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Abstract
This course was given at ENSET Oran, November 4-9, 2006. It is

an introduction to isometric actions of Lie groups on Lorentz manifolds.
Several examples are presented, followed by general definitions and basic
facts about Lorentz manifolds, simple Lie groups, and proper versus non-
proper actions. The main goal is a dynamical argument for nonproper
isometric actions of simple Lie groups, orignally due to Kowalsky [Kow],
which has been used in many proofs in the subject. The second topic
is totally geodesic lightlike hypersurfaces associated to actions with non-
compact stabilizers. We prove some results towards the theorem of [Kow],
along the lines of [ADZ] and [DMZ], that any simple Lie group with finite
center, acting nonproperly by isometries of a Lorentz manifold, is locally

isomorphic to O(1,n) for some n > 2 or O(2, n), for n > 3.

We will assume the reader has familiarity with multivariable calculus and linear
algebra. Manifolds, Lorentz metrics, Lie groups, and connections will all be
introduced, although in some cases only briefly, and further references will be

given.

Acknowledgements: 1 thank the referee for his many helpful comments on this

text.

1 First examples of Lorentz manifolds and iso-
metric actions
Consider the symmetric bilinear form on R™
(x,y) = —z1y1 + 22 + - + TpYn

given by the matrix

Bip1=

)
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This bilinear form will be referred to as the standard inner product of type

(I,m — 1). Any inner product given by a matrix

B=¢'Bi,-19 g€GL(n,R)

is of type (1,n —1).

The linear automorphisms of R™ preserving Bj ,,—1 form the group
O(l,n—1)={9€GL(n,R) : ¢'Bin_19=Bin-1}

Definition 1.1 A subspace P C R"™ of dimension k, where R™ is equipped with
an inner product { , ) of type (1,n — 1), is called spacelike, Lorentzian, or
degenerate, according as the restriction of ( , ) to P is positive-definite, type
(1,k — 1), or positive-semidefinite, respectively. Degenerate subspaces are also

known as lightlike subspaces.

Note that, in case P is a degenerate subspace, the dimension of the kernel—the
subspace of all v € P such that (v,u) =0 for all w € P—is 1.

Exercise 1.2

e Prove that, for any ¢ € R, the group O(1,n — 1) acts transitively on the

set of vectors v € R"™ with (v,v) = c.

e A plane P C R"™ is degenerate, spacelike, or Lorentzian if P has a basis

u, v with |u A v| zero, positive, or negative, respectively, where

lu A v| = (u, u)(v,v) — (u,v)?

Show that O(1,n — 1) acts transitively on degenerate planes, spacelike

planes, and Lorentzian planes.

1.1 Constant-curvature models

The Lorentz models of constant zero, positive, and negative sectional curva-
ture are Minkowski space, de Sitter space, and anti de-Sitter space, respectively.
These are analogous to the sphere, flat Euclidean space, and hyperbolic space
in Riemannian geometry. The standard basis of R™ will be denoted ey, ..., e,

below.

Minkowski space Min" of dimension n is R"™ with the translation-invariant

Lorentz metric given by the standard inner product of type (1,n — 1).



Definition 1.3 A diffeomorphism of R™ is a smooth map f : R™ — R" with
a smooth inverse f~1. An isometry of Min" is a diffeomorphism f of R™
satisfying

(fratty frav) = (u,v)

for all x,u,v € R™.

Proposition 1.4 The isometries of Min" fizing the origin form the group O(1,n—
1). The full isometry group is the semi-direct product

Isom(Min™) =R" x O(1,n — 1)

and Min™ is a homogeneous space R"™ x O(1,n —1)/O(1,n — 1).

Proof: It is clear that R™ x O(1,n — 1) C Isom(Min"). Now suppose that
f € Isom(Min™). By post-composing with a translation, we may assume that f
fixes the origin. Then f,¢ is a linear isometry of To(Min™), which is isometric
to R™ with the inner product By ,—1. Therefore, f.o coincides with an element
of O(1,n —1).

The key fact is that f must carry straight lines to straight lines, because these are
the geodesics in Min". (Geodesics will be defined for general Lorentz manifolds
in section 9 below.) Then f must be linear, so f = f.o € O(1,n —1). &

De Sitter space dS™ of dimension n is the subset of R**1

{r e R : 2'By 0 =1}

with the induced Lorentz metric: the tangent space T,dS™ = z*, and the

restriction of By, to zt is of type (1,n — 1). Indeed, let v(¢) be a curve with
V(O By () = (v(t),7(t) = 1

for all ¢ and v(0) = x. Then

—| ((®),7@®) = 0
= {(7(0),7(0)) + ((0),7'(0))
= 2(~(0),2)

Since any v € T,,dS™ equals +'(0) for such a curve «, we conclude that T,,dS™ =

xt.



Definition 1.5 A map f: dS" — dS" is an isometry if [ extends to a smooth

map f with a smooth inverse in a neighborhood of dS™ in R" 1, and
(fratfeav) = (u,v)

for all x € dS"™ and u,v € T,dS".

The group O(1,n) acts isometrically and transitively on dS™.

Proposition 1.6 The group of isometries of dS" fixing eni1 is isomorphic to

O(1,n —1). The full isometry group is
Isom(dS™) =2 O(1,n)

and dS" is a homogeneous space O(1,n)/O(1,n —1).

Proof: Let f be an isometry of dS". By post-composing with an element
of O(1,n), we may assume that f belongs to the stabilizer of p = e,41. The
derivative f,, is a linear isometry of 7,,dS™ = p* and coincides with an element
of the stabilizer O(1,n)(p) = O(1,n — 1) of p in O(1,n). Then post-composing
with another element of O(1,n), we may assume f,, is trivial.

Now the key fact is that f must carry each intersection P N dS™, where P is a
linear plane in R"*!, to P'NdS", for some linear plane P’ in R"*!, because these
intersections are the geodesics of dS™. Suppose that () is such a geodesic with
~v(0) = p and 7/(0) = v € T,,dS". Then the plane P containing + is spanned by
en+1 and v. Because fy, is trivial, f preserves the intersection PNdS™ for every
plane P containing e, 1, and it actually preserves each geodesic v(t) C PNdS™
with its parametrization, provided (y/(0),7/(0)) # 0. Then f must be trivial in
a neighborhood of e, 41.

The argument above shows in fact that the set of z € dS™ with f(z) = = and
f«z = Id is open. But this set is also closed, and dS" is connected, so f is
trivial. &

Anti de Sitter space AdS™ of dimension n is the subset of R"*1
{r e R" . 2'By 1w = —1}
where Bs ,,—1 is a bilinear form of type (2,n — 1):

(u,v) = —u1v1 — UV + U3V3 + - - + Up41Vnt1



The tangent space T,AdS" = z* as above, and the restriction of By p—1 to it
is of type (1,n —1).

Isometries of AdS™ are defined analogously to those of dS™. The group O(2,n —
1) consists of all linear automorphisms of R"*! preserving By p—1. It acts

isometrically and transitively on AdS™.

Proposition 1.7 The group of isometries of AdS" fixing e1 is isomorphic to
O(1,n —1). The full isometry group is

Isom(AdS™) =2 O(2,n)
and AdS" is a homogeneous space O(2,n —1)/O(1,n — 1).

The proof of this proposition is similar to the proof for dS™, because again the
geodesics of AdS™ C R"*! are intersections with linear planes in R"*!,

Each of the above examples has constant sectional curvature. The sectional cur-
vature at each point is a rational function on the nondegenerate tangent planes
at that point, and it is invariant by isometries. The fact that the spaces above
are all homogeneous with isotropy O(1, n—1) implies that all Lorentzian tangent
planes have the same sectional curvature. Now because the sectional curvature
is rational and constant on a nonempty open set, it is constant everywhere. The

definition of sectional curvature will be given in section 9 below.

2 Algebraic Lie groups, Lie algebras, and the

adjoint representation

2.1 Definition of linear Lie group and Lie algebra

Definition 2.1 An algebraic Lie group G is a subgroup of GL(n,R) C R"

comprising the common zeroes of a finite set of polynomials on R"™.

Example. The group SL(n,R) is defined by the polynomial

det g—1= Z (_1)Sgn(0)gl,n(1) -+ O9n,o(n) — 1=0
oSy

where S, is the group of all permutations of {1,...,n}, and sgn(o) € {1,-1}

is the sign of the permutation o.



Example. The group O(1,n) is defined by
9'Bing = Bin

which is equivalent to the vanishing of the following polynomials

—gh g+t 93,+1,1 +1 =0
_g%i+g§i+"'+g%,+17i_]— = 0 i=2,...,n—|—1
—01i915 + 92i92j + -+ Gny1,ignt1; = 0 iF g i, j=1,...,n

Exercise 2.2 Find the polynomial equations defining the group O(p,q), where
O(p,q) ={g € GL(p+ ¢, R) : ¢'Bpqg = Bpq}

Note that matrix multiplication u : (g, h) — gh is given by polynomials in the
entries of g and h:

(gh)ij = Z Gikhuj
%

1

When G is a subgroup of SL(n,R), then inversion ¢ : g — g~ is also given by

polynomials in the entries of g, by Cramer’s formula:
(971ij = (=1)"det g(j, 1)

where g(7,1) is the (n — 1) x (n — 1) matrix obtained by removing the j* row
and " column from g.

Now let G be a linear Lie group. The tangent space to the identity 771G is a
subspace of the endomorphisms End(R"™). There is a bracket

[X,Y]=XY - VX
making End(R™) into what is called a Lie algebra.

Proposition 2.3 The derivative of inversion ¢ is —Id on T1G.

Proof: Let a(t) be a curve in G with «(0) = 1 and o/(0) = X. For all ¢,

Differentiation yields
a’(0) + s (a’(0)) =0

which implies ¢, (X) = —X. O



Proposition 2.4 If G < GL(n,R) is a linear Lie group, then T\ G is a sub-Lie

algebra of End(R™)—in particular, it is closed under bracket.

Proof: Let §(¢) in G be such that 3(0) = 1, and #’(0) = Y. The conjugate
B(t)"LXB(t) € TG for all t, so

B TIXB()

is a curve in T1G. The derivative

d

—| BH)TIXB(t) = -YX + XY
dt|,

and belongs to T1G. &

Now we can define an algebraic Lie algebra.

Definition 2.5 An algebraic Lie algebra g is a subalgebra of End(R™) with

underlying vector space equal to T1G, for G an algebraic Lie group.

The bracket in an algebraic Lie algebra satisfies the Jacobi identity
(X [V, Z]| + [Z, [ X, Y|+ [Y,[Z,X]] = 0

Example. For G = SL(2,R), the tangent space T1G can be computed by
differentiating an arbitrary curve

a(t) b(t)

c(t) d(t)

v(t)=[ 01

10
1 € SL(2,R)  ~(0) = [ ]
Differentiating

det(1(1)) = a(t)d(t) - b(t)e(t) = 1

gives, when t = 0,
a'(0)+d'(0) =0
or tr(y/(0)) = 0. Thus T1.SL(2,R) consists of all traceless 2 x 2 real matrices.

Exercise 2.6 Show that the Lie algebra sl(n,R) of SL(n,R) is the algebra of
all n x n traceless matrices.



Example. A curve in the algebraic Lie group O(p, q) satisfies for all ¢

V(1) Bpg¥(t) = By
Assuming that v(0) = 1, the derivative is

7'(0)" Bp,g + Bp.g7'(0)
So T1O(p, q) consists of all (p + ¢q) x (p+ ¢) matrices X with

XBp,+BpX =0
If p =0, then B, ; = I,, and the equation
X'+X=0

defines the algebra o(q), consisting of all skew-symmetric matrices.

2.2 Left-invariant vector fields and one-parameter sub-
groups

Definition 2.7 A one-parameter subgroup in an algebraic Lie group G is a

homomorphism v : R — G—that is
Yt +s) =~(t)y(s)
for all s,t € R.

We will show that one-parameter subgroups are solutions of ODEs, and so
always exist and are unique with given initial values. Then we will give an
explicit solution in an algebraic Lie group.

For any X € T1G and g € G, the translate gX € T,;G. Then associated to any
X € T1G is a left-invariant vector field satisfying

9(X(h)) = X(gh) Vg,heG

Denote by vx (t) the integral curve for X passing through 1: there is some € > 0,
such that, for each t € (—e,¢),



Now fix tg € (—¢,¢€). For any ¢ such that ¢,tg+t € (—¢, €), the curve vx (to)vx (t)

satisfies

(vx (to)yx (1) (1) = vx(to)vx (1)

Both curves have initial value 1, so, by uniqueness of solutions of ODEs, they

must be equal:

¥x (to + 1) = vx (to)yx (t)

whenever all three are defined. But now vx(¢) can be defined for all ¢t € R,

yielding a one-parameter subgroup in G.

Let X € End(R"™), and consider the power series

1 1
X =T+ X+ X2+ X3+

2 3!

If each entry of X is bounded in absolute value by ¢ > 0, then the entries of e
are bounded by

1 nc
—(e" =1 1
(e - 1)+
For s,t € R,
e(tJrs)X — etXesX
so e'X is a one-parameter subgroup of GL(n,R). Note that e = I, so e¥ is

invertible with inverse e=X. If X € T} G, then

getX _ X—|—5X2+§X3+-"
dt 2
= XX
so !X is a one-parameter subgroup in G. The map X > !X is called the expo-

nential map. The derivative of the exponential map T1G — T1G is the identity.
By the inverse function theorem, the exponential map is a diffeomorphism from
a neighborhood of 0 in 771G to a neighborhood of 1 in G. Such a neighborhood
of 1 in G will be called a normal neighborhood of the identity.



2.3 Adjoint representation

Definition 2.8 The adjoint representation of G on g is
Ad(g)(X) = gXg™*

If G is an algebraic Lie group, then the kernel of Ad is exactly the center Z(G)
of G. For each g € G, the adjoint Ad(g) is a Lie algebra automorphism:

[Ad(9)X, Ad(g)(Y)] = Ad(g)([X,Y])

for all X,Y € g.
Let e!X be a one-parameter subgroup of G and g € G. Then

et X =1 — eAd(g)(tX)

ge g

because both are one-parameter subgroups with initial tangent vector Ad(g)(X).

Definition 2.9 A connected algebraic Lie group G is simple if dim(G) > 1 and
the adjoint representation is irreducible—that is, the only invariant subspaces
are 0 and g. An algebraic Lie group is simple if the connected component of the

identity is simple. An algebraic Lie algebra g is simple if G is simple.

Proposition 2.10 If G is simple, then Z(G) is discrete—that is, every z €
Z(G) has a neighborhood U in G with UN Z(G) = {z}.

Proof: Let U be a normal neighborhood of e in G and suppose that z = eX €
Z(G)NU. For any g € G sufficiently close to 1,

gzl = Ad)x _ X

which implies that Ad(g)(X) = X for all g € G°, the identity component of
G. But then RX would be a nontrivial invariant subspace of g, contradicting
simplicity. Therefore, U N Z(G) = {1}. Now for any z € Z(G), the translate
2U is a neighborhood of z with zU N Z(G) = {z}. &

3 Lorentz manifolds and isometries

There are many books providing a good introduction to differentiable manifolds
and pseudo-Riemannian metrics. Among them are [Sp], [dC], and [ON].

A smooth n-dimensional manifold is a topological space that is locally diffeo-

morphic to R"™.
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Definition 3.1 An n-dimensional manifold M is a paracompact Hausdorff topo-
logical space with a collection of charts (o, U), where U is an open subset of M,
the union of all U covers M, and ¢ is a homeomorphism from U to an open sub-
set of R™. The charts must satisfy a smooth compatibility condition: if (p,U)

and (¥, V') are two charts, then the transition map
o™l ip(U) = ¢(V)
s a smooth map on its domain of definition in R™.

Definition 3.2 Let M be a smooth n-dimensional manifold, and x € M. The
tangent space at x, denoted T, M, is the collection of all (p(z),v) where (p,U)

is a chart with x € U, and v € R"™, subject to the equivalence relation
((@),v) = (Y(2),w) & Wop pw(v) =w
The tangent space T, M is a vector space. The sum
((x),0) + (p(2), ) = (p(z), v + 1)

The sum is well-defined, because if (¢¥(z),w) = (p(z),v) and (P(z),w’) =
(¢(z),v"), then

(¢ © (P_l)*cp(m) (U + U/) = (w © Qo_l)*go(ac)(v) + (w © 90_1)*4,0(96) (U/)

= w+uw

Similarly, scalar multiplication

is well-defined.
Example. The subset of R"*! underlying dS”, the set of x € R"*! with

xtBlynx =1

is a manifold. A global chart is given by

1
T,y Tpgl) = ———=(T2,...,2p
90( 1 +1) emlm( +1)

The image of this chart is R™\{0}.

11



Example. An algebraic Lie group G C GL(n,R) is a manifold. Let U be
a normal neighborhood of the identity, and denote by exp~! the inverse of the
exponential map. Then for any g € G, the pair (exp~tog™!, gU) is a chart with
image an open neighborhood of 0 in T} G, which can be identified with R4,
If gU N AU # 0, the transition map is

exp toh logoexp

which is a composition of smooth maps, so is smooth.

Exercise 3.3 Show that the subset of R*! underlying AdS" is a smooth man-
ifold.

If M and N are two smooth manifolds, then a map f : M — N is smooth, if,
for every x € M, and every pair of charts (¢,U) on M and (¢,V) on N with
x € U and f(z) € V, the composition

Yofop!

is smooth.
Suppose that (¢(z),v) and (¢(x),w) define the same tangent vector in Ty M.

Suppose that f is a smooth map from M to N, and (6,V) is a chart in N at
f(z). Then

(Bofo 9071)*50(.%)(”) = (fofo 5071)*50(.%) o(po ¢71)*w(x)(w)
= (B0 for™ )y (w)

so the tangent vector (6(f(z)), (0o fop ™). u()(v)) is independent of the choice
of (¢(x),v). Similarly, it is independent of the choice of 6.

Definition 3.4 For f : M — N a smooth map of manifolds, the derivative of
fatxeMis

f*w : TwM — Tf(T)N
Fro o (pl),0) = (0(f (@), (00 f 0 0™ o) ()

where (0, V') is any chart of N with f(x) € V.

Definition 3.5 A Lorentz metric on a smooth manifold M is a smoothly vary-

ing inner product { , )z of type (1,n — 1) on each tangent space Ty M.

12



Definition 3.6 A smooth map f: M — N is an isometry if f has a smooth

inverse, and, for every x € M, and u,v € T, M,
<'LL, U>$ = <f*xu7 f*wv>f(r)

Example. Suppose that p: M— Misa covering map. Suppose further that
M is a Lorentz manifold, and that all deck transformations are isometries. Then
M admits the structure of a Lorentz manifold such that p is a local isometry—
every * € M has a neighborhood U such that p maps p~*(U) isometrically to
U. Given ¢ € M and u,v € T, M, define

(U, 0)5 = (Pl Uy P V) p1 ()

Every Lorentz manifold has special curves called geodesics, that are the ana-
logues of straight lines in Min™ and planar sections in dS” and AdS™. Any

isometry of a Lorentz manifold must carry geodesics to geodesics.

4 Lie groups and Lie algebras

Definition 4.1 A Lie group is a group G that is also a manifold such that

multiplication and inversion are smooth.

Denote by L, left multiplication by g:
L, : G—=G
Ly, @ hw—gh
and by R, right multiplication by g.

Given X € TG, there is a left-invariant vector field X with X (g) = (Lg).1(X).
Then X satisfies

X(gh) = (Lg)«n(X(R))

For a left-invariant vector field X, integral curves vx through 1 satisfy the ODE
Yx(t) = X(vx (1) = yx (£)1(X)

and they are one-parameter subgroups, as in the case of algebraic Lie groups.
The map X +— vx(1) is defined on a neighborhood of 0 in 71 G and is called the

exponential map; the element yx (1) is often denoted eX.

The adjoint representation of G on T1G is

Ad(9)(X) = (Rg-1)sg(Lg)s1(X)

13



Exercise 4.2 Verify that Ad is a homomorphism G — GL(g):
Ad(gh) = Ad(g) o Ad(h)

(hint: use that right and left multiplication commute:
Rp-10Ly=Lgo R

forall g,h € G.)

The adjoint corresponds under the exponential map to conjugation

ot X =1 — eAd(g)(tX)

ge g

because both curves are one-parameter subgroups with the same initial tangent

vector.

Given X,Y € ThG, the bracket can be defined as the bracket [X,Y] of the

corresponding left-invariant vector fields on G. Recall that the bracket

XY= | Yox®) - g Xov)

where vx (t) and vy (¢) are integral curves for X,Y, respectively. The bracket

satisfies, for any diffeomorphism f,

where (f, X)(x) = fip-12)(X(f71(2))). If X,Y are left-invariant vector fields
and g € G, then

(Lg)«([X, Y]) = [(Lg) X, (Lg)Y] = [X, Y]

so the bracket is again left-invariant. The bracket is bilinear and skew-symmetric.
We leave it to the interested reader to verify that, for G a Lie group, the bracket
on TG satisfies the Jacobi identity.

Definition 4.3 A Lie algebra g is a (finite-dimensional) vector space with a

skew-symmetric bracket satisfying the Jacobi identity:

[X7 [Ya Z]] + [Zv [XaY]] + [K [ZvX]] =0

14



The bracket in a Lie algebra could also be defined as follows, for X, Y € T1G:

X, Y] = S| Ade)(v)

0
Note that when G is an algebraic Lie group, then [X,Y] = XY —Y X. To prove
that the definition above in terms of the adjoint is the same as the bracket of

the corresponding left-invariant vector fields, let X,Y € T1G and X, e’ be

the corresponding one-parameter subgroups. Then

d , _d

G| A = G| By
d ¢

= ], (R V()

where Y is the left-invariant vector field with Y (1) =Y. Now we have

d d d
— —ex )L (Y (e —| Y(e™¥ — —ex )y | (Y
G| ey = Gl ven s (g dem.) o)
d| d
—_ XY+_ il SYeftX
dt|, ds|,
d
= XY+ —| (Lesv)«(—X
S RCRNEES
d
= XY - —| X(e?
S| xen)
= XY -YX

Finally, the adjoint Ad(g) respects brackets because
[(Rg-1)«(Lg)s X, (Rg1)+(Lg)+Y] = (Rg-1)«(Lg)+[X, Y]

so the adjoint representation is by Lie algebra automorphisms.

5 Compact homogeneous examples

Next we will construct two examples of compact homogeneous Lorentz man-
ifolds. Both will be quotients of an algebraic Lie group with a bi-invariant
Lorentz metric. In this case, the geodesics through the identity are the one-

parameter subgroups.

15



5.1 Isometry group SL(2,R)

Consider the bilinear form (X,Y); = trXY on sl(2,R). Because the trace is
symmetric, this form is symmetric and Ad(SL(2,R))-invariant. It is of type
(1,2). Identifying sl(2, R) with T1.SL(2,R), we obtain a Lorentz metric x on
SL(2,R) defined by

(u,v)g = (97 u, g7 o)
This metric is obviously left-SL(2R)-invariant. The adjoint-invariance of ( , )1

implies that it is also right-SL(2, R)-invariant. The identity component
Isom’(SL(2,R), ) = SL(2,R) xz SL(2,R)

the quotient of SL(2,R) x SL(2,R) by the group generated by (—I2, —I2).
To prove this claim, let f € Isom’(SL(2,R), ). By post-composing with an
element of SL(2,R) x {1}, we may assume that f(1) = 1. Now

Ad(SL(2,R)) = SL(2,R)/Z(SL(2,R)) = PSL(2,R)

But PSL(2,R) = 0°(1,2)—both are the identity component of the isometry
group of the hyperbolic plane, in the upper half-plane and hyperboloid models,
respectively. So by post-composing with an element of Ad(SL(2,R)), the sta-
bilizer in SL(2,R) xz SL(2,R) of 1, we may assume that f.q is trivial. Then
f fixes all one-parameter subgroups through 1, which implies that f is trivial
on a neighborhood of 1. This argument shows in fact that the set on which
f(x) =z and f., = Id is open in SL(2,R); since it is also closed and SL(2,R)

is connected, we conclude that f is trivial.

Exercise 5.1 Show that SL(2, R) with this Lorentz metric is isometric to AdS®.
Conclude that 0°(2,2) =2 SL(2,R) xz SL(2,R).

Now let T be a cocompact lattice in SL(2, R)—a discrete subgroup such that
the quotient
M =SL(2,R)/T

is compact. The quotient M is a compact homogeneous Lorentz manifold.
Assuming I, € T, the connected isometry group Isom’(M) = PSL(2,R). From
covering space theory, any f € Isom®(M) can be lifted to f on SL(2,R) such
that fy = vf for all ¥ € I'. But the centralizer of I' C {1} x SL(2,R) is just
SL(2,R) x {15}, by the Borel density theorem (see [Zil] 3.2.5).
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5.2 Isometry group a warped Heisenberg group

The second example of a homogeneous compact Lorentz manifold will come from
a bi-invariant metric on a solvable Lie group. Consider the Heisenberg group H
of 3 x 3 upper-triangular matrices. The tangent space 171 H is the vector space

of 3 x 3 nilpotent upper-triangular matrices. A basis for this vector space is

0 1 0 0 1
X = 0 , Y = 01|, Z= 0

The bracket in the Lie algebra h spanned by X,Y, Z is

X)Y] = XY-YX = Z
(X,Z] = [¥V,Z] =0

Thus the center 3(f) is spanned by Z.
Now let S be the semi-direct product

S = S'xH

1 zcosh —ysinfd z— %xycos%—i— %(xQ — y?)sin 260
—if 1 ycosf + xsin b

1
The Lie algebra s is generated by h and another element W with
Ww.X]=Yy [WY]=-X [WZ]=0

The adjoint representation of S on s is given by

Ad(e®YW +aX +bY +2Z) = W+ (acosf —bsind)X + (bcosf + asinf)Y + Z
(1 2 ] !
Ad 1 W) = W—xY—§az2Z
L 1_
! _ 1
Ad 1y W) = W+yX—§yQZ
L 1_
F T
Ad 1 w) = W
1
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Now the following inner product on s is Ad(S)-invariant

I
[t

(X, X) YY) = (W, 2)
(W, W) (Z,Zy = (X,)Y) =0
span{Z,W} L span{X,Y}

This inner product is of type (1, 3), and determines a bi-invariant Lorentz metric

on S.

Now let I' be a cocompact lattice in H—for example, the group of all matrices in
H with integral entries. The quotient M = S/T" is a compact Lorentz manifold
on which S acts isometrically. The subgroup Z(H) NI acts trivially.

Next we will show that Isom®(M) = S/(Z(H)NT). Let f € Isom”(M). By
post-composing with an element of S, we may assume that f fixes the coset
of the identity. As in the example above, covering space theory gives a lift f
of f fixing the identity and satisfying f’y = vf for all v € I'; then f fixes all
the points v € I' C S. The exponential map of S is a diffeomorphism when
restricted to 7Y H C T1.S (see [Kn]), and exp~!(T) contains the generators X,Y,
and Z. Then f*l fixes all the integral matrices in 71 H, so f*l is trivial on
the codimension-one subspace T1 H. Because f*l is an orientation-preserving
linear isometry of T1.5, it must also fix the vector W transverse to 71 H—that
is, f*l = Id. Then f is trivial in a neighborhood of 1, and we conclude that f
is trivial.

There are generalizations of this example, where b is replaced by b,,, the (2n+1)-

dimensional Heisenberg Lie algebra. This Lie algebra is generated by

X1, Xp Y, Yo, Z

with [X;,Y;] = Z for j = 1,...,n. In the most general examples, the adjoint
of € € S\H acts by rotation by rj0, where r; is a rational multiple of 27, on
span{X;,Y;}. See [AS1] and [Zel] for more details.

6 Proper actions
Isometry groups of Riemannian manifolds always act properly, but Lorentzian

isometry groups may not. Nonproperness is the sole dynamical assumption on

the Lorentz-isometric actions in Kowalsky’s theorem.
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6.1 Definition and first consequences

Definition 6.1 A continuous action of a topological group G on a Hausdorff,
locally compact space X is proper, if, for any compact subsets A, B C X, the
set

Gap={9€G : gANB +# 0}

is compact in G.

When G is a discrete group, then a proper G-action is usually called properly

discontinuous.
Proposition 6.2 If G acts properly on X, then

o The stabilizer G(x) of any x € X is compact.
e The orbit Gz of any v € X is closed.

e The quotient space G\X is Hausdorff in the quotient topology.

Proof:

e Since any point © € X is a compact subset, compactness of G(x) =
G{2},{«} follows directly from the definition.

e Suppose that g, € G are such that g, — y € X. Let A be a compact
neighborhood of y in X. For all n sufficiently large, g, € G} 4. Because
G{z},4 1s compact, there is a convergent subsequence g, — h. Now by

continuity of the action, g,z — hxz. The limit Az must equal y, so y € Gz.

e Let z,y € X be such that Gz # Gy, so they project to distinct points in
the quotient G\X. We must find G-invariant open sets U containing z
and V containing y such that UNV = 0.

First choose an open neighborhood A of z such that the closure A is
compact. Because G (v}, A is compact, the intersection Gy N A is compact;
it does not contain x because Gx # Gy. Therefore, = has a neighborhood
in A not meeting Gy. Now replace A by a neighborhood of « with compact
closure contained in A\(Gy N A).

Next, let B be a neighborhood of y with B compact. Since Gzp is
compact, GA N B is compact; by the choice of A, this intersection does

not contain y. Therefore, y has a neighborhood in B not meeting GA;
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replace B by this neighborhood. Then U = GA and V = GB are disjoint
neighborhoods of Gz and Gy, as desired.

6.2 Counter-examples

Example. The isometry groups of Min™, dS™, and AdS™ do not act properly,
because they have noncompact stabilizers. The same is true for the compact
homogeneous examples of Section 5. Note also that an action of a noncompact

group on a compact space is always nonproper.
Example. Consider the action of R* on R?\{0} via the group of matrices

A
0 AeR”
0 At

This action is free, and every orbit is closed. But it is not proper. Indeed, let
K be the unit circle in R*\{0}. Every g € R* maps K to an ellipse centered at

the origin, so every gK N K contains at least 4 points.

Exercise 6.3 Find two orbits in R?*\{0} with no disjoint invariant neighbor-
hoods. Then conclude by a different argument from that above that this action

1s mot proper.

The following example is due to Scot Adams.

Example. Let

U = {(z,y) eR® : y>0, z>1/y}
U = {(z,y) eR® : y>0, z<1/y}
V. o= {(zy) eR® : y<0, z2>1/y}
X = {(z,yeR®: y=0}
Define
f o U=V

[ (wy) = (@ =-2/y,—y)
Now define T from U’ U X UV to itself by

(z+1,y), (r,y) eVUX
T(x,y)=q (@+1ly), (z,y) eV and (z+1,y) el
flx+1,y), (z,y)eU and (x+1,y) €U
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The group (T') generated by T acts freely, with closed orbits, and the quotient
(U'UXUV)/(T) is Hausdorfl. The action is not, however, proper, because, for

every positive integer j,

T2j(0’ 1/3) = (O’ _1/j)

6.3 Properness of Riemannian isometries

A Riemannian manifold is analogous to a Lorentz manifold, with a smooth
choice of positive-definite, rather than type-(1,n — 1), inner product on each
tangent space. Unlike a Lorentz metric, a Riemannian metric on a manifold M
defines a distance, making M into a proper metric space. A proper metric space
is one in which balls B(z,d) have compact closure. There results a crucial dif-
ference between Riemannian and Lorentzian isometries: Riemannian isometry

groups act properly.

Proposition 6.4 Suppose G is a closed subgroup of Isom(M), for M a sepa-

rable, o-finite, proper metric space:
d(z,y) = d(g(z),9(y)) Va,yeM, geG

Then G acts properly on M.

Proof: Let A, B be compact subsets of M. Let
a = sup{d(z,y) : z,y € A}
the diameter of A. Compactness of A implies that a is finite. Let
D(B,a)={x e M : d(z,b) < a for some b € B}

This set is compact. For any g € G4, g, the image gA C D(B, a).

Suppose that g, is a sequence in G4 5. Let A’ be a countable dense subset
of A. For each a € A’ the sequence g,(a) has a convergent subsequence. By
diagonalization, we may assume that g, has a subsequence for which g,(a)

converges for all a € A’. Denote the limit g(a). For any a,a’ € A, the distance
d(g(a), g(a)) = limd(gn(a), gn(a’)) = d(a,a’)

S0 g, converges to g uniformly on A’, and g preserves distances in A’.
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Now for any a € A, the sequence g,(a) is Cauchy in D(B,a); let g(a) be the

limit. The sequence g,, converges to g uniformly on A. For a,d’ € A,
d(g(a),g(a")) = limd(gn(a), gn(a’)) = d(a,d’)

so g preserves distances on A.

For any r > 0, the set
D(A,r) ={x €M : d(z,a) <r for some a € A}

is compact, and is mapped by G4, p into the compact D(B,a + r). We can
repeat the process above to find a subsequence of g,, converging uniformly to an
isometry defined on D(A,r). The entire space M is exhausted by a countable
union of compact sets of the form D(A,r). By diagonalization again, we obtain
a subsequence of g, that converges to an isometry g of M, uniformly on all

compact sets. %

There is a converse to this theorem for Riemannian manifolds: a group acting
properly and smoothly on a manifold preserves some Riemannian metric. See

[Kos| for the proof of this fact and other material on proper actions.

7 Structure of simple Lie groups

Let G be a connected Lie group and g its Lie algebra. The group G acts by
Lie algebra automorphisms on g via the adjoint representation. There is a Lie
algebra representation, also called the adjoint representation, of g on itself, that

corresponds under the exponential map to Ad.

Definition 7.1 For g a Lie algebra, the adjoint representation ad of g on g is
ad(X)(Y) = [X,Y]
The Lie algebra adjoint consists of infinitesimal Lie algebra automorphisms:

[ad(X)(Y), 2] + [Y, ad(X)(Z)] = ad(X)([Y, Z])

This follows immediately from the Jacobi identity. Recall that the bracket can
be defined in terms of the derivative of the one-parameter subgroup Ad(e!*) of

Aut(g): .

ad(X)(Y) = — 0

Ad(e"*)(Y)
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from which follows the relation

Ad(etx) _ etad(X)
where the exponential map on the right is in the group Aut(g).

Definition 7.2 A Lie algebra g is simple if dim g > 1 and adg is irreducible—
that is, the only invariant subspaces are 0 and g. A Lie group G is simple if g

18.

Exercise 7.3 Show that definitions 2.9 and 7.2 are equivalent for algebraic Lie

groups and Lie algebras. (Hint: The identity component G is Zariski dense in

G.)

Definition 7.4 An element X € g is R-split if ad(X) is diagonalizable over
R. It is nilpotent if ad(X) is nilpotent. An element a € G is R-split if Ad(a)

s diagonalizable over R.

Note that if X is R-split, then Ad(eX) = ead(x) is, too, because the exponential
of a real diagonal matrix is real diagonal.
Example. A Lie algebra may not have any R-split elements. Consider the

Lie algebra o(n) of all n x n skew-symmetric matrices. The inner product
(X)) =trXY

is negative definite and Ad(O(n))-invariant. Suppose there were an R-split
element ¢ € O(n). Then there are nonzero @ € R and X € g such that
Ad(g)(X) = aX. But then we have a contradiction:

0 # (X, X) = (Ad(g)(X), Ad(9)(X)) = o*(X, X)

Definition 7.5 The R-rank of a connected Lie group G is the dimension of a

mazximal abelian subalgebra of g consisting of R-split elements.

Maximal abelian R-split subalgebras of g correspond under the exponential map
to maximal connected, abelian, R-split subgroups of G. If G is an algebraic Lie
group, and X,Y € g are such that XY = Y X, then it is easy to compute that



This formula holds in a general Lie group for any commuting X and Y, as a
consequence of the Campbell-Hausdorff formula (see [Ja] V.5). It follows that if
a is an abelian subalgebra, then the group A generated by all the one-parameter

groups e!X, where X € a, is abelian and equals the image e®.

Now suppose that A is a maximal abelian R-split subalgebra of g. Let A1, ..., Ak

be a basis for a. There is an eigenspace decomposition for ad(A;)
1=De.
(6%

where « ranges over the eigenvalues of ad(A;). Because A2 commutes with Aj,
the endomorphism ad(Asz) preserves the eigenspaces for ad(A;), so there is a
refinement of the decomposition above into simultaneous eigenspaces for both
ad(A;) and ad(Asz). Continuing in this way, we obtain a decomposition of g
into simultaneous eigenspaces for ad(A41),...,ad(Ag). To each such eigenspace
correspond k real eigenvalues «q,...,ax, and there is a linear functional « :
a — R such that a(A;) = «;. Denote by g, the simultaneous eigenspace with
eigenvalues given by «a. That is, for A € a and X € g,,

ad(A)(X) = a(A)X

The functional « is called a root and g, is the root space for a.

Here are few basic facts about the root space decomposition.
Proposition 7.6 Let a be a maximal R-split subalgebra of g, and
g= @ Ja
[e%
the root space decomposition.

o If g is simple, then for each A € a, there is a least one nonzero root «
such that a(A) # 0.

e For any two roots a and 3 of g,
(80, 85] € Bats

(Note that a+ 3 may not be a root of g, in which case this bracket is zero.)

o If g is simple and « is a root, then so is —a; further [ga, g—a] 7# 0.
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Proof:

o If a(A) = 0 for all roots «, then ad(A) is zero on each root space gq.
Because these root spaces exhaust g, it follows that A is in the center of g.

But a simple group cannot have a one-parameter subgroup in its center.

o Let Aca, X € g, and Y € gg. Then

ad(A)([X, Y1) [ad(A)(X), Y] + [X, ad(A)(Y)]
a(A)[X, Y]+ B(A)[X, Y]

(a+ B)(A)X, Y]

e If —« is not a root, then the sum over all roots 3
@ da+p
B

is an ad(g)-invariant subspace properly contained in g, because it does not
meet go. It is not zero because it contains g,. This circumstance would
contradict simplicity. Similarly, if [ga, g—o] = 0, then the same subspace

would be proper, nonzero, and invariant.

O

Example. The R-rank of O(1,n) is 1. First, replace B, by another form
of type (1,n) with respect to which a maximal R-split subgroup of O(1,n) is
diagonal. Namely, let B be given by

Aozt 0
y m - MeR, z,y c R meon—1)
0 —yt —A

The elements with x,y,m = 0, as X ranges over R, form a one-dimensional R-
split subalgebra a. The centralizer of a is a +m, where m = o(n — 1) consists of
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elements with A\, z,y = 0. Consider the eigenspace consisting of elements with
y,m, A = 0, as x ranges over R"~!. The adjoint of m on here is the standard
representation of o(n — 1) on R"~!; all eigenvalues in this representation are
purely imaginary. Therefore, no element of m can be R-split, so a is a maximal

abelian R-split subalgebra.

Exercise 7.7 Compute explicity the Lie algebra o(2,n), and show that the R-
rank of O(2,n) is 2.

8 Kowalsky’s argument

Suppose that G is a simple Lie group acting nonproperly and isometrically on a
Lorentz manifold M. The goal of this section is to show that, for some x € M,
a sum of root spaces in g all generate isotropic flows at x. Because the maximal
dimension of an isotropic subspace of T, M is 1, a codimension-1 subspace of
this sum of root spaces fixes . The argument is based on the interaction of the

nonproper dynamics of G on M and the dynamics of Ad(G) on g.

Under the nonproperness assumption on the G-action, there are compact subsets
B,C C M such that G'p,c is not compact. By continuity of the action G x M —
M, the set G, is closed, so it must be unbounded. Let g, € Gp,c be an
unbounded sequence. The K AK decomposition (see [Kn]) of G gives that every
element g € G can be written as a product g = kak’, with k, k¥’ € K and a € A,
where A is a maximal connected, abelian, R-split subgroup of G, and Ad(K) is
a maximal compact subgroup of Ad(G). If Z(G) is finite, then K is a maximal
compact subgroup of G. Write

gn = knank;

Because g, is unbounded and K is compact, the sequence a,, must be unbounded
in A. By passing to a subsequence, we may assume k, — k and k], — k’. Recall
that the exponential map of G maps a onto A. Let A, = loga, € a. With
respect to any norm on the vector space a, the sequence |A,| — oo. Again
passing to a subsequence, we may assume that A4, /|A,| — A for some A in the

unit sphere of a.

Each X € g defines a vector field X on M by

d
XT(Z‘) = & etXa:
0

26



Differentiating
getXg gz = getX g

yields
Ad(9)(X)T(g) = gua(XT(2))

Now each x € M gives an inner product { , ), on g by
(X,Y)e = (XT(2), YT (2))
Because G acts isometrically, for any g € G,

(X, Y)ge =

Now let x,, € B be such that g,z, = y, € C. Passing to a subsequence, we
may assume 2, - ¢ € Bandy, -y € C. For X € g, and Y € gg,

(XY )arie, = (Ad(ay")(X), Ad(ay)(Y )iy,
em A =BAD (X VY 4

On the other hand,
<X’ Y>ank;zmn = <X’ Y>

kZlyn

atan =l (732)

and a(A,/|A4n|) — a(A). The same holds for 8. Therefore, if a(A), 5(A) > 0,
then
e A=A (X VY — 0

while
<AXP7 Y>k171yn — <X, Y>k_1y

Therefore, the subspace

P oo

a(A)>0

is totally isotropic for (, )g-1,.

The conclusions of this argument are summarized in the following proposition.
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Proposition 8.1 Let G be a simple Lie group with finite center acting isomet-
rically and nonproperly on a Lorentz manifold M. Then there is a point x € M
and a nontrivial R-split element A € g such that

D o
a(A)>0

is totally isotropic for (,).

The following is the first corollary of proposition 8.1. (This result had been
previously obtained by Zimmer in [Zi2]. He showed that when M is compact,

almost every stabilizer is discrete, which sufficed for his argument.)

Theorem 8.2 ([Kow]) Suppose G is a simple Lie group with finite center acting
nonproperly and isometrically on a Lorentz manifold M. Suppose further that
for all x € M, the stabilizer G(x) is discrete. Then G is locally isomorphic to
SL(2,R)—that is, g =2 sl(2,R).

Proof: By the assumptions on G and M, the argument above applies, so there

is some x € M and an R-split element A € g such that

D s

a(A)>0

is a totally isotropic subspace for ( , ),. The additional assumption that G(z) is
discrete implies that the linear map X +— XT(z) is injective. Because a maximal
isotropic subspace of T, M is 1-dimensional, the subspace ©q(4)>08q is at most

1-dimensional.

By proposition 7.6, there is some root « such that a(A4) > 0. Let X, be a
generator of g,. Note that (A) <0 for any root 8 # a.

Applying Kowalsky’s argument to the inverse sequence g;! = (k/) ta; 'k *
gives A’ € a and 2’ € M such that

P oo

a(A”)>0
is isotropic for ( , ),,. But log(a,!) = —log(a,), so

P - Crio B
| log(az )]

Therefore the sum

P e

a(A)<0
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is isotropic for ( , ),s. Discreteness of G(z’) again implies that this space is
1-dimensional. By proposition 7.6, —« is a root, and obviously —«(A) < 0. Let
X_qo be a generator of g_,. Note 3(A) > 0 for any § # —a. Now (G(A) =0
unless § = +a.

In order to conclude that g 2= s[(2,R), it suffices to show that X,, A, and
X_q generate an Ad(G)-invariant subalgebra isomorphic to s[(2, R). Using the
exponential map, it suffices to show they generate an ad(g)-invariant subalgebra
isomorphic to s[(2,R).

For any nonzero root 3, if B(A) = 0, then 5 4+ « cannot be a root. Therefore,
[X3,X+a] =0. Let B = [Xq, X_4]; it is nonzero by 7.6. If 3 is a root different
from +a and Xg € gg, then the Jacobi identity gives

[BvXﬁ] = _[[XﬁvXa]vX*a] - [[X*avXﬁ]vXa]

The brackets [Xg, X_,] and[X_,, Xg| are zero unless 5 = 0. In this case, the
right hand side is

_[a(Xﬁ)Xaa X_ o] - [Oé(Xg)X_a, Xa]=0

Therefore, 3(B) = 0 unless 8 = +«. Then all roots vanish on cA — B for some
c € R, which implies, again by proposition 7.6, that B = cA. Now X,, A, X_,
generate a subalgebra of g that is ad(g)-invariant and isomorphic to sl(2, R), so
g=~sl(2,R). &
The main theorem of Kowalsky’s thesis says that nonproper isometric actions
of simple groups resemble the constant-curvature models:

Theorem 8.3 Suppose that G is a simple Lie group with finite center acting
nonproperly on a Lorentz manifold M. Then G is locally isomorphic to O(1,n)

for some n > 2 or O(2,n) for some n > 3.

Toward this end, we will prove the following theorem of [ADZ] in the simple

case.

Theorem 8.4 ([ADZ] 1.6) Suppose that a simple group G with finite center
and not locally isomorphic to SL(2,R) acts isometrically on a Lorentz manifold
M of dimension at least 3. Suppose that G has an orbit of Lorentz type in M
with noncompact stabilizer. Then this orbit has constant curvature, and G is

locally isomorphic to O(1,n) or O(2,n) for some n > 3.

The results of [ADZ] actually apply to semisimple groups with finite center and
no local SL(2, R)-factors, and the full conclusions describe the isometry type of
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M in a neighborhood of the nonproper Lorentz orbit. A semisimple Lie algebra
is a direct sum of simple Lie algebras, and a semisimple Lie group is one with
semisimple Lie algebra.

Suppose G is simple with finite center and acts nonproperly on a Lorentz mani-
fold M. By Kowalsky’s argument, associated to a sequence g, — oo are a point
x € M and an R-split A € g such that

P s

a(A)>0

is an isotropic subspace for the inner product (, ), on g. Note that if /¥ is a 1-
parameter group in the stabilizer G(x), then Y(x) = 0, so Y is isotropic. Now a
maximal isotropic subspace of T, M is 1-dimensional, so either the sum of root
spaces above intersects the stabilizer Lie algebra g(z), or it is 1-dimensional.
The same is true for the point 2’ associated to the sequence g, !. Then either
the argument in the discrete stabilizers case above applies, and g = s[(2,R),
or one of x,z’ has a nonzero root vector in the stabilizer. Thus if G is not
locally isomorphic to SL(2,R), then we may assume there is some nonzero
Y € ®qa(4)>08q that is also in g(x).

The one-parameter group generated by such a Y is not precompact because
Ad(Y) is unipotent. Then G(z) is noncompact. Because G is simple, it acts
faithfully on the orbit Gz, unless z is a fixed point. Then Gz is not Riemannian
type, so it is Lorentzian, degenerate, or a fixed point. In the degenerate case, the
results of [DMZ] give that G has a Lorentzian orbit near z with noncompact
stabilizer; the fixed point case is easy, and is discussed in [DMZ]. Thus the
results of [ADZ] and [DMZ] together give a proof of Kowalsky’s theorem under
the assumption of no local SL(2, R)-factors; the next section gives some idea

about the proofs, which are different from those of [Kow].

9 Totally geodesic lightlike hypersurfaces and

constant curvature

The main tool in [ADZ] is totally geodesic lightlike hypersurfaces, which can
be associated to actions with strong dynamics. These will be defined below. In
the current setting, the noncompact stabilizer of x will imply existence of one
of these hypersurfaces through z.

Given a Lorentz metric on a manifold M, there is a unique torsion-free con-

nection, called the Levi-Civita connnection, on M that is compatible with the
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metric. A connection is a way to differentiate vector fields. Denote by Z(M)
the vector space of vector fields on M. A connection is a function of two vector

fields that depends linearly on the first coordinate and as a derivation on the

second:
V : EM)XEM)—Z(M)
vV : (X,)Y)— VxY
VixivZ = fVxZ+VyZ
Vx(fY+2) = X(f)Y +fVxY +VxZ

where f is any function on M. The vector field VxY is called the covariant

derivative of Y in the direction of X. A connection is torsion-free if
VxY - VyX = [X,Y]
for any X, Y € Z(M). Finally, it is compatible with the metric if
X(Y,Z) = (VxY, Z) + (Y, VxZ)

for any X,Y,Z € E(M). The vector field VxY is determined by (VxY, Z) for
Z varying over vector fields that span each tangent space. The sum

XY, Z)+Y(X,Z) - Z{Y,X) = (VxY,Z)+(VyX,Z)
+ (Y, VxZ—VX)+ (X,VyZ—VY)

Using that the connection is torsion free, we obtain an explicit formula for the

Levi-Civita connection in terms of the metric and the bracket of vector fields:

AVXY,Z) = XY, Z)+Y(X,Z)— Z(Y,X)
+ <[X7 Y]’ Z> - <Y’ [X7 Z]> + <Xa [Yv Z]>

The geodesics of a connection are the curves « such that V., = 0 along 7.
To define the covariant derivative V.~', extend 7’ to a vector field X in a
neighborhood of the image of the curve . The values of VxX along v are
independent of the choice of X; indeed, if X (y(¢)) = Y (v(t)) = +/(t) for all
t € (—e,€), then [X,Y] vanishes along . Also, along 7, we have Vx (X —Y) =
V(X —Y)=0. It follows that VxX = VxY = Vy X = VyY along v.

The equation V.4 = 0 can be expressed as a second-order ODE, so geodesics
with a given initial tangent vector always exist on some time interval (—e¢, €).
A submanifold N C M is totally geodesic if, for any vector fields X,Y tangent
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to N, the covariant derivative VxY is also tangent to N. This condition is
equivalent to the condition that, for any X € T, N, the geodesic through = with
initial vector X stays in NV for some positive time.

Example. In case M = Min", the covariant derivative is simply VxY = XY
to prove this, it suffices to verify that it has all the properties of a torsion-free

connection compatible with the metric.

Now let (¢) be a curve in Min™. The condition for 7 to be a geodesic is that

0 = V.9
— ,_y/,y/
d ,
= Sy
Tl (v(®))

= 5"(t)

Therefore, the geodesics of Min" are straight lines, curves of the form ~(t) =
u + tv, for u,v € R™.

Next suppose that N is a submanifold of Min". The condition for N to be
totally geodesic is that for every x € N and u € T, N, the geodesic of Min"
through z in the direction u is contained in N for some time. Then N locally
contains every line tangent to it, and so N must be an open subset of an affine
subspace of Min".

The curvature tensor R of a connection is the operator
R(X,Y)=Vxy]+VyVx - VxVy

It is skew-symmetric, and R(X,Y"), depends only on X (z), Y (z). Given a vector
field Z and a function f, the vector field

R(X,Y)(f2) = [R(X,Y)Z

so R(X,Y) is a linear endomorphism of T, M. The tensor (R(X,Y)Z,T) has
the following symmetries (see [KN]):

(RIX,Y)Z,T) + (R(Y,Z)X,T)+ R(Z,X)Y,T) = 0  (Bianchi identity)
(RX,Y)Z,T) = —(R(Y,X)ZT)
(RX,Y)Z,T) = —(R(X,Y)T,Z)
(R(X,Y)Z,T) = (R(Z,T)X,T)



Given a nondegenerate plane P = span{X,Y} C T, M, the sectional curvature

along P is
(R(X,Y)X,Y)

S(XY) = X AY]

where [X AY | = (X, X)(Y,Y)—(X,Y)? as above. The sectional curvature only
depends on P, and not on the choice of basis X,Y.

Definition 9.1 A totally geodesic lightlike (tgl) hypersurface in an n-dimensional
Lorentz manifold M is an (n — 1)-dimensional totally geodesic submanifold
N C M such that TN+ NT,N #0.

If N is a tgl hypersurface, then for each € N there is an isotropic vector
v € TN such that T,N = v'. If there are many tgl hypersurfaces through

every point of a Lorentz manifold M, then M has constant sectional curvature.

Proposition 9.2 ([Ze3] 3) Suppose that M is a Lorentz manifold of dimen-
sion at least 3 such that, for each x € M, there are tgl hypersurfaces Hy, ..., Hy,
through © such that vi € Hi-,...,v, € H;- span T,M. Then M has constant
sectional curvature.

Proof: For u € T,M, let A,(v) = R(u,v)u. Because H; is totally geodesic,
A, (H;) C H; whenever u € H;. If u,w € H; = v;-, then

(Au(vi),w) = (R(u,vi)u, w)

Therefore, whenever u € v, then A, (v;) = Av; for some . Note (v;, v) = 0 if
and only if 4 = k because the maximal dimension of a totally isotropic subspace
is 1. Choose e; € N;z;H; of unit norm. Let A;; be such that A, (vj) = \j;v;.
Because

(Ae, (v5),vk) = (Ae, (vk), v5)

Aij = Aix = A; whenever j, k # i and j # k. Because the v; span T, M, the
sectional curvature of any nondegenerate plane containing e; equals A;. Then
A = A for all <.

Next we will show the curvature tensor R, of M at x equals Ry, the curvature
tensor of a manifold of constant sectional curvature A = A(z). The difference
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R, — R) is again multilinear and has the same symmetries. Now we will assume
A(z) = 0 and show that R, is zero.

First note that because each H; is totally geodesic, the vector
R(e;, ej)e; € N, jzipHy = span{e;, e;}

Now, because
(R(eisej)eiej) = 0= (R(es, ej)es, eq)

the vector R(e;,e;)e; =0 for all 4,j. Then R(e; +e;,¢;)(e; +¢e;) =0, and
(R(e; +ej,ex)ei +ej),e) = (R(e; +ej,e;)(e; +€j),ex) =0
Similarly, (R(e; + €j, ex)(e; + €;),e;) = 0. Since also
(R(e; +ej,er)(e; +¢€5),ex) = (Rlex, e; + ej)ex, e; +e;) =0

we may conclude that R(e; + e;,ex)(e; +e;) = 0 for all ¢, 4, k, using that it
belongs to Mz ;.. H; = span{e;, e, e, }. Since

R(e; +ej,ex)(ei +e;) = Res, ex)ej + R(ej, ex)e; =0
we get R(e;,ex)e; = —R(ej,ex)e; for all 4, j, k. The Bianchi identity gives

0 = (R(ei,ej)ek,er) + (Rlex,ei)ej, er) + (R(ej, ex)es, er)

—R(ek,ej)ei, e1) + (Rlek, ei)ej, er) + (R(ej, ex)ei, er)
R
R(ej,er)es, er) + (—R(es, ex)e;j, er)

(
(
R(
(

(
(

= 2 €55 ek)eia el> + <R(ek7 ei)eja el>

Il
O

= 2

(
(
(
= 3

)ei, er)
ej,er)eq, er) + (R(ej, ex)ei, er)
)ei, er)

=

€j,€k)€Ei, €]

so R, = 0, as desired. Then the original curvature tensor at x was equal to
that of a manifold with constant sectional curvature A(x). Finally, using the
following result, known as Schur’s lemma, we can conclude that A(z) = A\(y) for
all y,z € M.

Lemma 9.3 (see [KN]) Let M be a Lorentz manifold such that, for each x €
M, all nondegenerate planes in T, M have the same sectional curvature. Then

M has constant sectional curvature.
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Proposition 9.4 ([Ze3] 6) Let M be a Lorentz manifold with isometry group
G. Suppose that G(x) is noncompact for some x € M. Then there is a tgl
hypersurface in M through x.

Proof: Denote by p the metric on M.

Let f, — oo in G(x). The graphs I'(f,) of f, near x are n-dimensional sub-
manifolds of M x M, and they are totally geodesic with respect to the natural
connection on the product. They are also isotropic with respect to the type
(n,n) pseudo-Riemannian metric p @ (—p) on M x M. After passing to a sub-
sequence, the limit I" of I'(f,,) is an n-dimensional, isotropic, totally geodesic
submanifold near z. It cannot surject onto the first factor near z, for then it
would again be the graph of some isometry near x, contradicting the assumption

that f, does not have any convergent subsequence.

The sequence f, ! — oo, and the limit T=! = im'(f,;!) is obtained from I'
by switching the first and second coordinates. Since the projection of I'"! on
the first factor is not surjective near z, the intersection '™t N ({z} x M) is
positive-dimensional; it is also isotropic in M, so it has dimension exactly 1.
Thus the intersection I' N (M x {z}) is isotropic, geodesic, and 1-dimensional.
It follows that the projection of I' on the first factor is lightlike, geodesic, and

(n — 1)-dimensional. O

10 Proof of theorem 8.4

Recall that we have a simple Lie group G with a Lorentz orbit in M with
noncompact stabilizer. Let N be the Lorentz orbit, and x € N. Then by the
proposition above, there is a tgl hypersurface H through 2. Let 0 # v € H*.
If g € G(z) and g.,v = w, then w is tangent to another tgl hypersurface gH
through x.

We will first show that the orbit of v by the isotropy G(z) is infinite, so there
are infinitely-many tgl hypersurfaces through x. First, the orbit N cannot be
contained in H, by the assumption that IV is of Lorentz type. Suppose that
the orbit of v by the isotropy G(z) is a finite set {v1,...,vx}. Then the orbits
g« Ui as g ranges over GG give finitely-many isotropic vector fields on N that are
permuted by the G-action. By passing to a finite-index subgroup of G, we may
assume that G preserves one of these vector fields. Then G(x) preserves H, and
the orbit of H by G gives a foliation of M near z by tgl hypersurfaces. The

stabilizer of H in G is a codimension-one subgroup. But any simple group with
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a codimension-one subgroup is locally isomorphic to SL(2,R), a contradiction.

Therefore, we may assume that the isotropy orbit of v is infinite. Let E be the
G(x)-irreducible subspace of T, M containing v. The restriction of the metric
to E is of Lorentz type, because F contains infinitely-many isotropic vectors.
But then, by the theorem of [BZ], G(z) contains a subgroup L isomorphic to
the identity component O°(1, k), where dim(E) = k + 1.

The metric on E* is positive-definite, and L acts trivially on it. The translates
9«2 (F) give a G-invariant distribution £ along N. This distribution is tangent
to a submanifold if and only if, for any two vector fields X,Y along &, the
bracket [X,Y] € £. Let X,Y be two such vector fields near x, and denote by
7 the projection from T, M to E+. For any g € L, we have 7[g. X, g.Y] =
9:7[X,Y] = 7[X,Y]. Because L acts irreducibly on F, the projection 7[X,Y]
must be trivial.

Therefore, there is a submanifold N’ tangent to £. This submanifold has con-
sant curvature because each tangent space is spanned by isotropic vectors that
are normal to tgl hypersurfaces. Because N’ contains x and is G-invariant, it
contains N = Gux; on the other hand T,,N C E is G(z)-invariant, so T,N = E,
and N = N'. Finally, the irreducibility of G(x) on E means that G is the full
isometry group of N, so G = O(1,n) or O(2,n) for some n > 3.
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