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ANISOTROPIC STEP STIFFNESS FROM A KINETIC MODEL OF
EPITAXIAL GROWTH*

DIONISIOS MARGETIST AND RUSSEL E. CAFLISCH?Y

Abstract. Starting from a detailed model for the kinetics of a step edge or island boundary, we
derive a Gibbs—Thomson-type formula and the associated step stiffness as a function of the step edge
orientation angle, 6. Basic ingredients of the model are (i) the diffusion of point defects (“adatoms”)
on terraces and along step edges; (ii) the convection of kinks along step edges; and (iii) constitutive
laws that relate adatom fluxes, sources for kinks, and the kink velocity with densities via a mean-
field approach. This model has a kinetic (nonequilibrium) steady-state solution that corresponds
to epitaxial growth through step flow. The step stiffness, 3(6), is determined via perturbations of
the kinetic steady state for small edge Péclet number P, which is the ratio of the deposition to the
diffusive flux along a step edge. In particular, 3 is found to satisfy 3 = O(6~1) for O(P1/3) <0 k1,
which is in agreement with independent, equilibrium-based calculations.

Key words. epitaxial growth, island dynamics, step edge, adatoms, edge-atoms, surface diffu-
sion, step stiffness, line tension, step edge kinetics, kinetic steady state, Gibbs—Thomson formula,
Ehrlich—Schwoebel barrier, step permeability

AMS subject classifications. 35Q99, 35R35, 74A50, 74A60, 82C24, 82C70, 82D25

DOI. 10.1137/070690948

1. Introduction. The design and fabrication of novel small devices require the
synergy of experiment, mathematical modeling, and numerical simulation. In epitax-
ial growth, crystal surface features such as thin films, which are building blocks of
solid-state devices, are grown on a substrate by material deposition from above. De-
spite continued progress, the modeling and simulation of epitaxial phenomena remain
challenging because they involve reconciling a wide range of length and time scales.

An elementary process on solid surfaces is the hopping of atoms in the presence of
line defects (“steps”) of atomic height [13, 22, 44]: atoms hop on terraces and attach
to and detach from step edges (or island boundaries). Burton, Cabrera, and Frank [6]
first described each step edge as a boundary moving by mass conservation of point
defects (“adatoms”) which diffuse on terraces. In the Burton-Cabrera-Frank (BCF)
theory, the step motion occurs near thermodynamic equilibrium. Subsequent theories
have accounted for far-from-equilibrium processes; for a review see section 2.

The macroscale behavior of crystal surfaces is described by the use of effective
material parameters such as the step stiffness, /3 [27]. In principle, B depends on
the step edge orientation angle, 6, and is viewed as a quantitative measure of step
edge fluctuations [1, 38]. Generally, effective step parameters such as (3 originate from
atomistic processes to which inputs are hopping rates for atoms; in practice, however,
the parameters are often provided by phenomenology. For example, the dependence
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ANISOTROPIC STIFFNESS FROM EPITAXIAL KINETIC MODEL 243

of 3 on 6 is usually speculated by invoking the underlying crystal symmetry [4, 19,
34, 35].

In this article we analyze a kinetic model for out-of-equilibrium processes [7, 8] in
order to (i) derive a Gibbs—Thomson (GT)-type formula, which relates the adatom flux
normal to a curved step edge and the step edge curvature [21, 22]; and (ii) determine
the step stiffness 3, which enters the GT relation, as a function of #. For this purpose,
we apply perturbations of the kinetic (nonequilibrium) steady state of the model for
small Péclet number P, which is the ratio of the material deposition flux to the
diffusive flux along a step edge, i.e.,

(1.1) P = (2a’f)/Dg

in which a is an atomic length, f is a characteristic size for the flux f normal to the
boundary from each side, and Dpg is the coefficient for diffusion along the boundary.
A factor of 2 is included in (1.1) since the flux is two-sided and the total flux is of size
2f. For sufficiently small # and P, we find that the stiffness has a behavior similar to
that predicted by equilibrium-based calculations [37].

For the boundary of a two-dimensional material region, a definition of /3 can arise
from linear kinetics. In the setting of atom attachment-detachment at an edge, this
theory states that the material flux, f, normal to the curved boundary is linear in the
difference of the material density, p, at the boundary from a reference or “equilibrium”
density, pg. The GT formula connects py to the boundary curvature, x. For unit layer
thickness and negligible step interactions [22], the normal flux reads

(1.2) f=Dalp— po)

where D 4 is the diffusion coefficient for attachment and detachment, and pg is defined
by

(1.3) po = pe€*BT ~ p, (1 v ff) . BRI < kBT
kgT

The last equation is referred to as the GT formula, in accord with standard thermo-
dynamics [5, 17, 24, 26, 31]. In (1.3), p. is the equilibrium density near a straight step
edge and kgT is Boltzmann’s energy (T is temperature); the condition |Bm| < kT
is satisfied in most experimental situations [43]. Equation (1.2) does not account for
step permeability, by which terrace adatoms hop directly to adjacent terraces [28, 41].
This process is discussed in section 2.

For systems that are nearly in equilibrium, the exponent in (1.3) is derived by
a thermodynamic driving force starting from the step line tension (, the free energy
per unit length of the boundary [18]. The step stiffness £ is related to 3 by [1, 15, 16]

(1.4) B =B+ Boo (Bo := 0pf3) .

Evidently, the knowledge of 3 alone does not yield 8 uniquely: by (1.4),

0
(1.5) B(6) = Cy cosf+ Cysin 6 + / di (9) sin(0 — 9) |
0

where C7 and Cs are, in principle, arbitrary constants.
The parameters § and § are important in the modeling and numerical simulation
of epitaxial phenomena. In thermodynamic equilibrium, the angular dependence of
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the step line tension, 3(0), determines the equilibrium (two-dimensional) shape of step
edges or islands; e.g., the macroscopic flat parts (“facets”) of the step are found by
minimizing the step line energy through the Wulff construction [20, 29, 30, 40, 42, 45].
Near thermodynamic equilibrium, the step stiffness, 3 (6), controls the temporal decay
of fluctuations from equilibrium [1, 22]. The significance of 3 was pointed out by de
Gennes in the context of polymer physics almost 40 years ago [10, 12]: the energy
of a polymer (or step edge) can be described by a kinetic energy term proportional
to 3 - (dw/dy)?, i.e., the stiffness times a “velocity” squared, where z and y are
suitable space coordinates and y loosely corresponds to “time.” Starting with a two-
dimensional Ising model, Stasevich and coworkers [36, 37, 38, 39] carried out a direct
derivation of 3(6) and £(6) from an equilibrium perspective based on atomistic key
energies. For most systems, however, there has been no standard theoretical method
for determining 3(0) and ((0).

More generally, energetic principles such as a thermodynamic driving force are
powerful as a means of describing the macroscopic effect of atomistic kinetics. The
range of validity of energetic principles is not fully known and is an important unre-
solved issue. We believe that energetic arguments should be valid for systems that
are nearly in local equilibrium, where the relevant processes approximately satisfy
detailed balance. For systems that are far from equilibrium, however, energetic prin-
ciples may serve as a valuable qualitative guide, even if they are not quantitatively
accurate.

The kinetic and atomistic origin of a material parameter that plays the role of the
step stiffness is the subject of this article. For a step edge or an island boundary on
an epitaxial crystal surface, we use the detailed kinetic model formulated by Caflisch
et al. [7] and Caflisch and Li [8] and further developed by Balykov and Voigt [2, 3]
for the dynamics of the boundary. The basic ingredients are (i) diffusion equations
for adatom and edge-atom densities on terraces and along step edges; (ii) a convec-
tion equation for the kink density along step edges; and (iii) constitutive, algebraic
laws for adatom fluxes, sources for kinks, and the kink velocity by mean-field theory.
This model admits a kinetic (nonequilibrium) steady state that allows for epitaxial
growth via step flow. The model has been partly validated by kinetic Monte Carlo
simulations [7].

The detailed step model described in [7, 8] and section 2.3 focuses on the kinetics
of adatoms, edge-atoms, and kinks at a step edge. As discussed by Kallunki and
Krug [23], an edge-atom is energetically equivalent to two kinks. For example, the
equilibrium density of kinks is proportional to exp[—e/(kpT')|, while the equilibrium
density of edge-atoms is proportional to exp[—2¢/(kpT)], in which ¢ is defined as the
kink energy in [23], or identified with —(kpT/2)log(Dk/Dg) in [7]; Di and Dg are
diffusion coefficients for kinks and edge-atoms. On the other hand, the kinetics in [7, 8]
are different for edge-atoms and kinks, since edge-atoms can hop at rate Dg, while
kinks move through detachment of atoms at rate Dg. This situation is consistent
with the kinetics described in [23], in which the Dg and Dk are proportional to
exp[—Es;/(kpT)] and exp[—Ege:/(kT)], respectively.

We are aware that the mean-field laws applied here, although plausible and an-
alytically tractable, pose a limitation: actual systems are characterized by atomic
correlations, which can cause deviations from this mean-field approximation. In par-
ticular, the validity of the mean-field assumption may be limited to orientation angles
0 in some neighborhood of § = 0. Note also that the most interesting results of this
analysis are for § near zero. Determination of the range of validity for this model
is an important endeavor but beyond the scope of this paper. An extension of this
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model, which could improve its range of validity, would be to explicitly track the
kinks in a step edge. This additional discreteness in the model would make the anal-
ysis of step stiffness more difficult. Our analysis is a systematic study of predictions
from the mean-field approach only, and the conclusions presented here are all derived
within the context of this approach. On the other hand, our analysis is more detailed
than previous treatments of step stiffness, since it is based on kinetics rather than a
thermodynamic driving force. Moreover, the model includes atomistic information,
through a density of adatoms, edge-atoms, and kinks.

For evolution near the kinetic steady state, we derive for the mass flux, f, a term
analogous to the GT formula (1.3) and subsequently find the corresponding angular
dependence of the step stiffness, G(f). Our main assumptions are the following: (i) the
motion of step edges or island boundaries is slower than the diffusion of adatoms
and edge-atoms and the convection of kinks, which amounts to the “quasi-steady
approximation”; (ii) the mean step edge radius of curvature, k=1, is large compared
to other length scales including the step height, a; and (iii) the edge Péclet number,
P, given by (1.1) is sufficiently small, which signifies the usual regime for molecular
beam epitaxy. To the best of our knowledge, the analysis in this paper offers the first
kinetic derivation of a GT-type relation and the step stiffness for all admissible values
of the step edge orientation angle, 6. (This approach is distinctly different from the
one in, e.g., [33], where classical elasticity is invoked.) Our results for the stiffness are
summarized in section 3; see (3.7)—(3.19).

A principal result of our analysis is that 3 = O(6~1) for O(PY/3) < § < 1, which
by (1.5) yields 8 = O(61n0) for the step line tension. This result is in agreement with
the independent analysis in [36, 37, 38, 39], which makes use of equilibrium concepts.
A detailed comparison of the two approaches is not addressed in our analysis. Our
findings are expected to have significance for epitaxial islands, for example, in predict-
ing their facets, their roughness (e.g., fractal or smooth island boundaries), and their
stability, as well as for the numerical simulation of epitaxial growth. More generally,
our analysis can serve as a guide for kinetic derivations of the GT relation in other
material systems. For example, it should be possible to derive the step stiffness for a
step in local thermodynamic equilibrium within the context of the same model. This
topic is discussed briefly in section 6.

The present work extends an earlier analysis by Caflisch and Li [8], which ad-
dressed the stability of step edge models and the derivation of the GT relation. The
analysis in [8], however, determined only the value of B along the high-symmetry ori-
entation, § = 0. This restriction was due to a scaling regime used in [8] on the basis of
mathematical rather than physical principles. In the present article we transcend the
analytical limitations of [8] by applying perturbation theory guided by the physics of
the step edge evolution near the kinetic steady state.

Our analysis also leads to formulas for kinetic rates in boundary conditions in-
volving adatom fluxes. In particular, the attachment-detachment rates are derived as
functions of the step edge orientation and are shown to be different for up- and down-
step edges. This asymmetry amounts to an Ehrlich-Schwoebel (ES) effect [11, 32],
due to geometric effects rather than a difference in energy barriers. In addition, if the
terrace adatom densities are treated as input parameters, the adatom fluxes involve
effective permeability rates, by which a fraction of adatoms directly hop to adjacent
terraces (without attaching to or detaching from step edges) [14, 28, 41]. Our main
results for the kinetic rates are described by (3.1)—(3.5).

In this article we do not address the effects of elasticity, which are due for instance
to bulk stress. One reason is that elasticity requires a nontrivial modification of the
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kinetic model that we use here. This task lies beyond our present scope. Another
reason is that, in many physically interesting situations, the influence of elasticity
may be described well via long-range step-step interactions that do not affect the step
stiffness. The study of elastic effects is the subject of work in progress.

The remainder of this article is organized as follows. In section 2 we review the
relevant island dynamics model and the concept of step stiffness: In section 2.1 we
introduce the step geometry; in section 2.2 we outline elements of the BCF model,
which highlight the GT formula; in section 2.3 we describe the previous kinetic, non-
equilibrium step edge model [7, 8], which is slightly revised here; and in section 2.4 we
outline our program for the stiffness, based on the perturbed kinetic steady state for
small step edge curvature, . In section 3 we provide a summary of our main results.
In section 4 we derive analytic formulas pertaining to the kinetic steady state: In
section 4.2 we use the mass fluxes as inputs and derive the ES effect [11, 32]; and in
section 4.3 we use the mass densities as inputs to derive asymmetric, f-dependent step
edge permeability rates. In section 5 we apply perturbation theory to find 5(6) by
using primarily the mass fluxes as inputs: In section 5.1 we carry out the perturbation
analysis to first order for the edge-atom and kink densities as k — 0; in section 5.3 we
derive the step stiffness as a function of 8; and in section 5.4 we discuss an alternative
viewpoint on the stiffness. In section 6 we discuss our results and outline possible
limitations. The appendices provide derivations and proofs needed in the main text.

2. Background. In this section we provide the necessary background for the
derivation of the step stiffness. First, we describe the step configuration. Second, we
revisit briefly the constituents of the BCF theory focusing on the GT formula and
the step stiffness, B Our review provides the introduction of /3’ from a kinetic rather
than a thermodynamic perspective. Third, we describe in detail the nonequilibrium
kinetic model [7, 8] with emphasis on the mean-field constitutive laws for edge-atom
and kink densities. Fourth, we set a perturbation framework for the derivation of

B(6).

2.1. Step geometry and conventions. Following [7, 8] we consider a simple
cubic crystal (solid-on-solid model) with lattice spacing a and crystallographic direc-
tions identified with the z-, y-, and z-axes of the Cartesian system. The analysis of
this paper is for a step edge or island boundary to which there is flux f of atoms from
the adjoining terraces. The flux f may vary along the edge, as well as in time, and
it comes from both sides of the edge, but it is characterized by a typical size f which
has units of (length - time)™!. In [7, 8] the geometry was specialized to a step train
with interstep distance 2L and deposition flux F, so that in steady state the flux to
the step is f = LF. This global scenario is not necessary, however, since the analysis
here is local and requires only a nonzero quasi-steady flux f. This could occur even
with no deposition flux F' = 0, for example, in annealing.

For algebraic convenience we adopt and extend the notation conventions of [8].
Specifically, we use the following symbols: (z,y, z) for dimensional spatial coordinates,
t for time, D for any diffusion coefficient, p for number density per area, and £ for
number density per length; and we define the corresponding nondimensional quantities
%,79,%,t,D,p, € by

(2,9,2) := (x/a,y/a,z/a) ,
(2.2) t:=(af)t,
D:=D/(@’f),
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Fic. 2.1. The macroscopic (left) and microscopic (right) views of a step edge in the (high-
symmetry) xy-plane of a crystal. In the macroscopic view, the step edge orientation relative to the
x-azis s indicated by the angle 6. The + (—) sign indicates an upper (lower) terrace. The surface
height decreases to the right. The microscopic view shows adatoms (p), edge-atoms (¢), left-facing
kinks (k¢ ), and right-facing kinks (kr); Q4 (Q—) is the region of the upper (lower) terrace.

(2.4) pi=a’p,
(2.5) £:=at .

Now drop the tildes, so that x,y, z,t, D, p, £ are dimensionless. This choice amounts
to measuring all distances in units of a and all times in units of (af)~!. Equivalently,
(2.1)—(2.5) correspond to setting @ = 1 and f = 1. For our analysis, the single most
important dimensionless parameter is the Péclet number P from (1.1), which is equal
to ZDE1 after nondimensionalization; i.e.,

(2.6) Dp=2P'.

Next, we describe the coordinates of the step geometry in more detail. We consider
step boundaries that stem from perturbing a straight step edge coinciding with a fixed
axis (e.g., the z-axis); see Figure 2.1. All steps are parallel to the high-symmetry
(“basal”) xy-plane of the crystal. The projection of each edge on the basal plane is
represented macroscopically by a smooth curve with a local tangent that forms the
(signed) angle @ with the z-axis, where —y < 6 < . Without loss of generality we
take 0 < 6 < fy and assume that 6y < 7/4 in our analysis. We take the upper terrace
to be to the left of an edge so that all steps move to the right during the growth
process. So, the projection of each step edge is represented by

(2.7) y=Y(z,1),

!The definition of @ here is the same as that in [7], but different from the one in [8], where 8 is
the angle formed by the local tangent and the y-axis.
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where Y (z,t) is a sufficiently differentiable function of (z,t).
It follows that the unit normal and tangential vectors to the step boundary are [8]

(2.8) n = (sinf, — cosl) = (ys, —xs) , 7 = (cos0,sinf) = (xs,ys) ,

where s is the arc length and lowercase subscripts denote partial differentiation (e.g.,
Zs := Osx) unless it is noted or implied otherwise. The step edge curvature is

(2.9) k=—05.

There is one more geometric relation that deserves attention. By denoting the
densities of left- and right-facing kinks k; and k., respectively, we have [7]

(2.10) kr —k; = —tanf ;

see section 2.3 for further discussion. This geometric relation poses a constraint on
the total kink density, k (k > 0). By

(2.11) k= k, + ki
and (2.10), k must satisfy
(2.12) k> |tand)] .

The formulation of a nonequilibrium kinetic step edge model (section 2.3) requires
the use of several coordinate systems for an island boundary; these are described in
Appendix A. In the following analysis it becomes advantageous to use 6 as the
main local coordinate. Its importance as a dynamic variable along a step edge is
implied by the steady-state limit k — |[tanf| as Kk — 0 and P — 0; see (4.1). Some
useful identities that enable transformations to the (6,t) variables are provided in
Appendix A.

2.2. BCF model. In the standard BCF theory [6] the projection of step edges
on the basal plane is represented by smooth curves that move by the attachment
and detachment of atoms due to mass conservation. The BCF model comprises the
following near-equilibrium evolution laws: (i) The adatom density solves the diffusion
equation on terraces. (ii) The adatom flux and density satisfy (kinetic) boundary
conditions for atom attachment-detachment at step edges. (iii) The step velocity
equals the sum of the adatom fluxes normal to the edge. In this setting, the GT
formula links the normal mass flux to the step edge curvature.

We next describe the equations of motion in the BCF model for comparisons with
the kinetic model of section 2.3. The density, p, of adatoms on each terrace solves

(2.13) Op—DrAp=F,

where Dr is the terrace diffusion coefficient and A denotes the Laplacian in (x,y).

As an extension of the BCF model, the boundary conditions for (2.13) are now
formulated by linear kinetics with inclusion of both atom attachment-detachment and
step permeability [22, 28, 41]:

(2.14) f+=Da" (px —p3) £ DF (pr —p-) ;

cf. (1.2). Here, f1 is the adatom flux normal to an edge from the upper (+) or lower
(—) terrace; i.e.,

(2.15) Ffr =vp+ +Drn-(Vp)s ,
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p+ is the terrace adatom density restricted to the step edge, D AT is the attachment-
detachment rate coefficient, and D;,t is the permeability rate coefficient. These rates
can account for different up- and down-step energy barriers, e.g. the ES effect in the
case of Da* [11, 32]. The reference density p(ﬂf is given by (1.3), where p, is replaced
by pf for up- and down-step edge asymmetry. Evidently, (2.14) forms an extension
of formula (1.2) but still corresponds to near-equilibrium kinetics; it will be modified
in section 2.3.

Equations (2.13) and (2.14) provide the fluxes fi as functions of the step edge
position and curvature. The step velocity, v, is then determined by mass conservation:

(2.16) v=fy+f.

In this formulation, step edge diffusion and kink motion are neglected. In the next
section, the BCF model is enriched with kinetic boundary conditions that account for
the motion of edge-atoms and kinks.

2.3. Atomistic, nonequilibrium kinetic model. In this section we revisit
the kinetic model by Caflisch et al. [7] and Caflisch and Li [8], which is an extension
of the BCF model (section 2.2) to nonequilibrium processes. We apply this kinetic
model [7] to step edges of arbitrary orientation and further revise it to account for a
step edge diffusion coefficient defined along the (fixed) crystallographic z-axis. This
last feature, although not important for our present purpose of calculating the step
stiffness, renders the model consistent with recent studies of the edge-atom migration
along a step edge [23]. The following processes are included: (i) adatom diffusion
on terraces, which is described by (2.13) of the BCF theory, and edge-atom diffusion
along step edges; (ii) convection of kinks on step edges with sinks and sources to
account for conversion of terrace adatoms and edge-atoms to kinks; (iii) constitutive
laws that relate mass fluxes, sources for kinks, and the step velocity with densities via
a mean-field theory and modify the BCF laws (2.14) and (2.16). In this model, kink
densities are assumed sufficiently small, enabling the neglect of higher-order terms
within the mean-field approach. Recently, extensions of this theory were developed
[2, 3, 14], including higher kink densities by Balykov and Voigt [2, 3]. Next, we state
the requisite equations of motion in addition to (2.13) for adatom terrace diffusion.

2.3.1. Equations of motion along step edges. An assumption inherent to
the present model is the different kinetics of kinks and edge-atoms. Each of these
species is of course not conserved separately, since edge-atoms can generate kinks, but
can be described by a distinct density: ¢(z,t) for edge-atoms and k(x,t) for kinks. In
addition, their motion is different: the edge-atom flux follows from gradients of the
density ¢, while the kink flux stems from a velocity field, w.

We proceed to describe the equations of motion. The edge-atom number density,
¢(x,t), solves

f++ /-

2.1 —Drd%p =
( 7) 6t¢ Eam(b cos 0

- fO ;

where Dp is the step edge diffusivity defined along the high-symmetry (z-) axis and
fo represents the loss of edge-atoms to kinks; see (2.21) and (2.27) below. For later
algebraic convenience, it is advantageous to transform (2.17) into (0,t) variables. By
the formulas (A.7) and (A.12) of Appendix A, (2.17) is thus recast to

K P K :f++f77

(2.18) at|9¢+/§(v9Jrvtan@)aggﬁ*DEcose 9008989¢ cos 0

Jo -
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We turn our attention to kinks. The total kink density, k(x,t), of (2.11) solves
(2.19) Ok + Oz[w(ky — ki)l = 2(9 — h) ,

where w(k, — k;) = —wtan@ is the flux of kinks with respect to the z-axis, g is the
net gain in kink pairs due to nucleation and breakup, and h is the net loss in kink
pairs due to creation and annihilation [7]. The terms w, g, and h are described as
functions of densities in (2.23)—(2.25) below. In the (6,t) coordinates, (2.19) reads

(2.20) Brlok + r(vg + v tan 0)dpk + ﬁae(w tan0) = 2(g — h) .

Equations (2.17) and (2.19) can be transformed into other coordinates, including
the (s,t) variables, where s is the arc length. For completeness, in Appendix B we
provide relations that are needed in such transformations; and in Appendix C we
describe the ensuing equations of motion in the (s,t) coordinates.

Partial differential equations (2.17) and (2.19) are coupled with the motion of step
edges. In the following analysis, we apply the quasi-steady approximation, neglecting
the time derivative in (2.18) and (2.20). For definiteness, the boundary conditions in
x can be taken to be periodic. It remains to prescribe boundary conditions for atom
attachment-detachment, i.e., specify fi in (2.15). In the present nonequilibrium
context, fi are no longer given by (2.14) of the BCF model, as discussed next.

2.3.2. Constitutive laws. Following [7, 8] we describe mean-field constitutive
laws for fluxes related to a tilted step edge (at 6 # 0). We also provide a geometric
relation for the step edge velocity, v, which in a certain sense replaces the BCF
law (2.16). Because the explanations are given elsewhere [2, 7], we state the mean-
field laws without a detailed discussion of their origin.

By mean-field theory, the terrace adatom flux normal to the step edge is [7]

f+ = [Drp+ — Dp¢ + 1 (Drp+ — D)k +m; (Drp+¢d — Dickrky)
(221) + 1y (DTp:tkrkl — DB)] cosf, jL=2, j_=3,

where [;, m;, and n; are (effective) coordination numbers (positive integers) that
count the number of possible paths in the kinetic processes, weighted by the relative
probability of a particle to be at the corresponding position. Also, D is the diffusion
coefficient for an atom from a kink, and Dp is the diffusion coefficient for an atom
from a straight edge. By neglect of Dg and Dp, (2.21) readily becomes

(2.22) fe=QQ+l, k+mj ¢ +n; kki)Drpycosd — Dgpcost .

Omitting D and Dp is inconsistent with detailed balance but has little effect on the
kinetic solutions described below.
Similarly, the mean-field kink velocity reads [7]

(2.23) w=101Dg¢+ DT(ZQer + 13[),) — 193D ~ 1D + DT(l2p+ + l3p,) .
The gain in kink pairs from nucleation and breakup involving an edge-atom is [7]

9= ¢(mi1Dp¢ +maDrpy +maDrp_) — miaz Dk, ky
(224) ~ ¢(m1DE¢ + moDrpy + m3DTp,) .
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The respective loss of kink pairs by atom attachment-detachment is [7]

h = (n1Dg¢ + noDrpy +n3Drp_ )k ki —ni23 Dp
(225) ~ (nlDEgZ) + nQDTpJ,- + ngDTp_)kirle .

In the above,

(2.26) pij =pi+Dpj, Pk =pitpit+tpe;  p=myn,l.
The constitutive laws are complemented by

(2.27) fo=wk+29+h,

which enters (2.18). The step edge velocity, v, stems from a geometric relation; see
Appendix D for details. Specifically,

fo wk+2g+h

= = 0.
1+¢HCOS€COS ®

(2.28) v = T+ oncosd col

2.4. Program for step stiffness. In this section we delineate a program for
the calculation of the step stiffness from the model of section 2.3. The key idea is
to reduce the nonequilibrium law (2.21) to the linear kinetic law (2.14) by treating
the normal fluxes, fi, as external, free to vary, O(1) parameters of the equations of
motion along a step edge. In this context, the diffusion equation (2.13) is not invoked.
Our method relies on the perturbation of a solution for the densities ¢ and k. The
solution studied here is that of the kinetic steady state, under the assumption that
it can be reached. Accordingly, we neglect the time derivative in the zeroth-order
equations of motion; furthermore, we neglect this derivative to the next higher order
by imposing the quasi-steady approximation. Another case, left for future work, is
that of thermodynamic equilibrium; see section 6. In summary, we apply the following
procedure:

(i) To extract the kinetic steady state, we set 9;|p = 0 and k = 0 (i.e., we consider
straight edges). This leads to a system of algebraic equations for (¢, k) = (¢(9), £(0)).2
The coefficients of this system depend on 6 and fi. In principle, (gb(o), k(o)) cannot
be found in simple closed form at this stage.

(i) We assume that P < 1 and determine relatively simple expansions for
(69, k) in powers of P for 0 < 6 < O(P/3) and O(P'/3) < § < n/4.

(iii) We replace (¢, k) by (¢, k() in the constitutive law (2.21) and compare
the result to (2.14). Here, our analysis follows up two mathematically equivalent but
physically distinct routes. (a) By taking fi as input parameters, we derive formulas
for the adatom reference densities, pF, and attachment-detachment rates, D Ai7 that
depend on fy; cf. (2.14). Step permeability is not manifested in this setting (D, = 0).
(b) By considering p+ as inputs, we predict attachment-detachment rates and non-
vanishing step permeability rates.

(iv) We consider perturbations of the kinetic steady state by taking 0 < || < 1,
i.e., slightly curved step edges. Accordingly, we let

(2.29) ¢~ ¢(0) + ¢(1) Kk, k~ /{3(0) + k(l) K

where ¢ and k() are deviations from the kinetic steady state and depend on
(¢, E©).  Expansion (2.29) is imposed on physical rather than mathematical

2In this context, the superscript in parentheses denotes the perturbation order in .
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grounds. Indeed, if the mean-field flux (2.21) is expected to reduce to the linear
kinetic law (2.14), then ¢ must be linear in x. The equations of motion along an edge
and the constitutive laws are linearized in k¢(*) and xk™).

(v) By treating fi as input external parameters, we replace ¢ and k in the
right-hand side of the constitutive law (2.22) by expansions (2.29). Subsequently, we
determine the stiffness 5(6; f, f—) by comparison to (2.14) in view of (1.3).

The choice of fluxes fi or densities pL as input parameters is a physics modeling
question. Although the mathematical results are equivalent for the two choices, the
physical interpretation of these results is different, as stated above.

3. Main results. Here, we give the main formulas stemming from our analysis of
the kinetic model described in section 2.3. A necessary condition for our perturbation
analysis is 0 < k < O(P) < 1, to be shown via a plausibility argument in section 5.1.
Derivations and other related details are provided in sections 4 and 5.

3.1. ES effect (section 4.2). When the fluxes fi are input parameters, the
attachment-detachment of adatoms from a terrace to an edge is asymmetric. So, the
related diffusion coefficients D Ai, or attachment and detachment kinetic rates, which
enter (2.14), are found to be different for an upper and lower terrace:

Dat =Dr[1+ 1ok© + myp® + ing(kj(o)2 — tan®6)] cos 6 ,
(3.1) Da~ =Dr[1+ 15k 4+ msp@ + %ng(k(0)2 — tan®6)] cos 6 ,

where 0 < 0 < /4 and (I3, ma, ng2) # (I3,m3,n3). For 0 < P < 1, we show that (3.1)
reduces to

(3.2) Da® ~ Dr(1 41, tan@) cosf ,

where j. = 2 and j_ = 3. In this description, there is no step permeability. Note
that the results presented in this section and their derivations do not depend on the
step edge curvature.

3.2. Step permeability (section 4.3). By using the adatom densities py as
input external parameters, we show that step permeability coexists with the ES effect;
cf. (2.14). For O(P'/3) < § < 7/4 the diffusion coefficients for permeability are

A+ (141, tanb)

2
1+ (Ay +A_)0050COS o

(3.3) Dy = Dr

The accompanying (asymmetric) attachment-detachment diffusion coefficients are

1+1; tanf + A (lz—l3)SiH9
4 D :|::D J+ + .
(3.4) A T 14+ (Ay + A_)cosb cosd ,

where
1 1+ I3tané 1 1+Iytanf

(3-5) A+ = SinHW ) A= SiDQW )

(3.6) Q) =p1(1+Ltand)(1 +I3tanb) + pa(1 +I3tand) + p3(1 + Ixtand) ,

with p := (p1,p2,p3) and p = I, m,n; in (3.5), 1 = (I1,12,13). Note that D;t and Da*
here are independent of f4, as in (3.2). The corresponding results for 0 < 6 < O(P'/?)
are presented in section 4.3. Again, the results presented in this section and their
derivations do not depend on the step edge curvature.
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3.3. Step stiffness (section 5.3). Let the adatom fluxes fi from an upper (+)
and lower (—) terrace towards an edge be the input, independent parameters. For
sufficiently small angle 0, the stiffness is found to be

3 liog (f++f-)o 1 1 1/3
. ~ 2 - = — P 0 1
(3.7) T~ lmm fir 0 Plg) o<l
(3.8) B ~ Pp~2/3 Al =023, o0<o<oP) <1,
kT n123(CE)2 + 8myas

where pia3 (p = [,m,n) is defined in (2.26) and®

i 2
(3.9) Cl = [m”?’

n123 1123

(f++ f—)} v .

Matching the asymptotic results (3.7) and (3.8) is discussed near the end of section 5.1.
For § = O(1) the formula for § becomes more complicated; we give it here for
completeness. Generally,

g oW

where ¢(© and ¢(!) are expansion coefficients for ¢ and depend on fi and their
derivatives in 6; cf. (2.29). These coefficients are obtained explicitly for P <« 1. In
particular, for O(P'/?) < 0 < n /4,

(3.11) oV ~cpp, D ~07P,
1 (I+istanf)fy + (1 +1ztand)f_
¢ _ 3 +
(3.12) Co = 2sin 6 Q) ’
(313)  Cf = (véo) + 0 tan H)k(go) cos 0 + (w® tan §)y W* tan 6 + w(® + H*
’ v 2sin 6 HFW ’
(3.14) v =fo+f,

sofy +2C0  suf_ +2C¢
1+Iytan6 31+13tan9

215 . 213
1+ 1lxtand 1+ I3tanf’

(3.15) w® ~ 2l1035 + 1 , 5p = (cosf)!,

(3.16) W =2l +

Iy + = tan 0
(14 1ytan6)?

I3+ % tan 0

1 B = 3T 7
@17 W L2 (1+13tand)?

(sufr +2C8) — 13 (saf- +2C3)

tan 6 sofy +2C8 suf- + 205
1 Hk — 2 ] xJ+ 0 T 0
(3.18) (”100 +ng 1+ltanf ' ® 1+lstand )’
(3.19) ko~ kO ~tano

3The letter superscripts in C*, C?, C* and elsewhere below indicate the physical origin of these
coefficients and should not be confused with numerical exponents or perturbation orders.
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where n; and [; are coordination numbers. Recall definition (3.6) for Q(1). It is
worthwhile noting that there is no asymmetry in the step stiffness 3, in contrast
to the attachment-detachment coefficients. The reason for this difference is that B
depends only on the edge-atom density, as shown in (3.10).

For the alternative approach in which the adatom densities p1 are specified rather
than the fluxes fi, the analysis of the step stiffness is presented in section 5.4. The
corresponding result (5.44) is not of the form (1.2) and (1.3), however, since the
coefficient B in (5.45) is not proportional to p..

4. The kinetic steady state. We analyze the kinetic steady state for a straight
step, including its dependence on the Péclet number P in section 4.1 and the ES effect
and step permeability in sections 4.2 and 4.3.

4.1. Kinetic steady state and its dependence on P. In this section, we
simplify the equations of motion for edge-atom and kink densities by imposing the
kinetic steady state (9; = 0) for straight steps (k = 0). We find closed-form solutions
for the small Péclet number, P < 1, in two distinct ranges of §. For 6, = O(P1/3) <
6 < /4, we show that ¢ = ¢(©) is given by (3.11), and k = k(©) is given by (3.19), or
more precisely by

(4.1) k) ~ tanf + CE P,
where

(12)  Ch= 207 205 Q(m) cos 0 + ma(1 + Iz tan ) f4 + ma(1 + lotan ) f—
' * " tan0 202 Q(n) cos 0 4 na(1 + Is tan 0) f + ng(1 + Iy tan 6) f—

Q(p) and C’g are defined by (3.6) and (3.12). Furthermore,

(4.3) o ~ O P KO LCEPYE . 0<0 <6, =0(PY?),

where C¥ is defined by (3.9),

(4.4) Cw:(nms )1/3<f++f->2/3
’ 0 4myo3 2123 ’

and p1a3 (p = I,m,n) is given in (2.26); cf. equations (4.27) and (4.28) in [8]. In
effect, we determine mesoscopic kinetic rates, including the attachment-detachment
and permeability coefficients in (3.1)—(3.5).

We proceed to describing the derivations. By d;]p = 0 and x = 0 in (2.17), (2.19),
and (2.28), we have fy + f_ = focosf, g = h, and v = fycosf. Eliminate Drp in
terms of Dp¢ = 2P~ ¢ using (2.22). Thus, we readily obtain (3.14) for v(¥) := v,
along with the following system of coupled algebraic equations:

[m16© — 2 (k7 — tan?0)] [1 + kO + map©@ + 22 (K@% — tan?0)]

x [14 15E® + mag© + 22 (kO _ tan2 )] 2P~ 16 + [myp© — 22 (k0 — tan?6)]
5 [1+135© + mgp© + 2 (K@% — tan20)] (s, f4 + 2P~ 16®)

+ [mso® — 2 (KO — tan? 0)] [1 + kO + mas® + 22 (k@ — tan? g)]

(4.5) x (spf- +2P 1) =0,
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(16O + 3m16©) [1+ k@ + mag® + 22 (kO? — tan? 9)]

[1 + 15k 4+ mge® 4 2 (k(o) tan 9)]2p—1¢(0) + (lgk‘(o) + 3m2¢(0))

x [1+ 136 + mze® —S(k(o —tan?0)] (su f1 + 2P0 ) + (136 + 3m30?)
X [1+1k©@ + mygp® + 122 (k(o —tan®0)] (s, f— + 2P ')
)2

= (f4 + =) sa[1 + lako + mago + %2 (k@7 — tan? )]

(4.6)  x [1+4 15k +mgp© + 2 (kO — tan2p)] .
Once these equations are solved, the flux variables w =: w(®), g =: ¢(®, and h =: h(®)
are determined in terms of fi by the constitutive laws (2.23)— (2.25). The substitution
of ¢ and k into (2.22) provides a relation between fi and p..

Next, we simplify and explicitly solve (4.5) and (4.6) by enforcing P < 1. The
ensuing scaling of ¢(® and k(©) with P depends on the range of §. We distinguish the
cases 0.(P) < 0 < m/4 and 0 < 6 < 0.(P), where 0. is estimated below; we expect
that . — 0 as P — 0.

(i) = O(1). By seeking solutions that are regular at P = 0, we observe that if
P =0, then (¢ k() = (0,tan ) solves (4.5) and (4.6). Thus, the expansions

(4.7) O ~ctP, k9 ~tamo+ClP, COF=0()
form a reasonable starting point. These expansions yield the simplified system

208 (2m1CY — nyCE tan 0)(1 + Iy tan 6)(1 + I3 tan )
+ (2meCY — naCE tan 0)(1 + Is tan 0) (s, f4 + 2C70)
(4.8) + (2m3CY — n3Ch tan 0)(1 + Iy tan 0) (s, f- +2C¢) =0 ,

208 15 tan O(1 + Iy tan 0) (1 + I3 tan 0)
+ Iy tan 0(1 + I3 tan 0) (s, f1 + 2C) + Is tan 0(1 + Iy tan 0) (s, f— + 2C2)
(4.9) =s,(f++ f-)1 +Ilatanb)(1 + I3 tanb) .

The solution of this system leads to (3.12) and (4.2).

We now sketch an order-of-magnitude estimate for 6., the lower bound for # in the
present range of interest. By (4.2), C¥ = O(1/6?) for 0. < § < 1. Hence, expansion
(4.7) for the kink density k(®) breaks down when its leading-order term, tan®, is
comparable to the correction term, C¥P: 6, = O(P/6?), by which 6, = O(P'/?).
Thus, (4.7)-(4.9) hold if O(P'/3) < 6 < /4. A more accurate estimate of the lower
bound requires the detailed solution of (4.5) and (4.6) for # = O(P/3) and will not
be pursued here.

(ii) 0 < 6 < O(P'/3). For all practical purposes we set = 0 in (4.5) and (4.6).
We enforce the expansions

(4.10) o ~CopPr . KO~CEPT, COF=0(1) asP—0

and find the exponents v and o by reductio ad absurdum. The only values consistent
with (4.5) and (4.6) readily turn out to be

(4.11) v=2/3, o=1/3.
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These values are in agreement with the analysis in [8]. By dominant-balance argu-
ments, the coefficients Cf and C} satisfy

(4.12) 4m93CY = n193 (CK)? | 2193 C'((Jb Co=fr+f,

by which we readily obtain (3.9) and (4.4). Note that the zeroth-order kink velocity
becomes

(4.13) w=w® ~ 215y PICT = O(P1/3)

(iii) Consistency of asymptotics for & = O(P'/?). As a check on the consistency
of our asymptotics and the estimate of 6., we study the limits of (4.3) and (4.7) in
the transition region as § — O(P/3). Tt is expected that the two sets of formulas for
¢ and k, in O(PY/3) < § < 7/4 and 0 < § < O(P'/?), should furnish the same order
of magnitudes.

Indeed, by letting § — O(P'/3) < 1in (4.7) for ¢ we find ¢ = O(P/6) — O(P?/3),
in agreement with (4.3) for v = 2/3. Similarly, setting § = O(P'/3) in (4.7) for k
yields k = O(0) — O(P'/3), which is consistent with (4.3) for ¢ = 1/3. In section 5.3
we show that such a “matching” is not always achieved for the first-order corrections
#M and kM, since the corresponding asymptotic formulas involve derivatives in 6. A
sufficient condition on the #-behavior of the fluxes fi is sought in the latter case.

In the following, we use the kinetic steady state in the mean-field law (2.21)
to derive mesoscopic kinetic rates as functions of # by comparison to the BCF-type
equation (2.14). We adopt two approaches. In the first approach, fi are used as
external, input parameters; the effective kinetic coefficients are thus allowed to depend
on fi. In the second approach, instead the densities p+ are the primary variables.

4.2. Flux-driven kinetic approach: ES effect. In this subsection we treat
the fluxes fi as given, input parameters. Accordingly, we derive (3.1) and (3.2), i.e.,
the attachment-detachment rates D Ai for adatoms. In addition, we show that the
reference densities pF entering (1.3) are

209
4.14 . 0 =2, j_=3, OP <o 4
( ) Px DT(l + lji tan@) ) J+ ) J ) ( ) < < 7T'/ )
L 20¢
(4.15) pE ~ D—OP*V3 ., 0<6<O(PV3y,
T

where C¢ and C are defined by (3.12) and (4.4).
The relevant derivations follow. The substitution of (4.7) into (2.22) yields

(4.16) fy~ 1—|—ljik(0)—&-mjiqﬁ(o)—l—%(k:(o)?—tanz 0)| Dpp+ cos—2P~ ¢ cos 6 .

Here, we view the linear-in-py term of (4.16) as the only physical contribution of the
adatom densities to the mass flux towards an edge. Consequently, by comparison to
(2.14), the coefficient of this term must be identified with D%. Thus, we extract
formulas (3.1). In addition, we obtain D;Dt = 0; so, step permeability is not manifested
in this context. The reference density of (1.3) is

2P~ 140 cos
4.17 T P
( ) p* DA:t

)
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which is in principle different for an up- and down-step edge.

Note that D4* and pF depend on fi within this approach. Further, the ratio
of D47 and D4~ depends on the values of l;, mj, and n;. For suitable coordination
numbers, it is possible to have DoT > D47, i.e., a negative (vs. positive) ES effect
[11, 32], which can lead to instabilities in the step motion. Next, we derive simplified,
explicit formulas for D4* and pF when P < 1.

(i) O(P'/3) < 0 < 7/4. By substitution of (4.7) with (3.12) and (4.2) into (3.1)

we have
Do ~Dr [1 + Iy tan 6 + (12 + %ng tanG)C(’fP + mQC’g’P] cosf ,
(4.18) Dy~ ~ Dr [1 + l3tan 6 + (13 + %ng tan Q)C’gP + mgCg)P] cosf ,

which reduce to (3.2) as P — 0.
In the same vein, by (4.17) the reference densities pf are

o 2C§
" Dt [1—1—12 tan 6 + (12 + %ng tanH)C’gP—l—mgC’g’P] ’
20¢
(419) 0

- Dr [1 + I3 tand + (13 + %ng, tan H)C’gP + mgCg)P] ’

which readily yield (4.14).
(ii) 0 < 6 < O(P'/3). In this case, we resort to (4.3). Equation (3.1) for the
kinetic rates furnishes

Da" ~ Dp{1+ LCE PY3 + [maCf + na(CE)? P?/3} cosd
~ Dp(1+1,CF PY3) cos b,
Da~ ~ Dp{1+13CF PY/3 + [msCq + na(CF)? P?/3} cosd
(4.20) ~ Dp(1+13CE PY/3) cos b .

To leading order in P, these formulas connect smoothly with (4.18) and, thus, justify
(3.2) for 0 < @ < 7/4. Furthermore, pf are given by

ot ~ 263 le/?’ N QCqu/g
¥ DT(1+ZQC§ Pl/g) Dr

200 p~1/3 209 s
Dqﬂ(].#*lgcv%C PI/S) Dr

(1 —1,CE P3|

(4.21) P~ (1—15C5 P

which reduce to (4.15). Notably, pF depend on the fluxes, fi, through C’g.

A few remarks are in order. First, by (3.2) the ES effect is present for O(P/3) <
0 < w/4 ounly if lo # l35. Accordingly, our formalism provides explicitly an analyti-
cal relation between the number of transition paths for atomistic processes and the
mesoscopic kinetic rates. Second, formulas (4.20) show that for P <« 1 the nonzero
ES barrier is a corrective, O(P/3) effect for sufficiently small 6, even when Iy # I3.

4.3. Density-driven approach: Step permeability and ES effect. In this
subsection we show that the treatment of the densities p1 as independent, external
parameters in the kinetic law (2.22) leads to coexistence of the ES effect and step
permeability. In particular, the permeability and attachment-detachment rates are
provided by (3.3)—(3.5).
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To derive (3.3) and (3.4), we solve (4.16) for fi, which are viewed as dependent
variables, taking into account that ¢(°) and k£(®) depend on f4. To simplify the algebra
while keeping the essential physics intact, we restrict our attention to O(Pl/ H<o<
/4.

First, in view of (4.7) we further simplify relation (2.22). By

(4.22) ¢ = J(Ar fr+A_f)P,

where Ay are defined by (3.5), the adatom fluxes at the step edge reduce to

(4.23) fr~ Q41 tan8)Dyrpscosfd — (Ayfr+ A_f_)cosb , Px1.
Second, we invert (4.23) to obtain fi in terms of p+. Equation (4.23) reads

(1+Aycos)fy +cosOA_f_ = (1+Ixtand)Drpy cosb
(4.24) cosOApfr+(1+cos@A_)f- =(1+I3tanf)Drp_ cosb .

The inversion of this system yields

o= (1+12tané)(1 +cosf A_) 3 A,(l—l—lgtanH)cos@D 0
T 1+ (Ay + A )cosf TP T (Ay + A_)cosf TP=| €8
(1+Ilytan@)A, cosf (1+ Aycosf)(1+I3tand)
= —_ D p— 0 .
/ [ T+ (A +A)cosf TP T (A, T A yeosg TP

These relations have the form of the kinetic law (2.14); by comparison, the rates sz
are given by (3.3), while

(4.25) pE=0=pE=0.

This value is expected since the system is homogeneous in this setting; i.e., f+ = 0 only
if px = 0. The reference density py becomes nonzero (but small in an appropriate
sense) if we allow in the formulation nonzero values for Dy and Dk, i.e., nonzero
diffusion coefficients for an atom to hop from a kink and a straight edge. The study
of these effects lies beyond our present scope. Equation (4.25) challenges the definition
of the step stiffness; see section 5.4.

Equations (4.24) also predict an ES effect. Indeed, by recourse to (2.14), the
related attachment-detachment rates are

(141, tan@)(1 4+ Ax cos9)
14+ (Ay +A_)cosf

(4.26) Da* = Drcos — D

which readily yields (3.4) by use of (3.3).

The behavior of the fluxes fi as functions of py is dramatically different for
0 < 6 < O(P'Y3). Indeed, by (4.3)-(4.4) the density ¢(?) is a nonlinear algebraic
function of fy 4+ f_ in this case. Thus, the mean-field constitutive equations in
principle cannot reduce to kinetic laws that are linear in p.. This approach does not
lead to standard BCF-type conditions at a high-symmetry step edge orientation. The
implications of this behavior warrant further studies.

In the following analysis for the stiffness we emphasize the flux-driven approach.
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5. Perturbation theory and step stiffness. In this section we consider slight-
ly curved step edges and apply perturbation theory to find approximately the edge-
atom and kink densities, ¢ and k, from the kinetic model of section 2.3. On the basis
of the linear kinetic law (2.14) along with (1.3) for pg, we calculate the step stiffness,
3, as a function of the orientation angle, 6; see formulas (3.7)—(3.19). The underlying
perturbation scheme for the densities is outlined in Appendix E.

The starting point is expansion (2.29), which we assume to be valid for 0 <
0 < w/4 and view as a Taylor series. The functions #© and k(@ correspond to
the kinetic steady state of section 4.1. The first-order coefficients ¢(*) and k(1) are
locally bounded and are evaluated below. Only the coefficient »W is needed for the
calculation of the step stiffness, 3, by (2.22); for completeness, we also derive k().

The relation of 8 to ¢ and ¢() is provided by the following argument. By
substitution of (2.29) into (2.22) and treatment of fi as given external parameters
(in the spirit of section 4.2), we obtain

(5.1) C‘éﬁ = |14, kO fmy, O T2 (1O
where j; = 2 and j_ = 3. By comparison of (5.1) to (1.3) and (2.14), we have (using

op~1 = DE)

)2 —tan? 9):| Drpy 7DE¢(O) 7I£DE¢)(1) ,

ix B

Py o= 2P~ oM cos b |
B

(5.2) Dy
by which we assert (3.10) in view of (4.17). Our task is to calculate ¢*) in terms of

6 and P when P < 1.

5.1. Linear perturbations. In this subsection we derive formula (3.11) for ¢(!)
along with (3.13) and (3.16)—(3.18) when O(P'/?) < § < ©/4. In addition, we show
that in this regime

vy + v tan6)(cos )~ + (w(® tanf),

. D~ —
(53) 2HF cos
For 0 < 0 < O(P'Y?), ¢(V) and k() are
(054
5.4 M~ 41 __~0 —0(1) ,
(5.4) ¢ 123 nlgg(C(’)“)Q T (1)
Ct

(5.5) KD~ —4P 71305 = O(P~Y3) .

71123((7(])“)2 + 877112303S a

Recall that C% and C are defined by (3.9) and (4.4). Furthermore, we demonstrate
that |«| should be bounded by P for the perturbation theory to hold; see (5.40).

We proceed to carry out the derivations. Following Appendix E, we formulate a
2 x 2 system of linear perturbations for ¢ and k. First, we linearize the algebraic, con-
stitutive laws (2.23)—(2.25). Expansions (2.29) induce the approximations w(¢, k) ~
w(9©, KO +rw), g(, k) ~ g(¢@, k@) +r g0, and h(g, k) ~ h($0, k) -+ b,
where

w® =D wy + kO wy [wy = 0sw(6, k)] ,
(5.6) g =0Wgs+ kD g B =W hy + kD by
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In addition, v(® = f, + f_ and ¢(© := g(¢@,k©) = (¢, k@) =: RO, Second,
we replace the above expansions in the equations of motion (2.18) and (2.20) and the
constitutive law (2.27). Hence, we find the system

(wek @ + 294 + hg) o™ + (wek©@ + w® + 2g; + hp)k® = — (VS + 0@ tan 6)¢Y" |
(5.7) 2(gs — ho)d™M + 2(gx — hy )k = (véo) + 0 tan@)kéo) + so(w® tan 0)g

where w(©) := w (¢, k() and s, = 1/ cos#. This system has solution

D¢ DF
m_D° RCO N
(5.8) ¢ 5 o
where
(5.9) D ‘ wek©@ + (29 + h)y  wik® +w @ + (29 + h)y,
' 2(9 —h)y 2(9 = h) ’
(5.10)
Db — — W + v© tan 6)¢\") wik©® +w©® +2(g + h)y,
(U(SO) + 0 tan Q)kéo) + 5, (w O tan )y 2(g — h)y, ’
(5.11) D wek©® + (29 +h)y  — () + v© tan 6)¢)"
2(g—h)e (Uéo) + v tan 9)k§°) + 52 (w® tan )y

Note that ¢(*) and k(*) depend on the 6-derivatives of the zeroth-order (kinetic steady-
state) solutions.
By (2.23)—(2.25), we calculate the ¢- and k-derivatives of w, g, and h:

2P~!
wy =2, P! + iy { —
v q;, UL+ 1, kO 4+ my, ¢ 4 B2 (kO — tan?6)
(cos )=t f, + 2P~ 1p®) , ,
(512) — mj, o Oq nj, 012 5 9 y  J+ = 2 y  J-= 3 )
(14 1;,k© +m;, ¢© + =2 (kO — tan? 6)]

(cos )™t f, +2P71p®)

(5.13) wy, = — L, (1, + 22 © 2 7
q:;, solia 5K [141;,k© +m;, ¢® + 2 (k)2 — tan®9)]2
_ cos )L f, + 4P 1O
g6 = 4my P16 + Z qu{ 0( ! J(:q Mg (1.(0)2 2
— 1+ 1, k© +m; ¢ + =2 (k07 — tan® )
(cos®)~t f, + 2P 1
(5.14)  —m;, ¢ T 2 _ 7
(1415, k0 +m;, ¢©) + =2 (k07 — tan? §)]?

gm0 Yy, it FRO(cos0) Ly 20790

(515) Jq n; 2 ’
e 1RO 4 my, @) 4 = (RO — tan® 0)]2

1 2P 1n,
he = = (k7 — tan? 9){2n1P1 + ) { "ﬂn 5

4 o L4 1, kO 4+ my ¢(0) + =2 (k)7 — tan? 6)

cos§) "t f, + 2P 10
(516) - My, "y, ( ) : nj 2 2 :| } ’
(141,50 +m;, ¢(® + 22 (k07 — tan? §)]2
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k() —1.(0 (cos )1 f, +2P 10
e = 2[2n1p w0+ 2, ) (oq) Mg (£(0)2 2
e 1+ EO 4 my ¢ + =2 (RO — tan? )

511 L0 ) 3y, RO os0) Ly 227100
4 T, RO my, 6O 4 B (R0 tan? )2

Equations (5.8)—(5.17) are simplified under the condition P < 1, which we apply
next. We distinguish two ranges for the angle 6.

(i) O(P'Y3) < § < 7/4. We proceed to show (3.11) and (3.13) for ¢(1). By using
(4.7) with (3.12) and (4.2), we replace ¢(*) and k(©) by their expansions in P. Thus,
the derivatives of w, g, and h are simplified to

2l 4 2l3
1+ Ilstanf 1+ I3tané

(5.18) wy ~ P71 (211 + ) = P'W?=0(P),

n; (cos0)~1f, +2C¢
1 ~= > (L = 2 2 =001
(5.19) Wk el ]“(j" + 2 tan&) (1+1;, tan6)? oa),

(cos0) =1 f, + 4C¢
1 +1;, tan6

(5.20) 9o ~ 4mCf + Z mj,
a=+,—

=0,

(cos )~ f, +2C¢ B

s
21 ~ —PC¢ (1, + =
(5.21) Ik PCj q;_ mj, (qu + 5 tan 9) 1+, tand)? O(P) ,
22 ~CFk 12 3 — 01
(5.22) hip ~ Clo taule(nl—l—1—|—Z2tan67+1—|—lgtan€ o),
tan 6 o (cos0)~1f, + 20¢ B
(5.23) hi ~ = (inco + > T+, tand =0(1) .

g=+,—

It follows that the determinants of (5.9)—-(5.11) are

(5.24) D~ —2P ' h,W?tan6
(5.25)

D? ~ —(wy, tan 6 + w(® + hk)[(v(go) + 0@ tan Q)kéo) + (cos 0) " (w® tan 6),] ,
(5.26) Dk ~ P_le’%[(véo) + 0 tan 0)(cos 0) " 4 (w® tan )] .

Hence, in view of (5.8), the coefficient ¢(!) is given by (3.11) with (3.13) and (3.14)—
(3.19) under the replacements H* := hy,, W¢ := Pw,, and W := wy. By (5.8), the
corresponding coefficient k(1) is given by (5.3).

(ii) 0 < @ < O(P'/3). We now calculate the first-order corrections ¢(*) and k(")
by (5.8)—(5.17) with recourse to formula (4.3) with (3.9) and (4.4).

We start with (5.8). The requisite derivatives of w, g, and h in the present case
(where practically 6 = 0) reduce to

(5.27) wy ~ 2123P~ =0(P7) |
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(5.28) wy, ~ —2P~ Y3 (2 +13)C¢ = 0Py |
(5.29) g ~ 4mygz P73 o =o(P13y
(5:30) gk ~ =2PY3(maly + myls) (C§)? = O(P'13)
(5.31) hg ~ %n123P*1/3(C‘(’§)2 —o(p13)
(5.32) hi, ~ n123CECY = 0(1) .

Note that w(®) is given by (4.13).
It follows that the determinants D, D?, and D of (5.9)—(5.11) become

(533) D~ 7P72/ch’gl123[n123(é(])€)2 =+ 8m1230g] = O(sz/g) s
(5.34) D? ~ —4P72313,,C8 (CE0)o|,_, = O(P72/%)
(5.35) DF ~ wskOw® ~ 4P~12,.CECT = O(P7Y) .

Since 9y(CY) is finite at @ = 0, (5.4) and (5.5) ensue directly via (5.8).

(iii) Transition region, § = O(P'/?). Next, we study the limits of the ¢ and
k(M found above when 6 enters the transition region, § — O(P'/3).

First, we consider ¢(!) in the range § > O(P'/3) and take 6 < 1. By (3.12) and
(3.6)-(3.19), we find H* = O(1), W* = O(1/0), W? = O(1), and

w® — f+;f—

(5.37) (véo) + v tan G)kéo) + (cos 9)_1(w((,0) tan®)y = 2(f4+ + f-)alo=0 + O() .
Hence, assuming (fy + f—)o # 0 at 6 = 0, we have
(5.38) oM =0(P/0)-O((f++ f-)e) . O(PF) <<,

which becomes O(PY3(fy + f_)g) as & — O(P/3). On the other hand, by (5.4)
we get o) = O(1) when 0 < # < O(P'Y3). This behavior is not in agreement
with (5.38) unless (fy + f_)o = O(P~'/3); i.e., the fluxes vary over angles O(P'/3),
fr = fL(P7Y/30) for § = O(PY/3). This behavior of fi is not compelling, since
it is generally expected that the agreement in orders of magnitude is spoiled by the
f-differentiation.

We next consider kM), By (5.3) we find k() = O((fL+f_)) for O(P/?) < 6 < 1.
On the other hand, by (5.5), k") = O(P~1/3) for 0 < § < O(P'/?3). The two orders
of magnitude agree if (f + f_)g = O(P~1/3) as above.

(5:30 +06)=0(§) = @) = (£ + - Wla-a + O16)

5.2. Condition on k and P. Thus far, we have not provided any condition for
the validity of our perturbation analysis. Such a condition would impose a constraint
on k and P. In principle, x is a dynamic variable. For appropriate initial data,
the step edges are assumed to evolve to the kinetic steady state with x = 0. Small
deviations from this state can be treated within our perturbation framework if

(5.39) koW < 0@ | kD] < k@ .

By revisiting the formulas of sections 4.1 and 5 for ¢\9) and k), we can give an
order-of-magnitude estimate of an upper bound for x. By comparison of the O(P)
correction term for k() in (4.1) to k™M) in (5.3), where § = O(1), we obtain

(5.40) k| <O(P) .
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5.3. Step stiffness. Once ¢(® and ¢() have been derived, the step stiffness
follows. We invoke the formulation of section 5.1 on the basis of formula (3.10) by
using the fluxes fi as input external parameters. In particular, we show the limiting
behaviors (3.7) and (3.8) for small §. In correspondence to section 5.1, we use two
distinct regimes.

(i) O(P'/3) < 6 < 7/4. By (5.2) and the analysis in section 5.1, 3 is given by
(3.10)—(3.19). Specifically,

Y
5.41 —_—~
(5.41) o o
which is an O(1) quantity in P when # = O(1). In order to compare this result to a
recent equilibrium-based calculation for the stiffness [37], we take O(P'/?) < § < 1.
Then, by (3.12),

1 fr+f 1
¢N—7+ frng —
(5.42) C§ 5 I ()<9> :

In addition, if (fy + f-)s # 0 as § — 0T, by (3.13) and (5.37) we find

(5.43) wa<f+“‘f)00—0:0<1>_

1123 92 92

Thus, (3.7) follows from (5.41). By contrast, if (f1 + f-)s vanishes in the limit 6 — 0,
then, by (5.37), 8/(kgT) = O(1).

(i) 0 < 6 < O(P'/3). In view of (3.10) with (4.3) and (5.4), we readily obtain
formula (3.8) for 5.

(iif) @ — O(P'/3). Formula (3.8) is consistent with the O(1/8) behavior of § for
O(P'Y?3) < @ < 1, provided that (f, + f_)g = O(P~'/3). Indeed, from (5.41) via
(5.37) we have 3/(kgT) = O((fy + f_)g/6), which properly reduces to (3.8). Again,
this “matching” is not compelling since -derivatives are involved.

5.4. Alternative view. We consider § = O(1) and focus briefly on the implica-
tions for the stiffness of treating the adatom densities p1 as input parameters. This
approach is mathematically equivalent to that of section 5.3; only the physical defini-
tions are altered in recognition of pi as the driving parameters. This viewpoint was
partly followed in section 4.3 for straight step edges (k = 0).

We show that the adatom fluxes have the form

(5.44) fr=Da%ps+Dy(pr—p-) = B(6;p1,p-) k-

The coefficients D;‘(G) and DA% (6) are defined by (3.3) and (3.4); and

¢
(5.45) 8= 26,

_ P1/3 4
1+(A++A,)0059C089’ O( )<b<m/4,

where C? and A are defined by (3.13) and (3.5). Furthermore, the fi-dependent

Cf is now evaluated at fo = Ds5py + D;,t(er — p—); thus, 8 becomes p-dependent.
Notably,

(5.46) 8=0(1/0), OPP<o<1.
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As noted in section 3.3, these results do not have the usual form since 8 is not pro-
portional to p,.

We derive (5.44)(5.46) directly from (5.1) by treating the term & ¢! as a per-
turbation. For k(™) = 0 (section 4.3), (2.14) for fi is recovered with py = 0; see
(4.25). For k # 0, (5.1) reads

(5.47) fi~ (41, tan0)Drpscosd — (Apfy + A_f )cos — CPrcosf .

By viewing C’f’ as a given external parameter, we solve the linear equations (5.47) for
f+ and find (5.44) with (5.45); 8 follows as a function of py by a single iteration.

We now take § < 1. By (3.5), Ay = O(1/6), while by (5.38) we have CY =
0(1/6?), assuming (fy + f_)o = O(1) # 0. Thus, (5.45) leads to (5.46).

Note that the standard GT formula (1.3) is not applicable here since p, = 0
(and hence py = 0). However, a linear-in-x term in fy is present, giving rise to a
“generalized” stiffness 8 that is not bound to a reference density p..

6. Conclusion. The GT formula and stiffness of a step edge or island boundary
were studied systematically from an atomistic, kinetic perspective. Our starting point
was a kinetic model for out-of-equilibrium processes [7, 8]. The kinetic effects con-
sidered here include diffusion of edge-atoms and convection of kinks along step edges,
supplemented with mean-field algebraic laws that relate mass fluxes to densities. Un-
der the assumption that the model reaches a kinetic steady state with straight steps,
the step stiffness is determined by perturbing this state for small edge curvature and
Péclet number P with |x| < O(P) and applying the quasi-steady approximation. A
noteworthy result is that for sufficiently small 6, Oo(PY 3) < 6 < 1, the step stiffness
behaves as 8 = O(1/6). This behavior is in qualitative agreement with independent
calculations based on equilibrium statistical mechanics [37, 39].

Our analysis offers the first derivation of the step stiffness, a near-equilibrium
concept, in the context of nonequilibrium kinetics. The results here are thus a step
towards a better understanding of how evolution out of equilibrium can be reconciled
with concepts of equilibrium thermodynamics for crystal surfaces. Furthermore, this
analysis provides a linkage of microscopic parameters, e.g., atomistic transition rates
and coordination numbers, to mesoscopic parameters of a BCF-type description. This
simpler description is often a more attractive alternative for numerical simulations of
epitaxial growth.

There are various aspects of the problem that were not addressed in our analysis.
For instance, it remains an open research direction to compare our predictions with
results stemming from other kinetic models [2, 3, 14]. The existence of a kinetic
steady state with straight edges, although expected intuitively for a class of initial
data, should be tested with numerical computations. Germane is the assumption of
linear-in-x corrections in expansions for the associated densities. Our perturbation
analysis is limited by the magnitudes of x and P; specifically, || < O(P). The
formal derivations need to be reworked for k > O(P) as P — 0. The kinetic steady
state here forms a basis solution for our perturbation theory and is different from
an equilibrium state. At equilibrium, detailed balance implies that the fluxes fy, f_
and each of the physical contributions (terms with different coordination numbers) in
(2.23)—(2.25) for w, g, and h must vanish identically [7]. An analysis based on this
equilibrium approach and comparisons with the present results are the subjects of
work in progress. Generally, it also remains a challenge to compare in detail kinetic
models such as ours with predictions put forth by Kallunki and Krug with regard to
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the Einstein relation for atom migration along a step edge [23]. Our underlying step
edge model is based on a simple cubic lattice, and it does not include separate rates
for kink or corner rounding.

Finally, we mention two limitations inherent to our model. The mean-field laws for
the mass fluxes are probably inadequate in physical situations where atom correlations
are crucial. The study of effects beyond mean field, a compelling but difficult task, lies
beyond our present scope. In the same vein, we expect that the effects of elasticity [9,
25, 33] will in principle modify the mesoscopic kinetic rates (attachment-detachment
and permeability coefficients) and the step stiffness. The inclusion of elastic effects in
the kinetic model and the study of their implications is a viable direction of near-future
work.

Appendix A. Step edge coordinates and basic relations. In this appendix
we describe several coordinate systems for an island boundary, thus supplementing
the formulation of section 2.1. Consider step boundaries that stem from perturbing a
straight step edge parallel to the x-axis; see Figure 2.1. Three associated coordinates
and generic densities and longitudinal velocities (along the step edge) are defined as
follows:

o Fized (z-) axis: Variable x, velocity w, density £ (£ = ¢ or k).
e Lagrangian: Variable a, velocity W, density E.
e Arc length: Variable s, velocity W, density E.
The vector-valued normal velocity of the boundary is v, where 11 is defined in (2.8).
We note the relations

Sa =V xi""‘ya ’
(A1) Sz =+/1+y2=1/cosb,
(A2) CE? =+ yg =1 = z,0. + YslYss = 0.

By use of the Lagrangian coordinate «, we denote

d

(A.3) =

= 8t|a , O := at|w )

i.e., d/dt is the time derivative with the spatial variable « held fixed. Because the

arc length, s, is defined only up to an arbitrary shift, we choose not to use a time

derivative with s held fixed; instead, we use d/dt in conjunction with the s derivatives.
Thus, the interface velocity vn in the different coordinates is given by

Otla(z,y) =v0 =v(ys, —x5) ,
(A4) 8t|x(xay) = Uﬁ_" U1 72 = (O,Ug) ’

in which 7 is defined in (2.8) and
(A.5) up = —vys/xs = —vtanf , uz = —v/xs = —v/cosh .
The tangential derivatives and the time derivatives are related by

On = 840s , O = 8,05 = (1/ cos ) 0 ,
(A.6) Otz = Otla + (0]2)0a = Otla + (u1/50)0a

We now use these relations to state transformation rules involving the (6, ¢) vari-
ables; see section 2.3 for their applications. We assume that 6 is a monotone function
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of the coordinate = and the arc length, s. Useful derivatives in = and ¢ are

B B _ K 2 K K
(A7) Or = 5005 = 50,09 = cos@aa’ % cosf " cosf
(A.8)
Oy —i+(8|a)8 —£+(8|a)s8—i—vtan998—£+vntan98
tz—dt tlx a—dt tlx as—dt se—dt ()
where s, = 1/cosf, 6, = —k, and
d
(Ag) & = 8t|a = at|0 + (8t|a9) 69 5
(A.10) Otlab = 19 =
. tlal = dt = KUy .
By (A.9) and (A.10) we have
(A.11) 4_ Otlo + 0
: gt = Orlo TR dp -
Thus, (A.8) becomes
(A12) 6t|$ :6t|9+li(11tan9+’£19)89 .
In particular,
(A.13) Ot)zp(0) = k(vtan 6 + vy) Dy

for any differentiable function () (9;|pp = 0).

We close this appendix by deriving relations for the densities and velocities along
a step edge in the different coordinates. If §, =, and = denote line densities of the
same atom species in x, «, and s, we have £ dr = Zda = =ds. Thus,

(1]

= $a€ = TsSa 5 = (COS 0)8015 ’

=xs§ = (cos0)E =E/s, -

(11

(A.14)

Next, we derive corresponding relations for the longitudinal velocities w, W, and W.
If the position of a moving point is X (¢), S(¢), or A(¢) in the z, s, and « coordinates,
respectively, then the velocities in these coordinates are related by

w=X;=v/ys =v/sinf ,
W=A = (w—vys)/Ta ,
(A.15) W =Ws, .

Appendix B. Identities for step edge motion. In this appendix we state and
prove three propositions pertaining to motion along a step edge. Some of these results
are used in relation to section 2.3 and in Appendix C in order to derive alternative
equations of motion for edge-atom and kink densities.

PROPOSITION B.1. In the (z,t) variables, the step edge velocity v satisfies

(B.1) O¢(tan @) + 0, (v/ cosf) =0 .
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Proof. We proceed by direct evaluation of the derivatives appearing in (B.1).
First, we calculate the time derivative in terms of s derivatives via the relation

(B.2) By, tan d = (at|a _ s aa> tand .

O(‘/L.S
By (A.2) of Appendix A, we evaluate separately each term in the right-hand side:
Ao tand = 8y (Yo /Ta) = (YatTa — Tarya) /T2

= [(_Uxa/sa)al'a - (Uya/sa)aya]/xi = _[(Uxa’)sxs + (UQS)SZUS]/xg
(B3) = —[’Us(.ﬁg + yg) + ’U(xssms + yssys)]/xg = —Us/aﬁi = _US/C082 0 s

Oy tanf = Saas(ys/l’s) = Sa(xsyss - ysxss)/sﬁ
= Sa[xs(_xsxss/ys) - nySS}/xz

(B.4) = fsaxss/ysxg = fsa:css/sinﬁcosz 0.

Second, we address the spatial derivative in (B.1):

591:( v )_ 1 v Vs v 1 Vg Tss

cosf

B.5 = 2 = = Copss
(B.5) cos@ “cos® cos20 cos® "z, cos20 Y cos?

Equations (B.2)—(B.5) combined yield (B.1), which completes the proof. o
PROPOSITION B.2. If the line (step edge) density &(x,t) satisfies

(B.6) € + Op(w8) = b
in the (z,t) coordinates, then the following relations hold in («,t) and (s,t):
(B.7) (d/dt)= + 84 (WE) = B := by
(B.8) (d/dt)= + O5(WE) + vkZ = B := B/sq ,
where Oy = 0|, and d/dt = Oty
Proof. We proceed by direct evaluation of the left-hand side of (B.6) in the (a,t)
and (s,t) coordinates. First, we prove (B.7). By (A.14) we have { = Z/z, and

wé = (Wag + vys)E/x0 = WE + (VYo /TaSq)=. Thus, the time derivative in (B.6)
becomes

Oth th
= 1 1
(B.9) ==t W=, +E{@() — 2, <>} .
Lo Saly T Sals T

Similarly, the spatial derivative in (B.6) reads

at|r£ = <at|a - ,Uysaa> i

1 VYo
Oy = | WE
(we) Sq cos O < + TaSa >
1 =
(B.10) — — 0,(WE)+ 225, 4+ = aa< Yo ) .
To T Sa Lo TaSa
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The combination of (B.9) and (B.10) yields

0,6 + 0, (wE) — (i) [0, + 00 (WE)]

1 1 1
=) e (e) ()
Lo Sals Lo Lo TaSa

(B.ll) = Civ+Cou, .

The last expression is justified by the identity
Oh(l/za) = _(xt)a/xi = _(UyS)ssa/x?x = (—VsYsSa — Uysssa)/xi
(B.12) = —Uq (ya/saxi) - U(ysssa/xi) :

Next, we show that the coefficients C; in (B.11) vanish identically. To this end, we
convert the related s derivatives to o derivatives via the identities

(ya/sa)a yaa yasaa

B.13 =
(B.13) Yss . ol
(B.14) 8a< VYo > = v, Ya + Uyaaxasa — Ya (21‘();53@@ + Sozxaa) .

Sala Sala TaSa
It follows by (B.11) that C; are

1
(B.15) Cy=— ya2 4+ Yo =0,
Sawa Ta Sala
(B.16) Cl — _yss;a _ Ys —.T;a + iyaaxasa - ya(Z.TC;Saa + Sa-raa) —0 ?
za Sals l’a Lo xas&

which in view of (B.6) and (B.11) yield (B.7).
To derive (B.8), we first note that W= = W E. For arbitrary oy, as we consider
the integral

/ (]aZ) ds—/ (]Z) sada—/ 040 (Ese) — Z(i]ese)] dar

1
a2

= / (8]0 — Evksy) da = / [—0a(WE) 4+ B — Evks,)| da
/ Wu ) + B — Zuk]sq do = / [—GS(WE) + B — Zuk] ds |

a1

(B.17)

where we used O¢|oSo = vKkS, and (B.7). Equation (B.8) follows directly, thus con-
cluding the proof. ]
PROPOSITION B.3. If the line density &(x,t) satisfies

then the following relations hold:
(B.19) (d/dt)Z — 0,(DIyE) + 0, (UZ) = B := bz ,

(B.20) (d/dt)Z — 05(DO,E) + 0,(UZ) + vk E = B := b/s4 ,
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where 0y = 0|z, d/dt = 04w, and

d T vy

b= vmalg-t).
[e3% « @

~ d -

D:=—, U::dsa(— Sao; +x0;)a—vys> .
x2 Sa? 3 Tqo

Proof. Equations (B.19) and (B.20) follow directly from Proposition B.2 by setting
w = —&, /€. Indeed, with this substitution we have

- w — VY.
EW = z4€ - > = ¢w — vy = =0, f — foys
o
=\ E 1. /2\ =
= _az ? - ; Uys = _1;7 60( 1_7 - ; vys
« « [e% « «
1 x VYs
B.21 == 0,E+2 =2 -
(B-21) x2 3 x4
1 = jt Tao vys
2
S ~ ~ S xT VYs
B.22 = -2 PE+Esy| —— + = —
(B-22) x2 ° a( Sars X3 wy )

where 0584 = Saa/Sa Was used in the last line. Equation (B.19) comes from Propo-
sition B.2 in view of (B.21). Equation (B.20) stems from Proposition B.2 via (B.22),
which completes the proof. 0

Appendix C. Edge-atom and kink motion in s coordinate. Next, we
apply the results of Appendix B to transform evolution laws (2.17) and (2.19) for ¢
and k to the (s,t) coordinates.

By use of Proposition B.2, the convection equation (2.19) becomes

(C.1) (d/dt)K + 0,[W (K, — K))] + vkK = 2F} |

where

A (g =~  w-—vys w-—wvsinf
(C.2) Fr:=(g—h)zs=(g—h)cosh, W:= P—

In the above, K = kcos 0, I~(T =k, cosf, f(l = k;cosf, and W are defined along the
edge arc length (s) according to the notation of Appendix A.
Proposition B.3 of Appendix B converts the diffusion equation (2.17) for ¢ to

(C.3) (d/dt)® — 8,(Dpd,®) + 8,(UD) + vkd = F ,
where
~ ~ Dg Dg
(04) F¢ ::f++f_7f0(3080, DE ::E:m7
=~ Saa Too VYs
. =D syl ——— + — — ,
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and « is the Lagrangian step coordinate; see Appendix A. Here, ® is the edge-atom
density defined along the edge arc length. Note that the transformed equation (C.3)
contains a drift term, which is absent in (2.17) if z is simply replaced by s.

Appendix D. Step edge velocity. In this appendix we derive (2.28) in the
form of a proposition; cf. equation (2.12) in [8].
ProproSITION D.1. The net flux fo of terrace and edge-atoms to kinks is

v

(D.1) fo= (14 kgpcosb) .

cosf

Proof. We apply mass conservation, revisiting the derivation in [7]. The starting
point is the change of the total number of adatoms on a terrace, which is balanced by
(i) the step edge motion, (ii) the change of the number of edge-atoms, and (iii) the
flux rate of deposited atoms. Hence,

d d ~
. - A= +— [ ®ds—FA
(D.2) 7 pd /des t/r ds ,

where A is the area of a single terrace and I' is the step boundary. B
Next, we find alternative expressions for the terms % [ pdA and % | ®ds. First,
integration of the diffusion equation (2.13) for p yields

d

(D.3) pr pdA:f/F(ﬁ_Jrf_)derFA.

Second, direct differentiation of [ ® ds with respect to time gives

(D.4) i/%ds:/(at|j>+m&>)ds
by using
d
(D.5) ads = Ot|aSa da = (Ot|aSa) da = (KvSq)da = kv ds .

By combination of (D.2)—(D.4) we obtain
d ~ - -
—/des = —/F(fJr + f)ds+ /F thq) — (Ot|a8)0s® + Kvd
(D.6) = [ foydst [ (o= @loonlds

where we invoked the evolution equation (C.3) for @ in (s, ) coordinates and definition
(C.4) from Appendix C. Thus, via integration by parts, (D.6) becomes

7/Ud8:7/f0£sd5+/&)85(8t‘a8)d8
T T T
:_/fOxst'F/EI;S;laa(at‘as)dS
r r

(D.7) :—/foxsds—i—/&)nvds.
r r
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Hence, we have
(D.8) —v=—foxs + Prv (® = px, = peosh) ,

which is identified with (2.28) and, thus, concludes the proof. |

Appendix E. First-order perturbation theory. In this appendix we describe
in the form of a proposition the basic linear perturbation for the equations of motion
along a step edge. This theory is used in section 5.

PROPOSITION E.1. Let ¢ and k be functions of (0,t) that satisfy

(E.1) M; (¢, k, kg, kko) =0, 1=12,
where M;(¢, k,n,() are differentiable. If (2.29) holds, where #© and k© solve
(E.2) M;(¢”,k©,0,00=0,

then ¢ and kM) are

D¢ Dk
(€ L =
(E.3) ¢ ok D
where
| 9yMy OM;
(E.5) pé _ | —(0cM1)Bgo — (0yMy) Fpko O M
’ —(8<M2) 89¢0 — (87]M2) Ogko Ok Mo
(E.6) pk _ | 9oMi —(9cMy) Bpdo — (9y M) Bk
: 0oMs (9 Mz) Dgdo — (9, Mz) Dgko | °

and the deriwatives of M;(¢,k,n, () are evaluated at (¢, E©),0,0).
Proof. Equations (E.3)—(E.6) follow directly from the Taylor expansion of formula
(E.1) at (69, £9,0,0),

(E.7) 0= (k¢M) ap M; + (kW) 9 M + (k0pdp' )0 M + (kDgk'®)D, M;

where use was made of (E.2). The 2 x 2 linear system for (¢(1), k(1)) leads to
(E3). O

Acknowledgments. We thank T. L. Einstein, J. Krug, M. S. Siegel, T. J. Stase-
vich, A. Voigt, and P. W. Voorhees for useful discussions. One of us (DM) is grateful
for the hospitality extended to him by the Institute for Pure and Applied Mathemat-
ics (IPAM) at the University of California, Los Angeles, in the fall of 2005, when part
of this work was completed.

REFERENCES

[1] Y. AkuTtsu AND N. AKUTSU, Relationship between the anisotropic interface tension, the scaled
interface width and the equilibrium shape in two dimensions, J. Phys. A, 19 (1986), pp.
2813-2820.

[2] L. BALYKOV AND A. VoIGT, Kinetic model for step flow of [100] steps, Phys. Rev. E (3), 72
(2005), 022601.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



272

(3]

DIONISIOS MARGETIS AND RUSSEL E. CAFLISCH

L. BALYKOV AND A. VoIGT, A 2 + 1-dimensional terrace-step-kink model for epitaxial growth
far from equilibrium, Multiscale Model. Simul., 5 (2006), pp. 45—61.

E. BAnscH, F. HAUSSER, AND A. VoIGT, Finite element method for epitaxial growth with
thermodynamic boundary conditions, STAM J. Sci. Comput., 26 (2005), pp. 2029-2046.

M. Biskup, L. CHAYES, AND R. KOTECKY, A proof of the Gibbs-Thomson formula in the droplet
formation regime, J. Statist. Phys., 116 (2004), pp. 175-203.

W. K. BURTON, N. CABRERA, AND F. C. FRANK, The growth of crystals and the equilibrium
structure of their surfaces, Philos. Trans. Roy. Soc. London Ser. A, 243 (1951), pp. 299-358.

R. E. CarLiscH, W. E, M. F. GYURE, B. MERRIMAN, AND C. RATCH, Kinetic model for a step
edge in epitazial growth, Phys. Rev. E (3), 59 (1999), pp. 6879-6887.

R. E. CAFLISCH AND B. L1, Analysis of island dynamics in epitaxial growth of thin films,
Multiscale Model. Simul., 1 (2003), pp. 150-171.

C. R. ConNELL, R. E. CarLiscH, E. Luo, AND G. SIMMS, The elastic field of a surface step:
The Marchenko-Parshin formula in the linear case, J. Comput. Appl. Math., 196 (2006),
pp. 368-386.

P.-G. DE GENNES, Soluble model for fibrous structures with steric constraints, J. Chem. Phys.,
48 (1968), pp. 2257-22509.

G. EHRLICH AND F. HUDDA, Atomic view of surface diffusion: Tungsten on tungsten, J. Chem.
Phys., 44 (1966), pp. 1039-1099.

T. L. EINSTEIN, Applications of ideas from random matriz theory to step distributions on
“misoriented” surfaces, Ann. Henri Poincaré, 4 (2003), pp. S811-S824.

J. W. Evans, P. A. THIEL, AND M. C. BARTELT, Morphological evolution during epitazial thin
film growth: Formation of 2D islands and 3D mounds, Surf. Sci. Rep., 61 (2006), pp.
1-128.

S. N. FiLiMmoONOV AND YU. YU. HERVIEU, Terrace-edge-kink model of atomic processes at the
permeable steps, Surf. Sci., 553 (2004), pp. 133-144.

M. E. FIsHER, Walks, walls, wetting, and melting, J. Statist. Phys., 34 (1984), pp. 667-729.

M. E. FisHEr AND D. S. FisHER, Wall wandering and the dimensionality dependence of the
commensurate-incommensurate transition, Phys. Rev. B, 25 (1982), pp. 3192-3198.

J. W. G1BBS, On the equilibrium of heterogeneous substances (1876), in Collected Works, Vol.
1, Longmans, Green and Co., New York, 1928.

M. E. GURTIN, Thermomechanics of Evolving Phase Boundaries in the Plane, Clarendon Press,
Oxford, UK, 1993.

F. HAUSSER AND A. VOIGT, A discrete scheme for regularized anisotropic surface diffusion: A
6th order geometric evolution equation, Interfaces Free Bound., 7 (2005), pp. 353-369.

C. HERRING, Some theorems on the free energies of crystal surfaces, Phys. Rev., 82 (1951), pp.
87-93.

N. ISRAELI AND D. KANDEL, Profile of a decaying crystalline cone, Phys. Rev. B, 60 (1999),
pp- 5946-5962.

H.-C. JEONG AND E. D. WILLIAMS, Steps on surfaces: Experiments and theory, Surf. Sci. Rep.,
34 (1999), pp. 171-294.

J. KALLuNkI AND J. KRrRuG, Effect of kink-rounding barriers on step edge fluctuations, Surf.
Sci. Lett., 523 (2003), pp. L53-L58.

B. KRISHNAMACHARI, J. MCLEAN, B. COOPER, AND J. SETHNA, Gibbs-Thomson formula for
small island sizes: Corrections for high vapor densities, Phys. Rev. B, 54 (1996), pp.
8899-8907.

R. V. Kukta AND K. BHATTACHARYA, A micromechanical model of surface steps, J. Mech.
Phys. Solids, 50 (2002), pp. 615-649.

L. D. LANDAU AND E. M. LIFSHITZ, Statistical Physics, Pergamon Press, Oxford, UK, 1968.

D. MARGETIS AND R. V. KOHN, Continuum relaxation of interacting steps on crystal surfaces
in 241 dimensions, Multiscale Model. Simul., 5 (2006), pp. 729-758.

M. OZDEMIR AND A. ZANGWILL, Morphological equilibration of a corrugated crystalline surface,
Phys. Rev. B, 42 (1990), pp. 5013-5024.

D. PENG, S. OSHER, B. MERRIMAN, AND H.-K. ZHAO, The geometry of Wulff crystal shapes and
its relation with Riemann problems, in Nonlinear Partial Differential Equations, Contemp.
Math. 238, AMS, Providence, RI, 1999, pp. 251-303.

C. ROTTMAN AND M. WORTIS, Statistical mechanics of equilibrium crystal shapes: Interfacial
phase diagrams and phase transitions, Phys. Rep., 103 (1984), pp. 59-79.

J. S. ROWLINSON AND B. WiboMm, Molecular Theory of Capillarity, Clarendon Press, Oxford,
UK, 1982.

R. L. SCHWOEBEL AND E. J. SHIPSEY, Step motion on crystal surfaces, J. Appl. Phys., 37
(1966), pp. 3682-3686.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



(38]

(39]

[40]

[41]

42]
[43]

[44]

ANISOTROPIC STIFFNESS FROM EPITAXIAL KINETIC MODEL 273

V. B. SHENOY AND C. V. CIOBANU, Orientation dependence of the stiffness of surface steps:
An analysis based on anisotropic elasticity, Surf. Sci., 554 (2004), pp. 222-232.

M. SIEGEL, M. J. Miksis, AND P. W. VOORHEES, FEwolution of material voids for highly
anisotropic surface energy, J. Mech. Phys. Solids, 52 (2004), pp. 1319-1353.

B. J. SPENCER, Asymptotic solutions for the equilibrium crystal shape with small corner energy
reqularization, Phys. Rev. E (3), 69 (2004), 011603.

T. J. STASEVICH, Modeling the Anisotropy of Step Fluctuations on Surfaces: Theoretical Step
Stiffness Confronts Experiment, Ph.D. thesis, University of Maryland, College Park, MD,
2006.

T. J. StasevicH AND T. L. EINSTEIN, Analytic formulas for the orientation dependence of
step stiffness and line tension: Key ingredients for numerical modeling, Multiscale Model.
Simul., 6 (2007), pp. 90-104.

T. J. StasevicH, T. L. EINsTEIN, R. K. P. ZiA, M. GIESEN, H. IBACH, AND F. SzALMA, Ef-
fects of next-nearest-neighbor interactions on the orientation dependence of step stiffness:
Reconciling theory with experiment for Cu(001), Phys. Rev. B, 70 (2004), 245404.

T. J. StasevIiCH, H. GEBREMARIAM, T. L. EINSTEIN, M. GIESEN, C. STEIMER, AND H. IBACH,
Low-temperature orientation dependence of step stiffness on 111 surfaces, Phys. Rev. B,
71 (2005), 245414.

F. SzaLma, H. GEBREMARIAM, AND T. L. EINSTEIN, Fluctuations, line tensions, and correlation
times of nanoscale islands on surfaces, Phys. Rev. B, 71 (2005), 035422.

S. TaNAKA, N. C. BArTELT, C. C. UMBACH, R. M. TROMP, AND J. M. BLAKELY, Step perme-
ability and the relazation of biperiodic gratings on Si(001), Phys. Rev. Lett., 78 (1997),
pp- 3342-3345.

J. E. TAYLOR, Ezistence and structure of solutions to class of non-elliptic variational problems,
in Symposia Mathematica 14, Academic Press, London, 1974, pp. 499-508.

J. TERSOFF, M. D. JOoHNSON, AND B. G. ORR, Adatom densities on GaAs: Evidence for
near-equilibrium growth, Phys. Rev. Lett., 78 (1997), pp. 282-285.

E. D. WiLLiAMS AND N. C. BARTELT, Thermodynamics and statistical mechanics of surfaces,
in Handbook of Surface Science, Vol. 1: Physical Structure, W. N. Unertl, ed., Elsevier,
The Netherlands, 1996, pp. 51-99.

G. WULFF, Zur Frage der Geschwindigkeit des Wachsthums und der Auflosung der Krys-
tallflachen, Zeitschrift fiir Krystallographie und Minerologie, 34 (1901), pp. 449-530.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


