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1 KL
�����, �M� N Drinfeld � Jimbo O!�"#$% (&Æ Yang–Baxter ��) '

�P�(�) . !Q"* �M�, # $%+,- &.'/�M(. 2007 0, )1*+ [15]

,"-2 Witt &. �M(. 2008 0, 3./+ [21] ,"-2 Virasoro-like -4&. �M(.

2008 0, Etingof � Kazhdan [9, 10] ,"5-2 Kac-Moody &. �M(0!. 2010 0, 6R1
+ [23] ," Schrodinger–Virasoro &. �M(. S2, TÆ [3] ,"-2 Heisenberg–Virasoro

&. 47&.0!. 384$-2 Heisenberg–Virasoro &.'/�M(. 5 Γ  U F � 6

78�, -2 Heisenberg–Virasoro &. L  N
{Lx = tx∂, Ix = tx, CL, CI , CLI , x ∈ Γ}

99, ::;V<=;>
[Lx, Ly] = (y − x)Lx+y + δx+y,0

1
12 (x3 − x)CL,

[Ix, Iy] = yδx+y,0CI ,

[Lx, Iy] = yIx+y + δx+y,0(x2 − x)CLI ,

[L, CL] = [L, CI ] = [L, CLI ] = 0.

(1.1)

? Lx = Span
F
{Lx, Ix}: x ∈ Γ\{0}, L0 = Span

F
{L0, I0, CL, CI , CLI}. <', L =

⊕
x∈ΓLx @

�=(4&.. 5AWB-2 Heisenberg–Virasoro &. L = L/C , C = Span
F
{I0, CL, CI , CLI},

:: C  L  WB.

)O, ,"@C>3?D @E�0F.

=Æ A2 N Drinfeld ," 0F [7].

XY 1.1 ? (H,m, ι,Δ0, S0, ε) BCD R� @� Hopf&.. A2H � @� Drinfeld

G F  H ⊗ H H @�EIZ, JF;V
(F ⊗ 1)(Δ0 ⊗ Id)(F ) = (1 ⊗ F )(Id ⊗ Δ0)(F ),

(ε ⊗ Id)(F ) = 1 ⊗ 1 = (Id ⊗ ε)(F ).

=Æ 0FE<GH8 [5, 11].

[\ 1.2 ? (H,m, ι,Δ0, S0, ε) BCD�@� Hopf&., F  H⊗H H @� Drinfeld

GZK, ]=Æ0F9(:

(1) w = m(Id ⊗ S0)(F ) O H W EIZ, ::LIZK w−1 = m(S0 ⊗ Id)(F−1).

(2) A2MNOP Δ : H → H ⊗ H � S : H → H, ;V
Δ(x) = FΔ0(x)F−1, S = wS0(x)w−1, ∀x ∈ H,
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] (H,m, ι,Δ, S, ε) 9S@�* Hopf &..

TU5 (U (L), σ, τ,Δ0, ε0, S0) S U (L) � P_ hopf &.0!, $`VW X ∈ L, a
Δ0(X) = X ⊗ 1 + 1 ⊗ X, S0(X) = −X, ε0(X) = 0,

LW Δ0 QSbR, S0 QS$S, ε QSbTX. &ÆU, Δ0(1) = 1 ⊗ 1 � ε(1) = S0(1) = 1.

XY 1.3 $&cYU F � VW@�ZV 47&. L, TUQ U (L)[[t]]  U (L)  @

�N Drinfeld G F WA �M(, JF F N[ 47&. 0!\WA, ::a
U (L)[[t]]/tU (L)[[t]] ∼= U (L).

=ÆdD $-2 Heisenberg–Virasoro &.'/�M(. ]X!Q%+ Drinfeld GZ,

YZ[\^e]^BCf^bBC Hopf &.0!.

;`-2 Heisenberg–Virasoro &.J (1.1) A2, AWB-2 Heisenberg–Virasoro &. L

 ZV�__ . S5,"AWB -2 Heisenberg–Virasoro &. U(L)  �M(, TUD`a

`# 1.2 abU!Q Drinfeld G. bA α ∈ Γ\{0}, ?
h := α−1L0, e := Iα.

N (1.1) cd[\ [h, e] = e. TU[\@�ZV 47&. (L, [·, ·],Δr), LW r = h ⊗ e − e ⊗ h

 cd Yang–Baxter �� (CYBE)  @�e, f r  @�cd r- gg.

2 hijklmno
X\ 2.1 $` ∀α ∈ Γ \ {0}, ? h = α−1L0 � e = Iα, e[ [h, e] = e ∈ L, ]O F[[t]] � 

hi U(L)[[t]] �jO@�^BC:^bBC Hopf &.0! (U(L)[[t]],m, ι, Δ, S, ε), ::a
U(L)[[t]]/tU(L)[[t]] ∼= U(L)

9(, p� Hopf &.0!klRm�bTX%n, o$`bR�$SA2J=
Δ(Lβ) = 1 ⊗ Lβ + Lβ ⊗ (1 − et)α−1β + αh(1) ⊗ (1 − et)−1Iα+βt,

Δ(Iα) = 1 ⊗ Iα + Iα ⊗ (1 − et),

S(Lβ) = −(1 − et)−α−1βLβ + (1 − et)−α−1βh
[1]
−α−1βIα+βt,

S(Iα) = −(1 − et)−1Iα.

5 R  @�D, $aTX R- DW VWZ x � a ∈ R,n ∈ Z, ? [13]

x(n)
a := (x + a)(x + a + 1) · · · (x + a + n − 1),

x[n]
a := (x + a)(x + a − 1) · · · (x + a − n + 1),

::5 x(n) := x
(n)
0 , x[n] := x

[n]
0 .

N8 [13, 14], E<[\=Æ `#.

[\ 2.2 ? F  @�&cSY U, x  paTX F- &.W V@ZK, : a, b ∈ F,

r, s, t ∈ Z, a
x(s+t)

a = x(s)
a x

(t)
a+s, x[s+t]

a = x[s]
a x

[t]
a−s, x[s]

a = x
(s)
a−s+1, (2.1)

∑
s+t=r

(−1)t

s!t!
x[s]

a x
(t)
b =

(
a − b

r

)
=

(a − b) · · · (a − b − r + 1)
r!

, (2.2)
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∑
s+t=r

(−1)t

s!t!
x[s]

a x
[t]
b−s =

(
a − b + r − 1

r

)
=

(a − b) · · · (a − b + r − 1)
r!

. (2.3)

=Æ `#q8 [22, f% 1.3 (4)], p�0FOrÆ qaW4sgth\.

[\ 2.3 ? A  @�0u&., $VW x, y ∈ A, m ∈ Z+, a
xym =

m∑
k=0

(−1)k

(
m

k

)
ym−k(ad y)k(x). (2.4)

[\ 2.4 $` a ∈ F, i ∈ Z+, n ∈ Z, β ∈ Γ � α ∈ Γ\{0}, a
Lβh

(i)
a = h

(i)
a−α−1βLβ, Lβh

[i]
a = h

[i]
a−α−1βLβ,

Iαh
(i)
a = h

(i)
a−1Iα, Iαh

[i]
a = h

[i]
a−1Iα,

enh
(i)
a = h

(i)
a−nen, enh

[i]
a = h

[i]
a−nen.

rs TUtqav@�+i (Lj+#E[). N` Lβh − hLβ = −α−1βLβ, $ i Twk
mqa, i = 1 'lm9(. )Oxn i > 1 '9(, p'a

Lβh(i+1)
a = Lβh(i)

a (h + a + i)

= h
(i)
a−α−1βLβ(h + a + i)

= h
(i)
a−α−1β(h − α−1β + a + i)Lβ

= h
(i+1)
a−α−1βLβ .

$VW a ∈ F, ?

Fa =
∞∑

r=0

(−1)r

r!
h[r]

a ⊗ ertr, Fa =
∞∑

r=0

1
r!

h(r)
a ⊗ ertr, (2.5)

ua = m · (S0 ⊗ Id)(Fa), va = m · (Id ⊗ S0)(Fa).

&ÆU, ? F = F0, F = F0, u = u0, v = v0. d[ S0(h
(r)
a ) = (−1)rh

[r]
−a � S0(er) = (−1)rer,

YZE[

ua =
∞∑

r=0

(−1)r

r!
h

[r]
−aertr, va =

∞∑
r=0

1
r!

h[r]
a ertr. (2.6)

[\ 2.5 $VW a, b ∈ F, TUa
FaFb = 1 ⊗ (1 − et)a−b, vaub = (1 − et)−(a+b).

rs N (2.2) � (2.5) [

FaFb =
∞∑

r,s=0

(−1)r

r!s!
h[r]

a h
(s)
b ⊗ erestrts

=
∞∑

m=0

(−1)m

( ∑
r+s=m

(−1)s

r!s!
h[r]

a h
(s)
b

)
⊗ emtm

=
∞∑

m=0

(−1)m

(
a − b

m

)
⊗ emtm

= 1 ⊗ (1 − et)a−b.
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uN (2.3), (2.6) �`# 2.4, E[

vaub =
∞∑

r,s=0

(−1)s

r!s!
h[r]

a erh
[s]
−be

str+s

=
∞∑

m=0

∑
r+s=m

(−1)s

r!s!
h[r]

a h
[s]
−b−re

mtm

=
∞∑

m=0

(
a + b + m − 1

m

)
emtm = (1 − et)−(a+b).

vw 2.6 $`VW a ∈ F, ZK Fa � ua y EI , $o IZKzÆ F−1
a = Fa,

u−1
a = v−a. &ÆU, F−1 = F , u−1 = v.

[\ 2.7 $`VW a ∈ F, r ∈ Z+, a
Δ0(h[r]) =

r∑
i=0

(
r

i

)
h

[i]
−a ⊗ h[r−i]

a .

&ÆU,

Δ0(h[r]) =
r∑

i=0

(
r

i

)
h[i] ⊗ h[r−i].

rs N` Δ0(h) = 1 ⊗ h + h ⊗ 1, TU$ r Twk. cd[\ r = 1  9( . xn r > 1

'9(, ]$` r + 1, a
Δ0(h[r+1]) = Δ0(h[r](h − r)) = Δ0(h[r])

(
Δ0(h) − Δ0(r)

)

=
( r∑

i=0

(
r

i

)
h

[i]
−a ⊗ h[r−i]

a

)(
(h − r) ⊗ 1 + 1 ⊗ (h − r) + r(1 ⊗ 1)

)

=
( r−1∑

i=1

(
r

i

)
h

[i]
−a ⊗ h[r−i]

a

)(
(h − r) ⊗ 1 + 1 ⊗ (h − r)

)

+ r

r∑
i=0

(
r

i

)
h

[i]
−a ⊗ h[r−i]

a + h
[r+1]
−a ⊗ 1 + h

[r]
−a ⊗ a + h

[r]
−a ⊗ (h − r)

+ (h − r) ⊗ h[r]
a + 1 ⊗ h[r+1]

a − a ⊗ h[r]
a

= 1 ⊗ h[r+1]
a + h

[r+1]
−a ⊗ 1 + r

r−1∑
i=1

(
r

i

)
h

[i]
−a ⊗ h[r−i]

a + h
[r]
−a ⊗ (h + a)

+ (h − a) ⊗ h[r]
a +

r−1∑
i=1

(
r

i

)
h

[i+1]
−a ⊗ h[r−i]

a +
r−1∑
i=1

(−r + a + i)
(

r

i i

)
h

[i]
−a ⊗ h[r−i]

a

+
r−1∑
i=1

(
r

i

)
h

[i]
−a ⊗ h[r−i+1]

a +
r−1∑
i=1

(−a − i)
(

r

i i

)
h

[i]
−a ⊗ h[r−i]

a

= 1 ⊗ h[r+1]
a + h

[r+1]
−a ⊗ 1 +

r∑
i=1

[(
r

i − 1

)
+

(
r

i i

)]
h

[i]
−a ⊗ h[r−i+1]

a

=
r+1∑
i=0

(
r + 1

i

)
h

[i]
−a ⊗ h[r+1−i]

a .
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Nwkxn, +i9(.

[\ 2.8 ZK
F =

∞∑
r=0

(−1)r

r!
h[r] ⊗ ertr

 U(L)[[t]] W @� Drinfeld GZ.

rs pptqrqA2 (q8 [15, f% 2.5] W Drinfeld G ^�s{). |tX�Eq8

[15, f% 2.5]  qa.

uÆvc!Q5 Drinfeld GZK F , )O}w$A2W P_ Hopf &.0!

(U(L),m, ι,Δ0, S0, ε)

'/�M(. xy, TUzmqD@C?D ~{X�.

[\ 2.9 $`VW a ∈ F, β ∈ Γ, α ∈ Γ\{0}, a
(Lβ ⊗ 1)Fa = Fa−α−1β(Lβ ⊗ 1),

(Iα ⊗ 1)Fa = Fa−1(Iα ⊗ 1).

rs 0Fx�N (2.5) �`# 2.4 [".

[\ 2.10 $`VW a ∈ F, β ∈ Γ, α ∈ Γ\{0} � r ∈ Z+, a
Lβer = erLβ + αrer−1Iα+β , (2.7)

Iαer = erIα. (2.8)

rs N`# 2.3 �+i (1.1), E[

Lβer =
r∑

i=0

(−1)i

(
r

i

)
er−i(ad e)i(Lβ)

= erLβ + αrer−1Iα+β .

+#E[ (2.8).

[\ 2.11 $`VW a ∈ F, β ∈ Γ, α ∈ Γ\{0}, a
(1 ⊗ Lβ)Fa = Fa(1 ⊗ Lβ) + αFa+1(h(1)

a ⊗ Iα+βt), (2.9)

(1 ⊗ Iα)Fa = Fa(1 ⊗ Iα). (2.10)

rs N+i (2.1), (2.5) � (2.7), E[

(1 ⊗ Lβ)Fa =
∞∑

r=0

1
r!

h(r)
a ⊗ Lβertr(1 ⊗ Ln)Fa

=
∞∑

r=0

1
r!

h(r)
a ⊗ (erLβ + αrer−1Iα+β)tr

= Fa(1 ⊗ Lβ) +
∞∑

r=1

α

(r − 1)!
h(r)

a ⊗ er−1Iα+βtr

= Fa(1 ⊗ Lβ) +
∞∑

r=0

α

r!
h(r+1)

a ⊗ erIα+βtr+1
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= Fa(1 ⊗ Lβ) +
∞∑

r=0

α

r!
h

(r)
a+1h

(1)
a ⊗ erIα+βtr+1

= Fa(1 ⊗ Lβ) + αFa+1

(
h(1)

a ⊗ Iα+βt).

N<q[ (2.9). +#, (2.10) EN (2.8) q[.

[\ 2.12 $`VW a ∈ F, β ∈ Γ, α ∈ Γ\{0}, a
Lβua = ua+α−1βLβ − ua+α−1βh

[1]
−a−α−1βIα+βt, (2.11)

Iαua = ua+1Iα. (2.12)

rs N+i (2.1), (2.6), (2.7) �`# 2.4, a
Lβua =

∞∑
r=0

(−1)r

r!
Lβh

[r]
−aertrLβua =

∞∑
r=0

(−1)r

r!
h

[r]
−a−α−1βLβertr

=
∞∑

r=0

(−1)r

r!
h

[r]
−a−α−1β

(
erLβ + αrer−1Iα+β)tr

= ua+α−1βLβ +
∞∑

r=1

(−1)rα

(r − 1)!
h

[r]
−a−α−1βer−1Iα+βtr

= ua+α−1βLβ −
∞∑

r=0

(−1)r

r!
h

[r+1]
−a−α−1βerIα+βtr+1

= ua+α−1βLβ −
∞∑

r=0

(−1)r

r!
h

[r]
−a−α−1βh

[1]
−a−α−1β−re

rIα+βtr+1

= ua+α−1βLβ −
∞∑

r=0

(−1)r

r!
h

[r]
−a−α−1βerh

[1]
−a−α−1βIα+βtr+1

= ua+α−1βLβ − ua+α−1βh
[1]
−a−α−1βIα+βt.

|<, (2.11) i9(. +#, `a`# 2.4 � 2.10, E<[\ (2.12).

y�\}, TUE<qa"38SzD A# 2.1.

X\ 2.1 {rs `a`# 1.2, 2.5, 2.9, 2.11 �~F 2.6, a
Δ(Lβ) = FΔ0(Ln)F−1

= F (Lβ ⊗ 1)F + F (1 ⊗ Lβ)F

= FF−α−1β(Lβ ⊗ 1) + F
(
F (1 ⊗ Lβ) + αF1(h(1) ⊗ Iα+β)t)

= Lβ ⊗ (1 − et)α−1β + 1 ⊗ Lβ + αh(1) ⊗ (1 − et)−1Iα+βt

= 1 ⊗ Lβ + Lβ ⊗ (1 − et)α−1β + αh(1) ⊗ (1 − et)−1Iα+βt,

Δ(Iα) = FΔ0(Iα)F−1

= F (Iα ⊗ 1)F + F (1 ⊗ Iα)F

= FF−1(Iα ⊗ 1) + FF (1 ⊗ Iα)

= 1 ⊗ Iα + Iα ⊗ (1 − et).
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uN`# 1.2, 2.5, 2.12 �~F 2.6, a
S(Lβ) = u−1S0(Lβ)u = −vLβu

= −v(uα−1βLβ − uα−1βh
[1]
−α−1βIα+βt)

= −(1 − et)−α−1βLβ + (1 − et)−α−1βh
[1]
−α−1βIα+βt,

S(Iα) = u−1S0(Iα)u = −vIαu = −vu1Iα = −(1 − et)−1Iα.

38qa0�.
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