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ABSTRACT. Let g be a complex, simple Lie algebra with Cartan subal-
gebra h and Weyl group W. We construct a one—parameter family of
flat connections V, on f with values in any finite-dimensional g—module
V' and simple poles on the root hyperplanes. The corresponding mon-
odromy representation of the braid group By of type g is a deformation
of the action of (a finite extension of) W on V. The residues of V, are
the Casimirs ko of the subalgebras sl5 C g corresponding to the roots
of g. The irreducibility of a subspace U C V under the k, implies that,
for generic values of the parameter, the braid group By acts irreducibly
on U. Answering a question of Knutson and Procesi, we show that these
Casimirs act irreducibly on the weight spaces of all simple g—modules if
g = sl3 but that this is not the case if g 2 sl2, s[3. We use this to disprove
a conjecture of Kwon and Lusztig stating the irreducibility of quantum
Weyl group actions of Artin’s braid group B, on the zero weight spaces
of all simple Upsl,—modules for n > 4. Finally, we study the irreducibil-
ity of the action of the Casimirs on the zero weight spaces of self-dual
g-modules and obtain complete classification results for g = sl,, and go
and conjecturally complete results for g orthogonal or symplectic.
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1. INTRODUCTION

It has been known since the seminal work of Knizhnik and Zamolodchikov
how to construct representations of Artin’s braid groups B, by using the
representation theory of a given complex, semi-simple Lie algebra g [KZ].
Realising B,, as the fundamental group of the quotient of the configuration
space

Xn={(z1,...,20) €C"| z; # 2j, 1 <i<j<n} (1.1)

by the natural action of the symmetric group &,,, one obtains these repre-
sentations as the monodromy of the Knizhnik—Zamolodchikov connection
d(ZZ' — Zj)
Vig=d—h Y  ——Q (1.2)

.
1<i<j<n " J

with values in the n—fold tensor product V®" of a finite-dimensional g—
module V. Here, the one—form Vi, is regarded as an &,—equivariant flat
connection on the topologically trivial vector bundle over X,, with fibre V&
and then pushed down to X,,/&,,. Its coefficients 2;; € End(V®™") are given
by

dim g

Qij = Z Fi(Xa)ﬂ'j(Xa) (13)

a=1
where {X,}, {X?} are dual basis of g with respect to the Killing form and
7,(-) denotes the action on the kth tensor factor of V®™. Finally, the com-
plex number h may be regarded as a deformation parameter which, upon
being set to 0, gives a monodromy representation of B,, factoring through
the natural action of the symmetric group on V",

Aside from their intrinsic interest, these representations appear naturally
in a number of different contexts. They define for example the commuta-
tivity and associativity constraints in the tensor category of highest weight
representations of the affine Kac-Moody algebra g [KL, Wa, TL1] and, by
the Kohno—Drinfeld theorem, on the finite—dimensional representations of
the quantum group Upg [Dr3, Dr4, Kol]. As such, they define invariants of
knots and links and, for suitable rational values of h, of three-manifolds [Tu].

The purpose of the present paper is to use the representation theory of
g in a similar vein to construct monodromy representations of a different
braid group, namely the generalised braid group By of type g. The latter
may be defined as the fundamental group of the quotient oo /W of the set
breg of regular elements in a Cartan subalgebra b of g by the action of the
corresponding Weyl group W. Like Artin’s braid groups, By is presented
on generators 11, ...,T, labelled by a choice a, ..., o, of simple roots of g
with relations

T,Tj- =TT; - (1.4)
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for any ¢ # j, where the number of factors on each side is equal to the order
of the product s;s; of the orthogonal reflections corresponding to o; and «;
in W [Br].

To state our first main result, let R = {a} C h* be the set of roots of g
relative to b so that bhreg = b\ U,cp Ker(a). For each a € R, let sl =
(s for ha) C @ be the corresponding slo(C)—subalgebra of g and

o= M e ot fe) (1.5
the truncated Casimir operator of sl5 where (-, -) is a fixed multiple of the
Killing form of g. Let V be a g—module, then we prove in section 2 the
following?

Theorem 1.1. The one—form
da
w=d—h — K 1.6
\Y E — (1.6)

defines, for any h € C, a flat connection on the topologically trivial bundle
over Breg with fibre V' which is reducible with respect to the weight space
decomposition of V.

As a consequence, each weight space of V' carries a canonical one—parameter
family of monodromy representations of the pure braid group Py = 71 (breg).
This action extends to one of the full braid group By on the direct sum of
weight spaces corresponding to a given Weyl group orbit, and in particular
on the zero weight space of V', by pushing V. down to the quotient space
Breg/W . Since the Weyl group itself does not act on V, this requires choos-
ing an action of By on V' which permutes the weight spaces compatibly with
the projection By — W. This may for example be achieved by taking the
simply—connected complex Lie group G corresponding to g and mapping By
to one of the Tits extension W of W, a class of subgroups of the normaliser
in G of the torus T corresponding to h which are extensions of W by the sign
group Z4, where n = dim(h) [Ti]. The choice of a specific Tits extension is
somewhat immaterial since any two are conjugate by an element of T" and
the corresponding representations of By are therefore equivalent.

The rest of the paper is devoted to the study of the irreducibility of our
monodromy representations. Define a subspace U C V invariant under the
monodromy action of By to be generically irreducible if is irreducible for
all values of h lying outside the zero set of some holomorphic function. In
section 3, we prove the following

ITheorem 1.1 was independently discovered by De Concini around 1995 (unpublished).
A variant of the connection V, also appears in the recent paper [FMTV]. Unlike V,
however, the connection introduced in [FMTV] is not W-equivariant and therefore only
defines representations of the pure braid group P, instead of the full braid group By
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Theorem 1.2. A subspace U CV is generically irreducible under the braid
group By (resp. the pure braid group Py) if, and only if it is irreducibly acted
upon by the Casimirs ko and W (resp. the ko and W NT).

This naturally prompts the question, originally asked us by C. Procesi and
A. Knutson, of whether the Casimir algebra i.e., the algebra

Cg = <’{a>a€R VhC Ug (17)

generated by the Casimirs k, and § inside the enveloping algebra of g acts
irreducibly on the weight spaces of any simple g—module or, stronger still,
whether it is equal to the algebra Ug? of h-invariants in Ug.

The answer to both questions is clearly positive for g = sls and we show in
section 4 that it this almost so for g = sl3. More precisely,

Theorem 1.3. If g = sl3, Cyq is a proper subalgebra of Ugh, but the lat-
ter is generated by Cy and the centre Z(Ug) of Ug. In particular, Cy4 acts
irreducibly on the weight spaces of any simple g—module.

As a consequence, all monodromy representations of P3 on weight spaces of
simple sl3—modules, and of Bs on their zero weight spaces are generically
irreducible, a fact which refines a result proved by Kwon [Kw] in the context
of quantum Weyl groups, and to which we shall return below. For g 2
slo, sl3, the situation is radically different and we prove

Theorem 1.4. If g 2 sly,sl3, there exists a simple g—module V' the zero
weight space of which is reducible under the joint action of Cq and of W. In
particular, Cg and Z(Ug) do not generate Ug".

For g 2 sl,,, our V is in fact the kernel of the commutator map [-,-] : gAg —
g. For g = sl,,, Ker([,-]) is reducible and the construction of a suitable V'
relies on the following general reducibility criterion, valid for any g. Let
V' be a simple g-module with zero weight space V[0] # {0}. If V is self-
dual, it is acted on by a linear involution Oy such that, for any X € g,
Oy X (9‘_,1 = O(X) where O is the Chevalley involution of g relative to a
given choice of simple root vectors. Since © acts as —1 on b and fixes the
Casimirs £, and W, Oy leaves V0] invariant and commutes with C4 and

w. V'[0] is therefore reducible under Cy and W whenever Oy does not act
as a scalar on it.

To prove that this is the case for some V we note further that if ¢ C g is
a reductive subalgebra normalised by © and V is such that its restriction
to t contains a zero—weight vector u lying in a simple v-summand U which
isn’t self-dual, then ©yu cannot be proportional to u since UNOyU = {0}.
To summarise, our initial problem reduces to finding simple, self-dual g—
modules V' whose restriction to some reductive subalgebra v C g contains
non-self dual summands intersecting V[0] non—trivially. For g = sl,, we
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construct such V’s by using the Gelfand—Zetlin branching rules for the in-
clusion gl,_; C gl,, [GZ1].

In section 5, we use our results to disprove a conjecture of Kwon and Lusztig
on quantum Weyl group actions of the braid group B, [Kw]. To state
it, recall that the Drinfeld—Jimbo quantum group Upg corresponding to g
defines, on any of its integrable representations V, an action of the braid
group By called the quantum Weyl group action, which is a deformation of
the action of W on the g-module V = V/hV [Lu, KR, So]. In [Kw], Kwon
considered the case of g = sl, and gave a necessary condition for the zero
weight space of V to be irreducible under By = B,,. He showed in particular
that the zero weight spaces of all Upsls—modules are irreducible under Bs.
Based on these findings he and Lusztig conjectured that this should hold for
all B,, n > 4.

Theorem 1.5. The Kwon—Lusztig conjecture is false for any simple, com-
plex Lie algebra g 2 slo, sl3.

Our disproof is based on the simple observation that the quantum Chevalley
involution ©p of Upg acts on any self-dual Upg—module V and that its re-
striction to the zero weight space V[0] centralises the action of Bg. We then
remark that ©p, acts as a scalar on V|[0] iff the classical Chevalley involution
acts as a scalar on the zero weight space of the g—module V' = V/hV and
rely on the results of section 4.

In section 6 we show that, despite the reducibility results of §4, the con-
nection V, yields none-the-less irreducible monodromy representations of
By of arbitrarily large dimensions. For g classical, we show in fact that,
with V' the adjoint representation if g = sl,, and the vector one otherwise,
the weight spaces of all Cartan powers of V' are irreducible under the the
Casimirs K.

Finally, in section 7, we show that, when g 2 slo, sl3 is classical or gs, the
zero weight space of most self-dual, simple g—modules is reducible under the
Casimir algebra Cy of g, thus strengthening the results of section 4. More
precisely, let V' be a simple, self-dual g—module with zero weight space
V[0] # {0} and highest weight A # 0. Then, for g isomorphic to sl,, or g,
we obtain the following complete classification results

Theorem 1.6. If g = sl,,, V(0] is irreducible under Cq, if, and only if X is
of one of the following forms

(1) )‘:(pvow"vo)_p)}peN'
o0,...

(i) A=(1,...,1,0,...,0,—1,...,-1), 0 < k < n/2.
—— N—_———
k k

(iii) A= (p,p,—p,—p), p € N.
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Theorem 1.7. If g = go, V(0] is irreducible under Cq, if, and only if V is
fundamental representation or its second Cartan power.

Our calculations rely on the use of the Chevalley involution © outlined above
and branching to the subalgebras gl C sl,, and sl3 C go respectively. They
show in fact that V0] is irreducible under Cy if, and only if © acts as a scalar
on it. It seems natural to conjecture that this should be so for any g. For
g = 502,41, 502, §Py,, We proceed in a similar way by branching to the equal
rank subalgebra gl, C g. This leads to the following partial classification
results.

Theorem 1.8. If g = s0,,, with m = 2n,2n + 1, V[0] is irreducible under
Cg if X has one of the following forms,

(i) A= (p,0,...,0), pe N.

(i) A= (2,2,0,...,0).

A=
(i) A=(1,...,1,0,...,0), 1 <k <n.
~——

k
(iv) A=(1,...,1,-1)
1
Conwversely, if A is of none of the above forms and satisfies A\; = 0 for

i >n/2, then V[0] is reducible under Cg.

Theorem 1.9. If g = sp,,,, V0] is irreducible under Cq if X is of one of the
following forms,

(i) A= (2p,0,...,0), p€N.

(i) A= (2,2,0,...,0).

(iii) A=(1,...,1,0,...,0), 1 < k < n/4.
k
2

Conversely, if X is of none of the above forms and satisfies \; = 0 for
i >n/2, then V[0] is reducible under Cy.

We conjecture in fact that the restriction A; = 0 can be removed in the
statements of theorems 1.8-1.9.

It is interesting to note how the reducibility results of section 7 contrast
with the following theorem of Etingof, which is reproduced with his kind
permission in section 8. Let 3 € > " | N-a; be a positive linear combination
of simple roots and, for p € h*, let M, [p— (] be the subspace of weight pu— 3
of the Verma module of highest weight pu.

Theorem 1.10 (Etingof). There exists a Zariski open set Og C h* such
that, for any p € Og, M, [ — (] is irreducible under the Casimir algebra Cg.

The above theorem, used in conjunction with Knop’s calculation of the
centre of the subalgebra UgY of h-invariants [Kn], yields in fact the following
interesting result, which is also given in §8
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Theorem 1.11 (Etingof). The centraliser of the Casimir algebra Cy in Ug
is generated by h and the centre of Ug.
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2. FLAT CONNECTIONS ON Beg

2.1. The flat connection V. Let g be a complex, semi—simple Lie algebra
with Cartan subalgebra f) and root system R = {a} C h*. Let

breg = b\ | Ker(e) (2.1)

a€ER

be the set of regular elements in h and V' a finite-dimensional g—-module. We
shall presently define a flat connection on the trivial vector bundle byeg x V/
over bres. We need for this purpose the following flatness criterion due to
Kohno [Ko2]. Let B be a complex, finite-dimensional vector space and
A = {H,};c a finite collection of hyperplanes in B determined by the linear
forms ¢; € B*, i € 1.

Lemma 2.1. Let V be a finite—dimensional vector space and {r;} C End(V)
a family indexed by I. Then,

V:d—E:%@ﬁg (2.2)
e

defines a flat connection on (B \ A) x V iff, for any subset J C I mazimal
for the property that (\;c; H; is of codimension 2, the following relations
hold for any j € J

jeJ
[, Z ri] =0 (2.3)
j'ed

REMARK. Since the relations (2.3) are homogeneous, a solution {r;};es of
(2.3) defines in fact a one—parameter family of representations

pn:m(B\ A) — GL(V) (2.4)

parametrised by h € C where pj is the monodromy of the connection (2.2)
with r; replaced by h - r;.
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For any «a € R, choose root vectors e, € go, fo € g—a such that [eq, fo] =
he = Y and let
a,
Ko = < ’2 >(eafa + fa€a) € Ug (2.5)
be the truncated Casimir operator of the three-dimensional subalgebra sl5° C
g spanned by eq, hq, fo relative to the restriction to sl§ of a fixed multiple
(-,) of the Killing form of g. Note that k, does not depend upon the
particular choice of e, and f, and that K_, = ko. Let RT C R be the set
of positive roots corresponding to a choice of simple roots aq,...,a, of g.

Theorem 2.2. The one—form

do h do
Vi=d—h Y — - ka=d—5Y — Ko (2.6)
a€R+a 2a€Ra

defines, for any h € C, a flat connection on breg X V' which is reducible with
respect to the weight space decomposition of V.

PRrROOF. By lemma 2.1, we must show that for any rank 2 root subsystem
Ry C R determined by the intersection of R with a 2—-dimensional subspace
in b*, the following holds for any o € Rj = Rg N R™

Ko > kgl =0 (2.7)

BERT

This may be proved by an explicit computation by considering in turn the
cases where Ry is of type A; x Ay, As, By or Go but is more easily settled
by the following elegant observation of A. Knutson [Kn]. Let gg C g be the
semi—simple Lie algebra with root system Ry, by C b its Cartan subalgebra
and Cy € Z(Ugg) its Casimir operator. Then, ZﬁeRO* kg — Cp lies in Uhg
so that (2.7) holds since k, commutes with hy. The reducibility of V, with
respect to the h—action on V is an immediate consequence of the fact that
the operators x, are of weight zero B

REMARK. Altough V admits a hermitian inner product with respect to which
the Casimirs k, are self-adjoint, it is easy to check that the connection V
is not unitary with respect to the corresponding constant inner product on
Breg X V. However, the fact that the connection V, for g = sl,, coincides with
the (genus 0) Knizhnik—Zamolodchikov connection on n points for g’ = sl
via Howe duality [TL2, thm. 3.5], and that the latter is conjectured to be
unitary on the subbundle of conformal blocks for suitable rational values of
h [Ga] 2, suggests that the connection V, ought to be unitary for any g. It
is an interesting open problem to determine whether this is so.

Let W be the Weyl group of g and Py = 7 (breg); By = Ti(hreg/W) the
corresponding generalised pure and full braid groups of type g. The fibration

2this is now a theorem, at least for g = sy, see [Ra]
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Breg — Dreg /W gives rise to the exact sequence
1— Py — By — W —1 (2.8)

By theorem 2.2, the monodromy of V, yields a one—parameter family of
representations of Py on V preserving its weight space decomposition. We
wish to extend this action to one of By, by pushing V, down to a flat
connection on the quotient beg /WW. Since W does not act on V, this requires
choosing an action of By on V. Let for this purpose G be the complex,
connected and simply—connected Lie group with Lie algebra g, T its torus
with Lie algebra h and N(T') C G the normaliser of T so that W = N(T)/T.
We regard By as acting on V' by choosing a homomorphism o : By — N(T')
compatible with

(2.9)

Such ¢’s abund and we describe in §2.5 a class of them which we call Tits
extensions [Ti]. Let hreg 2, Breg be the universal cover of breg and breg/W.

Proposition 2.3. The one-form p*V, defines a Bg—equivariant flat con-

nection on breg X V= p*(breg x V). It therefore descends to a flat connection

on the vector bundle -
Vi— Breg X By Vv

(2.10)

breg/ w
which is reducible with respect to the weight space decomposition of V.

PROOF. The action of By on Q’(&;,V) = Q.(br/—;;) ® V is given by v —
(v H)*®@0o(y). Thus, if vy € By projects onto w € W, we get using p - =

w ! Dy
* — h * * —
VP Vet =d =2 Y dptwa/ptwa @ o(y)rac(y)” (2.11)
a€ER

Since Kk, is independent of the choice of the root vectors e, fo in (2.5),
Ad(o(7))ka = Kwa and (2.11) is equal to p*V,, as claimed. p*V, is flat and
commutes with the fibrewise action of h by theorem 2.2 W

Thus, for any homomorphism o : By — N(T') compatible with (2.9), propo-
sition 2.3 yields a one—parameter family of monodromy representations

py By — GL(V) (2.12)

which permutes the weight spaces of V compatibly with the action of W
on h*. By standard ODE theory, p7 depends analytically on the complex
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parameter h and, when h = 0, is equal to the action of By on V' given by o.
We record for later use the following elementary

Proposition 2.4. Let v € By = m1(hreg/W) and 5 : [0,1] — breg be a lift
of v. Then,

pR(7) = c(NPH) (2.13)

where P(y) € GL(V) is the parallel transport along 7 for the connection V
on breg X V.

PROOF. Let % : [0,1] — fi\e/g be a lift of v and 7 so that %(1) = 7_15(0).
Then, since the connection on p*(hreg x V') is the pull-back of V,;, and that
on (p*(breg x V')) /Bg the quotient of p*V,;, we find

P =P() = o(y)PR) = o(1)PF) (2.14)
|

REMARK. By (2.13), the representation pf depends on the choice of the
homomorphism o : By — N(T) satisfying (2.9). We simply note here that
since any two Tits extensions 0,0’ are conjugate by an element of T (see
§2.5), the corresponding monodromy representations are equivalent. We
note also that the restriction of p to the zero weight space V'[0] of V' does
not depend on the choice of o since W = N(T')/T acts canonically on V]0].

REMARK. Note that, by (2.13), the restriction of pf to the pure braid group
Py does not coincide with the monodromy of the connection V,. Rather,
it differs from it by the T-valued character given by the restriction of o to Fj.

REMARK. By Brieskorn’s theorem, By is presented on generators St,...,95,
labelled by the simple simple reflections s1,...,s, € W with relations
SiSj---=8;5;--- (2.15)
—_—  N———
Mij mgj

for any 1 <14 < j < n where the number m;; of factors on each side is equal
to the order of s;s; in W [Br]. Each S; may be obtained as a small loop in
Breg/W around the reflecting hyperplane Ker (o) of s;.

2.2. Variants of V. If p, € Uh, a € R, is a collection of polynomials in
b, the connection
h da
d—— — (Ko + Pa 2.16
> o (Ka + pa) (2.16)

2
aER

is flat by theorem 2.2 since [kq,pg] = [Pa,pg) = 0 for any o, 3 € R. It is
moreover W—equivariant if, in addition, wp, = pye for any w € W. The
corresponding monodromy representation of Py is equal to that of the con-
nection V, tensored with the character x : P; — T given by the monodromy
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of the abelian connection
h do
d— — — D 2.17
Yo (2.17)

and therefore does not significantly differ from the monodromy of V,. A
possible choice is to set p, = (@, a)/2 - h2 which yields the connection

chd—hzd—a~Ca (2.18)
a€R* @

where C, € Uslg is the full Casimir operator of sl5.

2.3. The holonomy Lie algebra a(4). Kohno’s lemma 2.1 gives a descrip-
tion of the holonomy Lie algebra a(.A) of a general hyperplane arrangement
A = {H,;}icr as the quotient of the free Lie algebra on generators {r;};c; by
the relations (2.3). When A = Ay = {Ker(a)}qcr is the arrangement of root
hyperplanes of g, theorem 2.2 is equivalent to the fact that the assignement
o — ke extends to an algebra homomorphism

¢ Ua(Ag) — Ug (2.19)
of the universal enveloping algebra of a(Ag) to that of g satisfying
¢(Ua(Ag)m) C Ugom (2.20)

for any m € N, where the superscript denotes the degree corresponding to
the natural filtrations on both algebras. We simply note here the following

Proposition 2.5. If one of the simple factors of g is not isomorphic to sla,
the map ¢ : Ua(Ag) — Ug is not injective.

PRrROOF. The following argument was pointed out to us by R. Buchweitz. It
suffices to show that, if g 2 slo, a(Ag) contains a free Lie algebra on at least
two generators, for then Ua(Ag) has exponential growth with respect to its
filtration, whereas Ug, being isomorphic to Sg, only grows polynomially.
Let Ay x A1 2 Ry C R be a rank two root subsystem with positive roots
Bi,.-.,Bp, p > 3. Let F,,_1 be the free Lie algebra on generators x1, ..., zp—1
and consider the maps

Fp1 5 a(Ag) - Fypoa (2.21)
given by i(z;) =rg,, j=1...p—1 and
0 if « Qé RO
m(re) = xj ifao=p;,withl1<j<p-—1 (2.22)

—1 .
?:1 z; ifa=4,
It is easy to see that 7 is well-defined, so that m o¢ = id and 7 gives an
embedding of F,_1 into a(Ag) A

REMARK. It seems an interesting problem to find a generating set of relations
for the kernel of the map ¢ above. One such relation may be obtained for
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any rank two root subsystem Ro C R such that the intersection of its Z—
span with R is equal to Ry but the intersection of its R—span with R strictly
contains Ro. This is the case for the root system of type As given by the long
roots in the root system of type go or for the root system of type A; x A
generated by any pair of long roots in the root system of type C,,. One then

has [ka, Y gep, kp] = 0 in Ug, but [ra, Y 5cp, 78] # 0 in a(Ag).

2.4. Triviality of F)fr\e/g X p, V. The aim of this subsection is to show that
the pull-back to bh,eg of the bundle by X 5 ., V constructed in proposition 2.3,

namely V = byeg X p, V, is topologically trivial®. Since V is W-equivariant,
this seemingly contrasts with the fact that W doesn’t act on V. The solution
of this apparent paradox lies in the fact that the action of W on V is given
by a cocycle, i.e., in a trivialisation V = bee X V', by w (t,v) = (wt, A(w, t)v)
where A(w,t) € GL(V) satisfies

A(wlwg, t) = A(wl, ’u)gt)A(’wg, t) (2.23)

We compute this cocycle explicitly below. These results will not be used
elsewhere in the paper.

Let 0 : By — N(T) be a homomorphism making (2.9) commute. The
restriction of o to the pure braid group Py maps into 1" and therefore factors
through the abelianisation of Py. The following gives an explicit description
of the latter as a W = By/Py—module.

Proposition 2.6. Let Z be the free abelian group with one generator ~y, for
each positive root o of g and define an action of W on Z by

where |wal| is equal to Lwa according to whether wa is positive or negative.
Then,

(i) the assignement o, — SZ-2 extends uniquely to a W —equivariant
isomorphism Z = Py/[ Py, Py.

(ii) Under the Hurewicz isomorphism Py/[Py, Pg] = Hi(breg, Z), Yo iS
mapped onto a positively oriented simple loop around the hyperplane
Ker(a).

PROOF. (i) is proved in [Ti, Thm. 2.5]. (ii) it is readily checked that, un-
der the Hurewicz isomorphism, the action of W on Py/[Py, Py] coincides
with its natural geometric action on Hi(Byeg, Z). It follows from the isomor-
phism By 2 7 (hreg /W) that 74, = S? is mapped onto a positively oriented

3the second author is grateful to R. Rouquier for a long walk in the Berkeley hills, during
which we took turns in convincing each other that the bundle was trivial, then non—trivial,
then trivial again, until sheer exhaustion and the late hour of the night suspended, but
alas did not resolve, the argument.
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simple loop around the hyperplane Ker(«;) [Br| so that (ii) follows by W—
equivariance l

For any positive root «, pick an element A, € h such that exp(2mi\,) =
0(7Va) and consider the flat connection on byeg x V' given by

Ve=d— Y d—o‘-Aa (2.25)

aceRt

Fix a basepoint ty € byee and identify fi\e/g with the space of paths in byeg
pinned at ¢y, modulo homotopy equivalence. Denote by P,(p) € T parallel
transport with respect to V, along one such path p. Then,

Proposition 2.7.
(i) The map hrf\o/g XV = breg X V' given by

(p,v) = (p(1), Ps(p)v) (2.26)

descends to an isomorphism ¢ : hreg X p, V = hreg X V.

(ii) The right action of By on fi\e/g X V' descends, via v, to one of W on
Breg X V' given by

w (t,v) = (W, Py (w ™)) Po (7)o (7)1 Py(p) "to) (2.27)

where p; is any pinned path in bree with p(1) =t, v € By is any
element with image w and 7 is its lift to a path in hreg with ¥(0) = to.

PRrROOF. One readily checks, by using proposition 2.6, that the monodromy
Py — T of V, coincides with the restriction of o to P, from which (i) follows
at once. (ii) is a simple computation B

2.5. Tits extensions. Let 0 : By — N(T') be a homomorphism making the
diagram (2.9) commute. Tits has given a simple construction of a canonical,
but not exhaustive, class of such o which differ from each other via conju-
gation by an element of T'. We summarise below the properties of this class
obtained in [Ti]. For any simple root c;, i = 1...n, let SLy(C) =2 G; C G be
the subgroup with Lie algebra spanned by e, fa;; ha;, Ti = exp(C-hy,) C G;
its torus and IV; the normaliser of T; in GG;. Denote by s; € W the orthogonal
reflection corresponding to «;.

Proposition 2.8.

(i) For any choice of o; € N;\ T;, i = 1...n, the assignment S; — o;
extends uniquely to a homomorphism o : By — N(T') making (2.9)
commute.

(i) If 0,0’ : By — N(T') are the homomorphisms corresponding to the
choices {o;}_, and {o,}l'_ respectively, there exists t € T such
that, for any S € By

o(S) =to' ()t} (2.28)
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(ii) For any such o : By — N(T), the subgroup o(Bg) C N(T') is an
extension of W by Zy canonically isomorphic to the group generated
by the symbols a;, i = 1...n subject to the relations

ala‘y f e — a]a “e (2.29)
—_— =
a?a? = a?a2 (2.30)
at =1 (2.31)
2 —1 _ 2 —2(a),q;)
aiaja; - = ajay (2.32)

for any 1 < i # j < n, where the number m;; of factors on each
side of (2.29) is equal to the order of s;s; in W. The isomorphism
is given by sending a; to o;.

PROOF. (i) We must show that the o; satisfy the braid relations (2.15). For
any 1 <i# j <n,set s;j =s;5;--- € W and 045 = 0;0;--- € N(T) where
each product has m;; — 1 factors. The braid relations in W may be written
as s;;8;1 = §j5;; where j' = j or i according to whether m;; is even or odd.

Thus, s ]lsjsw = s; and therefore,

52] = O'j_,lO'i_le'jO'ij S TN (O'j_,la'i_lejO'ij) =TnN O'j_/le/ = ’I}-/ (233)

Repeating the argument with ¢ and j permuted, we find that d;; € Ty
with i = 4 or j according to whether m;; is even or odd. Thus, §;; =
(5j_il € Ty N Ty = {1} where the latter assertion follows from the simple

connectedness of G, and the o; satisfy (2.15).
(ii) Let t; € T; be such that o; = agti and choose ¢; € C such that t; =
exp(cihq, ). Since

si—1) Zc] = —¢iha, (2.34)

where the \Y € b are the fundamental coweights defined by a;(\Y) = dyj,
we find

exp(— Z A )o; exp(z ¢;A]) = ojexp(ciha,) = 0; (2.35)
J J

so that o and ¢’ are conjugate.
(ii) The o; satisfy (2.30)—(2.32) since x = exp(m Y) for any z; € N; \ T}.
Let K, = Z% be the group generated by the o2 and K, C K, C 0(By) the
kernel of the projection o(Bg) — W. By (2.29)(2.32), K, is a normal sub-
group of 0(By) and o(By)/ K, is generated by the images @; of o; which, in
addition to the braid relations satisfy 52 = 1. Thus, o(By)/K, is a quotient
of W, K, = K, and 0(By)/K, = W. The same argument shows that if I
is the abstract group generated by aq,.. an subject to (2.29)—(2.32), and
A C T is the subgroup generated by the a?, then /A = W = o(By)/K,.
But A is a quotient of Z2 so that the canomcal surjection of I" onto o(By)
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is an isomorphism of A onto K, and therefore an isomorphism of I' onto
o(Bg) B

We shall henceforth only use homomorphisms o : By — N(T) of the form

given by proposition 2.8 and refer to them, or their image W = o(Bg) C
N(T) as Tits extensions of W. Note that, given a choice of simple root
vectors €y, fa;, ¢ = 1...n, any element of N; \ 7T; is necessarily of the form

oi(t;) = exp(tieq,) exp(—ti_lfai) exp(tieq,;) (2.36)
= exp(_ti_lfai) eXp(tieai) eXp(_tz’_lfai) '

for a unique t; € C* so that a Tits extension may be given by choosing
elements tq,...,t, € C*.

3. GENERIC IRREDUCIBILITY OF MONODROMY REPRESENTATIONS

3.1. In this section, we study in detail the reducibility of the monodromy
of a flat connection of the form (2.2), namely

vzd—hZ%.n (3.1)
o O

where the residue matrices r; act on the finite-dimensional vector space V
and are assumed to satisfy the relations (2.3). Let

pr:m(B\ A — GL(V) (3.2)

be the corresponding one—parameter family of monodromy representations.
If V is reducible under the r;, py, is clearly reducible for all values of h. The
aim of this section is to prove a converse statement. To formulate it, we
need the following

DEFINITION. An analytic curve pj, of representations of a finitely—generated
group I is generically irreducible if, for all h in the parameter space lying in
the complement of an analytic set, the representation py, is irreducible.

We now state the main result of this section.

Theorem 3.1. IfV is irreducible under the r;, the monodromy representa-
tion pp, is generically irreducible.

Our proof also yields an analogue of this theorem in the formal case. Let
p:m(B\A) — GL(V((h))) (3.3)

be the representation obtained by regarding py, as formal in h, letting 7 (B'\
A) act on V[[h]] = V ® C[[h]] and extending coefficients to V((h)) =V &

C((h))-

Theorem 3.2. If V is irreducible under the r;, p is irreducible.



16 J. J. MILLSON AND V. TOLEDANO LAREDO

The proof of theorems 3.1 and 3.2 occupies the rest of this section. In §3.5,
we apply these results to the monodromy of the connection V.

Our proof proceeds by noting that, because reducibility is a closed condi-
tion, an analytic curve pp of representations is either generically irreducible
or reducible for all h. In the latter case, we prove the existence of a multi-
valued (i.e., Puiseux) analytic curve germ U(h'/™) of proper subspaces of
V invariant under the germ of pp at h = 0. A simple enough calculation
then shows that the subspace U (hl/ ™) ‘ pi/m_g & V is invariant under the ;.
Note that a single—valued analytic germ of invariant subspaces may in gen-
eral not exist. Indeed, the curve c¢(h) of reducible representations of I' = Z
given by

o(h) = (}L 1) heC\ {1} (3.4)

only admits the multivalued family of eigenlines (1,£v/h). However, with
the base change ¢(k) = c(k?), the eigenlines become analytic in k. We will
see that such branching is the worst behaviour that can occur.

3.2. Reducible analytic curve germs and formal curves. Let I" be a
finitely—generated group. The set of representations Hom(I', GL(V')) can be
given the structure of an affine variety. Indeed, if {71,...,7,} is a system of
generators of I', then

Hom(T',GL(V)) C GL(V)" (3.5)
is the subset of r—tuples of elements satisfying the relations which define I'.

Theorem 3.3. The set Hom™ (I, GL(V')) of reducible representations is a
Zariski closed subset of Hom(I', GL(V')).

The following is an immediate

Corollary 3.4. An analytic curve pp, : I' — GL(V') of representations is
either gemerically irreducible or reducible for all values of h.

PROOF OF THEOREM 3.3. For any 0 < p < dimV, let Grp(V) be the
Grassmannian of p—planes in V. Set

Rp(L) = {(p,U) € Hom(I', GL(V)) x Gry(V)|p(I1)U = U} (3.6)

We claim that R,(I") is a Zariski closed subset of Hom(I', GL(V')) x Grp (V).
Indeed, regarding U € Gryp(V') as all multiples of a decomposable p-tensor
A =wu A ANu, € APV via the Plicker embedding, we see that the
invariance of U under p € Hom(I', GL(V)) is equivalent to the relations
(quadratic in the Pliicker coordinates on Gry(V))

AANp(i)A=0 (3.7)

for all i = 1...r, where A is the exterior multiplication in A*(A” V). Since
the projection p; : Hom(I', GL(V)) x Grp(V) — Hom(I', GL(V)) is closed
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[Mu, thm. 2.23], the set
Hom™ (I, GL(V)) = {p € Hom(T', GL(V))|3U € Cr,(V), pU = U}

= p1(Rp(I))
(3.8)
is a closed subset of Hom(I', GL(V')) and therefore so is
dim V-1
Hom™(I',GL(V)) = (] Hom™*?(I',GL(V)) (3.9)
p=1

|
DEFINITION.

(i) An analytic curve pj, of representations is reducible if it is contained
in the subvariety Hom**(I', GL(V')) of reducible representations.
(ii) An analytic curve germ (pp,p) is reducible if it has a representa-
tive contained in Hom™(T', GL(V')). Hence all representatives are
contained in this variety.
(iii) A formal curve beginning at p i.e., an algebra homomorphism

¢ 6Hom(F,GL(V)),p — C[[h]] (3.10)

is reducible if ¢ factors through 6Homred(F’GL(V))7p.

Note that the infinite jet g, at p of a reducible analytic curve py, is a reducible
formal curve. The converse is also clear since an analytic function that is
formally zero is zero.

3.3. The existence of a multivalued section. Retain the notation of
§3.2. The projection on the first factor induces a regular map

T : Rp(T) — Hom™P(I', GL(V)) (3.11)
We will be concerned in this subsection with constructing a multivalued

section to m, over a curve germ contained in Hom™?(I', GL(V)). Let T, be
the free group on r generators. The commutative diagram

RA()  ——  RPIY)
””l ””l (3.12)

Hom"ed-? ) — Hom"ed-? (T))

shows that it suffices to find a section for the case of a free group. Indeed,
such a section induces by restriction a section for all quotients of that free
group. For the remainder of this subsection we therefore assume that I' = I,

We shall prove in fact the existence of a formal multivalued section (see
below for a precise definition). The same argument yields an analytic multi-
valued one. Equivalently, one may deduce the existence of such a section by
using Artin’s theorem as follows. First a reducible analytic curve gives rise
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to a reducible formal curve which has a formal section. Then, by [Ar, Thm
1.5 (ii)], one may find an analytic section approximating the formal one as
closely as one wishes.

We need some notation. Let
B = C[Hom(I', GL(V))]
=Clgij, - gijh<ij<dimvIdet(g;) ™", ..., det(gj;) "]

be the coordinate ring of Hom(I', GL(V')) = GL(V)". Let a/rp(V) be the
cone in AP(V) defined by the Pliicker equations and let C}, be its coordinate
ring. Thus,

(3.13)

Cp = ClGrp(V)] = Cler)/(f5 (1) (3.14)
where the z; are the the Pliicker coordinates on Gr,(V) and {f8(zs)}acz
are the (quadratic) Pliicker relations defining the Grassmannian. Let

A, = C[Hom(T', GL(V)) x Gr,, (V)]

= B® Gy = Blai]/(fi(2r1))
be the coordinate ring of Hom(T', GL(V")) x (A}}p(V). Denote the equations

(3.7) by {qg(gfj, xr)}ges, let ap = (qu)ﬁej C A, be the corresponding ideal
and set

(3.15)

R, =C[RP(I')] = 4p/ayp
= Clgl, z1][det(giy) 1/ (f2(xr), d5(9L; x1))

where RP(T) is the closure in Hom (', GL(V)) x évrp(V) of the preimage of
the variety R,(I") defined by (3.6) under the projection

Hom(T', GL(V)) x Grp(V) \ {0} — Hom(T', GL(V)) x Gr,,(V)  (3.17)

For later use, we note that the polynomials qg are homogeneous (of degree
2) in the Pliicker coordinates x;. Finally, let b, b, C B be the ideals of

Hom™(I', GL(V)), Hom*™%*(T", GL(V)) ¢ Hom(I', GL(V)) (3.18)

(3.16)

respectively, and set
S = C[Hom™(I', GL(V))] = B/b (3.19)
S, = C[Hom™*?(T', GL(V))] = B/b, (3.20)
Note that the projection (3.11) induces a ring homomorphism v, : S, — R,,.

Let now B , S be the completions of B, S at a fixed reducible representation
p. Let A\p, ép be the completions of A,, R, along the fiber of m, over p,
see [Ha, pg. 194]. A formal curve of representations starting at p is a
homomorphism

¢: B — C[[h]] (3.21)
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¢ is given in coordinates by n?r formal power series gfj(h) = gb(gfj) ¢ is a
curve of reducible representations if it descends to the quotient S of B. Let
p be the kernel of ¢. p is a prime ideal since C[[h]] is an integral domain and

n—1
pob=]]b, (3.22)
p=1

so that p D b, for some p. Since the completion §p of S, at p is the quotient
B/b,, we obtain a homomorphism ¢ : S, — CJ[[h]].

DEFINITION. A multivalued formal section is a homomorphism Yy fitting into
the following commutative diagram

C[lk]] «>*— R,

fT pr (3.23)

clp) 2 3,

where fp,(h) = k™.
Let F = C((h)) be the field of fractions of C[[h]], F its algebraic closure and

L : F — F the corresponding inclusion. The key step in finding a formal
multivalued section is the following

Proposition 3.5. There exists a homomorphism of C—algebras T : ﬁp — F
such that the following diagram is commutative

F R
a w) (3.24)
clp) —2— 5,

P
and (z1) # 0 for some I.

PROOF. Write the sentence in the symbols 3,N,U and complement ’ and
field operations that states that the projection

R,(D)(€) € Hom(T, GL(V ® &)) x Gr,(V ® &)
pll (3.25)
Hom™ (T, GL(V ® £))

is onto for an extension field £ of C. This sentence contains the equations for
the affine cone Gry,(V) defined by the Pliicker relations f&(x;) = 0,a € Z,
and must include the condition (z; # 0 for some I). The resulting statement
is true for the field C hence, by model completeness of the theory of alge-
braically closed fieldsf]MMP, pg. 5|, for any algebraically closed extension
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field of C. In particular, it is true for 7 B

REMARK. From the above commutative diagram we obtain

7(g5;) = 16(g5;) € C[[R]] (3.26)
Lemma 3.6. Let (C((hé)) denote the field obtained by adjoining all the
roots of h to C. Then (C((hé)) is algebraically closed. Consequently, F =
C((h)).
PROOF. This is proved in [Wal], Theorem 3.1 W

We now construct the desired multivalued formal section.
Theorem 3.7. There exists an m > 1 and a homomorphism of C—algebras
X : Ry, — C[[k]] such that the following diagram is commutative

Cllk)) —— R,

fm w (3.27)

and x(z1) # 0 for some I.

PROOF. By the two previous results we obtain a homomorphism 7 taking
values in the quotient field C((k)) of C[[k]] for some root k of h. Such a
homomorphism amounts to assigning an element of C((k)) to each of the
variables gfj, x7 in such a way that these elements satisfy the defining equa-
tions p, and qg of ﬁp(F). As noted in (3.26), the T(gfj) already lie in C[[k]].
Since the equations are homogeneous in the x;, we can multiple the 7(zy)

by an appropriate power of k so that the resulting elements of C((k)) are in
Cllx]] m

The following result explains the meaning of the C|[[k]]-point y constructed
above.

Proposition 3.8. The homomorphism x gives canonically rise to a rank p
summand U of the module V[[k]] = V ® C[[k]] together with an r—tuple of
invertible (over C[[k]]) matrices g'(k™), ..., g" (k™) leaving U invariant.

PRrROOF. The homomorphism y fits into the diagram
Cllk) «—— Ry —— 4,

| u | (3.28)

~

cln) —— 5, B
The composition x o7 is a tensor product n ® ¢ where 7 is a C[[k]]-point of
Hom(I", GL(V)) and ( is a C|[[k]]-point of ap(V). Regarding ¢ as a C((k))—
point of (A}}p(V), its Pliicker coordinates yield a p—dimensional subspace u
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of the C((k))—vector space V ((k)). Let U be the intersection of ¢ with V [[k]].

U is cotorsion—free in V[[k]] since, if v € V[[k]] and r € C[[k]] are such that
rv=u€U, thenv=2=2.u € U, whence v € U = UNV[[k]] = U. Since
C[[k]] is a principal ideal domain, the quotient V[[k]]/U is free (since it is
torsion—free) and the sequence U — V[[k]] — V[[k]]/U splits. Hence U is a
direct summand and consequently is free (since it is projective and C[[k]] is

a local ring). Since dim(U/) = p it follows that U is free of rank p.

The homomorphism ¢ corresponds to an r—tuple of matrices g*(h), ..., g"(h)
with entries in C[[h]] and determinant a unit in C[[h]]. The fact that n ®
¢ descends to x and the fact that y is a C[[k]]-point of ﬁp implies that
gt(k™),...,g" (k™) leave U invariant W

3.4. Proof of theorem 3.1. Let I' be the fundamental group m(B \ A).
It is well-known that T" is finitely—generated, see e.g., [BMR, prop. A2.,
pg. 181]. If the curve pp of monodromy representations is not generically
irreducible, it lies, by corollary 3.4, in the variety of reducible representations
and therefore in some Hom™ (I, GL(V)), 1 < p < dimV — 1. Let x be a
multivalued analytic section and let & be the corresponding rank p summand
of the free C{k}-module V = V ® C{k} obtained by applying the analytic
version of proposition 3.8 which we may state as

Proposition 3.9. There is a canonical one-to—one correspondence between
analytic curve germs (Uy,U) in Grp(V) and (free) summands U of rank p
of the C{k}-module V.

REMARK. To pass from the C{k}-submodule U to the curve germ (U, U)
proceed as follows. Choose a basis eq,...,e, for V over C and regard it
as basis for V over C{k}. Choose a basis uy,...,u, for U over C{k}.
Write uq,...,u, in terms of eq,...,e, to obtain a curve b(k) of bases for
p—dimensional subspaces of V. The span of b(k) is Uy.

Set pr = prm and let p be the element of Hom(I', GL(V)) corresponding to
pr- Since py is an analytic function of h = k™, the elements

5
A = 1220 (329)
leave V invariant. It follows that A(y)U C U since p(I')UU = U. The following

standard result shows that the subspace U(0) C V is invariant under the
residues r;, thus concluding the proof of theorem 3.1.

Lemma 3.10. For each hyperplane H; of the arrangement A, there exists
an element v; € (B \ A) such that
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PROOF. Let x9 € B\ A be a base point and v; € m1(B \ A; o) a generator
of monodromy around Hj (see, e.g., [BMR, pg. 180-1]). Recall that such
an element is obtained as follows. Choose a path p: [0,1] — B such that

p(0)=xo, p(0,1) C B\A and p() e H;\ |JHy  (331)
J'#3
Let D be a small ball centred at p(1) and contained in B\ ;; Hy, let

u € [0,1] be such that p(s) € D for any s > u and let ¢ be a positively
oriented generator of w1 (D \ Hj;p(u)) = Z. Then,

v = pgl A py (3.32)

where p,(t) = p(ut) and the concatenation of paths is read from right to
left. Picard iteration readily yields that, mod h?,

do; do; .
ph(yj)zl—l—hz y 'T‘i:1+h2/ . -r; =1+42mih-r; (3.33)
el Vi O er 7t T

where the last equality follows from the residue theorem since the forms
dgji/djr, 7 # j do not have any poles in D B

The proof of theorem 3.2 is the same as that of theorem 3.1 except for the
use of a formal multivalued section provided by proposition 3.8 instead of
an analytic one.

3.5. Generic irreducibility of the monodromy of V,. Assume now
that V is a g-module and let W = o(By) be a Tits extension with sign
group X = o(Py) =2 Z5. Let

0%+ By — GL(V) (3.34)

be the corresponding one—parameter family of monodromy representations
defined by proposition 2.3 and p” : By — GL(V((h))) the representation
obtained by regarding p7 as formal in h and extending coefficients to C((h)).

Theorem 3.11. Let U C V be a subspace invariant, and irreducible under
the Casimirs ko and W. Then,

(i) pf : By — GL(U) is generically irreducible.

(i) p7: By — GL(U((h))) is irreducible.

PROOF. (i) Assume pf to be reducible for all h. Proceeding as in the proof
of theorem 3.1, we find a 1 < p < dimU — 1 and a rank p—summand X" of
U = U ® C{k} invariant under the germ of pf at h = 0. In particular, X(0)
is invariant under pf(By) = W. For any positive root «, let v, € Py be
the generator of monodromy around the hyperplane Ker(«) given by lemma
3.10. Note that o(v,) lies in the sign group ¥ and therefore has order 1 or
2. By lemma 3.10 and proposition 2.4 we find that, mod A2,

p7(72) = 0 (Vo) (1 + 2mih - kio)? =1+ 4mih - kg (3.35)
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so that X' (0) is also invariant under the Casimirs k.. The proof of (ii) is
identical H

Similarly, we obtain

Theorem 3.12. Let U CV be a subspace invariant, and irreducible under
the Casimirs ko, and Y. Then,

(i) pf : Pg — GL(U) is generically irreducible.

(ii) p7: Py — GL(U((h))) is irreducible.

We specialise our results further to the case where U is the zero weight space
V[0] of V. Recall that the latter is canonically acted upon by W = N(T')/T
so that the restriction of p to V[0] does not depend upon the choice of o.
We owe the following somewhat surprising observation to B. Kostant

Proposition 3.13. V0] is irreducible under the Casimirs ko, iff it is irre-
ducible under the ko and W.

PROOF. The simple reflection s; € W acts on the zero weight space V,![0] of
the irreducible s[5 -—module of dimension 2n + 1 as multiplication by (—1)".
Thus, if p, e = 0,1 are the spectral projections for the restriction of C,, to
V[0] corresponding to the Casimir eigenvalues of V,!, with n = ¢ mod 2, s;
acts on V[0] as p}, — p! and is therefore a polynomial in C,,. It follows that

a subspace U C V[0] invariant under the &, is also invariant under W B

Corollary 3.14. The following statements are equivalent
(i) V(0] is irreducible under the Casimirs k.

|
0]
0] is generically irreducible under By.
0]((h)) is irreducible under By.

4. THE CASIMIR ALGEBRA C4 OF g

4.1. Since the connection V, is reducible with respect to the weight space
decomposition of a simple g—module V', theorems 3.11 and 3.12 naturally
prompt the question, originally asked us by A. Knutson and C. Procesi, of
whether the Casimir operators k,, act irreducibly on the weight spaces of V'
or, stronger still, whether the K, together with b, generate the h—invariant
subalgebra Ug? of Ug.

Let Cg be the Casimir algebra of g, i.e., the algebra
Cy = (Ka)acr, Vh CUg" (4.1)

generated by the kg, or equivalently the Casimirs C,, and b, inside Ug?.
We show in §4.2 that if g = sl3, Cy is a proper subalgebra of UgY but that
the latter is generated by Cy4 and the centre Z(Ug) of Ug. In particular, the
Ko act irreducibly on the weight spaces of any simple sl3—module and the
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monodromy of the connection V, yields generically irreducible representa-
tions of the pure braid group P3 = P, on these weight spaces and of B3 on
their zero weight space.

For g 2 slo, sls, the situation is radically different and we show that there
always exists a simple g-module V' such that its zero weight space V0] is
reducible under Cg4, thus answering in the negative Knutson and Procesi’s
question. In particular Cg and Z(Ug) do not generate U g". A suitable V
is readily found in §4.3 for g 2 sl,,. For g = sl,, n > 4, its construction
requires the general reducibility criterion outlined in the Introduction and
the Gelfand—Zetlin branching rules which are given and reviewed in §4.4 and
84.5 respectively.

4.2. The Casimir algebra of sls3.

Theorem 4.1. If g = sl3, then
(i) Cq4 is a proper subalgebra of UgY.
(ii) Ug" is generated by Cy4 and the center of Ug. In particular, the
Casimirs kq act irreducibly on the weight spaces of any simple g—
module.

We shall need some preliminary results. Let ey,...,e, be the canonical
basis of C" and Ej;je, = d;re; the corresponding elementary matrices. The
following is immediate

Lemma 4.2. The element E; j, E;,j, -+ E;, j, € Ugl, is of weight zero iff

the sequence (j1,jo, ..., Jk) i a permutation of (i1,i2,...,1).
Let I = (i1,i2,...,1%) be a sequence of distinct elements of {1,...,n} and
set

Er = Eiliinzig cee Eik71ikEiki1 c US[?L (4.2)

Proposition 4.3. If g = sl,,, Ug" is generated as an algebra by the mono-
mials Er and by B.

PRrOOF. It suffices to show that the images of the E; and § generate the
h—invariant subalgebra of the graded algebra gr(Ug) = Sg. By the previous
lemma, SgY is spanned by elements of the form p Er, where p € Sh, I =

(41,...,4k) is a sequence of elements in {1,...,n}, o € & is a permutation
and

ELO’ = Eilia(l) Tt Eikia(k) (43)
Writing o as a product of disjoint cycles 71 o --- o 7. with 7; = (m; e mfj)

then shows that, in Sg

E,=Ey - Ey (4.4)

r; ) and therefore that S g" is generated by b and the

where I; = (i1, ,1
J mj

Ern
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REMARK. The previous proof shows in fact that U5[2 is generated by b and
the E; corresponding to sequences I = (i1,...,ix) such that i; = miny ;.

Corollary 4.4. If g = slz, Ug" is generated by b together with the three
quadratic h—invariants

F12 = E12E21 F13 = E13E31 F23 = E23E32 (45)
and the two cubic h—invariants
G123 = E1aE3E3, G132 = F13E32Fy (4.6)

REMARK. Note that if we permute any two factors in the expressions for
FE193 or Fq39 then the difference is a quadratic invariant.

PROOF OF (ii) OF THEOREM 4.1. Let 6; — 6;, 1 < i < j < 3 be the positive
roots of g = sl3. The sly—triple corresponding to 6;—0; is { E;, Eji, Eii—Ejj},
so that

/igi_gj = EijEji + EjiEij (47)
is equal to 2F;; mod Uh. By the previous corollary, S g" is generated, as a
Cg-algebra, by the single element G = G123 + G132 since

Ghas — G2 = Fi3 + [Fas, Fi2] € Cq (4.8)

It therefore suffices to show that G lies in the algebra generated by Cy4 and
Z(Ug). It will be convenient to replace g = sl3 by the isomorphic pgl;. We
claim that, modulo Cg4, G is equal to the element H in the center Z(Upgls)
given by

H = Z EijEj By (4.9)

1<i,j,k<3

Indeed, write H as Hy + Hs where Hy is the part of the sum for which
1,7,k are all distinct. Clearly, H; lies in Cy4. Break up the sum defining Ho
according to whether the first index is 1,2 or 3. By the remark above, each
of the resulting sums then gives G modulo C; B

PROOF OF (i) OF THEOREM 4.1. Let Q = Ug®/hUgY be the quotient of Ug"
by the (two-sided) ideal generated by h. Let o be the Chevalley involution
of Ug given by 0(X) = — X! for X € g. o leaves b invariant and descends to
an involution of @) fixing the image of Cy. It therefore suffices to show that
o does not act trivially on @ or on the associated graded gr(@). However
the image of G = G123 + G132 in gr(Q) satisfies o(G) = —G since, in gr(Q)

0(E123) = —E32 and o(E132) = —E123 (4.10)
|

Corollary 4.5. Let V be a simple slg—module. Then, Artin’s pure braid
group P acts generically irreducibly on the weight spaces of V. In particular,
Artin’s braid group Bs acts generically irreducibly on the zero weight space
of V.
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4.3. The Casimir algebra of g 2 sl,. Assume that g is simple and not
isomorphic to sl,, and let V' be the kernel of the commutator map [-, ] :
g A g— g. It is known that V is a simple g-module [Re].

Theorem 4.6. The zero weight space V[0] is reducible under Cq. In partic-
ular, Cq and Z(Ug) do not generate Ugh.

PROOF. Since g A g = g & V and the zero weight space of g A g has a basis
given by h; Ahj, 1 <i<j<mn,and e, A fo, @« € Ry, where hq,... hy is a
basis of h, we find that

nn—1 —1 —3n

% +Ry| = ”(”2 ), m 23 (4.11)
where m = dim(g) > 3n. Thus, h A b is a proper subspace of the zero weight
space of V and it suffices to show that it is invariant under the k.. This
follows at once from the fact that, for any t1,ts € b,

eafati N2 = eq (at) fa A2 + alt2)ts A fo)
= Oé(tl)ha N tg + Oé(tg)tl A hq

dim V[0] =

(4.12)

4.4. A general reducibility criterion for V[0]. Let © be the Chevalley
involution of g relative to a choice of simple root vectors e,,, fo;, €., the
automorphism of g defined by

G(eai) = _fOCi 7(—)(fai) = —€q; and ®<h05i) = _hai (4'13)

If V is a simple, finite-dimensional g-module, and V® is the module ob-
tained by twisting the action of g by ©, then V® is isomorphic to the dual
V* of V. In particular, if V is self-dual, there exists an involution Oy acting
on V such that, for any X € g,

Oy X0y = O(X) (4.14)

Although ©y, is only unique up to a sign, we shall abusively refer to it as
the Chevalley involution of V. Since © acts as —1 on the Cartan subalgebra
h and fixes the Casimirs k,, Oy leaves the zero weight space V[0] invariant
and commutes with the action of Cy. The following gives a useful criterion
to show that Oy does not act as a scalar on V[0] and therefore that the
latter is reducible under Cj.

Proposition 4.7. Let V be a self-dual g-module with V[0] # 0. Lett C g
be a reductive subalgebra normalised by h. Assume that there exists a non—
zero vector v € V[0] lying in a simple t-module U such that U 2 U*. Then,
Oy does not acts a scalar on V[0] and the latter is reducible under Cg.

PROOF. The assumptions imply that © leaves v invariant and therefore acts
as a Chevalley involution on it. Thus, ©OyU C V is a simple t—-module
isomorphic to U* which has zero intersection with U since U 2 U*. In par-
ticular, Oy v is not proportional to v l
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We record for later use the following alternative proof of theorem 4.6.

Proposition 4.8. Let g 2 sl,, and let V' be the simple, self-dual g—module

V = Ker|-,.] € A*g. Then, the Chevalley involution © does not act as a
scalar on V[0].

PROOF. O acts as +1 on the subspace h A h C V[0] and as —1 on the span
of the vectors e, A fo € A?g[0]. The conclusion follows since, as noted in
the proof of theorem 4.6, h A b is a proper subspace of V[0] B

4.5. The Gelfand—Zetlin branching rules. Let eq,...,¢e, be the canon-
ical basis of C" and F.e. = fp.eq the corresponding elementary matrices.
Consider the chain of subalgebras

gh Cglbc---Cgl,_y Cgl, (4.15)

where each gl is spanned by the matrices F;;, 1 < 4,7 < k. By the Gelfand—-
Zetlin branching rules [GZ1, Zhl], the irreducible representation V) of gl
with highest weight A = (A1, ..., ) € Z¥ decomposes under gl,_; as

gl
resg[z YV = EB Vi (4.16)
b

where Vy is the irreducible gl _;—module with highest weight Aand A =
(X,...,A\x_1) € Z*1 ranges over all dominant weights of gl,_; satisfying
the inequalities

MM > X > >Ny > N\ (4.17)

which we denote by A = \. Since the above decomposition is multiplicity—
free, it follows, by restricting in stages from gl,, to gl; along (4.15), that any
simple gl,,—module V possesses a basis labelled by Gelfand—Zetlin patterns,
i.e., arrays p of the form
7 C AR TGO
(n—1) (n—1)
H1 Hp—1
(4.18)
G
Hy

where the top row u(™ is equal to the highest weight of V and each pair
pk) e zk [ =D7kE=1 of consecutive rows satisfies p®) = p*=1 Up to a
scalar factor, the vector v, corresponding to the above pattern is uniquely
determined by the requirement that it tranforms under each gl C gl,, ac-
cording to the irreducible representation with highest weight p(®). In par-

ticular, since the central element Zle E;; € gly, acts in the latter as multi-
plication by |u®)| = Zle ,ugk), we find that, for any 1 < i < n,

Biivy = (169] = 1607 v, (4.19)
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so that v, has weight zero for the action of sl, iff, for any 1 <14 < n,

O] = il = il (4.20)
For later use in §6.1, we shall need the non—vanishing of some of the matrix
coefficients for the action of the simple roots vectors of gl,, in the above
basis. This follows from the explicit formulae for the action of all elementary

matrices F;; in a suitably normalised Gelfand-Zetlin basis v, which may be
found in [GZ1, Zh2].

Theorem 4.9 (Gelfand—Zetlin). Let p be a Gelfand—Zetlin pattern, then,
foranyl<i<n-—1

Eii+1'U,u = chhl/v// (4.21)
Ul

where the sum ranges over all patterns p' obtained from p by adding 1 to
one of the entries of its ith row and the coefficients CL L 4T MOn-—Zz€ero and,

Eitqv, = Z Cro V! (4.22)

where the sum ranges over all patterns u' obtained from by substracting 1

to one of the entries of its ith row and the coefficients ¢ €y, GT€ NON-ZEro.

Corollary 4.10. Let i be a Gelfand—Zetlin pattern, then

Ei i+1Ei+1 iUy = Z di#'vl/ (4.23)
:U'/

where the sum ranges over all patterns u' differing from p by the addition

and the substraction of 1 on a pair of (not necessarily distinct) entries of
the ith row and d;, , # 0 if p # .

4.6. The Casimir algebra of sl,, n > 4.

Theorem 4.11. If g = sl,, n > 4, there exists a simple g—module V' such
that V'[0] is reducible under Cy. In particular, Cq and Z(Ug) do not generate
Ugh.

PROOF. By proposition 4.7, it suffices to exhibit an irreducible representa-
tion V of gl,, which is self-dual as sl,~module and a Gelfand—Zetlin pattern p
describing a zero—weight vector for sl,, in V' such that, for some 2 < k < n-—1,

the sl;-module U with highest weight p(%) = = (u (k), e ,,ul,(f )) is not self—dual.

Since the highest weight of U* is (—,ul,(f ), .. —,ug )), such a U is self-dual

iff the sum ,ugk) + u,ik)l _,; does not depend upon 7 = 1...k. The following is

a suitable Gelfand—Zetlin pattern p
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4 3 2 2 1 0
4 3 2 1 0
4 3 1 0 (4.24)
4 1 1
31
2

since the sls—module with highest weight (4,1, 1) isn’t self-dual and, for any
n > 4, the sl,—module with highest weight

(4,3,2,...,2,1,0) (4.25)
——
n—4

is self-dual W

5. A CONJECTURE OF KWON AND LUSZTIG ON QUANTUM WEYL GROUPS

5.1. We discuss below some results of Kwon on ¢—Weyl group actions of
Artin’s braid group B,, on the zero weight spaces of Upsl,—modules [Kw].
We disprove in particular a conjecture of his and Lusztig’s stating the irre-
ducibility of all such representations.

Let Upg be the Drinfeld—Jimbo quantum group corresponding to g [Drl, Ji],
which we regard as a Hopf algebra over the ring C[h] of formal power series
in the variable h. By a finite—dimensional representation of Uxrg we shall
mean a Upg—module V which is topologically free and finitely—generated
over C[A]. The isomorphism class of such a representation is uniquely de-
termined by that of the g—module V' = V/hV.

Lusztig, and independently Kirillov—Reshetikhin and Soibelman [Lu, KR,
Sol, proved that any such V carries an action, called the quantum (or q—
)Weyl group action of the braid group Bgy. Its reduction mod h factors
through the Tits extension W given by the triple exponentials (2.36) with
t; = 1. Specifically, this action is given by mapping the generator S; of By
to the triple g—exponential [Sa]
equiﬂ(qi_lE,-qi_Hi)e><pq;1(—15’i)equ;l(qi_lE,-qi_Hi)quHZJrQ)/2
1 H; 1 Hi\ Hi(H+2)/2 (5.1)
=exp,1(—q; Fig;") expy 1 (By) expy1 (—a; Fig; g

where E;, F;, H; are the generators of Uxrg corresponding to the simple root
@i, ¢ = ¢'%%)" and the g—exponential is defined by

qn(n—l)/2 .
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where the g—factorials are given by

n

" —q
q—q*
Recently, Kwon investigated the ¢—Weyl group action of Artin’s braid group
B,, = By, on the zero weight space of a simple Upsl,,—module V. He gave
a general criterion for it to be irreducible [Kw]* and showed moreover that
this criterion holds for all representations of Upsls. From these findings, he
and Lusztig conjectured that the action of B,, on V[0] is irreducible for any
simple Upsl,—module V. We shall prove the following

[n]y = and  [n]g! = [n]g[n —1]g - [1q (5.3)

Theorem 5.1. The Kwon—Lusztig conjecture is false for any complex, sim-
ple Lie algebra g not isomorphic to slo, sls.

The proof of theorem 5.1 is given in the next subsection and relies on con-
siderations very similar to those of §4.4, namely the use of the quantum
Chevalley involution.

5.2. Classical and Quantum Chevalley involution. Let Op be the
quantum Chevalley involution, i.e., the algebra automorphism of Upg de-
fined by

@ﬁ(EZ) = —E, @ﬁ(E) = —EZ' and @ﬁ(Hz) = —HZ' (54)

As in the classical case, O acts on any self—-dual finite-dimensional repre-
sentation of Uxg leaving its zero weight space invariant. Since H; acts as
zero on V|[0], we see from (5.1) that ©j centralises Bg on V[0]. Corollary
5.4 below relates the action of ©p on V|[0] to that of the classical Chevalley
involution © on V[0]. We shall need a number of preliminary results. Let

U =1+ hUg[h] (5.5)

and recall that any element z € I/ is invertible and possesses a unique square
root /2 € Y.

Lemma 5.2. Let
Uy ={zcU|O(x) =2} and U_={zclU|O(z)=2""} (5.6)
Then, any x € U has a unique factorisation as x = x4 - x_ with x4+ € Uy.

PROOF. Let * — z* be the anti-involution of U defined by z* = O(z)~!.
We proceed as in the existence of a polar decomposition. If x =z, x_ is a
factorisation with x7 = :134__1 and z* = x_, then

rrr = x_:njrl:m_x_ =2 (5.7)
so that x_ = (m*x)1/2 and x4 = zz_! are uniquely determined by z. Define
now x4 by

o = (z*2)"? and xz, =axa”! = x(a¥z)"Y? (5.8)

4when coefficients are extended to the field C((h)) of formal Laurent series, which we
tacitly assume.
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Then, z =z z_, ¥ =x_ and
ot ry = (o) V2 e(at )2 =1 (5.9)
as claimed W

Proposition 5.3. There exists an algebra isomorphism ¥ : Upg — Ug[h]
which is C[h]-linear, acts as the identity on b and satisfies

VoOroU =0 (5.10)

PROOF. Let ® : Upg — Ug[h] be an algebra isomorphism acting as the
identity on h [Dr2, Prop. 4.3]. The algebra automorphisms © and ® o O 0
®~! of Ug[h] have the same reduction mod A. Since H'(g,Ug) = 0, there
exists b € U =1+ hUg[h] such that

PoBOpod !t =Ad(b) 0O (5.11)

Note that, since both © and ® 0 O 0 ®~! act as —1 on b, b lies in UY. We

wish to find ¢ € U such that ¥ = Ad(c) o ® satisfies (5.10). By (5.11), this
is equivalent to Ad(cbO(c)™!) =1, i.e., to

cbO(c)™! =2 (5.12)

for some z € Z =1+ hZ(Ug)[h]. Using lemma 5.2 to factor b, ¢ and z, the
above equation becomes

bib =c'20(c) = cIlcjrlchrc:l =2,2_¢c_2 (5.13)

Since z4 € Z and z_c¢-% € U_, the solvability of this equation is therefore
equivalent to by € Z. To see that this holds, note that Ad(b) 0 © is an
involution by (5.11). This yields Ad(b©O(b)) = 1 and therefore

o) =Ce Z (5.14)
Writing this in components, yields
bibo =(OMb) = ¢bobt = (bt (bbbt (5.15)
Since §+b;1 € Uy and §_b+b_b;1 € U_, this implies, by uniqueness of
factorisation,
by = (b7 (5.16)
whence by = C}F/ ? € Z as claimed W

Corollary 5.4. Let V be a self-dual, finite-dimensional Upg—module and
let V.= V/RY be its reduction mod h. Then, V and V[h] are isomorphic
as b x Zo—modules where the generator of Zo acts as ©Op on V and as the

classical Chevalley involution © on V. In particular, O acts as a scalar on
V(0] iff it acts as a scalar on V]0].

PRrROOF. The isomorphism ¥ : Ug[h] — Ug[h] given by proposition 5.3
endows V[h] with the structure of a Urg—module such that the action of
h C Ung coincides with that of h C g. Since V and V[h] have the same
reduction mod A, they are isomorphic as Upg, and therefore h—modules.
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Equation (5.10) then guarantees that, under this isomorphism, the Cheval-
ley involution of V is mapped to the Chevalley involution of V'

PROOF OF THEOREM 5.1. It follows from proposition 4.8 and the proof of
theorem 4.11 that if g 2 slo, sl3, there exists a simple, self-dual g—module
V such that © does not act as a scalar on V[0]. By corollary 5.4, O does
not act as scalar on V'[A] and the latter is reducible under the ¢—Weyl group
action of By

We mention in passing the following g—analogue of proposition 3.13

Proposition 5.5. Let V be a finite—dimensional representation of Urg with
non—trivial zero weight space V[0]. Then, V(0] is irreducible under By iff it
is irreducible under Py.

PROOF. By proposition 1.2.1 of [Sa], S; acts on the zero—weight space of
the indecomposable Upsly~module of dimension 2n + 1 as multiplication by

(—1)"qf("+1). It follows that the image of S; in End(V[0]) is a polynomial
in the image of S? € Py whence the conclusion B

5.3. A Kohno—Drinfeld theorem for ¢—Weyl groups. Let V be a finite—
dimensional representation of Upg and V = V/AV its reduction mod h. It
was conjectured in [TL2], by analogy with the Kohno-Drinfeld theorem,
that the ¢g-Weyl group action of By on V is equivalent to to the monodromy
action of By on V, studied in the present paper. This conjecture is proved
in [TL3] for a number of pairs (g,V) including vector representations of
classical Lie algebras and adjoint representations of all simple Lie algebras
and in [TL2] for all representations of g = sl,,. More precisely,

Theorem 5.6 ([TL2]). Assume that g = sl,,. Let p be a weight of V' and
vi= P vy (5.17)
veWpu
the direct sum of the weight spaces of V' corresponding to the Weyl group
orbit of p. Let 0(Bg) C N(T') be a Tits extension and
p° : By — GL(V*[h]) (5.18)

the corresponding monodromy representation defined by proposition 2.3 by
regarding h as a formal variable. Let my : By — GL(V*) be the ¢—Weyl
group action. Then, pp and Ty are equivalent for h = 2wih.

Combining the above theorem with corollary 3.14, we obtain the following

Proposition 5.7. Let V be a finite—dimensional representation of Upsl, and
set V.=V /hV. The following statements are equivalent
(i) V[0] is irreducible under the q—Weyl group action of By,.
(ii) V(0] is irreducible under the q—Weyl group action of P,.
(iii) V[0] is irreducible under the Casimir algebra Csy, .
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In particular, by theorem 4.1, the ¢—Weyl group action of P;3 on the zero
weight space V[0] of a Upsls—module is always irreducible, a slight refinement
of a result of Kwon asserting the irreducibility of V[0] under the full braid
group Bs.

6. IRREDUCIBLE REPRESENTATIONS OF Cg

The aim of this section is to show that the connection V, yields irreducible
monodromy representations of By of arbitrarily large dimension. For g clas-
sical, we show for example in subsections 6.1-6.3 that, with V' the adjoint
representation if g = sl,, and the defining vector one otherwise, the weight
spaces of all Cartan powers of V' are irreducible under the Casimir algebra Cj.
For g of exceptional type, we obtain in §6.4 a slightly weaker result : for every
p € N, the zero weight space of the pth Cartan power of ad(g) has a subspace
K, which is irreducible under Cy and such that lim,_, 4, dim K, = +o0.

6.1. Irreducible representations of Cs,.

Theorem 6.1. For any p,q € N, the action of Cq,, on the weight spaces of
the simple sl,—module of highest weight (p,0,...,0,—q) is irreducible.

PRrROOF. For any 2 < k < n and a,b € N, set )\((fg = (a,0,...,0,-b) € Z*
so that the Gelfand—Zetlin basis of the simple gl,—module V with highest

weight )\qu) is parametrised by patterns of the form

(n)

Pnsdn
(k)
A= Apreodi (6.1)
2
Mo
r
where the pp = pr(N), ¢x = qr(X) and r = r()\) are integers satisfying
P=DPnZ>Pn-12>-2p22>0 (6.2)
§=qn>qn-1>+--2>2q2>0
P227T 2 —q2 (6.4)
The vectors of a given weight p = (i1, ..., p,) correspond to patterns sat-
isfying in addition
r=p; and,forany 2 <k<n, pg—qx= M (6.5)

where M; = Zle i We claim that the commuting Casimir operators
Cai,» 2 < k < n, have joint simple spectrum on the weight space V[u], with
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corresponding diagonal basis given by Gelfand—Zetlin vectors. Indeed, Cy,
acts on vy € V[ul, with A of the form (6.1), as multiplication by

AW g Ao +200) = i + gt + (k — 1) (pk + a1)
=27 + 201 (My + k — 1) + My (M, + k — 1)
where 2p) = Zle 0;(k — 2i + 1) is the sum of the positive roots of glj.

Since 2q; + My = qx + pr > 0 and the the right-hand side of (6.6) is a
parabola with vertex at

(6.6)

1 M
—§(Mk+k—1)<—7’“ (6.7)

the Cgq, —eigenvalue of a pattern A of form (6.1) and weight y determines
pr(A) and gx(A) uniquely as claimed.

ap

We claim now that if K C V[u| is a non—zero subspace invariant under Cs,,,
then K = Vu]. To see this, it suffices to show that, for any given pattern A
of the form (6.1) and weight p, there exists a Gelfand—Zetlin vector lying in
K such that the corresponding pattern has the same (n—1) row Aﬁ,’,ﬁj} 7)%71 as
A, for then a descending induction on n shows that K contains all Gelfand—

Zetlin vectors of weight u. Since the Casimirs Cy, have simple spectrum on
V]u], K contains at least one Gelfand—Zetlin vector vy. Let )\gf—l) ,  be
n—1"9n—1

the n — 1 row of the corresponding pattern. If p/, | = p,_1, then,

Gy = —Mp_1+pp 1 =My 1+ Pn1=Gn1 (6.8)
and we are done. If p/,_; < p,—1(\), we may further assume that p/,_; =
maxy pn_l(X), where the maximum is taken over all patterns X such that

vy € K and p,—1(A) < pp—1. Note then that

n—1 n—1
U1 = — Zui +Ppo1 < - Zui +Pn-1=Gn-1 = Gn (6.9)
i=1 i=1

It therefore follows by corollary 4.10 that
K@,,_1—0,UN = (2En—1,nEn,n—1 + (En—l,n—l - En,n))v)\’
(n—1) T CUy

n—1

_ (6.10)
- av}\’+a§n71)—a£b’1711) + bUA’—a§n71)+a

for some a,b,c € C with a # 0. Hence, K contains v (n=1) in

)‘,+€;n71)_ n—1
contradiction with the maximality of p/, ;. The case p/,_; > pn—1 follows
similarly B

REMARK. The same method of proof shows for example that the Casimir
algebra Cj, acts irreducibily on all weight spaces of the irreducible repre-
sentations with highest weight of the form (p,q,0,...,0) where p, q are any
integers satisfying p > ¢ > 0. More generally, one can show that if the com-

muting Casimirs Cy, , k = 2...n, have joint simple spectrum on the weight
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space V[u] of a simple sl,—module V', then Cg4, acts irreducibly on Vul.
The proof is similar to that of theorem 6.1 but somewhat more involved
technically and will be given in a future publication.

6.2. Irreducible representations of Cs,,,. Let g = so0,,, with m = 2n or
m = 2n + 1, and identify h* and C" with basis 01, ..., 60, so that the roots
ofgarethe 6, £60;, 1 <i#j<nifm=2nand §;£0;,1 <i#j<nand
+6;, 1 <i <nif m=2n+1. Recall that the defining representation V of g
has highest weight 6. The aim of this subsection is to prove the following

Theorem 6.2. For any p € N, the action of Cg,,, on the weight spaces of
the simple s0,,~module Vyg, of highest weight pb is irreducible.

As a corollary, the monodromy action of Py, on the weight spaces of Vg, ,
and of Bs,,, on its zero weight space, is generically irreducible. The proof of
theorem 6.2 for the case m = 2n is given in §6.2.1 and follows readily from
theorem 6.1 and the fact that Vs, decomposes, when restricted to the equal
rank subalgebra gl, C so02,, as a direct sum of irreducible representations
with highest weight of the form (p—¢,0,...,0,—¢q), with ¢ =0...p, in such
a way that each so0o,~weight space of Vg, is contained in only one of these.
The case m = 2n + 1 requires a little more work since the restriction to
509, of the soo,41-module Vg, is multiplicity—free but the corresponding
weight spaces do not possess such a nice property. Still, each decomposes
as a sum of weight spaces for the simple so09,—summands which are readily
seen to be inequivalent, and by the previous discussion irreducible, repre-
sentations of Cgq,,,. The proof is then completed by showing that the short
root Casimirs kg,, © = 1...n of s09,4; define non-zero maps between these
weight spaces. This fact requires an explicit description of the operators kg,
which is obtained in §6.2.2 by realising Vg, as the space of homogeneous
harmonic functions on V* of degree p.

6.2.1. Even orthogonal Lie algebras. Let V = C?" be an even-dimensional
complex vector space endowed with a non—degenerate, symmetric, bilinear
form (-,-). Split V' as the direct sum U @ U* of two maximal isotropic
subspaces for (-, ) which we identify with each other’s dual and consider the
equal rank embedding gl(U) — so(V) given by X — X @& —X'. Under the
corresponding restriction, the Koike-Terada branching rules [KT] yield®

P
GL(U
ressogvg Vo = D Vip—g)0n 0, (6.11)
q=0
Let u = w161 + -+ + pnb, be a weight of Vp,. Since 1 € gl(U) acts on

the weight space Vpg,[n] as multiplication by |u| = w1 + -+ + py, and on
Vip—q)0:1—q0,, s multiplication by p — 2¢, we deduce from (6.11) that

Voor (1] = Viptiu)) /2.0 — (o—|ul) /2:0, [11] (6.12)

5these rules are reviewed in more detail in subsection 7.4.
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Theorem 6.2 for m = 2n now follows from theorem 6.1 W

6.2.2. Odd orthogonal Lie algebras. Let now V = C?*"*1 n > 2, be an
odd-dimensional orthogonal vector space with bilinear form (-,-). Choose

a basis e_p,...,e_1,€g,€1,...,e, such that (e;,e;) = d; _; and denote the
corresponding coordinate functions by x_,,...,z_1,2,21,...,Z,. Let V C
V be the orthogonal complement of ey and

509, =2 50(V) C 50(V) = 509,11 (6.13)

the corresponding orthogonal Lie algebra. Identifying V with V" and V
with V* using (-, -), we denote by SPV and SPV the spaces of homogeneous
polynomials of degree p on V and V respectively, and by HPV, HPV their
subspaces of harmonic functions for the Laplacians

A=2)"00; and A=A+0? (6.14)
i=1
Let p=237" xz_; € S2V be the squared norm function on V.

Proposition 6.3.
(i) Any f € SPV may be uniquely written as

f= Z thﬁkzl (6.15)
k,1>0
2k+1<p
where hy,; € HP~CHHIY,
(ii) The map f — (hop, hop—1,---,ho1) restricts to an s09, —equivariant
isomorphism
p
HV = (PHHV (6.16)
q=0
(iii) Under this isomorphism, the action of the short root Casimirs kg,
of 500,41 has homogeneous components /{gi of degrees d = —2,0,+2

only with respect to the N-grading on HPV' given by (6.16). More-
over, if f € HIV

Ko f = —20,0_;f (6.17)
o { —2(e+2)(e + 1) Py(ziz—if) ifqg<p—2
Ky, f=

. (6.18)
0 otherwise

where Py (g) denotes the projection of g € SV onto the subspace of
harmonic functions and € is 0 or 1 according to whether p — q is
even or odd.

PROOF. (i) follows by expanding f = Yo f;2" in powers of z and then each
homogeneous component f; € SP~'V in terms of spherical harmonics. Such
expansions are well-known to be unique (see, e.g., [Ho, §4]).
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(i) Since, for any g € SV,

A(pg) = 4ng + 4Eg + pAg (6.19)
where E = Yo xi0_; + x_;0; is the Euler operator giving the N-grading
on SV, we get, for any k € N,

APrg) = dk(n +k —1)p" tg +4kp"YEg + 7" Ag (6.20)
so that if g is harmonic of degree ¢, then A(p%g) = 4k(n +k — 1+ ¢)p*g.
It readily follows that the function f = ZkJ hk,lﬁkzl € SPV is harmonic if,
and only if, for any K > 1and [ > 0

dk(n —14+p—k —Dhgy = =+ (1 + 2)hy—1,142 (6.21)
This shows that the harmonic coefficients hy,; of f are uniquely determined
by (hop,---,hoo) and, conversely, that any sequence (go, ..., gp) With g, €
HIV determines recursively the harmonic coefficients of a harmonic function
f with hgq = gp—q for any ¢ =0...p. In fact, for m > 2 and 1 <k < [F]
(—1)k m!(n+p—m—1)! L
AR (m—2k)(n+p—m—+k— 1)1 "
(iii) Identifying sog,+1 with V' AV, the root vectors ey, and fy, may be

chosen as /2 - ey A e; and V2 - e_; A eg respectively [FH] and therefore act
on SV by

hk,m—2k = (6.22)

eo, = V2(20_; — x;0.) (6.23)
fo, = V2(x_;i8, — 28;) (6.24)

Thus, kg, = 1/2(eq, fo, + fo,€6,) acts on SV by
—2220;0_; + 20+ z_;0—; + 2;0;)20, + (x;0; + x_;0—;) — 2xix_i8§ (6.25)

and therefore, when restricted to HPV, possesses only homogeneous com-
ponents /igi of even degree d with |d| < 2. Let now h € HV be a har-
monic function of degree ¢ and regard it as an element of HPV of the form
Z2k+l:p—q thﬁkzl where the hy,; are determined by (6.22) with hgp—q = h.
Then, up to terms of strictly lower order in z, kg, h = —20;0_;hzP~972 which
yields (6.17) since 9;0_;h is harmonic. Similarly, let e = p — ¢ — 2| 51| €
{0,1} so that the expansion of h is of the form

pP—q
o=t

_ 1. _jp=a .
hop—q?” q+'”+ht%J—Le+2p J=1e+2 +hL%J,e pL 7, (6.26)

Then, up to terms of strictly higher order in p, the coefficient of z¢ in the

expansion of rg,h is equal to

pb—gq —1

—2(e +2)(e + 1)PH(xix_ihL%J_mQ)ptTJ (6.27)

Since this should be of the form iNLLp%qJ_LEﬁL%J_l where ﬁtp%qJ_l’e is a

harmonic coefficient in the expansion of some he HI72V, it readily follows
that h = —2(e + 2)(e + 1) Py (z;x_;h) and therefore that (6.18) holds B
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Lemma 6.4. Let ji = 101 + - -+ + 0, be a weight of HIV and set |u| =
> lpal- Then,
(i) |ul < ¢ and |p| = q mod 2.
(i) u is also a weight of HIt?V and, provided ¢ < p — 2, any KJ;;_Z
restricts to a mon—zero map HIV [u] — HIT2V [p].
(iii) If |u| < q, then u is also a weight of HI~2V and, for some 1 <i < n,
K}@_iz restricts to a non—zero map HIV [u] — HI2V ).

PROOF. (i) A function f € SV is of weight u iff it is a linear combination
of monomials of the form

— my ., M—1 m mM—_n
f— E /\ml,mfl,...,mn,m,n‘fl T Ty X, (628)

M+1,..-,M+tn

where the my; € N satisfy m; — m_; = p; for any 1 < ¢ < n. If f is
homogeneous of degree ¢, then, for each of the monomials involved,

n n

q= Z(m, +m_;) = 2(2 min(m;, m—;) + |wi|) (6.29)

i=1 i=1
(ii) It is a simple consequence of the decomposition into spherical harmonics
that a function f € SV has a zero harmonic projection only if f is divisible
by p. Since dimV > 4, p is an irreducible polynomial and it follows from
(6.18) that, if f € HIV with ¢ < p — 2, /-{;;2]" is zero iff f itself is divisible
by p. Since f is harmonic however, f = Py/(f) = 0. Thus, if g <p— 2, /{;;2
restricts to an injective map on H9V [] the image of which lies in H9T2V [y]
since kg, is of weight 0.
(iii) Expanding f € S9V[u] as in (6.28) shows that 9;0_;f = 0 iff only
monomials with m;m_; = 0 are involved. Thus, if f is harmonic and lies in

the joint kernel of all “(9_2-27 it follows from (6.17) and (6.29) that ¢ = |u|. As

a consequence, if \ ,u\ < q, at least one /<;3'_2 restricts to a non-zero map on
K2

HIV [] which, because kg, is of weight zero, maps into H?2V [u] B

PROOF OF THEOREM 6.2 FOR m = 2n+1. Let u be a weight of V9, = HPV.
Regarding p as an s09,~weight and using the decomposition (6.16) and
lemma 6.4, we find

HViW = B HV (6.30)

lul<q<p

q=[u| mod 2

By §6.2.1, the above summands are irreducible representation of Csq,, Which
are moreover inequivalent since the Casimir operator of so0s, acts on HV =2
V,o, as multiplication by ¢(¢ + 2(n — 1)). Thus, if {0} # K C HPV[y] is a
subspace invariant under Csy,, ,, it must contain one of the H4V appearing in
(6.30). Applying (ii) and (iii) of lemma 6.4, we see however that K contains

them all and therefore that K = HPV[u] B
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6.3. Irreducible representations of Cy, . Let V = C?" be a symplectic
vector space and sp (V') = spy,, the corresponding symplectic Lie algebra.

Let (-,-) be the symplectic form on V and choose a basis e11,...,ex, of V
satisfying (e;, ej) = sign(i)d;+;0. Consider as Cartan subalgebra h of sp(V)
the span of the diagonal matrices D; = E; — E_; _;, i« = 1...n, where

Egpec = dpeeq are the elementary matrices in the basis ey; and let {6;} be
the basis of h* = C" dual to {D;}. Then, the long roots of sp(V') are +26;,
1 <4 < n and the short ones §; £6;, 1 <1 # j < n. Note that, as a simple
spy,—module, V' has highest weight 6.

Theorem 6.5. For any p € N, the action of Csp, —on the weight spaces of
the simple spy, —module Vyg, of highest weight p0y is irreducible.

PROOF. We proceed, in spirit, as in the proof of theorem 6.1 for g = sl,, with
the Gelfand—Zetlin Casimirs Cy, , k = 1...n, replaced by the (commuting)
long root Casimirs kgp,. We claim that the operators kg, have joint simple
spectrum on any weight space of Vy4,. To see this, realise V4, as the space
SPV of homogeneous functions of degree p on V*, which we identify with V'

by means of the symplectic form (-,-). Let x11,...,2z1, be the coordinate
functions corresponding to eiq,...,et, and consider the weight basis of
SPV given by the monomials

a®P =gt xﬁ”x@l e x@b (6.31)

where «, 3 € N™ are multi-indices satisfying |a| 4+ |3| = p. The sly—triple
e20,, fo0, and hog, acts on V as E; _;, E_; ; and E;; — E_;_; respectively [FH,
§16.1], and therefore on SV as

eap, = T;0_i, fop, = x_;0; and hog, = x;0; — v_;0_; (6.32)
so that
eap, x40 = Biaoteif=ei (6.33)
fag, P = qu@—EiPte (6.34)
hap, 7 = (o — B;)a™” (6.35)

where ¢; is the ith basis vector of Z". It follows that the monomial 2% lies
in the (o; — ;) weight space of an irreducible 5[301’ of highest weight «; + 5;
and therefore that

Cog, 2 = 3 (01 + 53) (0 + 6+ 2) (6.36)
For any given p € Z", the weight space SPV[y] is spanned by all z®# with
a — 3 = p. Since the function ¢ — ¢(t + 2)/2 is injective on t > 0, the Cyg,—
eigenvalue of a monomial 2*” € SPV[u] determines a; + 3; and therefore
o, B; uniquely since o; — 3; = p;. It follows that the long root Casimirs kg,
have simple spectrum on SPV|[u].
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We turn now to the action of the short root Casimirs rp,—g; and kg, 1,
on SPV. The root vectors ey, and fg,—p, act on V as E;; — E_;_; and
Eji — E_;_; respectively [FH, §16.1] and therefore on SV as

egi_gj = miaj — m_j(‘)_i (637)
f@i_gj = xjai — x_,ﬁ_j (638)

from which it readily follows that

1
Kig,—g, T = glaile; +1) + (e + Daj + Gi(8; +1) + (6 + 1)8;)a*"
. aiﬂixa—ei-i-&j,ﬁ—ei-i-&j
_ aj/gjxa+€i —€j ,ﬁ-i—&i—&‘j
(6.39)
Similarly, eg,+o; and fp,+o; act on V by E;_;+ E;_; and E_j; + E_;; respec-
tively and therefore on SV as
€9,46; = ﬂjia_j + :Eja_i (6.40)
f9i+9j =2_;0; +x_;0; (6.41)

from which it readily follows that

1
/ﬁ:gi+9j xo"ﬁ = 5(0@(5] + 1) + (Oéi + 1)[3]‘ + Oéj(ﬂi + 1) + (Oéj + 1)@)3}0"6
+ aiﬁixa—ai-i-&jﬂ—ﬁri-aj

+ a; /Bjxa+€i—€j JBrei—¢€;
(6.42)

Let now p € Z" be a weight of SPV. Since the long root Casimirs kg,
generate the algebra of diagonal matrices in the monomial basis {z®°} of
SPV[u] and the first terms in the right-hand sides of (6.39) and (6.42) are
diagonal in that basis, the irreducibility of SPV[u] under Cg4 will follow if we
can show that any subspace K C SPV[u| containing at least one monomial
and invariant under the shift operators S;;, 1 <1 # j < n given by

Si' l‘a’ﬁ = Oéiﬁiilﬁa_eﬁ—ej’ﬁ_eﬁ—ej (6.43)

is equal to SPV []. Let 2P € SPV[u] be a fixed monomial. We wish to prove

by induction on ¢ = 1...n — 1 that there exists a monomial 228 e K
such that

ag-i) =a; and ﬂj(.i) =G (6.44)

for any 1 < j < i. Tt then follows easily from this that z®° € K since

o — B = i = "D — g=1) (6.45)
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and
n

n (n—1) (n—-1)
an+ B =p ]221(ay Bi)=p ;(O‘J o) (6.46)

—af ) 4

so that @ = o™V and = BV, Let

K = (@ 3)1%? e Kand & = aj, Bj = B, V1 <j<i—1} (6.47)

a non-—empty set by induction. ~If there exists a pair (a, B) € K/ P with
a; > oy, then B; > ; since a; — 8; = p; = a; — 3; and

Sa a®™ = Gy(@ — 1) (i + 1) GilBi— 1) (B + 1)

. xa_(ai_Oéi)(Ei_5i+1)75_(§i_6i)(5i_5i+1)

(6.48)

implies that 20— (@—ai)(Ei—ei11).f-(Bi=Bi)(Ei—=im1) ¢ K 5o that Kf_‘ﬁ is non—
empty. We may therefore assume that o; < «; for any pair (a, B) € Kf‘ =
Choose (a, 3) € Kf"ﬁ with &; maximal. If @; = «;, we are done. Otherwise,
note that, for any j =14+1...n,

Sjixa’ﬁ = ajﬁjxa%i_eﬂ"ﬁ%i_q (649)

implies that gitei—epfte—s; ¢ | , thus violating the maximality of ay,
unless &;0; = 0. Thus, for any such j, min(e;, 5;) = 0 whence

p=lal+|6|

n

— [ul+2 " min(@g, G)
k=1
i—1

= |ul+2 " min(a, Br) + min(a;, 3;)
h=1 (6.50)
< |ul+2) min(ax, B)

k=1

n
< |pl+2) min(ay, Br)
k=1
=p
and therefore a contradiction W

REMARK. Since the highest weights of the adjoint representations of sl,, and
spy, are (1,0,...,0,—1) and (2,0,...,0) respectively, theorems 6.1 and 6.5
might lead one to conjecture that the weight spaces of the pth Cartan power
of the adjoint representation of any simple Lie algebra g are irreducible
under the Casimir algebra Cy. We will prove in §7.7 that this is true for the
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zero weight space when p = 1,2 and show in §7.4 that this fails for g = so,,
if p>3.

6.4. Irreducible representations of Cy, g exceptional. Let g be a com-
plex, simple Lie algebra of exceptional type and let 6 be the highest root of

g.

Theorem 6.6. For any p € N, there exists a subspace K, of the zero weight
space of the simple g—module with highest weight p@ which is irreducible
under Cg and such that lim,_, dim K, = oo.

PrOOF. We shall need the following simple

Lemma 6.7. Let R be a root system and o # £ € R two long roots which
are not orthogonal. Then, RN (Za + Z3) is a root system of type As.

PROOF. Since |la| = ||B||, one has {a,3Y) = +1. Replacing 3 by —03 if
necessary, we may assume that (a, 3") = —1. Thus, +a,+8,+(a + 3) =
+oga € R and it is easy to check that these are the only Z-linear combi-

nations of «, 8 which lie in R since any other has norm strictly larger than
o W

An inspection of the tables in [Bo] shows that if g is of exceptional type, there
is a unique simple root « of g which is not orthogonal to # and is, moreover,
long. Applying the above lemma to the pair («, #) yields a subalgebra

[ = Chq & Chy &P Ce, ®Cf, Cg (6.51)
veR(g)N(Za+70),v>0

which is isomorphic to sls and has as highest root vector eg. Choose h; =
Chy @ Chy as Cartan subalgebra of [ and denote by [P (resp. g¢*P) the
irreducible representation of [ (resp. g) with highest weight pf. Since [*P
is generated by ej” inside [¥7 C g®P, it follows that g’ contains ' as
[-submodule. This inclusion induces one of weight spaces [*P[0] C g*P[0]
since h = h; @ l‘)[L and b[l centralises [. By theorem 6.1, [*P[0] is irreducible
under Ci. Let U = C4l*P[0] be the Cg-submodule of g*P[0] generated by [*P[0]
and decompose it as a sum @, U; of irreducible summands with projections
pi- By Schur’s lemma, the restriction of each p; to [*P[0] is either zero or
injective. Thus, the dimension of at least one of the U;’s is greater or equal
to that of [*P[0] and therefore tends to infinity with p H

7. ZERO WEIGHT SPACES OF SELF-DUAL g—MODULES

7.1. The aim of this section is to show that, when g 2 slo, sl3 is classical or
go, the zero weight spaces of most self-dual, simple g—modules are reducible
under the Casimir algebra of g, thus strengthening the results of section 4.

Our results are perhaps more appealing for g = sl,, and go, where we give
a complete classification of those self-dual V' for which V0] is irreducible
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in subsections 7.2 and 7.3 respectively. For g = sl,,, these are the Cartan
powers of the adjoint representation considered in §6.1, another infinite series
if n = 4, and the representations with highest weight of the form

A=(1,...,1,0,...,0,—1,...,-1), 0<k<n/2
N—_—— ——
k k

For g = gs, only finitely many V' turn out to have an irreducible zero weight
space, namely the first and second Cartan powers of the fundamental rep-
resentations.

The reducibility of V'[0] is obtained by showing that the Chevalley involution
of g which, as pointed out in §4.4, acts on any self-dual g—module and cen-
tralises the Casimirs ko, does not act as a scalar on V'[0]. In most cases, this
is achieved by using proposition 4.7, that is finding a reductive subalgebra
t C g such that the restriction of V' to t contains a non self-dual summand
with non—trivial intersection with V[0]. For g = sl,,, we use t = gl;, for some
2<k<n-—1, and for g = gg, t = sl3. The corresponding restrictions are
computed by using the Gelfand—Zetlin and Perroud branching rules respec-
tively [GZ1, Pe].

The method of proof is very similar for the cases where g = 509,41, 502,
and sp,,,, which are treated in subsections 7.4-7.6. The reductive subalge-
bra in this case is v = gl,, and restriction to it is computed by using the
Koike-Terada branching rules [KT]. These however are combinatorial, in
that they express the branching as a sum of gl,,—modules with manifestly
positive multiplicities, only when the highest weight A = (A1,...,\;,) of the
g-module is such that \; = 0 for i > n/2 and we restrict to this range
for technical simplicity. Within it, we give a complete classification of all
simple, self-dual V' for which V[0] is irreducible under Cq4. The general case,
and that of the Lie algebras of types £ and F will be dealt with in a future
publication.

The analysis of the zero weight spaces of the small (i.e., first and second)
Cartan powers of the adjoint representation of g, which is needed to complete
the above classification results, is relegated to a separate subsection 7.7 since
they turn out to be irreducible for any g. Finally, in §7.8, we systematise
our findings by conjecturing that, for any g and self-dual g—module V', V0]
is irreducible under Cy iff the Chevalley involution acts as a scalar. We note
also that the classification sketched above proves this conjecture for g = sl,
and g9, as well as for the irreducible representations of g = s02y,+1, 809y, 5ps,,
with highest weight A such that A\; = 0 for i > n/2. We also give a conjec-
turally complete list of all self-dual, irreducible representations of these Lie
algebras for which V[0] is irreducible under Cg.
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REMARK. Since the reducibility of the self-dual zero weight spaces V[0] we
consider is always obtained by showing that the Chevalley involution does
not act as a scalar on V0], our results also imply, by corollary 5.4, that
the quantum Weyl group action of By on the zero weight spaces of most
self-dual Urg—modules is reducible.

7.2. Self-dual representations of sl,,.

Theorem 7.1. Let V' be a simple, self-dual sl,—module with non—trivial
zero weight space V[0]. Then, V0] is irreducible under the Casimir algebra
Cqi, if the highest weight A of V is of one of the following forms

(1) A= (p707"'a07_p)} pe N.
(i) A=(1,...,1,0,...,0,—1,...,—1), for some 0 < k <n/2
k k
(ili) A= (p,p,—p,—p), pEN.
Conversely, if A is of none of the above forms, then, for some k < n, V
contains a simple gl—summand U with U 2 U* and U NV[0] # {0}. In
particular, V[0] is reducible under Cg, by proposition 4.7.

Since the case (i) follows from theorem 6.1, the “if” part of theorem 7.1 is
settled by the following two lemmas.

Lemma 7.2. If V,, ;. is the simple sl,,—module with highest weight

then V, 1[0] is irreducible under Cqy, .

PROOF. We claim that the Casimirs Cy , m = 2,...n, have joint simple
spectrum on V}, 1[0]. Indeed, the mth row of a zero weight Gelfand-Zetlin

pattern corresponding to V;, 1 is of the form )\l(m), for some 0 < I < m/2.
Since Cyq =~ acts as multiplication by 2I(m — [+ 1) on the representation with
highest weight /\l(m) and the function f(x) = 2x(m — x + 1) is injective on
the interval [0, (m + 1)/2], the Cy -—eigenvalue of a zero weight Gelfand-
Zetlin pattern determines its mth row uniquely, as claimed. The proof is
now completed as in theorem 6.1 l

Lemma 7.3. For any p € N, let V), be the simple sly—module with highest
weight (p, p, —p, —p). Then, V,[0] is irreducible under Cqy,.

PROOF. The Gelfand-Zetlin patterns corresponding to V,,[0] are of the form

p 0 P (7.2)
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for some 0 < ¢ < p, so that they are separated by the action of the Casimir
of sly C sl,,. The proof is now completed as in theorem 6.1 B

REMARK. Note that V), is the 2pth Cartan power of the second exterior
power /\2 C* of the vector representation of sl;. Under the isomorphism
sly =2 s0g, the latter becomes the vector representation of sog so that lemma
7.3 is consistent with theorem 6.2.

PROOF OF THEOREM 7.1. Assume that the highest weight A of V is not
of the form (i)—(iii) and let

sO) = [{i=1...n— 1|\ — Aig1 > 0} (7.3)

be the number of steps in the corresponding Young diagram. Noting that
s(A\) = 2 for the highest weights of the form (i)—(iii), we begin by proving
that V0] is reducible under Cg, if s(\) > 3. Suppose first that n = 2k + 1
is odd. Since V[0] # {0}, we may assume that the sum |\| of the entries in
A is zero so that, by self-duality, A is of the form

A= (a1,...,a;,0,...,0,—ay,...,—aq) (7.4)

for some a; > -+ > a; > 0, with at least one middle zero. Since s(\) > 3,
there exists some 1 < ¢ <1 — 1 such that a; > a;4+1. Let p be the sl,,_1—
weight obtained by replacing a; by a; — 1 in the ¢th position, —a; by —a; + 1
in the n — [ + 1th position and by omitting the middle zero. Then, |u| =
S i =M\ =0 and

Wi+ pn—i = —1# 1=+ pn (7.5)
so that p is a non-self dual weight of sl,,_; such that V,, N V[0] # {0}.

Consider now the case where n = 2k is even. Assuming again that |\| = 0,
we find that

)\:(al,...,al,O,...,O,—al,...,—al) (76)
——
no
where the number ng of zeroes is even. If ng > 0, the sl,_; weight u
obtained by replacing the two middle zeroes by a single one in A is self-
dual and satisfies |u| = 0 and s(u) = s(\). By our previous analysis, there

therefore exists a non-self dual sl,_o weight v < p < X such that |v| =0
and V, N V0] # 0. If, on the other hand, ny = 0, then

A= (aly”’ yApj2y —Apjo, - 7_a1) (77)

with a,, > 0. Let 1 < i < n/2—1 be such that a; > a;;1. Then, the
non-self dual sl,,_;—weight © < X obtained by replacing a; by a; — 1 in the
ith position and the pair a,, /3, —a,, /2 allows to conclude.
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Consider now the case s(\) < 2. By self-duality, we may take A of the form

A=(p,...,p,0,...,0,—p,...,—p) (7.8)
——— ————
k k

for some 0 < k < n/2. By assumption, £k > 2 and p > 1 since A is not
of the forms (i)—(ii). If n is odd, replacing the innermost pair (p,—p) by
(p —1,—(p — 1)) and suppressing the middle zero yields an sl,,_; weight p
with s(p) > 3 and our previous analysis allows to conclude. If n is even and
there are two or more middle zeroes, we suppress one of them to obtain an
sl,_1—weight v of of the form treated in the previous paragraph. If there
are no middle zeroes, then by assumption n > 6. We change the innermost
pair (p, —p) to 0 and proceed as above B

7.3. Representations of gs. Recall that, for g = go, every g—module V is
self-dual and has a non—trival zero weight space. The aim of this subsection
is to prove the following.

Theorem 7.4. The zero weight space V[0] of a simple go—module V is
irreducible under the Casimir algebra Cy, iff V' is a trivial or fundamental
representation, or its second Cartan power.

The proof of the theorem is given in the next three propositions. We begin
by reviewing Perroud’s branching rules for the equal rank inclusion sl3 C go
[Pe]. Let ay,ay be the long and short simple roots of go respectively and
w1, @y the corresponding fundamental weights®. Let V) be the simple go—
module with highest weight A = mqwi+mows. Consider the set of Gelfand—
Zetlin patterns u(a, b, c) of the form

m1 + ma mo 0
a b (7.9)
c
Then,
ressg[;’ Vi = EB V(m1+c,a—m2+b,0) (7.10)
wu(a,b,c)

Proposition 7.5. The zero weight spaces of the fundamental representa-
tions of g and of their second Cartan powers are irreducible under Cy.

PROOF. By theorem 7.24, V'[0] is irreducible if V' is the first or second Cartan
power of V, since the latter is the adjoint representation of g. Taking now
V = Vg,, Vaw,, we obtain, from Perroud’s branching rules

ressgé3 Voo, =C® Ry (7.11)
1"eSg[23 Vow, = ad(sl3) & Ro (7.12)

where Rj, Ry are reducible sl3—modules with trivial zero weight spaces, and
the irreducibility of V[0] follows from theorem 4.1 W

Gwe follow here Perroud’s convention [Pe] which are the opposite of the usual ones
[Bo, FH]
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Proposition 7.6. Let V be a simple go—module with highest weight A =
miwy + mews. If mi1 + mo > 3, the zero weight space of V' is reducible
under Cg,.

PROOF. By proposition 4.7, it suffices to prove that the restriction of V' to
sl3 contains an irreducible summand U with U[0] # {0} and U 2 U*. We
begin by treating the special cases m; = 0 and mo = 0. Assume first that
mg = 0 so that b =0 in (7.9). If m; =0 mod 3, then setting a = ¢ = 0 in
(7.10) yields resg[;’ V2 Vi, 0,0)- Similarly, if m; =1 mod 3, with my > 1,
taking a = 1 and ¢ = 1 yields resg[j D Vimy+1,1,0)- Finally, if m; =2 mod 3,
m1 > 2, a=1,c=0 yields res;[; D Vimy,1,0) as required. Assume now that
mp = 0 and mg > 3 so that a = my in (7.9). Then, taking b = 0,c = 3, we
find resgg” D V(3,0,0)-

Consider now the case my,ms > 0. The values of (a, b, c) corresponding to
the Gelfand—Zetlin patterns (7.9) are readily seen to span the integral points
of a convex polytope in R? with vertices given by

(m2,0,0), (ma2,0,mz), (M2, ma, ma), (7.13)
(m1 +m2,0,0),(m1 + mag, 0, my —I—TTLQ), (7.14)
(m1 —|—m2,m2,m2),(m1 + ma, mao, My —I-mz) (7.15)

The image P(m,m2) C R3 of this polytope under the Perroud map 7 :
(a,b,c) — (m1 + c¢,a — mg + b,0) is the convex hull of the images of the
above points, namely

(m1,0,0), (m1 +m2,0,0), (m1 + ma, ma,0), (7.16)
(m1,m1,0), (2my + mg,mq,0), (7.17)
(m1 +ma, my +mg2,0), (2m1 + ma, my + ma,0) (7.18)

and is readily seen to be described by the following inequalities in the plane
(:ub 2, 0) CR?

my < pp < 2mq + mo (7.19)
0 < o <my+mo (7.20)
0 < pp —pg <myg+me (7.21)
Moreover,
resgg” V= @ V. ® ot (7.22)

,LLEP(ml ,mz)ﬂNS

We seek to derive a contradiction from the assumption that all summands in
(7.22) with non—trivial zero weight space are self-dual. Let U be a summand
with U[0] # {0} and U = U* so that its highest weight is of the form
p = (2k, k,0) for some k € N. Let 7: Z3 — Z3 be defined by

T(V17V27V3):(V1_17y2+17]/3) (723)
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so that, if 7(u) € P(my,ma) (resp. 7-1(u) € P(my,mz)) then Vi CV
(resp. Vi-1¢,) C V) is a non self-dual sl3-summand with non-trivial zero
weight space. We shall need the following

Lemma 7.7. Assume that my,mo # 0 and that u = (2k, k,0) € P(mq, ms).
(i) If T(u) ¢ P(my,m2), then k € {1,m;/2}.
(i) If 771 (n) & P(my,ma), then k € {my +mg — 1,mq +mz/2}.

PROOF. (i) By assumption, 7(u) violates at least one of the inequalities
(7.19)—(7.21), so that at least one of the following conditions holds

Mm1 = mq (7.24)
Ho = m1 + Mo (7.25)
p — p2 € {0,1} (7.26)

The condition £ = p; — p2 = 0 is ruled out by the fact that (0,0,0) ¢
P(my,mg) if my > 0. Similarly, & = pa = mj+mg leads to (2(mi+ms), mi+
ma,0) € P(mj, mg) which violates (7.19) since my > 0. We are therefore
left with p; = my or pu; — pue = 1 which lead to & = my/2,1 respectively.
(ii) Similarly, 7=1(m) ¢ P(m1,my) iff at least one of the following equations
holds

w1 = 2my + me (7.27)
Ho = 0 (7.28)
p1 — p2 € {m1 +ma — 1,my +ma} (7.29)

o = 0 and py — pe = mq + mg imply that 4 = (0,0,0) and p = (2(mq +
ma),my + my) respectively both of which are ruled out by mj,ms > 0.
Thus, 1 = 2mq + mo or g — o = mq + mo — 1 hold yielding k& €
{m1 +m2/2,m1 —+ mo — 1} |

Returning to our main argument, if all sl3—summands in V' with non—trivial
zero weight spaces are self-dual then 7(u),771(u) ¢ P(my,msg) for any
€ P(my,mg) of the form (2k, k,0). By the above lemma, this implies

{1,m1/2} N {my +ma —1,m1 +my/2} #0 (7.30)

so that at least one of the following equations holds

my +mo = 2 (7.31)
mi +mg/2 =1 (7.32)
my/2+me =1 (7.33)

mi/2+mg/2 =0 (7.34)

contradicting the fact that my +mo >3 W

Proposition 7.8. Let U be the Cartan product of the two fundamental
representations of ga. Then, U[0] is reducible under Cg, .
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PrOOF. It suffices to show that the Chevalley involution of g = go does
not act as a scalar on U[0]. Let ay,as be the short and long simple roots
respectively © and label the positive roots by

a;=(1—2)ag+ag, 2<i<5b and ag = 3o + 209 (7.35)

so that the highest root is # = ag. The corresponding fundamental weights
wy, w9 of g are

w1 =201 +an =y and wy = 301 + 209 = (7.36)

so that V,, = ad(ge) and V = V,,, = C” has weights 0 and +ay, i = 1,3,4
[FH, §22.1]. Choose a Cartan—Weyl basis eq,, fa;, Py s hay Of g and a weight
basis v4q,;, ¢ = 1,3,4 and vy of V5, where vg has weight 3. The highest
weight vector in U C go @ V' is eqq ® vq, so that

Ug = ftx4f016 €ag X Vo, € U[O] (737)
Computing ug explicitly yields

U0 = fou (—hag ® Vo, + Aoy @ V_q4)

7.38
= _a4(h0c6)fa4 @ Vauy + bhoag ® vg + Ceay ® Va3 ( )

where the constants a,b,c depend upon the choices of the basis of V,,
i = 1,2 and are not zero by elementary slo-representation theory. On the
other hand, if © is the Chevalley involution of g, then © h,, = —h,, and,
up to multiplicative constants

O en; = fa, O fo, = €q; O Vo, = V_q, (7.39)

so that Oug is not proportional to ug B

7.4. Self-dual representations of orthogonal and symplectic Lie al-
gebras. Let g be one of 509,41, 502,,8p,, and retain the notation of sub-
sections 6.2 and 6.3. Let V be a simple g—module with highest weight
A=D1 Aibi. Recall that, if g = sog,, V is self-dual iff A\, = 0 and that
V' is always self-dual if g is isomorphic to 02,41 or sp,,,. The zero weight
space V[0] of V' is non-trivial iff |\| =3, \; € 2N if g = sp,,,, iff \; € N for
any 1 <i < nif g ¥ so9,+1 and iff \; € Z for any 1 < i < n and |\ € 2N
for g = sos,.

Assume now that V' = V* V0] # {0} and that \ satisfies
Ai=0 for i>n/2 (7.40)

The aim of this subsection is to prove the following

"we adhere now to the standard notation [FH]



50 J. J. MILLSON AND V. TOLEDANO LAREDO

Proposition 7.9. If A # 0 is of none of the following forms

A= (p,0,0,...,0), peN (7.41)
A=(2,1,0,...,0) (7.42)
A=(2,2,0,...,0) (7.43)
A= (1, 0,...,0), 1<k<n (7.44)

k

then, for some k < n, V contains a simple, non—self dual gl —summand U
with U N V0] # {0}. In particular, V0] is reducible under the Casimir
algebra C4 by proposition 4.7.

The (ir)reducibility of V'[0] under Cg4 for X of one of the forms (7.41)—(7.44)
will be treated in subsections 7.5 and 7.6. The proof of proposition 7.9 relies
on the branching rules for the equal rank inclusion gl,, C g obtained by Koike
and Terada [KT, thm. Al] which we begin by reviewing. Let V,,V}, V. be
the simple gl,—modules with highest weights a,b,c € Z" respectively and
denote by

LR, = dim Homyg (V, Ve ® Vj) (7.45)

the corresponding tensor product multiplicity given by the Littlewood—
Richardson rules [FH]. Let

[b,c] = (b1,...,bn) — (cn,--.,c1) (7.46)

be the highest weight of V;, ® V. Then, for any highest weight A satisfying
(7.40),

resies,  Va= D LRY. D LRI, Vi (7.47)
B,kEPy WwVEP,
[
resgp’; V= EB LRQQ,{ EB LRﬁ,y Vi) (7.48)
B,kEPn, wvEPy
e D Ry @ LV 0
BEPy,kEP™/2 w,vEP,

n (7.47)—(7.49), P, C N" is the set of partitions with at most n parts,
P C N°° is the set of partitions whose parts are at most equal to m and, for
p € P™, p € P, is the conjugate partition. Note that, by the Littelwood—
Richardson rules, the 3, u, v involved in the above sums all satisfy (7.40).
In particular,

B (15 -y B g2 =Vpj2s -+ s —V1) if n is even
o) = { (115 s Bn—1)/2, 0, =V(n—1)2, - - -, —v1) if n is odd (7:50)

so that V[, , is self-dual iff 4 = v since V¥

(w,v] — Vv[” H-
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We will use the above branching formulae mostly with 3 = A and x = 0 by
showing the existence of p,v € P, with

A
LR}, #0, (7.51)
p#v  and  |ul =y (7.52)

where |u| = >, pi, so that Vj, ) C V) isn’t self-dual but has a non-trivial
zero weight space. To this end, we need an effective way to check (7.51). This
is provided by the Parthasarthy—Ranga Rao—Varadarajan (PRV) conjecture
[PRV] proved by Kumar [Ku]. Following [Ku], we denote by & the unique
dominant weight in the Weyl group orbit of a gl,,—weight .

Theorem 7.10 (Kumar). Let A, u,v be integral gl,,—weights with X\ domi-
nant and

A=pu+v (7.53)
Then, LR}, 5 # 0.
In the light of the above theorem, it is sufficient to find weights / W v e N"
such that A = ¢/ 4+ ¢/ and |¢/| = |/| and then take u = p/, v = v/, provided

1 # v. When this last requirement cannot be met, we will find a non self-
dual gl—summand of the self-dual V|, ,; by resorting to theorem 7.1.

PROOF OF PROPOSITION 7.9. Assume first that [A| = > ;| A; is even. Let
I,={i| \ € 2N + 1} (7.54)

and set
Ae=> Xe; and A=) N (7.55)
igl, iel,
where e; is the canonical basis of Z", so that A = A\ + \,. Since |A| € 2N,
|I,| is even. Partition I, as IX U I with |I}| = |I,|/2 and set

AE = AURSE W i St WS 7.56
; 5 ; 5 (7.56)
Let
pt=A/2+ 2\ e N (7.57)
so that
A=pt+pm with [t = g7 (7.58)

Choosing 8 = A and k£ = 0 in the Koike-Terada branching formulae and
using the PRV conjecture we readily obtain that the restriction of V' to gl,,
contains a summand with highest weight [+, p=]. If u+ # p— this summand
isn’t self-dual and the theorem follows. If, on the other hand, u+ = p~ but
neither are of the form

(p,0,...,0), (p,p,0,...,0) or (1,...,1,0,...,0) (7.59)

~—
k
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for some p € N and k < n/2, then V[u_+ = is a self-dual gl,,—module but,
by theorem 7.1 contains a non-self dual gl;,—summand U with UNV[0] # {0}.

We need therefore only consider the case where u+ = p~ and both are of the
form (7.59). If, under this assumption, A, # 0, then all its non—zero entries
must be 1’s or else each p*, and therefore iz, would have two distinct non—
zero entries. In particular A\, # 0 or A would be of the form (7.44), so that
A1 € 2N + 2 since A is dominant. Pick j € I and set

it =put+e Fej €N (7.60)
Then again A = g™ + ™,
=" but AT #a (7.61)
If, on the other hand, A, = 0, then
A= (2a,...,2a,0,...,0) (7.62)
—

l

for some @ > 1 and 2 <1 <n/2. If a =1, then [ > 3 since A is not of the
form (7.43) and we may take instead = A\, k = 0 and

©n=(2,01,...,1,0,...,0) (7.63)
N—_——
-2
=(0,2,1,...,1,0,...,0 7.64
( ) (7.64)

-2
In this case @ = ¥ but, by theorem 7.1, the simple gl,—module with highest
weight
M7 =(21,...,1,0,...,0,—1,...,—1,—2) (7.65)
1-2 1-2
contains a simple glp—summand which isn’t self-dual and intersects V0]
non—trivially. If, on the other hand, a > 1, then [ > 2 since X is not of the

form (7.41) and we take =\, K = 0 and

p=(2a—-1,1,a,...,a,0,...,0) (7.66)
1—2
=(1,2a - 1,a,...,a,0,...,0) (7.67)
——

and again conclude via theorem 7.1.

Assume now |A| € 2N + 1, so that g = s09,41. With [ = min{i|\; = 0,Vj >
i}, set

ﬁ—)\—el—()\l,.. )\l 1,)\1—10 0) (768)
and kK = e; = ¢ so that LA . 7 0 by the PRV conjecture. Since |3| € 2N, we

may apply the first part of the proof to 3 to conclude unless the latter is of
one of the forms (7.41)—(7.44). (7.42) is ruled out by the fact that |3| € 2N
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and (7.44) by the fact that A itself is not of the form (7.44). If, on the other
hand, 3 is of the form (7.41) or (7.43) then \; =1 and either [ =2 or =3
and A = (2,2,1,0,...,0). If | = 2, then A = (p,1,0,...,0) where, in view of
the theorem’s assumptions, p > 3. In that case, we take k = (p—3,0,...,0)
and

3=(3,1,0,...,0) (7.69)
©=(2,0,0,...,0) (7.70)
v=(1,1,0,...,0) (7.71)

If, on the other hand, A = (2,2,1,0,...,0), we choose ' = (0,1,0,...,0),
k = k' and

B=(21,1,...,0) (7.72)
1=(2,0,0,...,0) (7.73)
v=(0,1,1,...,0) (7.74)

7.5. Self-dual representations of so,,.

Theorem 7.11. Let g = s0,,, with m = 2n,2n + 1, and let V be a simple,
self-dual g—module with V[0] # {0}. Then, V0] is irreducible under the
Casimir algebra Cq if its highest weight A has one of the following forms,
(i) A= (p,0,...,0), pe N.
(i) A =(2,2,0,...,0).

(iii)) A=(1,...,1,0,...,0), 1 <k <n.
k

iv) A=(1,...,1,-1

(iv) ( : )

Conwversely, if A # 0 is of none of the above forms and satisfies A; = 0 for
i >n/2, then V[0] is reducible under Cg.

PRrROOF. Case (i) is the contents of theorem 6.2. Case (ii) follows from
theorem 7.24 since the highest weight of the adjoint representation of g is
(1,1,0,...,0). Cases (iii) and (iv) follow from proposition 7.12 below since
the corresponding A’s are the highest weights of the exterior powers of the
vector representation U = C™ of g or, if m = 2n and A = (1,...,1,%1) of
the eigenspaces of the Hodge star operator inside A" U. Finally, the con-
verse follows from proposition 7.13 below, which gives the reducibility of
V[o] if A = (2,1,0,...,0) and proposition 7.9 which deals with all other
cases W

Let U = C™ be the vector representation of g = so,, and recall that the
exterior powers /\k U, 0 <k < m/2 are simple g—modules and that, for m

even the eigenspaces /\I/ ‘U c /\m/ 2U of the Hodge *—operator are also
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irreducible under g. For m odd, all exterior powers of U have non-trivial
zero weight spaces while, for m even, only the even exterior powers do.

Proposition 7.12.

(i) If m = 2n + 1 is odd, the zero weight spaces N\*U[0], 0 < k < n,
are irreducible under the Casimir algebra of g.

(ii) If m = 2n is even, the zero weight spaces N** U[0], 0 < k < n/2—1,
and, if n is even, the zero weight spaces \'L U[0] are irreducible
under the Casimir algebra of g.

PRrROOF. By proposition 3.13, it suffices to show that the above zero weight
spaces are irreducible under the Weyl group of g. This is proved by a simple,
direct calculation in [Re, section 3] B

Proposition 7.13. Let g = so02,11 and let U be the simple g—module with
highest weight A = (2,1,0,...,0). Then, U|0] is reducible under the Casimir
algebra Cy4 of g.

PrOOF. We claim that the Chevalley involution © of g does not act as a
scalar on the zero weight space U[0]. Let vag,+9, € U be the highest weight
vectors in U so that

vo = fo, fo vag,+0, (7.75)
where 6 = 01 4605 is the highest root of g, lies in U[0]. It suffices to show that
Ouy is not proportional to vg. Let for this purpose V = Vj, = C?"*! be the
defining representation of g and realise U as the highest weight component
of V ®ad(g). We may then take

V20, +6, = €1 X €g (7.76)
where {e1;,eq} is the standard weight basis of V' with ey; of weight +6; and
e of weight 0 so that e; is the highest weight vector. This yields,

vy = fgl (a6_2 Reg—e1® hg)

7.7
=be_o ®ep, +ceg @ hg —e1 @ fo, ( )

where a, b, ¢ are some (non-zero) constants. Since, up to a sign

Oe=e_j, Oeg=eyg, Oen=—fo and Ohy=—hy (7.78)
Oy is not proportional to vy W
7.6. Representations of sp,,.

Theorem 7.14. Let g = spy,, and let V be a simple g—module with V'[0] #
{0}. Then, V0] is irreducible under the Casimir algebra Cq if its highest
weight X\ has one of the following forms,
(i) A= (2p,0,...,0), peN.
(i) A= (2,2,0,...,0).
(iii) A= (1,...,1,0,...,0), 1 < k < n/4.

2k
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Conversely, if X # 0 is not of the above form and satisfies \; = 0 fori > n/2,
then V(0] is reducible under Cqg.

PROOF. The irreducibility of V[0] if A is of the form (i), (ii) or (iii) follows
from theorem 6.5 and propositions 7.16 and 7.15 below respectively. The
converse follows from proposition 7.9 l

Proposition 7.15. Let V), be the simple sp,, —module with highest weight
e =(1,...,1,0,...,0) (7.79)
k k
with 1 < k <n/2. If k is even, so that Vi[0] # {0}, then Vi[0] is irreducible
under Cep,, -

PROOF. By (7.48)

k
resSy, Vi = €D Vi (7.80)
=0
where V) ;. is the simple gl,~module with highest weight
wr=(1,...,1,0,...,0,—-1,...,—1) (7.81)
l k—1

Thus, Vi[0] = Vj/2,1[0] and the claim follows from lemma 7.2 B

The rest of this subsection will be devoted to the proof of the following

Proposition 7.16. The zero weight space of the simple g—module with high-
est weight 201 + 202 is irreducible under the Casimir algebra Cy of g.

We shall need an explicit description of Vg, 12¢,. The latter is the second
Cartan power of the representation with highest weight 6, 4+ 62, which may
in turn be realised as the subspace /\(2) V C /\2 V' of vectors whose pairing
with the symplectic form is zero.

Lemma 7.17. Lete : S? /\(2) V — AV be the exterior multiplication given
by
e(ug A vy - ug Avg) =ug Avp Aug A ve (7.82)
Then e is surjective and
Ker(e) = Vag, 120, (7.83)

PRrROOF. The highest weight vector of /\SV is vg, 49, = €1 N\ ea. Since e
is g—equivariant and maps the highest weight vector of Vag, y24,, namely
Vg, 46, - Vo, +6,, tO zero, one has

Vag, +20, C Ker(e) (7.84)

On the other hand, a simple application of the Weyl dimension formula
yields

. nn—1)2n—-1)2n + 3
dim Vag, 429, = ( ) 3 X ) (7.85)
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which is readily seen to be equal to

2 4
dim S2 /\Ov —dim AV (7.86)

It therefore suffices to show that e is surjective to prove (7.83). Recall
first that, for any 2 < k < n, the irreducible representation with highest
A = 01 4+ --- + 0, may be realised as the kernel of the surjective map
TE - /\k V — /\k_2 V' given by contracting with the symplectic form (-,-).
Explicitly,

Te(viA-Avg) = D (1) v, 05)v1 A ATA AT A A (T.87)
1<i<j<k

In particular, if n > 4, which we henceforth assume,

4 4 2
Av=AVeVec (7.88)

as g—modules. Consider now the image of the exterior multiplication e in
/\4 V. It contains the highest weight vector

Vo440, = €1 Nea Neg Neg = 6(61 Neg-e3 N\ 64) (789)

of /\g V' and therefore contains /\g V. Similarly, the image of 74 o e contains
the highest weight vector

Vg, +0, = €1 Nea =Tg0e(er Aes-e_3Aea) (7.90)
of A2V and therefore contains A3 V. Finally

2
7‘207406:52/\0—>(C (7.91)

is readily seen to be non—zero and therefore surjective from which it follows
that e itself is surjective if n > 4. The remaining cases are treated by a
simple variant of the above argument by noting that, if n = 3,

Av=AV (7.92)

via the Hodge x—operator and, if n = 2, /\4 vecnm

REMARK. It follows from the previous lemma that

2 4
dim(V29, +2¢,[0]) = dim 52/\0V[0] — dim \ V[0] (7.93)
=n(n—1)
Consider now the following zero weight vectors in S? /\2 Vv
Q5 = €4 VAN €_j €5 Ne_; (794)
bij =e; N €j-€_4 Ne_; (795)

Cij = € Ne_;- €; N €_j (796)
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where 1 <i < j < n for a;; and b;; and 1 < i < j < n for ¢;;, and set

€ij = Cii + Cjj — 2¢ij

= (ei Ne_;—e; A e_j) . (ei Ne_;—e; A e_j)

) (7.97)
2
es /\OV
Lemma 7.18.

(i) For 1 <i < j <n, the vectors
Vij = Q5 + bij (7.98)
hij =€ — Qi + bij (7.99)

form a basis of the zero weight space of Vag, 120, -
(ii) One has

/iggk ’Uij = —45,66{2-7]-}112-]- (7.100)
K20, hij =0 (7.101)

PRroOF. The vectors v;j;, hi; lie in the kernel of the exterior multiplication
e and are readily seen to be linearly independent. By the remark following
lemma 7.17 they therefore are a basis of Vag, 12¢,[0]. A straightforward
calculation, using the fact that ez, and fog, may be chosen to act as the
elementary matrices Ej, i, —E_j j on V respectively [FH, §16.1], yields

fop€o, aij = —5ke{i,j}(aij + bij) (7.102)
fop€o, bij = —5ke{i,j}(aij + bij) (7.103)
fope0, cij =0 (7.104)

and therefore (7.100)—(7.101) since K, acts as {«, @) fo€q On zero weight vec-
tors W

Thus, the (commuting) long root Casimirs rgp, are diagonal in the basis
v;j, hyj. We turn now to the action of the short root Casimirs kg, +g, in this
basis.

Lemma 7.19. One has
—Kgyp+6, Vij = 0fijy (k1 (€t + 2bgr)
+ 0\ i e (Vig + VAR (7.105)
—ko+6, hig = (504,53, () + 04,530 k.ay1,1) (€rt + 2080)
+ 0 jyngen 1 (hij = P jyageay) (7.106)

PROOF. A straightfoward calculation, using the fact that eg, 14, and fg, 19,
may be chosen to act on V' as the elementary matrices Ej _; + E; _; and
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—(E_k; + E_; ) respectively [FH, §16.1], shows that, for 1 <i < j < n,

Ko +0, @ij = O\{i, j}n{ky),1 (@ij + O jyAlk1y) (7.107)

—Kgu 16, bij = 04 51 (ky (€ij + 2bij)

+ 03k (bij + agyaky) (7.108)
—Kop+0, Cij = 04} {1y (—€ij — 2bij)

+ 01,30k (Cij — Clijyatey) (7.109)
— Ko, +0, Cii = 201 (Cii — cit + bip)

+ 20y (¢ii — cit, + big) (7.110)

where {i, j}A{k,l} is the symmetric difference {7, 5} \ {k, 1} U{k, 1} \ {7, 7}
Assembling these results, one finds

—Keto, ¢ij = 4005y (k) (€ij + 2bi5)
FoEnntmn (€5~ eaamn) (7.111)
+ 03Nkt (ert + 2bw)

and therefore the formulae (7.105)—(7.106) W
Lemma 7.20. One has
Ko —6; Vij = 0gi gy {1y (—€kl + 2ax1)
+ 0 i3k, (Vi — V(i jya(ky) (7.112)

Kg—0, hig = (5003 3y, {1y + O1inhayl,1) (et — 2ak)
+ 01 gyngrnyn (Rij = hiijyagesy) (7.113)

PROOF. A straightfoward calculation, using the fact that eg,_p, and fy, g,

may be chosen to act on V' as the elementary matrices —Ej; + E_; _j and
—E) + E_j,—; respectively [FH, §16.1], shows that,
R0, —0; Gij = Ofi g} ky (—€ij + 2ai5)

+ 0k (@i = 0gijyage) (7.114)

k0,0 bij = O\i jynikayln (0ij — bgijyaey) (7.115)
Ko, —0, Cij = 5{1'73‘}7{1@71} (_eij + 2aij)
+ 0 jyniky) (Cij — Cpijyatkiy) (7.116)

Koy, —0, Cii = 205 (Cii — cit — a;1)
+ 204 (¢ii — cik — k) (7.117)
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Assembling these results, one finds

Kop—6; €ij = 404 5} (r0y (€ — 2a45)
+ 0tk (€ = efijyathly) (7.118)
+ 01403k, 0y1 (ert — 2ag)

and therefore formulae (7.112)—(7.113) W

Let us summarise the findings of the previous two lemmas.

Corollary 7.21. For any 1 <k <l <mn, set

_ kg+6, + ko6

Py = . and My = W (7.119)
Then,
Pip vig = 00 gy, (k,ty ML+ 016 530 k11,1 VLi 5} ALk (7.120)
Py hij = (56453 (k) + 14030 {k,0}],1) VRt (7.121)
Myt vij = 04 jyn{k )6 Vij (7.122)
My hij = 56¢ 5y tray Pt + i yngeayin (hig = hgggyagey + i) - (7:123)

PROOF OF PROPOSITION 7.16. Let U C Vag, 124, [0] be a subspace invariant
under Cq. By lemma 7.18, it decomposes as (UNV)@(UNH) where V' (resp.
H) is the span of the v;; (resp. hyj). If U NV is non-zero, it must contain
at least one vj; since, by lemma 7.18, 1/16 kg, k29, acts on Vag, 129,[0] as
the projector onto v;;. A repeated application of (7.120) then shows that U
contains all of V. Since P;jv;; = h;; by (7.120), U 2 z” P;;V 2 H whence
U = V]0]. If, on the other hand, UNV = {0}, then, by (7.121) Pyu = 0 for
any 1 <k <l <nandueU. Thus, if u=> wu;jhjj € U =UN H, then,
forany 1 < k <[ <n,

0= Pklu = (5ukl + Z W41 + Z ukj)’ukl = (3ukl + Z U4t + Zukj)vkl
ik, Gk, i#l £k
(7.124)
Regarding u as a symmetric, n X n matrix with zero diagonal entries, we
may rewrite the above system of equations as

—3u = Q(Pu+uP) =Q((P) +r(P))Qu (7.125)

where P is the n X nm matrix with all entries equal to 1, I(P),r(P) €
End(M,,(C)) are the operators of left and right multiplication by P and @ is
the projection onto the subspace of matrices with zero diagonal in M, (C).
This implies that u = 0 since I(P),r(P), @, and therefore Q(I(P) + r(P))Q
are positive semi-definite. It follows that U = {0}
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7.7. Small Cartan powers of the adjoint representation. We prove
in this subsection that, for any simple g, the zero weight spaces of the first
and second Cartan powers of the adjoint representaton of g are irreducible
under the Casimir algebra Cy.

Proposition 7.22. For any complex, simple Lie algebra g, h = ad(g)[0] is
irreducible under Cy.

PROOF. The result follows at once from proposition 3.13 because § is irre-
ducible under W W

Let now 6 be the highest root of g and ey a corresponding root vector.
Clearly, eg - eg lies in C?g C S?g and therefore so does

ad(fg)” eo - eo = 2hg — 4fp - eo (7.126)
Lemma 7.23. If g is simply—laced, the vectors

1
Vo = €q * fo — §h§ e S%g (7.127)

corresponding to the positive roots of g form a basis of the zero weight space
of C?g.

PROOF. Since vy lies in C%g[0], so do all the v, since the Weyl group of g
transitively permutes the roots of g. Since the v, are linearly independent,
it suffices to show that the dimension of C?g[0] is equal to the number of
positive roots of g, which will be proved case-by-case. For g = sl,,, C%g has
highest weight (2,0,...,0,—2). A simple computation using Gelfand—Zetlin
patterns then shows that dim(C?g[0]) = n(n — 1)/2 which is the number of
positive roots of g. For g = s09,,, we may assume that n > 4 since sog = sly.
The highest weight of the adjoint representation is (1,1,0,...,0) and the
Koike-Terada branching formulae (7.49) yield

[
resgq, C°g = C & Viie,...0-1) © Vi20,..0-2) © Vi,1,0,..,0-1,-1) ® R (7.128)

where R has trivial zero-weight space. Since V(. 0,—1) is the adjoint rep-
resentation of gl,,, the zero—weight spaces of the first three summands have
dimensions 1,n — 1,n(n — 1)/2 respectively and it therefore suffices to show
that dim V{y 10,....0,—1,-1)[0] = n(n — 3)/2 for then dim(C?g[0]) = n(n — 1)
which is the number of positive roots of s09,,.

To compute dim V{y 1 ¢,....0,—1,—1)[0], let U be the vector representation of gl,,
and recall that the exterior powers of U are minuscule representations of gl,,
i.e., their weights lie on a single orbit under the Weyl group. Moreover, a
straightforward application of the Weyl character formula shows that for a
minuscule representation V) with highest weight A and any other irreducible
representation V), with highest weight 1, one has

Vi@ V= Visu (7.129)
)\/
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where the sum ranges over the weights A’ in the Weyl group orbit of A\ such
that A+ u is dominant (see, e.g., [TL1, prop. 11.2.2.2]). For V) = /\2 U and
V,, = \*U*, this yields,
/\ U® /\ Us=CoVyup,.0-1) D V1,1,0,..0-1,-1) (7.130)
Equating the dimensions of the zero weight spaces of each side yields
dim V{110,....0,-1,-1)[0] = n(n — 3)/2 (7.131)

as required.

Finally, for g of exceptional type, the program LiE [LiE] yields

dim(C? ad(Fg)[0]) = 36 (7.132)
dim(C? ad(E7)[0]) = 63 (7.133)
dim(C? ad(Eg)[0]) = 120 (7.134)

which are the number of positive roots of Fg, F7 and Eg respectively

Theorem 7.24. If g is a complex, simple Lie algebra, the zero weight spaces
of the first and second Cartan powers of the adjoint representation of g are
irreducible under Cy.

PROOF. Assume first that g is simply—laced and fix a positive root . We
claim that the vector v, € C?g[0] given by (7.127) is the unique eigenvector
for C,, in g ® g[0], and a fortiori in C?g[0], with eigenvalue corresponding
to the Casimir eigenvalue of the 5-dimensional representation of sl5. To see
this, one readily checks that the restriction of ad(e,)® to g ® g[0] is zero and
therefore that any v € g ® g[0] decomposes uniquely as

v =vy + v + vy (7.135)

where v{* lies in an irreducible s[5 summand of dimension 2: —|— 1. Another
stralghtforward computation shows that the restriction of ad(e2) to g ® g|0]
maps this space onto C-e, ®e,. Thus, the v§ in (7.135), which is necessarily
proportional to ad(f,)?ad(es)?v, is a multiple of v, as claimed. Let now
U C C?g[0] be invariant under Cy. By what precedes, and lemma 7.23, U
necessarily contains one v, for it cannot be orthogonal to all of them. Since
U is also invariant under the Weyl group by proposition 3.13, it follows that
U contains all v,’s and is therefore equal to C2g[0].

If g = sp,,,, the adjoint representation has highest weight (2,0,...,0) and
the result follows from theorem 6.5.
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The remaining cases, namely g = 09,11, g2, f4 Will be treated by restricting
C?g to the following simple, simply-laced subalgebras of equal rank t C g :

g = 609,41 D 509, =t (7.136)
g=g2D0slg=r (7.137)
g=fs Dsog=t (7.138)

In all three cases, one finds that
res, C%ad(g) = C*ad(r) VO R (7.139)

where V' is a simple t—module with non—trivial zero weight space and R is a
possibly reducible t—module with trivial zero weight space. Specifically, for
g = $02,+1, the Gelfand—Zetlin rules for the ortogonal groups [GZ2], [Zh2,
p. 103] yield

V =V, 0 = CC" (7.140)
R=Vga10,..0 (7.141)
while for g = g, Perroud’s branching rules (7.10) give
V = V91,0 = ad(sl3) (7.142)
R="V320 @ V(31,0 ® V220 @ V200 (7.143)
Finally, for g = f4 one gets, from the program LiE [LiE] that
4
V=Vii = /\(Cg (7.144)
R=Vi331,) (7.145)

One readily checks in each case that C? ad(t) and V are distinguished by the
Casimir eigenvalue of t so that, by our previous analysis and theorems 7.11
for t = s09,, and v = s0g9 and theorem 4.1 for v = sl3, the zero weight spaces
C? ad(r)[0] and V[0] are irreducible and inequivalent representations of Cs.
Since C?ad(g)[0] = C?ad(r)[0] ® V[0] it suffices to show that C?ad(t)[0]
is not invariant under Cy. Let 6 be the highest root of g and eg, fg,hs a
corresponding 5[3 triple. In all cases, this triple lies in t so that

vy = —1/4ad(fy) ad(eg)es = eg - fo — %hg € C?ad(r) C C*ad(g) (7.146)

where we are realising C?ad(g) as the highest weight component of S2g.
Choose in each case a positive, short root « of g such that (8, a) = 1 so
that the a—string through 6 is of the form 6 — 2,0 — o, 0. It is easy to
see that such an « exists by consulting the tables in [Bo]. Then, a simple
computation using a Chevalley basis of g yields

—1% ad(fa)ad(eq) h = e - fo — ha - ho (7.147)
ad(fa) ad(ea) €9 - fg = :]:eg_a . fg_a + 269 . fg (7.148)
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where the signs depend on the choice of the root vectors. Thus,

N
(o, a)

which does not lie in C? ad(t) since t is simply-laced, and « is short B

Covg = ad(fo) ad(eq)vy = eqfaEteg—a-fo—at2eq- fo—ha-hg (7.149)

7.8. Some conjectures. Let us record the following corollary of the proofs
of theorems 7.1, 7.4, 7.11 and 7.14.

Theorem 7.25. Let g be a classical Lie algebra or go and let V' be a simple,
self-dual g—module with V[0] # {0}. If g = s02,41,502y,5P9,, assume in
addition that the highest weight X\ of V satisfies A\; = 0 for all i > n/2.
Then, if V[0] is reducible under the Casimir algebra of g, the Chevalley
involution does not act as a scalar on V[0].

In other words, for the above representations V', the failure of the Chevalley
involution to act as a scalar on V0] is the only mechanism which causes
V(0] to be reducible under the Casimir algebra Cg4. It is therefore natural to
make the following

Conjecture 7.26. Let g be a complex, simple Lie algebra and let V be a
simple g—module which is self-dual and has a non—trivial zero weight space

V[0]. Then V(0] is irreducible under the Casimir algebra of g iff the Cheval-
ley involution of g acts as a scalar on V|0].

We hope to return to this conjecture in a future publication. We note also
that it would be interesting to be able to give a more precise formulation
to our observation that the zero weight space of ‘'most’ self-dual g—modules
is reducible under the Casimir algebra. For g = sl, and go, theorems 7.1
and 7.4 give a complete list of those V' for which V0] is irreducible. For
g = §095,41, 502y, 5Py, we make the following

Conjecture 7.27. Let g be one of $09,11,809,,5P9, and V a self-dual,
simple g—module with V[0] # {0}. If the highest weight X\ of V' is not of one
of the forms listed in theorems 7.11 and 7.14 then V0] is reducible under
Cq.

Still, it would be highly desirable to be able to formulate what 'most’ means
in a way independent of the Lie type of g. At the very least, for example,
we conjecture

Conjecture 7.28. Let V be a simple, self-dual g—module with V[0] # 0. If
the highest weight of V' is regular, then V'[0] is reducible under Cy.

The above conjecture is true for g = sl, and g = go by theorems 7.1 and
7.4. It also holds for g = s09,,,802,+1,8p,,. The proof in this case will be
given in a future publication.
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8. APPENDIX : THE CENTRALISER OF THE CASIMIR ALGEBRA

The results in this section are due to P. Etingof [Et] to whom we are grateful
for allowing us to reproduce them here. Our aim is to prove the following

Theorem 8.1. The centraliser in Ug of the Casimir algebra C4 of g is
generated by the Cartan subalgebra by and the centre Z(Ug) of Ug.

The proof of theorem 8.1 rests on Knop’s calculation of the centre of the
subalgebra Urg C Ug of h—invariants and on the following result which is of
independent interest

Theorem 8.2. For any positive linear combination 5 € @ «; - N of simple
roots, there exists a Zariski open set Og C b* such that, for any p € Og, the
p— B-weight space M, — B] of the Verma module with highest weight i is
irreducible under the action of the Casimir algebra Cy.

PROOF OF THEOREM 8.1. Assume that = € Ug lies in the centraliser of Cy.
Since x commutes with b, it lies in the h-invariant subalgebra Ug? c Ug.
We claim that z lies in fact in the centre of Ugh. Indeed, if y € Ug, both
x and y leave the weight spaces M,[p — (] invariant, where p € h* and
is a fixed positive linear combination of simple roots. By theorem 8.2, the
commutator [z,y| acts as zero on M, [u — (] generically in y, and therefore
for all p. Since this holds for any 3, [z, y| acts as zero on all Verma modules
and is therefore zero since these separate elements in Ug. Thus, z € Z(Ug")
as claimed. Theorem 8.1 now follows from the fact that the centre of Ug"
is Uh ® Z(Ug) [Knp, thm. 10.1] H

We need a preliminary result to prove theorem 8.2. Fix a weight A € bh*
and let M2, be the Verma module with highest weight t?), where t € C* is
some non—zero complex number. Consider the standard identifications

My — Un_ 7 Sn_ (8.1)

where o is the symmetrisation map. The corresponding isomorphism M2, =2
Sn_ is one of h—modules provided the adjoint action of h on Sn_ is tensored
by the character t?A. Denoting the generators of Sn_ by x,, and transporting
the action of g on M2, to Sn_, we have the following

Lemma 8.3. Let d be the grading operator on Sn_. Then, for any t € C*

tleqt™@ =t - (N, V)0, + O(1) (8.2)
tlfut=4 =t 24+ O(1) (8.3)
that=™ =12 - (X, a") + 0(1) (8.4)

where the terms O(1) have a finite limit for t — oo.
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PROOF. (8.2) Let v;2y € M;2y be the highest weight vector. Then, for any
sequence of positive roots 31,..., O, we have

tleqt™ Ty TR, =

k
1
d—k -1
e <E Z Zfﬁau)"'fﬁo(i—m[eﬂ“f5a<i>]fﬁau+1>"'fﬁaw) Utn)
oceGk i=1
(8.5)

The term corresponding to a fixed ¢ € ©k and ¢ = 1...k clearly vanishes
unless a — f5(;) is a root or zero. If a — f3,(;) is a negative root, the corre-
sponding term in Sn_ is of degree < k and its total contribution an O(1).
On the other hand, the total contribution of the terms for which

oi)ela={j=1...k|B; =a} (8.6)
is
A=k =1
1
k! Z ({2 — Botiv1) =+ = Bo(r)s O‘V>fﬁa<1) B SBoinny T T8
" i,0:0(i)Elq

k
_ td+2_k<)\, a\/>0_—1 <|I_]:| Z 0_(11751 :E * Xy, )> + t—lO(l)
i=1 o

=t(\, av>8ax51 cexg, + t_lO(l)
(8.7)

Finally, if o — (3,(;) is a positive root, a repetition of the above argument
shows that the net contribution is an O(1). (8.3) We have,

tdfat_d Ly LBy, = td_ko-_l(faa(fnﬁl e x8,))
— o (o(zaap, o ms) 1) (89)
=txaxp, - xg, + O(1)
for some r € Un_ of degree < k, where we used f, = o(x,) and

o(p-q)=o(p) o)+ (8.9)

for any p,q € Sn_ where the remainder ' € Un_ is of degree < deg(p) +
deg(q) — 1. (8.4) follows from the fact that the eigenvalues of h, on M2 lie
in t2(\,a") + Z and that h, commutes with d B

PROOF OF THEOREM 8.2. Since the action of the Casimirs C, on M, [ — 3]
depends polynomially on y and irreducibility is an open condition, it suffices
to show that the set of u for which the C, act irreducibly on M, [n — 3] is
non-empty. Let A € h* be a regular weight and choose p of the form 2\,
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where t € C*. Using the notation of lemma 8.3, it is sufficient to show that
the operators

t72Ad(tY) fuea  and  t73AA(Y)[faca, foes] (8.10)

act irreducibly on any subspace of Sn_ of fixed weight. Since this is again
an open condition in ¢ and, as will be shown below, the operators at hand
have a finite limit as ¢ — oo, it suffices to prove this for ¢ = co. By lemma
8.3,
tlim t72 Ad(t?) faea = (N, V)20 0q (8.11)
— 00
Let now « # 3 be positive roots. Denoting by R C h* the root system of g,
we have
[faea, fﬁeﬁ] = faeafﬁeﬁ - fﬁeﬁfaea
= fafseats — fafoepea (8.12)
+ 0a—per (Capfaca-pep — cp.afpes-ata)

where ¢, = e, or f, according to whether the root v is positive or negative
and the c.. are non—zero constants. Since

fafﬁeaeﬁ - fﬁfaeﬁea = [fon fﬁ]eaeﬁ + fﬁfa[eay 65] (8-13)
we find that
[faea7 fﬁeﬁ] = 5a+ﬁ€R (C:x,ﬁfa—i-ﬁeozeﬁ + c;i,afﬁfaea—l-ﬁ)

(8.14)
+ 0a—peR (Ca,pfaCa—pes — ¢80 f3EB-ata)

for some non-—zero constants cf7,. It therefore follows from lemma 8.3 that
Jlim 7% Ad(t9) [ faea, foes] = darper (CopTa+50a0p + Cs 02 5Tad0+s)

+ 504—661% (Ea,ﬁxaga_gag — E[g’axg?ﬁ_aaa)

(8.15)
where g, is now the operator 0, or z, according to whether ~y is positive
or negative and the '5.,.,67,7, are non—zero constants. Since the summands
in the above expression have distinct homogeneity degrees with respect to
the commuting Euler operators x,0,, it is sufficient to show that the weight
spaces of Sn_, i.e., the subspaces spanned by the monomials [],. , x> with
Y a0 Mo fixed, are irreducible under the operators

TaO0p, xa+58a85, xﬁxaaﬂg, xaga_gag, xggg_aaa (8.16)

which is a simple enough exercise B
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