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Problem:

Extend the principal eigenvalue/principal eigenfunction theory for

u N 2y N u
5 =i 3U(X)%axj + 3 bi(x) g
+co(x)u, x€eD (1)
u=0, x € 0D

to

N
% = Zu:1 aij(gfw>x)6x8x + Z, 1 (Otw,x)g—;

+co(Orw, x)u, x€eD (2)
u=0, x € 0D

D c RN - smooth bounded domain
(Q, F, 1P, {0;}+cr) — ergodic metric dynamical system

Wenxian Shen, Auburn University Principal Lyapunov Exponent



(Q,F,IP,{0:}+ter) — ergodic metric dynamical system:
(Q, F,IP) — probability space

f:: Q2 —Q

f+w — measurability in t and w

Orrs = 0r 005 Vt,s € R

IP — ergodic invariant measure of 6
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Example — nonautonomous deterministic equation

N N
%:Z'd 1a’J(t X)axax +ZI lb(t X)
—I—Co(t,X) u, xeD

u=20, x € 0D

ajj(t,x), bi(t,x), co(t,x) — smooth functions
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Example — nonautonomous deterministic equation

N N
%:Z'd 1a’J(t X)axax +ZI lb(t X)
—I—Co(t,X) u, xeD

u=20, x € 0D

ajj(t,x), bi(t,x), co(t,x) — smooth functions
N N
%:Zld 1a’J(t X)axax +ZI lb(t X)

+C0(t,X) u, xeD
u=0, x € 0D

3= (3 b,%) €Q
Q=cl{a(-+t,-) =(aj(- +t,-), bi(- +t,-),c0(- + t,-)) |t € R}
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Q=clfa(-+t,-) = (aj(- +t,-), bi(- + t,-), c0(- + t,-)) | t € R}
0:3(-,-) = a(-+t,-), 3= (3, bi, &) € Q

F — Borel o-algebra

IP - ergodic invariant measure of 6

(it exists if Q is compact with the open compact topology)

(Q, F,IP,{0:}ter) — ergodic metric dynamical system
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Q=clfa(-+t,-) = (aj(- +t,-), bi(- + t,-), c0(- + t,-)) | t € R}
0:3(-,-) = a(- + t,-), 3= (35, bi, &) € Q

F — Borel o-algebra

IP - ergodic invariant measure of 6

(it exists if Q is compact with the open compact topology)

(Q, F,IP,{0:}ter) — ergodic metric dynamical system

Let A;(6:3, x) = 3j(t, x), Bi(0:3,x) = bi(t, x),
Co(0+3, x) = &o(t, x).

N - N

% = ij=1 Aij(‘9t37x)axax + > iz Bi(0:a )gf,
+C0(0t§,X) u, xeD

u=0, x € 0D
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Example — (Stratonovich) stochastic equation

N 2y N v
dv = (i 3U(X)%axj +2in bi(X)gT,
+co(x)v)dt + v o dW, x€D
v =0, x € 0D

W — two-sided real-valued Wiener process

Q ={w(-) € C(R,R)|w(0) =0}

F — Borel o-algebra generated by the open compact topology
IP — Wiener measure on F

Orw(-) =w(- + t) — w(t)

(Q, F,1P,{6;}) — ergodic metric dynamical system

Principal Lyapunov Exponent
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z— stationary solution process of

dz+z=dW

0 0
z(Ow) = —/ e*(fiw)(s)ds = —/ e’w(s + t)ds + w(t)

—00 —00

%:Zf\g 1au(X)axax + 3N bi(x )Su
+(co(x) + z(0rw))u, xeD
u=20, x € 0D
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Importance:
Basic tool for the study of nonlinear equations

Linearization of a stochastic/random parabolic equation at an
invariant set (e.g. a stationary solution process, a random
attractor)

—
Stochastic/random linear parabolic equation
—

Characterizing the rate of attractiveness of an invariant set
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Principal Eigenvalue/Principal Eigenfunction Theory

Equation:

Gt =2l ap(x )axax + I bix) B
-|-C0(X) u, xeD
u=20, x € 0D

ajj, bi, o : D — IR - smooth

Basics:

X = L?(D)

Xt ={u e 2(D)|u(x) >0ae xecD}
u>0ifue Xt

U(t)uo = u(t, -; up) — solution of (1) with U(0)up = up

up >0 — U(t)up > 0Vt > 0 (positivity)

E C X bounded = U(t)E (t > 0) precompact (compactness)
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Principal Eigenvalue/Principal Eigenfunction Theory

Principal eigenvalue of the generator:

o — eigenvalues of

Z’NJ:]- aij( 8X6x —"_ZI 1 ( )% + CO(X)U = )\U, xeD
u=0, x € 0D
(3)

o=01Uo>

o1 ={M} M eR

VA € og, Red < \g

A1 — principal eigenvalue — real, simple

¢ — eigenfunction associated to A1 — principal eigenfunction
pe Xt
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Principal Eigenvalue/Principal Eigenfunction Theory

If ¢ is an eigenfunction associated to A € oy,
¥ g X U(=XH)
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Principal Eigenvalue/Principal Eigenfunction Theory

Principal eigenvalue of the evolution operator:
& — eigenvalues of U(1)

0 =01U0>

61 ={p}, p1 >0

Vi € 62, |p <

p1 = eM— principal eigenvalue of U(1) — real, simple
¢ € XT — eigenfunction of U(1) associated to p

If ¢ is an eigenfunction associated to u € &2
P g Xp U (=XT)
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Principal Eigenvalue/Principal Eigenfunction Theory

Principal eigenvalue of the evolution operator:
& — eigenvalues of U(1)

0 =01U0>

61 ={p}, p1 >0

Vi € 62, |p <

p1 = eM— principal eigenvalue of U(1) — real, simple
¢ € XT — eigenfunction of U(1) associated to p

If ¢ is an eigenfunction associated to u € &2

¥ E X U(=XT)

(Krein-Rutman Theorem)
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Principal Eigenvalue/Principal Eigenfunction Theory

Exponential separation: X = X; & Xo
X1 = span{¢}, ¢ € Xt — one dimensional
XoN Xt = {0}

Ut)Xi=X1 Vte R
U(t)X2 CcXoVt>0
IM >0,v>0st. Vwe Xp, w#0

[U(t)wll —t vl
Toen < Me™ gy vt >0
A1 = limi_ w — principal eigenvalue
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Principal Eigenvalue/Principal Eigenfunction Theory

Multiplicative ergodic theorem:
dh > b > I3 > --- — Lyapunov exponents

3 E,Ey B3, -+ C X, dimE; < oo — Oseledets spaces or Floquet
spaces

dF1, Fo, -+ C X, codimF; < oo
X=E®oEBEeEBd - -®E®F,
U(t)Ei=E Vte R

U(t)Fi C FiVt >0

lime— oo YO0l — J for uy € E;\ {0}

h = A1 — principal Lyapunov exponent
E; = Xi (hence dimE; = 1) — principal Floquet bundle
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Existing Extensions

Equation:
u N u
% = Zu=1 afj(efw>x)8xax + Z, 1 (etwax)%
+co(brw, x)u, x €D (2)
u=0, x € 0D

D c RN — smooth bounded domain
(Q, F, P, {0;}+cr) — ergodic metric dynamical system
Jki(w), ko(w) > 0 (ki(0rw), k2(0:w) continuous in t) such that

Zgl—zalijggj<k2 Zgl

ij=1

ajj, bi, oo : Q x D — TR — measurable in w and smooth in x
a“(t,x) = ajj(frw, x), b*(t,x) = bi(6rw, x), c§'(t,x) = co(Orw, x)
- Clint
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Existing Extensions

Basics:

X = L?(D)

U(t,w)up = u(t,-; up,w) — solution of (2) with U(0,w)ug = up
U(t,w)up — continuous in t > 0, up € X, and measurable in w € Q
U(0,w) = Id

U(t + s,w) = U(t,fsw) o U(s,w)

{U(t,w)} — random dynamical system over (2, F,IP, {6:})

up > 0 = U(t,w)ug >0Vt >0, w € Q (positivity)

E C X bounded = U(t,w)E precompact (t >0, w € Q)
(compactness)
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Existing Extensions

Multiplicative ergodic theorem: (Z. Lian and K. Lu)
Assume

(Al) fl? f2 € Ll(Q7f7H:))' ﬁ(w) = Sup0§s§1 In+ ”U(S,CU)”,
() i= suppeer In* [ U(L — 5, 640)].

Wenxian Shen, Auburn University Principal Lyapunov Exponent



Existing Extensions

Multiplicative ergodic theorem: (Z. Lian and K. Lu)

Assume

(A1) f1,H € 1(Q,F,IP), A(w) = SUPg<s<1 In* ||U(s,w)],

) = supocect In* [ U(L — 5.0.0)].

_—

Q0 CQ, 0:020 C Qo (t€R), P(Q) =1s.t. for w € Qp, one of
the following cases holds

(i) Vuo € X \ {0}, limg_ o MUCE@0] — _ g

t
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Existing Extensions

(i) I k>1

3 A1 > X > --- > A — Lyapunov exponents

JE (w), Ex(w), -+, Ex(w), Fso(w) — subspaces of X,
dimE;(w) < oo, codimFy(w) < 00

.

X=EWw)®EW)® & Ek(w) ® Fool(w)
U(t,w)Ei(w) = Ei(fw) for t € R

U(t,w)Foo(w) C Foo(w) for t >0

limg oo MYEDL — \; for 4y € Ei(w) \ {0}

LU(tew)wll _
t

iMoo In —oo for uy € Foo(w)
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Existing Extensions

(iii) 3A1 > A2 > A3 > --- — Lyapunov exponents

3 E1(w), Ex(w), -+ — subspaces of X, dimE;(w) < oo
3 F(w), F2(w), -+ — subspaces of X, codimF;(w) < oo
—

X=EWw)ebWw)e- - &Ew)s F(w)
U(t,w)Ei(w) = Ei(fw) for t € R
U(t,w)Fi(w) C Fi(w) for t >0

limg oo MYEDl — 3 for 4y € Ei(w) \ {0}
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Existing Extensions

In case of (1), lim;— M - 00

In case of (2) or (3),
A = limisoo In ||U(tt:w)||
—principal Lyapunov exponent

Ei1(w) — principal Floquet bundle

Wenxian Shen, Auburn University Principal Lyapunov Exponent



Existing Extensions

Ut _

m o0

In case of (1), lim;—

In case of (2) or (3),
In | U(t.w)|
t

—principal Lyapunov exponent

)\]_ = ||m1_-_>oo

Ei1(w) — principal Floquet bundle
Question: In the case (2) or (3),
dimE; (w) =?
Ex(w) N (XT\{0}) # 07
Foo(w) N Xt ={0} or Fp(w)N XT ={0}7?
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Existing Extensions

Exponential Separation (J. Mierczynski and W. Shen, P. Polacik,
et al.)

Assume
(H1) 3Mp > 0 such that Ha,-j(w, ‘)HLOO(D), || bi(w, ')HLOO(D),
||C0(w, -)HLoo(D) < My forw € Q.
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Existing Extensions

Exponential Separation (J. Mierczynski and W. Shen, P. Polacik,
et al.)

Assume

(H1) 3Mp > 0 such that Ha,-j(w, ‘)HLOO(D), || bi(w, ')HLOO(D),
||C0(w, -)HLoo(D) < My for w € Q.

—
3 X1(w), Xo(w), dimX;(w) =1, codimXp(w) =1
X1(w) = span{¢(w)}, d(w) € X*

Xo(w) N X+ = {0}

X = Xi(w) ® Xa(w)

IM > 0,7 >0

such that
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Existing Extensions

U(t,w)X1(w) = X1(0ww) YVt € IR
U(t,w)Xo(w) C Xo(brw) YVt >0

Xa(®) ,(0,0) X,(0.0)
X,(®)

Igedd < memreledl ve > 0 vu e Xi(w) \ {0},

(case (2) or (3) occurs in the MET

E;j(w) = Xi(w) — one dimensional, Ej(w) N (XT\ {0}) # 0
Foo(w) N Xt = {0} or Fy(w) N Xt ={0})
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Existing Extensions

Question:
In the case (2) or (3) of the Multiplicative Ergodic Theorem,

whether there is ¢(w) € X such that
E1(w) = span{¢(w)}
whether Foo(w) N X = {0} or Fr(w) N XT = {0}
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Main Results

Consider
N
% = Zu:1 aij(efw7x)8x8x + Z, 1 (Otwax)%',
+co(brw, x)u, x €D (2)
u=0, x € 0D

Jki(w), ko(w) > 0 (k1(frw), ko(0:w) continuous in t) such that

N N N
k(W) & <) a(w, x)6i& < ko(w) D> &7
i=1 ij=1 i=1

ajj, bi, co 1 Q2 x D — TR — measurable in w and smooth in x
a“(t,x) = ajj(frw, x), b*(t,x) = bi(6rw, x), ¢§'(t,x) = co(Orw, x)
-Clint
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Main Results

Let X = L?(D)
U(t,w)ug — solution of (2) with U(0,w)up = up
up > 0= U(t,w)up >0fort>0
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Main Results

Let X = L?(D)
U(t,w)ug — solution of (2) with U(0,w)up = up
up > 0= U(t,w)up >0fort>0

Let e € X, |le]| =1, be a positive principal eigenfunction of

Au=Au, xeD
u=0, xedDb

e(x)>0forxeD
g—e(x)<0forx€8D

n
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Main Results

Assume

(Al) fia fZ € LI(Q’falP)' f]_((x)) = Sup0§t§1 In+ ”U(S,W)H,
() 1= suppesey In* [U(L — 5, 050).

(A2) im0 M > —oo for a.e. w (= case (2) or (3) in
the MET occurs)

(A3) Vw € Q, Fr(w) > 1 such that Vug € X T\ {0},
Ja(up,w) > 0,

a(ug,w)e < U(1,w)uy < k(w)a(ug,w)e
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Main Results

Remark on (A3):

Hilbert projective metric:

uve Xt u~vif3a,B>0st av<u<fv
m(u/v) = sup{ajav < u}

M(u/v) = inf{B|u < Bv}

d(u,v) =In ,\"},(('L’lé‘;)) (u # tv)- Hilbert projective metric
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Main Results

Remark on (A3):

Hilbert projective metric:

uve Xt u~vif3a,B>0st av<u<fv

m(u/v) = sup{ajav < u}

M(u/v) = inf{B|u < Bv}

d(u,v) =In ,\"},(('L’lé‘;)) (u # tv)- Hilbert projective metric

(A3) =

d(U(1,w)u, U(L,w)v) < 2Ink(w) < 0o Yu,v e XT\{0} (u#tv)

u(1,0,

u(,m)v
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Main Results

Theorem 1. (J. Mierczynski and W. Shen)

Assume (A1)-(A3). There are measurable ¢ : Q@ — X\ {0} and

¢* : Q — XT\ {0} such that

Xi(w) := span{p(w)}

Xo(w) := {u € L?(D)|(u, ¢*(w)) = 0} satisfy
X = Xi(w) ® Xa(w)

U(t,w)X1(w) = X1(Ow) for t >0
U(t,w)Xa(w) C Xp(0:w) for t >0

Xo®) ,(6,00)
X,(®)

X,(6:0)
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Main Results

Xo(®) H(0) Xi(0.0)
X,(®)

Moreover,
Jv > 0 and a tempered random variable M(w) > 0 such that for
any up € Xz(w)

|U(tw)uo e Jluo]
TUEws) = Mw)e™ gy ¥t >0

|
(= E1(w) = X1(w), Foo(w) N XT = {0} or Fp(w) N Xt ={0})
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Main Results

Corollary 2. (J. Mierczynski and W. Shen)

Under the assumptions of Theorem 1,
fora.e. we Q, any up € Xt \ {0},

lim:— oo M = A1 — principal Lyapunov exponent
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Main Results

Theorem 3. (J. Mierczynski and W. Shen)

Assume (A1)-(A3).

Assume ajj(w, x) = ajj(x), bj(w, x) = bi(x).
[U(Ew)]]

Let Ap = lim,_ o, LU

Let \; be the principal eigenvalue of

ZlNle aU(X)% +3N, b;(x)g—;’i +&(x)u=MXu, xeD
u=0, xedD

So(x) = lim¢_oe 1 [ co(Bsw, x)ds.
e R
A1 > A1

with equality iff cp(frw, x) = co1(0rw) + co2(x) for a.e. w € Q and
anyte€ IR, xe D
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Main Results

Remarks

(1) Theorems 1 and 3 also hold for the Neumann or Robin or
periodic boundary conditions.
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Main Results

Remarks

(1) Theorems 1 and 3 also hold for the Neumann or Robin or
periodic boundary conditions.

(2) Theorem 1 extends the classical Krein-Rutman Theorem to
random parabolic equations
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Main Results

Remarks

(1) Theorems 1 and 3 also hold for the Neumann or Robin or
periodic boundary conditions.

(2) Theorem 1 extends the classical Krein-Rutman Theorem to
random parabolic equations

Krein-Rutman Theorem. Assume that X is an ordered Banach
space with a positive cone X and A: X — X is a positive
compact linear operator (i.e. Au>0if u>0 and AE is
precompact for any bounded set E C X). If X has nonempty
interior X and A is strongly positive (Au € X7 if

u e At \ {0}), then the spectral radius r(A) is a simple eigenvalue
of A with a positive eigenfunction and for any other eigenvalue A
of A, |\ < r(A).
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Main Results

Remarks

(1) Theorems 1 and 3 also hold for the Neumann or Robin or
periodic boundary conditions.

(2) Theorem 1 extends the classical Krein-Rutman Theorem to
random parabolic equations

Krein-Rutman Theorem. Assume that X is an ordered Banach
space with a positive cone X and A: X — X is a positive
compact linear operator (i.e. Au>0if u>0 and AE is
precompact for any bounded set E C X). If X has nonempty
interior X and A is strongly positive (Au € X7 if

u e At \ {0}), then the spectral radius r(A) is a simple eigenvalue
of A with a positive eigenfunction and for any other eigenvalue A
of A, |\ < r(A).

(3) The arguments in proving Theorem 1 can be used to extend
the Krein-Rutman Theorem to general ranodm dynamical systems
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Idea of Proofs

Idea of proof of Theorem 1.
e Multiplicative Ergodic Theorem = for a.e. w € Q

X1 (w), X2(w) with dimXj(w) < 00, codimXp(w) < oo s.t.
X = Xi(w) & Xa(w)

U(t,w)Xi(w) = X1(rw) for t >0

U(t,w)Xz(w) C Xa(Ow) for t >0

lim oo TIYE@I0l — \) i € Xy (w) \ {0}

. In||U(t,w w
limy— o U t)\xz( )l <\
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Idea of Proofs

Idea of proof of Theorem 1.
e Multiplicative Ergodic Theorem = for a.e. w € Q

X1 (w), X2(w) with dimXj(w) < 00, codimXp(w) < oo s.t.
X = Xi(w) & Xa(w)

U(t,w)Xi(w) = X1(rw) for t >0

U(t,w)Xz(w) C Xa(Ow) for t >0

lim oo TIYE@I0l — \) i € Xy (w) \ {0}

. In||U(t,w w
limy— o U t)\xz( )l <\

(it suffices to prove that 3p(w), ¢*(w) € XT s.t.
Xi(w) = span{¢(w)}
Xo(w) = {u € L2(D)[{u, ¢"(w)) = 0})
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Idea of Proofs

e Consider the adjoin problem of (2)

N 2 N
%= Doijet aji(etwvx)%auxj + 2 i1 b} (QtW,X)gf,-
+c5 (0w, x)u, xeD (2)
u=20, x € 0D

where bf (0w, x) = ZJN:1 gi;’ (0rw, x) — bi(0rw, x)

5 (few, x) = co(frw, x) — Zszl %;J%X)
U*(t,w)uo (t < 0) — solution of (2)* with U*(0,w)up = ug € X

up >0 = U*(t,w)up >0 fort <0

Wenxian Shen, Auburn University
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Idea of Proofs

e Consider the adjoin problem of (2)

o N o N P
— 3t = 2ij=1 (0w, X)gege + 3750 b7 (rw, X) 5

+c§(Orw, x)u, xeD )
u=0, x € 0D
* N 83,"
where b} (0w, x) = Zj:l axj- (0w, x) — bi(0zw, x)
5 (few, x) = co(frw, x) — Zszl %;J%X)

U*(t,w)up (t < 0) — solution of (2)* with U*(0,w)up = up € X
up >0 = U*(t,w)up >0 fort <0

(U(t,w))* = U*(—t,0w) for t >0

(U(t,w)uo, vo) = (uo, U*(—t, 0:w)vo)
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Idea of Proofs

Multiplicative Ergodic Theorem = for a.e. w € Q

X (w), X5 (w) with dimX; (w) < oo, codimX5(w) < oo s.t.
X = X (w) ® X3 ()

U*(t, w)X{(w) = X{(frw) for t <0

U*(t,w) X5 (w) C X5 (frw) for t <0

limg oo MECEL — ) v € Xi(w) \ {0}

. In[[U*(—t,w)|xs ()
lim; oo : G A1
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Idea of Proofs

e Prove Xi(w) N (XT\ {0}) #0 forae. weQ
(prove X{ (w) N (X™\{0}) # 0)
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Idea of Proofs

e Prove Xi(w) N (XT\ {0}) #0 forae. weQ
(prove X{ (w) N (X™\{0}) # 0)
Take ¢(w) € X1(w) N (X T\ {0})

D)

(take ¢*(w) € X{'(w) N (XT\ {0}))
(it suffices to prove Xi(w) = span{¢(w)}

Xo(w) = {u € L2(D)[{u, ¢*(w)) = 0})
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Idea of Proofs

e Important Proposition. For a.e. w € Q, Vug € Xi(w),
M (up, w) s.t.

U(na W)UO U(nvw)¢(w)
—_ — — — M(up,w)————F— —0
[U(n)e ~ M 00, w)ew)]

exponentially as n — oo
" U(n,0) up
[®)) U(n,0)P)
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Idea of Proofs

e Prove that if ugp € Xi(w), (uo, ¢*(w)) =0, then M(ug,w) =0
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Idea of Proofs

e Prove that if ugp € Xi(w), (uo, ¢*(w)) =0, then M(ug,w) =0

f () = U)ot (w)
Let ¢j(w) [0 (nw)6 ()]l

(o, 9" (w)) = 0 = (U(n, w)uo, ¢ (w)) =0
By the proposition,
M(ug, w)Yne)e@):05w)) _, § exponentially.

[1U(n,w)p(w)l
But
<U‘||"&°Zi‘f’5>‘3&‘ff>ff’” - <¢(w)’¢*(w)>||U(n,wl)¢(w)H : ||U*(n,wl)¢*(w)||
1M p—s oo M = —limy o M = A\
SEN
M(up,w) =0
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Idea of Proofs

e Prove dimXj(w) = 1.
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Idea of Proofs

e Prove dimXj(w) = 1.

Assume dimXj(w) > 1.

Jup € X1(w) s.t. (up, ¢*(w)) =0
= M(ug,w) =0

U(n,w)up
[U(nw)d(w)ll
Hence limsup,,_, o, % In % < 0 and
A1 = limp_oo 2 In || U(n,w)ug|| < limpsoo £ In || U(n, w)(w)]| = A1

= — 0 exponentially

A contradiction!

—
dimXj(w) =1 and Xi(w) = span{¢(w)}.

Wenxian Shen, Auburn University Principal Lyapunov Exponent



Idea of Proofs

e Prove Xp(w) N X = {0}

Assume that Xp(w) N Xt # {0} for a.e. w € Q

Take a random variable ug : Q — Xa(w) N (X T\ {0})
Then (uo(w), ¢*(w)) # 0

—

In ||U(t,w)uo(
t

| — fim,__ IV _ 5

)\]_ > ||mt*>oo
A contradiction!
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Applications — Spreading Speed in KPP Models

KPP (Kolmogorov, Petrowsky, Piscunov) or Fisher equation
in random environment:

Uy = Ugx + m(Orw, x)u(l —u), xeR (4)

population model for spatial spread of an allele in a migrating
diploid with two type alleles

u(t, x) — fraction of one of the two alleles at (t, x)
m(f:w, x), m(w,x + p) = m(w, x) — fitness coefficients
we Q, (Q,F,IP,{6:}) — ergodic metric dynamical system
u~ = 0 — unstable (w.r.t. spatially periodic perturbation)

ut =1 — stable (w.r.t. spatially periodic perturbation)
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Applications — Spreading Speed in KPP Models

Characterization of the stability of u™:

A_ — principal Lyapunov exponent of

Ur = Uy + m(Orw, x)u, x€IR
u(t,x+p) =u(t,x), xeR

Ay — principal Lyapunov of

Ur = Uy — m(Orw, x)u, x € R
u(t,x+p) =u(t,x), xeR

A_ >0 = u=u" — unstable
Ay < 0= u=ut —stable
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Applications — Spreading Speed in KPP Models

Spreading phenomena:

up € Cuit(IR) = {v € C(IR)|u is bounded and uniformly
continuous on IR}

u(t, -; up,w) — solution of (4) with u(0, -; up,w) = ug
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Applications — Spreading Speed in KPP Models

Spreading phenomena:

up € Cuir(IR) = {u € C(IR)|u is bounded and uniformly
continuous on IR}

u(t, -; up,w) — solution of (4) with u(0, -; up,w) = ug

Xo ={uv € Cumir(IR)|u(x) >0, liminfy__oo u(x) >0, u(x) =0
for x > 1}

If up € Xo,
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Applications — Spreading Speed in KPP Models

Spreading phenomena:

up € Cuir(IR) = {u € C(IR)|u is bounded and uniformly
continuous on IR}

u(t, -; up,w) — solution of (4) with u(0, -; up,w) = ug
Xo ={uv € Cumir(IR)|u(x) >0, liminfy__oo u(x) >0, u(x) =0

for x > 1}

If up € Xo,
12 12
1 1
08 0&
0.6 0k

uix) ()
04 04
02 02
o o
0.2 02
10 5 o a 10 10 5 o 5 mn
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Applications — Spreading Speed in KPP Models

Spreading phenomena:

up € Cuir(IR) = {u € C(IR)|u is bounded and uniformly
continuous on IR}

u(t, -; up,w) — solution of (4) with u(0, -; up,w) = ug

Xo ={uv € Cumir(IR)|u(x) >0, liminfy__oo u(x) >0, u(x) =0
for x > 1}

If up € Xo,

-10 5 0 a 10 -10 5 [i H 10

Question: How fast the solutions spread?
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Applications — Spreading Speed in KPP Models

Theorem (H. Weinberger)

In the periodic case, i.e., m(0;w,x) = m(t, x) is periodic in t,
dc* s.t. for any ug € Xp

[u(t, x; up,w) — ut] =0 Ve < c*

|Imx§cl t,t—00

l 0vc" > c*
" ; =
M e too UL, X3 U, W) c >c
12 12
1 1
08 0.8
08 0.8
() uix)
0.4 0.4
02 02
o 0
02 02
-10 5 o ] 10 Bl -5 o 5 10

c* — spreading speed
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Applications — Spreading Speed in KPP Models

If further m(t, x) > 0, then

c* = inf Al
u>0 U

A(p) — principal eigenvalue of

Up = U — 24ty + [m(t, x) + p?]u

u(t,x) = u(t,x+ p)
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Applications — Spreading Speed in KPP Models

Theorem 4. (W. Shen)
Assume m(t, x) > 0.
c* > e*

¢* is the spreading speed of
Uy = Uxx + M(x)u(l — u)

m(x) =L [T m(t,x)dt.
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Applications — Spreading Speed in KPP Models

Theorem 4. (W. Shen)
Assume m(t, x) > 0.
c* > e*

¢* is the spreading speed of
Uy = Uxx + M(x)u(l — u)

(x _Tfo m(t, x)dt.
c* =& iff m(t,x) = my(t) + ma(x)
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Applications — Spreading Speed in KPP Models

Theorem 4. (W. Shen)
Assume m(t, x) > 0.
c* > o

&

is the spreading speed of
Uy = Uy + M(x)u(1l — u)

=1 [T m(t,x)dt.
c* =¢c*iff m(t,x)—ml( ) + ma(x)

Spatial-temporal variation speeds up the spatial spread!
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Applications — Spreading Speed in KPP Models

Theorem 4. (W. Shen)
Assume m(t, x) > 0.
c* > e*

ox

is the spreading speed of
Uy = Uxx + M(x)u(l — u)
=1 [T m(t,x)dt.
c* =¢c*iff m(t,x) = my(t) + ma(x)
Spatial-temporal variation speeds up the spatial spread!

(Both the principal eigenvalue and the positivity of a principal
eigenfunction are needed in the proof)
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Applications — Spreading Speed in KPP Models

Spreading speed interval: (W. Shen) (J. Huang and W. Shen in
the deterministic case)
Xo ={u € Cuir(IR)|u(x) >0, liminfy__ou(x) >0, u(x) =0
for x > 1}

X = {c]lime<er tmoo[u(t, x; up,w) — uT] =0, Vup €
Xo, aeweQ}

g = sup{c € G}

12 12
1 1
08 08
06 06
ut) ufx)
04 04
02 02
0 i
02 02
10 5 0 5 10 -io 5 i 5 10
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Applications — Spreading Speed in KPP Models

Cop = {c|limy>cr t—o0 u(t, x; g, w) = 0,Vug € Xo, a.e.w € Q}

sup

1.2 1.2

1 1
08 08
06 06

ufx) uix)

04 0.4
02 02

0 0
02 02

-0 & 0 5 10 R 5 i H 10

chp = inf{c € G}

sup

[¢¢» Coup] — Spreading speed interval in the positive direction
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Applications — Spreading Speed in KPP Models

FR * ok %
Remark. In the periodic case, ¢y = ci,, = ¢
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Applications — Spreading Speed in KPP Models

Remark. In the periodic case, ¢ ; = ci,, = ¢”
Theorem 5 (W. Shen)

If m(w,x) >0, then ¢, <inf,>o ¥

where A(u) is the principal Lyapunov exponent of

Ur = e — 24ty + (M(Orw, x) + p?)u
u(t,x + p) = u(t,x)
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Applications — Spreading Speed in KPP Models

FR * ok %
Remark. In the periodic case, ¢, = ¢;,, = ¢

up
Theorem 5 (W. Shen)

If m(w, x) >0, then ¢, <inf.s0 = M)
where A(u) is the principal Lyapunov exponent of

Ur = e — 24ty + (M(Orw, x) + p?)u
u(t,x + p) = u(t,x)

Open problem: ¢ > inf,~ M'?

Alp)

ko ok
If yes, ¢l = CGup = |nfu>o
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