EXISTENCE OF WEAK SOLUTIONS TO
KINETIC FLOCKING MODELS

TRYGVE K. KARPER, ANTOINE MELLET, AND KONSTANTINA TRIVISA

ABSTRACT. We establish the global existence of weak solutions to a class of
kinetic flocking equations. The models under conideration include the kinetic
Cucker-Smale equation [6, 7] with possibly non-symmetric flocking potential,
the Cucker-Smale equation with additional strong local alignment, and a newly
proposed model by Motsch and Tadmor [14]. The main tools employed in the
analysis are the velocity averaging lemma and the Schauder fixed point theorem
along with various integral bounds.
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2 KARPER, MELLET, AND TRIVISA

More precisely, we focus on kinetic type models for the flocking behavior exhibited
by certain species of birds, fish, and insects: Such models are typically of the form

fo+v-Vaof +div, (fL[f]) + Bdivy(f(u —v)) =0, in R xR?x (0,7) (1.1)

where f := f(t,z,v) is the scalar unknown, d > 1 is the spatial dimension, and § >
0 is a constant. The first two terms describe the free transport of the individuals,
and the last two terms take into account the interactions between individuals, who
try to align with their neighbors. The alignment operator L has the form

o= [, [ Kslensw)w—v) dody (12)

where the kernel Ky may depend on f and may not be symmetric in « and y (see
(1.8) below). The last term in (1.1) describes strong local alignment interactions
(see below), where v denotes the average local velocity, defined by

_ Jga fvdv
Jpa [ dv
Equation (1.1) includes the classical kinetic Cucker-Smale model, which corre-

sponds to f = 0 and an alignment operator L[f] given by (1.2) with a smooth
kernel independent of f:

u(t, x)

Kf(l’,y) = KO(‘ra y)
with Ky symmetric (Ko(x,y) = Ko(y, z)). There is a considerable body of literature
concerning the kinetic Cucker-Smale equation and its variations (see [2, 3, 4, 5, 6,
, 8, 11, 12, 14]), but a general existence theory has thus far remained absent.
Notable exceptions are the studies [1, 5] in which well-posedness for Cucker-Smale-
type models is established in the sense of measures and then extended to weak
solutions ([1] adds noise to the model). The existence of classical solutions to the
kinetic Cucker-Smale equation is established in [12], but the result does not extend
to (1.1). Compared to these results, the main contribution of this paper is the
addition of the local alignment term (8 > 0) and the fact that the function Ky is
allowed to be non-symmetric (such models may not preserve the total momentum).
More precisely, our analysis will include a model recently proposed by Motsch &

Tadmor [14], for which Ky depends on f as follows:

T —
Ky(z,y) = gﬁffil)v (1.3)
with * denoting the convolution product in space.

In the remaining parts of this introduction, we first introduce the models we
consider in more details and discuss various variations proposed in the literature.
Following this we introduce the notion of weak solutions. We end the introduction
by stating our main existence result and providing a brief sketch of the main ideas
used to prove it.

1.1. The kinetic Flocking models. Our starting point is the pioneering model
introduced by Cucker and Smale [6]: Consider N individuals (birds, fish) each
totally described by a position z;(¢) and a velocity v;(t). The Cucker-Smale model
[6, 7] is given by the evolution

. . 1
T; = Uy, v; = 7NZK0(£C¢,IJ')(U]' 7’01'). (14)
J#i
Roughly speaking, each particle attempts to align it’s velocity with a local average
velocity given by the form and support of Ky. In this paper, we focus not on the
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particle model but on the corresponding kinetic description. This description can
be directly derived for the empirical distribution function

Flts,0) = 5 3 8 = ()d0 — vl).

Specifically, by direct calculation one sees that f evolves according to
fe+v-Vf+div, (fL[f]) =0, (1.5)

where L is given by

o= [ [ Kow o) = dudy, (1.6

The question we will address in this paper is whether or not f is a function when
the initial data fy is a function. For this purpose, it is desirable that we do not have
loss of mass at infinity. Note that there is no effect countering such loss in (1.5).
Indeed, (1.5) consists of only transport and alignment of the velocity to an average
velocity. Hence, if the average velocity is non-zero, the equation will eventually
transport all mass to infinity. To counter this, we add a confinement potential ® to
the equation. The only property we require of this potential is that & — oo when
|z| — oo.

1.1.1. The Cucker-Smale: The simplest model that we consider in this paper, is

thus the Cucker-Smale model [6, 7] with confinement potential:
Cucker-Smale:
fi +v-Vyf —div,(fV,®) +div, (fL[f]) = 0. (1.7)

where L is given by (1.6) with Ky a smooth symmetric function.

1.1.2. The Motsch-Tadmor correction. In the recent paper by Motsch and Tadmor
[11] it is argued that the normalization factor 3; in (1.4) leads to some undesirable
features. In particular, if a small group of individuals are located far away from a
much larger group of individuals, the internal dynamics in the small group is almost
halted since the number of individuals is large. This is easily understood if we also
assume that Ky has compact support and that the distance between the two groups
are larger than the support of Ky. In that case, the dynamics of the two groups
should be independent of each other, but the size of the alignment term in Cucker-
Smale model still depends on the total number of individuals. To remedy this,
Motsch and Tadmor [14] propose a new model, with normalized, non-symmetric
alignment, given by

_ Jza Jga &(x — ) f(y, w)(w — v) dw dy

L[f 1.8
e s T ole — ) v, w) duwdy e
(which is the general operator (1.2), with K given by (1.3)).
The resulting model is the following:
Motsch-Tadmor:
fo+ v Vof = divy(fV,@) +div, (FL[f]) =0, (1.9)
with L given by (1.8).
Note that unlike the Cucker-Smale model [6, 7], the Motsch-Tadmor model [14]

does not preserve the total momentum [ [vf dv dz.
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1.1.3. Local alignment. It is also possible to combine the Cucker-Smale model with
the Motsch-Tadmor model letting the Cucker-Smale flocking term dominate the
long-range interaction and the Motsch-Tadmor term dominate short-range interac-
tions. This will correct the aforementioned deficiency of the kinetic Cucker-Smale
model. However, the large-range interactions is still close to that of the Cucker-
Smale model. In particular, we consider the singular limit where the Motsch-
Tadmor flocking kernel ¢ converges to a Dirac distribution. The Motsch-Tadmor
correction then converges to a local alignment term given by:

f/[f]:j_ppv:u—v.

where
plx,t) = f(z, v, t) dv, jlx,t) = / vf(x,v,t)dv
R4 Rd
and u(z,t) is defined by the relation

oy Jgavfdv
Jpa fdv
This leads to the following equation:
Cucker-Smale with strong local alignment:
fi+v-Vof —divy(fV,®) + div, (fL[f]) + Bdiv,(f(u—v)) =0 (1.11)

with L given by (1.6) with K a given symmetric function.

Note that though (1.11) is obtained as singular limit of the non-symmetric
Motsch-Tadmor model, it has more symmetry, and in particular preserves the total
momentum (we will see later that it also has good entropy inequality).

(1.10)

1.1.4. Noise, self-propulsion, and friction. Finally, for the purpose of applications,
there are many other aspects that are not included in the models we have considered
so far. For instance, there might be unknown forces acting on the individuals
such as wind or water currents. Often these type of effects are simply modeled as
noise. If this noise is brownian it will lead to the addition of a Laplace term in the
equations. We note that this term has a regularizing effect on the solutions, but
that this regularizing effect is not required to prove the existence of solutions. In
addition, we could add self-propulsion and friction in the models. This amounts to
adding a term —div((a — bjv|?)vf) in the equation. The most general model for
which we will able to prove global existence of solutions is the following:

Cucker-Smale with strong local alignment, noise, self-propulsion, and
friction:

ft+v-Vof— divv(fvxq)) + div, (fL[f]) + ﬁdivv(f(u - U))
= oA, f —div((a — blv|*)vf)

with ¢ > 0, a >0 and b > 0.

(1.12)

1.2. Main results. We now list our main results. The existence of solutions for
(1.7) when the alignment operator is given by (1.6) with smooth bounded sym-
metric kernel Ky presents no particular difficulties. Our focus, instead, is on the
local alignment models (1.11) and (1.12) (with or without noise, friction and self-
propulsion).

Throughout this paper, the potential ®(z) is a smooth confinement potential,
satisfying

lim ®(z) = +oo.

|z]— o0
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1.2.1. Existence with local alignment and K symmetric. Our first result is:
Theorem 1.1. Assume that fo > 0 satisfies
fo€ L°(R*)NLYR*™), and (Jv]* + ®(2))fo € L' (R*?).

Assume that L is the alignment operator given by (1.6) with Ko symmetric (Ko(z,y) =
Koy(y,x)) and bounded. Then, for any c >0, a > 0 and b > 0 there exists [ such
that

FeCO T LN R*) NL¥((0,T) xR*),  (juf* + ®(x))f € L(0, 00; L' (R*!)),

and f is a solution of (1.12) in the following weak sense:

/ —fioy —vfVb + VOV — FLIfIVyy dudzdt

R2d+1

+ / oV V) — Bf(u—v)Vyp dudadt (1.13)
R2d+1

+/ (a—b|v|*)v V) dvdmdt:/ 124(0,-) dvdz,
R2d+1 R2d

for any ¢ € C2([0,T) x R24), where u is such that j = pu.

Remark 1.2.
Note that the definition of u is ambiguous if p vanishes (vacuum). We thus define
u pointwise by
jx,t)
U(Jf,t) = p(x7t)
0

if p(x,t) #0
if p(z,t) =0

1/2
j< < [0 dv) P2

we have j = 0 whenever p = 0 and so (1.14) implies j = pu.
We note also that u does not belong to any LP space. However, we have

/ uf 2 da do < || ] g e / (v[2£ (2, v, 1) do da
R2d R2d

(1.14)

Since

so that the term uf in the weak formulation (1.13) makes sense as a function in
L2

The proof of Theorem 1.1 is developed in Sections 3 and 4. The main difficulty
is of course the nonlinear term fu (the other nonlinear term fL[f] is much more
regular, since L[f] € L™). Because u does not belong to any LP space, we cannot do
a fixed point argument directly to prove the existence. Instead, we will introduce
an approximated equation (see (3.1)), in which u is replaced by a more regular
quantity. Existence for this approximated equation will be proved via a classical
Schauder fixed point argument (compactness will follow from velocity averaging
lemma and energy estimates). The main difficulty is then to pass to the limit in
the regularization, which amounts to proving some stability property for (1.12). As
pointed out above, since u cannot be expected to converge in any LP space, we will
pass to the limit in the whole term fu and then show that the limit has the desired
form. We note that the friction and self-propulsion term introduces no additional
difficulty. We will thus take a = b = 0 throughout the proof. The noise term has a
regularizing effect, which will not be used in the proof. We thus assume that o > 0.
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1.2.2. Emistence with local alignment and the Motsch-Tadmor term. Our second
result concerns the Motsch-Tadmor model (1.9) with L given by (1.8). We can
rewrite (1.9) as
fe+v-Vof —div,(fV,®) +div,(f(a—v)) =0 (1.15)
where
e t) = Jpa Jpa 0z = y) [y, w, ywdwdy  [p. 6w —y)i(y,t) dy
’ Jra Jpa 0@ =) f(yw,t)dwdy — [pa d(z = y)p(y,t) dy
Compared with (1.11), the term f(@ — v) is thus less singular than f(u — v) (which
we recover when ¢(z —y) = d(x — y)), and so the existence of solution for (1.9)
can be proved following similar (or simpler) arguments, provided the necessary
energy estimate hold. And this turns out to be quite delicate. Indeed, the lack of
symmetry of the alignment operator L implies that it does not preserve momentum,
and proving that the energy [(|v|? + ®(z))f(z,v,t) dvdz remains bounded for all
time proves delicate for general ¢. We will prove an existence result when ¢ is
compactly supported. More precisely, we have:

Theorem 1.3. Assume that fo > 0 satisfies
fo € L°(R*)NLY(R*), and (Jv]* + ®(2))fo € L' (R*?).

Assume that L is the alignment operator (1.8) where ¢ is a smooth nonnegative
function such that there exists r > 0 and R > 0 such that

o(x) > 0 for |z| <, ¢(x)=0 for|x| > R. (1.16)

Then there exists a weak solution of (1.15) in the same sense as in Theorem 1.1.

1.2.3. Entropy of flocking with symmetric kernel. To complete our study, restricting
our attention to symmetric flocking, we will show that the model (1.11) is endowed
with a natural dissipative structure. More precisely, we consider the usual entropy

/ flogf+f v + f® dvdx (1.17)

and the associated dissipations

L LA
and

Dy(f) = %/]Rd /Rd /Rd y Ko(z,y)f(z,v) f(y,w) |v —u)|2 dwdydvdz.  (1.19)

(Note that Dy (f) is a local dissipation due to the noise and local alignment term
while Dy(f) is the dissipation due to the non-local alignment term)
We then have:

2

v of — flu—wv)| dvdx (1.18)

Proposition 1.4. Assume that L is the alignment operator given by (1.6) with K
symmetric (Ko(x,y) = Ko(y,z)) and bounded, and let 5 >0 and o > 0. If f is a
solution of (1.11) with suﬁicient integrability, then the following inequality holds:

8t + D1 + D2 f
d/ / / / Ko(z,y) f(z,0) f(y,w) dwdydvdz. (1.20)
Rd JRd JRd

Furthermore, if the confinement potential ® satisfies

/ e @) dy < 400 (1.21)
Rd
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then there exists C' depending only on |Kol||leo, ® and [ fo(z,v)dzdv such that

OF(f) + 5Di(f)

45 [ ] Kolwwetalet) lu(e) - ) dydo < GF(7(0)
Rd JRd B

The first inequality (1.20) shows that the nonlocal alignment term is responsible
for some creation of entropy. The second inequality (1.22) shows that this term can
be controlled by D;(f) and the entropy itself. This last inequality is particularly
useful in the study of singular limits of (1.11) with dominant local alignment (8 —
00). Such limits will be investigated in [13].

Finally, we can now prove the existence of weak solutions satisfying the entropy
inequality:

(1.22)

Theorem 1.5. Assume that L is the alignment operator given by (1.6) with K
symmetric (Ko(z,y) = K(y,x)) and bounded, and let § > 0 and o > 0. Assume
furthermore that fy satisfies

fo € L°R*)NLYR*), and (Jv]* + ®(2))fo € L' (R*?).
then there exist a weak solution of (1.11) (in the sense of Theorem 1.1) satisfying

F(0) + / Dy(f) + Da(f) ds < 5 IKI=M7t £( ) (1.23)

and, if © satisfies (1.21),
1t
FU0)+5 [ Dads

3 | L] o me@et) lutw) —uw)P dydeds < 547 (1)
for allt > 0.

2. A PRIORI ESTIMATES AND VELOCITY AVERAGES

In this section, we collect some results that we will need for the proof of Theo-
rem 1.1. Since the only interesting case is when § > 0, we will take

p=1
throughout the proof. First, we derive some priori estimates satisfied by solutions
of (1.11) (when introducing the regularized equation in Section 3, we will make

sure that these estimates still hold). Then, we recall the classical averaging lemma
which will play a crucial role in the proof.

2.1. A priori estimates. Any smooth solution of (1.11) satisfies the following
conservation of mass:

flzyv,t)dedv = folz,v,t)dxdv =: M.
R2d R2d
Since fo > 0, we have f > 0, and so the conservation of mass implies a a priori
bound in L (0, T; L' (R24)). Tt is well known that solutions of (1.11) also satisfy a
a priori estimates in L (0, T'; LP(R?4)) (cf. [12]) for all p € [1, 00]. More precisely:

Lemma 2.1. Let f be a smooth solution of (1.11), then

D 2 ’
Hf||L°°(O,T;LP(R2d)) + 0"|va5 ||£2((0,T)><Rd><]Rd) < €CT/p ||f0HLp(]R2d) (2-1)
with C = d[1 + |[Ko| L~ M] and p’ = ;t, for all p € [1,00].
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Proof. For p < 0o, a simple computation yields
d 4(p—1
- /fp dedv = f¥a/ IV (fP/?)|? da dv

—(p— 1)/fp div, L{f] dzdv + (p — 1)d/fp dx dv
Since
div, LIf) = ~d [ Kole,y) (. w)dydu

we also have
| div, L[f]| < d|| Ko~ M.

We deduce:
d 4(p—1)
- P 2\ ) /2|2
dt/f dx dv ’ a/|V(f )|* dx dv
= DL+ [Kallo M) [ 2 oo
which implies (2.1) by a Gronwall argument. O

Next, we will need better integrability of f for large v and z. Let us denote

2
£(f) :/%H@(x)fdxdv.
We then have the following important a priori estimate:

Lemma 2.2. Let f be a smooth solution of (1.11), then

ié'(f) +/ lu — | f dx dv
R2d

dt
+5 [ [ Kol onf o) o - wf dudyduds
2 Jr2a JR2d
= ad/fdx dv = odM. (2.2)
In particular,
EF(1)) < odMt + E(fo). (2.3)

Remark 2.3. Inequality (2.2) will play a fundamental role in this paper. It implies
that the individuals remain somewhat localized in space and velocity for all time.
We note that it is not quite the standard entropy inequality when o > 0 (the natural
entropy inequality for (1.11) when o > 0, which involves a term of the form f log f,
will be detailed in Section 7. It is not needed for the proof of Theorem 1.1).

Our existence result can be generalized to other models, provided we can still
establish (2.3). For instance, self-propulsion and friction can be taken into account,
via a term of the form — div((a — b|v|?)vf) in the right hand side of (1.11). It is
easy to check that (2.3) then becomes

E(f) < {8<fo> ;oM ]

2a

Another important generalization is to consider non-symmetric flocking interac-
tions (i.e. when Ky(z,y) # Ko(y,x)). The derivation of a bound on £(f) requires
stronger assumptions on the convolution kernel, and these assumptions are difficult
to check in the case of Motsch-Tadmor model (because of the normalization of the
convolution kernel). This will be discussed in Section 5.
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Proof of Lemma 2.2. Using Equation (1.11), we compute
d v|?
fal — P i I
dtg(f) /]R2d ( () + 5 O f dvdx

= fL[f]v+f(u—v)~vdvdm+0d/fd:cdv
R2d

1
=—3 Ko(m,y)f(m,v)f(y,w)\v7w|2 dwdydvdzx
Rzld

—/ flu—v]? dvdx—l—ad/fdxdv
R2d

where we used the symmetry Ko(z,y) = Ko(y, z) and the fact that [ f(u—v)dv =
0. The lemma follows. O

(2.4)

Finally, we recall the following lemma which will be proven to be very useful in
the upcoming analysis:

Lemma 2.4. Assume that f satisfies

Hf||L°°([0,T]><]R2d) <M, /de |’U|2f dvdr < M.

Then there exists a constant C' = C(M) such that

ol oo (0,750 (RaY) < O, for every p € [1, a2y,

7l o= (0, 7500(Re)) < €, for every p € [1, %)7
where p= [ fdv and j = [vf dv.
Proof. Let p € (1,00) and let ¢ be such that 1/p+ 1/¢g = 1. Then we have:

1/a
p(at) = /(1+|v)2/pf1/p(v)(1f|v|)2/pdv

(Jasmrroa) " ([ 2 w) ™

In particular, if 2¢/p > d, we deduce

(2.5)

IA

1/p
pmwgcf@MQ(ﬂlﬂm%wmQ
and so
|wmm=/ﬂ%wms0//uﬂm%@mm.

Noting that the condition 2¢/p > d is equivalent to p < ‘%‘2, this implies the first
inequality in (2.5).
A similar argument holds for j:

1/
) < [ P ) o do

(Jarmrswa)” ([ i a)”

In particular, if 2¢/p — ¢ > d, we deduce

IN

1/p
jmwSCﬂwﬂ(/mﬂw%ww) (2.6)
and so

01 = [ ntetpde <o [ oo dvds,



10 KARPER, MELLET, AND TRIVISA

where the condition 2¢/p — ¢ > d is equivalent to
d+2
< m
O
2.2. Velocity averaging and compactness. In the proof of Theorem 1.1, we
will need some compactness results for the density ¢ = [ f dv and the first moment

Jj = [ fv dv of sequences of approximated solutions. Such compactness will be
obtained by using the celebrated velocity averaging lemma for quantities of the

form
0y = /nw fY(v) dv

where 1) is a locally supported function together with the bound (2.3).
We first recall the following result (see Perthame and Souganidis [15]):

Proposition 2.5. Let {f"},, be bounded in L} (R?**1) with 1 < p < oo, and
{G"},, be bounded in LY (R?*F1). If f* and G™ satisfy

[+ Voft =ViG",  f"limo = f* € LP(R*),
for some multi-index k and ¢ € Clckl(RQd), then {0y} is relatively compact in
P (Rd—i-l)'

loc
The velocity averaging lemma cannot be directly applied to conclude compact-
ness of p and j since the function 1) is required to be compactly supported. Also,
we would like to get compactness in LP(R?*!) instead of LY (R?*1). We will thus
need the following lemma, consequence of the decay of f for large z,v (provided by
Lemma 2.2):

Lemma 2.6. Let {f™}, and {G"}, be as in Proposition 2.5 and assume that
f™ is bounded in L™ (R?4T1),
(|v]? + @) f™ is bounded in L>(0,T; L*(R?4+1)).
Then, for any ¥ (v) such that [¢(v)| < c|v| and ¢ < %, the sequence

{/Rd f(v) dv}n, (2.7

is relatively compact in L1((0,T) x R%).
Proof. 1. We first prove compactness of the sequence { fRd f™(v dv} in L1

loc*
Since 1 is not compactly supported, we consider ¢ (v), a sequence of smooth

functions satisfying
wr(v) =1 for |v] <k and pr(v) =0 for |v]| > k + 1.

Proposition 2.5 then implies that for all & € N, the sequence mi’n = [ orf"Y(v)dv
converges strongly in L{ ((0,7) x RY) (up to a subsequence) to some mfb Now,
for k1 > ko and any 0 < a < 1, we have that

k™ — mkn| < € f“|¢<v>|dvs% / Flolte do

"Ulzk‘2+1
S (] o)

By integrating this inequality over space and applymg of the Holder inequality,

o 27q(21+a) q<12+a)
k1,n k , _a(l—a)
||m 1 2 ||Lq(R2d < (k2)qa (/Rd(gn)zq<1+a) d;c)

(/ ol dvdm)
R2d

(+4a)
2
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Lemma 2.4 implies that ¢" is bounded in L*°(0,T; LP(R%)) for p € 1, dff), and so
the right hand side above is bounded if ¢ is such that

q(1 — ) d+2 - < d+2
2—ql+a) = d 1S d¥1+a
For any ¢ € (1, %), we can thus choose o small enough so that
ki,n k2,m1q <C 1
™ =y o ey < C -

Passing to the limit n — oo, we conclude that the sequence {mfb} is Cauchy in
LL ((0,T) x R?) and thus converges to my. By a diagonal extraction process, we

deduce the existence of a subsequence along which
my" = [ e ds — my

in L{ _((0,T) x RY) (for any ¢ < (d +2)/(d +1)).

Finally, we have

+ ™ — my|

[ o s —m < ] Ja-ewwsa

‘ / p(0) ™ do
[v|>n+1

JERRT

which converges to zero in L ((0,T) x R?) for ¢ < (d +2)/(d + 1) (in particular,

loc
the first term in the right hand side is bounded in L? for the same reason as above).

IN

+ |mZ’" — My (2.8)

1
—n7 +|mzﬁnimw|a

2. We have thus established the compactness in L ((0,7) x R?). To prove

loc
compactness in L7((0,T) x R?), we argue as above, but instead of using the fact that

Jgza [0 f™ dx dv is bounded, we need to show that [ (v)f™ dv decay for [z| — oo.
To prove this, we proceed as in the proof of Lemma 2.4 (see in particular (2.6)), to
show that for [ < 2 and p < 4H

o
p P

\ [ s al <1 ( [ asmnse dv)

R4 Rd

<C (Q” + (g™ (/Rd o] /7 dv)2> :

By integrating for || > k, we then see that

oo
2=l L
@ = (/ =l
< — o"® dx + — o"® dx " v|* dvdx
(k) Jiz)>k @(/{:)Tt ( | >k > ( |z|>k JRE o

(v)f™ dv ’ dz

R4
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In particular, for any ¢ < %, we can choose [ < 2 such that the inequality above
holds with p = ¢, and so
q
/ (v)f" dv| dr— 0 as k — oo uniformly w.r.t. n.
|z|>k |/RE

We can now proceed as in the first part of the proof to show that the sequence
Jga ¥ () f™ dv converges in L9((0,T) x RY).
O

3. APPROXIMATE SOLUTIONS

In this section, we prove the existence of solutions for an approximated equation
(by a fixed point argument). In the next section, we pass to the limit in the
approximation to obtain a solution of (1.11) and prove Theorem 1.1.

As pointed out in the introduction, the main difficulty in (1.11) is the lack of
_ Joffv

= [ fdv
which the velocity term u has been regularized:

Of +v-Vuf —div,(fV,®) +div, (fL[f]) = 0 Ay f — divy,(f (xa(us) — v))
f(CE?’U’O) = fO(w7v)a

estimates on the velocity u . We thus consider the following equation, in

(3.1)
where
e the function ) is the truncation function
Xa(u) = ulpy<x.
e ug is defined by:
vfdv
us = Jps vf =P . (3.2)

S0+ Jpafdv S+p

Formally, we see that we recover (1.11) in the limit § — 0 and A — co. The rigorous
arguments for taking these limits are given in the ensuing section. In this section,
we prove the following existence result for fixed § and A\. More precisely, we prove:

Proposition 3.1. Let fo > 0 satisfy the condition of Theorem 1.1. Then, for any
§ >0, A > 0 there exists a solution f € C(0,T; L*(R?%)) of (3.1) satisfying
z® cr/p’
1f 1l Lo 0,150 R20)) + O Vo f 2 [2 (0 1) xmaxcra) < € [ foll o (r2a) (3.3)
for all p € [1,00], and

sup E(f) < E(f°) + adMT. (3.4)
te[0,T)

The proof of Proposition 3.1 relies on a fixed point argument: Fix

Do 7d+1

and for a given @ € LP°(0,T; LP°(R%)) let f be the solution of
{ O f +v-Vaf —divy(fV,®) +div, (fL[f]) = cAy f — divy (f(xa(7) — v))

f(z,v,0) = fo(z,v).
(3.5)
We then consider the mapping
Jpavf dv _ _pu
O+ Jgafdv 6+ p

u s T(0) = us = (3.6)
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In the remaining parts of this section, we prove the existence of a fixed point
for the mapping T : LP°(0,T; LP°(R%)) — LPo(0,T; LP°(R%)) and thereby prove
Proposition 3.1.

3.1. The operator T is well-defined. First, we need to check that the operator
T is well-defined, and to derive some bounds on f. We start with the following
result:

Lemma 3.2. Forallu € LP(0,T; LP(R%)), there exists a unique f € C(0,T; L*(R%))
solution of (3.5). Furthermore, f is non-negative and satisfies

2 ’
”fHLC"’(O,T;LP(R“)) + UHVUf% ”Z?((o,T)dede) < TP ||f0||LP(R2d)a (3.7)
with C = d[1 + |[Ko| L= M] and p’ = S5, for all p € [1,00] and

I I
sup E(f(t)) + f// fo?drdvdt < 5// flxa(@)|? dvdzdt + cdMT
0 JR2d 0 JR24d

te[0,7] 2 (3.8)

NMT
+ odMT.

<

Proof. Since x (@) € L°°((0,T) xR9), the existence of a solution to (3.5) is classical
(we prove it in Section 6 for the sake of completeness, see Theorem 6.3). Moreover,
since x (@) is independent of v, we have that
1
/ Fxa(@)Vu Pt dv = ”/ fPdiv, xa(a) dv = 0.
R D Jra

Hence, we can perform the same computations as in Lemma 2.1 to obtain (3.7).
Next, using the equation (3.5), we write

d _d [v|?

:/ FL[flv + fxa(a) — flvf? dvdx+ad/fdvda:
R2d
1

= 1 Koy @) fy,w)lv — wl? dwdydudz — / flof? dvde
2 Jua o

+ fxx(@)v dvde + odM.
R2d

Finally, writing
1 1
Fxx(@v dudz| < 7/ flxa(@)|? dvdz + f/ flv? dvdz,
R2d 2 Jpod 2 Jroa

we deduce (3.8). O

The following lemma establishes the continuity of the operator T.

Lemma 3.3. The operator T is continuous and there exists C(0, ) such that for
all w € LP°(0,T; LPo (R)),

1T(@) || ro (0,7;r0 (R)) < C(0, )

Proof. We have |T'()| < ||, and we recall that py < %. So lemma 2.4 together

with (3.8) implies that there exists a constant C' such that

171 Lo (0,75 270 (RaY) < C,
where C only depends on || fo||z~ and [ |v|?fy dz dv. O
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3.2. The operator T is compact. Compactness of the operator T follows from
the following lemma:

Lemma 3.4. Let {4"},en be a bounded sequence in LP°(0,T; LPo(R%)). Then up
to a subsequence, T(u™) converges strongly in LP°(0,T; LP°(R%)).

Proof. By definition of T', we have that
n J"
T(@u") = .
(@) d+ o™

So in order to prove that the sequence T'(a") is relatively compact in LPo (0, T'; LP° (R%)),

we have to show that ¢" converges a.e and that ;" is relatively compact in L0 (0, T'; LP° (R%)).
This follows from Lemma 2.6. Indeed, let G™ = f*V,® + oV, f™ — f*(xx(a™) —

v) — f"L[f™] then (3.1) can be rewritten as

Fr 4 Vo f" = div, G™.

Furthermore, we have the following lemma (whose proof is postponed to the end of
this section):

Lemma 3.5. For any q < 2, there exists a constant C' independent of n such that

||Gn||Loo(07T;Lq(Rd xR4)) § C fOT all n Z 0. (39)

In particular, Sobolev embeddings imply that G™ is relatively compact in I/Vlgcl (0, T)x
R24) for r < 2(22;{:1), and hence also in ngj’p“((o, T) x R??). In view of (3.3) and
(3.8), we can apply Lemma 2.6 (with ¢(v) = 1 and ¢ (v) = v) to conclude the

existence of functions g and j such that (up to a subsequence)

"= ffdv"™=%F p in LP((0,T) x RY) and a.e.,
Rd

j”:/ vfrdv =% j  in LP°((0,T) x RY) .
Rd'
0

Proof of Lemma 3.5. By repeated applications of the Holder inequality (we drop
the n dependence for the sake of clarity),

IG(OllLo(rety < IVl zoe @) | fllLareay + Vo fllza@eey + CAlfll Lo @)
+ 1Kol pow r2ay (1| 2 w2y |0 | Laqraay + 11l Lareay [0 [ 22 (reay )

where we have that
q/2 )
foslle < ( [1oPsavas) IA7, foracin),
and
foflse < IFle= [ 1P f doda,
which are both bounded by Lemma 3.2.

It remains to bound the term involving V, f. For this purpose, we first observe
that (2.1) with p = 1 provides the bound

T
1
/0 /Qf|V1,f|2 dvdzdt < CM. (3.10)
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Using this together with the Holder inequality and ¢ = 1%, we get that
T T .
/ / |V f|? dvdxdt = / / f2 72|V fl? dudxdt
0 JQ 0 JQ
T B 1 g
< [, ([ 519002 deas) (311)
0 L2=qa Q f
T _p_ 1 #
o R R R
0 olf
So using (3.7) and (3.8), we conclude the proof. O

3.3. Proof of Proposition 3.1. Lemma 3.3 and 3.4, together with Schauder fixed
point theorem imply the existence of a fixed point u € LPo((0,T) x R?) of T. The
corresponding solution of (3.5) solves (3.1). Furthermore, it is readily seen that
(3.7) implies (3.3). Finally, since

_ | Jga v dv| -
O+ Jpa fdv —

_ URd vf dv‘

up = ’
|| fRdde

|us| (3.12)

we have
[ fhtus)Pdsde < [ plupds < [ flof dad
and so (3.8) yields (3.4).

4. EXISTENCE OF SOLUTIONS (PROOF OF THEOREM 1.1)

For §, A\ > 0, we denote by f5 the solution of (3.1) given by Proposition 3.1.
We also denote

p5,>\=/ fsadv  and ja,,\Z/ vfsadv
R Rd

and .
5 Jax

Yor =5 +psx
In this section we show how to pass to the limit A — oo and § — 0, thereby proving
Theorem 1.1.
First, We recall that Proposition 3.1 implies the following bounds (which are
uniform with respect to § and \):

Corollary 4.1. There exists C independent of 6 and \ such that
£ I fol | o ray, (4.1)

|2
/]Rd /Rd fsa <|2| + <I)> dvdr < C. (4.2)

In particular, Lemma 2./ implies

|Lr (0,507 (R24)) < €

and

psallLe,7;rmayy < C  for all p < =2,

Hj(S,AHL‘X’(O,T;Li”(Rd)) S O fOT’ (lll P < giﬁ
Finally, in order to use the averaging Lemma 2.6, we rewrite (3.1) as
O fsn +v-Vufsx=div, Gs x (4.3)
with
Gsx = [sAV® + 0V, fsx — for(xa(ud ) —v) = fsaL[fs ],
and we will need the following result:
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Lemma 4.2. For any q < 2, there exists a constant C independent of § and A such
that

|GsallLos(0,7;La(RAxRA)) < C. (4.4)
Proof. This lemma is similar to Lemma 3.5. The only additional difficulty is
to bound the term fj5 Ax,\(ug ) uniformly with respect to A. But we note that
Sooxa(u ) < fsausx and

[ foxus x|l Loe 0,1 2®2a)) < || fs.xllLoe ((0,1) xR24) /f67x|v|2d13 dv

and so (4.1) and (4.2) imply the existence of a constant C' > 0, independent of A
and ¢, such that

[ foxus |l Los 0,122 ®2e)) < C
which concludes the proof. O

4.1. Limit as A\ — oco. We now fix § > 0 and consider a sequence A, — oco. We
denote by f™ = f5., the corresponding solution of (3.1) and
N Jvfmdv Gm

S [ frdv 4

We then have:

Lemma 4.3. Up to a subsequence, f™ converges weakly in x — L>(0,T; L*(R?4) N

J fvdv
6+ffdv

L>®(R24)), to some function f, and u} converges strongly to us = n

LP((0,T) x R*), p < 442,
Furthermore, [ is a weak solution of (3.1) with A = oo, and it satisfies the a

priori estimates of Corollary 4.1 and Lemma /.2.

Proof. By virtue of (4.1), there exists a function f € L>(0,T; L*(R??) N L>°(R2?))
such that, up to a subsequence, f* = f in L°°(0,T; L' (R>*?) N L>=°(R?%)).
Furthermore, using (4.3) and Lemma 4.2, we can reproduce the arguments of

Lemma 3.4 to show that o™ and j™ converge strongly and almost everywhere to o

and j in LP((0,T) x R??) for p < %. We deduce:

d+2

in LP((0,T) x R%), FERE

uy — us 1= J
0 b+o0
We can now pass to the limit in the equation
40 Vo f" = div(f"V,®) + div, (f" L")
= oAy f" = divy (f" (xa(ug) = v))-
The only delicate term is the nonlinear term f™x(u}) (the other terms are either
linear or involve quantities that are more regular than f"x, (u™)). We write

Frxa(ug) = frug 4+ " O (ug) — ug).
The strong convergence of uj implies that the first term converges to fus in D'.

And using the fact that uj < %j’ﬂ Lemma 4.1 implies that 4™ is bounded in

L>=(0,T; LP(R?)) for p < %, and so

[ = @)l dodo < Ol s [ Juldzds
uy>An
converges to zero uniformly w.r.t ¢ as A\, goes to infinity. We deduce that
Fmxa(uf) — fus in D'.
which concludes the proof. O
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4.2. Limit as § — 0 (and end of the proof of Theorem 1.1). For all § > 0,
we have shown that there exists a weak solution f to the equation

fe+v-Vof —div(fV,®) + div, (fL[f])
= oA, f — div,(f(us —v)).

where us = ﬁ. We now consider a sequence §,, — 0 and denote by f" = f5,

(4.5)

the corresponding weak solution of (4.5). Proceeding as before, (using the bounds
(4.1), Lemma 4.2 and the velocity averaging Lemma 2.6) we can show that there
exists a function f such that up to a subsequence, the following convergences hold:

5 f in L°((0,T) x LY (R*) 0 L= (R?*)),
o" — o in LP((0,T) x R?*?)-strong and a.e., (4.6)
" — 4 in LP((0,T) x R??)-storng and a.e.,

for any p < %.
It remains to show that f is a weak solution of (1.11). More precisely, we have

to pass to the limit in the following weak formulation of (4.5):

e (4.7)
+ / —oV, f"Vutb — M (uy —v)V,¢) duodedt = 1O4(0, ) dvdz.
R2d+1

R2d

where 1) € C°(]0,00) x R24). Since f™ converges in the weak-star topology of L™,
the most delicate term is the term involving u¥ (u¥ is not bounded in any space).
The key lemma is thus the following:

Lemma 4.4. Let ¢ € C°(R?) and denote g, (x,t) = [pa f(2,v,t)0(v) dv. Then,
(up to another subsequence),
0, — 0, in LP((0,T) x R?%) as n — oco.
Furthermore,
phuy — pouin D'((0,T) x R?) as n — oo,
where u is such that j(x,t) = p(x, t)u(z,t) a.e.

Lemma 4.4 implies that for all p € C2°(R?) and ¢ € C°([0,T) x RY) there exists
a subsequence such that

T
lim / f (v, t)uf (z, t)p(v)d(z, t) dv dedt
0 JRred

n—oo

T
= lim /0 /Rd P (@, t)ug (2, t)p(z, ) dzdt

n—oo

T T
— [ [ pelatiute o tydode= [ [ fiezutt.arpo)s(w. o dod.
0 JR 0 JR2d

We can thus pass to the limit in (4.7) and show that the function f (which does
not depend on the subsequence) satisfies (1.13) for all test function ¥(z,v,t) =
o(v)p(z,t) in C([0,T) x R? x RY). We conclude the proof using the density of
the sums and products of functions of the form ¢(v)¢(z,t) in C°([0,T) x R? x R%)
(recall that fu is in L?).

Proof of Lemma 4.j. For a given ¢ € C°(R%), the same reasoning used to show
the convergence of p™ implies that, up to a subsequence,

05 — 0p in LP((0,T) x R2%) as n — oco. (4.8)
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‘We now introduce the function
m" = pguy.

We have the following pointwise bound:

) < llelle [ folf" do,
and proceeding as in Lemma 2.4, we deduce:
[/m"|| Lo 0,150 (rey) < C forallp < (d+2)/(d+1).
Hence, up to a subsequence,
m™ Sm  in L°(0,T; LP(RY)),
and it only remains to show that
m = pypu, where u is such that j = pu.
First, we check that such a function u exists: Consider the set
Ap ={(x,t) € B x (0,T); p=0}.

By direct calculation, we see that

1/2 1/2
/ |77 dz dt (/ P u|? dxdt) </ p" dxdt)
AR AR AR
1/2
C(/ p"dxdt) — 0,
AR

and hence j = 0 a.e. in Ar. Consequently, we can define the function

IN

A

jlz.t)
u(w,t) = p(z,t) if p(x,t) # 0
0 if p(z,t) =0

and we then have j = pu. It only remains to prove that m = py,u.

First, we observe that a similar argument implies that m = 0 whenever p, = 0,
so we only have to check that

m(x,t) = py(x, t)u(x,t) whenever p,(x,t) # 0.
For this purpose, let us consider the set
Bi ={(z,t) € Br x (0,T); p > €}.
Egorov’s theorem together with (4.6) asserts the existence of a set C,, C Bf; with
|Bf; \ Cx| < n on which p7, and p™ converge uniformly on C,, to p, and p. We then
have (for n large enough)
p*t>¢€/2 in Oy,

and since "

Ot "
we can pass to the limit in C,, (pointwise) to deduce

n

7
Pips

m = lpw =up, inCy.
P

Since this holds for all > 0, we have
m=up, in By,
for every R and e. We conclude that,
m=up, in {p > 0}.
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5. NON-SYMMETRIC FLOCKING AND THE MOTSCH-TADMOR MODEL

So far we have limited our attention to the case of symmetric flocking kernel.
In this section, we will extend our existence result to include some non-symmetric
kernel K(z,y) # K(y,x). The critical step is to derive the appropriate energy
bound on the solution. As we will see in Proposition 5.1 below, this is rather
straight forward provided the flocking kernel satisfies a condition of the form

K(z,y)o(z) dv < C, Vo€ LL(RY).
Rd
In particular, if K is bounded the result follows readily. For this reason we will
focus on the Motsch-Tadmor model for which K depends on f and is singular (see
(1.3)). To the authors knowledge this is the most difficult case currently found in
the mathematical literature.
Let us recall the Motsch-Tadmor model for flocking:

Fotv-Vof —dive(fV,.®) + divy (fi[f]) -0, (5.1)
with normalized, non-symmetric alignment, given by

L o0 — 5.2
= T d —wfwdwdy " (52)
where u is defined by the equalities
p= o(x —y) f(y, w) dw dy, Pl = (z —y)wf(y,w) dwdy.

RQd ]RQd
This model only differs from (1.11) by the fact that u is replaced by 4. Because
the function u involves the convolution with a smooth kernel ¢, we expect this
function to be smoother than u, and the proof of the existence of a solution for (5.1)
is actually simpler, provided that we can derive the necessary a priori estimates.
This is our goal in the remaining parts of this section.
More precisely, we are going to prove:

Proposition 5.1. Assume that ¢ is a smooth nonnegative function and that there
exists r > 0 and R > 0 such that

o(x) >0 for |x| <r, ¢(x)=0 for|z| > R. (5.3)
Let f be a smooth solution of (5.1)-(5.2) and define

Gl

Et) = /R (2 + @(x)) (@0, t) da dv.

SUPp L (0) ¢ (E
infBr(O) ¢ T

Then, there exists a constant C' ~ )d depending only on ¢ such that

E(t) < £(0)et. (5.4)

We note that the constant C' in (5.4) is invariant if we replace ¢(z) by ¢(Ax)
(in which case both R and r are scaled by a factor A) or by A¢(z) (in which case
the sup and inf are both scaled by a factor A). In particular, if we take a sequence
pe = e U¢(x/€), which converges to dy as e — 0 (so that L converges with the
local alignment term considered in the previous section), the estimate (5.4) holds
uniformly with respect to e.

Proof of Proposition 5.1. Multiplying (5.1) by @ + ®(x) and integrating with re-
spect to z and v, we get:

%5(15) = Rmfi[f]-vdxdv
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f(a—v) vdzdv

R2d
= - f(@—v)? da dv + f(a—v)-adxdv
R2d R2d
1
< —- fla—v)? da:dv—i—/ pii? dz. (5.5)
2 Jpoa Rd

It remains to see that fRd pt? dr can be controlled by £(t). First, we notice that

pu? < /Rd » Pz —y)w’ f(y, w, t) dw dy

and so

/Rd pii* dz < /Rd /Rd /Rd gg:gﬂxy)wzf(y,w,t) dwdydz.  (5.6)

In order to conclude, we thus need the following lemma.

Lemma 5.2. Under the assumptions of Proposition 5.1, there exists a constant
d
C ~ —Sup2 (5) such that

infBT(O) ¢ T

o(x — y)'?(x) de < C Vy € R?
Rd p(x)
for all nonnegative functions p € L'(R?).

Equation (5.6) together Lemma 5.2 now imply

/ pi? dx < C/ w? f(y, w, t) dwdy < CE(t)
R4 R2d
and so (5.5) yields

g'(t) < CE(t)

which gives the lemma. U

Proof of Lemma 5.2. First, we note that

) < s p() .
A T R ) U

Next, we cover Bg(y) with balls of radius r/2 (with r as in (5.3)): We have

N
Br(y) C U B2 ()

with N ~ (R/r)%. We can thus write

where
f?l‘— (b.l?—ZpZdZ> (bl‘—ZpZdZ.
( ) /d ( ) ( ) _/r/z(ﬂfi) ( ) ( )

We deduce

oz —y) [j(x) dz < suqui/ p() dx.
Rd p(x) o i1 Y Bryalas) fBr/Q(xi) ¢(CE - z)p(z) dz
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and using the fact that when z, z € B, j2(2;) we have |z — z| < r, we deduce

(2) SUpY - (x)
dpa—y)ildy < P2 / S —
Rd p(x) infp,(0) ¢ = /B, 200 IB, () P(2) 2
< _Swo
infp ()@
d
< o Swe (R>
lnfBr(O) (b T
and the proof is complete. O

6. OTHER EXISTENCE RESULT

In Section 3, we constructed a sequence of approximate solutions of our kinetic
flocking equation (1.11). In our discussion therein the existence of these approxi-
mate solutions relied on the existence of solutions to equations of the form

fr+v-Vof —divy(fV,®) + div, (L[f]f) = cA, f + div, (Fvf — Ef),

where FE and F' are given functions. The purpose of this section is to prove this
result. The precise statement is given in Theorem 6.3 below.
We commence by recalling the following result due to Degond [10, 9]:

Proposition 6.1. Let a(v) be a bounded function, o > 0, then for any E €
[L>=(0,T; L®(R%)]4 and F € L>®(0,T; L>(R?)), there erists a unique weak so-
lution f € C°(0,T; L*(R? x R?)) of

fid v Vaf — dive(fVe®) = oA, f + div, (Fa(v)f — Ef). (6.1)

Furthermore, f satisfies

P % d|Fllpcc T
HfHLO"(O,T;LP(R?d)) + JvafQ ||L2((0,T)><Rd><]Rd) <e ¢ ”fOHLP(de) (6'2)
with ¢ = 1%’ for any p € [1,00], and
/ [v|? f (2, v,t) de dv < C/ [v|? fo(z,v) dz dv (6.3)
R24 R2d

/Rm(l +&(z))f(x,v,t)dxdv < C R2d(1 + ®(2)) fo(z,v) dx dv, (6.4)

with C = C(|Va®| g, || Ell e, | Fll. T).
By passing to the limit (weakly) in (6.1), we deduce the following corollary.

Corollary 6.2. For any E € [L>=(0,T; L= (R%))]? and F € L*°(0,T; L>=(R%)) and
for any o > 0, there exists a unique weak solution f € C°(0,T; L'(R? x RY)) of

fi+v-Vof —divy(fVe®) =cA, f + div, (Fvf — Ef) (6.5)
Furthermore, [ satisfies (6.2), (6.3) and (6.4).
The main result of this section is the following:

Theorem 6.3. For any E € [L°°(0,T; L=(R%))]¢ and F € L>(0,T; L>(R%)) and
for any o > 0, there exists a unique weak solution f € C°(0,T; L*(R? x RY)) of

fi +v- Vo f —divy(fVy®) + div, (L[f]f) = A, f + div, (Fvf — Ef). (6.6)
Furthermore, f satisfies (6.2), (6.3) and (6.4).
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Proof. Let us denote by E and F' the functions F and F' in (6.6) (which are given).
We will argue the existence of a fixed point in the following sense: For E and F
given, let f solve (6.5) and define the operators

T\ (E,F) = E+ Ko(z,y) f(y, w)w dwdy,
Rd

To(B.F) = F+ [ Kol () dudy (6.1
T(E,F)=[T\(E,F), TL(E, F)].

Then, any fixed point T'(E, F') = [E, F] is a solution to (6.6). We will prove the
existence of such a fixed point by verifying the postulates of Schaefer theorem.
However, to facilitate this we will work with the space of continuous functions
C°((0,T) x R?) instead of L>((0,T) x R?). We temporarily assume that E, I are
in CY((0,T) x RY). The result follows by passing to the limit.

Let us first verify that the operator T is compact. For this purpose, let {[E™, F"]},
be a uniformly bounded sequence in [C°([0,T) xR9)]? and {f™},, be the correspond-
ing sequence solutions to (6.5). By virtue of (6.3) - (6.4), it is clear that T(E™, F™)
is uniformly (in n) bounded in [L>((0,T) x R%)]2. Since K is Lipschitz, we have
that

Kol e oo dudy — [ Koo 0w duds] < <Clollw
R R

where C' is independent of n. In particular,

{[ Koo oy dudy}
Rd n
is both uniformly bounded and equicontinuous. Clearly, it follows that 7} is com-
pact in C°((0,7) x RY). A similar argument holds for T» and hence T is compact
in C°((0,T) x RY).

Next, let us verify that the operator T is continuous. Observe that this ac-
tually follows from compactness provided that T(E™, F") — T(E, F), whenever
[E™, F"] — [E, F] in C°((0,T) x R%). In turn, this is immediate if f* — f, where
f is a weak solution of (6.5) with E' and F' being the above described limits. Con-
sequently, we can conclude continuity of 7" if we can pass to the limit in

fE+v-Vof"—div,(f"V,®) = oA, f"* + div, (F"vf" — E" ™) (6.8)

Note that the bounds (6.2) - (6.4), together with the assumption that F™ and E™
are uniformly bounded, provides the existence of a constant C', independent of n,

sup [ (14 @) + o) (00,8 dodo + 57 e ooy < C.
te(0,T) JR2d

for any given finite total time T. Since F™ and E™ converge strongly there is
no problems with passing to the limit in (6.8) to conclude that the limit f solves
(6.5). Hence, T(E"™,F") — T(E,F) in C°((0,T) x R?) and consequently is also
continuous.

To conclude the existence of a fixed point, it remains to verify that

{[E,F]=AT(E,F) forsome A € [0,1]},

is bounded. For this purpose we take [E, F] in this set and f a weak solution of

Fot v Vaf — dive(fVe®) + divy (LIf]f) = oA f + div, ()\va - AEf) . (6.9)
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The corresponding energy estimate becomes
1
E(t) = / Lol + @) f dvdz
R2d 2
A

t
45 [ [ Koo ot wlo - of dudyduda
0 R4d

t
< AP / E(s) ds + M| E||u~ + £(0).
0

Since A < 1, an application of the Gronwall inequality yields

sup £(t) < C (| Fllp, | Ello=,T) (E(0) +1).

te(0,T)
Equipped with this bound, we deduce from (6.7) that
1Bl = ATy(E, F)||

< 1Bl + € (1Bl |l ) Woll=rt ([ 1o fo o )
R

1Fl|z = MTo(B, F)|lpee < ||F||pe + [[Ko| o M.

To summarize, the operator T' do satisfy the postulates of the Schaefer fixed
point theorem and hence we conclude the existence of a fixed point. This fixed

point is a solution of (6.6) and hence our proof is complete.
O

7. THE ENTROPY OF FLOCKING

Equations of the form (1.11) are expected to possess a natural dissipative struc-
ture often expressed through the notion of entropy. In our existence analysis, we
have not relied on such inequalities because the energy inequality (2.2) was enough.
This inequality is however of limited use for the analysis of asymptotic behavior
involving singular noise. In this section, we prove that our weak solutions satisfy
bounds akin to classical entropy inequalities when 8 > 0 and o > 0 (in the case
o = 0, the computation below reduces to (2.2)). We will restrict to considering
symmetric flocking as the non-symmetric case does not seem to posses any "nice”
dissipative structure (in fact, the non-symmetric case does not even conserve mo-
mentum).

We recall that the entropy is given by

o 2
F(f) :/R Bflogf—f—f%—kf@ dv dz

and the associated dissipations by
1 (Trop
=3[ L4
1( ) 2 0 R2d f

Dy(f) = %/Rd /Rd /Rd y Ko(z,y) f(z,0) f(y,w) v —w|2 dwdydvdx

The first part of Proposition 1.4 follows from the following lemmas:

2
%vaff(u—v) dv dz

and

Lemma 7.1. Let f be a sufficiently integrable solution of (1.11), then
nF(f) + D1(f) + Da2(f)
d
d

)
:% /Rd/R /Rd - Ko(x,y)f(z,0)f(y, w) dwdydvdz. (7.1)
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Proof. Using the equation (1.11), we calculate
= /Rd /Rdft (Ulogf+v+<1>) dvdz
/Rd /Rd f (va Bf(u—wv)) Bvq,f dvdx
/]Rd de[f]v —(oVf = Bf(u—v)v) dvdx

Jr/ / —vfV,® +vfV,® dvdx
Re JRd

:/ / lfdiva[fHqu[f] dvdz
Rd JRd

/ / ( V- f(u—v)) (I, f + vf) dvda == I + I1.
R Jra f p
By definition of L[f], we deduce

(7.2)

I:= /Rd ” —%fdivq,L[f] +vfL[f] dvdx

:/Rd /Rd /]Rd » %Ko(z,y)f(zw)f(l/,w)divv11dwdydfudz
+ /]Rd /Rd /Rd o Ko(z,y)f(z,v) f(y, w)(w —v)v dwdydvdx (7.3)
/]Rd /]Rd /]Rd /Rd —Ko(z,y) f(z,v) f(y, w) dwdydvdz
— Dy(f

where we have used the symmetry of Ko(x,y)f(x)f(y) to conclude the last equality.
By adding and subtracting u, we rewrite I as follows:

/Rd/ﬂw ( Vol = f(u—v)> (%va—I—vf) dvdz.
- _Dl(f)+/Rd /R —uoV, f + fu(u — v) dvdz (7.4)

—-Dif)+ [ ow® — gu da = ~Dy()
Rd
We conclude by setting (7.3) and (7.4) in (7.2). O

To prove the second inequality (1.22) in Proposition 1.4, we must prove that the
right-hand side in (7.1) can be controlled by the dissipation and the entropy. We
will need the following classical lemma:

Lemma 7.2. Let o € L_l‘_ (R?) be a given density and let ® be a confinement poten-
tial satisfying (1.21). Then, the negative part of olog_ ¢ is bounded as follows

1 1
/ olog_odr < 5/ 0® dx + 7/ e da. (7.5)
Rd Rd € JRrd

In particular, we have

2

//flongf—l—fL—i—f(I)dvd:ngf(f) (7.6)
Rd JRA 2

Inequality (1.22) now follows from the following lemma:
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Lemma 7.3. Let g € LP(R? x R?) be given and let ® be a confinement potential

satisfying (1.21). There is a constant C > 0, depending only on ||Ko|leo, © and the
total mass M, such that

%/Rd /Rd Ko(w,y)e(x)o(y) [u(z) — u(y)[® dydz — %D(f) — CF(f(t)

do
< Do(f) — F/]Rd /]Rd /]Rd y Ko(z,y) f(z,v) f(y,w) dwdydvdz.

Proof of Lemma 7.3. By symmetry of Ko(z,y), we have

%/Rd e Ko(z,y)o(z)o(y) lu(z) — u(y)]?® dyda

_ / X
Rd JRd

i / / / Ko(z,y) f(z,0)f(y, w) (v —w)u(r) dwdydvdx
Rd JRd JRd JRd

_ /R d /R d /R d /R Kow,9)f (y,w) (0 - ) (77)

x (f(x,v)(u(m) —0) - UVuf(m,v)> dwdydvdz

o(z,y)e(x)e(y) (u(z) — uly)) u(z) dydz

B
+ /Rd /Rd /Rd y Ko(z,y) f(y,w) f(z,v) (v —w)v dwdydvdz

w5 L e £ 0= 0) Vot @,0) dudydods
=1+1I+11I.

Let us first consider the last term. Integration by parts provides the identity

Il = %/Rd /Rd /Rd y Ko(z,y)f(y,w) (v —w) V, f(z,v) dwdydvdz

(7.8)
:7%’ /R d /R d /R [ Eole.) (g w) £z, v) dwdydvds.

By symmetry of the kernel Ky(z,y), we have that

- / d / d / L Kol )l w)fa0) (0 = w) v duwdydvde

2 (7.9)
:/Rd /Rd /Rd g Ko(x,y)f(y,w)f(r,v)|v 72w| dwdydvdz.

It remains to bound I. For simplicity, let us introduce the notation

Ve,v) = f(lm) (f<x7v><u<x> -

g

TV
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Using this notation, some straight forward manipulations, and the Holder inequal-
ity, we obtain using Lemma 7.2,

I= / d / d / L Eole )G ) (0 = w) V(2 v) dudydvds:
= [ [ Koo T emo — uw)V(e.o) dydvda
= /Rd ( | Fol@v)ew) dy> /Rdvm‘/(%v) dvdz
- ([, Balwmatirato) a / VIGaV @) dds (24

<||K||LooM(/ / [o2f (2, v) dvdm) (/R/]R (z,v)? dvdw)
+ | K || e M </Rd fo dx) (/Rd /Rd V (,0)|? dvdx) :

C(K, M) !
< Tj:(f) + §D1(f)-

We conclude the result by setting (7.8) - (7.10) in (7.7). O

Proof. Let f be the solution of (3.1) given by Proposition 3.1. A computation
similar to the proof of Lemma 7.1 yields

OF(f) + Di(f) + Da(f)
= gd/Rd /Rd /Rd » Ko(z,y) f(z,0) f(y, w) dwdydvdx—l—/fv [xx(us) — u] dvdz.
where

[ robaatus) = ) dedo = [ pulxsus) — ulds

1 1
< §/pu2d(£+i/pX)\(ud)Qd(E—/pfu?d.’I;

<0

since |xa(u)| < |u|. We deduce that the solution of the approximated equation
(3.1) satisfy the entropy inequality

WF(f) + Di(f) + Da2(f)
d

< % /Rd/]R /]Rd y Ko(z,y) f(z,v) f(y,w) dwdydvdz.

Integrating in time and passing to the limit (using the convexity of the entropy),
we deduce (1.23).
O
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