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Contact pressure analysis by using singular integral equation method
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Abstract: The numerical solution of Singular integral equation (SIE) was summarized,
the 2nd type of SIE\was solved by piece-wise continuous linear function procedure; for two e-
lastic bodies contact, the/SIE was deduced by correlating the slip function and gap function
between the two bodies. The contact bodies include the cylinder contact with half space
body, parabola-shape indentor contact with half space body and tenon contact with mortise
cases. These equations were solved by using the piece-wise continuous function method,
then contact pressure on the contact surface was acquired. The results of SIE analysis were
compared with those obtained from contact theory and finite element method (FEM) analy-
sis. For cylinder contact with half space body, the maximum contact pressure of SIE method
is compared with contact theory and FEM, the relative tolerance is 0. 3% and 0. 5% respec-
tively; for tenon contact with mortise, the relative tolerance of maximum contact pressure

between SIE method and FEM is 1. 8%, proving the effectiveness and applicability of SIE method.

Key words: singular integral equation; piece-wise continuous function method;

slip function; gap function; contact pressure

AR RIS 20 42 40 AR BT A &) IZ RN 0 T A R B O R
KBy — TP B BRI, fE W R e gy ABUE AR R N AMR 2 o E AT T B TRA

i B3 :2014-03-25
TEZ B AT X013 (1983 —) , 38, 30 T4k A, AR L A1, 358 I\ 35k S WL 15 3 5 G BF o



5 10 34 X

V5 2% 7 S AR 20 O R D i T B A T T3 3 A o ) 2347

BT B T e -0 b R 2 R I
Tk HEAT L 22 K R TT O 15 5 — &R A B
P KR SCR T Gerasoulis #2894 B 3% 5
PRy 1 KA A% R AT S ARy AR AT SR
55 LAY 22 500 30 T 12 AR AR 20k A e A )
A5 1% rRORE SR gk DX TR 28 180k 7 1A T XA L
T3 s FTC i K R T R A AR BT 7 B
e ARAT ARG 7 7R 0 B A O B 2 bR BR0E BRU)
FUCSTC A BCE AR T 2 s AR AR A
T R, AT LLAR 4 oR OB BE Y 78 A 1 AT SR R A
b, B 3 09 RCR. TEAR 2 TR b Y 42 ik )
R AR A T e b A R )RR E . B
R0 PE ST 542 fol I 3R ORI A BR eI L 1
EITEAFAETH 3 B 0 A e . ) A RO
S foh T [ 4 ] B R 515 422 ik s 1 366 R B R 2 T
A AR O R R SR O A S AR O 5 R OR AR A
2 il FE 7 109 07 v e — R AR A AL Ikt 7
A 3E 3 g A A AR s 2 s R A A £k
U HE Sk 5 s 2 2 ) A M Sk S MERE 3 R 2R AL Y
2 fih o 2 ST 3 Al T () 614 () B2 o K 5 Ak TR O =2 (]
fR 5 AR 9 S A L A 77 5 AR 3 O B O R AT SR
il THIALEE AR W Ay S AR T R A SRR fil
JE 3 75 T B AT A TR AN A

1 FENKBRERES SH

1.1 HEREZE
ol G A% U A5 S AR O R 1~ OB R
a¢(x)4—€%J% j%fldt4fj%k(t,x)¢(wch:: )

a t—x

€ [asoe] (1)
L QA b ﬁﬁ%ﬁ,iﬁmﬂﬂ% b Hy 3

<n%%%ﬂ”Muﬁaww:mmhmn%%ﬁ

mrE.
a () 4753 j i?g?;dt::Af(I) 2)

O HRR R (D B RIE F R, AR AR, W
Woa=0 N 1 ISM PR Ay 5 By O AR, IR
a0 K5 2 ST P A% AR Ay S ALy T

A SC SR FH 4 B A (L 3 462 o 01k 3o A AR
O3 7 REVEAT SR Ll 2 B U Ok R A SR
7 R A AR Ty B A AT R R R R R AR
FEEMAE 1 s,

XA DX ] 5 1A b 2,
VL A s EC AT

LR RS
BLYE AL AT
'
5 R HOE ., SR
et RO R

;
SRR, (Rt
BB

'
RFZEAECEOT FRALR A, B
A R B B LAY

I AT b O
Fig. 1 Flow chart for-solving SIE

1.2 BEfaHh
XEFF(2) Birom 4] 75 A% 80 25 S AR 40 O AR Y

) =p(x), a=1,b=tan (xA), f(x2) =

gtan (e AR T 20 (2) 728 3y

tan(wA) (2 p(D)
Fid

o t—x

plo—+

dt = xtan(mwA) (3)
TEXHI T BRI 2 BT p () —
o+ [I:‘;J‘ H R py ) S 1E B T

G

X ] 43 B 24 705 b 1 1 S5 5 5K 76 L4 300 R Ak
A
R 0. gy | } BT B R 2 R A

60—

IE o g1 R K0, SR 5 B ot B il i AR 2K (3) . 4T
IR Levs o 100 1 m 854y BRUAR ARIRR 16
sty 3t n 1 AR S AR T X P e
fig &0 o (i=0,1,,n— 1), 3G nHEE M.
3 AR TE B A ) AFDGE 07 B TR 2 B

B2 AR i 5 BC AR

Fig. 2 Relative position of integral point and deploy point

EE 2 H e st HFRG R o B 2 R
PC s, B s FIC B R 2 TR YOG R R LR
AW
h=2_a
n
(i=0,1,,m)

(i:(),l,"‘n—l) (4)

t; = (‘1+ih
xX; — (Zi+tl‘+1)/2



2348 W oo

g o M

o530 %

4%%@3%,@; 17,'(1.,:091’"' ’ 7’1_1)4{:/\$ﬁ‘|‘@*§€
WSS TR MEFXE 6.t J L HFREN
tan(wA) |

T

. A
p0<xl>+¢1[x" “J +
C — X

R . ‘A
RORE? {t _“J
J« t C dt = x;tan(wA) (5)
. —

RAITFXAR .
poCad) = L poCt) + poCten)1/2 (6)
=+ t0)/2 G=0,1,+,n—1) (D)
LRI 0 A7 FE A WL T R, o R
Pt (=051, ) FIHEL ¢, HLH nt2 41K
RV, BE I A 1 5 R
po(ty) = po(t,) =0 (8
AR LAY nt-2 A7 R SR G A~ R 4
RBUEME TR A'X = B LR r FE 4L R
FH = T8 235 X 0 O AR 2 A SR Sk AT DLk AR
Po COTERS AR 55 1 0 R BB DL e ¢ BYAEL. [F)
B e R EL A B
p(x) =—sin(nA)(x— ) e — 04—

. LA
X — (1

sin(rA) (A+ Ac; — &) p— (9
AW ¢ BSELIS AN
1. =— sin(wAV(AH A, =¢) (100

% A:O.4:9(‘1:09C2:19Ehﬁ(10>ﬂ%u¢11:
0.190211. fffi FHECE 73k H | 1y ¢ S5 X
Bon AR HR RN 1.
*1 FREAFSHERZENXR
Table 1 Relationship between numerical value and

subinterval number

B (R 5 T

b H xR 22/ %
16 0. 185807 2.31
32 0. 188064 1.13
64 0.189114 0. 56
128 0.189412 0.42
256 0.189672 0. 28
512 0.190061 0. 08
1024 0.190126 0. 04
2048 0.190157 0.03

MTIX B ECH 16 B AT IR 2ZE R 2.31% ;4 FIX
(A1 %A 2 048K, A X% 22 R 0. 02 % , Ui BH B 5 F

DX T 50 P 498, 5 A 5 B A 1) A X R 2 2 A
W /0 o BRIV DX I 00 38 A B T v T AR Y SR
KT

2 AREEMEASTPANA

2.1 #EMEETFRROFENETL

SR TR WA P A TR] B Y Sl R ) 2R AT 5R
fift e ATl i 7 5 A SO A 22 18] B T Bl eR
B0 N 5] B2 R ERCIER 2 G R A ST A L B S AR A3 O
T X LR AT SR AR AR AT $e o T ) F) 422 figh & 7

S P (A CO N 55 4 R O 42 ik, oo 28 11 DL TA] 3.
PR B 42 i XA Can s @) Z BT 53, PO TE:
li] 28 A7 » Q DA VI 1) 2 i o ML 25

P87 PG 42 fih 7 7 TR

Fig. 3 Contacting schematic diagram of

two components

P A R ] ) T RS R

sSCx) = s — Ugn (1D
[i] B2 e B R 7R
H(x) + Cx= uy.Z_uy$1+H0 (12

Horf ., HEAPEARQTE « T BN s w9 TR
RKOTE = I E AL w. YR QTE y I
MIRLRS s uey A RPEAROTE vy r AL H(x)
TR T WA BE R 2 1) B TR BR . Ho o RIR A 55
Cy N WA s £ B % 4% 300 5 2 s T A4 7R 32
y I A £k 3k fr . L4 & W] LU Stroh 24 a8
%%/jf\‘[lﬂ
u= %Im[Vqln(;r):l
Hrh vV Ry 3X3 5, q 2 3X1 . Hi, vV #ilq
A0S F B ORI it o A 28 e T AL X T 45 S
PR LR B M N Cy I BT IE AT LR AR Q.
R, T 5[5, 5300 K
Q) = Cap s Ry = Cupo» Ty = Cpie (14)
DAL I AT i Ak ) 3 3R A QL R, T 4 B

(13



5 10 34 X

V5 2% 7 S AR 20 O R D i T B A T T3 3 A o ) 2349

TIRERE V AT fy QR T4 [ 20 il 9 05 R fige . %)
IO B R A Ak
[0+ p(R+RD+ p'Tlv=0 (15
K p R BCRRAE 7 B B REAE AR T ) £ v N IE B
T 1 AR A AL JIT XoF 7 1) 018 R A 1) . 2 (13) v
V=[w v v . B IE 00 A AR T R Y
FeAE ] AL R T R q=w ! P AR W=
w, ] Hir
w. = (R" + p,Dv, (16)
T AT LU ST O F 07 B8 1 pR B
Re[VW 1] f+

[ W W

%Im[VW’ljf In|z] =<0

u=

[%Im[VWﬁljfln|x|x>O x>0

a7
XL HEATR T A

9 {ul.} [(0(11),,, (alz)M:]
(’)1‘, Uy (1121 )m ((122 ) m

[wn)m <Blz>,,}f{q<r>} d&r s
<‘82])m (Bzz)m 1 p(r) r—Xx

Ho(a),,=Re[VW '], (B;),,=Im[VW], F
B m=1,2 43 B 3 R O F L 7R ).

WL 3 FT 7 BT A B A ik 0 A
SRR AR T 3 g ) ) 3R INRE A 05 T A R
i ), 2 12) . 208) Af LU A 7 1 {4 ]
114 ) B BRI L T Bl R B Ak R ) DGR SR L LG
F AT LL3E 2o 75 5B O B RO

qCx) }7
pCx)

2 — gl + B L g,
agx T r— X

4

ws p( ) Mﬁj 200 g, (19)
T r— X

ap

Hia —a2]q<x>+‘3ijﬂ—d +

s p( ) +@J 2Ly, (20)
T r— X

KRB - By TT FR M A 00 4 RS BRI,
0o it
ar = oz = PBir = P = 0 D
X T A 5L A 8 Sy 4% 1) ] 1 A RE EL AL REAR
[) 4155 450, Fh T VR A B R 1) B A i 5 3 s Ll
AR R . X B A AE

(1—20)+v)

e — i —

E,
A—20)A+v) _,
E,
200 — %) e
e
20 —vH) 40 —v)
E E

Hob B, v 23 350 0 44RO 5P AL MR AL LR 7 D7
7]‘543?% PEASE Sy 80, R (SO P T 3P 1 R

2.2 #EMIENSHTEA

5 2 22 fih [) 5t
b QRN K R SRy R S E T )
B, B MmN P= 100 kN/m. & R i) 5 1k
Fi E=2 GPa, AR FLv=0. 5, Bt A F 12 R=
T, FZ il R 10 AH po 5 2 fil > 95 BE o] B BEIR
figp N A

F S 28 2T LT B R i e vE R B e
b =10.-75-mm, #% il [k NG EBIS R po=5. 91
MPa. fi ] A7 5B 43 7 R o A B 2 B2 fik i o D
s U AT AR AT YRR o+ (y— R =R, 1l

2.2.1

PR 2 25 ] AR RUE BRECh y=0, i L AT 3R 45 (] Pt
PRECH H(x) =R— /R — 2. i F# i R ik

B XTRRE . AT 40 Cy =0, i A] 458 f7 4k I B89 &5 5 R
SRR

: 4a—D [ o
R — & B nE J r— xdr (23)
PR 28 a7 B2 AR X R R R AR v AR T S B 4

fie DX i) Xof K o R —

Xof b 5 SR FH 43 B 3 82 bR RIS SR A BT b=
10. 9mm, 5 H IS M WA X R 28 1.4%. p =
5. 93 MPa, 53R A X% 22 8 0. 3 %4, B 3 fih
XA 43 32 AN X [a] B fil 1 ) 76 45 DX ) 15 4 4%
A7 1R 55 {1 e 0 B ik DL TR 4.

XoF I H fioh 1) AL, ] B SR T ABAQUS A R ot
BAFi#EAT TAHEL 2 rR Y po =5. 96 MPa, b=
8. 9 mm, i b B B IS A B AR KA PR T i X IR
AR SRR 5 R 7 1 — i LU A 80 SR e 4
fik K 19 O 9

Xof - [0 A (0 et B[] AR 1 28y o o8 T Sk 1Y)
TE R Ry i 2 70 e Sk, e Sk BT RN y= o7 [F]
BETT DA AR 2 fi Ry R4 fooh 2 56 B L B2 kR g
WEH Ry 8. 42 MPa, # fili > 58 B£ 24 7. 75 mm, 7] LA

ap =a; =b.



2350 Wi 2 @

9530 %

HefuhFE H1/MPa
/-I

w— FHiB Y
0f © E (Rt

{I) é 1 IU 15 20 £5 I 3lU 3IS
455
VI 4 IR 5 0 O L

Fig. 4 Contact pressure comparison between theoretical

value and numerical value

A SR AR L I LIPSk B ik 9
AR [6) B 42 figh T T3 7P T e A 4 Ak X R 20
32 A>T DXIL S 75 28 DX IA] Y 5 A s Sk 1) 42 fgh 1
J1 L BNTEL 5 Fi.

-."-' .-.-'l

| T
&) o B2 B |

$EfME J7/MPa
S == W s L N =) 00 O
'

TJ- ‘:".i. IIJ
K5 ANENEIRE Sk 42 fil s ) L #R
Fig. 5 Contact pressure comparison with

different indentors

2.2.2  MEE Rl ) &

T IR R 3 4 45 4 O JHE R AL IR A Ol 45°. M
B TAL2, #EdERL & E=120 GPa, A v=
0. 3, M L5 K L 7 mm.

TE ME Sk N 48 0 S 10 KN, A A4 ] 78 Mk Sk
BRI RN OE TR ) 5 A Sk bt n 6 28 - A
L 77 R AT R R T B3 e GE e
J10 5. 349kN, Y [m] BE 2 T3 Sy 2. 675 kN. Kt i 1]
TE FE 1 Ak Sk 1 JBE 32 5 1) 14 46 48 Af B0 0. 777 X
10° N/m.

e J2 M 235 K A 2 4% ) 2 AT 1 FH B 4 Sk 7R AR
] S 3 By, HEAS K AR 2 oy L SR O — 8 9 A BEL A
HE S FIASE A 1) 422 fob T Ry BTG L BN & i T

MESK WY 4% ik i m) A & AR R R T 3h . L AE FE
qC) = ppC) , Hd pCao) A qC) 43 3 M b
R ) A R 43 A A ey, S T3 Sk v (] 9 O G

& WA ZE o, s i 4 BB TR R L

dx

C]Z

_4(1*V)J‘2 p(r) dr (24)

nE 6@ r—Xx
1 FH 73 Btk 25 R 8507 125 %0 3K (240 34T 3K fige.
(e fsf 5% FH AT BROC 7 155K i 1 e 1) AL, SR T 8 4 o
Plane82 7T, 16 £ fil 1l | ¥ 21 % 4 50 > H#5C,
e MEL A A A FROCELBL AN 6 Fron. A7 FROCIE
55 A S AR J7 FRIE B0 H il TR SR g 45 SR R 7
JIoR.

Pl 6 3t FE AR 45 1 A FR e A 2

Fig. 6 Finite element model of dovetail joint structure

600

—=— F{ifi i

5001 TBRTE /1

-1

& a0} rpd

= P

= 300+ \

= 200t T I

- i |
() —y

o

0 10 20 30 40 50 60
B

B 7 Mk S MR s ) o A
Fig. 7 Contact press distribution of tenon and

mortise contact

MEL T rpa] DUFE L 42 i T ) 7 45 i IX 3% 7
R B HE K e 4 K B fie KA 1 e D D 3
F A S AR 7 B 7 1R ARAT B 4 ol T ) e fE
565 MPa, f7 FR JC % 3K 15 (4 £ filh Ji 3 16 {8 555
MPa, W 5 12 T 345 B 4 fi e g W {0 A9 AH X 2
250 1. 800, TR Al X b, ol P 5 vk BT A 1Y
2 fh & J1 W) 5 BA



%10 M X

V5 2% 7 S AR 20 O R D i T B A T T3 3 A o ) 2351

S M 3 432 45 40 2 A 1) 50 AR IR RS
[ 0 CF7 80 A A TRD) L A7 R OC 7 i AR B
5 min, 4 S5 BLUAY 7 B 7 B FERT O 30, 1R R 4
I+ 710 £
3 & it

1) 43 B 3% 45 R B0 g AT 0K 17 75 5B
D5 s B RS I 5 T IX 1) B0 06, F X ) B0
T A AR T 7 5

2) A5 AR ISR AFORS BE (0 6 1 F . 35 AR R
05 A SRR A L A A R G

3) i FH 73 5 BSR4 fk 4% 7
(3 2 i R 3 04T T 490 L O 5 fk B S () B 3 A
o A7 B TT AR AT T % He L T T A AR A O R O
W TE B M FE 1 49T o 04 2R

CESd &

C1] B3 AW kT L &5 5 R4 07 B ie B T CM.
it R R AL 1990.

2] @M. e dE, PR R R 2 semy S i, 35 L) ], i
A K224 ,2001,35(5) : 1491-1496.
GAO Chuang. TANG Renji. The interface stress fields-of
biomaterial incline crack[ ] ]. Journal“of-Shanghai Jiaotong
University,2001,35(5) :1491-1496. (in Chinese)

(3] ‘Rl wiEdk, BARW], 5 BUR B 7 7 24 o) 3 Y
A5 RO O RE MR L. I 22401999, 16 (4) 1461
YUE Jinchao, TANG Renji, WANG Euming,et al-"Methad
of hypersingular integral\equations for planer crack subject
to tension in biomaterial[\]]. Chinese Journal of Applied
Mechanics,1999,16(4) ; 146. (in Chinese)

[ 47 Muskhelishvili N Singular-integral equations[ M. Gron-
ingen, Holland : Noordhoff Press,1953.

[5] ik BUrIr LM, dbat b at 3T R 2% i kit . 2002,

[ 6] Erdogan F,Gupta G D. On the numerical solution of singu-
lar integral equations[J]. Quarterly of Applied Mathemat-
ics,1972,30(3) :525-534.

[ 77 Krenk S. On the use of interpolation polynomial for solu-
tions of singular integral equations[ ]]. Quarterly of Ap-

plied Mathematics,1975,32(2) :479-484.

[ 8] Theocaris P S,loakimidis N I. Numerical integration meth-
ods for the solution of singular equations[]]. Quarterly of
Applied Mathematics,1975,35(1) :173-183.

[ 9] Toakimidis N I. On convergence of two direct methods for
solution of Cauchy-type singular integral equations of the
first kind[ ] ]. Quarterly of Applied Mathematics, 1980, 20
(1):83-87.

[10] Russell D K,Farris T N,Sun C T. The numerical solution
of Cauchy singular integral equations with application to
fracture[ ] ]. International Journal of Fracture, 1994, 66
(2):139-154.

(117 kA, 220 B DO, — 2SRk M ar 5 B0y O i B OB M
JPEBE LT T 224, 2002,19(2) : 166-172.
HUANG Shehua, LI Wei, WEI Qingding. A numerical
method of nonlinear integral equation with singularity[]J].
Chinese Journal of Computational Mechanics,2002,19(2):
166-172. (in Chinese)

[12] Gerasoulis A, Srivastav R P. A_method-for the numerical
solution of singular integral equations with a principle val-
ue integral[ ] ]. Intérnational Journal of Engineering,1981,
19(9) .1293-1298.

L1370 A7, X588 o0 o8 45 1 8 3 il =70 09 A BR oT 43 #r
[J7. HLARER JE . 2005, 27€4) : 504-509.

LTU-Jun, LIU Daoxin, LIU Yuanyong,et al. Finite element
analysis for-fretting contacting stress[ ] ]. Journal of Me-
chanical Strength,2005,27(4):504-509. (in Chinese)

[14] SHade SBHo M, MR M 7 B 4519 ANSYS THEF & H K
LI fiZs & sh#L,2010,36(4) :29-31.

WU Yanhua, HAO Yanhua. Development of ANSYS plat-
form for the dovetail joint structure[ J]. Aeroengine, 2010,
36(4):29-31. (in Chinese)

[15] Rajeev P T,Farris T N. Numerical analysis of fretting con-
tacts of dissimilar isotropic and anisotropic materials[ ] ].
Journal of Strain Analysis,2002,37(6):503-517.

[16] Rajeev P T,Farris T N. Two dimensional contact of dissim-
ilar/ anisotropic matericals[ R]. AIAA-2001-1252,2001.

[17] Ting T C. Anisotropic elasticity[ M]. New York: Oxford
University Press,1996.

(18] Ay WS, HUAR A 1 9 ik 2l 9 95 LM, b 5. B 7 ol s i
#,1993.

[19] Johnson K L. Contact mechanics[ M]. Cambridge: Cam-

bridge University Press,1985.

(¥ . EEE)



