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a1 = a + h * 0.5;

b1 = b - h * 0.5;

x = a1:h:b1;

c = ones(n,1);

fx = feval(fh, x);

I2 = 2 * h * fx * c;

I = (I1 + I2)/3;
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function y = f(x)

x = x + (x==0)*eps;

y = sin(x) ./ x ;
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function t2=ctrapz(fh,a,b,ep)

h = b-a;

t1 = 0.5*(b-a)*(feval(fh,a) + feval(fh,b));

t2 = 0.5*t1 + 0.5*h*feval(fh,(a+b)/2);

while abs(t2-t1)>ep

t1 = t2;

h = h / 2;

t2 = 0.5 *( t2 + ...

2*h*sum(feval(fh, a+h:2*h:b-h)) );

end
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0
sinx

x dx ,
|T2n − Tn| ≤ 10−7.

k Tn k Tn

0 0.9207355 6 0.9460769

1 0.9397933 7 0.9460815

2 0.9445135 8 0.9460827

3 0.9456909 9 0.9460830

4 0.9459850 10 0.9460831

5 0.9460596



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)]

⇒ I − T2n

I − Tn

≈ 1

4



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4

I ≈ T2n +
1

3
(T2n − Tn)



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4

I ≈ T2n +
1

3
(T2n − Tn)

À Á ¢ À ¨

, T4 = 0.9445135, T8 = 0.9456909, (

ÂÃ Ä

2,3

ÄÅ

�Æ

,)

¾ {Ç

I ≈ T8 +
1

3
(T8 − T4) = 0.9460833

6



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4

I ≈ T2n +
1

3
(T2n − Tn)

À Á ¢ À ¨

, T4 = 0.9445135, T8 = 0.9456909, (

ÂÃ Ä

2,3

ÄÅ

�Æ

,)

¾ {Ç

I ≈ T8 +
1

3
(T8 − T4) = 0.9460833

Ã Ä

6

È ÄÅ �Æ É



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4

I ≈ T2n +
1

3
(T2n − Tn)

À Á ¢ À ¨

, T4 = 0.9445135, T8 = 0.9456909, (

ÂÃ Ä

2,3

ÄÅ

�Æ

,)

¾ {Ç

I ≈ T8 +
1

3
(T8 − T4) = 0.9460833

Ã Ä

6

È ÄÅ �Æ É � ¢
,

Sn = T2n +
1

3
(T2n − Tn)



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn)

À Á

,

T2 + 1
3
(T2 − T1) = 4

3
T2 − 1

3
T1



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn)

À Á

,

T2 + 1
3
(T2 − T1) = 4

3
T2 − 1

3
T1

= 4
3
· b−a

4
[f(a) + 2f(a+b

2
) + f(b)] − 1

3
· b−a

2
[f(a) + f(b)]



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn)

À Á

,

T2 + 1
3
(T2 − T1) = 4

3
T2 − 1

3
T1

= 4
3
· b−a

4
[f(a) + 2f(a+b

2
) + f(b)] − 1

3
· b−a

2
[f(a) + f(b)]

= b−a
6

[f(a) + 4f(a+b
2

) + f(b)]

= S1



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn)

À Á

,

T2 + 1
3
(T2 − T1) = 4

3
T2 − 1

3
T1

= 4
3
· b−a

4
[f(a) + 2f(a+b

2
) + f(b)] − 1

3
· b−a

2
[f(a) + f(b)]

= b−a
6

[f(a) + 4f(a+b
2

) + f(b)]

= S1

¦ ¢ Ê Ë � Ì � {

O(h2)

Í ÎÏ Ð � {

O(h4).



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn)

Ì Ð �� �Ñ Ò � Î

Cotes

� �
:

Cn = S2n +
1

15
(S2n − Sn)



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn)

Ì Ð �� �Ñ Ò � Î

Cotes

� �
:

Cn = S2n +
1

15
(S2n − Sn)

Ì

Cotes

� �Ñ Ò � Î
Romberg

� �

:

Rn = C2n +
1

63
(C2n − Cn)



Romberg

I − Tn ≈ −h2

12
[f ′(b) − f ′(a)] ⇒ I − T2n

I − Tn

≈ 1

4� ¢

,

Sn = T2n +
1

3
(T2n − Tn) =

4T2n − Tn

3Ì Ð �� �Ñ Ò � Î

Cotes

� �
:

Cn = S2n +
1

15
(S2n − Sn) =

16S2n − Sn

15Ì

Cotes

� �Ñ Ò � Î
Romberg

� �

:

Rn = C2n +
1

63
(C2n − Cn) =

64C2n − Cn

63



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869 0.9460830



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869 0.9460830

3



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869 0.9460830

3 0.9456909



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869 0.9460830

3 0.9456909 0.9460834



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869 0.9460830

3 0.9456909 0.9460834 0.9460831



Romberg :

4.5 Romberg I =
∫ 1

0
sinx

x dx,
ε = 10−10.

k T2k S2k−1 C2k−2 R2k−3

0 0.9207355

1 0.9397933 0.9461459

2 0.9445135 0.9460869 0.9460830

3 0.9456909 0.9460834 0.9460831 0.9460831



Gauss

I =

∫ b

a

ρ(x)f(x)dx

≈
n

∑

i=0

ωif(xi)



Gauss

I =

∫ b

a

ρ(x)f(x)dx ≈
n

∑

i=0

ωif(xi)



Gauss

I =

∫ b

a

ρ(x)f(x)dx ≈
n

∑

i=0

ωif(xi)

ÁÓ ÔÕ

ωi

Ö

xi

� × ÎØ

?



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.

à

f(x) = 1, x, x2, x3,

á



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.

à

f(x) = 1, x, x2, x3,

á































ω0 +ω1 =2

ω0x0+ω1x1=0

⇒







ω0 = 2x1

x1−x0

ω1 = −2x0

x1−x0

ω0x
2
0+ω1x

2
1=

2
3

ω0x
3
0+ω1x

3
1=0

⇒







ω0x
2
0 = 2/3x1

x1−x0

ω1x
2
1 = −2/3x0

x1−x0

⇒ x2
0 = x2

1 =
1

3



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.

à

f(x) = 1, x, x2, x3,

á































ω0 +ω1 =2

ω0x0+ω1x1=0
⇒







ω0 = 2x1

x1−x0

ω1 = −2x0

x1−x0

ω0x
2
0+ω1x

2
1=

2
3

ω0x
3
0+ω1x

3
1=0

⇒







ω0x
2
0 = 2/3x1

x1−x0

ω1x
2
1 = −2/3x0

x1−x0

⇒ x2
0 = x2

1 =
1

3



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.

à

f(x) = 1, x, x2, x3,

á































ω0 +ω1 =2

ω0x0+ω1x1=0
⇒







ω0 = 2x1

x1−x0

ω1 = −2x0

x1−x0

ω0x
2
0+ω1x

2
1=

2
3

ω0x
3
0+ω1x

3
1=0

⇒







ω0x
2
0 = 2/3x1

x1−x0

ω1x
2
1 = −2/3x0

x1−x0

⇒ x2
0 = x2

1 =
1

3



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.

à

f(x) = 1, x, x2, x3,

á































ω0 +ω1 =2

ω0x0+ω1x1=0
⇒







ω0 = 2x1

x1−x0

ω1 = −2x0

x1−x0

ω0x
2
0+ω1x

2
1=

2
3

ω0x
3
0+ω1x

3
1=0

⇒







ω0x
2
0 = 2/3x1

x1−x0

ω1x
2
1 = −2/3x0

x1−x0

⇒ x2
0 = x2

1 =
1

3



Gauss

À

4.6

Ù Ú

ωi

Ö

xi

¹ Û Ü �� � � ÄÝ Þ Ü �
:

∫ 1

−1

f(x)dx = ω0f(x0) + ω1f(x1)

ß §

ω0, ω1 6= 0, x0 6= x1.

à

f(x) = 1, x, x2, x3,

á































ω0 +ω1 =2

ω0x0+ω1x1=0
⇒







ω0 = 2x1

x1−x0

ω1 = −2x0

x1−x0

ω0x
2
0+ω1x

2
1=

2
3

ω0x
3
0+ω1x

3
1=0

⇒







ω0x
2
0 = 2/3x1

x1−x0

ω1x
2
1 = −2/3x0

x1−x0

⇒ x2
0 = x2

1 =
1

3

º »

,
x0 = −x1 =

√
3

3
, ω0 = ω1 = 1.



Gauss

4.5 n + 1

∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1.



Gauss

4.5 n + 1

∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1.â ã

:



Gauss

4.5 n + 1

∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1.

â ã

:

à

f(x) =
n

∏

i=0

(x − xi)
2,
�

f(x)

ä
2n + 2

} Ü �� � É

n
∑

i=0

ωif(xi) = 0

6=

∫ b

a

ρ(x)f(x)dx =

∫ b

a

ρ(x)
n

∏

i=0

(x − xi)
2dx > 0,



Gauss

4.5 n + 1

∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1.

â ã

:

à

f(x) =
n

∏

i=0

(x − xi)
2,
�

f(x)

ä
2n + 2

} Ü �� � É

n
∑

i=0

ωif(xi) = 0 6=
∫ b

a

ρ(x)f(x)dx =

∫ b

a

ρ(x)
n

∏

i=0

(x − xi)
2dx > 0,



Gauss

4.5 n + 1

∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1.

â ã

:

à

f(x) =
n

∏

i=0

(x − xi)
2,
�

f(x)

ä
2n + 2

} Ü �� � É

n
∑

i=0

ωif(xi) = 0 6=
∫ b

a

ρ(x)f(x)dx =

∫ b

a

ρ(x)
n

∏

i=0

(x − xi)
2dx > 0,

å� � � � Ü � æç è × Î

2n + 2.



Gauss

4.3 xi ∈ [a, b] ωi,
∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1, xi , ωi

, �



Gauss

4.3 xi ∈ [a, b] ωi,
∫ b

a

ρ(x)f(x)dx =
n

∑

i=0

ωif(xi)

2n + 1, xi , ωi

, �

4.4 xi Π(x) =
n

∏

i=0

(x − xi)

n p(x) ρ(x) ,
∫ b

a

ρ(x)Π(x)p(x)dx = 0.



Gauss

é ê ë

:



Gauss

é ê ë

:

º �

Π(x)p(x)

} � æ ìí

2n + 1,



Gauss

é ê ë

:

º �

Π(x)p(x)

î ï æ ìí

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.



Gauss

é ê ë

:

º ð

Π(x)p(x)

î ï æ ìí

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò ë

:



Gauss

é ê ë

:

ó ð

Π(x)p(x)

î ï æ ìí

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò ë

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx

=
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx=
n

∑

i=0

ωir(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =

∫ b

a

ρ(x)
n

∑

i=0

r(xi)li(x)dx

=
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx=
n

∑

i=0

ωir(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx

=
n

∑

i=0

ωir(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx =
n

∑

i=0

ωir(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx =
n

∑

i=0

ωir(xi)

∫ b

a

ρ(x)f(x)dx

=

∫ b

a

ρ(x)r(x)dx=
n

∑

i=0

ωir(xi) =
n

∑

i=0

ωif(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx =
n

∑

i=0

ωir(xi)

∫ b

a

ρ(x)f(x)dx =

∫ b

a

ρ(x)Π(x)p(x)dx+

∫ b

a

ρ(x)r(x)dx

=
n

∑

i=0

ωir(xi) =
n

∑

i=0

ωif(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx =
n

∑

i=0

ωir(xi)

∫ b

a

ρ(x)f(x)dx =

∫ b

a

ρ(x)r(x)dx

=
n

∑

i=0

ωir(xi) =
n

∑

i=0

ωif(xi)



Gauss

� � �

:

ó ð

Π(x)p(x)

î ïù úû

2n + 1,
∫ b

a

ρ(x)Π(x)p(x)dx =
n

∑

i=0

ωiΠ(xi)p(xi) = 0.

ñò �

:

ôõ ö ÷ ø î ïù úû
2n + 1

î øü ý þ

f(x),

f(x) = q(x)Π(x) + r(x),

ÿ

q(x), r(x)

î ïù úû

n.
�
ωi =

∫ b

a
ρ(x)li(x)dx.

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

r(xi)

∫ b

a

ρ(x)li(x)dx =
n

∑

i=0

ωir(xi)

∫ b

a

ρ(x)f(x)dx =

∫ b

a

ρ(x)r(x)dx =
n

∑

i=0

ωir(xi) =
n

∑

i=0

ωif(xi)



Gauss

�

f(x) = l2j (x)

ð

2n

îü ý þ

,

ó �

Gauss

� ò � �	�



Gauss

�

f(x) = l2j (x)

ð

2n

îü ý þ

,

ó �

Gauss

� ò � �	�

∫ b

a

ρ(x)lj(x)dx =

∫ b

a

ρ(x)l2j (x)dx =
n

∑

i=0

ωil
2
j (xi) = ωj > 0.



Gauss

�

f(x) = l2j (x)

ð

2n

îü ý þ

,

ó �

Gauss

� ò � �	�
∫ b

a

ρ(x)lj(x)dx =

∫ b

a

ρ(x)l2j (x)dx =
n

∑

i=0

ωil
2
j (xi) = ωj > 0.



Gauss

�

f(x) = l2j (x)

ð

2n

îü ý þ

,

ó �

Gauss

� ò � �	�
∫ b

a

ρ(x)lj(x)dx =

∫ b

a

ρ(x)l2j (x)dx =
n

∑

i=0

ωil
2
j (xi) = ωj > 0.

÷


4.6

�

a, b
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4.8 (1)(Gauss-Radau-Legendre ) f(x)
∈ C2n+1[−1, 1], xi ωi,
∫ 1

−1

f(x)dx = ω0f(−1)+
n

∑

i=1

ωif(xi)+
22n+1(n + 1)!(n!)4

[(2n + 1)!]3
f (2n+1)(ξ);

(2)(Gauss-Lobatto-Legendre )
f(x) ∈ C2n[−1, 1], xi ωi,

∫ 1

−1
f(x)dx = ω0f(−1) + ωnf(1) +

n−1
∑

i=1

ωif(xi)

− n3(n + 1)22n+1[(n − 1)!]4

(2n + 1)[(2n)!]3
f (2n)(ξ).



Gauss-Legendre

4.9 (1)Gauss-Legendre xi n + 1
Legendre Pn+1(x) , ωi

ωi =
2

(1 − xi)2[P ′
n+1(xi)]2

, (i = 1, · · · , n).

(2)Gauss-Radau-Legendre xi : x0 = −1,
xi(i = 1, · · · , n) Pn(x) + Pn+1(x) , ωi :

ω0 =
1

(n + 1)2
, ωi =

1

(n + 1)2

1 − xi

[Pn(xi)]2
, (i = 1, · · · , n).

(3)Gauss-Lobatto-Legendre xi : x0 = −1,
xn = 1, xi(i = 1, · · · , n − 1) P ′

n(x) , ωi

ω0 = ωn =
2

n(n + 1)
, ωi =

2

n(n + 1)

1

[Pn(xi)]2
, (i = 1, · · · , n−1).
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*
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ø+
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−1
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∑

i=0
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xi

*

Tn+1(x)

ø+

, xi = cos (2i+1)π
2(n+1)
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Tn+1(x)
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∫ 1

−1

(1 − x2)−1/2f(x)dx =
n

∑

i=0

ωif(xi)

xi

*

Tn+1(x)

ø+

, xi = cos (2i+1)π
2(n+1)

, ωi = π
n+1

.

, ý

R[f ] =
∫ 1

−1
(1 − x2)−1/2f(x)dx −

n
∑

i=0

ωif(xi)

= 2π
22n+2(2n + 2)!

f (2n)(η), η ∈ (−1, 1).
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4.8 Gauss-Chebyshev

I =

∫ 1

−1

ex

√
1 − x2

dx,

10−6.�

:

-. /� þ

|R[f ]| =
2π

22n+2(2n + 2)!
eη ≤ 2eπ

22n+2(2n + 2)!
.

n = 3

0

, |R[f ]| ≤ 1.66 × 10−6; n = 4

0

, |R[f ]| ≤ 4.6 × 10−9.�

n = 4,

� '
I ≈ π

5

4
∑

i=0

exp[cos
2i + 1

10
π] = 3.977463.



Gauss-Chebyshev

4.10 (1)Gauss-Chebyshev

xi = cos
2i + 1

2n + 2
π, ωi =

π

n + 1
, (i = 0, 1, · · · , n).
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4.10 (1)Gauss-Chebyshev

xi = cos
2i + 1

2n + 2
π, ωi =

π

n + 1
, (i = 0, 1, · · · , n).

(2)Gauss-Radau-Chebyshev
∫ 1

−1

(1 − x2)−1/2f(x)dx = ω0f(x0) +

n
∑

i=1

ωif(xi),

x0 = 1, xi = cos 2iπ
2n+1

, (i = 1, 2, · · · , n)

ω0 = π
2n+1

, ωi = 2π
2n+1

, (i = 1, 2, · · · , n).
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4.10 (1)Gauss-Chebyshev

xi = cos
2i + 1

2n + 2
π, ωi =

π

n + 1
, (i = 0, 1, · · · , n).

(2)Gauss-Radau-Chebyshev
∫ 1

−1

(1 − x2)−1/2f(x)dx = ω0f(x0) +

n
∑

i=1

ωif(xi),

x0 = 1, xi = cos 2iπ
2n+1

, (i = 1, 2, · · · , n)

ω0 = π
2n+1

, ωi = 2π
2n+1

, (i = 1, 2, · · · , n).

(3)Gauss-Lobatto-Chebyshev
∫ 1

−1

(1 − x2)−1/2f(x)dx = ω0f(x0) + ωnf(xn) +

n−1
∑

i=1

ωif(xi),

x0 = −xn = 1, xi = cos iπ
n
, (i = 1, 2, · · · , n − 1)

ω0 = ωn = π
2n

, ωi = π
n
, (i = 1, 2, · · · , n − 1).
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4.9 Gauss-Chebyshev Gauss-Lobatto
-Chebyshev

I =

∫ 1

−1

(1 + x)3/2

(1 − x2)1/2
dx.
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4.9 Gauss-Chebyshev Gauss-Lobatto
-Chebyshev

I =

∫ 1

−1

(1 + x)3/2

(1 − x2)1/2
dx.
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1 2
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4.9 Gauss-Chebyshev Gauss-Lobatto
-Chebyshev

I =

∫ 1

−1

(1 + x)3/2

(1 − x2)1/2
dx.

n 2 4 10 16

GC

1 2

1.9 × 10−2 1.0 × 10−3 2.5 × 10−5 3.8 × 10−6

GLC

1 2

−2.1 × 10−2 −1.2 × 10−3 −2.9 × 10−5 −4.4 × 10−6

34

I = 8
3

√
2.



4.11 (1)Gauss-Laguerre : xi n + 1
Laguerre Ln+1(x) , ωi = xi

(n+2)2L2
n+2(xi)

,

(i = 0, 1, · · · , n), η ∈ (0,∞),

R[f ] =

∫ ∞

0

e−xf(x)dx −
n

∑

i=0

ωif(xi) =
[(n + 1)!]2

(2n + 2)!
f (2n+2)(η).



4.11 (1)Gauss-Laguerre : xi n + 1
Laguerre Ln+1(x) , ωi = xi

(n+2)2L2
n+2(xi)

,

(i = 0, 1, · · · , n), η ∈ (0,∞),

R[f ] =

∫ ∞

0

e−xf(x)dx −
n

∑

i=0

ωif(xi) =
[(n + 1)!]2

(2n + 2)!
f (2n+2)(η).

(2)Gauss-Radau-Laguerre : x0 = 0,
xi(i = 1, 2, · · · , n) L′

n+1(x) n , ω0 = 2
n+1 ,

ωi = 1
nL2

n
(xi)

, (i = 1, 2, · · · , n), η ∈ (0,∞),

R[f ] =

∫ ∞

0

e−xf(x)dx −
n

∑

i=0

ωif(xi) =
n!(n + 1)!

(2n + 1)!
f (2n+1)(η).



4.10 Gauss-Laguerre

I =

∫ ∞

0

e−x sin xdx.



4.10 Gauss-Laguerre

I =

∫ ∞

0

e−x sin xdx.

Gauss

56

4 8 167 8 4

0.502275 0.500314 0.500000
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Gauss-Hermite
∫ +∞

−∞
e−x2

f(x)dx =
n

∑

i=0

ωif(xi)

ÿ

xi(i = 0, 1, · · · , n)

(

n + 1

9

Hermite
ü ý þ

Hn+1(x)

ø: #

,

ωi =
2n(n + 1)!

√
π

n2[Hn(xi)]2
, (i = 0, 1, · · · , n),

, ý (

R[f ] =
(n + 1)!

√
π

2n+1(2n + 2)!
f (2n+2)(η), η ∈ (−∞,+∞).
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4.11 Gauss-Hermite
∫ +∞

−∞
e−x2

cosxdx.

�

:



4.11 Gauss-Hermite
∫ +∞

−∞
e−x2

cosxdx.

�

:

; ! � þ< =

4-9,

> ? �
I ≈ ω2 cosx2 + 2(ω3 cosx3 + ω4 cosx4)

= 0.945309 + 2 × (0.393619 × 0.574689

−0.019953 × 0.434413)

= 1.380390.



4.12 f(x) ∈ C[0,∞), ε > 0,

|f(x)| ≤ c
ex

x1+ε
,

x , Gauss-Laguerre ,

lim
n→∞

n
∑

i=0

ωif(xi) =

∫ ∞

0

e−xf(x)dx.



4.12 f(x) ∈ C[0,∞), ε > 0,

|f(x)| ≤ c
ex

x1+ε
,

x , Gauss-Laguerre ,

lim
n→∞

n
∑

i=0

ωif(xi) =

∫ ∞

0

e−xf(x)dx.

4.13 f(x) ∈ C(−∞,∞), ε > 0,

|f(x)| ≤ c
ex2

x1+ε
,

|x| , Gauss-Hermite ,

lim
n→∞

n
∑

i=0

ωif(xi) =

∫ ∞

0

e−x2

f(x)dx.
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√
xf(x)dx = ω0f(x0) + ω1f(x1)

@
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ω1 = 0.389111.
Schmidt ,
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∫ 1

0

√
xf(x)dx = ω0f(x0) + ω1f(x1)

@�

:

AB C

f(x) = 1, x, x2, x3

� A� þ � �

,

'



























ω0+ ω1=
2
3

x0ω0+x1ω1=
2
5

x2
0ω0+x2

1ω1=
2
7

x3
0ω0+x3

1ω1=
2
9

⇒















2
3
x0 + (x1 − x0)ω1 =2

5

2
5
x0 + (x1 − x0)x1ω1=

2
7

2
7
x0 + (x1 − x0)x

2
1ω1=

2
9

⇒







2
5
x0 + (2

5
− 2

3
x0)x1=

2
7

2
7
x0 + (2

7
− 2

5
x0)x1=

2
9

⇒







2
5
(x0 + x1) − 2

3
x0x1=

2
7

2
7
(x0 + x1) − 2

5
x0x1=

2
9

⇒ x0x1 =
5

21
, x0 + x1 =

10

9
.
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x0 = 0.289949, x1 = 0.821162, ω0 = 0.277556, ω1 = 0.389111.
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f (n+1)(ξ)

(n + 1)!

[

n
∏

i=0

(x−xi)
]′

+

[

f (n+1)(ξ)
]′

(n + 1)!

n
∏

i=0

(x−xi)

�

x = xi

f ′(xi) − P ′
n(xi)



Rn(x) = f(x) − Pn(x) =
f (n+1)(ξ)

(n + 1)!

n
∏

i=0

(x − xi), ξ ∈ (a, b)

� �� �

f ′(x)−P ′
n(x) =

f (n+1)(ξ)

(n + 1)!

[

n
∏

i=0

(x−xi)
]′

+

[

f (n+1)(ξ)
]′

(n + 1)!

n
∏

i=0

(x−xi)

�

x = xi

f ′(xi) − P ′
n(xi) =

f (n+1)(ξ)

(n + 1)!

[

n
∏

i=0

(x − xi)
]′

∣

∣

∣

∣

∣

x=xi



Rn(x) = f(x) − Pn(x) =
f (n+1)(ξ)

(n + 1)!

n
∏

i=0

(x − xi), ξ ∈ (a, b)

� �� �

f ′(x)−P ′
n(x) =

f (n+1)(ξ)

(n + 1)!

[

n
∏

i=0

(x−xi)
]′

+

[

f (n+1)(ξ)
]′

(n + 1)!

n
∏

i=0

(x−xi)

�

x = xi

f ′(xi) − P ′
n(xi) =

f (n+1)(ξ)

(n + 1)!

n
∏

j=0, j 6=i

(xi − xj)





L1(x) =
x − x1

x0 − x1

f(x0) +
x − x0

x1 − x0

f(x1)



L1(x) =
x − x1

x0 − x1

f(x0) +
x − x0

x1 − x0

f(x1)

f ′(x0) =
f(x1) − f(x0)

x1 − x0
− h

2
f ′′(ξ), ξ ∈ (x0, x1).



L1(x) =
x − x1

x0 − x1

f(x0) +
x − x0

x1 − x0

f(x1)

f ′(x0) =
f(x1) − f(x0)

x1 − x0
− h

2
f ′′(ξ), ξ ∈ (x0, x1).

��

f ′(x1) =
f(x1) − f(x0)

x1 − x0

+
h

2
f ′′(ξ), ξ ∈ (x0, x1).



(x0 < x1 < x2, h = x2 − x1 = x1 − x0),



(x0 < x1 < x2, h = x2 − x1 = x1 − x0),

L2(x) = (x−x1)(x−x2)
(x0−x1)(x0−x2)

f(x0) + (x−x0)(x−x2)
(x1−x0)(x1−x2)

f(x1)

+ (x−x0)(x−x1)
(x2−x0)(x2−x1)

f(x2)



(x0 < x1 < x2, h = x2 − x1 = x1 − x0),

L2(x) = (x−x1)(x−x2)
(x0−x1)(x0−x2)

f(x0) + (x−x0)(x−x2)
(x1−x0)(x1−x2)

f(x1)

+ (x−x0)(x−x1)
(x2−x0)(x2−x1)

f(x2)

f ′(x0) = 1
2h

[−3f(x0) + 4f(x1) − f(x2)] + h2

3
f (3)(ξ),

f ′(x1) = 1
2h

[−f(x0) + f(x2)] − h2

6
f (3)(ξ),

f ′(x2) = 1
2h

[f(x0) − 4f(x1) + 3f(x2)] + h2

3
f (3)(ξ).



(x0 < x1 < x2, h = x2 − x1 = x1 − x0),

L2(x) = (x−x1)(x−x2)
(x0−x1)(x0−x2)

f(x0) + (x−x0)(x−x2)
(x1−x0)(x1−x2)

f(x1)

+ (x−x0)(x−x1)
(x2−x0)(x2−x1)

f(x2)

f ′(x0) = 1
2h

[−3f(x0) + 4f(x1) − f(x2)] + h2

3
f (3)(ξ),

f ′(x1) = 1
2h

[−f(x0) + f(x2)] − h2

6
f (3)(ξ),

f ′(x2) = 1
2h

[f(x0) − 4f(x1) + 3f(x2)] + h2

3
f (3)(ξ).

f ′′(x1) =
1

h2
[f(x0) − 2f(x1) + f(x2)] −

h2

12
f (4)(ξ)



4.18 f(x) = ex ,

 

¡ x = 2.7 ¢ ¡  

£

x 2.5 2.6 2.7 2.8 2.9

f(x) 12.1825 13.4637 14.8797 16.4446 18.1741
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4.18 f(x) = ex ,

 

¡ x = 2.7 ¢ ¡  

£

x 2.5 2.6 2.7 2.8 2.9

f(x) 12.1825 13.4637 14.8797 16.4446 18.1741

m

:

� o p q

f ′(2.7) ≈ 1
0.1

[f(2.7) − f(2.6)] = 14.1600

f ′(2.7) ≈ 1
0.1

[f(2.8) − f(2.7)] = 15.6490



4.18 f(x) = ex ,

 

¡ x = 2.7 ¢ ¡  

£

x 2.5 2.6 2.7 2.8 2.9

f(x) 12.1825 13.4637 14.8797 16.4446 18.1741

m

:
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4.18 f(x) = ex ,

 

¡ x = 2.7 ¢ ¡  

£

x 2.5 2.6 2.7 2.8 2.9

f(x) 12.1825 13.4637 14.8797 16.4446 18.1741

m

:

¤ o p q

f ′(2.7) ≈ 1
2×0.1

[f(2.8) − f(2.6)] = 14.9045

f ′′(2.7) ≈ 1
0.12 [f(2.8) − 2f(2.7) + f(2.6)] = 14.8900
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