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Abstract

A long-standing problem concerning the iterative analysis of orthogonal
saturated designs has been resolved. Consider an unreplicated factorial design
yielding independent, normally distributed estimators of k parameters but no
independent variance estimator. Many authors have proposed iterative step-
down tests for the analysis of such designs. In essence, the first such methods
were proposed by Birnbaum [3] and Daniel [4]. It is well known that iterative
methods are more powerful than corresponding closed step-down tests (see Voss
[12]), and so the iterative tests are more popular. This popularity has grown
despite lack of a proof that the iterative methods strongly control the family-
wise error rate, while some corresponding closed step-down tests with modestly
less power have been known to provide such control. Venter and Steele [11]
claimed that certain iterative step-down tests strongly control error rates, but
they failed to provide a proof. Recently Holm, Mark and Adolfsson [5] provided
the first iterative step-down test for analysis of orthogonal saturated designs

shown to strongly control the familywise error rate. Using the same technical

LAMS 2000 subject classifications. Primary 62K15, 62F07, 62F03; secondary 62F35, 62L10.
2Key words and phrases. Adaptive test, effect sparsity, factorial experiment, multiple test,

orthogonal saturated design, stochastic order, nearly saturated, unreplicated factorial.
3 Acknowledgment: This research was supported by NSF through grant number DMS0308861.
4 Abbreviated Title. Tterative Step-Down Tests.



approach, but without the need for explicit consideration of coverage bounds,
we establish strong control of the familywise error rate for a large class of iter-
ative step-down tests, including the iterative tests of Zahn [19, 20] and Ventor
and Steel [11], iterative variations on the tests of Daniel [4], Birnbaum [3], Voss
[12], Voss and Wang [14], Lenth [8] and Ye, Hamada and Wu [18], and a gen-
eralization of the Holm, Mark and Adolfsson [5] test for orthogonal saturated
designs. Also included are the iterative step-down tests of Langsrud and Naes
[6] for nearly saturated designs. Since our approach does not explicitly involve
coverage bounds, implementation is relatively simple. Also, the normality as-

sumption can be relaxed.

1 Introduction

The analysis of data collected using an orthogonal saturated design in an important
problem in statistics, since such designs include commonly used orthogonal fractional
factorial designs. Building upon a specific step-down test and result of Holm, Mark
and Adolfsson [5], we establish strong control of the familywise error rate for a large
class of iterative step-down tests. This resolves an important and long-standing
problem.

We now pose the problem as it typically arises—namely, for normally distributed
estimators—though strong control of error rates is established in Section 2 for a
broader class of distributions.

The standard problem is as follows. Let 6; ~ N(0;, a?0?), i = 1,...,k, be k
independent normal estimators, with constants a; known but ¢ unknown. The
methods to be considered work best under effect sparsity—mnamely, when most of
the effects 6; are zero—but in practice one knows neither how many effects are zero
nor which ones. Complicating matters, saturated designs provide no error degrees
of freedom, so assume there is no independent variance estimator. The objective is
to simultaneously test the hypotheses Hy; : 6; = 0 for ¢ = 1,..., k, and we require a
testing procedure that strongly controls the simultaneous or familywise error rate—
namely, that controls the probability of making any false assertions to be at most «
under all parameter configurations @ = (61, ..., 0;). Henceforth assume without loss
of generality that each a; = 1; otherwise one could equivalently consider estimators
0;/a; ~ N(0;/ai, o2).



Daniel [4] and Birnbaum [3] were perhaps the first to consider this problem.
Daniel proposed the iterative use of half-normal plots. Given the half-normal plot of
the k effect estimates, if the effect with largest estimate is deemed to be significantly
nonzero, Daniel advocated setting aside that estimate to evaluate the rest. Thus,
one would redraw the half-normal plot for the remaining k& — 1 estimates, and use
this plot to assess significance of the largest of the remaining k£ — 1 estimates as
if there had only been k — 1 estimates. This process is iterated until the largest
remaining estimate is not considered significantly nonzero. Daniel [4] and Birnbaum
[3] also each discussed tests for one nonzero effect, and these tests could be applied
iteratively.

In efforts to formalize the subjective graphical method of Daniel [4], various step-
down tests have been proposed, including tests by Zahn [19, 20], Voss [12], Ventor
and Steel [11], Langsrud and Naes [6], Al-Shiha and Yang [2], Ye, Hamada and Wu
[18], and Voss and Wang [14].

Voss [12] provided the first step-down test known to strongly control the family-
wise error rate in this setting, and his method was generalized by Voss and Wang [14]
to include adaptive tests. These tests strongly control error rates because they are
step-down shortcuts to closed tests, closed tests having been introduced by Marcus,
Peritz, and Gabriel [9]. Voss observed that his test would have more power if applied
iteratively, but he was unable to establish strong control of the familywise error rate
for the iterative version of his procedure. Iterative testing has also been advocated
by Zahn [19, 20], Ventor and Steel [11], and Al-Shiha and Yang [2]. Ventor and
Steel [11] proposed the use of iterative step-down tests for enhanced power over
certain closed tests. They claimed their iterative step-down tests provided strong
control of the simultaneous error rate, but they failed to provide a proof. They did
observe that their claim was true if the effects were all zero or infinite, but it has
remained an open problem to establish this result for all parameter configurations.
Ye, Hamada and Wu [18] proposed applying the adaptive test of Lenth [8] iteratively
and stepping down, but it remains open to show that the tests of Lenth [8] or Ye,
Hamada and Wu [18] strongly control the familywise error rate because of a lack of
monotonicity in the way their tests are adaptive.

For the various multiple testing procedures proposed for this setting, critical

values are typically computed under the (complete) null distribution—namely, when



all k effects are zero—and the usual presumption is that this is sufficient to control
the probability of making any false assertions under all parameter configurations.
This has remained an open problem however, except in the case of closed step-
down tests. When the step-down shortcut for a closed test is valid, error rate is still
strongly controlled, due in part to the fact that each critical value in the closed step-
down test is computed using k estimators under the null distribution. In contrast,
when the maximum estimate is tested iteratively, each time an assertion is made
the next critical value is computed using one less estimator. Consequently, critical
values are sharper so power is increased, but the test is not closed so error rate
control needs to be established in another fashion.

Holm, Mark and Adolfsson [5] provided a new step-down test for analysis of
orthogonal saturated designs that is remarkable for a number of reasons. The test
dovetails very nicely with the half-normal plot, which is commonly used for the
subjective analysis of the estimates in this setting. Their test is an adaptive pro-
cedure that provides strong familywise control of error rates, and the only other
inference procedures known to be adaptive and provide strong familywise control of
error rates are the confidence intervals of Wang and Voss [15, 16] and corresponding
tests of Voss and Wang [14]. The procedure is based on coverage bounds for order
statistics of the estimates, an approach to analysis of such data that has perhaps
not been considered since Birnbaum [3]. Most importantly for the purpose of this
paper, Holm, Mark and Adolfsson [5] provide a new line of proof that their step-
down test controls the familywise error rate over all parameter configurations. It is
this line of proof, sketched in their appendix, that we exploit in the current paper
to resolve a long-standing problem. Specifically, using the same technical approach,
we establish strong control of the familywise error rate for a much larger class of
iterative step-down tests for analysis of orthogonal saturated designs, (see Section
2, Theorem 1). Furthermore, the result is obtained without explicit consideration of
coverage bounds, greatly simplifying implementation. Then in Section 3 we apply
Theorem 1 to establish strong control of the familywise error rate for several itera-
tive step-down tests and iterative versions of other tests proposed in the literature.
Methods covered for the analysis of orthogonal saturated designs include the itera-
tive step-down tests of Zahn [19, 20] and Venter and Steel [11], iterative versions of

tests proposed by Daniel [4], Birnbaum [3], Voss [12], Voss and Wang [14], iterative



variations on the adaptive methods proposed by Lenth [8] and Ye, Hamada and Wu
[18], as well as a generalization of the method of Holm, Mark and Adolfsson [5]. Also
covered is the iterative step-down test of Langsrud and Naes [6] for the analysis of

nearly-saturated orthogonal designs.

2 Step-down tests

In this section we establish strong control of the familywise error rate for a large
class of iterative step-down tests, including that of Holm, Mark and Adolfsson [5],
but relaxing the usual normality assumption. First we introduce some notation.

Let X; ~ (1/0)f(x;/0;6;/0),i=1,...,k, be independently distributed random
variables, for f(¢;6;) a pdf with positive support. For example, in the standard set-
ting, X; is typically the absolute value or square of the ith of k normally distributed
estimators 6;, each scaled to have common variance 2. Let [1],[2],...,[k] be the
random indices such that X)) < X <+ < X[

Consider as test statistics

(1) T, = i=2,...k,

9i( Xy, -5 Xpp)

where the g;(t1,...,t;), i = 2,...,k, are positive functions with the following prop-
erties.
(i)  (scale-equivariant) g;(aty, ..., at;) = agi(t1,...,t;) for any a > 0;
(ii) (exchangable) g;(t1,...,t;) = gi(tj,, ..., t;;) for any permutation (ji, ..., j;) of
(L, oy d);
(iii)  (non-decreasing) s; < t; for i = 1,..., k implies g;(s1, ..., $i) < gi(t1, ..., ;).
Obtain the critical values ¢;, i = 2,..., k, as follows. Let Y7,...,Y; be indepen-
dent, each with pdf f(y;0). For the corresponding order statistics Y{;) < --- < Y(;),

let ¢; be the upper-a quantile of the distribution of

Note that C; is a function of ¢ order statistics, not k. Consider the following test

procedure.



Iterative step-down test.

Step 1. If Ty, < ¢ then make no assertions and stop; else assert ) # 0 and
continue.

Step 2. If Ty—1 < cx—1 then stop; else assert 0;_1) # 0 and continue.

Step k — 1. If T5 < c3 then stop; else assert 5 # 0 then stop.

So, if the procedure stops at step j < k—1, then exactly j —1 effects are asserted
to be nonzero, and no other assertions are made. If it stops at step k— 1, either k—2
or k — 1 assertions are made, depending on whether one asserts 5 # 0. Clearly,
0[1) # 0 is never asserted.

Additional notation is needed for the following theorem. For Xy ~ f(x;0) and
fixed ¢ > 0, let Xy, have the conditional distribution of Xy/c given Xy < ¢. Also,
let U <XV denote that U is stochastically less than or equal to V', or equivalently,
that Fyy(x) > Fy(x) for all =, where Fy; is the cdf of U.

Theorem 1 Let X; ~ (1/0)f(zi/0;0;/0) be independent with positive support, for
i=1,...,k. Furthermore, for Xg ~ f(x;0), suppose:

(i) Xoec = Xy for any 0 #0 and ¢ > 0, and

(ii) Xoq = Xoc for any d > ¢ > 0.

The above iterative step-down test strongly controls the probability of making any
false assertions to be at most o under all parameter configurations @ = (01, ... ,0%)

and for all o.
Proof of the theorem uses the following lemma.

Lemma 1 Suppose h(ty,...,t) is an exchangable function and U; < V; (i =1,...,k)
are independent. If h(ty,...,tx) is nonincreasing, then h(Vy,..., Vi) X h(Uy,...,Ug).

Lemma 1 was independently discovered by Alam and Rizvi [1] and Mahamunulu
[10], rediscovered by Voss [13], and stated in essentially the above form by Wu and
Wang [17].

Lemma 2 (Lehmann [7], p. 112) If U <V, then Eh(U)] < E[h(V)] for any

nondecreasing function h().



Proof of Theorem. The test statistics 7; in equation (1) are scale-invariant,

so without loss of generality assume o = 1. Consider any parameter vector 8 =

(61,...,0k), and corresponding independent random variables X; ~ f(x;;6;), i =
1,...,k. Let I = {1,...,k} denote the index set for all k effects. Assume at least
one 0; is zero; otherwise the theorem follows trivially. Let Iy = {i; : 6; ;=07 =
1,...,m} be the nonempty set of indices of the null effects for given 8, so m = ||

denotes the number of null effects, m > 1. Also for any nonnegative integer n,
let Y = (Y1,...,Yh4n—1) be a vector of i.i.d. random variables, each Y; with pdf
f(y;0), with corresponding order statistics Y1) < -+ < Y(;4n—1)- Let Y'[c denote
the distribution of Y given ¥; < cfori=1,...,m+n —1. Also, let Y, ) denote
the maximum of m + n i.i.d. random variables, each with pdf f(y;0).

Let Z = max;ey, X; denote the largest estimator of the m null effects, N the
number of non-null effects with estimate less than Z, and w = {i € I : X; < Z}, so
w=A{[1],...,[m+ N —1]}. Note that Z, N and w are random and unobservable.
Clearly, Z = Xj,4n]- Let pe(n,w) denote the joint probability mass function of
(N,w). Also, let ¢(x) = I{;~0} denote an indicator function. Then

Pg(any false assertions) = Pg(assert ¢;; # 0 for some j < m)

< Po|Z/gmin(Xps - X1, Z) > emin|
k—m

= > > pe(n,w) x Py [Z/gm—i-N(X[l]v“-7X[m+N71}7Z) > Crtn | N,w]
—0

n w
k—m

= Z pg(n,W) x Bz {EX|Z,N,U.);9 [¢()]} ’

n=0
where ¢() = ¢ (ngrn(X[l]/Za s 7X[m+n—1}/Z7 1)_1 - Cm+n>
k—m
< Z Z po(n,w) x Ez {EY|Z,N,w [d’()]} ,
n=0 w
where ¢() = & (Gmin(Y1/Z, ., Yonin1/Z:1) ™" = Cnin)
k—m
= 3 pe(n) x Bz {Byizn 1601},
n=0
k
<

S poln) x By, { By iy 001} -
=0

n

where ¢() = ¢ (gm-l-n(yl/y(m+n)a EE Ym-l-n—l/y(m+n)7 1)71 - Cm-i-n)



k—m

= Y po(n) X By vion [90] 5

n=0

where ¢() =¢ (Yv(m—ﬁ-n)/ngrn(Yv(l)? R Yv(m—&—n—l)7 Yv(m—&—n)) - Cm+n>
k—m
= Z pe(n) X a = «
n=0

The first inequality follows because Z/gm+n(X[1); -+, Xjmen—1], Z) > Cm+N 18
necessary for any false assertion to occur.

The second inequality follows from Lemma 1 and condition (i) of the theorem
because, for a given (Z, N,w), ¢() is a non-increasing function of X;/Z for each
i € w, which contains m+n—1 elements, each X;/Z (given X; < Z) is stochastically
smallest at ; = 0 by (i), the X;’s are independent, and ¢g() is exchangable.

The third inequality is a consequence of Lemmas 1 and 2 and condition (ii) of the
theorem, as follows. For a given (N, Z), and given Y; < Z fori=1,..., m+n —1,
¢() is a non-increasing function of the Y;/Z, which are independent, and which are
stochastically non-increasing in Z by condition (ii), so ¢() is stochastically non-
decreasing in Z by Lemma 1. Thus, Ey|z¢() is non-decreasing in Z. Since Z =

Y(m+n), the inequality follows from Lemma 2, O

Theorem 1 will now be shown to include the standard cases under normality.

Lemma 3 (Holm, Mark and Adolfsson [5], Wu and Wang [17]. Let Xg = |0 + Zo|
(a folded normal random variable) for Z ~ N(0,1) and o > 0 or let Xy = (0+ Z0o)?.
Then

(i) Xoc = Xg. for any 0 #0 and ¢ > 0, and

(ii) Xoq = Xoc for any d > ¢ > 0.

Corollary 1 Theorem 1 holds for X; = ]éz/al] or X; = (éi/ai)Q, if él,...,ék are
independent with 0; ~ N(0;,a20?), for known nonzero constants a;. (The critical

value ¢; corresponding to T; is obtained using independent folded standard mormal

or X3 random variables Y1,...,Y;.)

In the above corollary, the estimators 6; /a; ~ N (6;/a;, 02) are necessarily scaled

to have common variance, but testing 6;/a; = 0 is equivalent to testing 6; = 0.



The proof of Theorem 1 closely follows that of Theorem 1 of Holm, Mark and
Adolfsson [5], but our result enjoys advantages of generality, simplicity, and rigor.
Concerning generality, their result is for a specific method of analysis of absolute
normals, whereas the theorem here applies to a wide class of methods, as will be
demonstrated in Section 3, and under relaxed distributional assumptions. Con-
cerning simplicity, their method focuses and explicitly relies on the use of coverage
bounds for values in an ordered random sample, whereas the method here does not—
a conceptual simplification that greatly simplifies implementation. In addition, we
have made the proof rigorous.

Theorem 1 very much depends on the independence of the estimators, since
Lemma 1 does.

Theorem 1 also hinges very much on theorem conditions (i) and (ii). By Corollary
1, these conditions hold for absolute or squared normal estimates, scaled to have
common variance. It is natural to ask, for what other families f(x;60) of densities
with positive support do conditions (i) and (ii) hold. The following lemmas shed

some light on this question.

Lemma 4 Consider f(x;0), x > 0. If f(x;0)/f(x;0) is non-increasing in x for
each 0 # 0, then Xo. = Xg. for any constant ¢ > 0.

Proof. For X ~ f(z) with cdf F'(x), and for any constant ¢ > 0, X. ~ cf(cz)/F(c),
x > 0. Since f(z;0)/f(x;0) is non-increasing in = for each 6 # 0, it follows that
fe(;0)/ fe(x;0) is non-increasing in x for each 6 # 0, for f. the density of X.. The

result follows. O

So, a monotone likelihood ratio property for the family f(x;0) is sufficient for
(i) of Theorem 1. Unfortunately, as will be seen next, the corresponding sufficient

condition for (ii) is a density ratio property of the null distribution, not of the family.

Lemma 5 Consider X ~ f(x), x > 0. Any of the followings is sufficient for
Xod = Xoe for any d > ¢ > 0.

(1) f(dz)/f(cx) is non-increasing in x for any d > ¢ > 0;

(i1) cf’(cx)/ f(cx) is non-increasing in ¢ for all x.



Proof. Let f(z) and F'(z) denote the pdf and cdf of X, respectively, and f.(z) the
pdf of Xg.. Then fy(z)/fe(x) = [dF(c)/(cF(d)][f(dz)/f(cx)]. Hence, f(dx)/f(cx)
nonincreasing in x implies fq(z)/ fc(z) nonincreasing in z, so Xoq = Xy, establishing
(i)-

To prove (ii), consider r(x) = f(dz)/f(cx) for any d > ¢ > 0. Then r(x) is
nonincreasing for all d > ¢ > 0 if #/(x) < 0 which follows if ¢f’(cx)/f(cz) is non-

increasing in ¢ for all x. g

The following characterizes property (ii) of the theorem.

Lemma 6 Consider X ~ f(z), v > 0. Then Xoq < Xo. for any d > ¢ > 0 if and
only if F(cx)/F(c) is nondecreasing in ¢ for all 0 < z < 1.

Proof. The cdf of X, is F.(x) = F(cx)/F(c), for 0 < z < 1. O

In the next section, several step-down tests proposed in the literature, variations
on such tests, and iterative variations on other tests, are shown to strongly control

the familywise error rate as a consequence of Theorem 1.

3 Applications to specific iterative step-down tests

Many step-down procedures have been proposed in the literature for the analysis of
saturated or nearly saturated orthogonal designs, without a proof that they provide
strong control of the familywise error rate. Many of these, or applicable variations on
these, do provide strong control of the familywise error rate by virtue of Theorem
1, as noted in this section. To simplify the presentation in this section, consider

normally distributed estimators 6; ~ N(6;,02).

3.1 Tests of Zahn [19, 20] and Venter and Steel [11]

Iterative step-down methods based on either absolute estimates X; = |c9AZ| or squared
estimates X; = 0?2 were considered by Zahn [19, 20] and Venter and Steel [11].
Tests of Daniel [4] and Birnbaum [3] for the effect with largest estimate, if applied
iteratively, are special cases of the tests of Zahn [19, 20]. Each of these methods

10



uses test statistics of the form

T; = Xpy/ [Z ahiX[h]] :
h=1

for prespecified nonnegative constants ap; not all zero. In each case, the critical value
¢; for T; is obtained as the upper-a quantile of the null distribution of T; as a function
of only i independent folded standard normal or x? random variables Y7, ..., Y;. The
folded normal distribution is used for analysis of the absolute estimates X; = |91|

and the Chi-squared distribution for analysis of the squared estimates X; = 6712

Corollary 2 The iterative step-down tests of Zahn [19, 20] and Venter and Steel

[11] each provides strong control of the familywise error rate.

3.2 Tests of Voss [12] and Voss and Wang [14]

Voss [12] proposed a closed step-down procedure that simultaneously tests the hy-

potheses Hy; : 0; = 0,1 =1,2,... k, using for example the test statistics
14
(2) T; = Xp)/ lz X[h]/”]
h=1

for fixed v < k, using either absolute estimates X; = |0;| or squared estimates
X; = 9? Critical values for a closed step-down test depend on the distribution of
all k estimators whereas, as noted by Voss [12], the corresponding iterative test uses
sharper critical values ¢; that depend on the distribution of only 7 estimators. In

particular, consider the iterative step-down test using test statistics
vi

(3) T, = Xpy/ [Z X[h}/”i]
h=1

for prespecified integers v; < ¢ for ¢ = 2,...,k, where the critical value ¢; for T; is
obtained as the upper-a quantile of the distribution of T; = Y(;)/ [ZZ"ZI Yiny/ I/i:| as
a function of independent folden standard normal or x? random variables Y7, ..., Y;
as appropriate.

Voss and Wang [14] generalized the test of Voss [12] to include adaptive test
statistics. In particular, for each test statistic 7; in equation (2), the denominator

[Z%:l X/ I/} could be replaced by the minimum of multiple functions a; {Z}Vf: 1 X/ Vj}

11



indexed by j, for prespecified constants a; and integers vj. Voss and Wang [14]
showed that familywise error rate is still strongly controlled in this case. As a vari-
ation on this, consider the iterative, adaptive, step-down test obtained by replacing
the denominator of 7; in equation (3) by the minimum of multiple functions of the
form a;; [Z}Vgl X/ Vij} indexed by j, for prespecified constants a;; > 0 and integers

Vij S 1.

Corollary 3 The above iterative variations on the step-down tests of Voss [12] and

Voss and Wang [14] provide strong control of the familywise error rate.

3.3 Langsrud and Naes’ [6] test for nearly saturated designs

Langsrud and Naes [6] considered a similar iterative step-down test based on the
squared estimates X; = ézz but incorporating an independent estimator 62 = SSE/v

based on v error degrees of freedom. Their method uses test statistics of the form

)

Ti = X[z]/ [(ZZ X[h} + SSE) /(Vl + I/)

h=1

for prespecified value of v; < 4. Introducing the independent variance estimator
in the denominator of each test statistic introduces no technical difficulties with
respect to stochastic ordering. The critical value ¢; for T; is obtained as the upper-«
quantile of the null distribution of 7} as a function of i independent x? random

variables Y7,...,Y; and an independent variance estimator 62, where v62 /0% ~ x2.

Corollary 4 The iterative step-down test of Langsrud and Naes [6] provides strong
control of the familywise error rate.
3.4 A generalization of Holm, Mark and Adolfsson’s [5] test

In this paper we generalize the result of Holm, Mark and Adolfsson [5], who pro-
vided an adaptive step-down test based on the absolute estimates X; = |él| As we

interpret it, their method in essence uses test statistics of the form
(4) T; = Xp/ {1}}%1;1 ahiX[h]] ;

for prespecified constants ap; > 0; h=1,...,4; ¢ =1,..., k. The constants ap; are

implicitly determined in their method when they obtain coverage bounds for order

12



statistics of a random sample. Each gp;(X [+ X [i]) = ap; X[ in the denominator
of T; in equation (4) is an exchangable, nondecreasing function of (X, ..., X[;)), and
so is the minimum g;(Xpy, ..., X)) = ming<; gni(Xp), - -+, X}y)) of such functions,
used as the denominator of T;. They choose the constants ap; based on consideration
of one-sided coverage bounds for estimates, but that is beside the point here.

Using g;(X; - - -, X[j)) = minp<; api X |, makes the method adaptive, since which
order statistic X;) = X, yields the denominator ap; Xp,) of T; is random, depending
on the data. Wang and Voss [16] and Voss and Wang [14] made similar use of the
minimum function to establish adaptive confidence intervals and step-down tests,
respectively, providing strong control of familywise error rates. By this approach,
one can generalize the method of Holm, Mark and Adolfsson [5] as follows. Consider
as test statistics
(5) T; = Xp/ ,{reliHnighi(XU]"”’X[i]) ;
where H; is the index set for a collection of functions for each ¢, and each gy, is of the
form gp;(Xp1), ..., X)) = Z§:1 api; X[;) for nonnegative constants ap;; not all zero
for each hi. This extension allows the denominator to involve linear combinations
of the X|; rather than simply a multiple of one of these.

In each of these variations, the critical value ¢; for T; is obtained as the upper-a
quantile of the null distribution of T; as a function of ¢ independent folded standard
normal random variables Y7,...,Y;. Alternatively, one could use the squared esti-
mators X; = 0? to compute the test statistics, in which case the critical value ¢;

would be computed from independent x? random variables Y7, ..., Y;.

Corollary 5 The generalization of the iterative step-down test of Holm, Mark and

Adolfsson [5] in equation (5) provides strong control of the familywise error rate.

3.5 Iterative Lenth-like tests

Lenth [8] provided a “quick and easy” adaptive method of analysis of unreplicated
factorials that has spurred great interest in adaptive methods of analysis of such
designs. Using the absolute estimates X; = |0Al|, Lenth’s method is as follows. First
compute an initial estimate of o as 69 = 1.5 X median {Xj,..., Xx}. Then obtain
a second, adaptive estimate as 6 = 1.5 x median{X; : X; < 2.56¢}. Approximate

inferences are based on (éz —0;)/6. Ye, Hamada and Wu [18] proposed applying

13



Lenth’s [8] method stepping down iteratively. It remains an open problem to show
that either Lenth’s [8] method or the variation of Ye, Hamada and Wu [18] provides
strong control of the familywise error rate, because of the non-monotone way in
which their denominators are adaptive. However, consider applying the iterative
step-down test of Section 2 as follows.

Use as test statistics
T = Xm/ [1.5 x median {X[1]7 ceey Xm}] .

Obtain the critical value ¢; for T; as the upper-a quantile of the null distribution of T;

as a function of ¢ independent folded standard normal random variables Y7,...,Y;.

Corollary 6 The above iterative step-down test, a variation on Lenth’s [8] adaptive

test, provides strong control of the familywise error rate.

One would anticipate this variation to have similar operating characteristics to
the methods of Lenth [8] and Ye, Hamada and Wu [18], but with the additional
guarantee that the familywise error rate is strongly controlled. One could say that
iterating a non-adaptive method makes it adaptive, since any very large effects are
highly likely to be asserted nonzero, in which case they would have no impact on

the analysis of the other effects.

4 Closing remarks

Recently Holm, Mark and Adolfsson [5] provided the first iterative step-down test
for analysis of orthogonal saturated designs with a proof that the familywise error
rate is strongly controlled over all parameter configurations. Using an essential as-
pect of their technical approach, we have established strong control of the familywise
error rate for a large class of iterative step-down tests, including a generalization
of the Holm, Mark and Adolfsson [5] test, a number of other iterative step-down
tests proposed in the literature, and variations on other multiple tests proposed in
the literature. While the results presented here generalize those of Holm, Mark and
Adolfsson [5] to a much broader class of test statistics, this is achieved without the
explicit consideration of coverage bounds that seems fundamental to their method-

ology, providing a simplification of both the theory and the implementation. The

14



results also apply to certain step-down tests for the analysis of nearly saturated

designs. Furthermore, the usual normality assumption has been relaxed.
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