


CYCLES WITH LOCAL COEFFICIENTS FOR ORTHOGONAL GROUPS
AND VECTOR-VALUED SIEGEL MODULAR FORMS

By JEns Funkk and JOHN MILLSON

Abstract. The purpose of this paper is to generalize the relation between intersection numbers of
cycles in locally symmetric spaces of orthogonal type and Fourier coefficients of Siegel modular
forms to the case where the cycles have local coefficients. Now the correspondence will involve
vector-valued Siegel modular forms.

1. Introduction. Let V be a nondegenerate quadratic space of dimension
m and signature (p, q) over Q, for simplicity. The general case of a totally real
number field is treated in the main body of the paper. We write V = V(R) for
the real points of V and let G = SO((V). Let G’ denote the nontrivial 2-fold
covering group of the symplectic group Sp(n, R) (the metaplectic group) and let
K’ be the 2-fold covering inherited by U(n). Let D = G/K resp. D' = G' /K’
be the symmetric space of G resp. G'. Note that D’ = H,,, the Siegel upper half
space. In what follows we will choose appropriate (related) arithmetic subgroups
FcGandI" C G'. Welet M =T'\D and M’ = T"\D' be the associated locally
symmetric spaces.

We let E, denote the holomorphic vector bundle over H, associated to the
standard representation of U(n), i.e., E, = Sp(n,R) xyq) C". For each dominant
weight \ of U(n), we have the corresponding irreducible representation space
S (C™) of U(n) and the associated holomorphic vector bundle Sy/(E,) over M’
(see §3, for the meaning of the Schur functor Sy/(-)). For each half integer k/2
we have a character der’/? of K'. Let Ly /> be the associated G’-homogeneous
line bundle over the Siegel space. For each dominant weight A\ of G, we have
the corresponding irreducible representation Spy;(V) of G with highest weight A
and the flat vector bundle S;5;(V) over M with typical fiber S;y;(V) (see §3, for
the meaning of the harmonic Schur functor Spy(-)).

Let A be a dominant weight for G. Let i(\) be the number of nonzero entries
in A\ when A is expressed in the coordinates relative to the standard basis {¢;} of
[Bou], Planche II and IV. Hence we have i(\) < [m/2]. We will assume (because
of the choice of X below in the construction of our cycles Cx, see Remark 4.7)
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that i(A) < p. Now we choose n as in the paragraph above to be any integer
satisfying i(A) < n < p and choose for our highest weight of U(n) corresponding
to A the unique dominant weight A\’ such that A’ and \ have the same nonzero
entries, We note that both weights correspond to the same Young diagram and
consequently the Schur functors Sy/(-) and S)(-) are the same, and we will not
distinguish between them.

The main point of this paper is to use the theta correspondence for the dual
pair (G,G’) to construct for a pair of dominant weights A\’ and \ as above an
element

Ong\1(7,2) € C(M', SAE; ® L_§)®A"4(M, SaW)s
(t € H,,, z € D) which is closed as a differential form on M:
denq,[,\](T, Z) =0.

Here A™(M,SyV) denotes the space of SyjV-valued differential ng-forms on
M. Note that our notation is justified since n and \ determine \’. Hence we obtain
an induced element [0,,x] € C°(M',SH\E; ® ]L_%) ®@ H"I(M, S;\V). We will
say that elements of the above tensor product are sections of the holomorphic
bundle S E; ® L_% with coefficients in H™(M, S;1V).

Note that the highest weight of the isotropy representation of the homoge-
neous vector bundle for the symplectic group coincides (up to a shift) after the
addition or suppression of zeroes with the highest weight of the coefficient system
for the orthogonal group. This correspondence of the highest weights between
O(p, g) and Sp(n, R) agrees with the one obtained by Adams [Ad1].

On the other hand, we can construct cycles in M as follows. Recall that we
can realize D as the set of negative g-planes in V:

D={zCV:dimz=¢q, (,)|z<0}.

Then for x = (xq, ..., x,) € V" with positive definite inner product matrix (X, X) =
(xi,xj)ij» we define a totally geodesic submanifold Dy by

Dy ={z € D: z L span(x)}.

This gives rise to a cycle Cx in M of dimension (p—n)q, and by summing over all
X in a system of representatives of I'-orbits in (a coset of) a lattice in V such that
%(x, x) = 3 > 0, one obtains a composite cycle Cg. For 3 positive semidefinite
of rank 7 < n, there is a similar construction to obtain cycles Cg of dimension
(p — tH)g. We can then assign coefficients to these cycles (see §4 for details) to
obtain (relative) homology classes

C@[)\] e SH(CH® H(p_[)q(M, oM, S[)\]V),
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i.e., for every vector w € S)(C"), we obtain a class
C@,[,\](w) S H(p_,)q(M, oM, S[)\]V).

Then for a cohomology class n € HY (M, Sia1V), the natural pairing gives a
vector

<77 U €Z_t, Cg’[)\]> € S)\(Cn)*.

Here, for g even, e, denotes a certain invariant g-form, the Euler form on D, and
is zero if ¢ is odd.

In the usual way, we can identify the space of holomorphic sections of the
bundle SHE; ® IL,% over (the compactification of) M’ with Mod(I”, S)(C")* ®

det_%), the space of holomorphic vector-valued Siegel modular forms for the
representation S)(C")* ® det™ . Here Mod(T, $,(C"* @ detf%) is the space of
holomorphic functions f(7) on H,, with values in S)(C")* ® det™ 2, holomorphic
at the cusps of M’, such that

FOym) = (ps @ det =)y, ) ().

Here p) is the action of GL,(C) on S)(C" and j(y,7) = ¢T + d is the usual
b
d
the Fourier expansion is indexed by positive semidefinite 5 € Sym,(Q), and note
that the Gth Fourier coefficient of such a form is now a vector in Sy (C")*.

Our main result is

automorphy factor for v = € T'. Recall that for Siegel modular forms,

THEOREM 1.1. The cohomology class (0,471 is a holomorphic Siegel modular

form for the representation S)(C")* ® det™2 with coefficients in H"\(M, S;\jV).
Moreover, the Fourier expansion of [0,4x1(7) is given by

Bagnl( =D > (PD(CapapUey™) 27,

=0 B0
rank 3=t
where PD(Cg 1) denotes the Poincaré dual class of PD(Cg ). Furthermore, if g
is odd or if i(\) = n, then [0,4,\1(7) is a cusp form.

This generalizes the main result of [KM4], where the generating series for the
special cycles Cg with trivial coefficients was realized as a classical holomorphic
Siegel modular form of weight m/2.

Pairing [6,,4,A] With cohomology and homology defines two maps, which we
denote both by A, (1), namely

A HP 1M, Sp V) — Mod(T”, S5 © det ™ %);
Ang ) HugM, S\ V) — Mod(I', S5 ® det -7),
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These pairings give rise to the following two reformulations of Theorem 1.1:

THEOREM 1.2. For any cohomology class n € H¥ (M, Si\V) and for any
compact cycle C € H,,,(M, S[\)V), the generating series

n
Z Z <(77 U 6’371), Clg,[)\]>€27ritr(’87)

=0 3>0

and
n

Z Z <C, (Cﬂ,[)\] a eZ—l‘)>627ri tr (B7)

t=0 B>0

define elements in Mod(I", S\(C")* ® det™ 2).
To illustrate our result, we consider the simplest example.

Example 1.3. Consider the weight X' = (¢,4,...,¢) of U(n) (so the number
of £’s is n). Then S (C") ~ Symg( A" (C")) is one-dimensional, while S;»;(V) can
be realized as a summand in the harmonic tensors in Syme( A" (V) C Vet For
n a closed rapidly decreasing Spy;V-valued smooth differential (p — n)g-form on
M, the pairing ([n], Cx[x]) is given by the period

([n), Cx ) = /C (1, (1 A - Ax)),

with the bilinear form (, ) on V extended to V®*. Then the generating series of
these periods

Z </ (77, X1 A A xn)é)) eﬂ'itr((x,x)T)
Cx

xelLl
xX,X)>0
mod I"

is a classical scalar-valued holomorphic Siegel cusp form of weight £+m /2. Here
L is (a coset of) an integral lattice in V.

For n = 1, several (sporadic) cases for generating series for periods over
cycles with nontrivial coefficients as elliptic modular forms were already known:
For signature (2, 1) by Shintani [S], signature (2,2) by Tong [T] and Zagier [Z],
and for signature (2,¢g) by Oda [O] and Rallis and Schiffmann [RS]. For the
unitary case of U(p, q), see also [TW].

We have not tried to prove that the Siegel modular form associated to a
cohomology class 1 or a cycle C is nonzero. However, for the case in which
G = SOy(p, 1) the nonvanishing of the associated Siegel modular form (for a suf-
ficiently deep congruence subgroup depending on 3 and ) follows from [KM1]
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together with [M]. Indeed, first apply [KM1], Theorem 11.2, to reduce to the case
where the cycle Cgy) consists of a single component Cx ® X[ (), by passing
to a congruence subgroup, see §4.3. Then apply (the proof of) Theorem 6.4 of
[M] where it is shown that for a sufficiently deep congruence subgroup the cycle
Cx ® X[ (v 18 not a boundary.

For general orthogonal groups, the results of J. S. Li [L] suggest that again
the Siegel modular form associated to a suitable 7 is nonzero. Indeed, Li [L] has
used the theta correspondence (but not our special kernel 6,,) to construct non-
vanishing cohomology classes for O(p, q) for the above coefficient systems (with
some restrictions on \). However it is possible that all the above cycles Cgy;
are boundaries for some p, g and A. This would be an unexpected development.

Finally, we would like to mention our motivation for the present work. For
M not compact, we are interested in extending the lift A, [y, say for A = 0,
the trivial coefficient case, to the full cohomology H"~P4(M,C). This would
extend the results of Hirzebruch/Zagier [HZ], who, for Hilbert modular surfaces
(essentially Q-rank 1 for O(2,2)), lift the full cohomology H*(M,C) to obtain
generating series for intersection numbers of cycles. In this process, cohomol-
ogy classes and cycles with nontrivial coefficients naturally occur, as we now
explain.

We let M denote the Borel-Serre compactification and let M denote the
Borel-Serre boundary of M. We study the restriction of 6,40 to d(M), which
is glued together out of faces e(P), one for each I'-conjugacy class of proper
parabolic Q-subgroups P of G. In [FM1], [FM2] we show that the theta kernel
04,0 extends to M. In fact, the restriction to e(P) is given by a sum of theta kernels
On(g—n.\ for a nondegenerate subspace W C V associated to an orthogonal factor
of the Levi subgroup of P with values in S)(W) for certain dominant weights .

The paper is organized as follows. In §2, we briefly review homology and
cohomology with nontrivial coefficients needed for our purposes, while in §3, we
review the construction of the finite dimensional representations of GL,(C) and
O(n) using the Schur functors Sy and S;y;. We introduce the special cycles with
coefficients in §4. In §5, we give the explicit construction of the Schwartz forms
©ng,n underlying the theta series 0,,x). We give their fundamental properties
and for the proofs, we reduce to the case of n = 1. §6 is the technical heart of
the paper, in which we prove the fundamental properties of ¢, for n = 1. Our
main tool is the Fock model of the Weil representation, which we review in the
appendix to this paper. Finally, in §7, we consider the global theta series 0,
and give the proof of the main result.

Acknowledgments. A major part of this work was done while the first author
was a fellow at the Fields Institute in Toronto in the academic year 02/03. He
thanks the organizers of the special program on Automorphic Forms and the staff
of the institute for providing such a stimulating environment. We thank Steve
Kudla for encouraging us to consider the case of an arbitrary dominant weight in
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order to produce generating functions for intersection numbers and periods that
are vector-valued Siegel modular forms.

2. Homology and cohomology with local coefficients. In this section, we
review the facts we need about homology and cohomology of manifolds (pos-
sibly with boundary) with coefficients in a flat bundle (“local coefficients”) and
“decomposable cycles.” We refer the reader to [Ha], pages 330-336 for more
details.

2.1. The definition of the groups. We now define the homology and coho-
mology groups of a manifold X with coefficients in E, a flat bundle over X. We
will do this assuming that X is the underlying space of a connected simplicial
complex K. We will define the simplicial homology and cohomology groups with
values in E. By the usual subdivision argument one can prove that the resulting
groups are independent of the triangulation K.

We define a p-chain with values in E to be a formal sum X" ,0; ® s; where o;
is an oriented p-simplex and s; is a flat section over o;. We denote the group of
such chains by C,(X, E). Before defining the boundary and coboundary operators
we note that if 7 is a flat section of E over a face 7 of a simplex o then it extends
to a unique flat section e, ,(¢) over o. Similarly, if we have a flat section s over

o it restricts to a flat section r; ;(s) over 7. Finally, if o = (1, ..., 7,) we define
the ith face o; by 0; = (w,..., %, ..., 1,). Here §; means the ith vertex has been
omitted.

We define the boundary operator 0,: C,(X,E) — C,—1(X,E) for o a p-
simplex and s a flat section over X by

p
o @8)=> (= 1)0; @ 1y q(s).
i=0

Then 0,1 0 0, = 0 and we define the homology groups He(X,E) of X with
coefficients in E in the usual way. These groups depend only on the topological
space X and the flat bundle E.

In a similar way simplicial cohomology groups of X with coefficients in E
are defined. A E-valued p-cochain on X with values in E is a function o which
assigns to each p-simplex o a flat section of E over o. The coboundary é,c of a
p-cochain « is defined on a (p + 1)-cochain ¢ by:

p
§pa(0) = > (= Deg (o).

i=0

Then 6,41 0 6, = 0, and we define the cohomology groups H*(X,E) of X with
coefficients in E in the usual way.

If A is a subspace of X, then the complex of simplicial chains with coef-
ficients in E | A is a subcomplex, and we define the relative homology groups
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H.(X, A, E) with coefficients in E to be the homology groups of the quotient com-
plex. Similarly, we define the subcomplex of relative (to A) simplicial cochains
with coefficients in E to be the complex of simplicial cochains that vanish on the
simplices in A and define the relative cohomology groups H*(X, A, E) to be the
cohomology groups of the relative cochain complex.

2.2. Bilinear pairings. We first define the Kronecker pairing between ho-
mology and cohomology with local vector bundle coefficients. Let E, F and G
be flat bundles over X. Assume that v: E® F — G is a parallel section of
Hom(E ® F,G). Let a be a p-cochain with coefficients in E and o ® s be a p-
simplex with coefficients in F. Then the Kronecker index («, 0 ®s) is the element
of Ho(X, G) defined by:

(o, 0 ®@5) =v(a(o) ® 3).
The reader will verify that the Kronecker index descends to give a bilinear pairing
(. )i H'(X,E) ® Hy(X,F) — Ho(X, G).

We note that if G is trivial then Hy(X, G) = Gy,, here G,, denotes the fiber of G
over xp. In particular, we get a pairing

(, ) HHX,E") ® Hy(X,E) — R,

which is easily seen to be perfect. The coefficient pairing E®Q F — G also induces
cup products with local coefficients

U: HP(X,E) ® H1(X,F) — H"*(X,G)
and cap products with local coefficients (here we assume m > p)
n: HP(X9E)®HW!(X’ F) I mfp(Xa G)

These are defined in the usual way using the “front-face” and “back-face” of an
ordered simplex and pairing the local coefficients using v.

Remark 2.1. We define the cap product o N o for a a p-cochain and o a
simplex by making « operate on the back p face of o. This agrees with [Br],
pp- 334-338 but does not agree with [Ha]. With this definition the adjoint formula

(2.1) (aUp,o)=(a,fN0)

holds (rather than (U 3,0) = (6, aN o)), see [Br], Proposition 5.1 (iii).
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The above pairings relativize in a fashion identical to the case of trivial
coefficients.

Since the proof of Poincaré (Lefschetz) duality is a patching argument of
local dualities (see [Ha], pp. 245-254), it goes through for local coefficients as
well. Thus

THEOREM 2.2. Let X be a compact oriented manifold with (possibly empty)
boundary and (relative) fundamental class [X, 0X]. Then we have an isomorphism

D: H’(X,E) — H,_,(X,0X,E)

given by
D(a) = a N [X, 0X].

Definition 2.3. Suppose [a] € H,(X, 0X, E). We will define the Poincaré dual
of [a] to be denoted PD([a]) by

PD([a]) = D™ '([a)).

We can now define the intersection number of cycles with local coefficients,
again following the conventions of [Br], see page 367.

Definition 2.4. Let E,F,G and v be as above and [a] and [b] be homology
classes with coefficients in E and F respectively. Then we define the intersection
class [a] - [b] € H.(X, G) by the formula

[a] - [b] = D(PD([b]) U PD([b])).

In order to help keep track of how the formula for intersection number de-
pends on our convention in Remark 2.1 we note (proof left to the reader):

LEmMMA 2.5.
[a] - [b] = PD([b]) N [al.
So in the special case that [a] and [b] have complementary dimensions we have
la] - [b] = (PD([b), [al).

2.3. Decomposable cycles. There is a particularly simple construction of
cycles with coefficients in E. Let Y be a compact oriented submanifold with
(possibly empty) boundary 9Y C 0X of X of codimension p and let s be a parallel
section of the restriction of E to Y. Let [Y, 0Y] denote the relative fundamental
cycle of Y so [Y,0Y] = Z;0;, a sum of oriented simplices.
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Definition 2.6. Y ® s denotes the (n — p)-chain with values in E given by
Y=2i0;®si

where s; is the value of s on the first vertex of o;.

LEMMA 2.7. Y ® s is a relative n — p cycle with coefficients in E, called a
decomposable cycle.

For motivation of the term decomposable cycle we refer the reader to [M],
§3.2.1.

2.4. The de Rham theory of cohomology with local coefficients and the
dual of a decomposable cycle. In this subsection we recall the de Rham rep-
resentations of the cohomology groups H*(X, E) and of the Poincaré dual class
PD(Y ® s).

From now on, X will always be smooth manifold.

A differential p-form w with values in a vector bundle E is a section of the
bundle AP T*(X) ® E over X. Thus w assigns to a p-tuple of tangent vectors at
x € X a point in the fiber of E over x. Suppose now that £ admits a flat connection
V. We can then make the graded vector space of smooth E-differential forms
A*(X,E) into a complex by defining

P
dv (@)X, X2, Xpet) = D (= D7 VX0 X X))
i=1
+3 (= DYw(Xn X1, X1 Xy X X
i<j

Here X;,1 <i < p+1, is a smooth vector field on X.

We now construct a map ¢ from A?(X, E) to the group of simplicial cochains
CP(X,E) as follows. Let w € AP(X,E) and o be a p-simplex of K. Then in a
neighborhood U of ¢ we may write w = ) ;w; ® s; where the s;’s are parallel
sections of E | U and the w;’s are scalar forms. We then define

(lw), o) = 2,: (/0 wi> silo.

The standard double-complex proof of de Rham’s theorem due to Weil, see
[BT], p. 138, yields:

THEOREM 2.8. The integration map v: Hj,p.,(X, E) — H*(X,E) is an iso-
morphism.

Finally, we will need that the cohomology class PD(Y ® s) has the following
representation in de Rham cohomology with coefficients in E.
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Let U be a tubular neighborhood of the oriented submanifold with boundary
Y. We assume (by choosing a Riemannian metric) that we have a disk bundle
m: U — Y. Then a Thom form for Y is a closed form wy where wy is compactly
supported along the fibers of m and has integral one along one and hence all
fibers of 7. It is standard that the extension of wy to X by making it zero outside
of U represents the Poincar€ dual of the class of [Y,dY]. The parallel section s
of E | Y extends to a parallel section of E | U again denoted 5. We extend wy ® s
to X by making it zero outside of U. We continue to use the notation wy ® s for
this extended form. We will see below that wy ® s represents the Poincar€ dual
of Y ®s.

If [a] € H,(X,0X,E), then the de Rham cohomology class PD([a]) is the
class of (n — p)—forms characterized by the property that if a is a simplicial cycle
representing [a], then for any E* valued p-form 7 vanishing on 0X we have

| nappaan= [

Remark 2.9. In abstract terms the above equation is

(In] U PD(lal), [X, 0X1) = {[n], [a]).

Since the expression on the right-hand side of this formula is equal to
([n), PD([a]) N [X, 0X]) our definition of Poincaré dual amounts to assuming
the adjoint formula, (2.1), and hence amounts to assuming the “back p face”
definition of the cap product.

LeMMA 2.10. The de Rham cohomology class Poincaré dual to the cycle with
coefficients Y ® s is represented by the bundle-valued form wy ® s.

Proof. We need to prove that for any E*-valued closed (n — p)-form 7
vanishing on 0X we have

/?Mwy®s=/ n=/(n,S>-
X Y®s Y

/7)/\wy®s:/<n,s)/\w.
X X

But since s is parallel on U the scalar form (7, s) is closed, and the lemma follows
because wy is the Poincaré dual to [Y, 0Y]. O

But

3. Finite dimensional representations of GL(n) and O(n). In this section,
we will review the construction of the irreducible finite dimensional (polynomial)
representations of GL(U) (resp. O(U)), where U is a complex vector space of
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dimension n (resp. a finite dimensional complex vector space of dimension n
equipped with a nondegenerate symmetric bilinear form ( , )).

3.1. Representations of the general linear group.

3.1.1. Schur functors. We recall that the symmetric group Sy acts on the ¢—
fold tensor product T*(U) according to the rule that s € S; acts on a decomposable
element 7| ® - - - ® vy by moving ¢; to the s(i)th position. Let A = (by, ba, ..., by)
be a partition of £. We assume that the b;’s are arranged in decreasing order. We
will use D()) to denote the Young diagram associated to A. We will identify the
partition A\ with the dominant weight A for GL(n) in the usual way.

For more details on what follows, see [FH], §4.2 and §6.1, [GW], §9.3.1-9.3.4
and [Boe], Ch. V, §5.

Standard fillings and the associated projections.

Definition 3.1. A standard filling #(\) of the Young diagram D()) by the
elements of the set [{] = {1,2,..., ¢} is an assignment of each of the numbers in
[4] to a box of D(X) so that the entries in each row strictly increase when read
from left to right and the entries in each column strictly increase when read from
top to bottom. We will denote the set of standard fillings of D(A\) by S(A). A
Young diagram equipped with a standard filling will be called a standard tableau.

We let 1p(\) be the standard filling that assigns 1,2, ...,¢ from left to right
starting with the first row then moving to the second row etc.

We now recall the projection in End(T%(U)) associated to a standard tableau
T with ¢ boxes corresponding to a standard filling #()\) of a Young diagram D(\).
Let P (resp. Q) be the group preserving the rows (resp. columns) of 7. Define
elements of the group ring of Sy by rix) = c1 2 _pp and ¢z = c2 3¢ €(q)g where
c1 =1/|P| and ¢ = 1/|Q|, so ryy) and ¢ are idempotents. We let P (resp. Q)
be the projections operating on T*(U) obtained by acting by Tin (resp. ¢ ). We
put s;(\) = €37y - €y (product in the group ring) where c3 is chosen so that s,y
is an idempotent, see [FH], Lemma 4.26.

Remark 3.2. We have abused notation by not indicating the dependence of
Q and P on the standard filling #(A). We will correct both these abuses by letting
T\ denote the projector obtained by correctly normalizing the previous product.
We have defined 7)) to be c3PQ. However we could equally well use the
projector c3QP as is done in [FH] (we have used this projector in Example 1.3
and Theorem 4.8). Indeed, the restriction of Q to the image of c3PQ gives an
isomorphism.

We now have:
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THEOREM 3.3. We have a direct sum decomposition
=P B mo(r'w),
AEP(£) (NESN)
where P(£) denotes the set of partitions of {.
Furthermore we have, [GW], Theorem 9.3.9:

THEOREM 3.4. For every standard filling t()\), the GL(V)-module my A)(TZ(U )
is irreducible with highest weight .

Remark 3.5. If #()\) is another standard filling then the permutation relating
the two fillings induces an isomorphism of 7r,(,\)(Te(U)) and 7y ,\)(TZ(U)).

For concreteness, we will define the Schur functor S)(-) by choosing #(\) =
to(A), whence Sy (U) = TFIO()\)(TK(U)). We obtain projections )

m: THU) — S\(U)

and inclusions

i S\(U) — THU).

Semistandard fillings and the associated basis of Sy (U).

Definition 3.6. A semistandard filling of D()) by the set [n] = {1,2,...,n}
is an assignment of the numbers in [n] to the boxes of D(\) such that the numbers
in each row weakly increase and the numbers in each column strictly increase.
We let SS(A, n) denote the set of semistandard fillings of D()\) by the elements
of the set [n].

Suppose x = (x1,...,x,) € U" and f()\) € SS(\,n). Suppose a;; is the jth
entry in the ith column of the semistandard filling. Then x¢(), the word in x
corresponding to f(A) (and the standard tableau #o()\)), is defined by

Xf(\) = Xayy @ Xgpp @ - ®xﬂkbk'

We have:

THEOREM 3.7. Let uy,...,u, be a basis for U and let u = (uy, .. .,u,). Then
the set of vectors {mx(uy): f € SS(\,n)} is a basis for w((T4(U)).

For a simple proof of this theorem see [Boe], Theorem 5.3. Boerner proves
the theorem using the idempotent ¢3PQ on T(U) (actually, he considers c3 QP
on TY(U*), but his proof can be easily modified to give the theorem above).
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3.2. Representations of the orthogonal group.

3.2.1. The harmonic Schur functors. We will follow [FH] in our descrip-
tion of the harmonic Schur functor U — S;,j(U) on an n-dimensional nondegen-
erate quadratic space (U, (, )) corresponding to a partition \.

The harmonic projection. We extend the quadratic form (, ) to TYU) as
the /-fold tensor product and note that the action of Sy on TYU) is by isometries.
For each pair I = (i,j) of integers between 1 and ¢ we define the contraction
operator C;: ®'U — ®@'2U by

Cllu @)= (he),e ) @+ QHR - RFR Ry
k

where {ej,...,e,} is an orthonormal basis for (, ). We also define the expansion
operator A;: ®@~2U — ®*U to be the adjoint of Cj, that is the operator that inserts
the (dual of) the form (, ) into the (i, j)th spots. We define the harmonic /-tensors,
to be denoted U'¥, to be the kernel of all the contractions C;. Following [FH],
p. 263, we define the subspace U%_Jy of U® by

1 _ ()
Uiy =Y A oAU,

Carrying over the proof of [FH], Lemma 17.15 (and the exercise that follows
it) from the symplectic case to the orthogonal case we have:

Lemma 3.8. We have a direct sum, orthogonal for (, ),
L = 10 o k5] e
') = U @ 2 U1,

We define the harmonic projection H: TYU) — U™ to be the orthogonal
projection onto the harmonic /-tensors U'“!. The space of harmonic /-tensors U!*!
is invariant under the action of Sy. Consequently we may apply the idempotents
in the group algebra of S, corresponding to partitions to further decompose U'*!
as an O(U)-module.

The harmonic Schur functors. We let A\ = (b1, b, ..., b;) be a dominant
weight of SO(U) where k = [%]. Here our coordinates are relative to the standard
basis {¢;} of [Bou], Planche II and IV. We will also use A to denote the corre-
sponding partition of £ = )" b;. Again following [FH], p. 296, we then define the
harmonic Schur functor Sy U as follows.

Definition 3.9.

S (U) = HP QT (U) = HSA(U).
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We then have see [FH], Theorem 19.22:
THEOREM 3.10. The O(U)-module S;x(U) is irreducible with highest weight \.

Definition 3.11. We write 7y = H o ) for the projection from TY(U) onto
SiA1(U). For a semistandard filling f(\), we also set for X = (x1,...,x,),

X[ ool = TaXroy € Spag(0).

In what follows, we will need the following:

LeMMA 3.12. (i) H, P and Q are self-adjoint relative to (, ).
(ii) H commutes with P and Q.

Proof. 1t is clear that H is self-adjoint. The arguments for P and Q are
the same. We give the one for Q. We will use the symbol ¢ to denote both the
element ¢ € Q and the corresponding operator on T*(V). Since ¢ is an isometry
we have ¢* = g~'. Hence we have Q* = 3 e(q)g* = Y. e(g g~ ! = Q. To prove
that H commutes with P and Q it suffices to prove that H commutes with every
element g € Sy. But S; acts by isometries and preserves UY). Consequently it
commutes with orthogonal projection on U, O

The restriction of S,;(U) to SO(U). The restriction of S;\(U) to SO(U)
remains irreducible unless the dimension of U is even, so dim(U) = 2k, and i(\) =
k, and in this case the restriction is the sum of two irreducible representations.
For a precise statement the reader is referred to [FH], Theorem 19.22. Thus for
these cases our cohomology classes will take values in the cohomology group
of M with values in the coefficient systems associated to the above direct sum
(considered as representations of SO(p + g)). However in case M is compact the
classes obtained by our constructions for these exceptional cases will often be
zero. We will deduce from [LS], Proposition 2.14, that this is indeed the case
provided that X is regular in the sense that the entries of A are strictly decreasing.
The argument divides into two cases: The case in which both p and g are even
and the case in which both p and ¢ are odd.

In case p and g are both even and A regular it follows immediately from
[LS], Proposition 2.14, that all cohomology groups for a coefficient system as
above are zero except in the degree equal to the middle dimension (pg)/2 (note
that /p(G) = 0 in this case). But we claim that the codimensions of the cycles we
construct with values in such coefficient systems are always larger than (pq)/2.
Indeed, by Remark 4.7 in order to attach a nonzero local coefficient to the cycle
Cx it is necessary that dim(X) > i()\). Hence

cod(Cy) = dim(X) g > i(\) q.
Since we are assuming that i(\) has its maximum value (p + ¢)/2 we obtain

cod(Cx) > q(p+q)/2 > (pg)/2.

Thus the cycles we construct in this case are always boundaries.
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Now suppose that p and ¢ are both odd. It follows from [LS], Proposition
2.14, that all cohomology groups for a coefficient system as above are zero except
in the degrees equal to the two middle dimensions (pg — 1)/2 and (pg + 1)/2
(note that /p(G) = 1 in this case). Once again we have i(\) = (p + ¢)/2 and
cod(Cx) > q(p + q)/2. Hence the cohomology classes we obtain as the Poincaré
duals of our cycles with coefficients occur in degrees greater than those allowed
by [LS] if

gqp+q)/2 > (pg+1)/2.

This inequality holds if and only if ¢ > 1. But for the case SO(p, 1) with p odd all
cohomology groups vanish provided only i(\) = (p+1)/2, see [M], Theorem 1.2.

If A is singular, it no longer follows from [VZ] that the cohomologies of the
corresponding local coefficient systems are concentrated in the middle dimen-
sion(s). However it is still possible that all classes we construct in this case are
boundaries.

4. Special cycles with local coefficients.

4.1. Arithmetic quotients for orthogonal groups. Let K be a totally real
number field with Archimedean places ¢1,..., s, and associated embeddings
Als..., A and let O be its ring of algebraic integers. Let V be an oriented
vector space over K of dimension m > 3 with a nondegenerate bilinear form (, )
and let V be the completion of V at ;. We assume that the associated quadratic
form has signature (p, ¢) at the completion #; and is positive definite at all other
completions. Finally, we let L be an integral lattice in V and L* D L its dual lattice.

Let G be the algebraic group whose K-points is the group of orientation
preserving isometries of determinant 1 of the form (, ) and let G := G(R) its real
points. We let @ = G(O) be the subgroup of G(K) consisting of those elements
that take L into itself. We let b be an ideal in O and let I" = I'(b) be the congruence
subgroup of @ of level b (that is, the elements of @ that are congruent to the
identity modulo b). We fix a vector 2 € L" once and for all and note that I
operates on the coset &+ bL".

We realize the symmetric space associated to V' as the set of negative g-planes
in V:

D~{zCV;dimz=¢q and (,)|;<0}.

We denote the base point of D by zp, and we have D ~ G/K, where K is the
maximal compact subgroup of G stabilizing zg. Also note dimgr D = pgq. For
z € D, we write (, ), for the associated majorant. Finally, we write

M=T\D

for the locally symmetric space.



914 JENS FUNKE AND JOHN MILLSON

4.2. Special cycles with trivial coefficients. Let x = {x;,x2,...,x,} € V"
be an n-tuple of K-rational vectors. We let X be the span of x and let X be
the completion of X at A\;. We write (x,X) for the n by n matrix with ijth entry
equal to (x;,x;). We call x nondegenerate if rank (A\;x, A\;x) = dimX for all i and
nonsingular if rank (A\;x, \;X) = n.

Assume x is nondegenerate with dimX =7 < n such that (, )|X is positive
definite. Let rx be the isometric involution of V given by

—v ifoeX
rx(v) = v if ve Xt

We define the totally geodesic subsymmetric space Dx by
Dx={z€D: (zx)=0,1 <i<n}.

Then Dy is the fixed-point set of rx acting on D and has codimension (n — f)g in
D. We orient Dy as in [KM4], pp. 130-131. We also define subgroups Gy (resp.
I'x) to be the stabilizer in G (resp. in ') of the subspace X. We define G% C Gx
to be the subgroup that acts trivially on X, and put I'y = ' N GY.

THEOREM 4.1. There exists a congruence subgroup I' .= T'(b) of ® such that:

(1) M =T'\D is an orientable manifold of dimension pq with finite volume, and

(2) for all X as above, the image Cx of Dx in M is the quotient T'x\Dyx and
defines a properly embedded orientable submanifold of codimension (n — t)q.

The theorem will be a consequence of the existence of a “neat” congruence
subgroup. We recall the definition of a neat subgroup of T.

Definition 4.2. ([B], p. 117) An element g € G is neat if the subgroup of
C* generated by the eigenvalues of g is torsion free. In particular, if a root of
unity z is an eigenvalue of a neat element then z = 1. A subgroup I' C G is neat
if all the elements in I" are neat.

ProposITION 4.3. (Proposition 17.4, [B]) Let G be an algebraic group defined
over Q and T an arithmetic subgroup. Then I" admits a neat congruence subgroup.

Theorem 4.1 is an immediate consequence of the following:
Lemma 4.4. If T is a neat subgroup, then T'x acts trivially on X, i.e., I’y = T'x.

Proof. We have a projection map px: I'xy — OX;) X O(X3) X --- X O(X,).
Here by X; we mean the ith completion of X. The ith completion of ( , ) restricted
to X; is positive definite for 1 < i < r. Furthermore the splitting V = X & Xt is
defined over K. Thus the diagonal embedding of the intersection Ly = L N X is
a lattice in @j_;X; which is invariant under px(I'x). Hence px(I'x) is a discrete
subgroup of a compact group hence a finite group. Hence if v € px(I'x), then all
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eigenvalues of v are roots of unity. Since I" is neat all eigenvalues must be 1 and
the lemma follows. O

We will later need:

Definition 4.5. The Riemannian exponential map from the total space of the
normal bundle of Dx to D induces a fiber bundle mx: D — Dy with totally
geodesic fibers. The map 7y induces a quotient fibering 7x: I'x\D — I'x\Dx =
Cx, see [KM1]. A Thom form ®x for the cycle Cx is a closed integrable (n —t)g-
form on I'x\D such that the integral of @y over each fiber of 7y is 1. In particular,
@y is a Poincaré dual form for the cycle Cy in the noncompact submanifold I'x\D.

Occasionally, we will also write Cx (Dyx) for Cx (Dx).
We introduce composite cycles as follows. For 5 € Sym, (K), we set

Qp = {x eVt %(x, X) = ﬂ}

and

Qf = {x € Qg: dim\;X =rank 3 for all i}.

We put
ﬁg = Eg(h, b)=(h+bL")N Qg.

Then I' acts on LG = Lg N Qf with finitely many orbits and for 3 positive
semidefinite (i.e., \;(3) > O for all i), we define

Csg= Y Cx

x€T\LG

4.3. Special cycles with nontrivial coefficients. We now want to promote
Cx to a (decomposable) cycle with coefficients for appropriate coefficient systems
W by finding a nonzero parallel section of WW | Cx. Note that it is enough to find
any I'x-fixed vector w € W since such a vector w gives rise to a parallel section
sy of W | Cx in the usual way. Namely, for z € Cy, the section s,, for the bundle
Cx xry W — Cy is given by s,,(z) = (z,w). Thus s,, is constant, hence parallel.
Furthermore, for such a vector w, we write Cx ® w for Cx ® s,,.

The key point for us in constructing parallel sections is Lemma 4.4. Namely,
the components xi, ..., x, of x are all fixed by I'y = I'y, hence any tensor word
in these components will be fixed by I'x.

Definition 4.6. For f()\) a semistandard filling for D()\), we define special
cycles with coefficients in Spyj(V) by setting

Cxron = Cx ® (MiX)prn-
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We also define composite cycles Cg r())) analogously as before.

To lighten the notation, we will write X¢y) and Xz for (A\X)r) and
A ron-
However, there is an obstruction to the construction of nonzero sections.

Remark 4.7. (IM], Proposition 4.3) Let A\ be the highest weight of W and
let i(\) be the number of nonzero entries in A (so i(\) is the number of rows in
the associated partition). Then

dim(X) > i(\)

is a necessary condition for the existence of a Gy—invariant vector in W, i.e., to
finding a nonzero parallel section of the restriction of the flat vector bundle W
to the cycle Cy.

On the other hand, for dim(X) > i()\), we do have nonzero parallel sections
along the submanifold Cy.

THEOREM 4.8. ([M], Theorem 4.13) For a weight A = (by, . .. ,b[%]), assume
i(A) = k < n. Let fo(\) be the semistandard filling that puts 1’s in the first row of
D(w), 2’s in the second row etc.. Furthermore, assume that for x = (x1, . . ., X,), the
first k vectors xi, . . ., xy are linearly independent and satisfy (x;, x;) = 0,i # j. Then

b,
X001 = HmXpo) = HO @ - @k

is a nonzero U'y—invariant in Sp\(V).
For later use, we record (by an analog of Lemma 2.10):

LeEMMA 4.9. Let n be a rapidly decreasing Siy)(V)—valued closed (p —n)q form
on M. If ®x denotes a Thom form for the cycle Cx, then ®x @ X s\ satisfies

/ A (Px @ X(rony) = /
M C,

n= / (0, X[ rooD-
X [fOV] Cx

4.4. Cycle-valued homomorphisms on TY@Q"). We now construct com-
posite cycles Cgy}, which are homomorphisms from S(Q") to He(M, Sy (V).

Definition 4.10. We define elements Cx [(-) of Hom(Sx(Q"), He(M, S;(V)))
by
Cxinleron) = Cx @ Xz
Here € = (¢, . .., €,) € Q". (Note that we could have defined the map on T¢(Q")

instead and observed that it automatically factors through S,(Q")). We then have
composite cycles Cgyj(-) as before by summing over all x € I'\Lg.
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Finally note that, if 7 is a rapidly decreasing S;»j())—valued closed (p — n)g
form on M, then the period | Cey is the linear functional on S)(C") given by

4.1) ( /C - n) (mr€rny) = /C ) (0, X[ po0)-

5. Special Schwartz forms. In this section, we will explicitly construct
the Schwartz form ¢, [\ needed to construct the cohomology class [0,,x](7, 2)
alluded to in the introduction. As in the introduction we will choose a pair of
highest weights A\ for G and X' for U(n) which have the same nonzero entries.
We let £ be the sum of the entries of A\ (which equals the sum of the entries
of \).

5.1. A double complex for the Weil representation. In this section, V
will denote a real quadratic space of dimension m and signature (p, g). We write
S(V™) for the space of (complex-valued) Schwartz functions on V". We denote
by G' = Mp(n,R) the metaplectic cover of the symplectic group Sp(n, R) and let
K’ be the inverse image of the standard maximal compact U(n) C Sp(n, R) under
the covering map Mp(n,R) — Sp(n,R). Note that K’ admits a character det!/ 2,
i.e., its square descends to the determinant character of U(n). The embedding

A B
—-B A
Schrodinger model of the (restriction of the) Weil representation of G' x O(V)
acting on S(V") associated to the additive character ¢ — o2,

Let H, = {7 = u+iv € Sym,(C): v > 0} ~ Sp(n,R)/U(n) be the Siegel
upper half space of genus n. We write g’ and ¥’ for the complexified Lie algebra of
Sp(n,R) and U(n) respectively. We write the Cartan decomposition as g’ = ¢ ©p/,
and write p’ = p* @ p~ for the decomposition of the tangent space of the base
point i1, into the holomorphic and anti-holomorphic tangent spaces. We let Z;,
1 <j < n(n+1)/2 be a basis of p~ and let 7; be the dual basis. We let C(Xm/2) be
the 1-dimensional representation det™? of K'. We write W, = T{C") ® CXms2)
considered as a representation of K’ and let W, be the G’-homogeneous vector
bundle over H,, associated to W,. We also define W), and W) in the same way
using Sy (C") instead.

We pick an orthogonal basis {e;} of V such that (e,,e,)=1fora=1,...,p
and (ey,ey,) = —1 for p =p+1,...,p+g. We will use “early” Greek letters
(typically @ and [3) as subscripts to denote indices between 1 and p (for the
“positive” variables) and “late” ones (typically 4 and v) to denote indices between
p+1 and p + g (for the “negative” ones).

Let g be the Lie algebra of G and g = p + £ its Cartan decomposition, where
Lie(K) = £. Then p ~ g/ is isomorphic to the tangent space at the base point of
D ~ G/K. We denote by Xo, (1 < a <p,p+1 < < p+gq) the elements of

of U(n) into Sp(n,R) is given by A + iB +— < ) We let w = wy be the
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the standard basis of p induced by the basis {e;} of V, i.e.,

ey, ifi=a
Xople))=1qeq, ifi=p
0, otherwise.

We let wo, € p* be the elements of the associated dual basis. Finally, we let
A¥(D) be the space of (complex-valued) differential k forms on D.
We consider the graded associative algebra

c=@P ¢,

ij,0>0

where

l

N ; . K'xK
C/ = [W; aNe ) esvme Ny e TK(V)}

where the multiplication - in C is given componentwise. For each ¢, we have a
double complex (C;**, ,d) with commuting differentials

n(n+1)/2
d= ) I10AMpewZelel,
j=1
d = ds +dy,

where

dg = Z I®1 ®W(Xo¢u) ®A(wo¢u) ® 1,
.

dy =) 1®1®1®AWap) ® pXap)-
Q.

Here A(-) denotes the left multiplication, while p is the derivation action of g
on TY(V). Furthermore, K’ acts on the first three tensor factors of CZ", while K
acts on the last three. The actions on S(V") are given by the Weil representation,
while the actions on the other tensor factors are the natural ones.

We also have an analogous complex Cf;\; by replacing W; and TY(V) with
W3 and S;y;(V) respectively.

We call a d-closed element ¢ € C% holomorphic if the cohomology class
[¢] is O-closed, i.e., there exists an element ¢ € C*1v~! such that

Op = dvp.
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Note that the maps O and d correspond to the usual operators 0 and d under
the isomorphism

[W; ® A%(H,) ® S(V") @ A(D) @ T (V)19 % — ¥,

given by evaluation at the base points of H, and D. We will frequently identify
these two spaces, and we will use the same symbol for corresponding objects.

5.2. Special Schwartz forms. We construct for n < p a family of Schwartz
functions ¢,,, on V" taking values in W; ® A"(D) ® T(V), which we interpret
as the space of differential ng-forms on D which take values in W; ® TY(V). That
is, Qg € C?”:

* n n l K'xG
Pnge € [W; @ S(V") @ AMD)© T!(V))|
K'xK
~ [w; e s e N"eh e T'W))
These Schwartz forms are the generalization of the ‘“scalar-valued” Schwartz
forms considered by Kudla and Millson [KM2], [KM3], [KM4] to the coefficient
case.
Starting with the standard Gaussian,

SOO(X) — e—mr(x,x)zO 6 S(Vn),

with X = (x1,...,x,) € V", the “scalar-valued” form ¢, is given by applying
the operator

D: S e A" — S e A",

1 55 [& 1 9
D= Sna)2 H H Z <Xai - %ale) ®A(wo¢u)‘| )
i=1 p=p+1 La=1

to o ® 1 € [S(V") @ AO(p)IK:
Png,0 = D(SDO & 1)

Note that this is 24/2 times the corresponding quantity in [KM4]. We have

n K'xK
a0 € C0" = [COm2) © SV @ N\ (5"

Here the K-invariance is immediate, while the K’-invariance is Theorem 3.1 in
[KM2].
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We let
A= Endc (SO & NG TV)),

where T(V) = @75 TY(V) denotes the (complexified) tensor algebra of V. Note
that A is an associative C-algebra by composition. We now define for 1 < i <n
another differential operator D; € A by

L 1 0
> (i = 5 e ) @10 A,

a=1

D, =

N —

Here A(ey) denotes the left multiplication by e, in T(V). Note that the operator
D; is clearly K-invariant. We introduce a homomorphism 7: C* — A by

T(e;) =D,

where ¢, ...,¢e, denotes the standard basis of C”. Let my: T‘A —.A be the
¢-fold multiplication. We now define

T TYCH — A

’12 =myo (®£T) .
We identify
Home (W, S0 @ A9 @ T'0) = Wi @ Svh e N1 o T V),

and use the same symbols for corresponding objects.

Definition 5.1. We define
K
Pgne € Home (Wi, S & \" (5% @ T'(V))
by
San,Z(W) = ,TE(W)(pnq,O

for w € TY(C"). We put Pnge =0 for £ < 0.

Note that the symmetric group S; on ¢ letters is acting on T*(C") and T*(V)
in the natural fashion. We will now show that ¢, is an equivariant map with
respect to Sy. More precisely, we have
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PROPOSITION 5.2.
n nq . 0 SexK
#ngs € Home (Wi, S @ N 0 ')
that is, for any s € Sy, we have

Pngt ©8 = (1 ®1® S)Sonq,é-

Proof. 'We first need:

LEMMA 5.3. Lets € Sy. Then

Tros=(11®s)o7,.

Proof. Letiy,iy,...,ig € {1,...,n}. Then

(®T) (ster @ ® 1) =5 (T(e) @ -~ @ T(er)
where s on the right-hand side permutes the factors of A ® --- ® A. Hence
,]2 (S(Eil - ® 6i[)> =ny (S (T(6i|) X T(eig))) ’

thus 7y (s(ej, ® -+ ® ¢;,)) takes the factors of (®ZT> (s(e, @ -+ ®€,)), per-
mutes them according to s and then multiplies them in A. The product Zy(e;, ®
-+ ® €;,) i1s a sum of tensor products of products of certain differential opera-
tors in S(V") with products of the e,’s in T(V). But the differential operators
in S(V") commute with each other so that the rearrangement of the D;’s has no
effect on this factor in the tensor product. Hence s only acts on the third factor
of S(V") @ N"(p*) @ THV). O

The proposition now follows easily. For w € T¢(C"), we have

(pnq,é(sw) =72(SW)9011(1,0 =((1®l ®S)72(W)) Png,0 = (I®1®s) (%(W)(an,()) . O

This will now enable us to define the Schwartz forms ., ;. We first note:

LEMMA 5.4. For any standard filling t(\) of D(\), the composition

(1® 1@ ) 0 Puge: THC" — SV @ N (10" @ Sion(V)
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descends to a map

Ty THC") — SV @ N (") @ mon THY).

Proof. We have (1 ® 1 ® sf(,\))z =1® 1 & sfn). Since @, 18 equivariant
with respect to Sy, we have

(I ® 1@ myn) © Puge(W1 @+ @wy) = (1 @ 1 @ Tyn)) © Prge(Tn) (W1 & - - - @ wy))
forall w, e C", 1 <i<V/. O

We use the lemma for the standard filling #o(A) to introduce ;g

Definition 5.5. We define

eaqan) € Home (S5, S0 & N5 ® Sp) "
by
g i) = (1 1@ T3 (Bug (1)),

the projection onto Spy;(V), the harmonic tensors in Sy(V).

5.3. Fundamental Properties of the Schwartz forms. We will now state
the four basic properties of our Schwartz forms. These are:

e K’-invariance; thus ¢,,¢ € Cg’"q.

e d-closedness; thus o, defines a cohomology class [©,4.].

e The holomorphicity of [¢,4,1x]-

e A recursion formula relating [¢,4.¢] t0 [©nge—1].
The first three properties are the generalizations of the properties of ¢,,0 in
[KM2], [KM3], [KM4], the trivial coefficient case. Except for the K’-invariance,
we will reduce the statements to the case of n» = 1. Our main tool in proving
these properties will be then the Fock model of the Weil representation. We will
carry out the proofs for the K’-invariance and for the other statements in the case
of n =1 in the next section.

THEOREM 5.6. The forms @, and oy are K "invariant, i.e.,

Pugt € CP = W @ SV @ N0 @ T (VKK

and

Pugin € Clit = W5 @ SV @ N (0%) @ Sy(DIK K.
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In particular, for n = 1, we have

gt € [COimm @ S & N o T'm)]" "

Proof. We consider the first statement using the Fock model in the next sec-
tion. The second statement follows from the first by projecting
onto Sy (V). O

The K’-invariance of the Schwartz forms will enable us in Section 7 to
construct theta series using the forms ¢, ().

THEOREM 5.7. The forms ©,q0 and @,y define closed differential forms on
D, ie.,

d@nq,f(x) =0
or all x € V". In particular, p,,\(X) defines a (de Rham) cohomology class
q,[Al
[@ngn(X)] € H™ (D, Homg(SA(C"), S (V) .

Proof. We will prove the case n = 1 in the next section using the Fock model
of the Weil representation. For general n, it is enough to show that o, /(¢;, ®

-+ ®¢,) is closed for any n-tuple (¢;,,...,€;,). By the Sy-equivariance of ¢,
we can assume that iy <--- < iy, sothat e, @ --- R ¢, = e‘?el ® - ® 2 for
some nonnegative integers /1, ..., ¢,. But this implies that

gt (€2 @ -+ @ €2 (X) = 00, (1) A+ A Pty ().

Here the wedge A means the usual wedge for .A(D) and the tensor product in the
other slots. This reduces the closedness of ¢, to the case n = 1. O

To state the last two properties of the forms [}, we first need to introduce
some more notation. We define a map

o C"— (V)" ® /\.p* QV

m
o(e) = inj ®1®e;.
=1

Here the x;;,1 < i < n,1 <j < m are the standard coordinate functions on V".
Thus under the identification of (V")* ® A*p* ® V with Hom(V", \*p* ® V) we



924 JENS FUNKE AND JOHN MILLSON

have

m m
o(e)(x) = inj(l ®e) =1® injej =1® x;.
Jj=1 Jj=1

Now the x;; are numbers, the coordinates of the n-tuple of vectors x.

We let o, be the /th outer tensor power of o, and for A a partition of [£], we
put

oy =0p0y KO — (VY e \p* @ T(V).

Note that we do not need to distinguish between )\ and )\ because only the
nonzero parts of the partition matter here.

LEMMA 5.8. (i) Let f be a semistandard filling of D(\). Then
oA(Ern))(X) = 1@ Xry)
foranye=¢, ® - ®¢, € THC). In particular,
ar: SAC" — (V)" @ A\ p* @ Sa(V).
(ii) The map oy is GL,(C)-invariant, i.e., for a € GL,(C), we have

o((a™ ' €)pon)(xa) = aepn)(X).

Proof. For (i), first note
oue, ® - Q€)X =10 ® - Qx;,).
Indeed,

(1®xi1)0---0(1 ®xig)
1®(Xi1 ®".®xi1{)'

o€ @ - Q€,)(X) = oy(€;) 0+ 0oy(€,)(X)

But now for s € Sy and w; € C", 1 <i </, we have
or(sw1 ® - @wp) =1 @ s)o(w) & - - - @ wy),
which gives immediately
ou(ero)(X) = 1 @ Xp(n),

as claimed. (ii) follows easily from o(a='e)(xa) = o(e)(x). O
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We can therefore define o)) by post-composing with the harmonic projection
) onto Spy(V), and we have

o (TAer))(X) = 1 @ X[ pny)-

Via left multiplication we can interpret o (and similarly oy, o), opy)) as a map
from C" to A (and we do not distinguish between these two interpretations). With
this identification and considering S(V) )@ A*p*QT(V) as the A*p* @T(V)-valued
Schwartz functions on V", we have

(o(e)p)(x) = (1 @ A(x)p(X).

For v € V, we let A;(v): T~1(V) — TY(V) be the insertion of v into the jth
spot. We let Ay: T72(V) — T*

P ptq
Ai(f) = Ajlea)Ar(ea) — Y Aj(en)Arley)
a=1 p=p+1

be the insertion of the dual of the form (, ) into the (j, k)th spot, and we put

£ -1

A =533 Aulh)

j=1 k=1

One of the fundamental properties of the scalar-valued Schwartz form ¢,
is that for (x,x) positive semidefinite, ,0(X) gives rise to a Thom form for the
special cycle Cx. In view of Lemma 4.9, we now relate ©,,4,(1](X) t0 (07x]1%nq,0)(X).

THEOREM 5.9. (i) Let n = 1 and let oj be the operator on S(V) @ \*p* @ T(V)
defined by 0j(x) = 1 ® 1 ® Aj(x). Then for eachj =1, ...,{, we have in cohomology

{—1

1
o kz [Aj(f)pge—2]
=1

[pg.el = lojpge—1] +

forall x € V. In particular,

[eq.101] = [o10104.0]-

(ii) For general n, we have in cohomology

[©ng.n1] = [oA1Png.0],
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i.e., for all semistandard fillings f,
[Lng.n1(er)®)] = [(1 @ X[ ponDPng.0(X)] 5
where e =€, ® --- X €, € THCM).

Proof. We prove (i) in the next section via the Fock model. For (ii), we first
see by (i) that up to exact forms we have

/-1
1 1
Pug(€¥1 @ - @ 2)(x) = (o(xl)soq,el_mxm o §jA,k<f>soq,el_1<x1>)
k=1

A

4 P

1 In—1
A (U(xn)(pq,énl(xn) +—— Z Ajk(f)cpq,énl(xn)) 5

and we get a similar statement for ¢,,(¢; ® - -+ ® ¢;,) by the Sy-equivariance
of g Iterating and using Lemma 5.8 then gives a statement for ¢, ¢(x) with
coefficients in S)(V) analogous to (ii)—up to terms coming from the metric.
Projecting to Sp(V) now gives the claim. O

One of the main results of [KM4] is that the scalar-valued cohomology class
[©ng,0] is holomorphic, i.e, [5(,0”%0] = 0. We will now show that the more general
cohomology classes [¢,4[1] are holomorphic as well.

For n = 1, we have g’ = s/,(C), and the anti-holomorphic tangent space p~

. 1 —i
is spanned by the element L = % i ll .

THEOREM 5.10. (i) Let n = 1. Then in cohomology, we have

—1
[W(L)Spq,é] = E[A(f)@q,éfﬂ-

In particular,
[0¢g 0] = 0.

(ii) For general n, we have

[E(pnq,[)\]] =0.

Proof. We will prove (i) in the next section. (ii) follows from (i) by general-
izing the argument given for the scalar valued case in [KM4], Theorem 5.2. First
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note that we have to show [0;juq ] = 0 for all n(n+1)/2 partial derivatives 9;;
(i<j)inp~. By (i), we see

(1@ 1@ TpDDrigng (e’ @ - @2y =0
up to an exact form. By the Sy-equivariance, we then see
(1@ 1@ m)iipngelen, @+ @ €;,) =0,

again, up to an exact form. This gives the desired vanishing for the anti-holo-
morphic tangent space p, of H x --- x H, naturally embedded into I,. By the
K’-invariance of ©Ong,e We now see that (1 ® 1 ® cr))Png,e 1s annihilated by the
Ad K’ orbit of p, inside p~, which is all of p~. O

6. Proof of the fundamental properties of the Schwartz forms. The pur-
pose of this section is to prove the K’'-invariance of ¢, and for n =1 the other
fundamental properties of ¢, given in the previous section. Our main tool will
be the Fock model of the Weil representation, which we review in the appendix.

By abuse of notation we will frequently use in the following the same symbols
for corresponding objects and operators in the two models.

6.1. The Schwartz forms in the Fock model and the K’-invariance. For
multi-indices o = (ay,...,a,) and 8 = (Bi,...,05), (usually suppressing their
length), we will write

Wo = Wayptl N+ A Wagp+qo

Zaj = Zanj " Zagi

] €3 Q- Reg,.

Here we have returned to our original notation, denoting the standard basis el-

ements of V by e, and ¢,. In the Fock model F, the “scalar-valued” Schwartz
form ;40 becomes with this notation

1 —i\"
San,OZW(%) Z Zagl " Zagn @ Wa 1 A -+ A wayn @ 1
Qe

e FoNoHeTWv)

We define

os € Home (TYCY, F & N\ (p") © T!(V))
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—i nt
polen @ @e) =) D zmi2p, ®1@es.
41 3 ¢

We then easily see:
LEMMA 6.1.

Pngl = Pnq,0 * 0,05

where the multiplication is the natural one in Homg (T(C"), F @ \*(p*) @ T(V)).

We should note that only in the Fock model we have such a “splitting” of
©ng,¢ into the product of two elements. We do not have an analogous statement
in the Schrodinger model (only in terms of operators acting on the Gaussian ().

THEOREM 6.2. (Theorem 5.6) The form @,q is K'-invariant.

Proof. 'We show this on the Lie algebra level. The element k' = %Wj/ ow)/ €

t ~ g/,(C) is the endomorphism of C" mapping ¢; to ¢; and annihilating the other
basis elements. To show w(k’ )ng,e =0, we need to show

wW(k") (Pngelei, ® -+ @ €;,)) = Pngek'(€;, @ -+ @ €,)).
From Lemma A.1 we see
w(k) (png (e, ® -+ @ €,)) = Wk g0 - Pouleiy @ -+ R €,)

p
0
+Png,0 * Zzaky (@O,Z(eil K- ® eig)) .

a=1 o

Kl
We have w(k')pnq0 = 0, since ¢,50 € [(C(x_m 2) @ F @ A\ (p*)} by [KM2],
Theorem 5.1. On the other hand, one easily sees

P

0
E Zak gy — (osler, ® - ®€,)) = ok (e, @ ® €,)).
a=1

o
The assertion follows. O

6.2. The Schwartz forms for n = 1. For n = 1, we consider the forms ¢,
g0, and g to be in F @ A*(p*) ® T(V), and we have

Pq,t = Cqt ZZQZQ Q@ wa ¥ ep.
ap
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Here ¢, = 29/%( — i/4m)%*¢. Also

Pa0 =272 (= i/Am)1D 24 R we ® |
e}

and

por=(—if4m' D 7301 @ ep.
&)

For later use, we note that Theorem 6.2 for n = 1 boils down to

P 0
(61) Z <Zaaz ® 1 ® 1> ‘pq,ﬂ = (q+€) ‘Pq,b

a=1

which follows directly from

)4 )4
o o
(6.2) Y Za5—Pq0 = 49q0 and Y " zam—v0s =L pos.
o=l 8204 ot 8Za

929

6.3. Closedness. Similarly to the Schrodinger model, the differentiation d
in the Lie algebra complex F ® A *(p*) @ SY(V) is given by d = dr + dy with

(6.3) dr = w(Xap) ®Away) ® 1 and
ouf
dv = Y 18 Away) © pXap)-
ouf

Furthermore, we write dr = d’r + d’z with

2

0240z,

(6.4) dy = —4m > ® A(Wap) ® 1,
[N

1
d]: = E ZZQZN ®A(Wau) ® 1.
.

THEOREM 6.3. (Theorem 5.7) The form @, is closed. More precisely,

df?—'gpq,ﬁ = d/]/-'(Pq,Z =0
and

dvgaq’g =0.
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Proof.  First note that d}(pq,g = 0 is obvious from (6.4). From the “scalar-
valued” case, see [KM2], we have drp,0 = d%gpq,o = 0. In fact, this can be seen
directly by (6.4), since one easily checks

(6.5) > (20 ® Alwap) ® 1) g0 =0

for any p. We then easily see
df?—'()oq,é = (d/]-'SOq,O) c P00 = 0.

For the action of dy, we first note

. L
1

(6.6) (1@ 1® pXap)) Por = D (ta ® 1 @ Axlen) Pos-1-
k=1

(6.3) then implies

—i

4
O (0 @A) © Do+ (1816 Axlen) wo,-1 =0

. k=1

dVSOq,K =

by (6.5). O
6.4. Recursion. We will now show Theorem 5.9 (i), the recursive formula

for the cohomology class [y, ¢].
For j > 1, we define operators A;(c) by

, o 1 . o 1
Afo)=i) (E — Eza> ®1®Ajed) — i) (8—@ - E@) ® 1 @ Ajey).
« Q m

We write A(c) = A1(0), and by Lemma A.3 we note that this is the image in the
Fock model of the operator A(c) in the Schrédinger model.
For j > 1, we introduce operators h; by

0
=) 9z OA Wap) @ Ajley).
ap e

We write &’ = h. Here A*(wqy) denotes the (interior) multiplication with X,
ie., A*(Wap)Wa/y) = a6, We define a (g — 1)-form A;{é by

P A
T prgl—1 iPat:

; N
We write Age= A, ;.
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THEOREM 6.4. (Theorem 5.9) Forany 1 <j </, we have

_ =
e = A0t + AN |+ D A Nge
k=1

For the proof of Theorem 6.4, we first compute A;j(0)@g¢—1:
LeEmmMmaA 6.5. Forany 1 <j </, we have
Aj(d)goq’gfl = QYgu +Aj + Bj + C]+

Here

p=p+1

. p+q
l
Aj = H ( Z Zp, & 1 ®Aj(eu)> SDq,Z—l’

p

, 0

lz(y ®1® Dpgo-(1®1®Aiea)) poe—1,
a=1 a

&
I

£—1
1
Cf = = 2 A fpge,
T k=1
where Aj( f1) is the insertion ZZ:I Aj(eq)Ar(eq) in the jth and kth position in T(V).

Proof.  We write Aj(0) = Aj(0) +A] (o) with Aj(0) = £ Y, 20 ® 1 @ Aj(eq) +
= 3,21 © 1 ®@ Aje,,). We immediately see
AAO) g1 = Pqr + Aj.

On the other hand, we have

P 0
ANV pgr1 =i (5 ®1 ®A,-(ea>) (©q0 - P0.e-1)

a=1

"o
Bj+ipgp - <Z (g ® 1 ®Aj(ea)>> $0,0—1-

a=1

But the last term is equal to C;. Indeed, a little calculation gives

9 -
. —®1x1 1= 1®1Q A(eq —2,
6D (g @101) voer= 0818 A0

from which the claim follows. O
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Therefore Theorem 6.4 will follow from:

PROPOSITION 6.6. Forany 1 < j </, we have
dAY) | = —(Aj+B;+C)),
where

1 —1
Co=— Au(f)pqi—
4 =

with Aj(f-) = Z=1 Aj(e)Ai(ey).
Proof.  Since 401 is closed, we have

(P+q+L—2)dNgy1 =dhpge1 ={d, h;}pqe1,

where {A, B} denotes the anticommutator AB + BA. It is easy to see that

{d./7:’ h]/'}gpq,é—l = Oa

so that we only need to compute {d’, h}} and {dv, h}}.
LEMMA 6.7. As operators on F @ \ *(p*) @ T(V),

. : 0
@) 47Tl{d” , hjl} = Z Zugza R1® Aj(eu) — Z 7y ® Dp,u & Aj(ey).
QL a %%

.. . 0 0
(i) ifdv.h} = > 5 © 1@ Ae)p(Xap) + > 5. @ Dag ® Ajlea).
QL Lo N <6

Here the operators D,g and D,,, are the derivations of |\ *(p*) determined by

Dopwyy = 0gyWap and D,war = 6 xpway-

Proof. For (i), using the definitions of the operators and %za = ZQ%HSW,
we easily see

Ami{d'r, h}} = Zzuzaa—zﬁ @ {Aap- Al } @ Ajle)) + 6oz, @ Al Aau @ Ajley).
a,
B

Here and in the following we write A, ;, for A(wq, ). The Clifford identities imply

{AapsAByt = bapbyw
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and
f 4 I—-AyAL, ifp=v
W —AnpAL,, i p .
Note
(6.8) > AauAL,=Dpy  and Y AguAf, = Dag.
a H

We therefore obtain

0 ¥
>z <Z“8za + 1> ®1®Aien) — Y 24 ®AauAl, ®Aj(ey),
Qup

[eNINZ

and the assertion follows from (6.8).
For (i1), first note p(Xo,)Aj(ey) = OAj(eq) +Aj(e,)p(Xay). One then obtains

0 . 0 X
{dV’h;} = QZH 8—Z,6 & {Aa,u,,Aﬁy} ®Aj(ev)p(xap,) + @ ®Aa,uAﬁy & 6,u,VAj(ea)

B

0

d
- az; 7 © 1 ® Aj(e,)pXap) + azﬁ: 9 @ Dag ® Aj(eq),

by (6.8). =

Proposition 6.6 now follows from:
LEmMMA 6.8.

—(p+q+1L—2)A;.

Q) {dr Y og
() {dv.h}oge

—(p+q+{—2)B;+ Cj_).

Proof. We use Lemma 6.7. For (i), we first have

0
3 (zugm 1 ®Aj<e,,)) Pat-1 = (prq+l—1) (Z z,®1 ®A,-(eu>> a1
« Iz

o
= —4rni(p+qg+{— 1DA;,

which follows immediately from

0 0
(69) Z (gZa ®1® 1) Pgl—1 = Z ((Zag +he1le 1) Pq.l—1

« «

= (p+qg+L -1
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by (6.1). Furthermore, by [KM4], Lemma 8.2 we have

(I® D;w b2y 1)904,0 = 6#1/90q,0a

and therefore

Z (Zu ® D;u/ ®Aj(ezz)) Pgl—1 = Z (I® D;w & 1)90(1,0 : (Z,u ®1 ®Aj(eu)) ©0,¢
v v

= (Z 7, ® 1 ®Aj(€u)> Pg—1 = —4miA;.
I

Lemma 6.7 now gives (i). For (ii), by (6.6) we first note

-1
—i
(6.10) A& 1@ pKap) Pge-1= 4 > (20 ® 1 ® Ak(en))pqi—2.
k=1

Thus, using (6.9), we see

o . l—1
> (5 ® 1 ®Aj(eu)p(xau)> Pgi—1 = 4—; (ZAjk(f—)> (P+q+l—2)p40-2
« k=1

ap
=—i(p+q+{—-2)C; .

Finally, by [KM4], Lemma 8.2, we have

0
1® Daﬁ & 1)‘Pq,0 = (Zﬁg ®1® 1)%@1,0-
(0%

Hence
(6.11) Z <— ®Da,8 R A; (ea)> Vg1
9 0
= az’ﬁ (8—2625 ®1 ®Aj(€a)> <<£ 1 1) <pq,0) 0041
0
- Z <<8z B O2e 1% 1) %,o) (1@ 1®Ajlea)) poe—1

0
Z ®1®1)<,0q0) ( BZB®1®A(ea)><POZI
ﬁ O{
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The second term, using (6.9), is equal to —i(¢ — 1)B, while for the first we have

o 0
S a2 - 0ap) @101 940 ] - (1 ®1®Ajea)) Por—1,
o 0z3 024

and this, using (6.9) again, equals to —i(p + ¢ — 1)B. This finishes the proof
of (ii). O

This concludes the proof of Proposition 6.6 and hence the proof of Theo-
rem 6.4! O

6.5. Holomorphicity. We will now show Theorem 5.10(i), i.e., that the
cohomology class [¢4 ¢] is holomorphic.
Following [KM4], we define another operator 4 on F @ A® (p*) @ S*(V) by

0
h = ZZN— ®A*(wcw) ® 1.
£~ " 0za
i
Definition 6.9. We introduce a (g — 1)-form v, by

—1
(U (heq0) - o

T 2p+q—1)

It will be convenient to note that we could have also defined v, ¢ by letting & act
on g -

LeEmMmaA 6.10.

%,z h‘Pq,E .

T 2ptrqg+l—1)

Proof. We have

(6.12) hoge = (hego) - por+ Y (2u @ A" (Wap) ® Dgo
oL
0
11
(8204 wle >(p0’£
i 4
(6.13) = (hg0) - w00 = 3= D hqen,

j=1
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with h]’.’ =2 o 2u @ A% (Way) ® Aj(eq). But now one easily checks that

-1
Ehj/‘/%,z-l = g0 * PO
with
80;,0 = Z (— Du_p_lzuzg @ Wayp+t A - A m N Wayiprg ® 1.

On the other hand, we also compute

hogo = (p+q— 1)@
From this the lemma follows. O

THEOREM 6.11. (Theorem 5.10) The action of the lowering operator L on @4 ¢
is given by
WY 1
wl)pge=d | Yoo+ 5 DAL - EA(f)(Pq,EfZ-

=

Remark 6.12. This theorem is the generalization of one of the main points in
[KM4] for ¢ = 0, the trivial coefficient case. Namely, [KM4], Lemma 8.3 states

(6.14) W(L)pg0 = digp.

Proof of Theorem 6.11. We first compute the left-hand side:
LemMmA 6.13.

4
1
wWL)pge = (WL)pgo) - por = DB = 3-A(f)Par2,
J=1

with B;j as in Lemma 6.5.

Proof. By Lemma A.1 we have

1
615 wWpu = > (F0101) ¢
m

82
(6.16) +2meq ey (—2 zg> p Qwa ®eg
5 az'y - -

@,
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0 0
(6.17) +4meg . 2 (8—Z'yzg> (8—272ﬁ> @ wa X eg
B
82
(6.18) 2t Y 2o | 7728 | ® wa ® ep.
¥ 817 - -
ap

The first two terms ((6.15) and (6.16) give (w(L)¢g0) - voe- By (6.7), the third
term (6.17) is equal to

. 9 ¢ ,
> <§ ole 1) g0+ (1@ 1@ Afe)por1 =Y B;
v v <

j=1

For the fourth term (6.18) in the sum above, we apply (6.7) twice and obtain

. ;
—1i 0
= Pq0 E E 7 ®1®Aj(ey) | vo-1
2 0z

j=l
1 ¢ 0—1 1
=3, Pa0 YYD (@ 1@ AeAr(ey) o2 = 1. AP0 2.
j=1 k=1 7

We now compute di, p:

LEMMA 6.14.

LA
(drig0) - poe — 5 ZBJ'.
j=1

D) drige

(i)  dyigr =

|
N =
i
>

with Aj and B; as in Lemma 6.5.

Proof. For (i), we first observe

(6.19) d'r ((heg0) - por) = (drhpgo) - o

For d’s we get
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—4wz<ai®1®1>

Q. @
X i QA @1 | h
BZM ap ¥q.0 ¥o.¢
(drhe40) - po

(621) —472 <<8Z ®Ao<,u b2y 1) h@q,O)
n

8
'((8—%[@1@1)@0,2).

For the first term in (6.21) we see

0
— ®A, 1] (h = v @ A A 1
3

Z < ®Aa,uA/6’V & 1) ¥q,0
B

i

Z < ® Dap & 1) ©4q,0-
B

(620)  d' ((hego) - or)

Combining this with (6.7) we obtain for (6.21)
zZ > (( ® Dap @ A (ea)> %,O) S0
=l ap

But this is exactly (up to a constant) the term (6.11), i.e., (6.21) is equal to
(p+g—1) Zle B;. This together with (6.19), (6.20) and collecting the constants
implies (i).

For (ii), we will use Lemma 6.10. We easily see

0
{dv,h} = Zzﬂg ®1® P(onu)-
a, L @
By (6.6) and (6.1), we get
dvh‘Pq,é = {d\/,h}@qé

0
47_[_22 (Z,ua Za®1®A(e,u)) Pg.l—1

1-1 p

—Z(p+q+£— DA;.
Jj=1

This implies (ii). O
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We are now in the position to finish the proof of Theorem 6.11: Combining
Lemma 6.13, Lemma 6.14 and Proposition 6.6, we get

1 ‘ 1
w(L)pge—d (wq,wi ZA;QI) = W)g0) P00 =D Bi— 1 —A(f)pgr-2
j=1 j=1
| o =
—(dFig0) - por+ 5 Y Bj— 53 A
j=1 j=1
1 3
+§Z(Aj+3j+cj )
j=1
=LA
- 47_[_ Squ*Z’
via (6.14) and A(f_)@ge—1 = 3 Yoy C; . since A(f) = A(fy) — A(f-). O

7. Main result. In this section, we first construct the cohomology class
[014,10] and use the fundamental properties of ,, ] to derive our main result.

First note that over R, the Weil representation action of the standard Siegel
parabolic in Sp(n,R) on ¢ € S(V") is given by

w (( g ’a(ll >> p(x) = (deta)m/zgo(xa)

for a € GLn (R), and
L b mitr(b(x,x

for b € Sym,(R). Here x = (x1,---,x,) € V", as before.

Globally, we let A = Ak be the ring of adeles of K. Let G'(A) be the two-
fold cover Sp(n, A), which acts on S(V"(A)) via the (global) Weil representation
w = wz.

For g’ € G'(A), we define the standard theta kernel associated to a Schwartz
function ¢ = ¢r ® Yoo € S(V}) by

0(g. @) =) w(ghe®X).

xey”"

By abuse of notation, we let 4] = @10y = Poo, Where @, is the Schwartz
form ¢, at the first infinite place and the standard Gaussian ¢ at the other
infinite places, and we define ¢, in the same way. For the finite places, we let
@r correspond to the characteristic function of /4 + bL".
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Given 7 = (11,...,7,) € H, we let g € Sp(n,K) be a standard element
which moves the base point (i,...,i) € H to 7, i.e.,

r (1 u\fa O
gT_O] Otafl’

with v = a('a='). We consider g/, € G'(A) in the natural way.
We write p) for the representation action of GL,(C) on S)(C").
For 7 € H,, we then define

NG (det (@) ™)pr(@0( gL, of @ Pugn)
> PA@Pug(Xa)eL (X, X)u/2),

XEh+bL"

‘9nq,[)\] (7,2)

and similarly, 6, (7, z). Here

e4(A) = exp (2771' > tr()\,-(A))) ,

J=1

for A € M,, ,(K).

We denote by AT, S)\(C")* @ det ™/ %) the space of vector-valued (not nec-
essarily holomorphic) Hilbert-Siegel modular forms of degree n for a congruence
subgroup I" and for the representation (p} ® det™"/2 det™"/2, ... det™"™/?).

Then Theorem 5.6 and the standard theta machinery give us:

ProrosITION 7.1.
O (7, 2) € AT, SA(CY* ® det ~™/%) @ A™(M, S V),

i.e, 0,4, 1\(7, 2) is a vector-valued non-holomorphic Hilbert-Siegel modular form for
the representation (p} @ det /2 det™™/2, ... det™™/ %) with values in the SaV)-
valued closed differential nq-forms of the manifold M.

The Fourier expansion of 6,,x)(7) is given by

O (M) = Y Onqn()ex(BT),

BeSymp(K)
with

080 (0) = Y P (@@ngXa)e.( — (X, X)/2).
XGCL;
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Definition 7.2. If n is a rapidly decreasing Spyj(V)-valued closed (p — n)g
form on M representing a class [n] € HSP _n)q(M S V), we define

Apg (T, 1) = /M N A Opg (1) € AT, SX\(C")* @ det /2y,

We define A, ¢(7,n) in the same fashion for 7 taking values in T'V). If 7 is
Siaj(V)-valued, then we have

Anq,((T’ 77) = Anq,[)\](T’ 77)

Before we can state our main result, we need a bit more notation. For g = 2k
even, we let ¢, be the Euler form of the symmetric space D (which is the Euler
class of the tautological vector bundle over D, i.e., the fiber over a point z € D is
given by the negative g-plane z) and zero for g odd. Here ¢, is normalized such
that it is given in A? (p*) by

1\F1
eq = (--) — Z $gN (0) 2 10(1) pro @) * * * Lpro@k—1) pro(2k)»
a7 ) k! Jorey:
q

with

P
Q= wa A Wap-

a=1

Remark 7.3. The main result of [KM4] is that in the scalar valued case, the
generating series

zn: > (PD(Cg)UeZ_’) e.(87),

=0 p=0
rank 3=t

is a classical Hilbert-Siegel modular form of weight m/2. The key point is that
for nondegenerate x such that (x,x) positive semidefinite of rank 7, ©,,0(X) is
(essentially) a Thom form for the cycle Cx N e’;_t . One has

/I_X\D NN Pngo(Xa) = </Cx nA ez_t> e, (i(x,X)0/2).

Remark 7.4. Actually, in [KM4] the noncompact hyperbolic case of signature
(p, 1) with n =p — 1 is excluded (when the cycles are infinite geodesics). In the
following, we will also exclude this case. Note however that for signature (2, 1)
and n = 1 this restriction was removed in [FM1], and our result will also hold in
that particular case.
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The following two theorems are the generalization of the main result of
[KM4].

THEOREM 7.5. The cohomology class [0,,1x1] is holomorphic; i.e., it defines a
holomorphic Siegel modular form of genus n with values in Sx(C")* @ x( — m/2)
and with coefficients in H"{(M, S;\j V).

Proof. This follows immediately from Theorem 5.10: We have [ggpnq,[ Al =0,
thus [0, 1(T) = 0. O

THEOREM 7.6. The Fourier expansion of [0,,1(T) is given by

Bagl =" >~ (PDCapa) A€y ™") enB),

=0 B=0
rank (3=t

where PD(Cg 1) denotes the Poincaré dual class of PD(Cgy)). Furthermore, if q
is odd or i(\) = n, then [0, \1(T) is a cusp form.

This is equivalent to:

THEOREM 7.7. Formn arapidly decreasing closed g(n—p) form on M with values
in S;\j(V), the generating series

Mg =3 3 / (nhe) eBn)

=0 B>0
rank 3=t

is a holomorphic Siegel modular form of type ( det™"/? ®p3s det™"/2,. .. det™"/?),
Note that by Theorem 3.7 a basis of Sx(C") is given by €z (), where f(\) runs
through the semistandard fillings SS(\, n). With respect to this basis, we define the

TAf(N) component (A (T,17)x f) by

Ang, T Moy = < /M NN g (T )) (eren)) -

Note here that the value of A at €f(\y and wxf(\) is the same. We then have

(Mg (T M)rsfr) = Z > n/\e e.(BT)

=0 820 Y Csrfou
rank 3=t

= Z > / (0, Xr0) A € ) e«((x,X)7/2),

t=0 xeLF

(X, x)>0
mod I"
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where

L ={x € h+bL": rank (x,X) = t; X nondegenerate}.

Proof. We denote the 3 Fourier coefficient of (A, (7,7))r) by
_ * —1 .
as={ [ A 3 p@ensa) | @@ epoe. 60,
M XGEﬁ
We first note:
LEmMMA 7.8. Assume that (3 not positive semidefinite. Then
ag = 0.

Proof. For n > 1, this follows from the Koecher principle, since Ajyj(7,7) is
holomorphic. For n = 1, so that 3 < 0, the vanishing follows from the vanishing
in the trivial coefficient case by an argument similar to the positive definite
coefficient, see Lemma 7.9 below. O

For 3 positive semidefinite, we write

ay=| [ 07 3 pi@puma | (@ opaen— isv)

XGE%

for the contribution of the closed orbits and a% = ag — ag for the degenerate part.

LEMMA 7.9. Assume (3 is positive semidefinite of rank t. Then

aj = /C (77 A eZ*’) )

BLfN]

Proof. By the usual unfolding argument, we obtain

agention) = | [ 1A D G | (@ ey

xeﬁ%

= A D> D Y e | (@ e

o €N\ L vy \T
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= Z (/r \D77 A (an,[)\](xa)> (@ "))

xer\ﬁg
But now by Theorem 5.9 and Lemma 5.8, we have
[engyxa)((@ o] = [(1 ® 1@ X[ s Png0(Xa)] -
Thus

( / nA PK(G)San,[A](Xa)) (erny) = / n A1 ® 1 & X)) Png,0(Xa)
I'y\D I'x\D

- / (1 X o) A Prgo(xa)
)

(/ (0, Xpro0) A e;) ex(i(x,x)v/2),
Cx

by Remark 7.3. This implies a = fcﬁ oo A e, as claimed. O
It remains to show:

LemMaA 7.10. Assume ( is positive semidefinite. Then
a% =0.

Proof. The recursion formula reduces this to the analogous statement for the
singular coefficients in the scalar-valued case in the same way as in Lemma 7.9.
The lemma then follows from the vanishing of those coefficients in the scalar-
valued case, see [KM4], §4. We leave the details to the reader. O

This concludes the proof of the theorem. O

Appendix A. The Fock model. We briefly review the construction of
the Fock model of the (infinitesimal) Weil representation of the symplectic Lie
algebra sp(W®C), where (W, (, )) denotes a nondegenerate real symplectic space
of dimension 2N. We follow [Ad2], [KM4]. We let Jy be a positive definite
complex structure on W, i.e., the bilinear form given by (wy,Jowy) is positive
definite. Let e1,...,enN;f1,...,fv be a standard symplectic basis of W so that
Joej = f; and Jof; = —e;. We decompose

W®C:W/EBW”
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into the +i and —i eigenspaces under Jo. Then wi = ¢; — if; and w/ = ¢; + if;,
j=1,...,N form a basis for W' and W” respectively. We identify Sym?(W) with
sp(W) via

(xoy)(2) = (x,2)y + (¥, ).

Given )\ € C, we define the quantum algebra (see [Ho]) WV, to be the tensor
algebra T(W ® C) modulo the two sided ideal generated by the elements of the
form x®y —y®@x — Ax,y)1. We let p: T(W ®@ C) — W, be the quotient map.
Since T(W ® C) is graded, we have a filtration F* on W), and we easily that
[FKWy, FYW,] € FM** =2, Hence F?W), is a Lie algebra. Furthermore, we
have a split extension of Lie algebras

0 — F'W), — F2W, — sp(W @ C) — 0.

Here the second map is p(x @ y) — A(xo0y) € Sym*(W ® C) ~ sp(W @ C), while
the splitting map j: Sym*(W @ C) — F?W), is given by

1
Jxoy) = o\ (p(p(y) + p(y)p(x)) .

(Note the sign error in [KM4], p. 151.)

We let J be the left ideal in VW, generated by W’. The projection p induces
an isomorphism of the symmetric algebra Sym®*(W") with W, /J. We denote by
px the action of Wy on W, /J ~ Sym*(W") given by left multiplication. We
now identify Sym®(W") with the polynomial functions P(CV) = C[zy,...,zy] on
W’ via zj(w)) = <wj’»,w§€’ ) = 2i6j and observe that then the action of W C WV, on
P(CV) is given by

0
pAW)) =z and pAW)) = 2IA—.
0z

This gives the action of W), and we obtain an action w) = p) oj of sp(W ® C) on
P(CN). This is the Fock model of the Weil representation with central character \.

We now let V be a real quadratic space of signature (p, g) (for the moment,
we change notation and denote the standard basis elements by v, and v,), and let
W be a real symplectic space over R of dimension 2n (with standard symplectic
basis ¢; and f;, j = 1,...,n). We consider the symplectic space W = V@ W
of dimension 2n(p + q), and note that J = 6 ® J defines a positive definite
complex structure on W. Here 6 is the Cartan involution with respect to the
above basis of V, while J is the positive define complex structure with respect to
the above symplectic basis of W. Then the +i-eigenspace W’ of J is spanned by
the v, ®@w} and v, @w/, while the —i eigenspace W is spanned by the v, ®w} and
Uy @ Wi



946 JENS FUNKE AND JOHN MILLSON

We naturally have o(V) x sp(W) C sp(V ® W), and one easily checks that the
inclusions ji: o(V) ~ /\2 (V) — sp(V@ W) ~ Sym*>(V® W) and jr: sp(W) —
sp(V @ W) ~ Sym*(V @ W) are given by

A = 2(01®W) (UZ®WH)*Z(UI®W”) (12 @ w))
Jj=1
p ptq
wiows) = > (a®@w)o(ta®@w) — Y (1 ®@wi) o (1, @ w),
a=1 p=p+1

with vy, » € V and wi,wy € W, see [KM4], Lemma 7.3.

We write F = P(C"P+9) for the Fock model F of the (infinitesimal) Weil
representation of sp(V @ W). We denote the variables in P(C"7*?) by Zqj COT-
responding to v, ® w}’ and z,,; corresponding to v, @ w/. For n = 1 we drop the
subscript j( = 1). We have

pA(La @ W) = 2iA52- v PAa@W) = 2o
p)x(vu ® W”) = 21)\81 g p)\(v,u ® W;) = Zyj-

We easily obtain the following formulas for the action of o(V) x sp(W) in
F: (the formulas differ from the ones given in [KM4] by a sign due to the sign
error mentioned above).

Lemma A.1. For the symplectic group, we note that in the decomposition
spWRC) =¥ @p*®p, ¢ ~ gl,C is spanned by the elements of the form
W;owk, ptis spannedbyw ow] and p~ is spanned by vv;ow;C (1 <j,k<n) Then

14 ) ptq )
w(wj’-owfc’) =2i Zz K5 Z - +i(p — @)0jk,
a=1 Zaj pu=p+1 Lpk
p+q 92
w(w OWk)— ZaiZok + 4N
>\ Z (e7heY H§l 8ZW 62#](
82 1 ptq
w(w owy) = 4)\2 0Zajﬁzak §1ZMJZ/,L](

Note that for n = 1, we have sp(W ® C) ~ sl(C), and (for A\ = 27i) the

1 —i _i 1 i
i = Zwiow| and R := 5 : 1
correspond to the classical Maass lowering and raising operators on the upper
half plane.

; — 1 _ 1.1 /"
action of L := 3 = gwi owj
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LEMMA A.2. For the orthogonal group o(V) = € & p, we write X,s = v, \ 15 €
/\2 (V) = o(V). So ¢ is spanned by X5 and X,,,, while p is spanned by the X,,,.
Then

- 0 0
W(Xaﬁ) = - loj - —2B8ia >

- 0 0
wXpw) = D Zyia— — wim
# ]z:l: w 8Zyj J(?ZW'
n 62 1 n
Xop) = 205 — 3z
j=1 j=1

We now give the intertwiner of the Schrodinger model with the Fock model
for A\ = 2mi. The K’-finite vectors of the Schrodinger model form the polynomial
Fock space S(V") C S(V") which consists of those Schwartz functions on V" of
the form p(x)po(x), where p(x) is a polynomial function on V" and ¢o(x) is the
standard Gaussian on V". On the other hand, we define an action of the quantum
algebra W, on S(V") by

Wty ® €) = 2Tixaj, Wty ®f) = —a%,»
w(v, ® ) = —2mix,;,  w(v, Of) = —a%

which has central character A = 27i. As before, we obtain an action of sp(V ®
W), and this is the infinitesimal action of the Schrodinger model of the Weil
representation introduced in the previous section. For A = 27i, we then have a
unique W -intertwining operator ¢: S(V") — P(C"P*?) satisfying t(pg) = 1 (W’
annihilates 1 € P(C"P*9) and oy € S(V")).

LeEMMA A.3. The intertwining operator between the Schrodinger and the Fock
model satisfies

1 o\ 1 L 9\ 2i 0
L xgj— —— | o7 = —i—z4i, Ll xgj+ —5— ¢ =2i—,
Y27 Oxyg 2 Y27 Oxgy 074

1 0 41 N 1 0 . Y 0
Ll xy— ——=—— | 7 =iz, clxy+——=— |t = =2i—.
Won 0x,j 27rZW Wor 0x,j 0z,
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