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Topological strings in Mathematics and Physics

Mathematics

- Gromov-Witten Theory (A-model)

- Deformation theory, complex structures, non-commutative
geometry (B-model)

- Mirror Symmetry (relation between A and B models)

- Donaldson-Witten invariants (4d Mirror formula) etc.

Physics

- Toy model for String Theory (most likely integrable)
- Gauge theories (brane construction in string theory)

- Black Holes

- Non-critical Strings

- Open/close correspondence (Gauge/Gravity relation)



Physical picture

2d (SUSY) Sigma model - defined through classical action
(and corresponding path integral): the functional on the
space of maps ® (and sections )
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Y. - Riemann surface; z, Z - local coordinates
V -Riemannian manifold of metric g; ¢! - local coordinates
® - amap: ¥ — V; ¢!(z,2) - in local coordinates

K (K) - the canonical (anti-canonical) line bundles of ¥ (the
bundle of one forms of types (1,0) ((0,1)))

TV - complexified tangent bundle of V.

to get supersymmetry = add some set of G{assmann vari-
ables ¢! ¢! - sections of K/2@®*(TV) and K'/2@®*(TV).

Suppose V' - Kahler — N = 2 SUSY — extra term (T'V =
TYOV + TNV and ¢, ¢ = &, 41,0
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Topological A and B models are two different topological
twists of same physical sigma model.



A-model
X - section of ®*(TV)
wi - (1,0) form on X with values in &*(T%1V);
P =YL,

Y’ - (0,1) form with values in ®*(T1O0V); % = L.

Topological transformation laws - one can define the action
of certain operator ¢ acting on field space such that 62 = 0.

Let t =60+ f%, where 6 and f are some real numbers (cou-
plings).

Action:

1
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— the integral of the pullback of the Kahler form w = —igﬁdzidzj :

[ @*(w) - depends only on the cohomology class of w and
the homology class 8 € Hy(V') of the image of the map .



Definition. Observable {O;} — a functional of the fields,
S.t. (501 = 0.

Definition. Physical observable = a § - cohomology class,

O; ~O; +0VY,;.

Definition. Correlator - path integral:
—27t w
<H Oa)p=e¢ fﬁ

Bz - the component of the field space for maps of degree
B =1[®(X)] € Ho(V,Z), and ( ) - degree B contribution to
the expectation value.

D¢[A,D¢e‘ﬁ”fR-IIOw
Bﬁ a

Correlators of the observables depend only on their
d-cohomology class, in particular — independent of
the complex structure of > and V', and depend only
on the cohomology class of the Kahler form w.

Correlator is independent of f2. If f2 — oo - Gaussian
model.

Bosonic part of the Action
. * 1 i 7
it [ 07w+ 55 [ 050000050
for given (3 is minimized by holomorphic map:
d:¢' = 8,¢" = 0.

The entire path integral, for maps of degree 3, reduces to an
integral over the space of degree 3 holomorphic maps Mg.



Pick an n-form W = Wy, r,. 1. (¢)dp’t Adp'2 A. .. Adgp!™ on
V' = a local functional

OW(P) — W1112---In ((I)(P))XIl .. .an (P)
00w = —Oaw,

d the exterior derivative on V.

= W +— Ow - natural map from the de Rham cohomology
of V' to the space of physical observables of quantum field
theory A(V). For local operators - isomorphism.

Let d - be the DeRham differential on Y. We have descend
equations:

dOw = 5(9‘(41/), 550 (’)‘(/‘1/) - 1-observable. The physical ob-
servable depends on the homology class of C' in H; (X).

d(’)‘(,[l/) = 5(’)1(,[2/) : fz (’)‘(/[2/) - 2-observable.

Deformations (preserving §): change the action as follows:

STZS—‘—TG/OWQ
>

T® are the formal parameters (nilpotent). The path integral
with the action Sy computes the generating function F,(T)
of the correlation functions of the two-observables:

Fa(T) = (e~ 550

0S
S(O) =S, T a ’T:O = /ZOWCL




B - model
Yl - sections of ®*(T1V)
Yl - section of K ® O (THOV)
Yt - section of K @ ®*(THOV).
p - one form with values in ®*(T" OV) ¢+, pL =t
0t =l 4+l

0; = 95 (¢i - w_)

all fields above are valued in Grassmann algebra

Action:

1 . .
S = 72 / d*z (QIJ@(PI@Z(PJ +in'(D.pt + Dzpl)giz

—|—291(D2pzl o sz5 ) + Rzmjpzpz Zek‘gkﬁ) .

As in A model here also exists operation ¢ (which depends
on complex structure) acting on fields such that 6 = 0 and
again one can rewrite the action using 9:

1
S = f2/5U+So



U = g;; (pi(%(bi -+ p%f?sz;)

So = / (—&Dpi - %Rmpi A o' O g"? ) -
>

B theory is independent of the complex structure of 3. and
the Kéahler metric of V. Change of complex structure of X
or Kahler metric of V - Action changes by irrelevant terms

of the form 4(...).

The theory depends on the complex structure of V,
which enters ¢

B model is independent of f?; take limit f> — oo; In this
limit, one expands around minima of the bosonic part of the
Action = constant maps ¢ : ¥ — V:

0,0" = 0z¢" =0

The space of such constant maps is a copy of V: the path
integral reduces to an integral over V.



Observables:

Consider (0,p) forms on V with values in AYTHOV, the ¢*"
exterior power of the holomorphic tangent bundle of V.

W= dsids . dge W - o 1i2eda O 0

11 12...17p . .
Ozj, 0z,

W is antisymmetric in the j’s as well as in the i’s.

Form local operator:
OW = 7’]51 ... ngPng_._gpjlquejl ..o qu.
5OW — _ng,

Ow is d-invariant iff OW = 0 and §-exact if W = 08 for
some S.

W — Ow - natural map from &, ,H?(V, ATV to the
d-cohomology of the B model. It is isomorphism for local
operators.

The story of Correlators in B model, Descend Equations, De-
formation of the action by 2-observables, Generating func-
tion Fp(T) is completely parallel.

ST:S+T“/ 02

>
Fp(T) =< e 51 >



e Interesting examples of the deformations:

W = /ﬂ -0_dz7 - deformation of the complex structure of V
1 027

W = W (%) - holomorphic function (for non-compact V)- sin-
gularity (Landau-Ginzburg in physical terminology) theory

W = %Wij 821- A % - non-commutative deformation.

Type A sigma models: Gromov-Witten theory

Gwen a set of submanifolds C1,...,Cy, C; C V, compute
the number N¢, .. .c..s of rigid genus g holomorphic curves
Y CV, [X]=p8¢€Hy(V;Z) passing through them

The cycles in H, (V) represented by C,...,Cy are Poincare
dual to some cohomology classes wy, ...,w € H*(V).

Type B sigma models: Kodaira-Spencer theory

S - space of generalized (in the sense of Kontsevich-Witten)

~

deformations of cmplx structures of variety V' (mirror to V).

The tangent space to S at some point s represented by a
variety V; is given by:

7.5 = EPH? (‘Z,AqTVS) =P H (V)
p.q

p,q

Let T' denote special coordinates on this space.



Mirror formula

o eI <@(0)(9(0)O(0) / e / O<2>>
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Type A sigma model on V = Type B sigma model on 1%

For Kdhler manifolds:

~

WPa(V) = h=Pa(V)

The concept of mirror symmetry extends to V' symplectic
and V complex.

Mirror exchanges kéhler (A) and complex (B) deformations.



Space-Time description - String Field Theory

Here we discuss the case of CY target space (3-complex di-
mensional with ¢; = 0; (3,0) form - uniquely defined up to
the multiplication by the non-zero complex number)
A-model - world-sheet instantons — local field theory?
B-model - constant maps — one expects to have local theory.

- Let M be a compact Calabi-Yau (CY) manifold.

- Calibrated CY manifold - a pair (M, €)g) where M is a CY
manifold supplied with a holomorphic (3,0)-form €.

Moduli space M m of the calibrated CY manifolds is a C*
bundle over moduli space M, of complex structures on M.

Fixing particular holomorphic (3, 0)-form €2 defines, locally,
a section of the bundle.

Choice of complex structure:

D=D"Y 4+ D" =0+9

Q™ PIUM) = Q4(M,NPT), where T is a holomorphic tangent
bundle.



- (2%, %) be local coordinates on M

- A e Q" bY(M), (—1,1)-differential written locally as:
A= "Ald7
Z 5’23

Deformation of the complex structure - deformation of the
operator D% = 9 :

d—0y=0+A= z:dzz & -+ i

5,7

subject to integrability condition - Kodaira-Spencer equa-
tion:

>
07 =0
__ 1 -
0A + §[A,A] =0
0
(&A-—I—A 81A )dz' A dz? —— e =0

The moduli space of complex structures - space of the solu-
tions of KS equation modulo the gauge transformations

0A = O5e = 0e+ [A, €

where e € Q1Y (M).



Equivalently - solutions of the pair of the equations:

OA+ ~[A, 4] = 0

DO | —

0A =0

modulo the subgroup of the gauge transformations which
leave the holomorphic three-form €}y invariant.

Given a holomorphic (3, 0)-form Q4 we could identify Q~P9(M)
with (3 — g, p)-forms Q37P4(M):

Q PUM) — Q3—p,q(M)

A— AV =AFQ
One can parametrise (2,1) form AV as:

vV

A =z +0b
where x is a d-closed (2,1)-form and b € QY1 (M).
Now the KS equation becomes the equation for b
dOb + %8(@ + 9b) o (z + b)) =0

Operation o is defined as:

AVOBVI<A/\B)|_QQ,



This equation has a meaning of anti-holomorphicity for fol-
lowing (1,2)-current:

_ _ 1 _
J12 = 9b + 5 (@ + 0b) o (x + 9b); oJ12) =0

The action functional, String Field Theory Action, leading
to the above equations of motion is:

Sks(b|x) =/ (%8()/\564—% < (x+0b), (x+0b), (x+0b) >)

M

Here we use another notation:
< AY,BY,CY >= AV N (BY o CY),
where AY = AFQy, BY =BFQy, CV =CF Q.

This action is equivalent to the action introduced by BCOV
(Bershadsky, Cecotti, Ooguri and Vafa, 1993) but is written
in slightly different variables.

- Zi s(T): Partition function of the space-time quantum field
theory, KS theory

ste) = [l sws

A - Plank constant in space-time field theory (coupling con-
stant)



BCOYV conjecture:

Zics(a) = exp > N92F,(T)

g

Fy(T') - Fp(T) for genus g

x - related to special coordinates T




KS theory in terms of 7d quadratic field theory

Functional integral with the action KS action:

Z(x) = / Db e~ 5xs(blo)

integral representation of some particular wave function in
the 7d field theory on M x R with the action functional:

C' - real 3-form.

This “space-time” quantum field - higher dimensional gen-
eralization of the 3d abelian Chern-Simons but for 3-forms.

In 6 + 1 notations for local coordinates (x*,t) on M x R:

S:/ dtd%(QgQertdQ)
MxR. ot

where C' = ) + w; dt;
() - a three-form component of C' along M

w dt - a two-form along M and one-form along R.

We proceed in Hamiltonian formalism.



Consider the infinite-dimensional space of real 3-forms on M
supplied with the symplectic structure:

wsymp(é‘lﬂ’ 529) == / 519 N\ 5QQ
M

The phase space for 7d-theory is obtained - Hamiltonian
reduction via first class constraint (H3(M,R)):

d} =0
One needs to choose the polarization (before Hamiltonian

reduction) for symplectic form and impose the constraint on
wave function in given polarization.



Linear Polarization

Here we first intriduce the complex structure on CY which
induces the complex structure on H?3.

If Q¢ denotes complex 3-form we choose the complex struc-
ture on M and:

QC — QS,O D 92,1 D 91,2 D QO,B

The real forms are singled out by the reality condition:

0,3 _ 003 1,2 _ 02,1
072 = Q0.3 0 = Q%

The subspace:

Q3’O D Q2’1

defines the complex Lagrangian (linear) sub-manifold in the
space of complex 3-forms — the complex polarization of the
space of real three-forms. Parameterize this subspace as:

Qc = ,O(Q() —|—Z - QO)

Qg - fixed normalized holomorphic (3,0)-form in a reference
complex structure

p - tfunction on M
A - (—1,1)-differential.



Non-linear polarization (following Hitchin)

Here we first introduce the complex structure on H? which
defines the complex structure on CY.

Special properties of 3-forms in six dimensions — possibility
to decompose any generic real three-form as a sum of two
(possibly complex conjugate) decomposable 3-forms:

QO=0Q,+Q_=F'NE*NE>4+ E*NE> NES

E¥s - some 1-forms. Generically Q_ AQ, # 0 and E*’s pro-
duce the frame in the complexified cotangent bundle T&M
to M.

This representation follows from the existence of the open
orbit of the group GL(V) acting on A*V* where V a 6d
vector space.

One could explicitly reconstruct the decomposable forms €2
as follows:

Let A%, be the space of the real p-forms on M and Vecty,
be the space of vector fields. Given a three-form €2, consider
the operator Kq:

Ko : Vecty — Ab, ~ Vecty @ AS,,

defined as:
v— (v Q)AQ.



For instance, given the decomposition with real E*’s, the
action of Kq on the dual real frame E is:

Ko:Ef > Ef, i=1,2,3,

Kqg:ES — —E", 1=4,5,6.

Let K¢ be the group action of Ko on AP(M). Then:
20, = Q4+ \NQ) 32K,

20_ =0 —\NQ) KL,

where: |
AQ) = gtr Kg% € (A%)®2

Decomposition is non-degenerate (i.e 2, A Q_ has no zeros)
if the form A(€2) has no zeros.

The sign of A\(Q2) defines whether Q. are real (A(2) > 0) or
complex conjugate to each other Q_ = Q4 (A(2) < 0). De-

note the corresponding subspaces in the space of real three-
forms by U4 and U_.

In the case €2 € U_ the operator [
Ig = (—)\(Q))_l/QKQ,

defines the (pseudo)complex structure. The condition of the
integrability of this complex structure:

dQ = dQ) = 0,



where () = Q. —Q_. Note that Q + iQ is a holomorphic
(3, 0)-form without zeros in this complex structure.

Condition of integrability of this complex structure - condi-
tion for the critical points of the functional ®(£2) written in
terms of the closed three-form €2, d€2 = 0

o) = [ V@)

The variation of this functional is given by:
5B(Q) = —/ QA Q.
M
The following relation holds
1 Iy
QAQ-=_Qn0= (A(Q)1/2.

Let us restrict the space of three-forms €2 by the condition:
dQ) = 0, and fix the class of Q in H3(M,R). Such three-forms
may be parameterized by two-form ¢ as: 2 = x + d¢, where
x is some fixed closed three-form [ — x] = 0 in H?>(M,R).

The critical points of the functional ®(€2) under the variation
0€) = ddyp are given by the solutions of the equation df2 = 0.



Given the cohomology class of the real closed 3-form on M,
and using the critical point condition one could reconstruct
unambiguously the holomorphic structure and the holomor-
phic non-degenerate (3,0)-form Q4+ i) on M ; thus M has a
trivial canonical class.

One can show (Hitchin) that up to the action of the diffeo-
morphisms the critical point is isolated, so it defines the map
of the subspace of H3(M,R) (such that the corresponding
critical value 2 is in U_) into the extended moduli space of

complex structures M M-
Consider the 3-forms in U_:

V=0, +Q =FE'ANE2AE3+E ANE AE
with E* being complex one-forms.

The subspace of the decomposable forms defines the La-
grangian family:

WP (510, 0280 ) = / S1(E'NE*AE NS (E*NE*ANE?) = 0

Locally the decomposable three-form 2, may be parameter-
ized as:

]. . . = . ; x ; L
U = cegroldz’ + pzdz") (dz? + psdz)(d" + ppdz") =
1 1
= 0(Q0 + bk Qo+ 5,&2 = Qo + EHB = Qo) = 0e"" Qo

here p € Q11 (M) and g is a function on M and we use the
notations p" F:= (u ).



Wave-function in linear polarization

Wave-functions - functions of Q3:?, Q2! subject to constraints
(reduction). In this polarization the constraint equations

dS2 = 0: )
N> + 00> =0,

00> + 002 =0,
002 +00%3 =0,

Quantum mechanically take the form of the following equa-
tions on the wave function ¥(Q39, Q%)

(09230 + 00> T = 0

. 5
2,1 —

(90" 4+ 9 )W = 0

5 5

(9557 +05550)% = 0

The formal solution can be written in terms of the path
integral. Given an arbitrary function ¥y(Q>% Q1) one can
construct the formal solution representing it in the form:

\IJ(Qg’O, QQ,l) — (H\IJO)(QB’O, 92,1)

where the projection operator II is given by:

1= /DA Do Db efM A@QB’OJF@QQ’I)efM o0 5a7T +05550)

5302,1 S
xefM b(dQ> ! +0-51)

The only restriction on Wy is the convergence of the integrals.



Use parametrization of 3-forms in terms of function p, (2,0)-
form x and (1,1)-form A:

Q%0 = peQo + Ox

0>t =2 + 0N — Oy

where z is a 0-closed (2,1)-form.

In these variables the projected wave-function is:
\IJ(Q?”O’Q2’1) _ \P(po,x,w, )\) — e fM(%(‘?)\é)\)x

/ Do Db e Ju GPTNN G 0 b5 & — 0b— Do)

The scalar product of the wave functions in given by:

< \Ijl‘\]:jg >= /DQ3,0 DQQ,l DQl,Q DQO’3 efM(Q&O/\QO,S_’_Qz’l/\QLQ)>

XT3 (03, 0121, (030, 021

where integration is over the real subspace Q03 = Q30

0Lz =021



Wave-functions in non-linear polarization

In this polarization wave-functions depend on subspace de-

ﬁned by Q_|_.

1 1
Q+:Q(QO+MI—QO+§/L2I—Qo+6,u3l—§20)

_ _ — 1 _ 1 —
Q_:Q+:§(QO+EI—QO—|—§ﬁ2l—QO+6ﬁ3|—QO)

Scalar product - defined via canonical transformation from
variables u, p to u, p:

Y PQ =) pisgt =65(Q,q)

We find:
S(pa 15 P, :L_L) — Q—(Ea ﬁ) N Q—I—(Qa :u)
and:

<WHW%>:/ZWMEQJELNZ@m““@”@ﬂ@ﬁﬂu@wo

Note - the exponential factor is Hitchin functional

QL () AQ_(Q) = —/AQ)

Imposing the constraints in this polarization - quite trivial
procedure.



The constraints generate the gauge transformations:
Q=040 - Q+do=

= (24 + 091 (Qx,0)) + (2= +6Q_(Qx,9))

and the transformations of {24 is highly non-linear in terms
of the initial 24 - in this polarization the gauge transforma-
tion mixes “coordinates” and “momenta” in a complicated
way and the constraints are given by rather complex differ-
ential operators acting on the wave function.

We use the following strategy:

1. start with the simple unconstrained wave-function in the
non-linear polarization

2. transform this wave function into the corresponding wave
function in the linear polarization

3. impose the constraints.

This gives us the constraint wave function in the linear po-
larization whose particular form reflects the simplicity of the
initial wave function in the non-linear polarization.



We construct the generating function S(A, p|u, 0) from the
”old coordinates” p, A to new coordinates o, u using two def-

initions of (2 given above:
| R p—
pSlo = 0820 + GoH =

_ 1 _
PAFQOZQM'_QOJrE@ﬁ'_QO

— — 1
pAFQOZEﬁl_QO‘FQi,Lﬂ'_QO
= = | R
pQo =08 + G oM = Qo
Define:
1 _

<ﬁ3>§0/\90:6§0/\(H3|_Q0)
<> QA0 = =00 A (12 Q),
ﬁvl—ﬁoz—ILLQl—Qo.

Answer for S is:

- - <(Ap—on’)’ > 5
SAme:/i o+0° < pd > 4+— QoAQo+

+po(p F Qo) A (AF Qo))



Semi-classical approximation (classical and one-loop) for quantum-
mechanical wave function is given by path integral:

U(o,p) = /DﬁDA S AP (5, A)
U(p,A) = [ DpDA S ATO (o,

Beyond one-loop - see below.

Now we can project to physical state in linear polarization:

T(Q0,0%) =< 021 Q3O >,

Claim: the following choice leads to desired result -

w(e.) = S(@exp [ o

M

The reasoning for such choice: this wave function in the
(0, p)-polarization is given by:

Y(o,p) =4d(0—1)

This corresponds to the fixing of the holomorphic volume
form (stated differently - to the choice of the closed string
coupling constant).



Thus we have:

U030, 021 = / DuDp e S50 5() exp / 5=
M

é < Q2102021 ),

= 3050 — Qu)exp(~ [

M

Final answer after the action of projector:
W20, 031) = W(po, X, @, A, N) =

— const /Db o~ [ (3060b+1 <(2+0b),(x+0b), (2+0b)>)



Consider the following formal path integral:

|y~ (@tdg)k(z+de)
7 = / de / Dk e Vst
(x+dop)eU_

x - some fixed element of H3(M,R),

¢ - a two-form and k € End(T*M) acts on arbitrary differ-
ential form as an element of the Lie algebra.

The equations of motion for k are algebraic and its solution
18

k:pKQ

for ) = (x+d¢) with p being an arbitrary non-zero function.

Substituting this solution into the action in action one finds
that (in the classical approximation over k) the theory is
equivalent to:

7 — Do eV —A(z+do)
U_

Note that latter does not depend on p.

This should be compared with well-known procedure in two
dimensions. Mainly - start with Polyakov formulation of the
string moving in d dimension:

p .. p an ia
4= / (H d¢a> Dg;; efM Vagl Y h 01900
a=1



In two dimensions the analog of k can be explicitly described
in terms of the metric as:

= ’9’€¢kgkj

One has tr k? = 2|g|.
Then the action in 2d is given by

b i

One can get rid of £ using its equations of motion, so result
is a Nambu-Goto action:

p

quﬁ A (kdp?).

Note that the proper generalization of the metric in two
dimensions in this context is given by the non-normalized
operator of the complex structure k.

In 2d if one integrates out ¢* instead:

S = [ [ VaRgVIR =T + T + Stious(p.p.1)

where we parametrized the metric:

ds® = g;;dC'd¢’ = e”|dz + pdz|?



Here we explained that KS action is analog of I'(x) and
Hitchin action is analog of Liouville action.

7d CS theory of 3-forms is an analog of SL(2, R) CS action
describing 2d gravity for 3-manifold > x R.

Q1: In 2d - theory defined via gravitational WZW action
['(p) is equivalent to Liouville theory. Is this true in 6d?

Q2: Can one describe K S theory as a simple field theory
similar to what we know in 2d?

Yes! To do this we need to consider 4 complex dimensional
non-compact CY manifold N with original 3d compact CY
M being a divisor in N. Theory of free fermions in 8d in-
teracting with three forms on divisor M (complex boundary
for N) gives full answer for Z(\,t).

Above statement is a conjecture for 3 complex dimensional
CY, but it is a theorem for O-dimensional CY - point. Latter
- ¢ < 1 noncritical strings where exact answers are known
due to Kontsevich.



