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Cordially dedicated to Paul Rabinowitz,
to remind that he has not always been variational

during 70 years
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Global bifurcation theorem

P. RABINOWITZ, Some global results for nonlinear eigenvalue

problems, J. Functional Anal. 7 (1971), 487-513

X Banach space, L : X → X linear, compact,
R : R × X → X completely continuous,
R(λ, u) = o(‖u‖) near 0 unif. on bounded λ-sets

Thm. If µ is a real characteristic value of L with
odd multiplicity,

S := {(λ, u) : u 6= 0, u = λLu + R(λ, u)} possesses a
maximum subcontinuum Cµ ∋ (µ, 0) which either

(i) meets infinity in R × X, or

(ii) meets (µ∗, 0), µ∗ 6= µ, characteristic value of L

Assumption ⇔ iLS [I − (µ − ε)L − R(−ε, ·), 0]
6= iLS [I − (µ + ε)L − R(ε, ·), 0] for all small ε > 0
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Global bifurcation picture
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Poincaré’s Figures d’équilibre
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Poincaré’s topological bifurcation
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Poincaré’s local bifurcation result

H. POINCARÉ, Sur l’équilibre d’une masse fluide animée d’un

mouvement de rotation, Acta Math. 7 (1885), 259-380

fj ∈ C1(R3, R), ∀ λ ∈ R : fj(λ, 0, 0) = 0 (j = 1, 2)

Thm. If Jx,y(f1, f2)(λ, 0, 0) changes sign at λ = 0,

then (0, 0, 0) is a bifurcation point of
f1(λ, x, y) = 0, f2(λ, x, y) = 0

bifurcation point : belongs to two branches of solutions

what Poincaré’s method proves in our language is
Thm. Consider f1(λ, x, y) = 0, f2(λ, x, y) = 0,

fj ∈ C0, fj(λ, 0, 0) ≡ 0 (j = 1, 2).

If ∀ 0 < ε ≪ 1, iB[f(−ε; ·, ·), 0] 6= iB[f(+ε; ·, ·), 0],
then (0, 0, 0) is a bifurcation point of (f1, f2)

Poincaré’s proof is valid for f : R × Rn → Rn
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Poincaré’s topological proof – 1

ε > 0, r > 0 small

F0(λ, x, y) := f1(λ, x, y), F1(λ, x, y) := f2(λ, x, y)

F2(λ, x, y) := x2+y2−r2, F3(λ, x, y) := x2+y2+λ2−r2−ε2

F−1
2 (0) = cylinder radius r, F−1

3 (0) =

sphere radius
√

r2 + ε2, F−1
2 (0) ∩ F−1

3 (0) = 2 circles

Topological bifurcation theory :old and new – p.8/26



Poincaré’s topological proof – 2

L. KRONECKER, Monatsber. Akad. Wiss. Berlin (1869), 159-193,

688-698

Kronecker’s characteristic = ‘algebraic’ number of

intersections of F−1
0 (0) ∩ F−1

1 (0) with F−1
2 (0) in

F−1
3 [(−∞, 0)] = 2 × Kronecker’s integral

χ(F0, F1, F2, F3) := 2 × 1
4π

∫

F−1

3
(0)(F

2
0 + F 2

1 + F 2
2 )−3/2

[F0 dF1 ∧ dF2 − F1 dF0 ∧ dF2 + F2 dF0 ∧ dF2]

w(φ, γ) := winding number of vector field φ
along curve γ

χ(F0, F1, F2, F3) = w[(F0, F1), F
−1
2 (0) ∩ F−1

3 (0)] =
2w[(f1, f2), ∂B(r)] = 2

∀ 0 < r ≪ 1
f−1
1 (0) ∩ f−1

2 (0) ∩ F−1
2 (0) ∩ F−1

3 [(−∞, 0)] 6= ∅
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Modern version of Poincaré

Thm. If

0 ∈ U ⊂ R, 0 ∈ V ⊂ Rn, U, V open

f ∈ C(U × V, Rn), ∀ λ ∈ V : f(λ, 0) = 0

∃ ε > 0, ∃ R > 0 : B(
√

ε2 + R2) ⊂ U × V

∀ x ∈ B(R) \ {0} : f(±ε, x) 6= 0

iB[f(−ε, ·), 0] 6= iB[f(+ε, ·), 0]

then f has a bifurcation point in (−ε, ε) × {0}
Proof : (argument of J. IZE, Memoirs AMS 174 (1976))

∀ r ∈ (0, R] : Fr ∈ C(U × V, Rn+1), Fr(λ, x) :=

[‖x‖2 − r2, f(λ, x)], ρr =
√

ε2 + r2

Theorem ⇔ ∀ r ∈ (0, R] : dB[Fr, B(ρr)] =
dB[f(·,−ε), B(r)] − dB[f(·, ε), B(r)]
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Proof of degree’s equality

homotopy (t ∈ [0, 1])

Fr(λ, x, t) := [t(‖x‖2 − r2) + (1 − t)(ε2 − λ2), f(λ, x)]

⇒ dB[Fr, B(ρr)] = dB[(ε2 − λ2, f), B(ρr)]

excision and additivity ⇒ dB[(ε2 − λ2, f), B(ρr)] =

dB[(ε2 − λ2, f), C−
η ] + dB[(ε2 − λ2, f), C+

η ] where

C±
η := (±ε − η,±ε + η) × B(η), η ∈ (0,min{ε/2, r/2}

homotopies (t,∈ [0, 1])

G±(x, λ, t) := [t(ε2−λ2)±2(1−t)ε(λ−ε), f(x, tλ±(1−t)ε)]

⇒ dB[(ε2 − λ2, f), C±
η ] = dB[[±2ε(±ǫ − λ), f(·,±ε)], C±

η ]

product formula ⇒ dB[[±2ε(±ǫ − λ), f(·,±ε)], C±
η ]

= dB[±2ε(±ǫ − λ), (±ε − η,±ε + η)] · dB[f(·,±ε), B(η)]
= ∓dB[f(·,±ε,B(η)] = ∓dB[f(·,±ε,B(r)] (excision)
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Special case

Corollary. If

0 ∈ U ⊂ R, 0 ∈ V ⊂ Rn, U, V open

f ∈ C(U × V, Rn), f(λ, x) = A(λ)x + r(λ, x)
with r(λ, x) = o(‖x‖)
uniformly on bounded λ − intervals

∃ ε > 0 : [−ε, ε] ⊂ U, det A(−ε) · det A(+ε) < 0

then f has a bifurcation point in {0} × (−ε, ε)

proof :

∃ R > 0, ∀x ∈ B(R) \ {0} : f(±ε, x) 6= 0

iB(f(±ε, ·), 0] = sgn det A(±ε)
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Leray-Schauder’s memoir – 1

J. LERAY, J. SCHAUDER, Topologie et équations fonctionnelles, Ann.

Ecole Norm. Sup. 51 (1934), 45-78
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Leray-Schauder’s memoir – 2
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Leray-Schauder’s memoir – 3
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Leray-Schauder continuation thm

X Banach space, Ω ⊂ [0, 1] × X open bounded

F : Ω → X compact

Σ := {(λ, u) ∈ Ω : u = F (λ, u)}
Thm. If

Σ ∩ ∂Ω = ∅
Σ0 = finite nonempty set {a1, . . . , am}
indLS [I − F (0, ·), a1] 6= 0

then (0, a1) belongs to a continuum C ⊂ Σ
such that

either C contains one of the points (0, a2),
. . . , (0, am)

or λ along C takes all the values in [0, 1]
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Pictures : LS vs Rabinowitz
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Idea of the proof

LS-degree ⇒ a solution exists ∀ λ ∈ [0, 1]

K ⊂ X compact is a continuum
⇔ ∀ ε > 0, ∀ a ∈ K, ∀ b ∈ K, one can find a finite
number of points p0 = a, p1, . . . , pn−1, pn = b of K
such that ‖pi − pi+1‖ < ε (i = 1, . . . , n)

largest continuum of solutions (λ, u) containing
(0, ak) gives p ≤ m distinct continua C1, . . . , Cp

∃ δ > 0 one cannot (λ1, u1), . . . , (λq, uq) in

[0, 1] × X with (λ1, u1) ∈ Ci, (λq, uq) ∈ Cj , i 6= j, and

‖(λk, uk) − (λk+1, uk+1)‖ < δ

dLS [I − F (λ, ·), (Ωj)λ] constant on η-open

neighborhoods Ωj of the Cj with

η < min{δ, dist(S, ∂Ω)
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Bifurcation

M.A. KRANOSEL’SKII, On a topological method in the problem of

eigenfunctions of nonlinear operators, Dokl. Akad. Nauk SSSR 74

(1950), 5-7

u = F (λ, u), F : R × X → X completely continuous,
F (λ, 0) = 0 ∀λ ∈ R

Definition : (0, λ∗) is a bifurcation point if ∃ (λk, xk)
in R × (X \ {0}) converging to (λ∗, 0)
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Krasnosel’skii’s local bifurcation thm

Thm. If L : X → X is linear compact,
R : R × X → X completely continuous and
R(λ, x) = o(‖x‖) near 0 uniformly on bounded
λ-sets, then

(λ∗, 0) bifurcation point of x = λLx + R(x, λ)
⇒ λ∗ is a real characteristic value of L

λ∗ real characteristic value of L with odd
multiplicity ⇒ (λ∗, 0) is a bifurcation point of
x = λLx + R(x, λ)

Proof : variation of degree around λ∗ ⇒
bifurcation + Leray-Schauder formula
iLS [I − A, 0] = (−1)σ, A : X → X linear, compact,
I − A invertible, σ sum of the multiplicities of the
real characteristic values of A in (0,1)
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Extensions of Rabinowitz thm – 1

to generalized multiplicities or eigenvalues : ALIEV, BARI,

DAVIDSON, ESQUINAS, IZE, KIELHÖFER, LALOUX, LOPEZ-GOMEZ,

MAKHMUDOV, MAGNUS, MORA-CORRAL, PRZYBYCIN, RABIER,

RYNNE, SARREITHER, SCHMITT, SMITH, WEISTREICH, WELSH ...

to more general nonlinear operators : ALEXANDER, BENEVIERI,

BERESTYCKI, BERKOVITS, BODEA, CALAMAI, CANTRELL,

CORTESANI, DANCER, DOMACHOWSKI, EISNER, FITZPATRICK,

FURI, GEBA, GORNIEWICZ, GULKOWSKI, HETZER, HUANG

WENZAO, KIELHÖFER, KIM INSOOK, KIM YUNHO, KWON SUNGUI,

KUCERA, IZE, LALOUX, LE VIKHOI, MA RUYUN, MAGNUS, MAWHIN,

MACBAIN, NITKURA, NUSSBAUM, PEITGEN, PEJSACHOWICZ,

PETRYSHYN, PRÜFER, RABIER, RATINER, RECKE, SACCON,

STALLBOHM, SCHMIDT, SCHMITT, STUART, THOMPSON, TOLAND,

WEISTREICH, VÄTH, WELSH, WEBB, ZHAN HANSHENG, ZVYAGIN ...
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Extensions of Rabinowitz them – 2

to nonlinear operators on cones or convex sets : AMANN, DANCER,

LI DONGSHEN, LI KATAI, MA TIAN, NUSSBAUM, STUART, TURNER,

YU QINGYU ...

to several parameters : ALEXANDER, ALTMAN, BARTSCH,

CANTRELL, FITZPATRICK, IZE, LOPEZ-GOMEZ, MASSABO,

PEJSACHOWICZ, RATINER, SHI JUNPING, VIGNOLI, WELSH,

YORKE, ZVYAGIN ...

to equivariant bifurcation : BALANOV, BARTSCH, DANCER, GEBA,

KRAWCEWICZ, KUSHKULEY, IZYDOREK, IZE, RYBICKI, STEINLEIN,

VIGNOLI, VIVI, WERNER, WU ...
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An invariant integral

E ⊂ Rm open, D ⊂ Rn open, a < b

Lemma. G ∈ C2([a, b] × E,D), w ∈ C1(D, R),
µ = w dx1 ∧ . . . ∧ dxn ⇒ ∂λ[G(λ, ·)∗µ] = d[νG,w(λ)]

where νG,w(λ) = [w ◦ G(λ, ·)]
[
∑n

i=1(−1)i−1∂λGi(t, ·)
dG1(t, ·) ∧ . . . ∧ ̂dGi(λ, ·) ∧ . . . ∧ dGn(λ, ·)

]

simple proof : M., Topol. Meth. Nonlin. Anal. 26 (2005), 17-33

Corollary. If m = n and
∀ λ ∈ [a, b] : supp w ∩ G(λ, ·)(∂E) = ∅, then
∫

E G(λ, ·)∗µ =
∫

E w[G(λ, y)] Jy G(λ, y) dy is

independent of λ on [a, b]

Topological bifurcation theory :old and new – p.23/26



Topological bifurcation without degree

Thm. A ∈ C([a, b],L(Rn, Rn)), R ∈ C([a, b] × Rn, Rn) :
R(λ, x) = o(‖x‖) uniformly on [a, b]. If
det A(a) · det A(b) < 0, then A(λ)x + R(λ, x) = 0
has a bifurcation point in [a, b] × {0}
proof (by contradiction) : no bifurcation point ⇒

∃ α1 > 0, ∃ r > 0 : ‖A(c)x + µR(c, x)‖ ≥ α1

on [0, 1] × ∂B(r) (c = a, b)

∃ α2 > 0 : ‖A(λ)x + R(λ, x)‖ ≥ α2 on [a, b] × ∂B(r)

take B ∈ C2, S ∈ C2 : ‖B(λ)x − A(λ)x‖ and

‖S(λ, x) − R(λ, x)‖ ≤ min{α1/3, α2/3} on [a, b] × B(r) :
‖gc(µ, x)‖ := ‖B(c)x + µS(c, x)‖ ≥ α1/3 on [0, 1] × ∂B(r)
‖h(λ, x)‖ := ‖B(λ)x + S(λ, x)‖ ≥ α2/3 on [a, b] × ∂B(r)
(c = a, b)
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End of the proof

take α3 := min{α1/3, α2/3},
w ∈ C1(Rn, R+) : supp w ⊂ B(α3),

∫

Rn
w(x) dx = 1

apply Corollary to h(λ, ·) (λ ∈ [a, b]) ⇒
∫

B(r) w[(a, y)] Jyh(a, y) dy =
∫

B(r) w[h(b, y)] Jyh(b, y) dy

apply Corollary to ga(µ, ·), gb(µ, ·)
(µ ∈ [0, 1]) ⇒

∫

B(r) w[h(a, y)] Jyh(a, y) dy =
∫

B(r) w[ga(1, y)] Jyga(1, y) dy =
∫

B(r) w[ga(0, y)] Jyga(0, y) dy = sgn det A(a)
∫

B(r) w[h(b, y)] Jyh(b, y) dy =
∫

B(r) w[gb(1, y)] Jygb(1, y) dy =
∫

B(r) w[gb(0, y)] Jygb(0, y) dy = sgn det A(b)
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Many more years to Paul Rabinowitz,
to give us other inspired, beautiful and fruitful results like

the global bifurcation theorem ...

and many thanks to Yiming Long and his colleagues
for the superb organization !
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