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Lecture 11 Properties of connected space

Supplement

Singleton is connected.

Question

Let τ1 and τ2 be two topologies on X. If τ1 ⊂ τ2, is there any
relationship of connectedness in the two topologies?
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Lecture 11 Connected↔subspace

Outline
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Lecture 11 Connected↔subspace

Proposition 12.10

Let {C,D} be a separation of X, Y be a subspace of X. If
C ∩Y 6= ∅ and D∩Y 6= ∅, then {C ∩Y,D∩Y } is a separation of Y .

Corollary 12.11

Let {C,D} be a separation of X. If Y is a connected subspace of X,
then either Y ⊂ C or Y ⊂ D.

�¬�óµ�Å4ëÏ�.�§Ò�½�Õè§ØUäp.

Example 12.12

Let X = [−3, 0) ∪ (0, 3] with the subspace topology inherited from
R. Let Y = [1, 2]. Then {[−3, 0), (0, 3]} forms a separation of X.
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Lecture 11 Connected↔subspace

Theorem 12.13

Let {Aα} be a collection of connected subspaces of X. If⋂
αAα 6= ∅, then

⋃
αAα is connected.

�Ø�, ¿ëÏ.

Theorem 12.14 (Exercise 3 on Page 152)

Let {Aα : α ∈ Λ} be a collection of connected subspaces of a
topological space X. If
∃β ∈ Λ such that Aα ∩ Aβ 6= ∅,∀α ∈ Λ, then

⋃
α∈ΛAα is

connected in X.

Question

Is there any relationship between Theorem 12.13 and Theorem 12.14?
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Lecture 11 Connected↔subspace

See Exercise 2 on Page 152.

Question

If A and B are connected in X and A ∩B 6= ∅, is A ∩B connected?
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Lecture 11 Connected↔continuous

Outline
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Lecture 11 Connected↔continuous

Theorem 12.15

Let f : X → Y be continuous. If A is connected in X, then f(A) is
connected in Y .

Application

(a, b) is connected in R.

Topologist’s sine curve is connected in R2.

Connected↔product (come soon...)

Application (Exercise 1 on Page 157)

As subspaces of R, (0, 1) and (0, 1] are not homeomorphic(Ó�).

Theorem 12.15QÎÜnØ��uÐ�I�§qU
?n±cØU
?n½öØN´?n�¯K. ùÒ´êÆuÐ�Äå�Ú�å.
·�l¥�w�ëYN��©^.
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Lecture 11 Connected↔continuous

Question

Let f : X → Y be continuous. If B is connected in Y and
f−1(B) 6= ∅, is f−1(B) connected in X?

No! f : R` → R defined by f(x) = x.
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Lecture 11 Connected↔product

Outline
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Lecture 11 Connected↔product

Theorem 12.16

X and Y are connected spaces ⇐⇒ X × Y is connected.

Proof.

⇒ Theorem 23.6: consequence of Theorem 12.15 and
Theorem 12.13 ( Figure ).

⇐ Exercise 17 on Page 124 in the Chinese version.

Application

Rn´ëÏ�§Rn
`Ø´ëÏ�.

Proposition 12.17 (Exercise 9 on Page 152)

Let A $ X and B $ Y . If X × Y is connected, then so is
(X × Y ) \ (A×B).
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Lecture 11 Connected↔closure, boundary

Outline
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Lecture 11 Connected↔closure, boundary

Theorem 12.18

Let Y be a connected subspace of X and B ⊂ X. If Y ⊂ B ⊂ Y ,
then B is connected.

Corollary 12.19

If Y is a connected subspace of X, then so is Y .

The converse does not hold: Y is connected ; Y is connected. (say,
Y = Q)

Application

Rþ¤k«mÑ´ëÏ�.
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