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Abstract For the regression parameter Sy in the Cox model, there have been sev-
eral estimators constructed based on various types of approximated likelihood, but
none of them has demonstrated small-sample advantage over Cox’s partial likelihood
estimator. In this article, we derive the full likelihood function for (g, Fp), where Fy
is the baseline distribution in the Cox model. Using the empirical likelihood param-
eterization, we explicitly profile out nuisance parameter Fy to obtain the full-profile
likelihood function for Sy and the maximum likelihood estimator (MLE) for (8o, Fo).
The relation between the MLE and Cox’s partial likelihood estimator for Sy is made
clear by showing that Taylor’s expansion gives Cox’s partial likelihood estimating
function as the leading term of the full-profile likelihood estimating function. We show
that the log full-likelihood ratio has an asymptotic chi-squared distribution, while the
simulation studies indicate that for small or moderate sample sizes, the MLE performs
favorably over Cox’s partial likelihood estimator. In a real dataset example, our full
likelihood ratio test and Cox’s partial likelihood ratio test lead to statistically different
conclusions.
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1006 J.-J. Ren, M. Zhou

1 Introduction

Since Cox (1972), the following Cox’s proportional hazards regression model has
become one of the most widely used tools in analyzing survival data:

Mt; 7) = ho(r) exp(z” Bo), (1)

where Z is a p-dimensional vector of covariates, By is the regression parameter,
and A(t; z) is the conditional hazard function of continuous random variable (r.v.)
X given Z = z with Ag(¢) as an arbitrary baseline hazard function. Suppose that
X1, Z1), ..., (X,, Z,) is arandom sample of (X, Z), and the actually observed cen-
sored survival data are

(Vlaalvzl)s(v27829 Z2)s--~,(Vn78nvZn)v (2)

where V; = min{X;, Y;},6; = I[{X; < Y;}, and Y; is the right censoring variable
with distribution function (d.f.) Fy and is independent of (X;, Z;) or independent of
X; given Z = Z;. Then, Cox’s partial likelihood estimator 30 for Bo is given by the
solution of equations:

0, (B)=n"" D5 =0, 3)

i=1

, _ Zi= Vi 2 VilZ jexp(ZjP)
LY IV = Vikexp(Z1B)

see Tsiatis (1981). In the past few decades, BC has been considered as the standard
estimate for By in statistical literature. Efficiency properties of ,éc were discussed
by Efron (1977) and Oakes (1977). In particular, Efron (1977) examined the com-
plete likelihood function that is parameterized through baseline hazard function Ay (z)
in (1), and showed that Cox’s partial likelihood function contains nearly all of the
information about o, and S is asymptotically efficient. Using the counting process
approach, the books by Fleming and Harrington (1991), and Andersen etal. (1993)
give a complete treatment of asymptotic theory and include many relevant references.
We also refer to Cox and Oakes (1984), Therneau and Grambsch (2000), Kalbfleisch
and Prentice (2002) for more discussions and references on the developments of the
Cox model.

However, as pointed out in Cox and Oakes (1984, page 123), the efficiency results
on ,éc are only asymptotic, and for finite samples the loss in precision from using the
partial likelihood can be rather substantial. It is well known and confirmed clearly by
our simulation results (some of which are presented in Sect. 3) that the loss of effi-
ciency can occur when, among other possible situations, the sample size is small or
moderate, or By is far from 0. For instance, the numerical results presented in Table 1
of Kay (1979) show up to 18% loss of efficiency for By = 0.5 with rather large sample
size n = 1000. It is also well known that in medical clinical trials, the sample size of
survival data is often small or moderate. In literature, there have been some estima-
tors for Bo constructed based on various types of approximated likelihood, viz., the
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Full likelihood inferences in the Cox model 1007

likelihood by grouping continuous model Kalbfleisch and Prentice (1973), the likeli-
hood by discretizing the continuous Cox model Bailey (1984), etc. But none of these
estimators has demonstrated small-sample advantage over Cox’s partial likelihood
estimator BC. With these in mind, a natural question would be: Does the actual max-
imum likelihood estimator (MLE) for Sy (i.e., the MLE based on the exact complete
or full likelihood) perform better for small or moderate samples? We do not know the
answer to this question because up to now the actual MLE has not been given in the
literature.

Using Poisson process arguments and parameterization via baseline hazard Ao(¢),
Efron (1977) showed that the complete or full likelihood function can be expressed
as the product of Cox’s partial likelihood function and a factor which involves both
B and observed data; see equation (3.10) of Efron (1977). This means that for finite
samples, the inference based on the partial likelihood is not based on all the observed
data in the sense that the partial likelihood is not the likelihood of observed sample (2);
see discussions on page 559 of Efron (1977). But, in Efron’s formula it is not obvious
how to profile out nuisance parameter Ao(#) in order to obtain the actual MLE for Sy.

In this article, we derive the full likelihood function for (Bg, Fp) in Cox model (1)
with survival data (2), where Fy is the baseline distribution corresponding to baseline
hazard function Ao (). Using the empirical likelihood parameterization (Owen 1988),
we explicitly profile out nuisance parameter Fy to obtain the full-profile likelihood
function for By as well as the actual MLE for Sy.

Note that the key to achieving our results here is the combination of utilizing the
Lehmann family properties and the empirical likelihood techniques. Although Cox’s
partial likelihood has been carefully studied in the past 35 years, the Lehmann family
properties have not been used to derived the exact full likelihood function for the con-
tinuous Cox model (1). The empirical likelihoods have had a long history in survival
analysis. Since Owen (1988), empirical likelihood has been developed as a powerful
nonparametric inference approach, and many authors have applied it in survival anal-
ysis; see Owen (2001) and a review paper by Li et al. (2005) for detailed descriptions
and many references on this topic. As reviewed in Li et al. (2005) for works on the
Cox model with right censored data, Pan (1997) obtained an approximated empirical
likelihood function for (Bg, Ag) in the Cox model (1), where A is the cumulative
hazard function of Ag. By discretizing A, she showed that nuisance parameter A is
profiled out via the Breslow estimator (Breslow 1974), and the resulting profile like-
lihood function for By is the Cox’s partial likelihood. This result was also obtained in
Murphy and van der Vaart (2000), who referred their approach as empirical likelihood
due to the use of point masses on the hazard function. However, one of the unsatisfac-
tory features of the Breslow estimator is that the estimated hazard masses can exceed 1
(Kalbfleisch and Prentice 2002, pages 116—117), in turn, the corresponding estimator
for Fy can have negative values; see formula (2.10) on page 15 of Cox and Oakes
(1984) for discrete distributions. Different from these existing works, our approach
is based on the full likelihood function for (Bgy, Fp) in Cox model (1), which, when
profiling out the nuisance parameter F by discretizing, is different from the likelihood
function parameterized via (B¢, Ag). And our resulting MLE for Fj is always a proper
distribution function with values between 0 and 1, while our resulting MLE for Sy
show favorable simulation performances over Cox’s estimator 36.
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1008 J.-J. Ren, M. Zhou

The main materials in this article are organized as follows. Section 2 derives the full
likelihood function for (By, Fy) and the MLE (B,, F},) for (Bo, Fy), where the relation
between 3,1 and ﬁc is made clear by showing that Taylor’s expansion gives Cox’s partial
likelihood estimating function ¢, (8) as the leading term of the full-profile likelihood
estimating function v, (8). Section 2 also shows that the log full-likelihood ratio has
an asymptotic chi-squared distribution. Section 3 discusses computational issues and
treatment of ties, and presents some simulation results which show that the MLE ﬁ,,
performs favorably over ﬁc for small or moderate sample sizes, especially when Sy is
away from 0. In Sect. 4, we discuss a real dataset example, which demonstrates that in
practical situation our full likelihood ratio test and Cox’s partial likelihood ratio test
may sometimes lead to statistically different conclusions. Some concluding remarks
are included in Sect. 5.

The findings in this article suggest that the MLE is preferred over Cox’s partial like-
lihood estimator when sample size n is small or moderate. This should not be a surprise
since the MLE is based on all the observed data in the sense that it is based on the exact
full likelihood of observed sample (2). In contrast, Bailey’s estimator Bailey (1984) is
based on an approximated likelihood function obtained by assuming a discrete base-
line distribution Fy (despite the fact that the Cox model assumes a continuous Fj for
continuous lifetime variables), thus his estimator is different from our actual MLE ,3” s
and more importantly ‘numerical studies suggest no small-sample advantage’ (Bailey
1984, page 734). Our other appealing findings here include: (a) Wilk’s theorem holds
for the log full-likelihood ratio of By; (b) the full likelihood function leads to the MLE
jointly for (Bo, Fo); (c) the computation for the MLE Bn is only slightly more com-
plicated than Cox’s partial likelihood estimator 3c; (d) our method can be extended
to deal with other types of censored data. The result of Wilk’s theorem is of interest
here because it has been established generally for parametric full likelihoods, but not
generally for nonparametric or semiparametric full likelihood functions, while the Cox
model (1) is a semiparametric model. The last point (d) is of particular interest because
it is well known that the counting process approach is applicable to right censored data,
but not complicated types of censored data, such as doubly censored data (Chang and
Yang 1987; Gu and Zhang 1993), interval censored data (Groeneboom and Wellner
1992), etc. However, the extension to other types of censored data requires additional
and non-trivial work which will not be considered in this current paper.

While the main focus of this paper is the estimation of By with small or moderate
sample size n, it is worth noting that the MLE F,, for baseline distribution F does not
require any extension or approximation of the continuous proportional hazard model
to discrete data; rather it is based on the full likelihood function with restriction of
all possible candidates for the MLE of Fj to those distribution functions that assign
all their probability masses to observations V;’s and interval (V(;), c0). In contrast,
there have been some competing methods to estimate Fy(¢) or the cumulative baseline
hazard function A¢(¢) that require the use of discrete logistic model (Cox 1972), or
grouping continuous model (Kalbfleisch and Prentice 1973), or discretizing contin-
uous proportional hazard model to have approximated MLE (Breslow 1974) in the
context of counting process (Andersen and Gill 1982), etc. For detailed discussions
and more references, we refer to Andersen etal. (1993, Section IV.1.5) and Kalbfleisch
and Prentice (2002, page 143).
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Full likelihood inferences in the Cox model 1009

2 Maximum likelihood estimators

For simplicity of presentation, this section considers the case that covariate Z is a
scaler rather than a vector, i.e., p = 1 in (1). The generalization of our results to
multivariate case with p > 1 is straightforward and is summarized at the end of this
section.

To derive the full likelihood function for (Bp, Fp), we notice that under the assump-
tion of Cox model (1), each X; has a d.f. that satisfies the following Lehmann family
properties (Kalbfleisch and Prentice 2002, page 97):

F(t|Z) =[Fo)] & ft|Z) = ci fy(O[Fo)]", “)

where ¢; = exp(Z; B) with 8 = B, Fo(t) = [1— Fy(t)] and F (t|Z;) is the conditional
d.f. of X; given Z = Z;, while f(t|Z;) and f, (¢) are the density functions of F'(¢ | Z;)
and Fy(t), respectively. We also notice thatif g (v, § | z) represents the conditional p.d.f.
of (V;, 8;) given Z; = z for survival data (2), we have g(v, 1 |z) = f(v|z) Fy (v) and
g,0|2) = fY(v)F(vlz). Thus, under the Cox model (1) with right censored sur-
vival data (2), the likelihood function of (V;, §;) given Z = Z;, 1 <i < n, is given
by

n

[Tevi iz =TT (F 120 Fr(v)” (7, (VO F(vi1Z) ™

i=1 i=1
which under (4) is proportional to

[Tz (Foizo) ™ = [T ()" (Fov)™™.

i=1 i=1

Hence, the full likelihood function for (8y, Fp) in Cox model (1) with data (2) is given
by

n
- i —0i
LB, F) =[] cidFvi)’ (F(v))" ™, )
i=1
where ¢; = exp(Z;B). To profile out nuisance parameter Fj, we, without loss of
generality, assume that there are no ties among V;’s with Vi < ... < V, (see

Sect. 3 for treatment of ties), and we use the empirical likelihood parameterization
(Owen 1988; Shorack and Wellner 1986). That is, we restrict all possible candi-
dates for the MLE of Fj to those d.f.’s that assign all their probability masses to
points V;’s and interval (V,,, o), which writes the full likelihood function (5) as fol-
lows:

n s n+1 ¢i=i
LB F)=]](cp)" | D p, : (6)
i=1 j=i+1
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1010 J.-J. Ren, M. Zhou

where p;, = F(V;) = F(Vi—) for1 <i <n;0 < p, ., < 1is the probability mass
of d.f. F on interval (V,, 00); and we have F(x) = > " p,I{V; < x} satisfying
Z?:ll p, = L.

Denoting d; = ¢; + - - - + ¢, we show in the Appendix that for any fixed value g
satisfying ¢, > 1, likelihood function L(B, F) in (6) is maximized by:

1—ﬁ”(z)=Hdi_8". (7

Vi<t

In (6), we replace F by F),, then from the proof of (7) given in the Appendix (see
Eq. (14)), we obtain the following full-profile likelihood function for By:

AN S A L (di =8\
) () i)

i=1

where £.(B) =[]}, (ci/ di)% is the Cox’s partial likelihood function. Thus, the MLE

for By is given by the solution B, which maximizes the value of £(8), and consequently
F, in (7) with B replaced by B, is the MLE for Fo.
Differentiating log £(8), algebra shows that 8,, should be a solution of equation:

d - di —1
w,,(mzn—lﬁ(loge(m):n—lzai(zi+e,-log y )zo, ©

i=1 i

where ¢; = Z?:i Zjcj, ¥, (B) is the full-profile likelihood estimating function, and

from (8), log 0 is set to O whenever it occurs. To compute B"; the Newton—Raphson
method may be used with Cox’s partial likelihood estimator S, as the initial value.

Remark 1 On Condition ¢, > 1: Throughout this section so far, all arguments require
cn > 1 for any fixed 8, which ensures that for fixed 8: (a) Full likelihood function
L(B, F) in (6) has a finite maximum value; (b) ﬁ,, given by (7) maximizes L(8, F)
and is a proper d.f. with all terms on the right-hand side of equation between 0 and 1,
because d; > ¢, > 1 forall 1 <i < n. These clearly are crucial reasons for having
a well-defined full-profile likelihood function £(8) as well as a well-defined MLE for
Fy. Note that the requirement of ¢, > 1 for any positive or negative § is equivalent
to requiring Z,, = 0. Thus, in practice and for the rest of this paper, the natural way
to handle this is to adjust Z; to. Z,- =Z7Z; —Z,,1 < i < n, which rewrites model
(1) as A(t; Zi) = Apgn(t) exp(Z;B) with Ag (1) = Ao(?) exp(Z,B). In (6)-(9), we
replace Z; and ¢; by Zi and ¢; = exp(Z B), respectively, then we have ¢, = 1 for
any B; the solution of (9) gives the MLE for fy, still denoted as Bn; and the resulting
estimator in (7), still denoted by ﬁn, is the MLE for [Fo(t)]ez"ﬁ, thus the MLE for

Fo(1) is given by [F}, (t)]efz"ﬂ". Our extensive simulation studies show that such a
treatment on condition ¢, > 1 gives excellent performance on the resulting MLE Bn
and the Newton—Raphson algorithm. In particular, ¢, = 1 for any positive or nega-
tive B plays a crucial role for stable performance of the Newton—Raphson algorithm,
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Full likelihood inferences in the Cox model 1011

because Z,"s in Eq. (9) ensure c?l- > 1 forall 1 < i < n and for any positive or
negative 8. Finally, we note that adjusting Z; to Zi =Z;—Z,,1 <i < n,does
not change the Cox’s partial likelihood function £.(8) in (8), thus does not affect 3,3,
because £, (8) = [/, (ci/di)% =[]/, (& /d;)% and the partial likelihood estimating
function in (3) satisfies

_ e; _ ~
@, (B)=n" @(logﬁ(ﬂ))—nlgé( )— 128(2——)
(10)

vyhere di=¢ +-+¢ and & = Z;¢i + et ZuCn. The uniqueness of the MLE
B, and further rationale for using the given Z; is discussed in Remark 2.

Interestingly, by Taylor’s expansion we show in the Appendix that the MLE By is
linked with Cox’s partial likelihood estimator . by the following:

logn
I/fn(ﬁ)=<p,,(/3)+0p( " ) (11

where ¢, (8) is the partial likelihood estimating function in (10). Further, Wilk’s the-
orem on the log full-likelihood ratio is established below with proof given in the
Appendix.

Theorem 1 Assume (11) and assume the regularity conditions on Cox model (1)
(Andersen and Gill, 1982). Then, Ry = —210g[£(Bo)/£(Bn)] converges in distribu-
tion to a chi-squared distribution with 1 degree of freedom as n — oo.

Remark 2 Uniqueness of the MLE Bn: To further understand the rationale of using
Z,' =Z;—Z,,1 <i < n, as suggested in Remark 1, we assume that the parameter
space for B satisfies || < M| < oo for some constant M7, and that the covar-
iate variable Z has a finite support. Then, there exists a constant 0 < M < oo
such that we always have |Z;8| < M for 1 < i < n and any || < M, and
we can rewrite Cox model (1) as A(t; z) = Ay (1)e?P™ for Ay (1) = e Mrg(1),
which gives C; = eMe, = eZiPtM > {1 foralll <i < n and for any |B| < M;.
With these C;’s, the arguments in (6)—(8) show that Eq. (9) becomes ¥ ,(B) =

_12118(Z+Elog Ll =0 with Dy = 3, Cjand E; = 31_; Z,;Cj, the

resulting estimator FM,n by Eq. (7) is the MLE for [ Fy (t)]efM ,and Eq. (11) holds for
Yu . (B) for fixed M as follows:

logn
Ymn(B) =¢,(B)+ O0p (T) ., asn— o0 (12)

where ¢, (B) is given by (10). The solution of equation ¥y ,(8) = 0 gives an MLE
ﬁM,n for Bp. Thus, the MLE for By depends on the choice of M; in turn, it is not
unique due to the Cox model assumption (1) itself, which allows the use of an arbi-
trarily large enough constant M in the way described above. On the other hand, by
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1012 J.-J. Ren, M. Zhou

Taylor’s expansion and a proof similar to that for (11), we can show that for any given
survival sample (2),

Uman(B) =¢,(B) +o(l), asM — oo (13)

where o(1) is uniformly for 8. Equations (12)-(13) together explain why the Cox’s
partial likelihood estimator B has the well-known good asymptotic properties, despite
it is not the actual MLE. With (13) in mind, in practice we should choose M consid-
ering the following two factors: (i) When Z, 8 > 0, choose M = 0, i.e., if Z,8 > 0,
we have ¢, > 1, thus there is no need to use M; (ii) When Z, 8 < 0, choose a small
M > 0 to have C, > 1, because a large M > 0 implies I:“M,n(t) = [Fo(t)]efM ~ 1
and ¥y, (B) = ¢, (B). Hence, in practice we use the smallest M > 0 under condition
C, = e?PT™ > 1 for any |B| < M, and such an M is given by M,, = min{M >
01Z,8+M >0} =—-2,81{Z,B < 0}. Thus, for positive covariates Z;’s, we should
use M, = 0if g > 0; M, = —Z,pB if By < 0. Since in practice the true value of
Bo is unknown, we always use M,, = —Z, B (unless there is evidence for Z, Sy > 0),
which gives Z; 8 + M,, = Z; B as suggested in Remark 1. In conclusion, the MLE for
Bo in the Cox model (1) is generally not uniquely defined; but it is uniquely defined
under assumptions: (a) we know nothing about the true value of By; (b) ¢, = ‘b > 1
for any positive or negative § to ensure a well-defined full-profile likelihood function
£(B) in (8). And such unlque MLE is given by the /3,, in Remark 1. Note that under
Remark 1, the MLE ﬁn is uniquely well defined as a solution of Eq. (9) with Z;’s in
the places of Z;’s, and Eq. (11) and Theorem 1 hold with Z;’s in the places of Z;’s.

Remark 3 p-Dimensional Z;: If Z; and By are p-dimensional vectors with p > 1
in (1)-(2), with minor modifications in the derivations and proofs we have that
(6)—(11) and Remarks 1-2 hold, where with ¢; = exp(Zl.T,B), e;and Z; = Z; — Z,, are
p -dimensional vectors, and (9) has p equations. Moreover, a minor modified proof of
Theorem 1 shows that Ry converges in distribution to a chi-squared distribution with
p degrees of freedom.

3 Simulations and treatment of ties

This section first presents some simulation results to compare the MLE B, with Cox’s
partial likelihood estimator B for the case without ties among V;’s in (2). Then, we
discuss how to handle ties among V;’s, and present some simulation results to compare
,3,, with Efron’s estimator ,3 g. In all our simulation studies, ,3,, is calculated using the
Newton—Raphson method with ,éc or ,3 g as the initial value. Routines in FORTRAN
for computing B, are available from the authors.

3.1 Without ties among V;’s in (2)
Let Exp(u) represent the exponential distribution with mean w, and U(0, 1) the uni-

form distribution on interval (0, 1). In our simulation studies, we consider Fy =
Exp(2) as the d.f. of the right censoring variable Y;, Fz = U(0, 1) as the d.f. of Z, and
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Full likelihood inferences in the Cox model 1013

Table 1 Comparison between ;§c and /§,,

Sample size  Parameter

Bo=1 Bo=0 po=-1

Ave. ,35 Ave. /§n Ave. ,35 Ave. Bn Ave. ,35 Ave. /§n
n=15 1.145 (1.42) 1.042(1.36) 0.020 (1.47) 0.016(1.41) —1.120(1.72) —1.062 (1.66)
n =20 1.116 (1.13) 1.035(1.09) 0.052(1.23)  0.047 (1.16) —1.112(1.44) —1.060 (1.39)
n =730 1.081 (0.85) 1.018 (0.83) 0.013(0.93)  0.009 (0.89) —1.066 (1.04) —1.018 (1.02)
n =150 1.036 (0.64) 0.988 (0.63) 0.003 (0.68) —0.001 (0.66) —1.020(0.74) —0.986 (0.74)
Censoring % 23.7% 33.4% 45.4%

Table 2 Comparison between ﬁc and ﬁ,, (Bo = —2, n = 15, censoring percentage = 57.0%)

Simulation Simulation Simulation
Estimator mean (SD) relative bias relative MSE
/§L- —3.403 (11.518) 0.702 33.658
ﬁn —2.828 (5.932) 0.414 8.969

Fx|1z = Exp(e‘zﬁo) as the conditional d.f. of X given Z; thus (X, Z) satisfies the Cox
model (1) with regression parameter fy and baseline d.f. Fp = Exp(1). For each case
of Bop = 1,0, —1, we generate 1000 samples with sample size n = 15, 20, 30, 50,
respectively, and for each n Table 1 includes the simulation average of ,éc and ﬁn
with the simulation standard deviation (SD) given in the parenthesis next to them,
respectively. The censoring percentage in each case is also reported in Table 1.

Table 1 clearly shows that the MLE B performs better than Cox’s partial likelihood
estimator /i. for small or moderate sample sizes when B is away from 0. For instance,
the loss in precision for fp = =£1 with, say, n = 15 is reflected by the simulation
Mean Square Error (MSE). Simple calculation gives that when By = 1, the simulation
MSE is 2.037 and 1.851 for B. and B, respectively, yielding 1.851/2.037 = 90.9%
(such ratio is 92.2% for n = 20), while when Sy = —1, the simulation MSE is 2.973
and 2.759 for /§C and ,(9,1, respectively, yielding 2.759/2.973 = 92.8% (such ratio is
92.7% for n = 20). The loss in precision for ,30 shows even more obviously when
we use fBg = 2, £3, ... in simulation studies of Table 1. To illustrate, we include
results for By = —2 with sample size n = 15 in Table 2, where Relative Bias is
|(/§ — Bo)/Pol, Relative MSE is E [(,3 — Bo)/Bo)? and the censoring variable is still
Exp(2). Note that in Table 2, the ratio of simulation relative MSE for ,én and BC is
8.969/33.658 = 26.6%. Also, note that with fixed censoring variable Exp(2), the cen-
soring percentage increases as we choose a smaller and smaller By; thus our extensive
simulation studies include cases with much higher censoring percentages than that
shown in Table 2, and the results are similar to what’s presented here.

Finally, although not presented here, our simulation studies also show that the MLE

oZnb

ﬁn given in (7) provides a very good estimate for 1 — [Fo(0)] ; see Remark 1.
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1014 J.-J. Ren, M. Zhou

3.2 With ties among V;’s in (2)

Let Wi < --- < W, be all the distinct observations of V; < --- < V,,, where m < n,
and for those tied Vs, the uncensored V;’s are ranked ahead of the censored V;’s. If we
have, say, V| = V, = V3 = Wy with §; = §, = 1, §3 = 0, then by Efron’s estimation
(see Therneau and Grambsch 2000, pages 48—49) d;’s in Cox’s partial likelihood func-
tion£.(B) in (8) are modifiedas d; = ci+cr+- - -+cy, do = (c1+¢2)/2+c3+- - +cp,
dz = c3+ -+ + ¢y, etc., which give Efron’s estimator 3 . The idea of this Efron’s
estimation is that since the ties are caused by rounding errors in practice and we do
not really know if it in fact is V| < V5 or V, < V| (which affects the values of d; and
d>), we take ‘average’ to modify d;’s in £.(B); see Therneau and Grambsch (2000). In
our full-profile likelihood function £(8) given in (8), we face the same problem with
d;’s when there are ties among V;’s; thus Efron’s estimation for d;’s is applicable in
£(B) for the same reason as for £.(8). Hence, applying these Efron’s modified d;’s in
(8)-(9), the MLE for By when there are ties among V;’s is given by the solution of (9),
still denoted by B,,.

Some simulation results are presented in Tables 3 and 4 to compare the MLE ﬁn
with ,3 . In these simulation studies, we consider n = 15, Fy =Exp(2), and Fy|z =
Exp(e’zﬁ"), and we create ties among V;’s as follows: compute 7, = V| + E(Vn -V
forO <k <n+l,andsetV; = tx111f Vi € [#, tr+1), whichrepresents rounding errors
in practice that cause tied values among V;’s. Table 3 includes the simulation results
based on 1000 samples with Fz = U(0, 1) for Bp = —2 and By = 2, respectively,
and reports the average number m of distinct V;’s. Table 4 includes results of the same
simulation studies with Fz =Exp(1) for Bo = —0.75 and By = 0.75, respectively.

Overall, Tables 3 and 4 show that the MLE ,3,1 performs favorably. In particular,
note that in Table 3, the ratio of simulation relative MSE for Bn and ,3 E 18

Table 3 Comparison between ﬁ E and ﬁn

Fz =U(@,1) Estimator Simul. mean (SD) Rel. bias Rel. MSE Ave. m
Bo=—-2 /§E —3.025 (9.044) 0.513 20.711 8.3
Censoring: 57.0% /§n —2.662 (5.541) 0.331 7.785 8.3
Bo=2 ,35 2.167 (1.349) 0.084 0.462 7.8
Censoring: 16.8% ﬁn 2.013 (1.329) 0.007 0.442 7.8

Table 4 Comparison between ;§ E and ;§,,

Fz =Exp(l) Estimator Simul. mean (SD) Rel. bias Rel. MSE Ave. m
Bo = —0.75 BE —1.115 (2.490) 0.487 11.259 8.2
Censoring: 50.4% Bn —1.029 (1.602) 0.372 4.701 8.2
Bo=0.75 Br 0.749 (0.435) 0.001 0.336 7.9
Censoring: 20.9% ﬁn 0.713 (0.428) 0.049 0.328 7.9
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Table 5 Stanford heart transplant data

Data information Estimator p-Value
Observations used n Censored obs. /§C f}n Wald test PLR test FLR test
No. 76-100 25 8 0.367 0.397 0.063 0.056 0.038
No. 50-100 51 23 0.153 0.149 0.050 0.045 0.049

7.785/20.711 = 37.59% for By = —2, while in Table 4, such ratiois 4.701/11.259 =
41.8% for By = —0.75.

4 Data example

We consider the Stanford Heart Transplant data set (Escobar and Meeker 1992; it
is available in R library with file name ‘stanford2’), where Z is the age of a patient
and X is the survival time subject to right censoring. To see that different likelihood
ratio tests can lead to different conclusions in practice for smaller data sets, we use
observations number 76—100 and observations number 50-100, respectively, to test
Ho : Bo = 0 versus Hy : Bg # 0 using Wald test, the partial likelihood ratio (PLR)
test and our full likelihood ratio (FLR) test according to Theorem 1. The results are
summarized in Table 5, which show that PLR test and FLR test have statistically dif-
ferent conclusions for sample size n = 25 when 5% is used as the test significance
level.

Of course, the point of this example is not to say that the FLR test is always more
efficient than the PLR test; rather it demonstrates the fact that in practical situations
FLR test and PLR test may sometimes lead to statistically different conclusions for
small or moderate samples. This, along with the simulation results in Tables 1, 2, 3
and 4, indicates that the full-likelihood inferences for the Cox’s model developed in
this article are worth further examination and consideration.

5 Concluding remarks

We have derived the full likelihood function for (8y, Fp) in the Cox model (1) with right
censored survival data (2), and have derived joint MLE (,é,,, ﬁn) for (Bo, Fo), where
Ey, is always a proper distribution function. While our simulation studies indicate
that for small or moderate sample sizes the MLE ,3,1 performs favorably over Cox’s
partial likelihood estimator /§C, the theoretical estimation bias of our MLE ,3” in com-
parison with that of the Cox’s estimator ﬁc is to be investigated in a forthcoming
paper.

A preliminary version of the R-code that computes the multivariate p -dimensional
MLE B, and related quantities has been developed, and is now available at the fol-
lowing link: http://www.ms.uky.edu/~mai/Rcode/PHreg.fit.R.txt. Although the code
needs to be further refined for publication quality, the computations we have conducted
so far show that the algorithm is stable for the multivariate setting.
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Appendix
Proof of (7) Leta; = p,/b; and b; = Z"H p;- Then, we have

by =1, bpr1=p,, s bit1=0bi—pi), (1—a;)=Dbit1/bi.
From [[/_, (1 — a;) = by and from

- n—h;
[J@)a—an " = (H(a,)")l_[ (il)

i=1 bi

(H(ai)cf') b )" O T T,
i=1

i=1

where hj = c; +---+c;andc =n""! ZLI ¢i, we can rewrite (6) as

n " Ny (1 —a\57%
LB, F) =[] (cip)¥ i — p)i~% = (H (ci)” (p,-)")H( a‘a )
i=1 l

i=1 i=1

_ (H () (p )) [Tz @)’ (1 — a2 Ccrttel
= i i n - i
i=1

[T72 (@i (1 — a;)lr=(ertteil

= ﬁ(c)‘”(p joi Y iz @)’ (1 —apt 2 er o)
R (bn)" O [T ()"

= H(ciai)‘s"(l R (14)

i=1

From the 1st and 2nd partial derivatives of log L with respect to a;’s, we know that
the solution of equations d(log L)/da; = 0 is given by a; = 8;/d;, 1 < i < n, and
it maximizes L (B, F)) under conditi_on cn > 1. Hence, (7) follows from noting that
the p.’s corresponding to g;’s give F 2() = HVist(l — a;) and that condition ¢, > 1
implies all 0 < a; < 1. O

Proof of (11) From Remark 1, we give the proof for v, (8) in (9) with Zl- =7Z—Z,,
1 < i < n, assuming that || < Mg < oo and Z has a finite support. From ¢, =
1,Z, =0, Eq. (10) and Taylor’s expansion, we have in (9),

n—1
I/fn(m—n-lZSZ—anfSel(f 25) ¢2(B) = 5Ra, (15
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where R, = n~'>"7](8:¢)/&? with & between d; and (d; — 1). From (I —
1/47,1,])_1 =1+ 1/¢y,—1) and m; (B) = min{Zj,B |i < j < n}, the proof follows
from

-1

le;] le: le;
R,| < -y — < -
Rl =5 Zl: d; —1)2 Zdz(l 1/d)2 Z d? (l—l/dn D2
n—1
< 0, max |Z] _ exp(—m;(B)) _
Isizn = exp(Zif —mi(B)) + -+ +exp(Z,p — mi(B))
n—1
1 1 _ logn
< 0,@n )g—n_iH_OP( - ) (16)

O

Proof of Theorem 1 From Remark 1, we give the proof for £(8) in (8) and ¥,,(8) in
) with Z; = Z; — Z,,1 <i <n, which implies &, = 1 and Z, = 0. Applying
Taylor’s expansion on log £(8) at point ,3n, we have that from (9) and ¥, (8,) = 0,

N ~ 2
Ro = —nv, (€)(Bo — fu)® = —v, (&) [V (B — Bo) | . (17)

where & is between f, and So. From (11), we know that </ (B, — Bo) and /n(Be — Bo)
have the same limiting distribution N(O, o2) for some constant 0 < o2 < oo. It suf-
fices to show that —% (€) converges to 1 /a2 in probability as n — oo.

From Taylor’s expansion, ¢, = 1, Z, = 0 and (10), we have that in (9)

1
= —<p; B+ ERl,n — Ry, (18)

where Ry, = n~! 372\ 8:(dé;/dB)/€? and Ry, = n~' Y1 8:82/(din?) with &
and n; between Ji and (&i — 1). Applying the argument in (16) to R; , and Ra ,,
respectively, we obtain —y/’ (8) = —¢/ (B) + Op((logn)/n). The proof follows from
the fact that —gpl’q (B) is the negative second derivative of the log of Cox’s partial like-

lihood, and —(p; (Bo) converges to 1/0% in probability as n — oo; see Andersen and
Gill (1982). O
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