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Lecture 11

Aim: extend the intermediate value theorem from R to topological
space.
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Lecture 11 Separation

Definition 12.1

Let X be a topological space and C,D ⊂ X. {C,D} is said to be a
separation of X if the following hold

1 C ∩D = ∅, C ∪D = X; (ØE!Ã¢¦)

2 C 6= ∅, D 6= ∅;
3 C and D are open.

Remark 12.2

{C,D} is a separation of X ⇐⇒
The following hold

1 C ∩D = ∅, C ∪D = X;

2 C 6= ∅, D 6= ∅;
3 C and D are closed.

Remark 12.3

{C,D} is a separation of X ⇐⇒
The following hold

1 C ∩D = ∅, C ∪D = X;

2 C 6= ∅, D 6= ∅;
3 C is both open and closed.
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Lecture 11 Separation

Question

In the following cases, is {C,D} a separation of X?

1 X = R, C = (−∞, 1), D = (1,+∞).

2 X = R, C = (−∞, 1), D = [1,+∞).

3 X = R`, C = (−∞, 1), D = [1,+∞).

4 X = (0, 1) (the subspace topology inherited from R),
C = (0, 1/2), D = [1/2, 1).

5 X = Q, C = (−∞, α) ∩Q, D = (α,+∞) ∩Q, where
α ∈ R \Q. How about α ∈ Q?

Question

Let X = {1, 2, 3} and τ = {∅, X, {1, 2}, {3}}. Is there a separation
of X?
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Lecture 11 Separation↔subspace

Proposition 12.4

Let Y be a subspace of X and C, D ⊂ Y . Then {C, D} is a separation of

Y⇔
C ∩D = ∅, C ∪D = X///Y ;

C 6= ∅, D 6= ∅;
C and D are open in Y.

⇐⇒


C ∩D = ∅, C ∪D = X///Y ;

C 6= ∅, D 6= ∅;
C ∩D = ∅ and C ∩D = ∅.

⇐⇒


C ∩D = ∅, C ∪D = X///Y ;

C 6= ∅, D 6= ∅;
C ∩D′ = ∅ and C ′ ∩D = ∅.

Revisit Item 4 of Question 3.
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Lecture 11 Separation↔subspace

Proposition 12.5

X has a separation ⇐⇒ X has a nonempty proper subset which is
both open and closed in X.

Revisit Question 3.

Other concern.

separation↔product topology
separation↔continuous function

We will discuss these topics in the framework of connected space.
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Lecture 11 Connected space
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Lecture 11 Connected space

Definition 12.6

A topological space X is said to be connected if there does NOT
exist a separation of X.

Example 12.7

Is the following topological space connected?

1 X = {1, 2, 3} with τ = {∅, X, {1, 2}, {3}}.
2 R`.

3 R.

R is connected.

If not, there is a separation {C,D} of R. Let a ∈ C and b ∈ D. Set
A := C ∩ [a, b] and B := D ∩ [a, b]. Let x := supA. Then x ∈ A
and x < b. Moreover, (x, b] ∩ A = ∅, equivalently, (x, b] ⊂ B. So
[x, b] ⊂ B as B is closed. It follows that x ∈ A ∩B ⊂ C ∩D = ∅,
impossible!
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Lecture 11 Connected space

The above proof essentially shows that every closed interval [a, b] is
connected in R.

[a, b] is connected in R.

If not, there is a separation {A,B} of [a, b]. Since A and B are
closed in [a, b], there exist two sets C,D which are closed in R such
that A = C ∩ [a, b] and B = D ∩ [a, b]. ////Let//////////a ∈ C//////and//////////b ∈ D. Let
x := supA. Then x ∈ A and x < b. Moreover, (x, b] ∩ A = ∅,
equivalently, (x, b] ⊂ B. So [x, b] ⊂ B as B is closed. It follows that
x ∈ A ∩B ⊂ C ∩D = ∅, impossible!

Question

Is open interval (a, b) connected?

Yes! But how to prove?

1 U?”[a, b] is connected”�y²(ÐÆö�Ä��{)

2 &¢#�y²�{. (Ä��È\Úaú)
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Lecture 11 Properties of connected space
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Lecture 11 Properties of connected space

Proposition 12.8

X is not connected ⇐⇒ There exists a nonempty proper subset of X
that are both open and closed.

Corollary 12.9

X is connected ⇐⇒ The only subsets of X that are both open and
closed are ∅ and X.

��5`§�ÑØëÏ�m�yâ§'�ëÏ�m�yâ�N´.

Question (Topologist’s sine curve)

Let

X :=

{
(x, y) ∈ R2 : x > 0, y = sin

1

x

}
∪ ({0} × [−1, 1]).

Is X connected? (��3=p?)
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