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Abstract We consider elliptic and parabolic variational equations and inequalities governed by
integro-differential operators of order 2s € (0, 2]. Our main motivation is the pricing of European
or American options under Lévy processes, in particular pure jump processes or jump diffusion
processes with tempered stable processes. The problem is discretized using piecewise linear finite
elements in space and the implicit Euler method in time. We construct a residual-type a posteriori
error estimator which gives a computable upper bound for the actual error in H®-norm. The
estimator is localized in the sense that the residuals are restricted to the discrete non-contact
region. Numerical experiments illustrate the accuracy of the space and time estimators, and show
that they can be used to measure local errors and drive adaptive algorithms.

1 Introduction

Integral equations and variational inequalities with integral operators are important in various
applications. We now mention a few of them, the first one being our main motivation. It is worth
observing that our results are valid for all of these applications.

e Option pricing with jump processes: a jump process is modeled by an integral operator and
leads to a parabolic equation (European option) or a parabolic variational inequality (American
option) [65,24]; see section 2 for details.

e Boundary integral equations and inequalities: they are obtained from elliptic partial differential
equations (PDEs) in a bounded or exterior domain [25,36,51], perhaps with unilateral constraint
on the boundary (Signorini problem) [56].
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e Fractional Laplacian: boundary control problems [28,14], surface frame propagation and quasi-
geostrophic flow models [15,23] are all problems governed by the fractional Laplacian.

We consider a linear integral operator Z of order p € (0,2) on a bounded domain 2 C R?.
For s € (0,1] we define the Sobolev space H*(£2) = {ulg + uwe H(RY), ulga\ o = 0}; see, e.g.,
[50,44]. In particular we consider integral operators of the form

Zu =K xu with K(z)*%,

- 1.1
] -y

where the convolution integral is defined by a suitable regularization and p = 2s; see sections 2
and 3.2. A special case of this is the fractional Laplacian (—A)®.

The operator A is either an integral operator A = Z of order 2s € (0,2), or an integro-
differential operator A = D + 7 of order 2s = 2 where D is a second-order differential operator;
hence, 2s will always indicate the order of A. In both cases we define the energy space V = H 5(02)
and assume that A: V — V* is continuous and coercive; see section 3.1.

We examine the parabolic equation

ur(t) + Au(t) = f(t)
with initial condition u(0) = ug, which in weak form reads as follows: find u(t) € V such that
(ug(t) + Au(t) — f(t),v) =0 Vv e . (1.2)
If we add the obstacle constraint u > x, then (1.2) becomes the parabolic variational inequality
(ue(t) + Au(t) — f(t),u(t) —v) <0 Yo € V with v > x; (1.3)

see section 3 for precise definitions and assumptions. Note that, for each time ¢, there is a contact
region {u = x}, and a non-contact region {u > x} where us(t) + Au(t) = f(t), separated by a
free boundary. We also discuss the corresponding elliptic problems.

For the space discretization we use piecewise linear finite elements in space over a mesh which
does not depend on time, but may be graded. For the time discretization we use the implicit Euler
method where the time partition may also be nonuniform. One main objective is to construct
a computable a posteriori error estimator: the estimator uses the computed discrete solution,
operator and data, and gives an upper bound of the error, measured in the norm of V in the
time-independent case, and measured in L?(0,T;V) in the time-dependent case. We are thus
after error control of (1.2) and (1.3) rather than their efficient and fast solution.

For elliptic PDEs, a posteriori error estimators are an essential part of practical and reliable
numerical methods: they indicate whether a computed solution is acceptable, or whether further
mesh refinement and coarsening may enhance it. This is achieved by splitting the error estimator
into local error indicators, which are in turn employed as a measure of local resolution. Error
estimators are particularly important if the solution exhibits singularities. For elliptic PDEs the
theory of error estimators and adaptive algorithms is now well established for coercive opera-
tors [61,1]. In particular, it has been shown that adaptive algorithms achieve optimal convergence
rates for a large class of singular solutions [46]. On the other hand, the theory for parabolic PDEs
is much less developed [21,40,54].

In extending the a posteriori error analysis from elliptic equations to more general problems,
including integral operators, variational inequalities, and parabolic problems, we face specific
challenges. We describe them now in turn.
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e Integral operators: In this case the operator A is nonlocal, and the energy norm is hard to
compute as the norms of fractional Sobolev spaces H #({2) cannot be simply broken up into local
parts over subdomains. This issue has been studied by many others [63,64,20,18,19,29-31]. In
particular, Faermann [29-31] show how to localize fractional Sobolev norms. We provide an
alternative approach based on stars (element patches) which yields a natural localization. An
additional issue is that the residuals are singular at the boundaries between elements, so that
the L?-norm does not always exist. Our estimator uses LP-norms of the residual, and for p > %
values of p < 2 are required [5]. This seems to be a new result even for linear elliptic equations.
We also discuss a method for the efficient numerical evaluation of the resulting singular integrals.

e FElliptic variational inequalities: The location of the free boundary is unknown, and the stan-
dard residual estimator is only appropriate in the non-contact region. Fierro and Veeser [33]
constructed an estimator for differential operators of order 2 which is properly localized: the es-
timator only uses the residual in a discrete non-contact region, and resolves the obstacle only
in the discrete contact set. This is accomplished upon dealing with estimators on stars (rather
than elements) and a suitable definition of discrete contact set. We follow a similar approach for
integral operators in sections 5 and 6. Note that no special assumptions are needed about the
geometry of the exact free boundary, which, in the multidimensional case, can indeed be very
complicated. Even in the simplest case of a standard call or put option in one dimension, where
the free boundary consists only of a single point, one cannot simply use the error estimator from
the elliptic case as the exact location is unknown.

e Parabolic problems: Additional singularities in space and time occur at ¢ = 0, depending on
the initial data, and at the domain boundary. In [45] an error estimator was constructed which
measures the space discretization error via the elliptic estimator of Fierro and Veeser [33] and
the time discretization error via the estimator of Nochetto, Savaré, and Verdi [47] for the implicit
Euler method. We extend this approach to integral equations in section 7.

o Singularities at the free boundary: For both elliptic and parabolic variational inequalities with
integral operators, the solution can exhibit singularities [42] at the free boundary which are strong
enough to reduce the convergence rate for piecewise linear elements; this does not happen in the
case of a differential operator [33,49,45]. This makes error estimators and adaptivity particularly
important as we require mesh refinement and coarsening at a priori unknown locations (in con-
trast to linear PDEs where singularities can only occur at points where the domain boundary or
right hand side function are nonsmooth). We explore these issues computationally in section 8.

We organize the paper as follows. In §2 we briefly discuss the option pricing problem which is
the main motivation for our results. In §3 we describe the class of operators under consideration
and a suitable functional framework for their study. In §4 we consider linear elliptic integral
equations and introduce our technique for estimating the error in terms of LP-norms of the
residual. In §5 we introduce the elliptic variational inequalities for integro-differential operators
of order 2s, along with Lagrange multipliers, both continuous and discrete, and the Galerkin
functional. In §6 we derive upper a posteriori error estimates for the elliptic case; this extends
the results of Fierro and Veeser [33] to fractional Sobolev norms H® with s < 1. In §7 we tackle
the parabolic case and thereby extend the a posteriori error estimates in [45] to s < 1. We
conclude in §8 with several numerical experiments for both elliptic and parabolic equations and
variational inequalities for d = 1 and s < 1. We discuss how to compute the residuals and their
LP-norms.



4 Ricardo H. Nochetto et al.

2 Financial Problem

We now give a very brief description of the option pricing problem in the case of one asset
(d = 1). For more details see e.g. [24]. Numerical methods for pricing American options have
been discussed by many researchers (see [17,27,2-4,42,41,22] and references therein).

We consider an asset (e.g., stock) with known initial price S(0) and let » > 0 denote the
interest rate. The price S(t) for ¢ € [0,T] is modeled by a stochastic process under the so-called
risk-neutral measure, i.e., e7"'S(t) is a martingale. We define the log-price X (t) = log S(t) and
assume that X (¢t) — X(0) is a Lévy process. A European option is a contract which pays the
amount G(X (7)) at maturity time T where G: R — R is a given payoff function. An American
option is a contract which pays the amount G(X(¢)) at any time ¢ € [0,7] the holder of the
option chooses the so-called ezercise time.

Given the known initial log-price X (0) we want to find the fair market price of the option.
Let u(xz, T —t) denote the option price at time ¢ if the current asset log-price is x = X (¢). Hence
u(z,0) = G(z) and (X (0),T) is the desired option price. For a European option the function
u(z, t) satisfies the Kolmogorov equation (1.2) with

Au=—Bu+r(u—uy) (2.1)

and initial condition u(z,0) = G(z). Here B is the infinitesimal generator of the stochastic process
X (t). If there are no jumps, the process X (¢) must be a Brownian motion with drift and we have

Bu = 0% (Uge — Ug). (2.2)
A pure jump process is characterized by the so-called jump density K(z). The expected number
of jumps in a set B C R per unit time is then given by [, K(z)dz. The function min{1, 12|*}K (2)
must be integrable and B is given by
Bu = K(2) [u(z + 2) —u(z) — (6% — Nug(x)] dz (2.3)
Rd

(assuming sufficiently fast decay of K(z) for |z| — o0). This is actually a regularized form of the
convolution (1.1) with the kernel function K(z). A relevant example is the so-called tempered
stable process, also known as CGMY process, where

_g(2) _JeGlEl for z >0
(=) = 2|t (=) = {6G|Z| for z < 0 24)

and p € (0,2) is the order of the integral operator B; see [11,16]. For a general Lévy process Bu
is the sum of the operators in (2.2) and (2.3).

For an American option, the function u(z, t) satisfies the variational parabolic inequality (1.3)
with x(x) = G(z) instead of (1.2). The contact region specifies the optimal exercise strategy: if
at time ¢ the current log-price x = X (¢) of the stock is in the contact region one should exercise
the option, otherwise one should wait. The free boundary, i.e. the boundary of the contact region,
is thus a crucial unknown.

For multiple assets, we have a process = X (t) with values in R%, and a function u(z,t)
satisfying an elliptic PDE in case of Brownian motion, or an integral equation in case of a pure
jump process. For several dimensions we will only consider jump densities of the form

K(z) = g()

d+p

]
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where g(x) is smooth and exponentially decaying for |z| — co. Note that there are so-called Lévy
copulas which lead to jump densities with anisotropic singular behavior as described in [32]; this
case is not covered in this paper.

The original problem uses z € R?, but because of the exponential decay of the kernel function
K (z) one can truncate the problem to a bounded domain {2 and consider functions u € V =
H #(42). This leads to an error which decays exponentially with the size of the truncated domain;
see e.g. [43]. The problem on a bounded domain (2 corresponds to a so-called barrier option
which becomes worthless as soon as the log-price X (t) leaves f2.

3 Operators and Variational Setting

In the rest of the paper, we write A < B instead of A < CB with a generic geometric constant
C independent of meshsize, time-step, and various functions involved, as well as A ~ B in place
of A< B S A Let H, V be Hilbert spaces so that V is dense in H with a continuous embedding
V — H. We identify H with its dual H* and obtain the usual triple V — H ~ H* — V*. We first
describe both the time-independent and time-dependent problems in an abstract setting with
linear operator A: V — V*. We then specify the class of integro-differential operators A under
consideration.

3.1 Abstract Variational Setting

Let A: V — V* be a linear operator which is continuous and coercive, i.e., there is C4, k4 > 0
such that for all v,w € V

(Av,w) < Callv|lv|lw|lv (continuity) (3.1a)
(Av,v) > Kallv]|3. (coercivity) (3.1b)

Hereafter, (-,-) stands for the duality pairing between V* and V. We define the bilinear form
a(v,w) := (Av,w) and the energy norm ||v]| := a(v,v)z = <.A’U,U>% . The induced norm on the
dual space V* will be denoted by ||-||,. Note that (3.1a), (3.1b) imply that A satisfies a strong
sector condition
[(Au, v)[ < 2 fJuf| o] - (3-2)
We clearly have % <~v< %, but this may be pessimistic since v = % in the symmetric case.
Let f € V*. We consider the following time independent problem (elliptic variational inequal-
ity): find w € K such that
(Au— fiu—v) <0 Vovelk, (3.3)
where K is a closed convex subset of V. It is well known that this problem has a unique solution;
see, e.g., [37].
Similarly, for f € L2(0,7;V*) and ug € K(0), we consider the following time dependent
problem (parabolic variational inequality): Find u € C([0,T];H) N L?(0,T;V) with the initial
condition u(0) = ug such that for almost every ¢ € [0,T] there holds u(t) € K(¢) and

(ue(t) + Au(t) — f(t),u(t) —v) <0 Ve (). (3.4)

Note that the initial condition and the time derivative have to be defined in a weak sense; see
[7] where actually a setting with more general ug and f(t) is considered. On the other hand, if
we have f € L?(0,T;H) there holds u € H*(0,T;’H) so that the initial condition and (3.4) hold
in the classical sense; see [13].
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3.2 Spaces and Operators

We now specify the spaces H,V, convex set K and classes of operators A under consideration.
Let 2 C R? be a bounded polyhedral domain with boundary I" and let s € (0, 1]. We first
define the space of functions on {2 so that their extensions by zero are in H*({2):

H*(2) = {ulg : u€ H*(RY), ulga o = 0}.
Another space is obtained by restricting H*(R?) functions to £2:
H*(02) :={ul|, :u € H* R},

Note that H*(£2) := [L2(2), H}(R2)]s and H*(2) := [L*(2), H*(2)], for s € (0,1] for the
interpolation spaces with the induced norm; see [9,44] for example. We define for s > 0 the dual
spaces H™*(£2) := H*(£2)* and H~*(02) := H*(2)*.

Let w be a sub-domain of 2. We define the spaces H{.(w) for s € (0, 1] by interpolation of

HY(w) == L*(w) and HE(w) := {ue HY(w) : ulp = 0}.

It is then clear from their definitions that H3(2) = H*(£2) and Hj(w) = H?*(w) provided dwNI’
is empty. We use Hi.(w)* to denote the dual space of Hi(w).

In American option pricing the convex set I corresponds to a unilateral constraint given by
the payoff function y € V, namely,

K={veV:v>x} (3.5)

To simplify the presentation, we assume that the obstacle x is a piecewise linear function in the
finite element space. More general obstacles, which may also be time-dependent, can be treated
similarly; we skip the details and refer to [45, Section 4] for details (see also [60,49]).

We now introduce the integral operators Z. Let K > 0 denote the jump density and assume
it is a tempered distribution on R? so that its Fourier transform K satisfies

&) < ca+iey (3.6)

with p < 2. Then the convolution u — K * u is a continuous mapping between H "(RY) —
H™P(R%) as well as H"(2) — H"P(82) for all r € R. We assume that the kernel K(z) is
smooth for x # 0 and satisfies

02K (2)] < Cp || ~4777 17!

near x = 0 for all multi-indices 3. Examples for such processes are so-called tempered stable
processes where the kernel has the form

K(z) = W for z #£0
and g(x) > 0 decays exponentially for |z| — oo; for d = 1, g(z) could be given by (2.4) for
example. We now let s = p/2 and define the integral operator Z: H*(§2) — H~*({2) as follows:
consider a smooth function v with support in §2, extended by zero to R?. If p < 0, then the
convolution —K #* u can be expressed as a classical integral

Tu(z) := — y K(x —y)u(y) dy. (3.7)
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However, for p > 0 the convolution integral does not exist in the L! sense, and we thus consider
reqularizations of the integral; see [36,39]. For 0 < p < 1 we use

Tu(w) == — RdK(m—y)(u(y) ~u(x)) dy, (3.8)

whereas, for 1 < p < 2 we use

Tu(w) =~ | Ko~ y)(uly) ~ ulx) = Vula) - (y ~2)) dy (3.9)

to obtain an_integrable integrand. Because of (3.6) equations (3.7)-(3.9) define a continuous
operator Z: H*(2) — H~*(12).
We now specify the class of integro-differential operators A by considering the following cases.

Case C1: s = p/2 € [1/2,1). Here A consists of an integral operator of order p and a differential
operator of order 1. Let ¢; € R%, ¢y € R and

Au:=Zu+ ¢y - Vu + cou (3.10)

This corresponds to (2.1) with a pure jump process where B is given by (2.3) and (2.4). Note
that for a bounded domain (2 the difference between the regularizations in (3.9) and (2.3) is just
a term cVu.

Case C2: s = p/2 € (0,1/2). Here A is an integral operator of order p:
Au :=Tu + cou (3.11)

For a pure jump process with kernel (2.4) the operator 4 in (2.1) contains a first order term
ru,. One can, however, eliminate this term from the parabolic problem by using the change of
variable Z = x — rt, at the expense of having a time-dependent obstacle [45].

Case C3: s = 1 > p/2. Here A consists of an integral operator of order p and an elliptic
differential operator of order 2:

Au = =V - (uVu) + Zu + ¢1 - Vu + cou. (3.12)
We assume that the matrix pu € R?*4 is positive definite (1 corresponds to the covariance matrix
of the Brownian motion). This corresponds to (2.1) where the process X (¢) is a Lévy process
with nonzero diffusion part. In this case B is the sum of the operators in (2.2) and (2.3).

In all three cases C1, 2, C3 the operator A: H*(£2) — H~5(£2) is continuous and satisfics
the Garding inequality,

(Av,v) = malloll® = ellv]Z2q (3.13)

with k4 > 0 and ¢ > 0, i.e., the operator A + cI is coercive (I is the identity operator). For
time-independent problems we will assume that A is coercive, i.e., (3.13) holds with ¢ = 0. For
time-dependent problems one can use the change of variables u(z,t) := e~“u(x,t) and express
the problem in terms of the coercive operator A= A+cl , again at the expense of having a
time-dependent obstacle. This is why we assume (3.1).
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4 Linear Integral Equation

We first consider the simplest case of a linear integral equation Au = f. Here A is the operator
defined in section 3.2 and satisfies (3.1).

We focus first on cases C1 and C2, with the case C3 being postponed until section 4.3. In
cases C1 and C2 the operator A is an integro-differential operator with differential part of order
< p. Therefore, A is dominated by the integral operator Z of order p = 2s € (0, 2), and the energy
space is H 5(£2). We derive residual-type a posteriori error estimators for the H*-norm which are
computable. The theory is based on a partition of unity and a localization result for fractional
Sobolev spaces, which is also proved. We refer to Faermann [29-31] for a different approach.

We consider the integral equation: given f € H~*(£2), find u € H*(£2) such that

Au = f. (4.1)

Because of continuity and coercivity (3.1) of A, this problem has a unique solution satisfying

il 7y < " 11l ey -

For the discretization we define a finite-dimensional subspace V), as follows. Let {7}, be
a family of shape-regular triangulations of the polyhedral domain (2. We define for = € {2 the
local meshsize h(z) by h|; := h, where h, denotes the diameter of an element 7 € 7. Let Py,
be the set of all nodes of the mesh 7;, including the boundary nodes. Let V}, be the space of
continuous piecewise linear functions v, over the mesh 7; with v, = 0 on the boundary of (2. Let
{t.}2ep, be the canonical nodal basis of V},. For z € Py, we define the star w, as the support
of the piecewise linear nodal basis functions ., the skeleton 7, as the union of all interior sides
containing z, and h, := max{h(z): v € w,}; for d = 1, 7, reduces to {z}.

We define the discrete problem as follows: find u, € V}, such that for all v, € V),

(Aup,vp) = (f,on) .
In view of (3.1) this problem has a unique solution. The residual is the distribution
ry = f — Aup € H*(12)
which, again by (3.1), satisfies
Kallu = unllgs o) < Irnlla-+(2) < Callu = unll g (g -

Therefore the issue at stake is how to estimate ||rp||g-s(o) in terms of computable quantities.
We first want to investigate the regularity of r. Since the Fourier transform of the kernel satis-
fies (3.6) we get from [58, Theorem XI.2.5] that the pseudodifferential operator

A WHQ) — W2 ()

is continuous for all t € R and p € (1,00). As uy, is continuous piecewise linear we have that
—2s5—¢

up € /Wv/;,l+;_8(9) for any € > 0. Hence we obtain Auy, € WpH; (£2) and
1
Auyp € LP($2) for — > 2s—1. (4.2)
p

Since s € (0,1) there exists p > 1 with Auy € LP(£2).
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In cases C1 and C2 the residual r, is just a function R without any delta distributions at
the interelement boundaries. It is our goal to estimate [|R||f-s(p) in terms of local LP-norms
of the residual. This involves two steps: (1) estimate the global norm ||R||-s(0) in terms of
local H*-norms; (2) estimate the local H~*-norms by local LP-norms. As the norm of H~%({2)
is nonlocal one cannot estimate ||R| g-s(o) in terms of norms ||R||z-=(;) on the elements. Our
technique is to use the partition of unity given by the nodal basis functions. This leads to local
H~*-norms on the stars w.. Our approach leads to a different upper bound of ||R| z-so) as
compared with Faermann [29-31].

In case C3, however, the residual r;, has delta distributions on the interelement boundaries.
We will thus split 75, into an interior residual R on element interior plus jumps of the fluxes
uwVuy, on element boundaries.

4.1 Localization of Fractional Sobolev Norms

We first show that we can bound the global H~*({2)-norm by a sum of localized norms on w,
for s € [0, 1].

Lemma 1 (Localized Upper Bound of the Dual Norm) Let G = > _p g. and g, € Hp*(w.). For
s € [0,1] there holds

IGI o) < @A+ 1) D Hlg:llre oy - (4.3)
zEPhR

Proof We have for v € H*(£2),

1/2 1/2
|<G,U>| < Z ‘<gz,’U>‘ < <Z ||gZ||§{1{(wz)*> <Z ||’U|§-Ili(wz)> :

z2EPhR zEPhR z2EPhR
Note that, for s = 0 and s = 1, we have
2 2
S ol oy < @+ 1) [0 Fe (4.4)
ZEPh

since at most d + 1 of the stars w, overlap on each simplex.
For any v € H*({2), we define the operator £ : H*(£2) — [[.cp, H}(w:), which restricts v to
local patches, i.e.

v(xr) TE€w,

0 otherwise.

L(v) = (v:),cp, With v.(2) ;{

For s =0or s =1, (4.4) gives ||L(v)]|? < (d + 1)||’UH2~S(Q). By interpolation between L?({2) and

H}(£2), we obtain (4.4) for all s € [0,1], which in turn implies (4.3). O
The following lemma provides a computable estimate of negative norms in terms of LP-norms.

Lemma 2 (Upper Bound of Local Dual Norm) Let g. € LP(w.) satisfy [, g. =0 for z € Py, such
that Ow, N I" has measure 0. If s € [0,1] and 1 < p < 0o satisfy ]lj < % + %, then

”gZHHI{(wZ)* 5 h§+d(1/2_1/p) HgZ”Lp(wz) . (45)
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Proof If 1 < q = ﬁ < 00 is the dual Lebesgue exponent of p, then we have Hj (w,) — L (w,)

because s — % > —g, whence by duality LP(w,) «— Hp(w,)*. We split the proof in two steps

according to whether dw, N I" has measure 0 or not.

Ow, N I" has measure 0. Since fw g, =0, for any v € Hi(w,) and C, € R, we have
(g2, 0)] = [{gz v = C) < Mlgall Loy v = Call Lo, -

Let @, := h;}(w, — z) be the rescaled star, and ©(2) := v(h,& + 2) be the corresponding rescaled
function. Hence [[v — C.| 14, = /e [0 = C:llpago.) and

b — Cell poroy SN0 = Cell e o1 -
19— Cullzagny S 18 = Cllas o)

We now choose the constant C, as the mean value of ¥ on @, and define the operator L, :
Hi(w,) — Hi(&,) to be L,(v) := 0 — C,. For s = 0 we have

1L (0) 2o,y < N0l 2.y = B2 10l Loy » (4.6)
(@2) )

whereas for s = 1 we use the second Poincaré’s inequality
H‘CZ(U>HH1(¢ZJZ) S |17|H1(¢;z) = hiid/Q |U|H1(wz) < h,lzid/Q HUHHl(wz) : (4.7)
A space interpolation argument leads to (4.5) because

[0 — CZHH;(QZ) Shy? ol £, e, Vs elo,1].

Ow, NI has positive measure. We take C, = 0 and notice that both (4.6) and (4.7) still holds,
the latter because of the first Poincaré’s inequality. We thus proceed as in . a

Remark 1 (Choice of p) To apply Lemma 2 and have a finite upper bound, we must choose p > 1
so that the following conditions are satisfied:

1 s 1
28 —-1<—-<=+2. 4.8
s > <d" 3 (4.8)
The right inequality was required in Lemma 2 to have LP C H~® on w,, and the left inequality
gives Zuyp, € V}, so that the right hand side of (4.5) is finite according to (4.2). For p < 3/2 we
can pick p = 2, but for p > 3/2 we need to use p € (1,2). There exists a p > 1 satisfying (4.8) iff
(2—1/d)s < 3/2, i.e.,

1
2 = .
(2-2)p<3

For d = 1, 2 this condition is always satisfied as p < 2; see Figure 1 for d = 1. In the case d = 3,
however, the condition is only satisfied for p € (0,9/5). O



A Posteriori Error Analysis for A Class of Integral Equations and Variational Inequalities 11

N[

|

|

|

]
3 1 p
Fig. 1 Admissible Region of p (d = 1): The gray region indicates admissible points (p, s) with s = p/2.
For p € (0,3/2) we can choose p = 2; for p € (3/2,2) we need to pick some 1 < p < 2 in the gray area.

4.2 A Posteriori Error Estimates

The following result is a consequence of Lemmas 1, and 2, as well as Remark 1.

Theorem 1 (Upper Bound for Linear Integral Operators) Let f € LP(£2) andp > 1,0 < s < 1
satisfy (4.8). We then have the following upper a posteriori error bound

lu—unl® S €% =Y &, (4.9)
2€Ph
where
&= hE (R = Rl - (4.10)
and .
R, = {(()R,¢z>/<17¢z> jigzg[‘ (4_11)

Proof Using Galerkin orthogonality, we easily obtain

<Ra 50> = Z <Ra 501/}z> = Z <R7 (90 - 902)"/)2>

zE€Py zE€Py

where ¢, € R is any constant. If we choose ¢, to be the weighted mean value

L <507"/)z>/<1a1/}z> z€PpNn{
Pz = {0 seP,NT, (4.12)

then recalling that of R, is also a weighted mean value yields

(Rv(p> = Z <R—Rz,(<P—<Pz)¢z>-

zE€Py

If g. = (R — R.)y. for z € Py, we see that [ g. = 0 for z € P, N 2. We may thus apply
Lemmas 1 and 2 with p satisfying (4.8) to deduce

s _ 2
IRIG S > A2t (R - Ry, -
z€Pp\Ch

This is the asserted estimate. O
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Remark 2 (Convergence Rate of £) Theorem 1 only establishes an upper bound and so the

question remains whether the effectivity index £/ |lu — up|| is of moderate size. This is confirmed

in Table 1 in section 8.2 for s = % O

Remark 3 (Computation of Residual) The function Auy, is in general singular at the element
boundaries for 0 < s < 1 even though it does not contain Dirac masses. Therefore special care
must be exercised in dealing with numerical integration of || (R—R.): || 1r(w.). Pointwise values of
Aup (x), necessary at quadrature points, can be computed by appropriate quadrature algorithms
[50]. We refer to §8 for more details for d =1. O

4.3 Second Order Integro-Differential Operator

The case C3 of second order integro-differential operators leads to additional jump residual terms.
The residual rp, contains two parts: a regular part (interior residual) and a singular part (jump
residual) with respect to the Lebesgue measure. Let the interior residual associated with A be

R:=f —Zup —c1 - Vup — coun, (4.13)
and the jump residual on the side 7 N 75 be
J = —p(Vunlr, - v1 + Vuglr, - 1v2), (4.14)

where v; is the unit outer normal vector to the element 7; € 73, for i = 1,2. In this case, s = 1,
0 < p < 1 and, instead of (4.8), the range of admissible p’s becomes
1 1

1
p71<;<a+§. (415)

For p < 3/2 we may take p = 2, but we need p € [1,2) for p > 3/2. Such a p exists if p < 3/2+1/d.
This condition is verified for d = 1,2, but it requires p < 11/6 for d = 3.

Theorem 2 (Upper Bound for Integro-differential Operator of Order 2) Let f € LP(£2) and p > 1
satisfy (4.15). We then have the following upper a posteriori error bound for s =1
lu—unl® S €= ) (i +€2), (4.16)
zE€Ph
where &, 1s given in (4.10) with s =1 and n, is the jump residual
0z = hY2| I\ 12r.y V2 € P (4.17)
Proof Using the partition of unity {t,}.cp,, together with Galerkin orthogonality, we get
<7”h, 90> = Z (Tha ((P - (Pz)wz> = Z (Ra (90 - @z)%) +/ J((p - ‘pz)wz pE Hol(Q)a
2€Ph zEPp, V=

where . is given by (4.12) for all z. Note that we have integrated elementwise by parts the term
(uVun, V[(¢ — ¢2)1:]). The rest of the proof proceeds as that of Theorem 1 for the first term
and the standard a posteriori error analysis for the second one. 0O

Remark 4 (Convergence rate of £) The definition (4.11) of R, implies that (R— R,)1, has mean
value 0 and thus &, appears to be an oscillation term. This is confirmed in Table 2 of section 8.2
for A = —A + Z, which shows faster decay of (Zzeph 55)% than |Ju — wp|. This is in striking
contrast with cases C1 and C2; see Table 1. O
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5 Elliptic Variational Inequality

In this section we discuss elliptic variational inequalities of the form (3.3) and (3.5), with the
simplifying assumption that the obstacle x is piecewise linear in 7. We derive an abstract a
posteriori error estimate for integro-differential operators of order smaller than or equal to 2. We
refer to [60,49,33,48,12] for similar analyses for differential operators.

5.1 Discrete Elliptic Variational Inequalities

Consider the discrete convex set Kj, approximating K
Kp:={veVy:v>x} (5.1)

Since we assume that x is piecewise linear over 73, we have K; C K and the approximation
is thus conforming. Property K, C K greatly simplifies the analysis; we refer to [45,49,60] for
general obstacles. We formulate the discrete variational inequality: find uy € Kp, such that

(Auh — foun — ’U> <0 Yov e K. (5.2)

5.2 Lagrange Multipliers and Galerkin Functional

We define rp, := f — Auy, formally to be the residual as in the case of linear equations. Note that,
however, for variational inequalities there is no longer an error-residual relation A(u — up) = rp,
which is the starting point for residual error estimation. We must account for the constraint.

We first introduce the Lagrange multiplier
o:=f—Au € H°({2), (5.3)

which restores equality, is non-positive and wvanishes in the non-contact region in the sense of
distributions. We next introduce a discrete Lagrange multiplier o5, and notice the validity of
A(u — up) =7y — o, or equivalently,

Alu—up) + 0 —op =1y — op. (5.4)

We discuss practical choices oy, so that o5, < 0 in Section 6. Equation (5.4) mimics the error-
residual relation for linear equations. The right-hand side of (5.4) is a nonlinear quantity though,
the so-called Galerkin functional,

gh =Th — Oh, (55)

and plays an important role in a posteriori error analysis of variational inequalities. We refer to
[60,33,48,45] where this terminology was introduced and used before.
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5.3 Abstract Error Analysis

For the moment, we only assume that o, < 0 and focus on deriving upper and lower error
bounds. The structure of these bounds turns out to be independent of particular choices of oy,.
Multiplying (5.4) by u — up, and recalling (5.5), we obtain via the Cauchy-Schwarz inequality

b~ unll® < S IGHIZ + 5 s = wal® — (o~ o — ).
On the other hand, (5.4) also implies

(0 —0on ) = (Alun —u),9) + (Gn,9) V€ H(Q). (5.6)
Therefore [lo — on|l> < Jlu — un|]* + |Gnll?, whence we find the upper bound

2 2 2
lw = unll” +llo = onlly S WGullk = (o = on,u —un) .

The conformity assumption K;, C K simplifies the analysis of (o — op,u — up); we refer to
[45,49,60] for more general cases. In fact, taking v = u, € K in (3.3) and using (5.3) yields
(o,u — up) > 0. Furthermore, since u > x and o, < 0, it is easy to see that

(on,u—up) = (on,u—x) — (on,un — X) < — (o, un — X},
whence
2 2 2
lu = wnll” + o = onlls S 19l = (on, un = x) - (5.7)
Rearranging terms in (5.6), and using the strong sector condition (3.2), we infer that

(Grs @) = (A(w = un), ) + (o = on ) S llu = unll - hell +llo = onll, - llell ¥ o € H(92).

This shows that |G, || is also a lower bound for |u — us|* 4 lo — o> up to a multiplicative
constant. We summarize the preceding analysis in the following abstract lemma.

Lemma 3 (Abstract Error Bounds for Elliptic Variational Inequalities) Let u and uy, be the solutions
of (3.3) and (5.2), respectively. If op, < 0, then we have the upper and lower bounds

2 2 2 2
IGrll% < llw = unll” + llo = onlls < NGullx = {on, un = x) - (5-8)

Remark 5 (Computable Upper Bound) The estimate (5.8) is of theoretical interest. In practice,
we still need to find a localized and computable representation of the global dual norm |G|
and an upper bound for (o4, x — up) as small as possible. This leads to the definition of o, and
is our next task in section 6. O

6 A Localized Residual-type Error Estimator

In practice, it is important to find a “good” approximation o, which mimics the properties of
o at the discrete level. An ideal, but not practical, choice would be o, = 0. A simple-minded
alternative is to take o, = 0 for which Lemma 3 yields the bounds

2 2 2 2
ol S flw = unll” +Nolly < ralls -

However these bounds have the drawback that the residual r; in the contact region contributes
to the bound even if uy, is the exact solution. This contribution is accounted for in [lo||> but
overestimates Ju — us||>. A good practical estimator should be localized in the sense that only
the value of the residual in the non-contact region contributes to the error bound. This is what
we construct in this section, thereby extending the work of Fierro and Veeser [33] to integro-
differential operators.
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6.1 Discrete Sets

We start by defining the discrete counterparts of the contact set C := {u = x} and non-contact
set N := {u > x}, which use the sets w, and v, for z € Py,.

We recall that the residual r, = f — Auy, contains two parts: a regular part (interior residual
R) and a singular part (jump residual J) given by (4.13) and (4.14), respectively; the latter
vanishes if s < 1. We split P, = N, UC, U F}, into three disjoint sets of non-contact nodes Ny,
full-contact nodes Cp, and free boundary nodes F, defined as follows:

Ny :={z € Pp|up > x inintw,}, (6.1a)
Ch:={z€Pp|up=xand r, <0inw.}, (6.1b)
Fn="Pn\ (Np UCh). (6.1c)

Remark 6 (Sign Condition) Since rp, is not a discrete object, it is not possible to check the sign
condition rp, < 0 in the definition (6.1b). In practice, we check R < 0 and J < 0 at all quadrature
points in w, and v,. 0O

6.2 Discrete Lagrange Multiplier

In trying to make o, as close to rj, as possible, and thus minimize ||Gy||,, we first attempt to
define oj, as a piecewise linear function oy, = ZZ P s:¥, with nodal values s, given by weighted
means of r;, on stars w,:

5, = { (rny¥2) / (L,Yz)  2€ PN 2 6.2)

0 zePrNI.
Note that s, can be naturally divided into two parts s, = R, + J,, where

— (uNVuR, Vo) [ (1,9.) 2z € Pr N2

0 z€PpNI,

= 0 zePpnNI

and J, := {

and that s, = 0 on I" is motivated by ¢ = 0 on A N I". This definition yields s, < 0 and s, =0
for z € N}, and it is thus quite appropriate for A, but not necessarily for z € Cp. In fact, to
achieve localization of the error estimator, o5 must equal the residual r;, in w, for z € Cp, thereby
leading to o5, = 75, <0 in w,.

We can blend the two competing alternatives via the partition of unity {¢.}.cp, and define

Op = Z Thwz + Z Szwm (63)

z€Cp 2€Pr\Ch

but o}, is not a purely discrete object here [33]. As a consequence of s, < 0 and the sign conditions
in (6.1b), (6.3) guarantees that o, < 0 in (2. In addition, the Galerkin functional vanishes in the
discrete contact region in the sense of distributions (localization), i.e.

Gh = Z TR, —op = Z (rh — 82)1-. (6.4)

2EP}, 2€Pp\Ch
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6.3 Upper Bound

In view of Lemma 3, to derive a practical upper bound of the energy error, we just need to find
localized upper bounds for |G|, and (o, x — up). The latter is simple (see Lemma 4) whereas
the former is tricky. We first prove that this dual norm can be bounded from above by the sum
of local dual norms, and next give computable upper and lower bounds for them.

Error at the Free Boundary. The second term on the right-hand side of (5.8) accounts for
lack of monotonicity in the expression (6.3). Proceeding as in [33], [45, Lemma 3.2], and [49], it
is easy to see the following assertion.

Lemma 4 (Lack of Monotonicity) If d, := (up — X, %2), then d, > 0 and the following holds
<Uh;uh - X> = Z Szdz-
zE€Fn
Proof Tt suffices to use that up = y in w, for any z € C;, and s, =0 for z €¢ N},. O
From Global to Local. Now we are left with |Gy, or equivalently |Gl -+ (o). We can now

use Lemma 1 to bound the global H~*({2)-norm by a sum of localized norms on w, for s € [0, 1],
and Lemma 2 to obtain a computable estimate in terms of LP-norms.

Theorem 3 (Upper Bound for Elliptic Variational Inequalities) Let f € LP({2) and p > 1 satisfy
(4.8) with s < 1 or (4.15) with s = 1. Then the following localized a posteriori upper bound holds

lu—wnll® +llo—onlll S > M2+&) =D suda, (6.5)
zeph\ch zE€Fp
where s, is defined in (6.2), d, in Lemma 4, and

3 st§-4
Nz = h2 |l g2,y and &= he I(R = R2) ¥zl 1w -
Proof The expression (6.4) can be written as G, = ), cp, 9. With g, = (rp—5)1, for 2 € Py \Cs

and g. = 0 otherwise. Therefore, Lemmas 1 and 2 apply for s < 1 and give ||G]|> < D epie &2
The desired estimate (6.5) follows as in Theorems 1 and 2 (for s = 1) upon using Lemma 4. O

7 Parabolic Problems

In this section, we consider the parabolic integro-differential equation (1.2) and variational in-
equality (1.3). For the numerical treatment of the time derivative term, we use the backward
Euler approximation because the lack of time regularity of the solution w(t) of (1.3) does not
justify higher order schemes.

7.1 Fully-discrete Problems

We partition the time domain [0,7] into N subintervals, i.e. 0 = tg < t; < --- < ty =T and
let k,, :=t, —t,_1. For any sequence {W"}_, we define the piecewise constant interpolant W
and the piecewise linear interpolant W to be

W) :=W", W) :=1tOW" 4+ 1 —-1t)W"  Vte (th1,tn), 1<n<N, (7.1
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where the linear function I(¢) is defined by

I(t) == k; Vit e (th1,tnl (7.2)

We also denote by {§W"}Y_, the discrete derivative of the sequence {W"}Y_;

n o __ n—1
sWn ;:% Vi<n<N. (7.3)

For a function w continuous in time, we let w™ () := w(t,,-) be its semi-discrete approximation
and W be defined as in (7.1). We denote by U} for n = 0,1,..., N the fully discrete solution at
time t,, for the time-dependent problems.

The fully-discrete numerical method using the backward Euler scheme in time and the contin-
uous linear finite element method in space can be written as follows: starting from U, ,? = Ihug €
K, the linear interpolant of uo, find {U?}N_, C K}, such that

S

Y (Up = U0 = v) + a(Up, Ut —v) < (F",Up! — v) Y v e Kp, (7.4)

where F" = f(t,) and K, := {v € Vi, : v > x}. To simplify the discussion, we restrict ourselves
to the case where the underlying mesh does not change in time and the obstacle x is piecewise
linear and time-independent. The effect of mesh changes in time is under investigation.

7.2 Lagrange Multipliers and Galerkin Functional

We now define the continuous and discrete Lagrange multipliers and Galerkin functional for the
parabolic problem (1.3) in analogy to the elliptic case in §6. Let the Lagrange multiplier o be

a(t) = f(t) — dwu(t) — Au(t) € H *(2) a.e. t € (0,7), (7.5)

and note that o(t) = 0 for (1.2). At each time t,, n =1,..., N, we define the residual
ry = F" —o0U; — AU}
and split the set of all nodes P}, into three disjoint sets
P =N, UCR UFY,

where non-contact N}, full-contact Cj!, and free boundary Fj’ sets are given by (6.1), except
that now they may depend on n. We next define the discrete Lagrange multiplier o} as in (6.3)
and the discrete Galerkin functional as in (6.4).
7.3 Coercivity Property
Now we give a crucial lemma in the error estimation for time-dependent problems; see [47,45].

Lemma 5 (Coercivity) For any v,w,z € K, the linear integro-differential operator A satisfies

1
(Av— Aw,w —2) < 292 Jo = 207 = 7 (llo = wl* + Iz = wll® ). (7.6)



18 Ricardo H. Nochetto et al.

Proof In view of the strong sector condition (3.2) of A, we get
(Av — Aw,w — z) = (Av — Aw, w — v) + (Av — Aw,v — 2)
2
—[lv = wl” + 2y v = wl v -2

IN

IN

1 2 2
=5 o = wl” + 297 o — 2.

In the same way we get (Av — Aw,w — 2) < —3 ||z — w|)® + 272 ||v — z||* . Adding the last two
inequalities gives (7.6). O

7.4 Abstract Upper Bound for Parabolic Problems

Now we are ready to discuss the main steps to treat parabolic problems. Let G, € L2(0,7T; H*(2))
be the piecewise constant (in time) Galerkin functional obtained from {G'}2_,, i.e.

Gn=F —oUy — AU}, — 7.
This and the definition (7.5) of o give
(G, 9) = (A —=Tn), ) = (O(u—Un) + (0 —Tn),0) = (f = Fop) Ve H(R). (1.7)
Taking ¢ = u — Uy, in (7.7) and applying Lemma 5, we get

o lu = UnlBagoy + 3 (= Tall* + u — Unl?)
<2 |[Th = Ui||* = (0 = Fn,u = Un) + Gnyu— Un) + (f = Fou—T) . (7.8)
Since (o,u — Up) > 0, @, < 0, and u > , we obtain that
o —Tnu—Up) < — (@, Un — X) -

We then apply Young’s inequality with appropriate constants for the last two terms on the
right-hand side of (7.8) to get

1d 1 — 1
5 gl = Unlliaey + 7 lle =Tl + 5 llu = Ul
<292 ||Tn = Un|)* = @n: Un = X) + 4 |Gl + 4]l F = F2.  (7.9)

On the other hand, rearranging terms of (7.7) and applying the strong sector condition (3.2),
we have that

o~ U + 0 ol < 2 llu—Tall + IGll, + IS - Pl (r10)
Adding (7.9) and (7.10) and dropping all the constants, we get the upper bound:
d _
2w = UnllZza) + flu - Tnl|” + llu = Ul + 10e(w = Un) + (o = 7n) I
SNTn = Ol* = @ns Un = ) + 1G]l + |1 £ = F1 -

Integrating in time, we then obtain the following upper bound of the error

T
— 2 _
e(Un,0n)* = [[(u = Un)(D)||72(e) +/O = Tr||” + llw = Ull* + 10:(w = Un) + (0 = 7)II3 dt.
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Lemma 6 (Abstract Upper Bound for Parabolic Variational Inequalities) Let u and {U}Y_, be
solutions of the continuous and discrete variational inequalities, (1.3) and (7.4), respectively.
Then we have the following upper bound:

T
e(Uns00)? S llvo = URl3aqey + [ T~ O
0

T o 9 T T o
s [l - [ v e [l -FIF @ @y
0 0 0

Notice that on the right-hand side of (7.11), the first term measures the initial error; the
second term is computable and measures the error due to time discretization; and the last term
gives the data consistency error due to time discretization of f. The third and fourth terms have
been analyzed before for stationary problems and measure the space discretization error. At each
time-step, |Gy ||, and (o}, Un — x) can be treated similarly as in §6.

7.5 Localized Error Estimators for Parabolic Variational Inequalities
Finally, we conclude this section by giving a computable local error estimate. Let R™ and J" be
the interior and jump residuals at time t,, respectively, i.e.

R" :=F" - U] —IU} —c1 - VU] — Uy and  J" := —pu(VUP |+, -1 + VU] 4, - 12),
the latter used for s = 1 only. We define the following interior and jump indicators as in §6:

s+%—

1 d
nyi=h2 e,y and o Eri=he T T (R = RE) Vel e, »
where R? := (R",%,) / (1,1,) is the weighted average. We define the error estimator to be

Ei=(E+E+&+ep)? (7.12)
with
& = fluo — USHQL?(Q) initial error
N
5’3 = Z kn |HU}7LL - Ufrzkl!”Q dt time error
n=1

=Yk > [ +E] - Y U ) | space error

n=1 zEPh\CZ’ ZE]:’T;’

T
&} = / Ilf - f!“i dt. data oscillation
0

We then obtain the following computable and localized upper a posteriori error bound.
Theorem 4 (Upper Bound for Parabolic Variational Inequalities) Let f € L?(0,T;LP(£2)) and
p>1,0<p<2, 0<s<1 satisfy

1

1<l
P p d 2

Then the localized upper bound for the error e(Up, o) < & is valid.

Proof In view of Lemma 6, it suffices to apply Lemmas 1 and 2 to ||G}]|, and Lemma 4 to
(op, U —x). O
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8 Numerical Experiments

In this section we illustrate the behavior of the proposed error estimators with numerical ex-
periments. Our original motivation was the pricing of American options on a single asset with
possible barriers. In this case the singularities which reduce the convergence rates are located at

e the barriers (endpoints of the interval)
e the free boundary
e ¢t =0 (maturity) where the payoff function (initial condition) is nonsmooth

and we show the performance of the estimator under these circumstances. These issues also occur
in the equality case and the time independent case where we can observe their effect more easily.

We have proved that the estimators give an upper bound to the actual error. With the
following numerical experiments we provide additional evidence that

the space and time estimators converge with the correct rates in space and time

the ratio of estimator to actual error (effectivity index) is of moderate size

the node-based error estimators provide reliable information about the local errors

in the time-independent case an adaptive algorithm driven by our estimators converges with
the optimal rate despite the presence of singularities at boundaries and the free boundary.

We consider d = 1, £2 = (—1,1) and the integral operator Z: H*(£2) — H~*(£2) given by
(3.7)-(3.9) with

1

with the order p € (0,2). In this case we can use p =2 in (4.10) and let

5,3 = Z n? and 552 = Z 2.

zeph\ch ZG'P}L\C}L

We decompose 2 into M subintervals and therefore have DOF := M — 1 degrees of freedom.

8.1 Implementation Details

Before discussing the numerical experiments, we first give a few comments on the implementation
of the finite element method and of the error estimators. We use mesh points —1 = zg < 1 <
<o < xp = 1. We first consider a uniform mesh with h; := x; — 2,1 = 2/M. In §8.3 we define
a graded mesh which has smaller subintervals near the endpoints.

The elements of the stiffness matrix can be expressed analytically in terms of a fourth an-
tiderivative of the kernel function K (z). In this way we can evaluate the stiffness matrix without
quadrature error.

The error estimator &, in (4.10) is an integral over two adjacent intervals involving the residual
R. Since a functions u, € Vj; has discontinuous derivatives at the mesh points, the term Zuyp
will have singularities at the mesh points. If p is noninteger these singularities are of the type
|l — zj|17p , whereas in the integer case there are logarithmic terms. We used the following
quadrature method which gives exponential convergence in the presence of these singularities.
Let -1 =29 < z1 < --- < xp; = 1 be the mesh points of 2. Since the residual r is singular at
the ends of each interval, we subdivide [z;_1, x;] of length h; in the following way: Let P > 0 be
an integer and 6 = 0.1. We introduce additional points at distance 67h; from the left and right
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endpoints, for j = 1,..., P. This divides the interval into 1 + 2P subintervals. On each of these
intervals a Q-point Gauss-Legendre rule is applied for numerical integration. Also the condition
r < 0 in the definition of discrete contact set Cp, is checked pointwise at each of the (1 4+ 2P)Q
quadrature points. It is shown in [53] that the quadrature error decrease exponentially fast with
respect to PQ.

In all our numerical computations we used three subintervals (P = 1) with two Gauss quadra-
ture points in each (Q = 2). We performed numerical experiments which indicated that increasing
P and @ does not change the character of the asymptotic results.

The linear complementarity problem (5.2) can be solved by the projected SOR method [26],
multilevel methods [38,57], domain decomposition methods [6], and interior point methods [8];
see [35] and references therein. We used the projected SOR method in our simulations.

8.2 Elliptic Equations

In this example, we consider problem (4.1) with p = 1. To test the asymptotic behavior of the
error estimators, we construct a problem where the exact solution is available. We define the
effectivity index to be the ratio £/ ||u — up||.

Pure Integral Operator Case. We consider case C1 with ¢g = ¢; = 0, then s = % and the
energy space is I?%(Q) We choose f(z) = 17‘5 — 1822 4 52%, then the exact solution for this
problem is u = %(1 — 22)%/2, The exact solution u is sufficiently smooth at the boundary = = +1
so that the approximation rate in the energy norm is DOF~®. The numerical experiment (see
Table 1) shows that both the energy error and the error estimator & (n = 0) converge with this
optimal rate 1.5. Furthermore, the effectivity index is almost a constant (around 5.0).

Although we only prove reliability of the proposed error estimator £, we notice that the node-
based error indicator £, mimics the pointwise error (see Figure 2). This observation justifies the
use of {£.}.ep,\c, to drive adaptive algorithms.

[DOF | Jlu—unll | £ [ Effectivity |
15 | 1.3021e-002 | 6.2052¢-002 4.7655
31 | 4.4597e-003 | 2.2014e-002 4.9362
63 | 1.5618e-003 | 7.7849e-003 4.9846
127 | 5.5069e-004 | 2.7527¢-003 4.9986
255 | 1.9455e-004 | 9.7327e-004 5.0027
EOC 1.501 1.500 -

Table 1 Elliptic equation in §8.2 with pure integral operator A = Z of order 2s = p = 1 (uniform mesh, expected
convergence rate 1.5). EOC is the experimental convergence rate based on last two iterations, which agrees with the
expected value 1.5. The effectivity index (ratio between the error estimator and the error) is almost constant.

Integro-Differential Operator Case. Now we consider case C3 and take A = —A + 7 with
p = s = 1, then the energy space is H L(£2). We choose an appropriate right-hand side function
f such that the exact solution is exactly the same as in the previous example. The energy norm
error as well as the error estimators are reported in Table 2. We see that the jump residual term
n converges at the optimal convergence rate (DOF ™) just as the energy error itself. On the
other hand, & is of higher order as we expected (see Remark 4). As in the last example, Figure
3 shows the nodal-based error indicator captures the local behavior of the pointwise error.
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Fig. 2 Elliptic equation in §8.2 with pure integral operator A = Z of order 2s = p = 1 (uniform mesh). Upper left:
numerical solution; middle left: pointwise error |u; — ul; lower left: nodal-based error estimator; right: convergence rates
for energy error and estimator £. Both the energy error and the error estimator converge at the optimal rate O(DOFfl"r’).
Furthermore, the local error indicator captures the local behavior of the error.

[ DOF | Jlu—unll ] & | Ee | £ | Effectivity of £ |
15 5.9891e-002 | 1.9670e-001 | 9.6446e-003 | 1.9694e-001 3.2883
31 2.9484e-002 | 1.0010e-001 | 2.4849e-003 | 1.0013e-001 3.3962
63 1.4647e-002 | 5.0323e-002 | 6.2787e-004 | 5.0327e-002 3.4361
127 | 7.3015e-003 | 2.5203e-002 | 1.5751e-004 | 2.5204e-002 3.4519
255 | 3.6455e-003 | 1.2608e-002 | 3.9419e-005 | 1.2608e-002 3.4585
EOC 1.002 0.999 1.998 0.999 —

Table 2 Elliptic equation in §8.2 with integro-differential operator A = —A +Z, s = p = 1 (uniform mesh, expected
convergence rate 1.0). The experimental convergence rate EOC, based on last two iterations, agrees with the expected
value 1.0.
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Fig. 3 Elliptic equation in §8.2 with integro-differential operator A = —A +Z, s = p = 1 (uniform mesh). Upper

left: numerical solution; middle left: pointwise error; lower left: nodal-based error estimator; right: convergence rates for
energy error and estimator £ (optimal convergence rate is O(DOF ~1)).

8.3 Elliptic Variational Inequalities

In order to exhibit the influence of the singular behavior of the solution at the free boundary
points we now consider A as in case C1 with p = 0.2 and ¢y = ¢; = 0, then the energy space is

H*(2) = H}(£2) with s = 0.1. We consider the problem (3.3) with f = 0 and the obstacle

x(x) = max(0.5 — |z|,0).
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For a smooth function u, we would have an approximation rate inf,, cv, [u — va]| = O(DOF~!?)
using uniform mesh refinement.

In our case the solution has singular behavior at the boundary points x = 41, and at the
free boundary points. The solution of the integral equation Zu = f behaves near the boundary
point 1 like | — 1]° [10, Theorem 7.5]. We compensate the singular behavior at the boundary
points by using mesh grading towards x = 1. We briefly review the arguments from [62].

In order to analyze the convergence rate we consider the singular term u(z) = z° and use a
graded mesh with mesh points z; = (ﬁ)ﬁ for j =0,1,..., M. Let h; be the length of subinterval
Q= [zj_1,7;] and 2 := UL, (2;. Then we have

. B—1
j—1 1 51 1

hj:.%‘j—l'j_1§0ﬁ (7) Mgcﬁx B M
Let u; denote the piecewise linear Lagrange interpolation of u. Note that u — uy is zero at all
mesh points z;. Hence the restriction of uw — uy to §2; is contained in H*(§2;). Any function
v € H*({2) whose restriction v; to each (2; is in H*(£2;) (vj(z) = v(z) if z € £2; and vj(z) =0
elsewhere) satisfies that Hv||2~s(m < Z;Vil |\v||2~s(!2‘). This is obvious for s = 0,1 and follows for

J

s € (0,1) by interpolation argument. For j = 2,..., M, we have

Yl
Tj—1

whereas for j = 1 we get
1
— 2 -8
Jumrlyqy < [ty <2

Hence we obtain for the sum of the squares of the interpolation errors:

M 1
Do lu—url o) S M*(‘HS)/ w20 g
=2 ’ o

We can see that if § > 4 — 2s then the approximation error in H $(£2)-norm converges with
the optimal rate M ~(~%) despite the singularity at 0. So we use the graded mesh 1 — (7%)4 for
j =0,1,..., M toward the end point 1 in this test example. Because of symmetry, the same
grading is employed close to —1. Note that if the grading parameter § = 4 or a stronger one
is used, the smallest meshsize is M7 and it decreases very quickly as the degrees of freedom
DOF = M — 1 increases. Round-off errors will play an important role even for not so big DOF.

According to [55] the solution has regularity C* near the free boundary. If the singularity
has the form |z — x| near a free boundary point zp, then this result would correspond to
v =1+s, u(z) € H-5+57¢(2), and an approximation rate O(DOF~'°*¢) in the H*(£2) energy
norm. Figure 4 shows that we indeed obtain the suboptimal rate of O(DOF~'?) for the error
estimator.

In order to obtain the optimal rate O(DOF ') we need mesh refinement close to the free
boundary whose position we do not know in advance. Therefore we use an adaptive algorithm
with the standard estimate—mark—refine strategy (see, e.g., [52]) driven by our local error
indicator &,. Figure 5 shows that the estimator, and therefore the solution, converges with the
optimal rate O(DOFfl'g). Note that this requires that the algorithm generates appropriate mesh
refinement both at the endpoints and at the free boundary points.
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Fig. 4 Elliptic variational inequality in §8.3 for pure integral operator A = T of order 2s = p = 0.2 (using algebraically
graded mesh towards end points). Upper left: numerical solution (black solid) and obstacle (red dashed) on the graded
mesh with 255 grid points; lower left: nodal-based error estimator in logarithmic scale log(.); right: the convergence
rate of error estimator is suboptimal (—1.5 instead of —1.9) due to the singularity at the free boundary. The proposed
local error indicator captures the local behavior of the error and the convergence rate of the error estimator behaves as
expected.
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Fig. 5 Elliptic variational inequality in §8.3 for pure integral operator A = Z of order 2s = p = 0.2 (adaptive
refinement). Upper left: numerical solution (black solid), obstacle (red dashed), and associated mesh points; lower left:
nodal-based error estimator in logarithmic scale log(€.); right: convergence rate (compare with Figure 4). The adaptive
algorithm achieves the optimal convergence rate —1.9.

8.4 Parabolic Variational Inequalities

In this example, we examine the parabolic variational inequality (3.4) with A as in case C1
with p = 2s = 1 and ¢y = ¢; = 0. To mimic an American-style butterfly option we use f = 0,
x(z) = max(3 — |z],0), and uo = x. We compute the solution in the time interval [0,7] with
T = 1. The solution as well as space error estimator at the two times ¢t = 0.0625 and ¢ = 0.5 are
shown in Figure 6. We use for the space discretization a mesh of M subintervals with grading
toward z = 1 to compensate for the singularities at the boundary points. For example, the
graded mesh points toward 1 are 1 — (ﬁ)ﬂ for j =0,1,..., M with 8 = 3. The choice of j is
explained in the previous subsection §8.3. For the time discretization we use a uniform mesh
of N subintervals of size k = 1/N. We want to investigate the influence of M and N on the
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Fig. 6 Parabolic variational inequality in §8.4 for pure integral operator of order 2s = p = 1 (using algebraically graded
mesh in space and uniform in time). Numerical solution and the corresponding space error indicator which captures the
correct local space behavior of the solution (N = 128 and DOF = 127).

L2(0,T; f[s(ﬂ)) error, and how it is reflected by the space error estimator £, and the time error
estimator & in (7.12).
In order to understand the effect of the space and time discretization, we consider the

parabolic equation u; + Au = 0. It is known, even for non-symmetric operator A, that for
s2 > s1 [34,59],

wo € B (Q) = [u®lfea gy S € ol o - (8.2)

We examine first a (space) semidiscrete problem which is continuous in time. We ignore the
effect of the singularities at the interval boundaries (they are compensated by the mesh grading).
The energy error ||u(-,t) —up(-,t)|| at time ¢ has to be at least as large as the approximation
error infy, ev, flu(-,t) — vnll < h* *[Ju(-,t)| y2() according to (8.2). Because of ug € H?7¢(0)
we expect [Ju(-,t) — up(-,8)]| < k2 5t"5~< and an L2(0,T; H*(£2)) error of optimal order h,
despite the presence of a singularity at ¢ = 0.

We consider finally a (time) semidiscrete problem which is continuous in space. Since ug €
I;'%_a(ﬂ), the initial condition ug is in the domain of A, namely ﬁl(ﬂ). Therefore, [47] yields
an optimal rate O(k) for the L2(0,T; H? (£2))-error.

For the numerical computation we used the same number of time and space degrees of free-
dom, i.e. N = DOF. The left picture of Figure 7 confirms that the time estimator &, converges
with the optimal rate O(N~1!). The right graph of Figure 7 shows that the space estimator &,
also converges with the optimal rate O(DOF~?), as expected.
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Fig. 7 Parabolic variational inequality in §8.4 for pure integral operator of order 2s = p = 1 (using algebraically
graded mesh in space and uniform in time). Asymptotic convergence rates of the error estimators, £ in time (left) and
&, in space (right). Both temporal and spatial convergence rates are optimal. The error estimators behave exactly as the
error asymptotically which confirms our theoretical results.
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