the proposed method. 1

generated the longitudinal outcome Y;; from the following model:

Yi; =5+ Bu1(t)x1ijn + Bra(t)xiij2 + F13(t) w3+ (4.1
4.14

Bra(t)z1ija + Pis5(t)x1iss + Bie(t)x1ije + Bir(t)x1ij 7 + Big(t)T1sj,8 + boi + €45,

and the failure time from the distribution with the hazard function:

Ai(t) = Xo(t) exp { Ba1 (t)w2i1 + B2 (t) a2 + Poz(t)wais+

Baa(t)waia + Bos(t)2i5 + Pae(t)w2i6 + Bor(t) i + Pas(t)waig + boi },

(4.15)

for i =1,...,500,j = 1,...,5, where \o(t) = aXt®* ! with a = 2, and A = exp(1) = 2.718.

(1)1 (a-4)>

In the longitudinal component, the coefficients 511(t) = 5, S12(t) = 3.5 + ng),

ty2—1(]_t)5—1
Bia(t) = 2.5+ L Uos 81(t) = 0, Bis(t) = 0, Bra(t) = 0, Biz(t) = 0, and Brs(t) = 0.
I generated five measurement times t for each subject from Uniform (0.01,2), plus the
baseline measurement t=0. The measurement time could be truncated by the survival time.

(1)1 (a-4)>

In the survival component, the coefficients are B21(t) = —2, Ba2(t) = 0.5 + G

Baat) = ~25— 2D 6,1 (0) = 0, Bas(t) = 0, Bao(t) = 0, Bar(t) = 0, and Bas(t) = 0.

Random intercept bp; was independently generated from N(0,0.5) distribution. In-
dependent variables x1;;5 and 25,k = 1,...,8 were generated from Uniform(0,1) vari-
ables; The measurement error €;; ~ i.i.d.N(0,0.5). Censoring times were generated from
a mixture distribution of a point mass at 2 and Uniform(0,2) to achieve 25% censoring

percentage. I generated two different correlations among the independent variables. Let
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p1 = corr(Tiijk, T1ijr) and pas = corr(wo; 4, o k) denote the correlations between the
independent variables. In Scenario 1, I set p; = p2 = 0; in Scenario 2, I set p; = p2 = 0.3.
In this simulation study, I used the cubic B-spline.

For each scenario, I generated 100 data sets and applied the proposed method to select
the temporal effects for the independent variables and fit the second-stage model according
to the selected effects. The tuning parameters A1, Ao, A3, A4 are determined by minimizing
the BIC criterion, as defined in (4.13). T also fit the ridge type penalized likelihood without

performing model selection for comparison.

4.3.2 Simulation results

For Scenarios 1 and 2, I present the model selection results in Tables 4.1 and 4.2. For the
longitudinal outcome, our method could select the nonzero time-invariant and time-varying
coefficients perfectly, as well as exclude the zero ones nearly perfectly, even when there is
moderate correlation among the independent variables. In the survival component, for time-
invariant coefficient selection, our method selects the non-zero ones with 100% accuracy,
and selects the zero ones with 95% accuracy for both scenarios. For time-varying coefficient
selection, our method selects non-zero ones with 92% accuracy and selects zero ones with
90% accuracy when there is no correlation among the independent variables. When the
correlation increases to 0.3, both the accuracies decrease to about 85%.

To evaluate the estimation performance of the proposed method, I calculated the total
average integrated squared error (TAISE) for each estimate of the time-varying coefficients
over the 100 simulated data, and the approach was the same as that described in Chapter
3. I compare three procedures, the ridge penalized likelihood without performing model se-
lection, first-stage and second-stage models and report the total TAISEs in Table 4.3. The

TAISEs of the proposed method in the second stage are much smaller (about 90% reduction)
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Table 4.1: Selection frequency of time-invariant coefficients (TIC)

Selection Frequency (%) for Longitudinal component

Scenarios  (11(t) Si2(t)  Pis(t) 0 0 0 O 0
Nonzero TIC Zero TIC

p=0 100 100 100 0 0 0 O 0

p=0.3 100 100 100 0 0 0 O 0

Selection Frequency (%) for Survival component

Scenarios  f1(t) Baz(t)  Pas(t) 0 0 0 O 0
Nonzero TIC Zero TIC

p=0 100 100 100 2 4 4 3 2

p=0.3 100 100 100 6 5 3 5 2

as compared to the ridge estimates in the longitudinal component. In the survival compo-
nent, the TAISEs of the second stage are reduced (about 10% reduction) when compared to
the ridge estimates. To evaluate the estimation performance of time-invariant coefficients, 1
present the average of the estimates and the empirical standard deviation over the 100 data
sets in Tables 4.4 and 4.5. In the longitudinal component, the ridge estimates have 10% to
20% biases, and these biases are much reduced in the second-stage estimates (less than 5%).
In the survival component, the biases of the ridge estimates for time-invariant coefficients in
B22(t) and [a3(t) are much larger, and could not be reduced in the second-stage estimates.
One possible reason for the suboptimal estimation performance for the intercept in survival
component might be due to the lack of sufficient survival outcomes that are close to time
zero, which makes it difficult to accurately estimate the time-invariant effect (the intercept)

in the presence of time-varying effects.
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Table 4.2: Selection frequency of time-varying coefficients (TVC)

Selection Frequency (%) for Longitudinal component

Scenarios Br1(t) B12(t)  Pis(t) Bra(t)  Bis(t) Bis(t) Pir(t)  Pus(t)

Zero TVC Nonzero TVC Zero TVC
p=0 0 100 100 0 0 1 0 0
p=0.3 0 100 100 0 0 1 2 0

Selection frequency (%) for Survival component

Scenarios Ba1(t) Baa(t)  Pa3(t) Boa(t)  Bos(t) Bas(t) Por(t) Pos(t)

Zero TVC Nonzero TVC Zero TVC
p=0 1 100 92 9 5 6 10 10
p=03 8 100 85 14 14 6 13 13

Table 4.3: TAISE in longitudinal and survival components for time-varying coefficients

Longitudinal component

Scenarios SSANOVA 1st Stage 2nd Stage

p=0 0.84214 0.04730 0.07720
p=0.3 1.10202 0.07870 0.11380

Survival component

Scenarios SSANOVA 1st Stage 2nd Stage

p=0 1.80373 1.63000 1.61000
p=0.3 1.81513 1.70272 1.64596
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Table 4.4: Estimation results of nonzero time-invariant coefficients (TIC)

Estimation results for Longitudinal component

Scenarios
TIC True value

Br1(t)
5

Br2(t)
3.5

Prs(t)
2.5

SSANOVA

p=20 1%t stage

ond gt age

4.9012+0.0572
5.0015+0.0410
5.0006£0.0447

3.7284£0.0557
3.5198+0.0796
3.4935£0.0561

2.9641+0.0488
2.5088+0.0773
2.5887+0.0523

SSANOVA
p=20.3 1%t stage

2nd gtage

4.8823+0.0639
4.9954+0.0445
5.00311+0.0418

3.7462+0.0584
3.5061+0.0651
3.4810+£0.0646

3.0423+0.0599
2.5006+0.0619
2.6121£0.0628

Estimation results for Survival component

Scenarios
TIC True value

Bo1(t)
-2

Baa(t)
0.5

Ba3(t)
-2.5

SSANOVA

15 stage

2nd stage

-2.0054+0.1958
-1.8925+0.1883
-1.99424+0.1777

1.6885+0.1890
1.366940.2825
1.664240.2048

-3.3324+0.2173
-3.1082£0.2321
-3.3107+0.2287

SSANOVA
p=0.3 15t stage

2nd stage

-2.0297+0.2059
-1.8818+0.1944
-1.995540.1880

1.6587+0.1962
1.3124+0.2813
1.6423£0.2051

-3.3285+0.2236
-3.1063£0.2276
-3.3034+0.2326
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4.4 Discussion

In this research, I developed a model selection method to simultaneously identify time-
invariant and time-varying effects in a joint model setting through the penalized likelihood
approach. As indicated by the simulation study, the method has achieved good accuracy in
distinguishing the time-invariant effects from time-varying effects for both longitudinal and
survival model components. The method provides a tool that is particularly useful for the
analysts who are interested in evaluating the temporal effects of independent variables. This
approach essentially provides a way to identify potential interactions between a nonlinear
independent effect and time, thus is particularly suitable to characterize independent vari-
able effects that change with time. In clinical applications, it helps to identify and quantify
temporal influences of independent variables with nonlinear effects on the longitudinal and
survival outcomes, while accounting for the connections between the two outcomes.
Methodologically, the development of the method is no trivial extension of previously
published work. The main challenges come from the complex structures of joint models.
In a joint model, an independent variable could have completely different temporal effects
on the longitudinal and survival outcomes, and thus simultaneously selecting time-invariant
and time-varying coefficients in the two model components is technically difficult. Although
it is easier to perform model selection for one model component while fixing the structure
of the other component, such a piecewise approach fails to take into account of the natural
connections between the two components; this may be the primary reason for the lack of
development of simultaneous model selection for joint models, especially in the presence of
time-varying coefficients. This research uses a penalized likelihood approach, which does not
require assumptions of fixing parts of the model. This work demonstrates that simultaneous
selection of time-varying coefficients in joint models through penalized likelihood is possible

and its implementation is relatively straightforward in complicated modeling situations.
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An essential step in the proposed method is the decomposition of the B-spline for inde-
pendent variable effect into time-invariant and time-varying parts. This decomposition, in
practice, is easy to implement. The B-spline basis without intercept could be generated by
the R function “bs” with the option “intercept=F”, and the computation of the proposed
method could be adapted to the existing packages, such as the SAS PROC NLMIXED, thus
further extending its applicability. The decomposition may still be improved, as the time-
invariant effect is depicted solely by the intercept. When there is limited data information
at time zero, the estimation of the intercept, or the time-invariant coefficient may not be
sufficiently accurate. In practical data analysis, such as survival analysis, it is not uncom-
mon that most of the observed survival or censoring times are greater than zero. Future
work on improving the decomposition may help to improve the estimation of time-invariant
effects.

In summary, I showed that by decomposing the B-spline into time-invariant and time-
varying parts and then using a penalized likelihood method to select these components, one
can identify the time-varying coefficients in joint models. With this in mind, this research

has the potential to be used as a practical tool for data analysis.
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Chapter 5

Conclusion

Variable selection plays an important role in scientific investigation. To a large extent, the
validity of scientific inference depends on the correct specification of the model. In prac-
tical data analysis, the analyst has to decide whether a variable should be included in the
model, what functional form it should take, and whether the variable interacts with time.
In the past several decades, useful model selection procedures have been developed along
with necessary selection criteria and statistical tests for most of the commonly encountered
statistical models, including linear and proportional hazard models. None of the exist-
ing methods, however, are readily applicable to joint models of longitudinal and survival
outcomes. The complexity of the joint model has greatly complicated the selection process.

Introduction of LASSO approximately 20 years ago has changed the way in which an-
alysts approach the selection problem. By placing a penalty on model complexity, the
method fundamentally simplifies for the selection process. Along this line, various selection
methods have been developed for most of the standard statistical models, including gener-
alized linear mixed effects models and proportional hazard models, allowing for selection of
both fixed and random effects.

A noticeable gap in the existing literature is the lack of selection procedures for joint
statistical models of longitudinal and survival outcomes. The increasing popularity and
the widespread use of the joint models present an urgent demand to fill this gap. This
dissertation addresses this need in a systematic way, by proposing a series of model selection

tools that aid the joint model construction.
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In this chapter, I would review the main methodological contribution and practical
impact of this research.

First, this dissertation has presented the method to simultaneously select fixed and
random effects for the joint model. While the selection of the fixed effects helps to identify
independent variables that are related to the outcomes, selection of the random effects
serves the dual purpose of specifying the underlying correlation structure and justifying for
the joint model structure. Importantly, the reparametrization by Chelosky decomposition
allows the random effects in the two model components to retain their own covariance
structures, while not restricting the model space by pre-excluding candidate models. Such
an approach thus enables researchers to simultaneously perform random effect selection by
identifying their corresponding covariance structures. Additionally, the reparametrization
also allows the random effects in the longitudinal and survival models to be linked in a
common structure. Practically, this reparametrization through Chelosky decomposition
has made the selection of random effects by group penalty feasible. This reparametrization
and the random effect selection is not restricted to the joint model setting for studying the
correlation between the longitudinal and survival outcomes. Actually, it could be extended
to any model settings with multiple outcomes to investigate their correlations, which should
have wide applicability in clinical investigations.

Second, this thesis developed a method to identify the functional forms of indepen-
dent variables in an additive joint model. It provides a general semiparametric framework
for structural discovery in such a model setting. The decomposition of the B-spline ba-
sis clearly partitions the independent variable effect into a parametric (linear) part and a
nonparametric (nonlinear) part. I then present the model in a mixed-effect model formu-
lation. Methodologically, the basis decomposition and mixed model representation serve as

a bridge between variable selection and structural discovery. Practically, it clearly depicts

87



the independent variable effects as linear and nonlinear other than lumping them together,
thus retaining the model interpretability. The same approach could be similarly extended
to other additive models for identifying independent variable effects hidden in the data.

Third, I have also developed a general semiparametric framework to select and estimate
the temporal patterns of the independent variable effect. In this framework, a decom-
position method is used to partition the temporal effect of a independent variable into
time-varying and time-independent parts. This decomposition then allows the application
of existing variable selection method to work through the penalized likelihood, eventually
distinguishing the temporal effects.

Finally, this dissertation presents a general computational strategy for multiple com-
ponent models connected by shared random effects. Variable selection and parameter es-
timation in such models result in intractable integrals. Multivariate Gaussian quadrature
method and EM algorithm proposed in this dissertation produce good approximations of
the intractable integrals while ensuring computation stability. The deterministic property
of the multivariate Gaussian quadrature provides a better way to empirically validate the
statistical methods than the Bayesian MCMC approach when dealing with intractable inte-
gration, as the latter tends to add another layer of uncertainty during the MCMC sampling.
Furthermore, the application of the proposed variable selection and structural discovery
method with multivariate Gaussian quadrature is highly adaptable to some widely used
existing statistical packages, such as SAS procedure “PROC NLMIXED”. This procedure
is user friendly and generally suitable to a wide variety of problems.

At the conclusion of this dissertation, I remain hopeful that the applicability of the
methods will increase over time. The development of more sophisticated and easier to
use packages for implement of the methods will further strengthen the applicability. The

methods here are mainly depicted but shall not be limited in the joint model setting.
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I anticipate that further modifications and extensions of the current work will become
necessary. Future extensions could include variable selections for multiple outcome models
and recurrent event failure time models. Dealing with the missing data is an important
aspect that I did not study in the current dissertation. Notwithstanding these limitations,
I hope that increased application of these procedures will stimulate new thinking for the

improvement of the proposed methods.
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