Random Homogenization of Fractional Obstacle
Problems

L. A. Caffarelli* and A. Mellet!

Abstract

We use a characterization of the fractional Laplacian as a Dirichlet
to Neumann operator for an appropriate differential equation to study
its obstacle problem in perforated domains.

1 Introduction

Given a smooth function ¢ : R” — R™ and a subset T, of R", we consider
v®(z) solution of the following obstacle problem:

A)*v* >0 forzeR" (1)

vi(z) > p(x) for x €Ty
—A)Yv* =0 forxz € R"\ T and for x € T, if v*(z) > p(z).

(
(
The operator (—A)® denotes the fractional Laplace operator of order s,
where s is a real number between 0 and 1. It can be defined using Fourier

transform, by F((—=A)*£)(€) = |¢[2£(¢). In particular, (1) can be seen as
the Euler-Lagrange equation for the minimization of the F/* norm [ f]] 5=

~

| £(€)]€]°]| 2 with the constrain that f > ¢ on T.. We will see that this
system of equations can also be stated as a boundary obstacle problem for
elliptic degenerate equations.

In (1), the domain R™ is perforated and the obstacle ¢(z) is viewed by
v®(x) only on the subset T;. A typical example of T is given by:

T. = | Bueleh), (2)
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with a® < e. The goal of this paper is to study the asymptotic behavior of
v® as € — 0. When T is given by (2), the effective equation satisfied by the
limit of v® strongly depends on the radius a®: If a® is large enough, the limit
turns out to be an obstacle problem with obstacle ¢(x). On the other hand,
if a® is small then the limiting problem is a simple elliptic equation without
any obstacle condition. It is well known in the case of the regular Laplace
operator (s = 1) that there is a critical size for a® for which interesting
behavior arises.

In the case of the regular Laplace operator, this problem was first studied
for periodic T; by L. Carbone and F. Colombini [CC80] and then in a more
general framework by E. De Giorgi, G. Dal Maso and P. Longo [DGDMLS0]
and G. Dal Maso and P. Longo [DML81], G. Dal Maso [DM81]. Our main
reference will be the papers of D. Cioranescu and F. Murat [CM82a, CM82b],
in which the case of a periodic distribution of balls is studied. More precisely,
they prove that when s = 1 and if T} is given by (2) with a® = r 5ﬁ, then
the function v = lim._,g v* solves

—Av = p(v —p)- =0,

where p is a real number (depending on ry) and w_ = max(—w,0). The
obstacle condition thus disappears when € goes to zero, but it gives rise to
a new term u(v — ¢)_ in the equation.

In [CMO7], we generalize this result (still with s = 1) to sets T that are
the union of small sets S;(k) C R™ still periodically distributed, but with
random sizes and shapes. More precisely, we introduce a probability space
(Q,F,P) and we assume that for every w € € and every € > 0 we are given
some subsets S¢(k,w) such that

Se(k,w) C Be(ek).

We then consider
Te(w) = | J Se(k,w).
kezZm

The only assumptions necessary to generalize the result of D. Cioranescu
and F. Murat [CM82a]-[CM82b] is that each set S:(k,w) is of capacity of
order €": cap(Sq(k,w)) = €"y(k,w) (this is where the critical exponent =
comes from) and that the v(k,w) have some averaging properties (stationary
ergodicity).

In the present paper, we extend the result of [CMO07] to the case of
fractional Laplace operators s € (0,1). We will show that under appropriate



assumptions on the size of the sets S:(k,w), the function v(x) = lim._,o v®(x)
solves

(—A)v —p(v —¢)- =0.
In the particular case of sets T; of the form (2), the critical size is now given
by

n
aE = 7’0 gn—2s

(the critical exponent —"5- is related to the s-capacity of the sets S.(k,w)).

In the remainder of this section, we briefly motivate the problem and we
introduce the extension problem for the fractional Laplace operators, which
allows us to rewrite (1) as a boundary obstacle problem for a local (degen-
erate) elliptic operator. The precise hypothesis on T.(w) will be detailed in
the following section in which the precise statement of the main theorem is
also given. The remainder of the paper is devoted to the proof of our main
statement.

1.1 A semipermeable membrane problem.

When s = 1/2, (1) naturally arises as a boundary obstacle problem for the
regular Laplace operator (also know as Signorini problem): We consider the
following problem set in the upper-half space R’fﬁl ={(z,y) eR"xR; y >

0}:

~Au(z,y) =0 for (z,y) € R%

u(z,0) > ¢(x) forx e T )
Oyu(z,0) < 0 forxz € R

Oyu(x,0) = 0 for x € R"\ T; and for x € T¢ if u(z,0) > p(x)

with the boundary condition

lim u(z,y) = 0.

Yy—00

It is then well-known that v(z) = u(x,0) is solution of (1) with s = 1/2 (see
[Sil07] and [CSS07] for details).

It can be of interest to state equation (3) in a bounded domain D C ]Ri“:
Introducing

Y=Dn{y=0} and T =0Dn{y >0},



we can consider the following boundary obstacle problem:
—Au(z,y) =0 for (z,y) € D
u(z,0) > p(x) forx e ¥NT;
Oyu(z,0) < 0 forzeX
Oyu(z,0) = 0 for z € ¥\ T; and for z € 1. if u(z,0) > ¢(x)
with the boundary condition
u(z,y) = g(z,y) for (z,y) €T

Equation (4) arises, for instance, in the modeling of diffusion through
semi-permeable membranes (such as the membrane of a cell): The membrane
is modeled by the surface . The outside concentration of molecules is given
by ¢(z), and the transport of molecules through the membrane and in the
direction of the concentration gradient is possible only across some given
channels (represented by the set T.) and only from the outside of the cell
({y < 0}) toward the inside of the cell D. At equilibrium, the concentration
inside the cell is then given by the solution u(z,y) of (4).

1.2 An extension problem for fractional obstacle problems

Following L. Caffarelli, S. Salsa and L. Silvestre [CSS07], we can actually
rewrite (1) as a boundary obstacle problem for all fractional powers s €
(0,1). We rely for this on the following extension formula established by
L. Caffarelli and L. Silvestre [CS06]: For a given function f(z) defined in
R™, if we define u(z,y) by

{ —div (y*Vu) =0 for (z,y) € R )
u(z,0) = f(x) for z € R,
then
(=A)"f(x) = lim y*Oyu(z, y)
with
s=(1—-a)/2.
We can thus rewrite the fractional obstacle problem (1) as follows:
—div (y*Vu®) =0 for (z,y) € R’}fl
uf(z,0) > ¢(x) for z € T,
%ii% y*oyu(z,y) <0 forx € R” (6)

lir% y*oyus(xz,y) =0 for x € R"\ T, and z € T, N {u® > ¢}
y*)

4



where a = 1 — 2s (note that a € (—1,1)). Our main result will concern
problems such as (6) with possibly bounded domain D instead of R’}FH.

In the sequel, the theory of degenerate elliptic equations in weighted
Sobolev spaces will play an important role. We refer to [FKS82] for many
results that will be used in this paper.

1.3 Variational formulation

The system of equations (6) can also be written as a minimization problem.
For a given open subset D of R"™ we denote by L?(D,|y|*) the weighted
L? space with weight |y|* and by W2(D, |y|*) the corresponding Sobolev’s
space. We have

ooy = [ ol dady+ [ vl dody.

We then introduce the energy functional:

1 a
S = [ SV ds dy
D
and the set
K.={ve WYA(D, [y|*); v(x,0) > ¢(x) for z € To(w), v =g on r}.

It is readily seen that (6) is the Euler-Lagrange equation associated to the
minimization problem:

F ()= inf #(v), u® € K. (7)

veKE

(Note that since K is closed, convex and not empty, (7) has a unique
solution u® € K,).

Finally, we notice (see [CS06]) that if u(x, y) is the extension of a function
f(z) as in (5), then

a 2 _ 2s| £ 2 _ i
Lo oeivul dway = [ JPIFOP s = 101 oy
+

In particular, the minimization problem (7) is equivalent to the variational
formulation of problem (1).



In this paper, we study the asymptotic behavior of the solutions of (7)
for any open subset D of Rﬁ“. The assumptions and the main result are
made precise in the next section. The proof of the main theorem, which is
details in Section 3, relies on the construction of an appropriate corrector.
This construction is detailed in Sections 4 and 5.

2 Assumptions and Main result

2.1 The set T,

We consider a probability space (2, F,P). For all w € Q, the set T.(w) is
given by:

Te(w) = | J Se(k,w),

kezn
where the sets S:(k,w) C R"™ satisfy the following assumptions:

Assumption 1: Forallk € Z™ andw € Q, there exists y(k,w) (independent
of €) such that
capy(Se(k,w)) = " vy(k,w),
where capg(A) denotes the s-capacity of subset A of R"! (defined below).
Moreover, we assume that

Se(k,w) C B . (ek) for allk € Z" a.e. w € Q, (8)

n—2s

for some large constant M, and that there exists a constant 5 > 0 such that

v(k,w) <7  forallk € Z" and a.e. w € . (9)

This first assumption defines the critical size of the set T.. It will guar-
antee that cap,(7;) remains finite as € goes to zero. A natural definition for
s-capacity of a subset A of R™ is the following:

cap () = nt { [ 1617 des 1 € HE, f(0) 2 1for v a}.
Rn
Using the extension problem for the fractional Laplce operator (see [CS06]
for details), an equivalent definition (up to a multiplicative constant) is given

by

cap,(A) = inf {/ Y| Vh|? da dy; he Wy (R y[%), h(z,0) > 1,z € A}.
Rn+1



We will use this second definition in this paper. If B]’ is a n-dimensional
ball, then its s-capacity in R"*! is given by

n—1+a 2s

Caps<B77}) = Cpn+1—a’ = Cn+2srn_

for some constant c;. Assumption 1 is thus satisfied in particular if the sets
Se(k,w) are balls centered on eZ" with radius r(k,w)en=2s.

Assumption 2: The process v : Z™ x Q — [0,00) is stationary ergodic:
There exists a family of measure-preserving transformations 1 :  — €
satisfying

vk + K, w) =y(k,Tww)  for all k, k' € Z" and w € Q,
and such that if A C Q and 7,A = A for all k € 2™, then P(A) = 0 or

P(A) =1 (the only invariant set of positive measure is the whole set).

This second assumption is necessary to ensure that some averaging pro-
cess occur as € goes to zero (the hypothesis of stationarity is the most general
extension of the notions of periodicity and almost periodicity for a function
to have some self-averaging behavior).

2.2 Main result

We are now ready to state our main result:

Theorem 2.1 Let D be a open subset of R (n > 2), denote
Y =Dn{y =0}, I'=0DnNn{y >0}

and let T (w) be a subset of ¥ satisfying Assumptions 1 and 2 above.
There exists a constant ag > 0 such that for any ¢(z,y) € CH1(D) the
solution uf(z,y,w) of

1
min {2/y“|Vv\2 dedy; v e Wol’2(D, ly|*), v(z,0) > ¢(x,0) forx € Ts(w)} ,
D

converges WH2(D, |y|*)-weak and almost surely w € Q to a function u(x,y)
solution of the following minimization problem

1 1
min {Q/y“IVvF da dy + 2/a0<v — )2 (x,0)dz; v € Wy (D, |y\“)} :
D b
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where w_ = max(0, —w).
If, moreover, there exists v > 0 such that v(k,w) > v for all k € Z" and
a.e. w €, then oy > 0.

In particular the function u(z,y) solves
—div (y*Vu) =0 for (z,y) € D
liH(l) y*oyu(z,y) = ap(u — p)—(x,0) forz el
y—)

u(x,y) =0 for (z,y) €T

Remark 2.2 When D is a bounded subset of RK'H, the condition u €
Wol’2(D, |y|*) could easily be replaced by

we WH(D,[y*),  ulz,y) = g(x,y) for z € DN {y >0}
for some function g(x,y) € L>(0D N {y > 0}).

We stated Theorem 2.1 in its most general form. It contains the semiper-
meable membrane problem, as well as our original problem (1) with the
fractional operator. More precisely, if we have D = RTFI and if we consider
the trace v(x) = u(x,0) in Theorem 2.1 we get:

Corollary 2.3 Let T be a subset of R™ (n > 2) satisfying Assumptions 1
and 2 above. There exists ag > 0 such that for any p(z) € CHH(R™), the
solution v¢(x,w) of (1) converges, as € — 0, H*(D)-weak and almost surely
to a function v(z) solution of

(—A)°v —ap(v— ) =0.

As in Cioranescu - Murat [CM82a, CM82b] and Cafarelli-Mellet [CMO07],
the proof of Theorem 2.1 relies on the construction of an appropriate cor-
rector. More precisely, we use the following result:

Proposition 2.4 Let T.(w) be a subset of R™ satisfying Assumptions 1
and 2 above. There exists a non-negative constant ag such that for ev-
ery bounded subset D of RT’l, there is a function w§(z,y,w) defined in D
and satisfying

w(z,0) =1 forz e T (w)N(DN{y=0}) (10)
|we||oe(py < C (11)
w® — 0 WD, ly|*)-weak a.s. w € Q (12)



and
For all sequences v*(x,y,w) satisfying:

v (x,0) >0 forzeTl(w)NX

[[v¥]| oo (p) < C

v* — v in WH(D, |y|*) — weak, a.s. (13)
and for any ¢ € D(D) such that ¢ > 0, we have:

lim [ y*Vw® Vo opdrdy > — / oo pdx
e—0 D »
with equality if v¢(x,0) =0 for x € T. N X.

The proof of Proposition 2.4 will occupy most of this paper. We stress
the fact that Assumptions 1 and 2 are sufficient but by no mean necessary
to the proof of this Proposition. Any set T.(w) such that Proposition 2.4
holds would be admissible for Theorem 2.1.

The condition (13) may seem rather obscure and the next Lemma will
suggest a nicer (but stronger) condition to replace it. However (13) is the
condition that appears naturally in the proof of Theorem 2.1.

Lemma 2.5 Let D be a bounded subset of Rfrl, and assume that w® sat-
isfies
—div(y*Vuw®) =0 for (z,y) € D

we(z,0) =1 forz e T, (w)NX (14)
limy .o y*Oyw®(x,y) = ag forxe¥. N3

lim, . y*Oyw®(x,y) <0 forxeT.NX
together with (11) and (12). Then (13) holds.
This lemma also gives an indication of how to construct w®(z,y,w): We will
look for a constant «p such that the solution of (14) converges to zero in
Wh2(D, |y|*)-weak.
Proof: Let v° € L>®(D) N WY2(D,|y|*) be such that v*(x,0) > 0 on

T. N3 and let ¢ be a smooth test function with compact support in D.
Then, we have:

0 = / div (y*Vw®)pv° dx dy
D
= - / Yy oVw® - Vo© dx dy — / y*Vo - Vwv© dx dy
D D

- / lim (y*0yw®) v° ¢ dx — / lim (y? 0, w®) v° ¢ dx.
T ¥—0 7. ¥y—0



Since lim,_,o y*0yw®(x,y) < 0 and v*(z,0) > 0 for x € T, we deduce:

/yaqbVwE-VvE drdy > —/ y*VoVuwo® d:ndy—/ ag v ¢ dx.
D D

€

v

—/ yanZ)Vwevsda:dy—/ apv® ¢pdz. (15)
D %

with equality if v°(x,0) = 0 for « € T.. In order to pass to the limit in (15),
we note that we have the following convergences:

w® — 0 Wh2(D, |y|*)-weak a.s. w € (,

and
€

& — v L*(D, |y|*)-strong a.s. w € (.

Hence the first term in the right hand side of (15) goes to zero. Moreover
we have

v°(-,0) — (-, 0) H*(¥)-weak and L*(X)-strong a.s. w €,

so (15) gives
lim [ y*¢Vw® - Vo*drdy > — / agv @ dr.
e—0 D by}

with equality if v*(x,0) =0 for z € T;.. O

2.3 Related problems

Before turning to the proof of Theorem 2.1, we briefly mention other results
that follow from Proposition 2.4: If we consider energy functionals of the

form
1

/(v):/ y“]Vu|2dacdy+/uhdx
2Jp s
for some h € L*°(X), then a proof similar to that of Theorem 2.1 shows that
the homogenization of the following equation
ve(x) > () for z € T;
(—=A)*v® > h(z) forz e R”
(—A)*v® = h(x) for z € R"\ T, and on T, if v° > ¢

leads to
(—A)v—ap(v—¢)-=h in R".



More interestingly, we can replace the constrain v* > ¢ on 7. by a
Dirichlet condition of the form v* = 0 on 7;. This amounts to minimizing
7 (v) in the convex set

K. = {ve W3R |y|) ; v(z,0) = 0 for z € Te(w)},
The corresponding Euler equation is

(=A)*v*(z) = h(z) forz e R"\ 1T}
v¥ () =0 for x € 07.

We can then show that the solution v*(x) converges to a function v(z)
solution of
(—AYv—apg(v—p)=h in R"™.

3 Proof of Theorem 2.1

In this section, we prove that Theorem 2.1 follows from Proposition 2.4.
For the sake of simplicity, we assume that D is a bounded domain in Rﬁlfl.
This allows us to take the corrector w®(x,y,w) given by Proposition 2.4 and
corresponding to the domain D. When D is unbounded, we note that every
integral involving w® is computed with a compactly supported test function
¢. We can thus use, for each of them, the corrector w® corresponding to the
domain supp ¢. The final result is of course independent of w®.

The maximum principle and the natural energy estimate easily give that
u® is bounded in L*(D) N WO1 2(D, |y|*) almost surely. In particular, there
exists a function u(z,u,w) such that

ut —u Wol’z(D, ly|*) — weak a.e. w € Q.
In order to prove Theorem 2.1, we have to show that

Fo(u) = inf Fav) ae weld (16)
veWy (D, ly|*)

where ¢, is the energy associated to the limiting problem, given by:
1 a 2 1 2
Fa) =< [ y*Vu[dedy+ < [ aolu — )2 du.
2 Jp 2 Js
Equality (16) will be a consequence of the following lemmas:
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Lemma 3.1 For any test function ¢ € D(D), we have
lim/ Y| Vs |26 da dy = / appdx.
e—0 D »

Lemma 3.2 Let u® be a bounded sequence in W12(D, |y|*) N L>=(D). If
ut —=u  in WH3(D,|y|*)-weak,
then

liminf ¢ (u®) > Z.(0).

e—0

Proof of Theorem 2.1:
For any v € D(D), we consider the function v + (v — ¢)_w* (note that this
function satisfies the obstacle constrain). Its energy is given by:

S0+ (v —p)-w)
= ;/Dya “VUP +|V(— @) Puw?+|(v— @)_IQ\VwEH dz dy

+ /D y* [(v —¢)_V(v—¢)_w'Vu® + VoV (v — p)_w*
+Vou(v — cp)_Vwa} dz dy.
Lemma 3.1 and the weak convergence of w® to 0 in W2(D, |y|*) thus implies
i (04 (0= 9) ) = Falo)

Morever, it is readily seen that the function v + (v — ¢)_w® belongs to
K.. Since u* minimizes ¢ on K., we deduce

F w4+ (v—yp)-w’) = _7u),
and therefore

Fa(v) > limsup 7 (u°) for all v € D(D).

e—0

On the other hand, Lemma 3.2 gives

liminf 7 (u°) > _7a(@).

12



and so
Fa(@) < _Zo(v) for all v € D(D).
Equality (16) follows by a density argument. [

Proof of Lemma 3.1: This first lemma is a straightforward conse-
quence of (13): If we take v = 1 — w®, we have v*(z,0) = 0 for =z € T,
v (x,y) bounded in L (D) and v¢(x, y) converges to 1 in W1H2(D, |y|?)-weak,
L?(D, |y|*)-strong, and almost surely w € Q. We can thus use (13), which
implies

—/ y“¢VwE-V(1—wE)dxdy—>/a0¢daj,
D b
and so

/ya’d)|Vw€|2dmdy—>/ao¢dx

D by

for all ¢ € D(D). O

Proof of Lemma 3.2: Following Cioranescu-Murat (see [CM82b], Propo-
sition 3.1), we evaluate the quantity

|V = o+ = ) oy
for some test function z with compact support in D and then take the limit

as € goes to zero.
Using (12), we obtain:

liminf/ Y| Vus |? dx dy
e—0 D

v

2/ y“Vu'Vzd:L'dy—/ Y| Vz|? dx dy
D D

+2 lir% Yy (z — p)_Vu° - Vu dz dy
E— D

—lim [ y%(z — )% |Vw|* dz dy.

e—0 D

Lemma 3.1 yields

lin% Y (2 — )% |V |* de dy = / ao(z — )% da.
D

E— »

13



Property (13), together with the facts that u® € L*>°(D) and (u® —¢)(x,0) >
0 for x € T, implies

lim [ y*(z—¢)-Vu® -V = lim [ y*(z —¢)-V(u° — ) - Vw* dzdy
e—0 D e—0 D

+1lim [ y*(z — ¢)-Ve - Vw dzdy
e—0 D

> —/anw— o)z — ) da.

It follows that for any test function z € D(D) we have:
liminf/ Y\ Vuf|Pdedy > 2/ y*Vu - Vzdxdy —/ Y| Vz|? dz dy
=0 Jp D D
-2 [ ao@- )z - o) do
by
—/ ao(z — )2 dr.
by

We can now take a sequence z, that converges to u strongly in W2(D, |y|*)

and such that z,(-,0) converges to (-, 0) strongly in L?(X, |y|%). Using the

fact that (u — )@ — ¢)_ = —(u — )%, we get

liminf/ Y Vs P dedy > /y“|Vu]2dxdy—|—/oz0(u—g0)2_dx.
=0 Jp D b

which concludes the proof.]

4 The auxiliary corrrector

4.1 Notations and scheme of the proof

We recall that
R = {(z,y) € R" x R; y > 0},

and we fix a bounded domain D C ]R’}fl. For any zg € R™ and yg > 0, we
introduce the following notation for the Euclidian balls:

Br(@0,y0) = {(x,y) e R™; (|2 — zol + |y — wof?)* < T‘} ;
BT—!_(LE‘O)O) = BT(«TO,O) N {y > O},

Bl (zg) ={z € R"; |x — xo| <71}

14



4.1.1 The fundamental solution
We recall (see [CSS07] for details) that the function

Un+l+a . 3
hz,y) = ——— = with v, = ———=>,

IRICEREES

solves

—div (y*Vh)(z,y) =0 fory >0
lim "0, (. ) — ~5(0)
where §(z) denotes the Dirac distribution centered at 0 in R™. We also have
div (y*Vh) = —pin od(z, y) in R*!
where §(z,y) denotes the Dirac distribution centered at 0 in R"*! and for

some constant (i q-

4.1.2 An auxiliary corrector

One of the key point in the proof of Proposition 2.4 is to see that away
from ek, the set S:(k,w) is equivalent to a (n+1)-dimensional ball. More
precisely, we introduce the capacitary potential ¢} (x,y,w) associated to the
set Sc(k,w). It is defined by the following minimization problem:

inf {/ y“|Vg0]2da: dy; ¢ € W1’2(]R7fr+1, ly|*), ¢(x,0) >1Vx € Ss(kr,w)} .
R

n+1

It is readily seen that, almost surely in w, ¢} (x,y,w) satisfies

—div (y*Ve}) =0 for (z,y) € R
or(x,0) =1 for x € S¢(k,w) (17)
limy o y*0y % (z,y) =0 for x ¢ S-(k,w)

and by definition of the capacity as seen in the introduction, Assumption 1
yields

[ 9 dedy = (k). (15)
Rn+1
Moreover, we have the following lemma (the proof of which is presented in

Appendix A):
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Lemma 4.1 For any ¢ > 0, there exists Rs such that

2 2
h(z —ck,y)| < de"y(k,w) h(z — ek, y)

n,a Hn,a

goi(ac, Y, Ld) - En’Y(k) w)

for all (x,y) such that |(z — ek, y)| > en-ita Ry and for all € > 0.
Moreover, Rs depends only on the constant M appearing in Assump-
tion 1 (in particular, Rs is independent of k and w).

This Lemma will play a fundamental role in the proof of Proposition 2.4 (see

Section 5). It suggests that at distance en1te R away from ek, the corrector
w® should behave like the function

2
h(x — ek, y).

Hn,a

hi(@,y,w) = e"y(k,w)
For later use, we introduce the notation
af = en-ita.

The first step in the proof, and the main goal of this section is to construct
a function w® that would be a good approximation of w® away from ek and
that behaves like hy at distance a®R from ek

For that purpose, we introduce

De=D\ |J By .(ek), and .=\ Bl .- (ek),

r(k,w)as
kezZn
where 7(k,w) is chosen in such a way that hj(z,y) = 1 on aBj(k w)a (ek),
ie.
2w, " 1/(n—14a)
rlhw) = (25 ) . (19)

We will prove the following proposition:

Proposition 4.2 There exist a non-negative real number ag (independent
of the choice of D) and a function w®(z,y,w) satisfying

—diw(y*Vu©) =0 for (x,y) € D.

N < (20)
lin[l) y*o,u(x,y) = ag for x € X
y—)

for almost all w € QQ, such that
w(z,y) = hi(z,y)+o(l) for (z,y) € B:—/2(€k)) ND. as. weQ (21)

Moreover, we have:
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(i) H@EHLOO(EE) < C
(1) H@EHLQ(EE) — 0 ase—0.
(iii)HvaEHLz(f)E) < C

The goal of this section is to establish Proposition 4.2. The main ad-
vantage of w® over we is that the former only depends on the capacity of
Se(k,w). This explain why no assumptions are needed on the shape of
Se(k,w). In the last section of the paper (Section 5), we will see how to use

both the functions ¢} (near ¢k) and the corrector w*® (at distance a®R of
k) in order to prove Proposition 2.4.

4.1.3 Effective equation

The main idea to prove Proposition 4.2 (and in particular (21)) makes use
of the fact that hj (x,y,w) solves:

—div (y*Vh},)(x,y) =0 for (z,y) € R

liH(l) y*oyhy(z,y) = —"y(k,w)d(x —ek) for x € R"
y—)

with
2

?(k‘a w) = V(k’w)

Hn,a

Proposition 4.2 will thus be a consequence of the following proposition:

Proposition 4.3 There exists ag > 0 such that the solution w§(x,y,w) of

—div(y*Vwg) =0 for (z,y) € R
lin% Yy Oywg = o — Z e"y(k,w)d(x —ek) forx e X (22)
v keZr Ny
wi(x,0) =0 forz e R"\ ¥
satisfies:

wi(z,y) = hi(z,y)+o(l) for (z,y) € Bj/2(€k:) NDas weQ (23)

This proposition is the main step in the proof of Proposition 4.2 and its
proof will occupy most of section.
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4.2 Proof of Proposition 4.3

In order to prove Proposition 4.3, it is more convenient to work with the
rescaled function

vh(2,y,w) = e (e, ey, w). (24)
Equation (22) then becomes:
—div (y*Vug) =0 for (z,y) € R
liH(l) Yy oyug(x,y) = ag — Z F(k,w)d(z — k) for x € e71%
v keZrND
vi(x,0) =0 for z € R*\ e 1%,
(25)

and (23) is equivalent to

vS(z,y,w) = hp(z,y,w)+o(e™1T)  for (z,y) € B, (ek)Ne D as. weQ

1/2
where

r(k,w)r1tae
Gz = B2 + 2T

hk(x7y) = %(k’w) h(.%' - kay> =

Note that hy, = e~ 17 on OBgsy (k) With @ = cTia,

In order to find the critical ag for which the solution v has the appropri-
ate behavior near the lattice points k € Z", we follow the method developed
by Caffarelli-Souganidis-Wang in [CSWO05] and which was already the cor-
ner stone in [CMO07]: We introduce the following obstacle problem, for every
open set A C R™ and for every real number o € R:

v(z,0) >0 for x € R"
lim v(z,y) =0 for z € R"
y—00
—div (y*Vv®) >0 for (z,y) € R (26)
lim y*Oyv(z,y) < o — Z v(k,w)é(x — k) for x € A.
y—0
keZ™ND

We then define the smallest super-solution of the obstacle problem:

Ua,A(z,y,w) = inf {v(z,y) ; v solution of (26)}. (27)
It is readily seen that the function v, 4 satisfies
—div (y*VTq,4) =0 for (z,y) € R
lir% Yy O0yUa,A(z,y) = a— Z V(k,w)o(z — k) for x € AN{vq4 > 0}
y—)
keZ"NA

(28)
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and
lin% y* 0yl A(x,y) > 0 for x € AN{vq,.4 = 0}. (29)
ygk

Remark 4.4 The function

hioa(@, ) = hi(,y) — o / Unilte g (30)
Br(k) (|Jz — 2|2 +y2)” 2

satisfies

—div(y*Vhya) =0 forx € IR{?FH

lin% Yy Oyhp oz, y) — a—F(k,w)é(x — k)  for x € BY(k).

y—>
1t is radially symmetric around k and sup,—1, y~o hak(T,y) < rroita Iy
particular, the mazimum principle and (28) implies that if BT (k) C A, then:

E(Jz,.A(:Cay?"‘)) 2 ha,k(x7y7w) - Tan»a fOT’ (a?,y) € Bf_(k)v a.s. (31)

We now want to show that there exists a critical o such that the fol-
lowings hold:

1. The solution of the obstacle problem vy 4(x,y,w) behaves like hq (2, y, w)
near any point k € ANZ".

2. The solution of (25) is not far from T 4.

For that purpose, we introduce the following quantity, which measures
the size of the contact set along the boundary {y = 0}:

Ma(A,w) =|{z € A; Tq4(z,0,w) = 0}|
where |A| denotes the Lebesgue measure of a set A in R,

The starting point of the proof is the following lemma:

Lemma 4.5 The random variable m, is subadditive, and the process
Trm(A,w) = m(k + A,w)

has the same distribution for all k € 7.
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Proof of Lemma 4.5: Assume that the finite family of sets (A;);es is such

that
A, CA foralliel

A;NA;j=0 foralli##j
|A — UierAi| =0

then v, 4 is admissible for each A;, and so U4 4; < uq,4. It follows that
{Ua,a(+,0,w) =0} N A; C {Ua,4,(-,0,w) =0}
and so

Ma(A,w) = > {Taal(-0,w)=0}N A

il
< Z Hﬁa,Ai('vaw) =0} = Zma(Aivw)a
il i€l

which gives the subadditive property. Assumption 2 then yields
Tim(A,w) = m(A, Tpw)

which gives the last assertion of the lemma. O

Since mq(A,w) < |A|, and thanks to the ergodicity of the transforma-
tions 7y, it follows from the subadditive ergodic theorem (see [DMM86]) that
for each a, there exists a constant ¢(a)) such that

where B;(0) denotes the ball centered at the origin with radius ¢. Note that
the limit exists and is the same if instead of B(0), we use cubes or balls
centered at tx( for some xg.

If we scale back and consider the function

we, (2, y,w) = e 7° @a73571(571x0)(x/5,y/a,w), in Bi(xp),
we deduce {2 T (2, 0,w) = 0}
;W (x,0,w) = -
lim e =/l(a) as
e—0 |Bl| ( )

The next lemma summarizes the properties of £(a):
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Lemma 4.6
(i) €(c) is a nondecreasing functions of .
(it) If a <0, then {(c) = 0. Moreover, if the y(k,w) are bounded from below,
then £(a) = 0 for a positive small enough (0 < a < C(y)).
(iii) If o is large enough (o > C(5)), then £(a) > 0.

The proof of this Lemma is rather technical and of little interest. It is
presented in full details in Appendix B. Using Lemma 4.6, we can define

oo = sup{a; f(a) = 0}.

We observe that « is finite (Lemma 4.6 (iii)) and that «q is non negative
(Lemma 4.6 (ii)). Moreover, «y is strictly positive if the v(k,w) are bounded
from below almost surely by a positive constant.

We now fix a bounded subset A of R™ and we denote by

EZ(xvyﬂ")) = @a,aflA(a‘yva) (32)

the solutions of (27) corresponding to e ~'A. We also introduce the rescaled

function
a

@3(55, yaw) = 51_ Ei(x/s,y/s,w).

In order to complete the proof of Proposition 4.3, we are first going to
prove that w¢, satisfies inequality (23), and then that the solution w§ of (22)
behaves like wg,.

We recall the definition of A :

k n—1l4a
hoz,k:(xvy) = r( ) n_lta a/ Pnilta n_1lta dx/,
(Jo — k> +y?) By(k) (|lz — 2'|> + y?)
and we introduce the scaled function

hz,k(l‘a y) = El_aha,k($/€a y/€)

Note that when (x,y) € GB;;T(k’w)(k), then
hoalay) == —a [ I
BYO) (| — ' +y?) 2

(we recall that a* = snl—;ﬁm)
We then have the following lemma:
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Lemma 4.7

(i) For every a and for every k € Z" N A, we have
(2,y) > hag(z,y) — " for (x,y) € Bf (k) a. s.
(i) For every o > g and every k € Z™ N A, we have
U (z,y) < hor(z,y) + 0(571“‘) for (z,y) € BIL/Q(k:) a. S.
We deduce:

Corollary 4.8
(i) For every o and every k € Z™ N A such that r(k,w) > 0, we have

T (x,y) > e T4 o(1)  for (z,y) € 8B;r(k7w)aa(k) a.e. w € )
and so
WE(w,y) > 1+ 0(e' ™) for (x,y) € GB;F(k,w)aE(k) a.e. w €
for all a.
(ii) For every o > g and every k € Z™ N A, we have
T (2, y) < e M4 o(eTY)  for (x,y) € ('?B:r(k’w)aa(k) a.e. w e )
and so

wg,(z,y) <14 o0(1) for (x,y) € 8B:Ek7w)as(k) a.e. w € )

Proof of Lemma 4.7:
(i) This is an immediate consequence of (31).

(ii) The proof of (ii) is more delicate and is split in several steps.
Preliminary: First of all since A is bounded, we have A C B (o) for some
R. Without loss of generality, we can always assume that B} (zo) = B7(0).
If we consider

’ng(xv Y, w) = Ea,e—lB{L ($, Y, w)a

the solution of (27) corresponding to A = B’ (0), it is readily seen that
e, (x,y,w) < vl (z,y,w) for all (z,y) € R ae we Q.
It is thus enough to prove (ii) for vg,.

In the sequel, we will need the following consequence of Lemma 4.5 (see
[CSWO05] for the proof):
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Lemma 4.9 For any ball B]'(x¢) € B}(0), the following limit holds, a.s. in

W
s (@, 0,w) = 0} B, (e la)|
1 3 T —
e B, | He)

Step 1: We now start the proof: For any 6 > 0, we can cover B!, by a
finite number N (< C§~") of balls Bl = By _, (¢ ';) with radius de~! and
center ¢ 1x;. Since a > ag, we have £(a) > 0. By Lemma 4.9, we deduce
that for every ¢, there exists €; such that if € < ¢;, then

{vi(z,0,w) =0} NB >0 as. w.

In particular, if € < infe;, then v5(x},0) = 0 for some 2} in Bl a.s. w € Q.

Introducing B; = Bj.—1(¢ 'z;) the n + 1 dimensional ball with same
radius and same center as B]', we now have to show that v;, remains small
in each BZ-Jr as long as we stay away from the lattice points k € Z". More

precisely, we want to show that

sup Ve (z,y) < C§t%eiTe,
UkeZ"Bf(’C)\BTM(lﬁ)

Step 2: Let n(x) be a nonnegative function defined in R™ such that 0 <
n(z) < 1forall z,n(z) = 1in By g and = 0 in R™\ B, /4. We then consider
the function

U= k1M

where «, indicates the convolution in R™ with respect to the z-variable. The
function u(z,y) is nonnegative on 2B;" and satisfies

{ div (y*Vu) =0 for (z,y) € 2B} (33)

—C <limy_oy*Oyu(z,y) < C for x € 2B
where C' is a universal constant depending only on n, 7 and a. We deduce:
Lemma 4.10 There exists a universal constant C' such that

supu < Cinfu + Cot % 1Ha,
B; B;
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Proof: We write u = uq + us where uq and us are two functions solution of
div (y*Vu;) = 0 in 2B;" and satisfying

lin%) Yy oyu(x,y) = hr% y*Oyu(x,y) for x € 2B},
y— y—
urle,y) =0 for (z,y) € O2B) N {y > 0}

and
{ liH%) y*Oyus(z,y) =0 for x € 2B},
y;}

ug(z,y) = u(z,y) for (z,y) € 0(2B;") N {y > 0}.

The maximum principle and the fact that B; has radius ée~! yield:

ur(z,y)| < C((20e71)' 7 —y'7)
S 0(58—1)1—a

for all (z,y) € 2B;". On the other hand, boundary Harnack inequality for
degenerate elliptic equation (see [FKS82]) implies

supuo < C'inf us.
B; B;

The Lemma follows easily.00

For the next step, we will need the following lemma:
Lemma 4.11 If v satisfies
div(y*Vv) =0 in Bl (x,0)

and
lir% y*oyu(z,y) <a  forx € B'(x),
y—)
then
2

WnJrarnJra

L ) e dy < o, 0) 4 oClr
r (X0,

where C'(n) is a universal constant and wpq = fBl(zo 0) ly|* dx dy.

Proof: The function w(z,y) = v(2,y) + & [n (4 s da’ sat-
T —a

isfies
div (y*Vw) =0 and lin% y*Oyw < 0.
y—>
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Proceeding as in [CS06], we now reflect w about the plane {y = 0}. The
function
o w(z,y) ify>0
w(z,y) = .
w(z,—y) fy<0
is now defined in the whole space R"*! and it satisfies
div (Jy|*Vw) <0 in By(x0,0).

We can thus use the mean value formula (see [CSS07]):

1 / o
S —— y|%w(x,y) dr dy
Wn+arn+a r(20,0) ’ | ( )
< w(xp,0)
< w(zo,0)
< (g 0)+a/ ﬂdw'
> ) B (z0) |x0 _ x/|nfl+a
Since a > 0, we see that v < w and so
i [ ymewdsdy < o [ ey ded
— yvuvr,y)aray =~ ———— —— Yyl w\r,y)ar ay
Wntal™ Bt (2,0) Wntal™ ™ J B, (20,0)

Moreover, we have

Cn+1+a / Cn+1+a 1—a
/ mdw‘ :/ WdZ:C(n—l-a)T s
Bp(zo) 110 B (0)

hence the lemma. O

Step 3: We have v5(z},0) = 0 and lim,_oy®0yv(z,y) < a for = €
Bl/g(xg). Lemma 4.11 thus applies and yields:

/ gl *E () do dy < CEEL0) +a) < Clasn+a).  (34)
B

AL

We want to deduce an upper bound on u in B;. Since u > 0, we note that

1/4 1/4
/ T u(z, ) dT > < inf u) / T4dr.
0 T€[0,1/4] 0
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Then, using the definition of u (and the fact that n(x) = 0 outside B1/4( x)),
we deduce:

1/4
inf u < Clnf/ T (x, T)dr

Bf/4(x.,o)
1/4
< Clnf/ / T (&, T) dE dT
1/a(@)
< C T (&, 7) dE d,
B 5(2,0)
Which, together with (34) yields:
inf  w<C(a,n). (35)
BY/A‘(:::,,O)

Using Lemma 4.10 we see that for every § and for ¢ small enough, we have:

supu < Cigfu—i—Cdl_“e_H“ < C(a,n)+Cst "% 1ra < oglag=1Hae  (36)
B; i

Step 4: We now want to use (36) to get an upper bound on v. For that
purpose, we note that lim,_,oy*0yvs, > 0 in B; \ Nkgezn{k}, and so a proof
similar to that of Lemma 4.11 yields

(2,9) < Chra / 7|70 (€, 7) dé dr (37)
Bi/s (z,y)

for all (z,y) € B \ NkeznBia(k).
Inequality (37) and the definition of u(x,y) yield that for all (x,y) in
B; \ Niezn By 4(k), we have:

y+1/8
(2y) < Coya / / 7] (€, 7) de dr
Te(T)

v-1/8 By,
y+1/8
CW/ 7|z, 7) dr
18
C(n+ a)ly|* T sup u.
B

i

IN

IN

Inequality (36) therefore implies

sup ve (2,y) < C§t 1T, (38)
(@) €Ukezn BY (W)\B, (k)
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Step 5: In order to complete the proof of the lemma, we only have to
notice that since infyp, , hak(z,y) = —Ca, (38) and the definition of vy

imply
vg(z,y) < har(z,y) + Col-ag=1ta in By o(k)

forall ke Z™. O

This conclude the proof of Lemma 4.7, and we are now in position to
complete the proof of Propositions 4.3.

Proof of Proposition 4.3.
For every «, we denote by 7% the solution of the obstacle problem (26)
corresponding to A = 713
EZ(ZU, Y, w) = 6OL,E_IZ(:’CJ Y, w)a
and by wt, the rescaled function:

we (z,y,w) = gl—a U e—1n(x/€,y/e,w).

We recall that wg is solution of

—div (y*Vwg) =0 for (z,y) € R
lim y*0ywg(x,y) = ap — Z Y(k,w)o(x —ek) forzeX

y=0 keZrnD

w§(x,0) =0 forz e R"\ X

In order to prove Proposition 4.3, we have to establish (23). This is done in
two steps using the properties of the function w:,:

1. For every a > ag, we have div (y*V(w§ — wg)) = 0 for (v,y) € R,

lin(l)yaay(wg —w;,) > ap—aon X and (wj—ws)(z,0) =0 on R"\ X.
y—)

We deduce

wg (0, Yo) — wg (o, Yo) < / 5 .
by ‘(QUO - x) "‘yo‘

ag — Q

n—1+4a dm?
2

and therefore

l-a 172
sup  (wg(x,y) — wy(z,y)) < CIE[*F1ps™ [a — ag
(@,y)eRYH!
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with
px. =inf{p; ¥ C B,}.

In particular, we thus have
wi(z,y) < wi(z,y) + O(a — ap) for (z,y) € R%,
and Lemma 4.7 (ii) (since o > o) yields:
wo(w,y) < hg (2, y) + O(a —ag) +o(1)  for (z,y) € Bez(ck) as.

(Note that this argument shows the continuity of wg, with respect to
Q).

. Similarly, we observe that for o < ag, we have div (y*V(wg, —wj)) =0

for (z,y) € R, (wg — w§)(x,0) =0 for z € R\ ¥ and

Z}Il—% yaay(U)g - wg)(xa y) Za—ap— al{wi:O}ﬂE for x € 3.

Proceeding as before, we deduce:

l—a —a
sup (wh, —w§) < Cpa’ [|S (ap — a)
RY*!

+COal{ws (2,0) = 0} N zyiﬁ] .
So Lemma 4.7 (i) yields
wi(,) > (o) — ofe) — Olaag — ) — Colfuf, (2, 0) = 0} N J7
for all (z,y) € B./(ek). Finally, using the fact that
lim [{wf,(z,0) = 0} N X[ = £(a)[Z] = 0

for all @ < g we easily deduce the first inequality in (23).
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4.3 Proof of Proposition 4.2

In order to complete the proof of Proposition 4.2, we construct a corrector
@ which is equal to 1 on the (n+1)-dimensional balls B (ek). More

r(k,w)as

precisely, we recall that D is a bounded subset of RTFI, and we introduce

T.=Dn |J Bk
kEZ™"NE

and

S =3\ | Blpwa(ek).
keZm"ns

We then define a corrector w*(z,y, w) which will satisfy all the conditions of
Proposition 2.4, with the set T instead of T.. In particular, we will prove
that w*® behaves like hi near the B:(k w)as (ek).

We consider the following obstacle problem:

div (y*Vw) < 0 for (z,y) € R\ T,

lim y*0,w(x,y) < « for x €%

y—»Oy yw(r,y) < ag € N (39)
w(z,y) >1 for (z,y) € T

w(z,0) =0 for z e R"\ &,

and we define:
W (z,y,w) = inf {w(z, y,w) ; w solution of (39)} .

It is readily seen that w® satisfies (20). So in order to complete the proof
of Proposition 4.2, we only have to show that w® is bounded uniformly in
L>°(D) and that @ — 0 in W2(D, |y|*)-weak as & goes to zero.

loc

Strong convergence in L?(D, |y|%): _
First of all, since w® =1 = h{ ,(x,y) + o(1) on T, (23) implies

wi(z,y) —o(l) < w(z,y,w) < wy(z,y)+o(l) inD ae weq,
which in turn implies (using Proposition 4.3 again):
ak(x,y)—o(l) < 0 (z,w) < h;k(x, y)+o(l) Y(z,y) € B;"/Z(Ek). (40)

In particular, we get:
| (R < €
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Moreover, a simple computation shows that

/ y“|h3k|2d1:dy < Ot
Be(ek)\Bge (ck) ’

and it is readily seen that (40) implies

wi(z,y)] < Ce""+0(1) =0(1)  V(x,y) € | 0B.)a(ck).
kezZm

We deduce:

DY

0 e dy+ o) [ i de dy
ke{zrne—1x} Y Be\Bas D
and since #{Z" Ne~1X} < Ce™ for all n, we have:

H{DEH%%D,@W) <e+to(l) =o(1). (41)

In particular

£

w° — 0 in L*(D, |y|*) — strong.
as € goes to zero.

Bound in W12(D, |y|?):
Using the definition if w® and an integration by parts, we get:

/ Vot P dedy = / _y'Vut - V(w® —1)dedy
RYTNT: RN
= = [ iy )@ ) - Do)
oT-US. v—0
— —a0/~ (@ (2,0) — 1) du
The L*° bound thus yieds

/ B y“[V{DE\Qd:cdy < C’ao\isl(HGEHLm +1)<C,
RYTIT,

which completes the proof. O
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5 Proof of proposition 2.4

This section is devoted to the proof of the main proposition. We recall that
the sets Sc(k,w) are subsets of R” with unspecified shapes and they satisfy

cap,(S:(k,w)) = e"y(k,w).

Lemma 4.1 gives the existence of a function ¢} (z,y,w) such that

div (y*Vp) =0 for (z,y) € R
o(x,0) =1 for z € S;(k,w)
liH[l) y*0p(z,y) =0 for v ¢ Se(k,w)
y;}

and we let oy and w®(z,y,w) be given by Proposition 4.2.
We then have:

1. For a given é > 0, Lemma 4.1 implies that for every k € Z™ and w € )
there exists a constant Rs(k,w) such that

V(k,w)

|0k (z,w) = hi (2, y,w)| < O h(z,y,w) < 5Rg—1+“

(42)

in B Rs \ B R, (€k) and for all £ > 0. It is readily seen that for any
R there exists 1(R) such that

a*R <e?/4 forall e <ey. (43)
for some o > 1.

2. Inequality (21) in Proposition 4.2 implies that for given § and R, there
exists e2(d, R) < €1(R) such that for all € < e9(d, R), we have

0

: +
| = Rn—1+a in B

|w (2) — h(2,y,w) e/2

(k). (44)

Thanks to (43), Inequality (44) holds in particular in By . »\ B 5 (k).

The corrector will be constructed by gluing together the functions ¢f,
(near the sets S:(k)) and the function w® (away from the sets Sc(k)). The
gluing has to be done very carefully so that the corrector satisfies all the
properties listed in Proposition 2.4: For a given ¢, we define §. to be the
smallest positive number such that (43) and (44) hold with 6 = . and
R = Rs_. From the remarks above, we see that d. is well defined as soon
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as ¢ is small enough (say smaller than e2(1, R1)). Moreover, for any ¢ > 0,
there exists g9 = £2(d, Rs) such that d. < § for all £ < gp. In particular

lim 6. = 0.
e—0

From now on, we write
R. = Rs..

In order to define w®, we introduce the cut-off function 7.(x,y) defined
on D and such that

Ne(z,y) =1 for (x,y) € D\ | Bipep, (k)
kezn

ne(z,y) =0 for (z,y) € |J Bhn (ck).
kezn

We can always choose 7 in such a way that
Ve < C(@R)™ and  [An| < C(aRo) ™
for (z,y) € B;CLERE (ek) \ B;Rg (ek). We now set:
w(2,y) = ne(e, )@ (2, y) + (L= ne(@,9) Y oR@9) 1ge (@ 9)-
keZrND
It satisfies

i(z,y) for (z,y) € DN B;RE (k) VkezZ"

we(x,y) for (z,y) € D\ U B;;ERS (ek).
kezn

w®(z, y,w) =

To simplify the notations in the sequel, we denote
e L e
@ (xvy) i Z @k(wvva) 1B;r/2(gk)(xay)'
kezZ™ND

The properties of w® are summarized in the following lemma, which
implies Proposition 2.4:
Lemma 5.1 The function w® satisfies the following properties:
(i) w(x,0) =1 for x € Se and ||w®||p~(py < C.
(i) w® converges to zero in L*(D, |y|*)-strong as € goes to zero.
(iii) w® is bounded in WH2(D, |y|?).
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(iv) w® satisfies (13).
Proof:

(i) Immediate consequence of the definition of w® since ¢}, = 1 on S.(k,w)
and w® and ¢f are bounded in L*°.

(ii) Since S.(k,w) C Bl ,,(ck), we have:

. nMn—1+a B
pr(r,y,w) < Ce"———h(x —ck,y)
Un—1+a

for all (z,y) such that |(x —ek,y)| > a®*M. Since ¢}, < 1in Beepr(ek),
we get

/D ly[*|(1 = n.)e" | dw dy

< > [ Wil dedy
keZrNe—1y B2a5R ek

< > / ly|® d dy

keznne—1y5 Y Basm(ek)

Mn—1+a 2
+Cc > /B ly|® <5"h(:z—5k)> dx

kezrne—13 Y B2at (Re)(ek)\Bye pr (ek) Vn—1+a
< § : (asM)n—i-l—i-a
kEZrNe—1%
+C E : 821@(CLE]\4)n—|—1—2(n—1—0—a)]\4n—1—|—a

keZrNe—1%

Using (43) and the definition of a®, we deduce:

2n—an

||(1 _776)%06”%2(D7‘ya|) S C(M)g’n*lﬁ»a.

Estimate (41) thus implies

W llzz ey < @220 jyep + 11 = 1) % 22(D o)) = o(1)-

and therefore
£

w® —0 L*(D, |y|*)-strong.
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(iii)

(iv)

Next, we want to show that w® is bounded in W2(D, |y|%). First,
we note that outside Upezn B, 2(¢k) we have Vw® = Vw*® which is
bounded in W'2(D,|y|*). Next, we see that in B, 5(ck), we have:

Vw® = Vn(w® — ¢f) + n-Vw© + (1 - 1)V, (45)

Since w° and ¢° are both bounded in W2(D, |y|*) (thanks to (18)),
we see that in order to show that Vw® is bounded in L?(D, |y|%), we
only have to show that

/ Y| Ve (w° — %) > dxdy < C.
D
For that purpose, we notice that (42) and (44) yield
|w® — i | < CRTEH(; in Bop_ qs(¢k) \ Br.as(€k),
€

and so, using the definition of 7.(x,y), we deduce:
/ Y|V (@° — ¢°)? da dy
D

< 3 / YV (@ — )2 da
B

keeznny. Y B2Reas (€F) \BRgaf(Ek’)

52
n+1l+a 2 €
< Z (R-a%) (Rea®)™ R2n=1+a)
keeZmrNE €
keeZrNE

< Ce™ e, = Co,,

where we used the fact that we can always assume that J. < 1 and
R. > 1. For latter use, we note that we actually proved

/ Y Ve (@ — o°)|* de dy — 0 when & — 0. (46)
D

It remains to show that (13) holds. We only show the inequality (the
equality follows easily). Let v® be a sequence of functions satisfying:
v¥(z,0) >0 forz e T;
[[v¥]| oo (p) < C
v® — v in WH2(D,|y|*) — weak.
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Then for any ¢ € D(D), we have:
—/ y*Vuw® - Voo dr dy
D
= —/ y'Vn. - Vo (w® — ¢%)pdx dy — / y*Vuw® - VoEon. dx dy
D D
/ y*'Ve© - Voo (1 —n.)dxdy
D
—— [ 'V V@~ F)odudy
D
+ / (lim y*0yw®)v°pn. dx + / (lim y®0y°)v°¢ (1 — ne) dz
s v—0 s =0
+/ y*Vuw© - V(gne)v® da dy +/ YV - V(o(1 = n:))v° do dy
D D

where we used the fact that div (y*Vw®) = 0 on supp 7° and div (y*V ) =
0 on supp (1 —n®). The first term goes to zero thanks to (46) and the

weak convergence of Vv® in L?(D,|y|*), and the boundary terms sat-
isfy

lim [ (lim y*0,uw)v¢n.dx = lim [ agv¢n.dx
e—0 Js;, y—0 e—0 J»
= lim | apuondx
e—0 J»
and
lim [ (limy®0yp°)v°p(1 —n.)de = lim [ (limy®0,¢°)v°p(1 —n.)dx
e—0 Jy y—0 e—0 T. y—0
< 0.

Finally, the last two terms can be rewritten as:
/ y*'Vu© - V(gne)v® da dy + / YV - V(o1 = ne))v® do dy
D D
= / y'V(w® — %) - (Vn:) v o dx dy
D

+/ y“vEszﬂa-Vqﬁdxdy—l—/ y*v° (1 —n.) V¢© - Vo drdy
D D
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Using the weak convergence of Vw® and V¢® to zero, we see that in
order to prove (13), it only remains to prove that

/ y*V(w® — %) - (Vne) v¥dderdy — 0 when e — 0.
D
Since v*® is bounded in L, it is enough to show that

/D IV (@ — %) |V | da dy — O when & — 0.

For that purpose, we recall that

T il € o Ben \ Bl
and
div (y*V(w® — 7)) =0 for (z,y) € By .5\ Ba‘fR /2
lim y0,(@° — ) (@.5) =0 for @ € Bluer \ Biep o

In particular, interior gradient estimates (see [CSS07]) implies

5. B
V(@ — 6 € e (@R 4 CRy)

B;aSRE \ BaERE' We deduce:
/WMWW—wmwmmw

< > Y|V (@0" = %) [Vie| dz dy

keeZrN% ang\ a€ Re

Co. .
< Y rmleR) L+ o oy
€ Re

keeZ"NY af Re
+ Z C(ang)la/ ly|* dx dy
keeZmrNE B+5R \ afRe
5 n a
< > m( 0" Re)"*(a"Re)™ T
keeZ"Ny
+ Z C<a5R€>—l—a<a5R€>n+l+a
keeZrNE
065 -n n—1+4a -n n
gRngae (a®R)" 1+ Ce"(a*R:)".
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Using (43) and the definition of a®, we deduce:
/ y|*|V (@ — )| |Vne| de dy < C6. + Ce™o— D).
D

which concludes the proof since o > 1 and lim._,¢d. = 0.

a
Acknoledgment: L. Caffarelli was partially supported by NSF grant DMS-

0140338. A. Mellet was partially supported by NSERC discovery grant
315596.
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A  Proof of Lemma 4.1

We now turn to the proof of Lemma 4.1. We take k£ = 0 and we recall that
¢ is the capacity potential associated to S¢(0). It satisfies (17) and (18).
We then introduce the function

G(xagayaT) = h($—§,y—7) +h(l’—£,y—|—7’)
which satisfies
dive (|7|*VerG) = —pinad(x — &,y — T) — pinad(z — &,y + 7)

and
lin’(l) 70;G(x,&,y,7) =0

for all z, £ and y. If y > 0, we deduce that for any function ¢ (z,y), we have:
/ , TVe G2, &y, T)Ve rp(€,T) dE dr.
T>
= [ v (Vs Gl y D)ol ) de dr
7>0

_ / lim 7°0,G(x, €, y, 7)p(€, 0) dE
R

n 7—0
= lu”,a(')p(ma y)
Moreover, if ¢§(z,y) is the capacity potential associated to S¢(0), then (17)
yields
/ Ve G2, &y, T)Ver5(€, 7) dE dr.
>0

= - OG(xagava)diV (Tavfﬂ'gpg(€77—)) df dr
T>

- G(x,ﬁ,y,O) hn%)Ta 7808(577') dg
R™ T

= —2/nh(a: —&,y) lim 7 - 06(8,7) dS.

Combining those two equalities, we get:

(o) = =2 [ B = &,y) lim 705 (€, 7) de.

Se(0)
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Next, we note that (18) yields, after integration by parts and using (17):
o) = [ r Ve P g =~ [ lim 0, (e ) de,
n S.(0) 7—0

and therefore

2y (0)h(z.y)
2
= _un’a /SE(O) [h(l‘ - 57 y) - h(xa y)] lgr(l) Taaq—gp‘g(g, 7') dé’

wo(z,y) —

In order to conclude, we recall that S:(0) C Bpre(0) and so we have
|€| < MaF in the previous integral. If (x,y) is such that |(x,y)| > Ra® with
R > 8M, we deduce that for all £ € S.(0), we have:

|h(z — & y) — h(z,y)| < sup [V yh(z — & y)|[¢]

&£*€Bprqe (0)
S Sup ‘€| n—a
€€Brac(0) ((x — )2 +4y2) 2
< Lﬂ
(2?2 +y?) 2
(22 +y?)?
< CTMh(x, Y)

We can thus write

o5(@,y) — — s“w(O)h(x,w\

lim 7%0- (&, )| d€

T—0

where the right hand side is bounded by 5%5"7(0)}1(:6&) if R is large
enough. O 7

39



B Proof of Lemma 4.6.

(i) For a given set A, it is readily seen from the definition of 7, 4 that if
o' < o, then T,y 4 is admissible for the obstacle problem with «: It follows
that

Ta,A < Vo' A for any «a, o such that o/ < «

and so o — mq(A,w) is nondecreasing. The result follows from the defini-
tion of /().

(ii) If «v is negative, then we have

lir% Yy OyUaB(x,y) <0 for z € R".
y—>

Since Vo 4p(x,y) > 0 for (z,y) € ]Ri“, we deduce
UaB(2,0) >0 for x € R".
It follows that mq(tB,w) = 0 for all t > 0, and so () = 0 for all a < 0.
If r(k,w) is bounded below:
r(k,w)>r>0forall ke Z" ae weQ,

then, we define

’ 2 2\ =it " _ ]2 2\ =it 0
(|| + y*) By(0) (lz — 2'[* + y?)

with

_ Vnt1
Co=r" H“—Oé/ e dz
B1(e) 1]

where e denote any unit vector in R™. In particular, we have
o(z,0) =0if |z| =1,

and, if « is small enough
o(x,0) > 0if |z| < 1,

and
olr,y) <0if |z =1, y>0
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(we note that ¢ is the sum of a term which is decreasing with respect to |z|
and one which is increasing). Since ¢ satisfies

lim 40,y p(x,y) = a —76(x) 2 a = 75(0,w)d(2),
y— -
for all z € B} (0), we deduce

Ua,B(2,0) > p(x,0) >0 in Bf'(0).

Since we can do this in any ball BY (k), we must have mq(tB",w) = 0 for
all ¢ > 0, and so ¢(a) = 0 for all o small enough.

(iii) We consider the function

Fn—l—l—a Vnt14
bay) = —— s -a / el
(Jz* +y2) = By(0) (lz —2'[* +y?) 2

where the constant C' will be chosen later. It satisfies

hr%ya yw(%y) =0a— 7(5(1’) Sa— ;?(07("))6(1.) Vo e B?(0)7
y—)

Y(z,y) — C when |z|* +y* — occ.

and we note that ¢ (x,0) is radially symmetric. Moreover, when « is such
that

1% 1 —n—
Oé/ n—l—, :L‘il-i_a d.:U/ Z T?’L 1+a
Bi(0) ler — ']

then

YP(z,0) < C when |z| = 1.
Since div (y*V¢) = 0 for y > 0 and limy_.¢ y*0yt(x,y) = 0 for ¢ BY(0),
the strong maximum principle and Hopf Lemma yield that the minimum of
Y (z,y) is reached for y = 0 and = € B} (0), and with an appropriate choice
of the constant C'; we can always assume that this minimum is 0:

inf 4(z,9) = inf $(2,0) =0
1

n+1
R+

Finally, if « is such that

1 1
_ d S —=n—1+a 4n+1 -1
Oé/B?(O) |:‘e21 _ x/’n—1+a ‘61 _ x/‘n—l—f—a X 2T ( )
then 1 (x,0) reaches its minimum when |z| = R, with R, < 1/4.
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We now consider the function ¢(z,y) defined by:

w(x - k7y) for (xay) S Bi‘r/z;(k)
90( 7y) = . / n+1 + /
lnfk" Q/J(x —k 7y) for (xay) € R—i— \Uk’B1/4<k)

We clearly have

lin%] Yy oyp(z,y) < o —y(k,w)d(x — k) for x € B?M(k)
y;)

and
lir% Y 0yp(x,y) < ag for z € R™ \ Up By (K').
y—)

In order to prove that ¢ is a supersolution for the obstacle problem, we only
have to check that

(r—k,y) = ig/fw(x —K,y) for (z,y) € 8Bfr/4(k:)
or equivalently
Y(w,y) =f Yz —K,y)  for (v,y) € OB, (0).

It is readily seen that this amounts to showing that

1 1
n—1+a

14
O”/n+1+a/n T gy n=lfa 2 5 da’ > 47" ¢
BrO) (Jz —2'P +9%) =2 (|z TP +y?)

for all k € Z™\ {0} and all (z,y) € GB;F/ 4(0). This inequality is obviously
satisfied if « is large enough provided we can prove that

1 1
/ n—14a - n—1lta dx, > 0
B(0) (Jo — o[> +y2) 2 (|Jz =k =2/ +y?)

for all k € Z™\ {0} and all (z,y) € 0B

1/ 4(0). This is equivalent to

1 1
/ n—1l+4a dx/ > / n—1+ta d:U/ > 0
B(x) (|o']2 +y?) 2 By (a—k) (|2'|? 4+ y?) 2

whick holds for all (z,y) € BBYM(O) since |k| > 1.
By definition of v,5, we deduce that

Tas(z) < p(z,y) intB" as.
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In particular, this implies that T, +p» vanishes in tB™ \ Ugezn By /Q(k), and

SO

We conclude

a

Mo (tB™, w) N |C1| — |B?/2 1 wn s,
|t B"| - |C1] on

Z(a)zl—%>0.
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