
Topology
by Munkres James

ÛÅ,

7-405, Sichuan Normal University

2nd semester, 2010-2011

ÛÅ, (7-405, Sichuan Normal University) Topology 2nd semester, 2010-2011 1 / 13



2 Lecture 3
Prelude
The Subspace Topology

ÛÅ, (7-405, Sichuan Normal University) Topology 2nd semester, 2010-2011 2 / 13



Lecture 3 Prelude

Outline

1 Lecture 3
Prelude
The Subspace Topology

ÛÅ, (7-405, Sichuan Normal University) Topology 8:10am, March 10, 2011 3 / 13



Lecture 3 Prelude

Exercise 1

d(x, y) := min{ρ(x, y), 1} is a metric, if so is ρ.

d(x, y) ≤ d(x, z) + d(z, y).

Proof.

(i) If either ρ(x, z) ≥ 1 or ρ(z, y) ≥ 1, no problem!
(ii) If both ρ(x, z) < 1 and ρ(z, y) < 1,

d(x, y) ≤ ρ(x, y) ≤ ρ(x, z) + ρ(z, y) = d(x, z) + d(z, y).
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Lecture 3 Prelude
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1 ATéρ(x, y), ρ(x, z), ρ(y, z)�1���c[©a§k�ÓÆ
�©ρ(x, y) > 1Úρ(x, y) ≤ 1ü«�¹.
©¤3× 2«�¹§´�Ð���ª§�´��{��ª.

2 Ï�d(x, y) = min{ρ(x, y), 1}Úd(y, z) = min{ρ(y, z), 1}, ¤±

d(x, y) + d(y, z) = min{ρ(x, y) + ρ(y, z), 1}.

�5¿Ü6ín�î�5.

ÛÅ, (7-405, Sichuan Normal University) Topology 8:10am, March 10, 2011 6 / 13



Lecture 3 Prelude

Let X be a topological space with the topology τ . The following are
the same.

1 U is an open set in the topological space X.

2 U is open in X in the topology τ .

3 U is open in X.

4 U ∈ τ .

Several typical examples of topological spaces:

1 R, R2, . . . .

2 metric space

3 R`

4 Set of finite elements. It’s too artificial!
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Lecture 3 Prelude

Example 1.1 (τX × τY is not a topology)

Let X := {1, 2, 3}, τX := {∅, X, {1}, {1, 2}}; Y := {a, b, c},
τY := {∅, Y, {a}, {a, b}}. Then both {1} × {a, b} and {1, 2} × {a}
are in τX × τY , but NOT their union. Note that

({1} × {a, b}) ∪ ({1, 2} × {a}) = {(1, a), (1, b), (2, a)}.

If there exist A ∈ τX and B ∈ τY such that

{(1, a), (1, b), (2, a)} = A×B, (1)

then A should be {1, 2} and B should be {a, b}. However, (2, b) is in
A×B, but not in {(1, a), (1, b), (2, a)}. So

{(1, a), (1, b), (2, a)} $ A×B.

That is, (1) is impossible to hold.
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Lecture 3 The Subspace Topology

Proposition 1.2

Let X be a topological space with topology τ . If Y is a subset of X,
then the collection

τY := {Y ∩ U : U ∈ τ}

is a topology on Y , which is called the subspace topology on Y

When we say that Y is a subspace of X in Topology, it means:

1 Y ⊂ X.

2 The topology on Y is the subspace topology.

V is open in Y means: V ⊂ Y and V ∈ τY .
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Lecture 3 The Subspace Topology

Remark 1.3

Open set in the subspace Y is possibly not open in the space X.

Let X := R and Y = [0, 2). Then [0, 1) is open in Y , but not in X.

Proposition 1.4

1 If U ⊂ Y is open in Y and if Y is open in X, then U is open in
X.

2 If U ⊂ Y is open in X, then U is open in Y .
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Lecture 3 The Subspace Topology

Basis of the subspace topology

Proposition 1.5

If B is a basis for the topology of X, then the collection

BY := {Y ∩B : B ∈ B}

is a basis for the subspace topology on Y .
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Lecture 3 The Subspace Topology

Let X and Y be two topological spaces, A ⊂ X, B ⊂ Y . Let τA and
τB denote the subspace topology on A and B, respectively.

Proposition 1.6

The subspace topology of A×B (as a subspace of X × Y ) is
the same as the product topology of A×B (as a product of
(A, τA)× (B, τB)).

Hint.

Let B1 := {(U × V ) ∩ (A×B) : U ∈ τX , V ∈ τY }. Then
B1 = {(U ∩ A)× (V ∩B) : u ∈ τX , v ∈ τY } = τA × τB.
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