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© Lecture 11

@ Separation
Separation«—subspace
Connected space
Properties of connected space
Connected«subspace
Connected«continuous
Connected«product
Connected«closure, boundary
Intermediate value theorem
Path connected
Connected component

7-405, Sichuan Normal University) Topology 2nd semester, 2010-2011 2 /34



Lecture 11 Properties of connected space

Supplement

@ Singleton is connected.

Question

Let 71 and 75 be two topologies on X. If 71 C 7y, is there any
relationship of connectedness in the two topologies?
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Connected —subspace
QOutline

© Lecture 11

@ Connected«subspace
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Proposition 12.10

Let {C, D} be a separation of X, Y be a subspace of X. If
CNY #0and DNY # (0, then {CNY,DNY} is a separation of Y.
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Proposition 12.10

Let {C, D} be a separation of X, Y be a subspace of X. If
CNY #0and DNY # (0, then {CNY,DNY} is a separation of Y.

Corollary 12.11

Let {C, D} be a separation of X. If Y is a connected subspace of X,
then either Y C C orY C D.

4
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I PEIZF P Connected —subspace

Proposition 12.10

Let {C, D} be a separation of X, Y be a subspace of X. If
CNY #0and DNY # (0, then {CNY,DNY} is a separation of Y.

Corollary 12.11

Let {C, D} be a separation of X. If Y is a connected subspace of X,
then either Y C C orY C D.

HREZD: BTAEEBNRE, H— T B3N, TEEHE.

4
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I PEIZF P Connected —subspace

Proposition 12.10

Let {C, D} be a separation of X, Y be a subspace of X. If
CNY #0and DNY # (0, then {CNY,DNY} is a separation of Y.

Corollary 12.11

Let {C, D} be a separation of X. If Y is a connected subspace of X,
then either Y C C orY C D.

ARIES: BFAEEEGRK, h—EE3EN, TREFE
Example 12.12

Let X =[—3,0) U (0, 3] with the subspace topology inherited from
R. Let Y = [1,2]. Then {[-3,0), (0, 3]} forms a separation of X.

4
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Theorem 12.13

Let {A.} be a collection of connected subspaces of X . If
Ny, Aa # 0, then |, A is connected.
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Theorem 12.13

Let {A.} be a collection of connected subspaces of X . If
Ny, Aa # 0, then |, A is connected.

Theorem 12.14 (Exercise 3 on Page 152)
Let {A, : a € A} be a collection of connected subspaces of a
topological space X . If

36 € A such that A, N Ag # 0,V € A, then |J,cp Aa is
connected in X.
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Theorem 12.13

Let {A.} be a collection of connected subspaces of X . If
Ny, Aa # 0, then |, A is connected.

Theorem 12.14 (Exercise 3 on Page 152)
Let {A, : a € A} be a collection of connected subspaces of a
topological space X . If

36 € A such that A, N Ag # 0,V € A, then |J,cp Aa is
connected in X.

Question
Is there any relationship between Theorem 12.13 and Theorem 12.147
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See Exercise 2 on Page 152.

2. Let {A,} be a sequence of connected subspaces of X, such that A, N A4 # &
for all n. Show that |_J A, is connected.
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See Exercise 2 on Page 152.

2. Let {A,} be a sequence of connected subspaces of X, such that A, N A, # &
for all n. Show that ] A, is connected.

Question
If A and B are connected in X and ANB #(),is ANB connected?J
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Lecture 11 Connected<—continuous

QOutline

© Lecture 11

@ Connected«continuous
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Lecture 11 Connected<—continuous

Theorem 12.15

Let f: X — Y be continuous. If A is connected in X, then f(A) is
connected in'Y .
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Lecture 11 Connected<—continuous

Theorem 12.15

Let f: X — Y be continuous. If A is connected in X, then f(A) is
connected in'Y .

Application
@ (a,b) is connected in R.

e Topologist's sine curve is connected in R?.

e Connected«product (come soon...)
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Lecture 11 Connected < continuous

Theorem 12.15

Let f: X — Y be continuous. If A is connected in X, then f(A) is
connected in'Y .

Application
@ (a,b) is connected in R.
e Topologist's sine curve is connected in R?.

e Connected«product (come soon...)

Application (Exercise 1 on Page 157)
As subspaces of R, (0,1) and (0, 1] are not homeomorphic([F] ix).
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Lecture 11 Connected<—continuous

Theorem 12.15

Let f: X — Y be continuous. If A is connected in X, then f(A) is
connected in'Y .

Application
@ (a,b) is connected in R.
e Topologist's sine curve is connected in R?.

e Connected«product (come soon...)

Application (Exercise 1 on Page 157)
As subspaces of R, (0,1) and (0, 1] are not homeomorphic([F] ix).

Theorem 12. 15855036 KA G KR E &, XHEB L IEVAH] T 68
S22 R E T A FR 6 PR, X R F R ) RRAIES .
RV A B 5 G w4 a9 % A
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Lecture 11 Connected<—continuous

Question

Let f: X — Y be continuous. If B is connected in Y and
Y (B)#0,is f~1(B) connected in X?
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Lecture 11 Connected<—continuous

Question

Let f: X — Y be continuous. If B is connected in Y and
Y (B)#0,is f~1(B) connected in X?

No! f: R, — R defined by f(z) = =.
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Connected — product
QOutline

© Lecture 11

@ Connected«product
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Connected  product
Theorem 12.16

X and 'Y are connected spaces <= X X Y is connected.

Proof.

= Theorem 23.6: consequence of Theorem 12.15 and
Theorem 12.13 ( ).

<« Exercise 17 on Page 124 in the Chinese version. [
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Connected  product
Theorem 12.16

X and 'Y are connected spaces <= X X Y is connected.

Proof.

= Theorem 23.6: consequence of Theorem 12.15 and
Theorem 12.13 ( ).

<« Exercise 17 on Page 124 in the Chinese version. [

Application
R34, RRA&ER.
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Connected  product
Theorem 12.16

X and Y are connected spaces <= X X Y is connected.

Proof.

= Theorem 23.6: consequence of Theorem 12.15 and
Theorem 12.13 (@),

<« Exercise 17 on Page 124 in the Chinese version. [

Application
R34, RRA&ER.

Proposition 12.17 (Exercise 9 on Page 152)

Let A ; X and B g Y. If X xY is connected, then so is
(X xY)\ (A x B).
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Connected«—closure, boundary
QOutline

© Lecture 11

@ Connected«<closure, boundary
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Lecture 11 Connected<«closure, boundary

Theorem 12.18

Let Y be a connected subspace of X and BC X. IfY C BCY,
then B is connected.

Corollary 12.19

If'Y is a connected subspace of X, then so is Y.

4

The converse does not hold: Y is connected # Y is connected. (say,

Y =Q)

X (7-405, Sichuan Normal University) Topology 4:10pm  April 20, 2011 27 / 34



Lecture 11 Connected<«closure, boundary

Theorem 12.18

Let Y be a connected subspace of X and BC X. IfY C BCY,
then B is connected.

Corollary 12.19

If'Y is a connected subspace of X, then so is Y.

4

The converse does not hold: Y is connected # Y is connected. (say,
Y =Q)

Application

REFTA X )45 R 18 9. J
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