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Abstract: In order to further enhance the adaptive capacity of the grey forecasting model to original data, a GM(1, 1)
power model with time-varying structure parameters is proposed. Polynomial functions are introduced to describe the
dynamic changes of the structure parameters with time. According to the different modeling sample sizes, the identification
formulas for unknown parameters are given under three kinds of situations. At the same time, the analytical solution to
white differential equation of GM(1, 1) power model with time-varying parameters is proposed. The integral compound
trapezoid formula is employed to transform the continuous solution into discrete time response that can be used to predict.

An application example shows that the GM(1, 1) power model with time varying parameters has higher simulation and

forecast precision than that of the GM(1, 1) power model with fixed parameters.

Key words: grey system; GM(1, 1) power model; time-varying parameter; forecasting

—

0 351 &

VB A K 8 28 48 PRI R 428 S B A (1 A o s 7R —
B AR R {0 R GMI(T, 1IN RAHEAE INREAS ) 1) 52 1)
AR R AURE AR A 15 2 T P Ah I e A AT
IO N T2 AL R TR AR, AT
PRI AR IS T EE MR, AWK SE 5
B WG54T SEAEE 7 T GMA, 1) BERLHEAT
TTZ RN R BE G0, MO T A B AR XS 2R
B GM(1, 1) B IR R Je 43 b~ S5 RPN
AN B, ARZEH GM(L, 1) A58 Je H O3k I 280k S A
R BEAR A GM(1, DRI B GM(1, DIy 4k
VAR AT a3 3 4 A SRR R B Bl )
FEA J5U 06 B 5. SCHR (91 N FRE 7 B RVERE ST T 483

Y B HA:
EEWH:

2013-07-22; f&[E BH#F: 2013-09-14.

%1(13021390).
fE& &

GM(1, 1) SRS S HG AN 1) 8, I FH 1 T S 4N 2k 2 )
PR R U1 P A SR

GM(1, 1) A5 R L0121 — Fafu iy 20 €2 0000 A5 78
FL 2 K 1 2 DR i 0 B AR A T AR . 1 i 4L
O, B 4 GM(1, 1) B, e 4h 2 1, &
A K8 Verhulst B8 2 i BODUE 1A M I, GM(1, 1)
R RS AL — e B 1 3E TR 7 40 16 R R
TR, FRINORS AR T GM(1, 1) #5528 1K €2 Verhulst
BEAL H F A e B A B R — R TR
O R R (A T vEUO E DUTI 5 2E de
ANME S B BRIIEAC 5 702140 i — by vk ok A
T 7, AR 2 BTV IR A, AR TIOIIRS FE K
2 BT VE U AT T SRR [13-141 R F 25 2 By

B K ARR AT H (71101132); Hp [ 1 R BE 2L G0 H (2013M540448); V19548 W -1 J5 RHIE 9 B

EIEF(1981-), 53, B, L5, NFRLTMN L R KO RGHREITT.



%510 3

EEH: HEASGMA, 1) FARE AL 5 A 1829

R AR GM(1L, 1) FEBRL, 23 i A rp (B & V8 b X1 ol
FAE IR PN HAS T R8O, SCHR [15]
JETF Nash ¥4 1) AR B T — Pl ARSIV SR i w F
HON TS SOEATE R AL R OO A 1 700 £ v
TR A R EFA. SCHR [16] 15X SCHR [15] ek i A
BB T — P as A AF LA 7 15, FRAE b B R
P A B R AR TN B0 E T ORI STk [17-
181 GM(1, 1) A5 2 (1% W FH 91 L e ok A 56 ) 8
A, 43 590 SR FHRE 7 B 0 R 2 1 ) 7 3o g At
Y, g PR, ARSI BE GM(T, 1) T Y Eb Al 2% a) 5
JRAf, Verhulst #ERFT GM(1, 1) B 7Y FLA 8 0 (KRS B

AT GM(L, 1) ALY R el 1 X 38 5k HH i
AN FIEAL T BB o AT b, TLEE R S5 IR T
D ] 5 B % 5k BUAR T A0 s H, (R 22 T S 40
Bt s 1) 1) 3 A AR AR, 1T R 2 3 OB 0L 5 R
{FLSE B TR0 8 SR AN BAR ) 1) . sz b, BRI AR S
H GM(1, 1) B AIUOVR B8 GM(1, 1) B A 120034 (-
6 UIF it 0% 1 5 P A 0 A A 7R (1 TR 8. AR 3¢
xR S 2 A 2 R BT N GM, 1) A,
LI AR A GM(L, 1) TR, R SRR ) K fig A
A T35, CASHIE— 24 v A R 20 [ Tt RS
1 IS EH GMA, 1) FAER & H kiR
1.1 % eMa, 1) BEiEE

AR5 XO = (20(1), 29 (2), -,
20 (n)), X455 X (©) 1@*551‘,%%%%175‘4, /X =
(M), ,2M(n)), Hrh 2@ (k) = Zx(O)(i); A
L (0(2), 5003+ 20 () P X i 4
fERFA, Hob 2D (k) = 0.5(2® (k) + 2O (k — 1)),
k=23,---,n.

EX 100
PRI 5y T HR

O (k) + a2V (k) =0z (k) vy A1 (D)

1 GM(1, 1) T,

F4 28 (1) X S 508 (a, b) " 1 fe /D 3l B

# 2O (k), W (k), 2D (k) 40 L ik,

(a,0)T = (BTB)"'BTY. 2)
Hrp
—z0(2) (z1M(2))7 z(0)(2)
B —z(f)(?)) (z(l)F3))7 vy fc(o).(3)
—z(i)(n) (2(1).(71))7 x(o)'(n)
EX 200 B3R a, bWl EITIA, FR

dzM (1) /dt = az™ (t) = bV (2))7 (3)
A GM(1, 1) R AL 7y T T
WAL ZAT 2D (0) = oW (1), AT 1] i 7 2

gV (k+1) =

T S L

HeE=1,2-,n—1

e Jrxt 2 (k + 1) fE—B Rukid 1, A

O +1)=2Wk+1) - 20 (k). (5)

TESE B Y F TRy B R 5 v] A% RS
Mk [10-11] 212K 45 52 o5 Js A5 2 0 R Hek s
KT, BT DATE 5 25 de MG HE )R 3d e AL e AL
BRI SR S, EL AT FE AT SRR [12] (19 71,

1.2 BHESHGMA, 1) FER

48 GM(1, 1) BERL A & e R 5 o FIK A & b
H L[ E R 28, A T B SRS SR e 41 1R 3 Y. RE
73, AR LU AR BRI HL (k) FH b(k) AR 1)
] 32 25 5 a A1 b. BN AR BR AL a(k) A b(K) 53 0] 24 p Al
qixZ I, J

a(k) = ap + a1k + - - + apk?,
{ b(k) =bo + bik + - + bgk?.

EX 3w XOREGTH, XDk XO g
By Bn A, 2 Ay X O [ R AR AR O 41, IR
IR TR

2O (k) + (k)= (k) = b(k) (=M (k) v #1 (D)
HIFAEZH GM(1, 1) T,

AR 24 GM(1, 1) TR A A8 Ik 5 450 H 15
SO B TR S5 96 3R, A0 3R BAT A C RS (1) A . B
3 (6) F1(7) ] 401, A& 48 1 GM(L, 1) B L GM(1, 1)
LRI K £ Verhulst #8135 2 I AR 240 GM(1, 1) TSt
BRI, 2p = ¢ = 0 Hy # 11, 50 (7) B4 h
GM(1, 1) FERL; M p =g =0H~y =08, 20 (7) i1k
A GM(L, DB 2 p = g = 0 Hoy = 21, 0 (7) 1B
h K 6, Verhulst K57,

DAL 4y AR 280 GM(, 1) TR h R Al 1 S 50k
p+q+20, MR IIREA R — BN, BT p. g B
(EAE LR, R AR A A & AN [, 23 3 Ml e 4
HRASE IR 250 g /s e K

EE1 wXOXOHZO e X3Pk, i
LY = [29(2),20(3),---, 2O (n)]T, i

Z(l)(z) QZ(l)(Q) . 2pz(1)(2)
21(3) 320(3) ... 3r2(1)(3)

(6)

B= , -
2(1):(71) m(1:)(n) nl’z(l)(n)
@) 2AD@) - 20
L GOEY BEOEY w0y |
W) nE @) - n1(0@)"



1830 =

K

& * %29 %

DI A2 224 GM(1, 1) R () S50 ) i 6 = [a(0),
a(1), -+, a(p),b(0),b(1),- - ,b(q)]" H /> el v
Wi: ) Hn=p+q+3H|B| #0/,a=B"'Y;
2)Mn>p+q+3H|BTB| #00,a=(BTB)"!
BYY;3)n<p+q+3H|BTB| #£0HK,a=B"x
(BTB)-1y.
UER] 1) AN2) BAREGL, R THAGIEY] 3).
¥k = 2,3, nfRNIAESHGM, 1) A
R AT AR R R
20(2) = —a(2)21(2) + b(2) (=M (2))7,
20 (3) = —a(3)z1(3) + b(3) (21 (3))7,

20 (n) = —a(n) =M (n) + b(n) (zV(n))7,
B IE

Y = Ba. (8)
Mn < p+ q+ 3 H BAATHEREERE, B IR iR
B = DC. ©)
BN, B ) SCEHEE B
BT =ct(cc™)~Y(ppT)~'DT, (10
a=Cctecc™ Y (pp™)~'DTy. (1)
¥4 DR AL I,y WA & = BY(BTB)~'y. O
EX 4 WINEZHS ot EITE, BR
dzD(t)/dt + a(t)zD(t) = b(t) (@M (1) (12)

NI A S GM(L, 1) TR A T R
EE2 NS HGMA, 1) TR 1o
5 R IR I TR 1. B 45
W () = {e—(l—w) Jo a(s)ds [C +(1—7)x

f:b(w)e<1*7>fa“’a<5>d8dw]}ﬁ. (13)
W (12) T
0O S0 a0 or <. )
£ y(1)(t) = 2O, WK (14) TR
dyM () (1) _,daM(t)
e ) e C (L)
i
) r1— dzM (1) 1 dyM (¢)
VO = =T 19
$38 (16) FOA (14), 41
)
W (1 Day @) = (-, (7

P e a7 R, 28 (17) 1A R
yD(t) =

o~ (=7 Ja(t)dt [C+ (1—7) f b(t)e1=) J a®) dtdt} -

(- W)Ltb(w)e(

o— (1= Ja(t) dt [c 1=9) fo a(s) ds dw} ,

(18)

SN ARG L L GINARSE 4
20 (1) = [y ()77 ={e" 0RO et (14

jtb(w)e(l —7) Jy a(s)ds dw}} ﬁ-
0

)X

Tt EAE. O
B (19) #9146 41 2 (0) = 2O (1),
HEH e = (2O 1), R E A A 2K 1L
B, 75380 B EOR IR TR Y 2
Dk=1W,1
gV (k+1) =

,( —
{e

q
Zbik’
=0

Dk >=20,fH
FW(k+1) =

—(1—y) 3wk 1
{e h=2ua [(1 - )(fbo—i-

b
2 <°+

k+1 1

T )] o

a +1+1 [177

’Y)Z

G i 17 & SO
Zzbz .7 -
2 1=0
1L -y y w =
5D bik'e W& )+(x<°>(1))1ﬂ}}1 .
1=0

(21)
S5 JE R — By BRI J5, 45 30 d5 2 U A
Ok +1)=2Vk+1) -2V (), k=1,2, -
(22)
1.3 #HEWSHML
i s LTSI P 51 X O FRE AR iy, AT %
AR D R T NS 8 GMI(L, 1) TR A AR T
I, AE S B R PRy 2 A S 0, — bl ] SR 11 b 3 7
DI F Ey = ORI AR 2 50 GM(1, 1) B ) 5k
v = 2 (HIINAS S 50K (4, Verhulst A58, (HIX 5t Bl sE T
BRAY R B AT 2, DI A 75 2 € T 4SS 8 (1 SR 3 P 1
ANERIL. AR 2 5 GMA, 1) T i g T o FE
AR, T Ry S AR TR K 2 A A R T g B
X HEEm, Rk, T DUARYE v 55 45002 50 &
a = [a(0),a(1), -~ ,a(p),b(0),b(1),- - ,b(q)]" KIKFR
Wk — AL SEIE, SR AR H e AR DAL H AR T
AR 5 g AR A X [) (R ABE UL i 22 /M, 25 FEARAL
H br S AR DA b fE (1 — 80, S EH b e E0Ch

minavgle(k)| =
2l

|2(0)
n—lz

—x@<n

sy #FL (23)



%510 3

EEH: HEASGMA, 1) FARE AL 5 A 1831

o avgle(k)| R PR 2, BERME 2O (k) (k =
2,3, ,n) 1 {12 (200~ (22) KR, TH RS H y
&5 280 i o BB R L R 4 1 rp . Y
i Matlab f 4k T BAT, o7 PSR AL X (21) Hn /ME )
AREy, PN S HOn) & 6 &K (20) ~ (22), fi
AR AL ZH GM(1, 1) B R RI T 25 .
2 RS

AR, B DAL R AR npe, Tl 255 i
) R R A NIE B, AR, SRR s g L
MEAT Y1 e i 46 3 ] A2 25 PR 85 368 1 ¥ G i) b, H
. bR K (el RN A P R TNV S B A
(2 TAE. A A B i i B R bR 2 —, ToE
K HETBUR b 28 T PR DR 1T AN 5K A (R AL 90 3%
T 25 R Fabr ik R, JFER T K HE O br % 2
H95% LA . STHR [21] 7% 58 2113 5 35 73 3 X i) b &
IKHE SO b 2 1) B 230 /NREAS 55 9 B P (R
AL S GM(L, 1) BRERRFSY T R E 31 N8 A6
DX T 2 7K T80 b 26 1) T AN T Sk T4 T
T &8 F P, AR SCLASCHR [21] 45 H 1 B Tk
IKHEFBGE bR 5 (28 1 FToR) A, 56 i A48 2 %
GM(1, 1) TR AL 45 GM(1, 1) Tk 2 (g fe i

F1 1998 ~2005 EFHE T EKHBOIEIRE %
1999 2000 2001 2002 2003 2004 2005

4 1998

isbrZE 61.50 67.01 76.80 85.22 88.41 89.18 90.70 91.20

NV FH 1998 ~ 2003 4 [ 6 /™ £ 5 £k 7 B A8 2 4L
GM(1, 1) TR, I35+ 2004 £F F1 2005 4F 1) B dhs #E4T
ToU. 2% RS B @A A RN, BT p ¢ BUEA B T
K, AP p =1, ¢ = 0, Bl a(k) = ao + ark, b(k) = bo,
L5, ag = 0.0156, a; = 0.0074, by = 15.0882; [
N i AR SCHE HE IR R B0 A0 TV T 43 v+ = 0.335 5.
AR 24 GM(1, 1) TR ) EA T TR A

dzM(t)
dt
15.088 2(z ™M ()7,
PL (O (1) A4 vl A3 R i g Jov =X
DX k=114
dW(k+1) =
[6—0.010 37k—0.002 46k2(20_457 154
5.013 050010 37k+0.002 46k2)]1.50482,

2) Mk =2, 1
dW(k+1) =

{6—0.010 37k—0.002 46k> {20.457 15+

+ (0.0156 + 0.007 4¢)2™M (¢) =

k
10.026 11 ( Z 0-01087(;j—=1)40.002 46(j—1)2) "

j=2

5.013 050-010 37k+0.002 46k2} }1‘504 82.

— B ROE SR A Ky
O +1)=2Wk+1) - 20 (k),
k=1,2,---,7.

AR LA Bsf ) g 1 5 A6 1999 ~ 2005 (1) Tk
PR AKHE RO b 2 AT ARSI, N A A% 48 GM(1, 1)
TRy = 0.225 262211 A8 2 8 GM(1, 1) R i 7Y
()T 45 4w 3% 2 s, Hod: 1999 ~ 2003 4F 4y 1401
{H, 2004 EF11 2005 45 Ky FiIAH .

Fz2 HTSHEGM, ) BEE SHEFERRHTNLER
GM(1, 1) A ZH GM(1, 1) Rt
PRI TG AN R 2 /% BRI TUMAE AR 22 / %

T kA

1999  67.01 67.32 0.48 65.98 153
2000  76.80 76.55 0.33 77.34 0.70
2001 8522 83.53 1.98 84.53 0.81
2002 88.41 89.24 0.94 88.41 0.00
2003 89.18 94.09 5.51 89.49 0.34
SPRIRERAT R R 22 — 1.85 — 0.68
2004 90.70 98.34 8.43 88.14 2.82
2005 91.20 102.12 11.98 84.71 7.12

%2 WoR, 48 GM(1, 1) TR ) 1999 ~ 2003 4
T 7K HE TS A 26 1 P AR X 5% 22 R 1.58%,
Fo BRI (R (A 36 A3 iZ AR AE R o = 0.05 1)
Bl ZE K 5, nT T B 0, XE 2004 4F 12005 4F 1
TR 5 22 23 531k 8.43% F11 11.98%; N Fi A SC Y )
I AR 2240 GM(, 1) T A58 0L (1 P S5 B 40U X % Z2 B hy
0.68%, Xf 2004 4F F12005 4 () I 3% 22 43 3 B
2.82% 1 7.12%. n] W, I A2 24 GM(1, 1) TEAs 2 (1 6
ULRIFGTINRG P8 22 ey T GRS, L T DRI A T I A 2
(5 NI R T AR 2RKT 5 B8 (1 35 Y A
3 4 »

ARSI IS 5|\ S5 K2 B0 2 10 ok Ho Sr —Fh
A2 240 GM(1, 1) TR 45 T 450280 17 oK At
R B AL TV AR SR GM(TL, 1) TR AL S LA
JURP 32 B E B (¥ i, FE P AR SR 1K GM(L, 1) TR At
A GM(1, 1) #E BRI JK £, Verhulst #5554 55 4 I 28 2 44
GM(1, 1) T AR fR R R R 2K, DRI i 28 i ) A8 2 4R
FRBPEACAEAR KRR B L AT DL i A 78 g A JOUAN
DUDRS B2 PR A EE RS R PR B FH R S0 AN L 46 KRE A
(1 J s Eedhs, T DA 22 300 PR BSOS K e TR oK
FEAEAR, =ik 2 0 s S BR M e 2
S R, AR B SR 3 ) Jok R R R B o B A R, LA
HZ WA SEICEAG T, 12 R 2 T bR Bk 45
P BT A A2 . DRI, o ] AR 9 52 e il A8 )
HOHRE AU E 2 0B I 1) (0 AR AL R R 2 A S
JUH .



1832 i # 5 R * %29 %
£ 2k (References) PR T R, R LR SRR, 2011, 33(11):
(1] RS KBS IR PSFEIMI. B Herp R K 2440-2444.

k., 2002: 77-89. (Wang Z X, Dang Y G, Pei L L. Modeling approach for
(Deng J L. Grey prediction and decision[M]. Wuhan: Press oscillatory sequences based on GM(1, 1) power model[J].
of Huazhong University of Science & Technology, 2002: Systems Engineering and Electronics, 2011, 33(11): 2440-
77-89.) 2444.)

2] HHF, SR, 2208, R AR SRR & N B M. db 5 [13] Chen C I. Application of the novel nonlinear grey
Bl fAt, 2005: 13-35. Bernoulli model for forecasting unemployment rate[J].
(Xiao X P, Song Z M, Li F. Elements and application of Chaos, Solitons and Fractals, 2008, 37(12): 278-287.
grey technology[M]. Beijing: Science Press, 2005: 13-35.) [14] Chen C I, Chen H L, Chen S P. Forecasting of foreign

[3] R0, SEREE, 7 EHE KRG R LN H M. exchange rates of Taiwan’s major rading partners by
55 . dE5T: Bl HGRE, 2010: 72-96. novel nonlinear Grey Bernoulli model NGBM(1,1)[J].
(Liu SF, Dang Y G, Fang Z G. Grey system theory and its Communications in Nonlinear Science and Numerical
application[M]. The 5th ed. Beijing: Science Press, 2010: Simulation, 2008, 13(6): 1194-1204.

72-96.) [15] Chen C I, Hsin P H, Wu C S. Forecasting Taiwan’s

(4] Wik, F . R A R AR A O AR T ik M. major stock indices by the Nash nonlinear grey Bernoulli
PR ROR A= AL, 2011: 9-19. model[J]. Expert Systems with Applications, 37(12): 7557-
(Zeng B, Meng W. Grey forecasting modeling methods 7562.
for special series[M]. Chongqing: Chongging University [16] Wang Z X. An optimized Nash nonlinear grey Bernoulli
Press, 2011: 9-19.) model for forecasting the main economic indices of high

[5] Lin S, Zhang Q S, Liu H. Parameters optimization of technology enterprises in China[J]. Computers & Industrial
GM(1, 1) model based on artificial fish swarm algorithm[J]. Engineering, 2013, 64(3): 780-787.

Grey Systems: Theory and Application, 2012, 2(2): 166- (17] 25428, Y BT, B4, (4 AR GM(1, 1) FEpii & 1
177. REFI[). R4 TAEERE 15 92 1%, 2010, 30(3): 490-495.
9 [ ) W S A T 5 e s A R

[6] SEHEI, Xq S, R AR S5 ARG T SRR B (LiJ L, Xiao X P, Liao R Q. Non-equidistance GM(1, 1)
JEIMI. Lt RRE HRRAL, 2009: 27-46. power model and its application[J]. Systems Engineering-
(Dang Y G, Liu S F, Wang Z X, et al. Grey prediction and Theory & Practice, 2010, 30(3): 490-495.)

[ cason modell, Beine: Deenee Poss 0 2T gy I SERLIR, XUBHE. JE I GMAL, 1) UL

[7] eng J L. A novel grey mode (1,1|7, r): Generalizing TR T RSRRE, 2012, 14(7): 98-102.
GM(1, 1)[J]. The J of Grey System, 2001, 13(1): 1-8. . .

) (Wang Z X, Dang Y G, Liu S F. Non-equidistance GM(1, 1)

[8] DengJ L. Undulating grey model(UGM) GM(1,1| tan(k — . o ) o

. power model and its application in engineering[J].
T)p,sin(k — 7)p)[J]. The J of Grey System, 2001, 13(3): o
I Engineering, 2012, 14(7): 98-102.)
e N A R i 2 IS B IR £ T R TN A

[91 Wang Z X. Parameters optimization of undulating grey [19] 5&0‘(&’ AL, KT NS HOR TR TN B X

. - - ORI WL R 2440 TA4RT, 2002, 36(4): 357-360.
model and its application on predicting short-term _
inventory demand[J]. The J of Grey System, 2012, 24(4): (Zhang ¥ P, Yu Y N, Zhang § Q. Study on time-

dependent parameter model of settlement prediction with
299-306 o - o o

[10] 1 7. GM(L, 1) 870 (15 5548 AL FFED). 7 5¢: 7 applications[J]. J of Zhejiang University: Engineering
ST TR 22 2R L A 22 . 2007, Science, 2002, 36(4): 357-360.)

[20] kAT, xS, 2 R I AR 2808 BUK (TR AL T). &4

[11]

[12]

(Wang Z X. Study on the characteristics and optimization
of GM(1, 1) model[D]. Nanjing: College of Economics
and Management, Nanjing University of Aeronautics and
Astronautics, 2007.)

EAERT, R, xR, 4 GM(L, 1) R A% K g 07 12
L SCAR PR BT]. AR SE TR i1 R, 2009, 31(10):
2380-2383.

(Wang Z X, Dang Y G, Liu S F, et al. Solution of GM(1, 1)
power model and its properties[J]. Systems Engineering
and Electronics, 2009, 31(10): 2380-2383.)

FAEH, SR, L. BT GMA, D) BRI R

(21]

TR 5 S, 2010, 30(9): 1650-1657.
(Zhang K, Liu S F. Linear time-varying parameters discrete
grey forecasting model[J]. Systems Engineering-Theory &
Practice, 2010, 30(9): 1650-1657.)

FIEH & AS RIS 75 GM, 1) R L
FUDI. FIAt MU RN 220 50 9 4 B2 B, 2010.
(Wang Z X. Research on the buffer operators with
parameters and GM (1,1) power model[D]. Nanjing:
and Management,

College of Economics Nanjing

University of Aeronautics and Astronautics, 2010.)

WAL FEL)



