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摘 要: 基于矩阵扰动理论,研究利用累积法估计GM(1,1)模型参数时解的稳定性问题.研究结果表明: 累积的阶数

越高,解的扰动界越大;在扰动值相等的情况下,新数据相比于老数据,解的扰动界较小;新数据对解的影响较小,这

与新信息优先原理相矛盾. 对此,提出分数阶累积法,当阶数小于 1时,这种矛盾有所缓解,解的扰动界也较小. 最后

通过具体实例验证了分数阶累积法的实用性与可靠性.
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stability
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Abstract: Based on the matrix perturbation theory, the stability problem of the solution to accumulating GM(1,1) is studied.

The research results show that the larger the order of accumulating is, the larger the perturbation bound is, and the perturbation

bound is smaller when the newer data is perturbed under the equal perturbation. The traditional grey integer order accumulate

method leads to the solution to model, which is contradictory with the principle of new information priority, thus the fractional

order accumulating method is proposed. The contradiction is relieved and the perturbation bound is becoming smaller when

the order is less than 1. A real example demonstrates the practicability and reliability of the proposed method.
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0 引引引 言言言

GM(1,1)模型自提出以来,已被广泛应用于众多

领域[1-3], 但作为诞生不久的学科,理论还不完善. 众

多学者对GM(1,1)模型进行了改进,可分为以下几类:

1)优化背景值或灰导数的构造[3]; 2)优化GM(1,1)模

型的初始条件[1]; 3) 对原始数据进行处理[4]; 4) 采

用不同方法估计参数, 其中包括最小二乘法[1]、最

小一乘法[2]和累积法[5-8]. 这些方法在一定程度上提

高了GM(1,1)模型的模拟和预测精度, 特别是累积

法[9]. 有学者采用累积法[9]估计其他灰色预测模型参

数[10-13]. 然而, 在利用累积法估计GM(1,1)模型参数

时,数据的微小扰动对于模型参数的辨识会产生怎样

的影响？目前还没有相关研究成果.

本文利用矩阵扰动理论证明了: 原有累积法累积

的阶数越高,解的扰动界越大;当阶数小于 1时,解的

扰动界较小. 基于分数阶的“in between”思想,将整数

阶累积推广到分数阶累积,目的是降低扰动界, 缓解

新数据对解的影响较小与新信息优先原理的矛盾.

1 基基基于于于传传传统统统累累累积积积法法法估估估计计计GM(1,1)模模模型型型参参参数数数
的的的稳稳稳定定定性性性

定定定理理理 1 设𝐴 ∈ 𝐶𝑛×𝑛是非奇异阵, 𝑏 ∈ 𝐶𝑛, 𝑥是

方程𝐴𝑥 = 𝑏的解, 且1 > ∥𝐸∥2∥𝐴−1∥2, 𝐵 = 𝐴 +
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𝐸(𝐸 ∈ 𝐶𝑛×𝑛),则方程𝐴(𝑥+ℎ) = 𝑏+𝑘有唯一解𝑥+ℎ,

并且满足
∥ℎ∥
∥𝑥∥ ⩽ 𝜅

𝛾

(∥𝐸∥2
∥𝐴∥ +

∥𝑘∥
∥𝑏∥

)
.

其中

𝜅 = ∥𝐴−1∥2∥𝐴∥, 𝛾 = 1− 𝜅∥𝐸∥2/∥𝐴∥ > 0.

相关证明过程参见文献 [14].

定定定理理理 2[5] 按照累积法, GM(1,1)模型𝑥(0)(𝑘 +

1) + 𝑎𝑧(1)(𝑘) = 𝑏的参数列满足

[𝑎 𝑏]T = 𝐵−1𝑌.

其中

𝑌 =

⎡⎢⎢⎢⎣
−

𝑛∑
𝑘=2

(1)𝑥(0)(𝑘)

−
𝑛∑

𝑘=2

(2)𝑥(0)(𝑘)

⎤⎥⎥⎥⎦ ,

𝐵 =

⎡⎢⎢⎢⎣
𝑛∑

𝑘=2

(1)𝑧(1)(𝑘) −
𝑛∑

𝑘=2

(1)

𝑛∑
𝑘=2

(2)𝑧(1)(𝑘) −
𝑛∑

𝑘=2

(2)

⎤⎥⎥⎥⎦ .

定定定理理理 3[9] 对于 𝑘 > 0和给定的观察值 {𝑥𝑗 : 𝑗 =

1, 2, ⋅ ⋅ ⋅ ,𝑚}, 𝑘阶累积和为
𝑚∑
𝑗=1

(𝑘)𝑥𝑗 =

𝑚∑
𝑗=1

C𝑚−𝑗
𝑚−𝑗+𝑘−1𝑥𝑗 =

𝑚∑
𝑗=1

C𝑘−1
𝑚−𝑗+𝑘−1𝑥𝑗 .

定定定理理理 4 如果 𝑥̂(0)(𝑟) = 𝑥(0)(𝑟) + 𝜀 (𝑟 = 2, 3,

⋅ ⋅ ⋅ , 𝑛)分别发生扰动, 相应的𝑌 和𝐵都会发生变化,

则扰动界记为

𝐿[𝑥(0)(𝑟)] =∣𝜀∣𝜅
𝛾

(√(𝑛− 𝑟 + 1)4 + (2𝑛− 2𝑟 + 1)2

2∥𝐴∥ +√
(𝑛− 𝑟 + 1)2 + 1

∥𝑏∥
)
, 𝑟 = 2, 3, ⋅ ⋅ ⋅ , 𝑛.

注注注 1 定理 4不讨论原始序列中的第 1个数

𝑥(0)(1),因为改变第 1个数不会影响预测精度.

证证证明明明 1)如果只发生扰动 𝑥̂(0)(2) = 𝑥(0)(2) + 𝜀,

则由定理 2和定理 3可得

𝐵 =

⎡⎢⎢⎢⎣
𝑛∑

𝑘=2

(1)𝑧(1)(𝑘) −
𝑛∑

𝑘=2

(1)

𝑛∑
𝑘=2

(2)𝑧(1)(𝑘) −
𝑛∑

𝑘=2

(2)

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
𝑛∑

𝑘=2

𝑧(1)(𝑘) −(𝑛− 1)

𝑛∑
𝑘=2

𝐶1
𝑛−𝑘+1𝑧

(1)(𝑘) −
𝑛∑

𝑘=2

𝐶1
𝑛−𝑘+1

⎤⎥⎥⎥⎦ =

[
1 1 ⋅ ⋅ ⋅ 1 1

𝐶1
𝑛−1 𝐶1

𝑛−2 ⋅ ⋅ ⋅ 𝐶1
2 𝐶1

1

]⎡⎢⎢⎢⎢⎢⎣
𝑧(1)(2) −1

𝑧(1)(3) −1
...

...

𝑧(1)(𝑛) −1

⎤⎥⎥⎥⎥⎥⎦ =

[
1 1 ⋅ ⋅ ⋅ 1 1

𝐶1
𝑛−1 𝐶1

𝑛−2 ⋅ ⋅ ⋅ 𝐶1
2 𝐶1

1

]
2×(𝑛−1)

⋅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1

2
0 ⋅ ⋅ ⋅ 0 0

1 1
1

2
⋅ ⋅ ⋅ 0 0

...
...

. . . . . .
...

...

1 1 1 ⋅ ⋅ ⋅ 1
1

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(𝑛−1)×𝑛

⎡⎢⎢⎢⎢⎣
𝑥(0)(1) −1

𝑥(0)(2) 0
...

...
𝑥(0)(𝑛) 0

⎤⎥⎥⎥⎥⎦
𝑛×2

=

⎡⎢⎣ 𝑛− 1 𝑛− 2 +
1

2
𝑛− 3 +

1

2
⋅ ⋅ ⋅ 3

2

1

2

𝑛(𝑛− 1)

2

(𝑛− 1)2

2

(𝑛− 2)2

2
⋅ ⋅ ⋅ 2

1

2

⎤⎥⎦ ⋅

⎡⎢⎢⎢⎢⎣
𝑥(0)(1) −1

𝑥(0)(2) 0
...

...
𝑥(0)(𝑛) 0

⎤⎥⎥⎥⎥⎦ , (1)

𝐵̂ =⎡⎢⎣ 𝑛− 1 𝑛− 2 +
1

2
𝑛− 3 +

1

2
⋅ ⋅ ⋅ 3

2

1

2

𝑛(𝑛− 1)

2

(𝑛− 1)2

2

(𝑛− 2)2

2
⋅ ⋅ ⋅ 2

1

2

⎤⎥⎦ ⋅

⎡⎢⎢⎢⎢⎣
𝑥(0)(1) −1

𝑥(0)(2) + 𝜀 0
...

...
𝑥(0)(𝑛) 0

⎤⎥⎥⎥⎥⎦ =

𝐵 +

⎡⎢⎣ 𝑛− 1 𝑛− 2 +
1

2
𝑛− 3 +

1

2
⋅ ⋅ ⋅ 3

2

1

2

𝑛(𝑛− 1)

2

(𝑛− 1)2

2

(𝑛− 2)2

2
⋅ ⋅ ⋅ 2

1

2

⎤⎥⎦ ⋅

⎡⎢⎢⎢⎢⎣
0 0

𝜀 0
...

...
0 0

⎤⎥⎥⎥⎥⎦ = 𝐵 +

⎡⎢⎣ (𝑛− 3

2
)𝜀 0

(𝑛− 1)2𝜀

2
0

⎤⎥⎦ , (2)

𝑌 =⎡⎢⎢⎢⎣
−

𝑛∑
𝑘=2

(1)𝑥(0)(𝑘)

−
𝑛∑

𝑘=2

(2)𝑥(0)(𝑘)

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
−

𝑛∑
𝑘=2

𝑥(0)(𝑘)

−
𝑛∑

𝑘=2

𝐶1
𝑛−𝑘+1𝑥

(0)(𝑘)

⎤⎥⎥⎥⎦ =

[
−1 −1 ⋅ ⋅ ⋅ −1

−𝐶1
𝑛−1 −𝐶1

𝑛−2 ⋅ ⋅ ⋅ −1

]
(𝑛−1)×𝑛

⎡⎢⎢⎢⎢⎣
𝑥(0)(2)

𝑥(0)(3)
...

𝑥(0)(𝑛)

⎤⎥⎥⎥⎥⎦ ,

(3)

𝑌 =[
−1 −1 ⋅ ⋅ ⋅ −1

−𝐶1
𝑛−1 −𝐶1

𝑛−2 ⋅ ⋅ ⋅ −1

]
(𝑛−1)×𝑛

⋅

[ 𝑥(0)(2) + 𝜀 𝑥(0)(3) ⋅ ⋅ ⋅ 𝑥(0)(𝑛) ]T =
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𝑌 +

[
−1 −1 ⋅ ⋅ ⋅ −1

−𝐶1
𝑛−1 −𝐶1

𝑛−2 ⋅ ⋅ ⋅ −1

]
(𝑛−1)×𝑛

⎡⎢⎢⎢⎢⎢⎣
𝜀

0
...

0

⎤⎥⎥⎥⎥⎥⎦ =

𝑌 +

[
−𝜀

−(𝑛− 1)𝜀

]
. (4)

由式 (1)和 (2)可得

𝐸 =

⎡⎢⎢⎣ (𝑛− 3

2
)𝜀 0

(𝑛− 1)2𝜀

2
0

⎤⎥⎥⎦ ,

𝐸T𝐸 =

⎡⎣ (𝑛− 1)4 + (2𝑛− 3)2

4
𝜀2 0

0 0

⎤⎦ ,

𝐸T𝐸的最大特征根为
(𝑛− 1)4 + (2𝑛− 3)2

4
𝜀2, 因此

有

∥𝐸∥2 =
√

𝜆max(𝐸T𝐸) =

√
(𝑛− 1)4 + (2𝑛− 3)2

2
∣𝜀∣.

由式 (3)和 (4)可得 𝑘 =

[
−𝜀

−(𝑛− 1)𝜀

]
.

由于所有向量范数都是等价的,不管采用哪种范

数来计算条件数,本质上都是一致的. 为了讨论方便,

这里取 2范数 ∥𝑘∥2 =
√
𝑛2 − 2𝑛+ 2∣𝜀∣. 由定理 1可得

∥ℎ∥
∥𝑥∥ ⩽ 𝜅

𝛾

(∥𝐸∥2
∥𝐴∥ +

∥𝑘∥
∥𝑏∥

)
=

∣𝜀∣𝜅
𝛾

(√(𝑛− 1)4 + (2𝑛− 3)2

2∥𝐴∥ +

√
𝑛2 − 2𝑛+ 2

∥𝑏∥
)
,

𝐿[𝑥(0)(2)] =

∣𝜀∣𝜅
𝛾

(√(𝑛− 1)4 + (2𝑛− 3)2

2∥𝐴∥ +

√
𝑛2 − 2𝑛+ 2

∥𝑏∥
)
.

2)依次类推,如果只发生扰动𝑥̂(0)(𝑟) = 𝑥(0)(𝑟) +

𝜀, 𝑟 = 3, 4, ⋅ ⋅ ⋅ , 𝑛,解的扰动界为
∥ℎ∥
∥𝑥∥ ⩽ 𝜅

𝛾

(∥𝐸∥2
∥𝐴∥ +

∥𝑘∥
∥𝑏∥

)
=

∣𝜀∣𝜅
𝛾

(√(𝑛− 𝑟 + 1)4 + (2𝑛− 2𝑟 + 1)2

2∥𝐴∥ +√
(𝑛− 𝑟 + 1)2 + 1

∥𝑏∥
)
,

𝐿[𝑥(0)(𝑟)] =

∣𝜀∣𝜅
𝛾

(√(𝑛− 𝑟 + 1)4 + (2𝑛− 2𝑟 + 1)2

2∥𝐴∥ +√
(𝑛− 𝑟 + 1)2 + 1

∥𝑏∥
)
, 𝑟 = 3, 4, ⋅ ⋅ ⋅ , 𝑛. 2

2 基基基于于于分分分数数数阶阶阶累累累积积积法法法估估估计计计灰灰灰色色色模模模型型型参参参数数数的的的

稳稳稳定定定性性性

虽然解的扰动界大,但并不意味扰动一定大,因

为扰动不会超过扰动界. 但是, 随着原始序列样本

量的增大, 解的扰动界变大, 这会给人一种“美中不

足”的感觉. 因此从系统稳定的角度看,希望得到较小

的扰动界.

分数阶蕴含的一种“in between”思想得到了越来

越多学者的认可[15-16]. 为了进一步研究累积阶数对

GM(1,1)模型解的影响,提出了分数阶累积法.

定定定义义义 1 对于 𝑝/𝑞和给定的观察值 {𝑥𝑗 : 𝑗 = 1,

2, ⋅ ⋅ ⋅ ,𝑚}, 𝑝/𝑞阶累积和为
𝑚∑
𝑗=1

( 𝑝
𝑞 )𝑥𝑗 =

𝑚∑
𝑗=1

𝐶𝑚−𝑗
𝑚−𝑗+ 𝑝

𝑞−1
𝑥𝑗 .

规定

𝐶0
𝑝
𝑞−1 = 1,

𝐶𝑚−𝑗
𝑚−𝑗+ 𝑝

𝑞−1
=(

𝑚− 𝑗 +
𝑝

𝑞
− 1

)(
𝑚− 𝑗 +

𝑝

𝑞
− 2

)
⋅ ⋅ ⋅

(𝑝
𝑞
+ 1

)𝑝
𝑞

(𝑚− 𝑗)!
.

定定定理理理 5 如果 𝑥̂(0)(𝑟) = 𝑥(0)(𝑟) + 𝜀(𝑟 = 2, 3,

⋅ ⋅ ⋅ , 𝑛)分别发生扰动, 则相应的𝑌 和𝐵都发生变化,

扰动界记为𝐿
𝑝
𝑞 [𝑥(0)(𝑟)], 𝑟 = 2, 3, ⋅ ⋅ ⋅ , 𝑛,由此可得

𝐿
𝑝
𝑞 [𝑥(0)(𝑟)] =

∣𝜀∣𝜅
𝛾

(√(
𝐶𝑛−𝑟

𝑛−𝑟+ 𝑝
𝑞
+ 𝐶𝑛−𝑟−1

𝑛−𝑟−1+ 𝑝
𝑞

)2

+ (2𝑛− 2𝑟 + 1)2

2∥𝐴∥ +√(
𝐶𝑛−𝑟

𝑛−𝑟−1+ 𝑝
𝑞

)2

+ 1

∥𝑏∥
)
, 𝑟 = 2, 3, ⋅ ⋅ ⋅ , 𝑛.

证证证明明明 1)如果只发生扰动 𝑥̂(0)(2) = 𝑥(0)(2) + 𝜀,

则有

𝐵 =

⎡⎢⎢⎢⎢⎣
𝑛∑

𝑘=2

(1)𝑧(1)(𝑘) −
𝑛∑

𝑘=2

(1)

𝑛∑
𝑘=2

( 𝑝
𝑞
)
𝑧(1)(𝑘) −

𝑛∑
𝑘=2

( 𝑝
𝑞
)

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
𝑛∑

𝑘=2

𝑧(1)(𝑘) −(𝑛− 1)

𝑛∑
𝑘=2

𝐶𝑛−𝑘
𝑛−𝑘+ 𝑝

𝑞
−1

𝑧(1)(𝑘) −
𝑛∑

𝑘=2

𝐶𝑛−𝑘
𝑛−𝑘+ 𝑝

𝑞
−1

⎤⎥⎥⎥⎥⎦ =

[
1 1 ⋅ ⋅ ⋅ 1 1

𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
𝐶𝑛−3
𝑛−4+ 𝑝

𝑞
⋅ ⋅ ⋅ 𝐶1

𝑝
𝑞
𝐶0

𝑝
𝑞
−1

]⎡⎢⎢⎢⎣
𝑧(1)(2) −1

𝑧(1)(3) −1
...

...
𝑧(1)(𝑛) −1

⎤⎥⎥⎥⎦ =
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[
1 1 ⋅ ⋅ ⋅ 1 1

𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
𝐶𝑛−3
𝑛−4+ 𝑝

𝑞
⋅ ⋅ ⋅ 𝐶1

𝑝
𝑞

𝐶0
𝑝
𝑞
−1

]
2×(𝑛−1)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
1

2
0 ⋅ ⋅ ⋅ 0 0

1 1
1

2
⋅ ⋅ ⋅ 0 0

...
...

. . . . . .
...

...

1 1 1 ⋅ ⋅ ⋅ 1
1

2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(𝑛−1)×𝑛

⎡⎢⎢⎢⎣
𝑥(0)(1) −1

𝑥(0)(2) 0
...

...
𝑥(0)(𝑛) 0

⎤⎥⎥⎥⎦
𝑛×2

=

⎡⎢⎢⎢⎣
𝑛− 1 𝑛− 2 +

1

2
𝑛− 3 +

1

2
⋅ ⋅ ⋅ 3

2

1

2

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

2

𝐶𝑛−3
𝑛−3+ 𝑝

𝑞
+ 𝐶𝑛−4

𝑛−4+ 𝑝
𝑞

2
⋅ ⋅ ⋅ 1 +

𝑝

2𝑞

1

2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝑥(0)(1) −1

𝑥(0)(2) 0
...

...
𝑥(0)(𝑛) 0

⎤⎥⎥⎥⎦ , (5)

𝐵̂ =

⎡⎢⎢⎢⎣
𝑛− 1 𝑛− 2 +

1

2
𝑛− 3 +

1

2
⋅ ⋅ ⋅ 3

2

1

2

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

2

𝐶𝑛−3
𝑛−3+ 𝑝

𝑞
+ 𝐶𝑛−4

𝑛−4+ 𝑝
𝑞

2
⋅ ⋅ ⋅ 1 +

𝑝

2𝑞

1

2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

𝑥(0)(1) −1

𝑥(0)(2) + 𝜀 0
...

...
𝑥(0)(𝑛) 0

⎤⎥⎥⎥⎦ =

𝐵 +

⎡⎢⎢⎢⎣
𝑛− 1 𝑛− 2 +

1

2
𝑛− 3 +

1

2
⋅ ⋅ ⋅ 3

2

1

2

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

2

𝐶𝑛−3
𝑛−3+ 𝑝

𝑞
+ 𝐶𝑛−4

𝑛−4+ 𝑝
𝑞

2
⋅ ⋅ ⋅ 1 +

𝑝

2𝑞

1

2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
0 0
𝜀 0
...

...
0 0

⎤⎥⎥⎥⎦ =

𝐵 +

⎡⎢⎢⎢⎣
(
𝑛− 3

2

)
𝜀 0(

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)
𝜀

2
0

⎤⎥⎥⎥⎦ , (6)

𝑌 =

⎡⎢⎢⎢⎢⎣
−

𝑛∑
𝑘=2

(1)𝑥(0)(𝑘)

−
𝑛∑

𝑘=2

( 𝑝
𝑞
)
𝑥(0)(𝑘)

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
−

𝑛∑
𝑘=2

𝑥(0)(𝑘)

−
𝑛∑

𝑘=2

𝐶𝑛−𝑘
𝑛−𝑘+ 𝑝

𝑞
−1

𝑥(0)(𝑘)

⎤⎥⎥⎥⎥⎦ =

⎡⎣ −1 −1 ⋅ ⋅ ⋅ −1

−𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
−𝐶𝑛−3

𝑛−4+ 𝑝
𝑞

⋅ ⋅ ⋅ −𝐶0
𝑝
𝑞
−1

⎤⎦
(𝑛−1)×𝑛

⎡⎢⎢⎢⎢⎣
𝑥(0)(2)

𝑥(0)(3)
...

𝑥(0)(𝑛)

⎤⎥⎥⎥⎥⎦ , (7)

𝑌 =

⎡⎣ −1 −1 ⋅ ⋅ ⋅ −1

−𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
−𝐶𝑛−3

𝑛−4+ 𝑝
𝑞

⋅ ⋅ ⋅ −𝐶0
𝑝
𝑞
−1

⎤⎦
(𝑛−1)×𝑛

⎡⎢⎢⎢⎢⎣
𝑥(0)(2) + 𝜀

𝑥(0)(3)
...

𝑥(0)(𝑛)

⎤⎥⎥⎥⎥⎦ =

𝑌 +

⎡⎣ −1 −1 ⋅ ⋅ ⋅ −1

−𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
−𝐶𝑛−3

𝑛−4+ 𝑝
𝑞

⋅ ⋅ ⋅ −𝐶0
𝑝
𝑞
−1

⎤⎦
(𝑛−1)×𝑛

⎡⎢⎢⎢⎣
𝜀
0
...
0

⎤⎥⎥⎥⎦ = 𝑌 +

⎡⎣ −𝜀

−𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
𝜀

⎤⎦ . (8)

由式 (5)和 (6)可得

𝐸 =

⎡⎢⎢⎢⎣
(
𝑛− 3

2

)
𝜀 0(

𝐶𝑛−2
𝑛−2+ 𝑝

𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)
𝜀

2
0

⎤⎥⎥⎥⎦ ,

𝐸T𝐸 =

⎡⎢⎢⎣
(
𝐶𝑛−2

𝑛−2+ 𝑝
𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)2

+ (2𝑛− 3)2

4
𝜀2 0

0 0

⎤⎥⎥⎦ ,

𝐸T𝐸的最大特征根为



第 5期 吴利丰等: 灰色GM(1,1)分数阶累积模型及其稳定性 923(
𝐶𝑛−2

𝑛−2+ 𝑝
𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)2

+ (2𝑛− 3)2

4
𝜀2,

因此有

∥𝐸∥2 =
√

𝜆max(𝐸T𝐸) =√(
𝐶𝑛−2

𝑛−2+ 𝑝
𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)2

+ (2𝑛− 3)2

2
∣𝜀∣.

由式 (7)和 (8)可得

𝑘 =

[
−𝜀

−𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
𝜀

]
.

对 𝑘取 2范数

∥𝑘∥2 =
√

(𝐶𝑛−2
𝑛−3+ 𝑝

𝑞
)2 + 1∣𝜀∣.

由定理 1可得
∥ℎ∥
∥𝑥∥ ⩽ 𝜅

𝛾

(∥𝐸∥2
∥𝐴∥ +

∥𝑘∥
∥𝑏∥

)
=

∣𝜀∣𝜅
𝛾

(√(
𝐶𝑛−2

𝑛−2+ 𝑝
𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)2

+ (2𝑛− 3)2

2∥𝐴∥ +√(
𝐶𝑛−2

𝑛−3+ 𝑝
𝑞

)2

+ 1

∥𝑏∥
)
,

𝐿
𝑝
𝑞 [𝑥(0)(2)] =

∣𝜀∣𝜅
𝛾

(√(
𝐶𝑛−2

𝑛−2+ 𝑝
𝑞
+ 𝐶𝑛−3

𝑛−3+ 𝑝
𝑞

)2

+ (2𝑛− 3)2

2∥𝐴∥ +√(
𝐶𝑛−2

𝑛−3+ 𝑝
𝑞

)2

+ 1

∥𝑏∥
)
.

2)依次类推,如果只发生扰动 𝑥̂(0)(𝑟) = 𝑥(0)(𝑟)+

𝜀, 𝑟 = 3, 4, ⋅ ⋅ ⋅ , 𝑛,则解的扰动界为
∥ℎ∥
∥𝑥∥ ⩽ 𝜅

𝛾

(∥𝐸∥2
∥𝐴∥ +

∥𝑘∥
∥𝑏∥

)
=

∣𝜀∣𝜅
𝛾

(√(
𝐶𝑛−𝑟

𝑛−𝑟+ 𝑝
𝑞
+ 𝐶𝑛−𝑟−1

𝑛−𝑟−1+ 𝑝
𝑞

)2

+ (2𝑛− 2𝑟 + 1)2

2∥𝐴∥ +√(
𝐶𝑛−𝑟

𝑛−𝑟−1+ 𝑝
𝑞

)2

+ 1

∥𝑏∥
)
,

𝐿
𝑝
𝑞 [𝑥(0)(𝑟)] =

∣𝜀∣𝜅
𝛾

(√(
𝐶𝑛−𝑟

𝑛−𝑟+ 𝑝
𝑞
+ 𝐶𝑛−𝑟−1

𝑛−𝑟−1+ 𝑝
𝑞

)2

+ (2𝑛− 2𝑟 + 1)2

2∥𝐴∥ +√(
𝐶𝑛−𝑟

𝑛−𝑟−1+ 𝑝
𝑞

)2

+ 1

∥𝑏∥
)
, 𝑟 = 3, 4, ⋅ ⋅ ⋅ , 𝑛. 2

显然,当 𝑟固定时, 𝑝/𝑞越大, 𝐿
𝑝
𝑞 [𝑥(0)(𝑟)]越大.当

0 < 𝑝/𝑞 < 1时, 𝐿
𝑝
𝑞 [𝑥(0)(𝑟)] < 𝐿[𝑥(0)(𝑟)],说明在扰动

都是 𝜀的情况下, 利用 𝑝/𝑞阶累积法求解GM(1,1)模

型参数得到的扰动界较小. 由此可知𝐿
𝑝
𝑞 [𝑥(0)(2)] >

𝐿
𝑝
𝑞 [𝑥(0)(3)] > ⋅ ⋅ ⋅ > 𝐿

𝑝
𝑞 [𝑥(0)(𝑛)], 即在扰动相等的情

况下, 越新的数据发生扰动, 解的扰动界越小. 越新

的数据对解的影响越小, 这与新信息优先原理相矛

盾. 当 0 < 𝑝/𝑞 < 1时, 扰动界的差𝐿
𝑝
𝑞 [𝑥(0)(𝑘 − 1)] −

𝐿
𝑝
𝑞 [𝑥(0)(𝑘)](𝑘 = 3, 4, ⋅ ⋅ ⋅ , 𝑛)变小,因此,利用 𝑝/𝑞阶累

积法求解GM(1,1)模型参数会使这种矛盾缓和,但不

能根除,这是因为此时扰动界的差依然为正数, 只有

当扰动界的差𝐿
𝑝
𝑞 [𝑥(0)(𝑘 − 1)] − 𝐿

𝑝
𝑞 [𝑥(0)(𝑘)](𝑘 = 3, 4,

⋅ ⋅ ⋅ , 𝑛)为负数时,才能体现新信息优先原理.当 𝑝/𝑞 ⩾
1时, 利用 𝑝/𝑞阶累积法求解GM(1,1)模型参数会使

矛盾进一步加剧.

3 实实实例例例分分分析析析

为了便于比较, 采用文献 [4]的算例. 用 2000∼
2005年的数据 (如表 1所示)分别建立 3种模型,预测

2006年的人均电力消费,结果对比如表 2所示.

表 1 中国人均电力消费表

参数 2000年 2001年 2002年 2003年 2004年 2005年 2006年

𝑥(0)(𝑘) 132.4 144.6 156.3 173.7 190.2 216.7 249.4

表 2 预测结果对比表

平均相对误差/%
年份

模型 (9) 模型 (10) 模型 (11)

2000∼ 2005 0.94 0.93 0.88

2006 5.32 4.94 3.65

当 𝑝/𝑞 = 3时,所建模型为

𝑥̂(𝑘) =
(
132.4 +

122.269 8

0.100 5

)
(1− e−0.100 5)e0.100 5𝑘.

利用传统的累积法 (𝑝/𝑞 = 1)建模可得

𝑥̂(𝑘 + 1) =
(
132.4 +

121.553

0.101 8

)
(1− e−0.101 8)e0.101 8𝑘.

当 𝑝/𝑞 = 1/2时,所建模型为

𝑥̂(𝑘) =
(
132.4 +

119.132 7

0.106 4

)
(1− e−0.106 4)e0.106 4𝑘.

由表 2可见, 𝑝/𝑞越小, 所建模型越稳定, 拟合精

度和预测精度越高.

4 结结结 论论论

稳定性是研究任何系统都必须考虑的问题.本文

利用矩阵扰动理论证明了: 原有累积法累积的阶数越

高,解的扰动界越大;在扰动相等的情况下,发生扰动

的数据越新,解的扰动界越小,数据对解的影响越小,

这与新信息优先原理相矛盾; 当阶数小于 1时, 这种

矛盾有所缓和,但不能根除,也没有体现新信息的重

要性. 如何在提高GM(1,1)模型精度和稳定性的同时,

消除这种矛盾是以后研究的一个方向.最后通过具体

实例验证了当阶数小于 1时,灰色预测模型解的扰动

界较小,模型的解相对稳定. 然而,阶数如何恰当取值

也是值得研究的一个问题.
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